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Abstract

Process Reward Models (PRMs), which as-
sign fine-grained scores to intermediate rea-
soning steps within a solution trajectory, have
emerged as a promising approach to enhance
the reasoning quality of Large Language Mod-
els (LLMs). However, most existing PRMs
rely on a unidirectional left-to-right (L2R) eval-
uation scheme, which restricts their utiliza-
tion of global context. In light of this chal-
lenge, we propose a novel bidirectional evalu-
ation paradigm, named Bidirectional Process
Reward Model (BiPRM). BiPRM incorporates
a parallel right-to-left (R2L) evaluation stream,
implemented via prompt reversal, alongside the
conventional L2R flow. Then a gating mecha-
nism is introduced to adaptively fuse the reward
scores from both streams to yield a holistic
quality assessment. Remarkably, compared to
the original PRM, BiPRM introduces only a
0.3% parameter increase for the gating module,
and the parallel execution of two streams in-
curs merely 5% inference time latency. Our ex-
tensive empirical evaluations spanning diverse
benchmarks, LLM backbones, PRM objectives
and sampling policies demonstrate that BIPRM
consistently surpasses unidirectional baselines,
achieving an average relative gain of 10.6%
over 54 solution-level configurations and 37.7%
in 12 step-level error detection scenarios. Gen-
erally, our results highlight the effectiveness,
robustness and general applicability of BiPRM,
offering a promising new direction for process-
based reward modeling.'

1 Introduction

Process reward models (PRMs) aim to augment
the response quality of policy models by granularly
scoring a sequence of intermediate steps (Lightman
etal., 2023). Currently, PRMs have been widely ap-
plied to align reinforcement learning (RL) models
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with human preferences (Lightman et al., 2023), as
well as to support Test-Time Scaling (TTS) (Jaech
et al., 2024; Guo et al., 2025) strategies in a spec-
trum of complex cognitive tasks such as mathemat-
ical reasoning (Lightman et al., 2023; Li and Li,
2024; Zhang et al., 2024; Xia et al., 2025; Ma et al.,
2025), code generation (Le et al., 2022; Li et al.,
2024a) and question answering (Carta et al., 2022;
Bi et al., 2023).

Existing studies typically formulate PRM train-
ing via various objectives, ranging from classifica-
tion tasks using binary cross-entropy (BCE) (Wang
et al., 2024b; Shao et al., 2024; Luo et al., 2024;
Lightman et al., 2023) to regression tasks em-
ploying mean squared error (MSE) (Zhang et al.,
2024; Wang et al., 2024a) or Q-value rankings
loss (Li and Li, 2024) for more fine-grained su-
pervision. Since PRMs are typically built upon
generative policy models and share the same param-
eter initialization, existing works predominantly
adopt a unidirectional left-to-right (L2R) evalua-
tion paradigm, where step plausibility is assessed
sequentially based on preceding context. However,
this paradigm inherently restricts access to global
context (Figure 1, Left), which is critical when an
early step’s validity hinges on downstream con-
sequences. For instance, in the mathematical in-
duction case shown in Table 7, determining the
correctness of the hypothesis in Step 2 necessi-
tates verifying the derivation logic in Steps 3 and
4. By relying exclusively on past context, stan-
dard PRMs miss these essential backward signals,
thereby constraining their global optimization ca-
pability (Liu et al., 2024). Although recent studies
such as BiRM (Chen et al., 2025) attempt to in-
corporate future guidance via an auxiliary value
head, they remain fundamentally forward-looking
predictors, without performing direct retrospective
verification through structural context reversal.

To address this limitation, we propose the Bidi-
rectional Process Reward Model (BiPRM), a novel
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Figure 1: Comparison of evaluation paradigms when scoring Step 2. (Left) Conventional unidirectional PRMs are
restricted to past context, lacking access to subsequent steps required for verification. (Right) BiPRM integrates a
parallel R2L stream to incorporate future context, enabling effective retrospective verification of the current step.

evaluation paradigm for PRMs that draws inspira-
tion from the architecture of Bidirectional Long
Short-Term Memory (BiLSTM) networks (Graves,
2012). As shown in Figure 1 (Right), BiPRM syn-
ergizes a parallel R2L evaluation stream with the
conventional L2R flow, allowing subsequent steps
to provide retrospective evidence for earlier ones.
Noting that increasing context length is generally
associated with improved reliability of reasoning
(Figure 3a), we adopt a dynamic gating mechanism,
rather than static averaging, to integrate scores
from the two streams. Since the R2L stream is
efficiently realized by simply reversing the reason-
ing trajectory via prompt modifications, BiPRM
requires only a 0.3% parameter increase for the gat-
ing module. Through parallel execution, BIPRM
effectively mitigates the computational overhead
of dual-stream evaluation, incurring only an ap-
proximate 5% increase in wall-clock latency while
significantly enhancing verification accuracy.

We comprehensively conduct experiments on
two solution-level benchmarks (GSM-Plus (Li
et al., 2024c) and MATHS500 (Hendrycks et al.,
2021)) and one diagnostic step-level benchmark
(ProcessBench (Zheng et al., 2025)). Evaluat-
ing our method across three backbones of vary-
ing scales and three PRM objectives, experimen-
tal results demonstrate that BIPRM consistently
outperforms unidirectional baselines. Specifi-
cally, BIiPRM achieves an average relative gain
of 10.6% across 54 solution-level configurations
and 37.7% across 12 step-level error detection sce-
narios. These consistent improvements confirm
that the bidirectional evaluation paradigm provides
a robust modeling advantage regardless of model
capacity or training objective.

In summary, our contributions are as follows:

* As far as we know, we are the first to pro-
pose the concept of the bidirectional evalua-
tion paradigm for PRMs, addressing unidirec-
tional models’ limitations in local perspective
through dual-stream fusion.

* BiPRM achieves an excellent performance-
efficiency trade-off, adding only about 5% in-
ference latency by running the R2L stream in
parallel.

* As a general framework, BiPRM can adapt
to diverse PRM architectures, offering new
directions for future process reward modeling.

2 Related work

2.1 Process Reward Models

Process Reward Models (PRMs) improve the align-
ment of language models with human reasoning
preferences by providing fine-grained feedback at
intermediate reasoning steps rather than evaluat-
ing only final answers (Lightman et al., 2023).
Early works such as PRM80OK (Lightman et al.,
2023) utilized large-scale human annotations to
train token-level step classifiers. Subsequent ap-
proaches have explored automated supervision to
reduce annotation costs, estimating step quality
via Monte Carlo rollouts (Wang et al., 2024b,c) or
modeling structured trajectories using Monte Carlo
Tree Search (Luo et al., 2024; Zhang et al., 2024).
Recent advancements include ranking-based ob-
jectives (Li and Li, 2024) and advantage-based
reward definitions (Lu et al., 2024; Setlur et al.,
2024). Despite these innovations, most existing
PRMs adhere to a strict L2R evaluation paradigm.
This unidirectional constraint inherently limits the
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Figure 2: Overview of the BIPRM Architecture. The model synthesizes parallel L2R and R2L evaluation flows via
a dynamic gating mechanism for step-wise reward modeling.

model’s ability to leverage global context for veri-
fying the consistency of the entire trajectory. More-
over, the increasing trajectory complexity intro-
duced by emerging multimodal contexts (Gao et al.,
2025a) and efficient in-context learning (Gao et al.,
2025b,c) exacerbates the blind spots of unidirec-
tional PRMs, further underscoring the necessity of
our bidirectional framework.

2.2 Order of Reasoning

The order of reasoning has been shown to signifi-
cantly influence model performance. While early
studies suggested a symmetry between forward and
backward prediction (Shannon, 1951), recent work
indicates that forward generation typically yields
lower perplexity (Papadopoulos et al., 2024). How-
ever, non-monotonic and bidirectional approaches
have shown promise in specific domains. For in-
stance, reversing input sequences has proven effec-
tive in machine translation (Sutskever et al., 2014),
and bidirectional encoders like BERT (Devlin et al.,
2019) excel at capturing contextual dependencies.
In reasoning tasks, backward chaining can some-
times outperform forward deduction (Vinyals et al.,
2015; Pfau et al., 2023). Furthermore, diffusion-
based models (Zhang et al., 2023; Li et al., 2022;
Gong et al., 2024) demonstrate the efficacy of plan-
ning in both directions. Building on these insights,
we propose integrating a backward verification
stream into reward modeling to leverage the com-
plementary strengths of bidirectional reasoning.

3 Methodology

3.1 Preliminary

Given a mathematical problem g, a policy language
model generates a reasoning trajectory to solve the
task. This trajectory, often referred to as a Chain-of-
Thought (Wei et al., 2022), is formally represented
as 7 = (q,{s1,...,s7}), where s; denotes the ¢-th
reasoning step and st contains the final answer.
Standard PRMs typically adopt a unidirectional
L2R evaluation paradigm, where each step s; is
scored sequentially based on the question and prior
context. The L2R reward function for step s; is
expressed as

rER = fo(si | q,5<1), (1)

where fy denotes the reward function parameter-
ized by 6. Under this formulation, the reward r-*R
is strictly independent of future steps s, leading
to the following gradient property:

L2R
ory

stk

=0 Vke[l,T—1. )

This zero gradient prevents future signals from
propagating backward to facilitate retrospective
verification, thereby restricting standard PRMs to a
local perspective that lacks global consistency.

3.2 Implementation of BIPRM

To address the aforementioned limitation, we draw
inspiration from BiLSTM and develop BiPRM, a
bidirectional process reward model that incorpo-
rates a backward evaluation signal in parallel with
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the conventional L2R scoring path. As illustrated
in Figure 2, BiPRM constructs a backward trajec-
tory by logically inverting the reasoning sequence
to (¢, {sr, sr—-1,...,1}). This step-level reversal
mimics the human cognitive process of retrospec-
tive verification, checking derivations from con-
clusions back to premises. Consequently, the R2L
reward function for a specific step s; is defined as

i = fo(st | g, 551). 3)

Notably, this R2L stream is implemented entirely
via prompt reversal with no architectural modifi-
cations to the underlying LLM, requiring only a
negligible 0.3% parameter increase for the gating
module.

To synthesize the bidirectional signals, BIPRM
employs a step-wise dynamic gating mechanism.
Our empirical analysis (Section 4.4) reveals that
L2R and R2L streams possess complementary er-
ror profiles, where L2R excels in later stages while
R2L is more effective early on. To exploit this
position-dependent synergy, we compute a dy-
namic weight o, for each step ¢ using a lightweight
MLP:

¢ = Sigmoid (MLP ([ht2R; hE2L))) | (4)

L2R R2L
ht ht

where and are the hidden states from the
respective streams. The final bidirectional reward
for each step ¢ is computed as:

BiPRM L2R
T =0Ty +(1_Ut)

R2L
roo. (5
This bidirectional formulation ensures that the eval-
uation of each step is informed by the global con-
text, allowing future information to influence cur-
rent scoring:

BiPRM L2R R2L
ory 87“

+(1- at)az;k £0. (6)

O0si1k 83t+k

Finally, to obtain the trajectory-level reward,
we apply a reduction operation over the sequence
of stepwise scores using an aggregation operator
@D € {][, min, max, mean}. While a comprehen-
sive sensitivity analysis of these different operators
is provided in Appendix F, we adopt the minimum
operator following previous works (Li and Li, 2024;
Wang et al., 2024b). This strategy is grounded in
the logical "weakest link" principle, which encour-
ages the model to filter out trajectories containing
even a single fatal error. The overall trajectory
reward is then given by
BiPRM

T
Rgiprm(T) = Igﬂ:l{l i . (7)

Due to the parallel execution of the two evalua-
tion streams, BiPRM enhances verification effec-
tiveness while incurring only an approximate 5%
increase in inference time latency.

3.3 Training Objectives

Since the bidirectional evaluation framework we
proposed does not change the underlying architec-
ture of PRMs, this paper tests the following three
existing objectives. The first is the Binary Cross-
Entropy (BCE) loss, which treats reward predic-
tion as a classification problem. It is defined as
follows:

1
Lpce(T

T
Z e In(7)+(1—r¢) In(1—74)),
=1
o ®)

where r; is the gold classification label of ¢-th
step and 7% is the predicted reward. This loss is
widely used due to its simplicity and alignment
with classification-based annotations.

The second objective is the Mean Squared Er-
ror (MSE) loss, formulated as

T

1
=72 (h=r) O

t=1

Lmsg(T)

which penalizes large deviations between the pre-
dicted and target reward values. While MSE allows
for finer-grained supervision, it is more sensitive to
outliers in label distributions.

The third objective follows the Q-value rank-
ings loss proposed in recent work (Li and Li, 2024),
formulated as

t
= Zexp(fcq) +
q=0
i exp Pet)
Lqo(T) = log <
e 2 Z

where C' and W respectively denote the index lists
of correct and incorrect steps in this trajectory, | - |
denotes the length of this list, and 7. and 7, re-
spectively denote the rewards corresponding to the
correct and incorrect steps in this trajectory. ( is
a margin hyperparameter, following the previous
studies, we set it to 4. This loss aims to emphasize
the ranking of correct versus incorrect trajectories.
It penalizes violations in the relative order between
higher-quality and lower-quality steps and focuses
on the magnitude of Q-value gaps, thus improving
robustness and ranking fidelity in reward modeling.

Z exp(fw + (),

weWw

(10)
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Datasets Source Quantity Avg. Steps
Training 397,927

Validation Math-Shepherd (Wang et al., 2024b) 20,944 6.3
MetaMath-Mistral-7B (Yu et al., 2024) 24 " 3.3
(Li(iflg’ll'legz 4 MuggleMath-13B (Li et al., 2024b) 132 ?rﬁe;‘tﬁ?;: 32
” Llama-3-70B-Instruct (Grattafiori et al., 2024) J 2.9
Evaluation MATH500 MetaMath-Mistral-7B (Yu et al., 2024) 500 questions x 3.9
(Hendrycks et al., 2021) MuggleMath-13B (Li et ?l".2024b) 128 trajectories 26
Llama-3-70B-Instruct (Grattafiori et al., 2024) 2.9
ProcessBench (Zheng et al., 2025) 3400 7.2

Table 1: Statistical information of the training, validation and evaluation datasets.

3.4 Inference and Evaluation

During inference, for a given question ¢, we sam-
ple N candidate trajectories Dy, = {r1,...,7n}
from the policy model. We evaluate each trajec-
tory using BiPRM to compute the aggregate score
R(7;). Following the standard Best-of-N protocol,
the trajectory with the highest reward is selected as
the prediction: 7, = arg max,,ep, R(7;). The ac-
curacy is determined by comparing the final answer
extracted from 7, with the ground truth. This pro-
cess rigorously tests the model’s ability to identify
high-quality solutions from a candidate pool.

4 Experiments

4.1 Experiments Settings

Datasets. We train all models on the Math-
Shepherd dataset (Wang et al., 2024b). For evalu-
ation, we employ a two-tiered approach covering
both solution-level selection and step-level error de-
tection. A detailed summary of the dataset statistics
is provided in Table 1, alongside comprehensive
descriptions of data processing in Appendix A.

Solution-level Evaluation: We utilize two
widely recognized benchmarks, GSM-Plus (Li
et al., 2024c) and MATH500 (Hendrycks et al.,
2021). The test set comprises 128 candidate solu-
tions per question, sampled from three diverse pol-
icy models (MetaMath-Mistral-7B (Yu et al., 2024),
MuggleMath-13B (Li et al., 2024b), Llama-3-70B-
Instruct (Grattafiori et al., 2024)) as provided by Li
and Li (2024).

Step-level Evaluation: We employ Process-
Bench (Zheng et al., 2025), a diagnostic benchmark
containing 3,400 test cases with expert-annotated
error locations. This dataset specifically tests the
model’s precision in identifying the first erroneous
step in complex reasoning chains from competition-
level problems.

Implementation Details. We conduct experi-
ments across three LLM backbones with vary-
ing capacities (Rho-Math-1B (Lin et al., 2024),
Qwen2.5-Math-1.5B (Yang et al., 2024), Deepseek-
Math-7B (Shao et al., 2024)) and three objectives
(BCE, MSE, Q-value Rankings Loss). BiPRM
shares identical training configurations with base-
lines to ensure a rigorous comparison. Detailed
hyperparameter are listed in Appendix A.

Metrics. For solution-level evaluation, We report
the Best-of-N (BON@ N) accuracy, which mea-
sures the percentage of questions where the top-
ranked solution among N candidates is correct.
For step-level evaluation on ProcessBench, we re-
port the F1 score, assessing the model’s ability to
accurately localize the first error step or correctly
identify a flawless solution.

4.2 Main Results

Solution-level Verification: Universal Improve-
ments. Table 2 presents a comprehensive compar-
ison of verification performance across 54 distinct
configurations, with detailed per-BON @n results
provided in Appendix C. BiPRM demonstrates ro-
bust superiority over the unidirectional L2R base-
line across all settings, regardless of model scale or
training objective. Specifically, on the Rho-Math-
1B, Qwen2.5-Math-1.5B, and Deepseek-Math-7B
backbones, BIPRM achieves average relative im-
provements of 13.5%, 10.0%, and 8.3%, respec-
tively. Notably, the performance gain is particu-
larly substantial in challenging scenarios, with a
maximum relative improvement of 31.1% achieved
on the Qwen2.5-Math-1.5B backbone. These con-
sistent gains confirm that the bidirectional evalu-
ation paradigm provides a fundamental modeling
advantage. By integrating future context, BIPRM
significantly enhances the ranking precision and
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Dataset: MATHS500

Dataset: GSM-Plus

Se}i)rz)llpi)ii}rllg Backbone Method | pv VisE r(gnz’jlll‘j; BCE MSE r%r_lﬁrllljgi
RhoMah-lB GOt | 0356 2496 2604 | 4589 4528 4796
VT quensaniss X[ 23S e | we
Decpseek MathTB G | 3644 3740 48 | 3696 952 5713
RhoMat-1B  GuC | g 1952 2036 | 4289 4402 4509
W Quenswanisn LR[S e 0| B g sy
DeepseekMahTB G | 36y 3397 3044 | 937 S04 5779
RhoMahelB Gt | 30 a4 3908 | 6773 6864 6892
MR Quesaniss SR [ 4T et e
Decpseck MahTB8 Gt | 43as 4gis 4392 | 7007 7121 7088

Table 2: Solution-level comparison of Best-of-N (BON) performance, averaged from BON@8 to BON@128,
across 54 configurations involving two benchmarks, three backbones, three PRM objectives and three sampling
policies. BiPRM consistently outperforms the L2R baseline, achieving superior average scores of 40.37 vs. 36.15
for Rho, 51.30 vs. 47.38 for Qwen, and 50.29 vs. 47.00 for Deepseek.

stability of the verification process.

Subset  Method | BCE MSE L0
GMSK G | 468 %08 470
MATH G| g 35 o
OlympiadBench gi?s ;gg 182}1 19857
Omni-MATH ](3[212 %2;8 ;ﬁt i;‘;g

Table 3: Step-level error detection performance (F1
Score) using ProcessBench on the Qwen2.5-Math-1.5B
backbone. BiPRM consistently outperforms the L2R
baseline, with average scores of 30.2 vs. 24.6.

Step-level Error Detection: ProcessBench Eval-
uation. Beyond selecting the correct final answer,
a robust verifier must accurately pinpoint logical
flaws within the reasoning process. We evaluate
this fine-grained capability using ProcessBench on
the Qwen2.5-Math-1.5B backbone. As detailed in
Table 3, BiPRM consistently outperforms the L2R
baseline in F1 scores across diverse subsets. Quan-
titatively, our method achieves an average relative
improvement of 37.7% compared to the baseline.

While L2R models often struggle with local incon-
sistencies, BIPRM leverages retrospective verifi-
cation to detect errors that are only evident when
viewed from a global perspective. These results
validate that our method effectively generalizes
to out-of-distribution data and offers superior in-
terpretability by precisely locating logical distinct
breaks in reasoning chains.

Comparison with Strong External Baselines.
To further contextualize the capability of our
bidirectional framework, we benchmark BiPRM
against several recent high-performance PRM base-
lines. As illustrated in Table 4, despite utilizing
a significantly smaller 1.5B backbone, BiPRM
achieves cross-scale superiority, consistently out-
performing widely recognized 7B (Wang et al.,
2024b) and 8B (Dong et al., 2024) models across
multiple subsets. Impressively, on the GSM8K and
Omni-MATH datasets, our 1.5B BiPRM even sur-
passes the massive Qwen2.5-Math-RM-72B (Yang
et al., 2024). Furthermore, while the perfor-
mance of baselines such as Qwen2.5-Math-7B-
Math-Shepherd (Zhang et al., 2025) degrades dras-
tically as mathematical difficulty increases (drop-
ping from 62.5 on GSMSK to just 7.7 on Omni-
MATH), BiPRM maintains remarkable stability.
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Model

| GSM8K MATH OlympiadBench Omni-MATH

Math-Shepherd-PRM-7B (Wang et al., 2024b) 47.9 29.5 24.8 23.8
RLHFlow-PRM-Deepseek-8B (Dong et al., 2024) 38.8 33.8 16.9 16.9
Qwen2.5-Math-7B-Math-Shepherd (Zhang et al., 2025) 62.5 31.6 13.7 7.7
Qwen2.5-Math-RM-72B (Yang et al., 2024) 43.5 47.2 37.6 274
Ours (Qwen2.5-Math-1.5B) | 46.8 37.9 329 28.0

Table 4: Comparison of F1 scores on ProcessBench against strong external baselines. The best values are highlighted
in bold, and the second-best values are underlined. BIPRM maintains excellent stability across difficulty levels

despite operating at a smaller parameter scale.

This validates the broad applicability and rigorous
structural advantage provided by the bidirectional
paradigm.

4.3 Ablation Studies

We conduct ablation studies on the Qwen2.5-Math-
1.5B backbone under BCE and MSE objectives to
quantify component contributions and verify the
necessity of the bidirectional architecture.

Impact of Bidirectional Components. As
shown in Table 5, removing either the backward
stream (w/o R2L) or the forward stream (w/o L2R)
leads to significant performance drops compared
to the full BIPRM. This confirms the inherent com-
plementarity of the two directions. Furthermore,
the dynamic gating mechanism (BiPRM) consis-
tently outperforms the static averaging baseline
(w/o Dynamic), particularly on difficult datasets
like MATHS500 (e.g., 48.48 vs. 44.00 on Llama-3-
70B-Instruct policy), validating the effectiveness
of context-aware adaptive fusion.

Superiority over Homogeneous Ensembles. A
potential concern of our bidirectional framework is
whether the performance gains stem simply from
increased computation (doubled FLOPs) rather
than the complementary nature of the bidirec-
tional context. To address this, we compare
BiPRM against homogeneous ensembles that uti-
lize the same computational budget: 2xL2R (av-
eraging scores from two independently trained
L2R-PRMs) and 2xR2L (averaging scores from
two R2L-PRMs). As shown in Table 5, BiPRM
consistently surpasses these homogeneous ensem-
bles. For instance, on the MuggleMath/BCE set-
ting, BiPRM (56.33) significantly outperforms both
2xL2R (50.28) and 2xR2L (51.65). This demon-
strates that the performance leap derives from the
synergistic integration of distinct reasoning per-
spectives rather than mere computational scaling.

Sampling MATHS500 GSM-Plus
Policy Method | pep  MSE | BCE MSE
w/o R2L 32.80 35.68 | 51.90 55.87
w/oL2R | 32.32 32.80 | 52.21 51.83
MetaMath- w/o Dynamic | 38.16 37.44 | 53.96 58.02
Mistral-7B 2xL2R 34.56 39.44|50.12 56.68
2xR2L 33.96 36.20 | 52.41 53.76
BiPRM 38.56 39.80 | 55.02 58.11
w/o R2L 25.88 31.76 | 53.41 53.23
w/oL2R | 27.60 32.00 |51.12 55.92
Muggle-  w/o Dynamic | 33.28 34.72 | 55.55 56.47
Math-13B 2xL2R 3040 32.92|50.28 54.15
2xR2L 33.16 34.32|51.65 53.65
BiPRM 33.92 34.96 | 56.33 57.43
w/oR2L | 41.44 41.76 | 68.76 69.82
w/oL2R | 40.36 39.80 | 69.73 69.50
Llama-3-  w/o Dynamic | 44.00 44.88 | 70.07 70.57
70B-Instruct 2xL2R 43.64 42.52|67.69 70.29
2xR2L 41.40 44.24 | 68.24 69.31
BiPRM 48.48 46.68 | 70.44 170.93

Table 5: Ablation results on the Qwen2.5-Math-1.5B
backbone under BCE and MSE objectives. Metrics re-
port the average BON@n from BON@§ to BON@128.
"w/o Dynamic" denotes the static average fusion. "2x"
denotes the ensemble of two independently PRMs
trained with different seeds.

Stability in Long-Chain Reasoning. To further
investigate the robustness of our dynamic gating
mechanism in extended context settings, we con-
ducted targeted experiments isolating long-tail data
(sequences strictly > 1024 tokens). The empiri-
cal results demonstrate that dynamic gating suc-
cessfully preserves robust verification capability
even when processing highly extended trajectories,
consistently outperforming static averaging meth-
ods. For detailed quantitative results and analysis,
please refer to Appendix D.

4.4 Analysis

In this section, we analyze the characteristics of
different reward modeling paradigms through quan-
titative error trends, the evolution of learned gating
weights, and practical inference efficiency.
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Figure 3: Analysis of (a) step-wise MAE error distribu-
tion and (b) the evolution of dynamic gating weights on
the Math-Shepherd test set. The horizontal axis repre-
sents the normalized progress of reasoning steps within
a solution trajectory.

Error Distribution across Reasoning Steps.
Figure 3(a) illustrates the MAE trajectories rela-
tive to the normalized reasoning progress. The
unidirectional baselines exhibit distinct position-
dependent biases. The vertical dashed line marks
the Average Error Onset at 52.2%, which serves as
the critical boundary shifting from correct premises
to subsequent logical failures. We observe that
all models encounter their highest prediction un-
certainty in this transition zone, resulting in peak
MAE values around the center of the trajectory.
Nevertheless, the unidirectional baselines exhibit
divergent behaviors away from this boundary. The
L2R-PRM (green) shows reduced errors towards
the final steps (90%) as it benefits from accumu-
lated forward context. Conversely, the R2L-PRM
(blue) achieves lower error rates in the early stages
(10% to 30%) because the reverse stream effec-
tively treats these initial steps as terminal stages
with full context visibility. Crucially, BIPRM (red)
consistently maintains the lowest MAE throughout
the entire process, particularly effectively suppress-
ing the error spike in the high-difficulty transition
region. This suggests that BiPRM successfully
fuses these complementary strengths to eliminate
localized blind spots.

Evolution of Dynamic Gating Weights. To fur-
ther validate the adaptive nature of our fusion
mechanism, we visualize the average value of the
learnable gating weight o; across the reasoning

progress in Figure 3(b). Recall that oy represents
the weighting coefficient for the L2R stream (i.e.,
¢ PR (1 — oy) - 7R%Y). As ob-
served in the figure, o; exhibits a monotonically
increasing trend as reasoning progresses. In the
early stages (0%-30%), o, remains relatively low,
indicating that the model automatically learns to
rely more heavily on the R2L stream (1 — oy is
high). This aligns with our findings in the error dis-
tribution analysis that the backward view provides
superior verification for initial steps. Conversely,
as the reasoning approaches the final answer (70%-
100%), oy increases significantly, shifting the focus
towards the L2R stream to leverage the accumu-
lated forward context. This adaptive weight alloca-
tion confirms that BiPRM effectively captures the
complementary strengths of the dual streams, dy-
namically prioritizing the most informative context
for each specific step.

Subset Method | BCE MSE Q-value
rankings

L2R [359(11.9) 447 (16.0) 38.5(14.5)

GSMBK  (irs | 43.9(12.9) 45.6([5.2) 44.3 (12.7)
L2R [34.9(12.8) 19.8(113) 274 (112)

MATH e 1366 (113) 217(11.8) 37.2(10.8)
Olympiad L2R |13.1(102) 64(l17) 92(10.3)
Bench  Ours |31.1([1.8) 10.5(1.6) 18.7 (10.0)
Omni-  L2R |245(115) 46(108) 14.0(10.0)
MATH  Ours |27.6(104) 6.8(103) 19.7(10.2)

Table 6: Sensitivity analysis under step boundary pertur-
bations on the Qwen2.5-Math-1.5B backbone. Values
represent the Perturbed F1 Score and the absolute degra-
dation (|) relative to the original clean results in Table 3.
BiPRM exhibits notably smaller performance drops.

Robustness to Ambiguous Step Boundaries. To
address potential practical concerns regarding noisy
and ambiguous step boundaries, we conducted a
targeted sensitivity analysis by artificially introduc-
ing boundary perturbations (merging, splitting, and
noise insertion) into the ProcessBench dataset. As
shown in Table 6, while all models naturally ex-
hibit performance degradation under these adverse
conditions, BiPRM demonstrates significantly su-
perior stability. On average, BiPRM experiences
an F1 drop of only 5.24%, compared to a 7.52%
drop for the L2R baseline. This confirms that the
bidirectional architecture fundamentally enhances
structural robustness, making it highly reliable in
real-world scenarios containing inconsistent step
segmentations.
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Question: Given a sequence {a,} defined by a; = 1 and ay,41 = Label Bi- L2R R2L
2ap + 1, find the general term formula. PRM -PRM -PRM
Step 1: Compute the first few terms: ag = 2a1+1 = 3, a3 = 2a2+1 = 1 1.00 1.00 1.00
T,a4 =2a3+1=15,....

Step 2: Observing that a,, 4+ 1 yields powers of 2, we conjecture: a,, =| 0 0.31 1.00 0.29
2n — 1.

Step 3: Basecase (n =1):a1 =1=2x1—1. 0 038 1.00 0.38
Step 4: Assume a; = 2k — 1 holds for n = k, then forn = k + 1,

apt+1 = 2a; +1 =2(k+1) - 1. Hence, it holds for n = k£ + 1. 0 0.01 1.00 0.00
Step 5: By the principle of mathematical induction, the formula is valid

for all natural numbers n. The general term formula is a,, = 2n — 1. 0 0.17 099 0.08

Table 7: A representative case study comparing step-wise reward scores of BiPRM, L2R-PRM, and R2L-PRM.
The critical error stems from an incorrect conjecture in Step 2 (highlighted in red), which the model attempts to
justify through a forced derivation in Step 4. While L2R-PRM is deceived by the superficial coherence, R2L-PRM
successfully identifies the logical fallacy through retrospective verification.

Inference Latency. A primary concern regarding
bidirectional architectures is the potential doubling
of inference time. However, since the L2R and R2L
evaluation streams operate independently prior to
the final gating fusion, they can be processed con-
currently. By stacking the forward and reverse
inputs into a single batch, we leverage the paral-
lel computing capabilities of the GPU to minimize
latency. As shown in Table 8, empirical results
demonstrate that the average wall-clock time for
scoring a single solution increases only marginally
from 27.982 ms for the L2R baseline to 29.393 ms
for BiPRM. This corresponds to a relative latency
overhead of approximately 5%, demonstrating that
our parallel implementation effectively mitigates
the temporal cost of dual-stream evaluation, mak-
ing BiPRM highly practical for real-world deploy-
ment. Further discussions on computational effi-
ciency, including detailed comparisons of model
parameters, measured TFLOPS, and peak memory
usage, are provided in Appendix B.

Model ‘ Params TFLOPS Wall-clock Time'
L2R-PRM 1.543B 10.034 27.982 ms
BiPRM (Ours) | 1.548B 19.106 29.393 ms

Table 8: Quantitative comparison of model parameters,
measured computational cost (TFLOPS), and inference
time latency between L2R-PRM and BiPRM on the
Qwen2.5-Math-1.5B backbone. {: Measured as the
average inference time per single solution.

Case Study. Table 7 presents a representative ex-
ample where the model constructs a superficially
coherent proof based on an incorrect hypothesis

in Step 2. The L2R baseline fails to detect this
error because it views the hypothesis in Step 2 as
a plausible conjecture pending verification, assign-
ing it a high score based on local coherence. In
contrast, the R2L stream correctly penalizes the
final conclusion in Step 5 without needing to trace
the intermediate derivation. By evaluating the final
answer directly against the problem statement, the
R2L stream identifies the fundamental mathemati-
cal contradiction between the derived formula and
the sequence definition, thereby effectively filtering
out the erroneous trajectory. For a more compre-
hensive qualitative analysis on success and failure
cases, please refer to Appendix E.

5 Conclusion

In this paper, we proposed BiPRM, a novel bidi-
rectional evaluation paradigm designed to address
the limitations of unidirectional PRMs in accessing
global context. By synergizing a parallel reverse
evaluation stream with a dynamic gating mecha-
nism, BiPRM enables effective retrospective veri-
fication while incurring negligible computational
overhead. Extensive experiments demonstrate that
our method consistently outperforms L2R base-
lines in both solution-level ranking and step-level
error localization. These findings underscore the
necessity of bidirectional context for robust reason-
ing supervision and offer a promising direction for
future research in process reward modeling.

Limitations

While the promising results achieved by BiPRM,
certain limitations remain.
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Computational Cost. The bidirectional evalu-
ation mechanism inherently necessitates process-
ing the input sequence twice, leading to a two-
fold increase in theoretical floating-point opera-
tions (FLOPs) compared to unidirectional base-
lines. This increased energy consumption is an
unavoidable trade-off for the enhanced verification
capability. However, from the perspective of practi-
cal deployment, we effectively mitigate the impact
on user experience through a parallel execution
strategy. As demonstrated in our efficiency analysis
(Section 4.4), this implementation ensures that the
actual inference time latency increases by merely
5%, maintaining the method’s feasibility for real-
time applications.

Generalization across Domains. Our experi-
mental validation is currently confined to the do-
main of mathematical reasoning. While mathemat-
ics serves as a rigorous testbed for evaluating logi-
cal consistency and stepwise correctness, the gener-
alizability of the bidirectional verification paradigm
to other complex tasks remains to be verified. We
leave the exploration of broader application scenar-
ios, such as code generation, open-ended common-
sense reasoning, and symbolic logic tasks, to future
research. We hope that our findings will serve as
a foundation for developing more robust and gen-
eralized process supervision frameworks in these
diverse fields.
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A Implementation Details

Data Preparation. The training corpus is derived
from the Math-Shepherd dataset, which comprises
mathematical questions paired with multi-step rea-
soning solutions and step-level supervision signals.
To ensure data quality, we filter out instances con-
taining only a single reasoning step and partition
the remaining data into training and validation sub-
sets using a 95:5 ratio. For evaluation, the test set
includes 128 candidate solutions generated by each
policy model for every question in the benchmarks,
resulting in six distinct evaluation sets.

Training Configuration. We independently
train both the unidirectional PRMs and our
proposed BiPRMs across all nine combinations
formed by the LLM backbones and PRM objec-
tives. Crucially, each pair of PRM and BiPRM
models shares identical training configurations to
guarantee a fair comparison. All models are trained
using 8 NVIDIA RTX A5000 GPUs. Regarding
the software environment, we use the following
package  versions: torch==2.3.1+cul118,
tr1l==0.8.0, transformers==4.43.0,
accelerate==0.33.0, deepspeed==0.13.1,
nvidia-nccl-cul2==2.20.5. We employ the
ZeRO-3 optimization stage of DeepSpeed with
bfloat16 precision. Gradient checkpointing is set
to true for Deepseek-Math-7B, while it is disabled
for both Qwen2.5-Math-1.5B and Rho-Math-1B.
The specific hyperparameters for all experiments
are detailed in Table 9.

Hyperparameters Value
epoch 1

learnning rate 3e-5

optimizer AdamW

scheduler linear

seed 1106
batch size per GPU 2
gradient accumulation steps 4

Table 9: Hyperparameters in all experimental configura-
tions.

B Computational Efficiency Analysis

In this section, we provide a supplementary analy-
sis of the computational efficiency between BiPRM
and the standard unidirectional L2R-PRM. All mea-
surements were conducted on the Qwen2.5-Math-
1.5B backbone using a single NVIDIA RTX A5000

GPU to ensure a controlled experimental environ-
ment. Our evaluation focuses on four key dimen-
sions: model parameter size, measured computa-
tional cost (TFLOPS), peak memory usage, and the
actual inference latency (wall-clock time).

As shown in Table 8, the parameter overhead in-
troduced by our dynamic gating module is a negligi-
ble 0.3%, increasing the total count from 1.543B to
1.548B. In terms of measured computational cost,
BiPRM inherently requires processing the input se-
quence twice, resulting in an empirical TFLOPS in-
crease from 10.034 to 19.106. Crucially, despite the
doubling of empirical compute, BiPRM achieves
a highly favorable and practical trade-off for real-
world deployment. Parallel execution of the two
streams causes only a marginal relative increase
in overall peak memory usage, rising from 6.43
GB to 6.65 GB. Consequently, the average wall-
clock time for scoring a single solution increases
by just 5%, from 27.982 ms for the L2R baseline
to 29.393 ms for BiPRM. This demonstrates that
our implementation effectively exchanges an ac-
ceptable, low-impact overhead in computation and
memory for substantially enhanced verification ca-
pabilities with minimal impact on user-perceived
latency.

C Complete experimental results

We present the complete experimental results of
Rho-Math-1B, Qwen2.5-Math-1.5B and Deepseek-
Math-7B in Tables 11, 12 and 13. Including spe-
cific values of bon@8 to bon@ 128 across the two
benchmarks and three sampling policies.

D Stability of Dynamic Gating in
Long-Chain Scenarios

To thoroughly analyze the stability of our dynamic
gating mechanism in extremely long-chain reason-
ing scenarios, we conducted additional evaluations
focusing on long-tail data with sequence lengths
strictly greater than 1024 tokens. This evaluation
was performed using the Qwen2.5-Math-1.5B back-
bone under the BCE objective.

As detailed in Table 10, the average sequence
lengths in these long-tail subsets significantly in-
crease compared to the original datasets (e.g., from
988 to 1457 on MATHS500). While all models in-
evitably experience a certain degree of performance
degradation when handling such exceptionally long
reasoning chains, the "Dynamic Gating" strategy
consistently demonstrates superior resilience com-
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pared to the "Static Averaging" baseline. Overall,
static averaging exhibits an average performance
drop of 37.56% relative to its standard results,
whereas our dynamic gating mechanism limits this
drop to 31.40%. This empirical evidence validates
that dynamic context-aware fusion is crucial for
maintaining stable verification performance on ex-
tended contexts.

Samphng Method MATH500 GSM-Plus
Policy [988 — 1457] [779 — 1201]
MetaMath-  Static Avg. | 38.16 — 16.52 53.96 — 40.22
Mistral-7B Dynamic | 38.56 — 19.79 55.02 — 43.18

Muggle-  Static Avg. | 33.28 — 9.41 55.55 — 41.83
Math-13B Dynamic | 33.92 — 11.81 56.33 — 45.26
Llama-3-  Static Avg. | 44.00 — 23.02 70.07 — 53.22
70B-Instruct  Dynamic | 48.48 — 29.11 70.44 — 58.54

Table 10: Performance (Average BON@n) compari-
son between Static Averaging and Dynamic Gating on
original vs. long-tail data (sequences > 1024 tokens).
Bracketed values indicate the average sequence lengths
of the original versus the long-tail subset.

E Additional Qualitative Analysis

In this section, we provide a deeper analysis of
BiPRM’s performance across different error types.
We verify its robustness in detecting calculation
errors and discuss specific scenarios where the R2L
stream may face challenges.

Effectiveness in Calculation Error Detection.
Table 14 presents a case involving a quadratic func-
tion. In this instance, a critical calculation error oc-
curs at Step 3 regarding the vertex coordinate. Con-
sistent with our error distribution analysis, the R2L-
PRM precisely identifies this early-stage mistake
with a score of 0.05, whereas the L2R-PRM fails
to penalize it immediately, assigning an ambigu-
ous score of 0.46. BiPRM effectively integrates
these divergent signals to provide a precise and
robust evaluation, demonstrating that the bidirec-
tional mechanism is beneficial not only for logical
reasoning but also for rigorous numerical verifica-
tion.

Limitations and Failure Analysis. While
BiPRM shows significant improvements in most
scenarios, it exhibits certain limitations in specific
arithmetic inconsistencies. Table 15 illustrates a
failure case involving a circle geometry problem.
The error arises in Step 4, where the model omits

the denominator "2" during algebraic simplifica-
tion (7r?/(277) = 20 — r2/r = 20). Although
Step 4 is mathematically incorrect given Step 3,
the transition from Step 4 to Step 5 (r = 20) is
internally consistent. Since the R2L. mechanism
primarily evaluates whether the current step can
logically lead to the subsequent steps (retrospective
consistency), it assigns a relatively high score
(0.63) to Step 4 because the derivation from Step
4 to the end is smooth. This suggests that R2L is
more sensitive to global logical coherence than to
local isolated arithmetic skips. However, note that
the L2R stream successfully identifies this error
(0.01), and BiPRM’s gating mechanism partially
mitigates the R2L failure, resulting in a final
score of 0.18. This case highlights the necessity
of fusing both directions to handle disjointed
arithmetic errors effectively.

F Sensitivity Analysis of Aggregation
Operators

We investigate the sensitivity of BiPRM to four
trajectory-level aggregation operators: product
(J)» minimum (min), maximum (max), and arith-
metic mean (mean). Table 16 presents the detailed
breakdown of BON@ N scores across all exper-
imental configurations. Quantitative analysis re-
veals that the aggregation strategy significantly in-
fluences performance. The poor performance of
max aligns with intuition, as a single high-quality
step cannot compensate for logical errors elsewhere
in the trajectory. Conversely, the success of both
mean and min suggests that considering the over-
all quality or the worst-case step are both effective
strategies. Despite the slight empirical edge of
mean, we adopt min as the default strategy. This
decision aligns with the "weakest link" principle
of mathematical reasoning where a single error
invalidates the entire proof, thereby ensuring the-
oretical consistency with the logical nature of the
task and prior literature (Wang et al., 2024b; Li and
Li, 2024).
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Sampling PRM Method Dataset: MATHS500 Dataset: GSM-Plus
Policy ~ Objective @8 @16 @32 @64 @I128| @8 @16 @32 @64 @128
BCE 2R | 2120 2080 17.40 15.80 1720 | 43.62 4021 3679 33.04 29.54
Ours | 2420 24.00 24.60 22.60 22.40 | 47.46 46.71 4579 4492 44.58
MianoEsp | L2R [ 2480 2360 2280 2160 1880 | 47.96 4450 4154 3667 29.79
Ours | 27.00 2580 2520 23.40 2340 | 50.08 47.50 4546 43.12 4025
Qvalue  I2R | 2560 2420 2380 22.60 20.60 | 49.71 4654 4288 3825 32.92
rankings ~ Ours | 26.80 2640 2640 26.80 23.80 | 51.54 49.79 47.88 46.00 44.58
BCE L2R |20.00 21.00 19.00 18.60 1580 | 41.38 36.67 34.12 3021 26.04
Ours | 23.80 21.80 19.20 20.60 19.60 | 43.83 43.58 43.12 42.00 41.92

Muggle-

Ma‘tf_glgB MSE L2R | 1840 17.60 1620 1460 13.40 | 4550 4346 3929 3425 31.54
Ours | 21.60 21.20 19.20 18.80 16.80 | 47.79 47.00 4471 41.88 38.71
Qvalue  I2R |2020 17.80 1840 1920 1720 | 4692 4508 4246 3871 36.04
rankings ~ Ours | 21.00 21.60 21.00 20.80 18.40 | 47.88 46.88 45.08 43.54 42.08
BCE L2R | 38.60 3620 3340 2860 27.00 | 66.67 6592 6442 62.88 60.83
Ours | 3720 37.80 37.40 37.40 36.80 | 67.88 6821 67.83 67.67 67.08
70L];a_‘ﬁ112;r3’l;ct MSE L2R | 3820 3600 3560 32.80 29.40 | 69.08 6821 6754 6604 62.58
Ours | 41.00 37.80 37.80 37.60 37.00 | 70.54 69.96 68.88 67.46 66.38
Qvalue  I2R | 39.00 3540 3460 3320 31.80 | 69.83 6846 67.17 6629 64.38
rankings ~ Ours | 41.00 39.60 3920 3820 37.40 | 71.46 69.54 68.96 68.25 66.38

Table 11: Rho-Math-1B results measured by Best-of-N (BON@n) accuracy across two benchmarks, three PRM
objectives and three sampling policies.

Sampling PRM Method Dataset: MATH500 Dataset: GSM-Plus
Policy ~ Objective @8 @16 @32 @64 @I28| @8 @16 @32 @64 @128
BCE I2R | 31.60 32.80 3340 3400 3220 | 53.92 5396 5262 5121 47.79
Ours | 3420 38.60 38.80 40.60 40.60 | 56.46 56.42 5575 54.46 52.00
hﬁf;%% MSE L2R | 3240 3620 3580 3640 37.60 | 57.33 5650 5596 5575 53.83
Ours | 3620 3820 4020 4220 4220 | 5833 57.71 58.25 5858 57.67
Qvalue  I2R | 3240 3540 3680 37.80 38.60 | 5475 54.88 54.88 5458 54.96
rankings ~ Ours | 36.00 39.00 42.00 42.60 41.60 | 57.92 5833 5938 59.71 59.00
BCE L2R | 2620 2600 2680 2620 2420 | 5279 54.12 53.46 53.83 52.83
Ours | 30.60 34.00 35.60 3620 33.20 | 56.04 57.54 56.62 5592 55.54
Muggle-
Ma‘tf_glgB MSE L2R | 28.60 32.00 33.00 32.80 3240 | 5408 54.12 5329 5292 5175
Ours | 32.60 34.00 34.80 36.60 36.80 | 5629 57.96 57.79 58.08 57.04
Qvalue  I2R | 2720 32.00 31.80 3240 3140 | 5342 5504 5404 5400 5433
rankings ~ Ours | 33.40 3520 36.60 37.40 37.80 | 57.75 5875 59.04 58.50 58.25
BCE L2R | 4240 42.80 4120 40.80 40.00 | 70.04 6971 70.00 67.58 66.46
Ours | 47.40 47.60 4640 50.80 50.20 | 7242 71.46 70.83 6933 68.17
Llama-3- L2R | 44.60 4340 42.00 4040 3840 | 7096 70.92 7029 6879 68.12
70B-Instruct MSE
Ours | 4520 46.80 4580 48.60 47.00 | 7233 7217 70.88 70.50 68.79
Qvalue  [2R | 4420 4440 4540 4400 43.00 | 7121 7112 7021 69.29 69.00
rankings ~ Ours | 46.80 47.40 4720 5020 47.40 | 71.58 7146 7179 70.62 70.54

Table 12: Qwen2.5-Math-1.5B results measured by Best-of-N (BON@n) accuracy across two benchmarks, three
PRM objectives and three sampling policies.
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Sampling PRM Method Dataset: MATH500 Dataset: GSM-Plus
Policy Objective @8 @16 @32 @64 @128 @8 @16 @32 @64 @128
L2R 29.80 33.00 31.60 3220 31.60 | 55.50 54.88 5438 5221 49.50

Ours 35.00 36.20 36.20 37.00 37.80 | 57.08 58.00 57.42 56.50 55.79
MetaMath-

; LOR | 3220 3480 3540 3500 3360 | 5775 57.04 5667 5517 5471
Mistral-7B
stra MSE Ours | 33.60 36.60 3920 40.00 37.60 | 58.88 6029 59.58 59.46 59.38

Q-value L2R 31.60 3240 3240 33.00 31.80 | 55.29 54.92 5488 55.00 54.12
rankings Ours 33.60 35.00 34.60 36.00 33.20 | 57.08 57.54 57.71 57.04 56.29

BCE

L2R 2540 2420 25.00 24.80 26.00 | 54.17 55.08 53.46 5321 51.96
Ours 27.60 32.00 33.80 35.60 34.20 | 58.33 59.33 60.58 59.71 59.88

L2R 29.20 31.80 3240 32.00 31.80 | 56.83 57.83 56.58 56.46 55.04
Ours 2940 34.80 3420 3580 3540 | 5825 5992 5992 59.38 60.00

Q-value L2R 27.20 27.80 27.80 29.60 30.20 | 54.83 56.83 55.67 54.42 54.75
rankings Ours 27.80 30.60 32.20 31.20 30.40 | 56.71 58.50 58.21 58.04 57.50

BCE

Muggle-
Math-13B MSE

L2R 39.80 39.60 39.20 4140 4120 | 7096 70.25 69.38 68.08 65.75
Ours 44.60 43.20 43.00 43.60 43.00 | 72.04 71.25 71.25 70.79 70.04
Llama-3-

70B-nstuet  Msp L2R | 4200 4360 4260 4240 42.00 | 70.96 7108 7075 69.50 68.04
Ours | 47.80 48.00 46.60 4920 49.00 | 71.58 7154 7150 7121 70.21

Q-value L2R 40.80 41.40 38.00 40.20 4240 | 71.83 7092 70.67 70.17 70.17
rankings Ours 44.80 44.00 43.00 42.40 4540 | 72.38 7192 72.04 7112 70.29

BCE

Table 13: Deepseek-Math-7B results measured by Best-of-N (BON@n) accuracy across two benchmarks, three
PRM objectives and three sampling policies.

Question: Determine the maximum value of ¢ where —2 is within the Label Bi- L2R R2L
range of the function f(z) = z? + 3z + c. PRM -PRM -PRM

Step 1: The range of a quadratic function f(z) = az? + bx + cis | True 1.00 1.00 1.00
determined by the vertex of the parabola.
Step 2: The x-coordinate of the vertex is —%,
c— 2.

Step 3: For the given function f(z) = 2% + 3z + ¢, the vertex is | False 0.05 0.46 0.05
(=3, c— )= (~1.5,c — 4.5).
Step 4: Since —2 is within the range, we have —2 < ¢ — 4.5, which | False 0.04 0.01  0.09
implies ¢ > 2.5.

Step 5: Therefore, the maximum value of ¢ is[2.5]. False 0.00 0.00 0.03

and the y-coordinate is | True 1.00 091  1.00

Table 14: A success case study involving a calculation error. The critical error occurs in Step 3 (highlighted in
red), where the y-coordinate of the vertex is miscalculated. BiPRM effectively utilizes the R2L signal to correct the
ambiguous evaluation of the L2R baseline.

Question: If the area of a circle is M cm? and the circumference is N Label Bi- L2R R2L

cm , with M /N = 20, what is the radius of the circle in cm? PRM -PRM -PRM
Step 1: The area of a circle is given by the formula A = 772, and the

circumference is given by the formula C' = 27r. True 1.00 1.00 1.00

Step 2: We are given that M/ = Aand N = C, and M /N = 20. True 1.00 1.00 1.00

Step 3: Substituting the formulas, we have 7r?/(27r) = 20. False 1.00 1.00 1.00

Step 4: Simplifying, we get 72 /r = 20. False 0.18 0.01 0.63

Step 5: Dividing both sides by 7, we get r = 20. The answer is: . False 0.00 0.00 0.01

Table 15: A failure case study demonstrating the limitation of R2L-PRM. The critical error arises during the
algebraic simplification transition between Step 3 and Step 4. Since the derivation from Step 4 onwards maintains
internal consistency, the retrospective view of the R2L stream fails to identify the preceding disconnect.
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. . Dataset: MATH500 Dataset: GSM-Plus
Samphng Backbone Aggregation Q-value Q-value Avg
Policy Operator BCE MSE . BCE MSE .
rankings rankings
I 2452 2428 2508 | 4587 4571 4750 | 3549
Rho-Math. 1B min 2356 2496 2604 | 4589 4528 4796 | 35.62
max 2296 2464 2660 | 4676 49.61 4932 | 36.65
mean 24.64 2500 2668 | 4544 4675  48.61 | 36.19
MetaMath I 3876 39.64  40.00 | 54.88 5720  58.14 | 48.10
Mistral- 7B Qwen2.5-Math-1.5B min 3856 39.80 4024 | 5502 58.11  58.87 | 48.43
: : max 30.64 3624 4144 | 51.02 5526  58.73 | 45.55
mean 38.64 3952 4056 | 5499 5829  58.69 | 48.45
I 3620 3736 3272 | 5659 5899  56.69 | 46.43
DeenseekMath.7B min 36.44 3740 3448 | 5696 59.52  57.13 | 46.99
P max 32.80 3444 3336 | 53.13 5784 5697 | 44.76
mean 37.00 3776 3428 | 57.13 5976 5743 | 47.23
I 2136 2028 2144 | 4130 4446 4555 | 32.40
Rho-Math. (B min 21.00 1952 2056 | 42.89 44.02  45.09 | 32.18
max 1852 18.68  19.64 | 4138 4592 4628 | 31.74
mean 2128 2040 2092 | 4133 4512 4553 | 32.43
Muggle- I 3396 3488 3560 | 56.17 57.13  57.04 | 45.80
min 33.92 3496 3608 | 5633 5743 5846 | 46.20
Maib-13B  Qwen2.5-Math-1.5B max 2500 3292 3716 | 4981 5417  57.08 | 42.69
mean 33.68 3524 3680 | 5592 5731  57.67 | 46.10
I 3284 33.64 3008 | 59.66 5853  56.62 | 4523
Deenseck-Math-7B min 32.64 3392 3044 | 5957 5949 5779 | 45.64
P max 25.16 3092 3116 | 5297 5678 5671 | 42.28
mean 3260 3336 3068 | 59.12 59.63  57.25 | 45.44
I 3584 3876 3880 | 66.85 68.03  67.86 | 52.69
Rho-Math 1B min 3732 3824 3908 | 6773 68.64 6892 | 53.32
max 36.44 37.00 3772 | 6753 6927  69.73 | 52.95
mean 3548 3896 3892 | 68.19 6948  69.40 | 53.41
Llamas3. I 4844 4652 4860 | 7047 70.61  70.66 | 59.22
0B, Instract . min 48.48 46.68 4892 | 7044 7093 7120 | 59.44
nstruct - Qwen2.5-Math-1.5B max 4540 4616 4848 | 7055 7062 7139 | 58.77
mean 4828 4772 4892 | 7073 7120 7115 | 59.67
I 4292 4696 4376 | 7048 71.18  70.89 | 57.70
Deenseek-Math.7B min 4348 4812 4392 | 7107 7121 7155 | 58.23
P max 4072 4728 4400 | 7032 7126  71.62 | 57.53
mean 41.88 4848 4444 | 7088 7127 7195 | 58.15

Table 16: Sensitivity analysis of different trajectory-level aggregation operators across diverse backbones and
objectives. The metrics reported are the average BON@ N scores. Across all configurations, the overall average
scores are: mean (47.45) > min (47.34) > [] (47.01) > max (45.83).
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