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Abstract
Molecular graph learning benefits from posi-
tional signals that capture both local neighbor-
hoods and global topology. Two widely used
families are spectral encodings derived from
Laplacian or diffusion operators and anchor-
based distance encodings built from shortest-
path information, but the relationship between
them is still not well understood. In this pa-
per, we study when anchor-based distance en-
codings can approximate diffusion geometry.
Under a random r-regular graph model, we
derive an explicit trilateration map that recon-
structs truncated diffusion coordinates from
transformed anchor distances and anchor spec-
tral positions, together with pointwise and
Frobenius-gap guarantees. On DrugBank with
a shared GNP-based DDI backbone, anchor-
distance Nyström accurately recovers diffu-
sion geometry, and both DE and LapPE out-
perform models without positional encodings,
with LapPE showing slightly more consistent
performance.

1 Introduction

Molecular graph modeling includes tasks such as
de novo generation, interaction prediction, and
molecular reasoning. These tasks require repre-
sentations that capture both local chemical neigh-
borhoods and global topology (2017; 2020; 2020).
A recurring challenge is how to inject structural
positional information so that long-range depen-
dencies and global organization are accessible to
the model. This challenge is especially important
in molecular settings, where useful representations
must reflect not only local chemistry but also global
graph geometry.

Many positional and structural signals have
been explored, including random-walk statistics,
structural-role descriptors, and relative-position bi-
ases in graph transformers (2022; 2023; 2021). We
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focus on two particularly common families. Spec-
tral or diffusion encodings, such as Laplacian eigen-
maps and diffusion-map features, provide coordi-
nates aligned with diffusion geometry but often rely
on global eigendecomposition or iterative spectral
approximation (2007; 2023; 2022). Distance or
anchor encodings instead represent each node by
its shortest-path distances to a small set of anchors,
optionally after a radial transformation, offering
a simple and scalable alternative without explicit
spectral computation (2025a; 2020).

Despite their widespread use, the relation be-
tween these two families remains largely heuristic.
It is still unclear when anchor-based distance fea-
tures preserve diffusion geometry, how reconstruc-
tion quality should be measured at both the coordi-
nate and induced distance/kernel levels, and how
such recovery diagnostics relate to downstream util-
ity. This gap matters in molecular settings, where
diffusion geometry is a natural inductive bias but
full spectral computation may be undesirable. Our
goal is therefore not to argue that distance encod-
ings universally outperform spectral ones, but to
characterize when they can act as principled surro-
gates for spectral geometry in tasks such as drug–
drug interaction (DDI) prediction (2018; 2018).

Motivation. This leads to the following ques-
tion: When can anchor-based shortest-path encod-
ings be converted into truncated diffusion coordi-
nates with explicit pointwise and matrix-level er-
ror control, and when do the resulting recovery
diagnostics indicate that a distance encoding is
a reliable surrogate for spectral geometry? An-
swering this question would connect discrete dis-
tance primitives to diffusion geometry and clarify
the accuracy–efficiency trade-off behind replacing
spectral computation with anchor-based features.

We address this question through theory and ex-
periments. Theoretically, under a random r-regular
graph model, we derive an explicit trilateration
operator that reconstructs truncated diffusion coor-
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dinates from transformed anchor distances and an-
chor spectral positions, with pointwise and matrix-
level error guarantees. We use this model not as a
realistic description of molecular graphs, but as a
simple nontrivial setting in which the bridge can
be analyzed: regularity removes easy local degree
cues, and local tree-like structure supports a mono-
tone relation between shortest-path and diffusion
distances.

Empirically, we evaluate geometry recovery on
DrugBank using a Nyström approximation based
on anchor distances, and test downstream DDI
prediction on DrugBank and ChCh-Miner with a
shared GNP backbone as shown in Figure 1(2020;
2023; 2025b). Both DE and LapPE improve over
NoPE, while LapPE is more consistent overall.

Our main contributions are:

1. We establish an explicit bridge between
anchor-based distance encodings and trun-
cated diffusion geometry via a trilateration
operator, and show in an idealized random
r-regular regime that the resulting reconstruc-
tion error can be controlled both pointwise
and at the matrix level.

2. We translate this bridge into observable re-
covery diagnostics and show on DrugBank
molecular graphs that a distance-driven Nys-
tröm scheme can closely recover diffusion ge-
ometry with a moderate anchor budget.

3. Under a shared GNP-based DDI backbone,
we provide a controlled comparison of NoPE,
DE, and LapPE, together with ablations on
distance transforms and anchor counts, show-
ing that both positional encodings help over
NoPE while clarifying the trade-off between
distance-based surrogacy and spectral stabil-
ity.

2 Related Work

This section reviews structural and positional in-
formation for graph learning, emphasizing molec-
ular graphs. We highlight limitations of purely lo-
cal computation, summarize spectral and distance-
based positional encodings, and situate drug-drug
interaction (DDI) prediction as a downstream
testbed to motivate our spectral-algebraic bridge.

2.1 Locality limitations in graph learning
Many graph learning methods rely on message
passing, where node representations are iteratively

updated using neighboring features (2017; 2017).
While effective across molecular property predic-
tion and other tasks, locality imposes structural
constraints. Standard message passing is bounded
by the Weisfeiler-Leman test, leaving some non-
isomorphic nodes indistinguishable (2019; 2018).
Long-range dependencies can also be difficult to
capture due to over-smoothing and over-squashing
(2021; 2022). These limitations motivate augment-
ing node features with explicit structural or posi-
tional signals.

2.2 Spectral positional encodings

Spectral encodings derive coordinates from Lapla-
cian or diffusion operators, such as Laplacian eigen-
maps or diffusion maps (2003; 2005; 2006). They
align with diffusion geometry and can break sym-
metries in graph representations (2023). Variants
include learned reweightings or propagation-based
approximations (2022; 2023), but global spectral
computation remains costly on large or evolving
graphs. Prior work on approximate spectral meth-
ods highlights iterative eigensolvers or low-rank
approximations, which reduce computation but still
rely on global modes.

2.3 Distance-based positional encodings

Distance encodings represent each node by its
shortest-path distances to a set of anchors, op-
tionally after simple radial transformations (2020;
2019). These encodings scale efficiently and are
easy to compute without global spectral routines.
They enhance expressive power beyond Weisfeiler-
Leman and have been used in graph transformers
and other structural models (2020; 2021). However,
their connection to spectral or diffusion geometry
has been mostly qualitative, leaving open questions
on when a finite anchor set can reliably approxi-
mate diffusion geometry and how reconstruction
quality can be quantified at both the coordinate and
kernel levels.

2.4 Drug-drug interaction prediction as
application context

Graph-based approaches are widely used for DDI
prediction. Early models combined molecular fin-
gerprints or sequences with neural networks (2018),
while later work leveraged knowledge graphs and
GNNs to capture interactions in heterogeneous net-
works (2018; 2020). Recent multimodal or dual-
graph frameworks explicitly model substructure
interactions and co-attention (2026; 2025). These
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Figure 1: Architecture of the proposed framework for DDI prediction. LapPE or DE first generates a positional
encoding matrix, which is concatenated only to node features. The resulting augmented node features, together
with edge features, are processed by a multi-scale GNP-based drug encoder. A pairwise decoder with cross-scale
co-attention then produces the interaction score and an uncertainty estimate.

studies show the importance of structural informa-
tion, but most fix positional features and focus on
architecture or data integration, leaving systematic
analysis of distance versus spectral encodings un-
der a unified theoretical lens largely unexplored.

2.5 Summary and remaining gap

Spectral encodings provide geometrically meaning-
ful coordinates at a global cost, whereas distance
encodings are scalable and simple but usually justi-
fied empirically. Existing work lacks a unified al-
gebraic account of when distance-based encodings
serve as low-rank surrogates for diffusion geome-
try, and how to evaluate recovery at both coordinate
and kernel levels. We address this gap by defining
reconstruction operators and error bounds that link
distance and spectral encodings in Figure 4. This
framing connects structural signals to measurable
recovery diagnostics and provides practical guid-
ance for choosing positional encodings.

3 Preliminaries

We introduce the notation and geometric ob-
jects used in the analysis, and formalize the two
positional-encoding families considered in this pa-
per: anchor-based shortest-path distance encod-

ings and truncated Laplacian spectral coordinates.
These definitions set up the algebraic comparison
problem studied in Section 4.

3.1 Notations

Let G = (V,E) be a finite, connected, undirected
graph with |V | = n. For u, v ∈ V , let SPD(u, v)
denote the shortest-path distance. For u ∈ V and
R ∈ N, define the radius-R ball

BG(u,R) = { v ∈ V : SPD(u, v) ≤ R }. (1)

Let A ∈ {0, 1}n×n be the adjacency matrix and D
the diagonal degree matrix. In the theoretical part
we focus on r-regular graphs, so D = rI and

L := I − 1

r
A. (2)

Let {(λj , φj)}nj=1 be the eigenpairs of L, where
{φj} is an orthonormal basis of ℓ2(V ) and 0 =
λ1 ≤ λ2 ≤ · · · ≤ λn. For t > 0, define the heat
semigroup

Kt = e−tL, (3)

with entries kt(u, v) = (Kt)uv. The diffusion dis-
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tance at time t can be written equivalently as

dt(u, v)
2 =

n∑

j=1

e−2tλj
(
φj(u)− φj(v)

)2

= k2t(u, u) + k2t(v, v)− 2k2t(u, v).
(4)

For an integer m ≥ 1, define the truncated
diffusion-map embedding

Φ
(m)
t (v) =

(
e−tλj+1φj+1(v)

)m
j=1

∈ Rm, (5)

and the corresponding truncated diffusion distance

d
(m)
t (u, v) = ∥Φ(m)

t (u)− Φ
(m)
t (v)∥2. (6)

Given anchors a1, . . . , am+1 ∈ V , write

pi = Φ
(m)
t (ai) ∈ Rm, i = 1, . . . ,m+ 1. (7)

In the following, the coordinate-level target is
Φ
(m)
t (v), while the matrix-level quantities of inter-

est are the pairwise distances or kernels induced by
these truncated coordinates.

3.2 Problem Statement

Fix a graph G = (V,E) and an anchor set S =
{a1, . . . , am+1} ⊂ V . For any node v ∈ V , define
the transformed anchor-distance encoding

ζ̃(v | S) =
(
ψ(SPD(a1, v)), . . . , ψ(SPD(am+1, v))

)⊤
,

(8)
where ζ̃(v | S) ∈ Rm+1 and ψ : R≥0 → R≥0

is a monotone scalar transform specified in Sec-
tion 4; the raw distance encoding corresponds to
ψ = id. Our spectral target is the truncated coordi-
nate Φ

(m)
t (v) ∈ Rm (or an equivalent sign-/basis-

invariant representation).
The central question is whether, under suitable

structural conditions on G and a nondegenerate
anchor configuration S, one can construct an ex-
plicit algebraic map from ζ̃(v | S) to Φ

(m)
t (v) with

quantitatively controlled pointwise error, while also
controlling the associated matrix-level discrepancy
between the induced distance or kernel quantities.

Section 4 formalizes these conditions and shows
that such a linkage exists. The resulting guarantees
bound both coordinate-level reconstruction error
and matrix-level discrepancy in terms of an ex-
plicit structural mismatch parameter δ, within a
logarithmic-radius local regime.

4 Theoretical Analysis

This section analyzes the algebraic relation be-
tween shortest-path distance encodings (DE) and
truncated Laplacian spectral coordinates (LapPE)
on r-regular graphs. All proofs are deferred to Ap-
pendix A.4. Throughout this section we use the
(symmetric normalized) Laplacian in the r-regular
form L = I − 1

rA, so that the diffusion opera-
tor is Kt = e−tL and the truncated diffusion-map
embedding is Φ(m)

t as defined in Section 3.

4.1 Assumptions

Assumption 1. For the theoretical analysis, we
consider graphs drawn from the random regular
model G ∼ Gn,r, the uniform distribution on la-
beled r-regular graphs on [n] with fixed degree
r ≥ 3.

Assumption 2. There exist m ∈ N and α > 0
such that, with high probability over G ∼ Gn,r, the
truncated embedding Φ

(m)
t : V → Rm is injective

and satisfies

min
u̸=v

∥∥Φ(m)
t (u)− Φ

(m)
t (v)

∥∥
2
≥ n−α. (9)

Assumption 1 specifies the analytical regime
used to derive an explicit bridge from anchor
shortest-path distances to truncated diffusion co-
ordinates. We adopt the random r-regular model
not as a literal model of molecular graphs, but as
a clean setting in which regularity and local tree-
likeness make the relation between shortest-path
distance and diffusion geometry tractable. Assump-
tion 2 is a nondegeneracy condition ensuring sta-
ble recovery. Outside this regime, deviations are
expected to manifest as larger linkage mismatch,
truncation residuals, or poorer conditioning, which
we later examine empirically.

4.2 Main Theoretical Results

We first define an explicit trilateration operator that
maps transformed anchor-distance features to an
m-dimensional spectral coordinate. Then we intro-
duce the quantities controlling the approximation
error and state the resulting pointwise and matrix-
level guarantees.

Let ψ∗ : Rm+1 → Rm+1 denote the element-
wise application of a strictly increasing scalar func-
tion ψ : [0, R] → R+, i.e.,

(
ψ∗(y)

)
i
:= ψ(yi), i = 1, . . . ,m+ 1. (10)
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Recall the raw anchor-distance encoding

ζ(v | S) =
(
SPD(a1, v), . . . , SPD(am+1, v)

)⊤ ∈ Rm+1.

(11)

Definition 1. Fix t > 0 and m ∈ N, and let
a1, . . . , am+1 ∈ V be anchors with

pi = Φ
(m)
t (ai) ∈ Rm, i = 1, . . . ,m+ 1. (12)

Define

A = 2




(p1 − pm+1)
⊤

...
(pm − pm+1)

⊤


 ∈ Rm×m. (13)

For any q = (q1, . . . , qm+1)
⊤ ∈ Rm+1, define

b(q) =




∥p1∥22 − ∥pm+1∥22 + q 2m+1 − q 21
...

∥pm∥22 − ∥pm+1∥22 + q 2m+1 − q 2m


 ∈ Rm.

(14)
Whenever A is invertible, the trilateration operator
is defined by

T (v) := A−1b
(
ψ∗(ζ(v | S))

)
∈ Rm. (15)

We next introduce the quantities that enter the
reconstruction error bounds.

Let {(λj , φj)}nj=1 be an orthonormal eigende-
composition of L. For m ∈ N and t > 0, define
the truncation tail

Tail
(m)
t (u, v)2 :=

n∑

j=m+2

e−2tλj
(
φj(u)−φj(v)

)2
.

(16)
Let p : V → Rm and V1, . . . , Vm+1

i.i.d.∼ Unif(V ).
Define the degeneracy probability

ηn := P
(
det
[
p(V1)− p(Vm+1) · · · p(Vm)− p(Vm+1)

]
= 0
)
.

(17)
The next result shows that, within a local radius-

R regime, the discrepancy between transformed
shortest-path distance and truncated diffusion dis-
tance decomposes into a diffusion-geometry link-
age term and a truncation term.

Theorem 2. Fix t > 0 and m ∈ N. Let G =
(V,E) be a finite connected graph and R ≥ 1,
ψ : [0, R] → R+ be strictly increasing. Define

∆geom(G;R, t, ψ)

:= sup
SPD(u,v)≤R

∣∣dt(u, v)− ψ(SPD(u, v))
∣∣ (18)

and

∆tail(G;R, t,m) := sup
SPD(u,v)≤R

Tail
(m)
t (u, v).

(19)
Then, for all u, v ∈ V with SPD(u, v) ≤ R,
∣∣d(m)

t (u, v)− ψ(SPD(u, v))
∣∣ ≤ ∆geom(G;R, t, ψ)

+ ∆tail(G;R, t,m).
(20)

For later use, define the local linkage/truncation
error level

δLn := ∆geom(G;R, t, ψ) + ∆tail(G;R, t,m).
(21)

Thus, δLn summarizes the local mismatch between
transformed anchor distances and truncated diffu-
sion geometry.

Proposition 3. Fix m ≥ 1 and let p : V → Rm

be the truncated diffusion embedding p(v) :=

Φ
(m)
t (v). Draw anchors a1, . . . , am+1

i.i.d.∼
Unif(V ) and set pi := p(ai). Define

M :=
[
p1 − pm+1 · · · pm − pm+1

]
∈ Rm×m.

(22)
Then p1, . . . , pm+1 are affinely independent in Rm

if and only if det(M) ̸= 0. Moreover, the trilatera-
tion matrix in Definition 1 satisfies A = 2M⊤.

Assume the degeneracy probability ηn in (17)
satisfies ηn = o(1). Then P

(
det(M) ̸= 0

)
=

1− ηn = 1− o(1).

Remark 4. Fix m ≥ 1 and let p1, . . . , pm+1 ∈
Rm be arbitrary points. Let ε > 0 and let
ξ1, . . . , ξm+1 ∈ Rm be random vectors whose
joint law is absolutely continuous with respect to
Lebesgue measure. Setting p̃i := pi + εξi and
M̃ :=

[
p̃1 − p̃m+1 · · · p̃m − p̃m+1

]
, we have

P
(
det(M̃) ̸= 0

)
= 1.

The next two theorems bound the pointwise re-
construction error ∥Φ(m)

t (v)− T (v)∥2 and the in-
duced matrix-level discrepancy.

Theorem 5. Let G ∼ Gn,r with fixed r ≥ 3, and
fix t > 0 and m ∈ N. Let a1, . . . , am+1 be an-
chors satisfying Proposition 3 (and, if needed, the
jittered-genericity remark above), and let Φ(m)

t be
the truncated spectral embedding. Suppose As-
sumptions 1-2 hold, and Theorem 2 holds for d(m)

t

with error δLn .
For a node v ∈ V such that SPD(ai, v) ≤ R for

all i, define

ri := ψ
(
SPD(ai, v)

)
, r⋆i := d

(m)
t (ai, v). (23)
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Then, with probability 1− o(1) over G, we have
∥∥Φ(m)

t (v)− T (v)
∥∥
2
≤ ∥A−1∥op

√
m
(
4 ρR δ

L
n + 2(δLn )

2
)
,

(24)
where

ρR := max
0≤d≤R

ψ(d) + δLn . (25)

In particular, for δLn ≤ 1,
∥∥Φ(m)

t (v)−T (v)
∥∥
2
≤ ∥A−1∥op

√
m
(
4ρR+2

)
δLn .

(26)

Theorem 6. Under the same setting and assump-
tions as in Theorem 5, define

(DSPD)v,i = SPD(v, ai), (D
(m)
diff )v,i = d

(m)
t (v, ai),

(27)
and let ψ∗(DSPD) denote the elementwise applica-
tion of ψ. Then, with probability 1− o(1),
∥∥D(m)

diff −ψ∗(DSPD)
∥∥
F

≤ δLn
√
n(m+ 1). (28)

In particular, the average per-entry discrepancy is
at most δLn .

Proofs are given in Appendix A.4. Theorem 5
shows that the pointwise reconstruction error is
controlled jointly by the local linkage/truncation
error δLn and the conditioning of the trilateration
system through ∥A−1∥op. Theorem 6 aggregates
the same local mismatch over all node-anchor pairs,
yielding a Frobenius bound for the node-anchor
distance matrix.

4.3 Implications for expressivity relative to
NoPE

As a supporting implication, we recall a standard
consequence of distance encodings for message
passing GNNs on random regular graphs.

Theorem 7. Let G ∼ Gn,r be drawn from the ran-
dom r-regular graph model with fixed r ≥ 3, and
let FMP denote the class of T -layer message pass-
ing GNNs without positional encodings (NoPE),
whose distinguishing power is upper bounded by
the 1-WL test (2019; 2018). Let FDE denote the
class of T -layer message passing GNNs augmented
with a distance encoding based on shortest-path
distances to k = Θ(logn) anchors, as in (2020).
Then there exists a family of node-level classifica-
tion tasks on Gn,r such that, with high probability
over G,

1. no NoPE message passing GNN in FMP can
realize the target labels (because 1-WL cannot
distinguish the relevant nodes); but

2. some DE-augmented GNN in FDE separates
all label classes exactly.

In particular, on random regular graphs the func-
tion class FDE is strictly more expressive than the
NoPE class FMP.

Corollary 1. Under Assumptions 1 and 2 (and the
same random-regular/diffusion-geometry regime
used above), consider the NoPE and DE variants
of our backbone architecture: (i) FNoPE, the back-
bone without positional encodings; and (ii) FDE,
the same backbone augmented with ζ(· | S) using
k = Θ(logn) anchors. Then, with high probabil-
ity over G ∼ Gn,r and random anchors S, FDE

is strictly more expressive than FNoPE; in particu-
lar, there exist node classification tasks realizable
by some DE-augmented instance but by no NoPE
instance.

Corollary 1 follows from Theorem 7 and the
equivalence between NoPE message passing GNNs
and the 1-WL test (2019; 2018). Together with
Theorems 5-6, this supports the following informal
expressivity chain on random regular graphs

NoPE ⊊ DE-augmented ≈ LapPE-augmented,
(29)

where ≈ is in the sense of the reconstruction and
Frobenius-gap bounds above.

5 Experimental Setup

We conduct a controlled comparison of positional
encodings under a unified GNP-based DDI pre-
diction backbone. Unless stated otherwise, all
implementation, preprocessing, anchor-selection,
and hyperparameter details are provided in Ap-
pendix B. The same experimental setup is also
used for the geometry-recovery and efficiency anal-
yses reported later, where applicable.
Datasets and protocol. We evaluate on Drug-
Bank, Decagon and ChCh-Miner, where nodes are
drugs and edges are known interactions. Molecular
graphs are built from SMILES using RDKit. We
adopt the inductive link prediction protocol used in
prior baselines, with train/val/test splits over drug
pairs. Unless otherwise noted, all methods use
the same molecular preprocessing, data splits, and
training protocol.
Baselines. To isolate positional effects, we fix
the backbone and compare three primary variants:
NoPE, distance encoding (DE), and Laplacian po-
sitional encoding (LapPE). We additionally report

13071



RWSE and heat-kernel signatures (HKS) as refer-
ence positional/structural baselines under the same
backbone and training protocol. For the geometry-
recovery and efficiency analyses, we also include
an iterative spectral approximation baseline to pro-
vide a fair comparison with distance-driven approx-
imation.
Model configuration. All models are implemented
in PyTorch and PyTorch Geometric with standard
atom/bond features. LapPE uses the first m non-
trivial eigenvectors of the normalized Laplacian;
DE uses shortest-path distances to k anchors with a
radial transform ψ(·). RWSE uses return probabili-
ties at steps {1, 2, 4, 8, 16} and HKS uses diffusion
times {0.1, 0.5, 1, 2, 5} from a truncated Laplacian
spectrum. Anchor selection for DE, the implemen-
tation of the spectral approximation baseline, and
the remaining architecture, normalization, and op-
timization settings are given in Appendix B.
Evaluation. DDI prediction is treated as bi-
nary classification; we report AUROC and F1
on the held-out test set, with the F1 threshold
selected on the validation set. Primary results
(NoPE/DE/LapPE) are averaged over three random
seeds; RWSE/HKS are reported using the avail-
able runs under the same protocol. In addition to
downstream performance, we evaluate representa-
tion quality through diffusion-geometry recovery
against the full spectral reference, using coordinate-
and geometry-level discrepancy measures reported
in Section 6. When comparing approximation
routes, we also report wall-clock runtime under
the same hardware/software environment.
Ablations. We probe the DE design by varying
ψ(·) on DrugBank with the number of anchors
fixed, and varying the number of anchors k on
ChCh-Miner with ψ(·) fixed. These ablations test
the effect of distance shaping and anchor budget
under the same preprocessing and training settings;
detailed results are in Section 6.5.

6 Experimental Results and Analysis

We evaluate the proposed DE-LapPE bridge from
three perspectives: (i) theory-aligned validation on
random r-regular graphs (Section 4); (ii) controlled
spectral-approximation on real DrugBank molec-
ular graphs; and (iii) downstream DDI prediction
under a fixed GNP backbone (NoPE/DE/LapPE),
together with targeted DE ablations on ψ(·) and
the number of anchors k.

Table 1: Validation on random r-regular graphs (r=6,
t=1.0, m=8; three seeds).

(a) Linkage and matrix-level discrepancy.

n R δ̂nL (mean±std) Frob-gap (mean±std)
256 6 0.1580± 0.0035 0.0350± 0.0009
512 7 0.1099± 0.0051 0.0290± 0.0028

1024 7 0.0855± 0.0040 0.0217± 0.0014
2048 8 0.0664± 0.0024 0.0156± 0.0002

(b) Pointwise reconstruction and conditioning.

n R ∥Φ− T∥2 (median) cond(A) (median)
256 6 0.449 46.89
512 7 0.757 112.41

1024 7 0.181 63.05
2048 8 0.0845 30.00

6.1 Theory-aligned validation on random
r-regular graphs

We run a controlled study on G ∼ Gn,r with r = 6
and n ∈ {256, 512, 1024, 2048} (three seeds per
n). For each graph, we form L = I − 1

rA and

compute truncated diffusion coordinates Φ(m)
t with

t = 1.0 and m = 8. We set the locality radius
R = ⌈log n⌉ and fit a monotone map ψ from
SPD to d

(m)
t using isotonic regression on pairs

with SPD(u, v) ≤ R.
We report (i) the empirical linkage er-

ror δ̂nL := maxSPD(u,v)≤R |d(m)
t (u, v) −

ψ(SPD(u, v))|; (ii) the normalized Frobe-
nius gap ∥D(m)

diff − ψ∗(DSPD)∥F /
√
n(m+ 1) on

node-anchor matrices; and (iii) trilateration recon-
struction with m+1 anchors via T (v), summarized
by the median pointwise error ∥Φ(m)

t (v)− T (v)∥2
and the median cond(A).

Table 1 shows that both δ̂nL and the normalized
Frobenius gap decrease as n grows, and trilatera-
tion reconstruction errors remain small in typical
cases.

6.2 Diffusion-geometry recovery on
DrugBank molecular graphs

We next test whether the bridge suggested by the
theory remains useful on real molecular graphs. We
analyze 80 DrugBank molecules (15–200 nodes),
compute the reference diffusion kernel (t = 1) and
truncated diffusion map (top m = 8 components),
and then recover the same geometry via an anchor-
based DE Nyström scheme with k = 32 anchors
(farthest-point sampling) and Tikhonov regulariza-
tion.

Nyström-DE is accurate: relative kernel Frobe-
nius error 0.024 ± 0.021 (median 0.020), coordi-
nate MSE 3.9× 10−4 after Procrustes alignment,
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Table 2: Comparison of spectral and DE approximation
routes on subsets from DrugBank and Decagon.

Dataset Method Coord. MSE ↓ |ρ| ↑ Kernel err. ↓ Runtime (ms) ↓

DrugBank
Full 0.000000 1.000000 0.000000 0.120
IterSpec 0.000168 0.998126 0.001277 0.507
DE-Nys 0.000374 0.988853 0.021152 0.574

Decagon
Full 0.000000 1.000000 0.000000 0.123
IterSpec 0.000049 0.999827 0.000423 0.506
DE-Nys 0.000514 0.986768 0.021351 0.592

and mean absolute Pearson correlation 0.988 be-
tween approximate and exact diffusion distances.
Figure 2 further reports the fitted local isotonic link
ψ∗ (with R = ⌈log n⌉) and conditioning diagnos-
tics, showing small linkage/gap values and heavy-
tailed condition numbers that motivate regulariza-
tion. These results are the empirical counterpart
of the theorem-side bridge: when the local linkage
residual is small and the reconstruction system is
properly regularized, anchor-distance information
can recover the leading diffusion geometry with
high fidelity on real molecular graphs.

6.3 Fair comparison with iterative spectral
approximation and computational cost

To address the fairness concern, we compare DE-
based Nyström with an iterative spectral baseline
(eigsh) and the full spectral reference on the same
molecular graphs. Table 2 shows a consistent pat-
tern on both DrugBank and Decagon: iterative spec-
tral is almost indistinguishable from the full refer-
ence, while DE-based Nyström also preserves the
leading diffusion geometry but with larger approx-
imation error. In runtime, however, full eigende-
composition is already inexpensive on these small
graphs, so neither iterative spectral nor DE provides
a speed advantage. Thus, DE should be viewed
here not as a faster solver, but as a distance-driven
surrogate route with explicit geometric diagnostics.

6.4 Controlled DDI prediction under a fixed
GNP backbone

We now turn to the downstream task. Under the
same GNP-DDI backbone, training schedule, and
data splits, we compare NoPE, DE, LapPE, and
two reference baselines (RWSE, HKS), changing
only the positional encoding module. Although
geometry recovery is not the downstream objec-
tive itself, it helps explain when a distance-driven
encoding can serve as a principled surrogate for
spectral coordinates. Table 3 reports test AUROC
and F1 (mean±std over three runs).

LapPE is best overall. On DrugBank, positional

Table 3: Test AUROC and F1 (mean ± std over three
runs) on DrugBank and ChCh-Miner under the same
GNP-DDI backbone and training protocol. Only the
positional encoding is varied.

Dataset Method Test AUROC Test F1

DrugBank

NoPE 0.890± 0.002 0.820± 0.003
DE 0.976± 0.002 0.927± 0.004
LapPE 0.980± 0.003 0.934± 0.006

RWSE 0.892± 0.008 0.812± 0.003
HKS 0.863± 0.013 0.787± 0.007

ChCh-Miner

NoPE 0.938± 0.003 0.870± 0.002
DE 0.938± 0.006 0.869± 0.004
LapPE 0.946± 0.002 0.879± 0.003

RWSE 0.944± 0.003 0.876± 0.002
HKS 0.941± 0.002 0.870± 0.004

information is critical: NoPE attains 0.890/0.820
(AUROC/F1), DE improves to 0.976/0.927, and
LapPE further to 0.980/0.934. On ChCh-Miner,
performance is already strong, but LapPE still
yields consistent gains (0.946/0.879) over NoPE
(0.938/0.870) and DE (0.938/0.869). RWSE is
competitive on ChCh-Miner, while HKS is weaker
on DrugBank under this plug-in setting.1

This pattern matches the recovery results above.
On DrugBank, DE nearly matches LapPE while
clearly outperforming NoPE, consistent with its
strong geometry recovery. LapPE still performs
best in this controlled setting, as exact spectral
coordinates avoid the approximation errors of the
DE route. Overall, the results support DE as a
competitive surrogate rather than a replacement for
exact spectral encodings.

6.5 Distance Encoding Ablation Results

On DrugBank (Table 4a), with k = 16 an-
chors, the choice of ψ(·) is decisive: identity
mapping underperforms (test 0.9451/0.8835 AU-
ROC/F1), while ψ(d) = exp(−d) performs best
(test 0.9760/0.9281), and log(1+d) is slightly
worse. Parameter counts are identical (1.168M),
so the gains come from the distance shaping rather
than capacity. The superiority of exp(−d) is con-
sistent with the diffusion viewpoint: exponential
shaping turns shortest-path distance into a more
affinity-like quantity, which better matches the lo-
cal decay pattern of diffusion geometry than the
identity map.

On ChCh-Miner (Table 4b), fixing ψ(d) =

1RWSE uses return probabilities at steps {1, 2, 4, 8, 16};
HKS uses diffusion times {0.1, 0.5, 1, 2, 5} with truncated
spectrum dimension k=32 (normalized Laplacian).
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Figure 2: DrugBank diffusion-geometry diagnostics (80 graphs). Top: global Frobenius gap versus mean-abs
linkage mismatch ∆L̂; median = (0.0999, 0.0727), p95 = (0.1318, 0.0975), Spearman ρ = 0.16, and N = 80.
Bottom: CCDFs of log10 κ(KAA) and log10 κ(A); p95s are 4.866 for KAA and 3.702 for A, and invalid/singular
rates are 0.0% for KAA and 30.0% for A.

Table 4: Ablation study of distance encoding (DE) on
DrugBank and ChCh-Miner. The best configuration for
each dataset is shaded.

(a) DrugBank (k = 16, varying ψ(·))
ψ Par. Val AUC Val F1 Test AUC Test F1

identity 1.168 0.9430 0.8795 0.9451 0.8835
exp 1.168 0.9762 0.9279 0.9760 0.9281
log1p 1.168 0.9723 0.9196 0.9721 0.9207

(b) ChCh-Miner (ψ(d) = exp(−d), varying k)

k Par. Val AUC Val F1 Test AUC Test F1

4 0.123 0.9415 0.8715 0.9410 0.8718
8 0.123 0.9411 0.8715 0.9411 0.8727

16 0.123 0.9406 0.8709 0.9412 0.8722
32 0.124 0.9455 0.8778 0.9453 0.8784

exp(−d), performance is stable for k ∈ {4, 8, 16}
(test ≈ 0.941/0.872) and improves at k = 32 (test
0.9453/0.8784) with negligible parameter increase
(0.123M→0.124M). This suggests that a modest
anchor budget already captures most of the bene-
fit, while larger k can further improve coverage at
minimal additional model cost.

6.6 Qualitative case study on a DrugBank
molecular graph

We visualize a single DrugBank molecule
(DB00006, 155 atoms) to compare the reference
diffusion-map embedding from the full Gaussian-
kernel eigendecomposition with the DE-based Nys-
tröm embedding using k = 32 anchors (after Pro-
crustes alignment). As shown in Fig. 3(a-b), DE
Nyström closely matches the global diffusion ge-
ometry.

Fig. 3(c) reports the node-wise error ∥Φfull(v)−

ΦDE(v)∥2: most nodes are at 10−2 scale or below,
with mean 7.8× 10−3 and maximum 1.15× 10−1.
Together with the aggregate results in Subsec-
tion 6.2, this supports that a modest anchor set
can recover leading diffusion coordinates with high
fidelity in practice.
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Figure 3: Qualitative comparison of diffusion-based
embeddings for a single DrugBank molecular graph
(DB00006).
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Limitations

We note a few limitations and practical considera-
tions of our theory and experiments.

Theory scope. Our guarantees are established
under a random regular graph model and a local
linkage between diffusion and shortest-path dis-
tances. They do not directly cover graphs with
strong degree heterogeneity, pronounced commu-
nity structure, edge weights, or directionality that
commonly arise in practice.

In practice, deviations from this idealized regime
are expected to appear through larger linkage mis-
match, larger truncation residuals, and poorer con-
ditioning of the reconstruction operator, which are
the same quantities we diagnose empirically. When
a modest anchor budget already yields strong ge-
ometry recovery (e.g., low kernel error and high
diffusion-distance correlation), DE is a reason-
able scalable surrogate; when these diagnostics are
poor, LapPE or iterative spectral approximations
are preferable.

Approximation design choices. The depen-
dence of the error on truncation level, anchor place-
ment, and the radial transform is only partially char-
acterized. We do not analyze data-driven anchor se-
lection, learned distance metrics, or learned (poten-
tially non-monotone) distance transforms beyond
the targeted ablations.

Empirical generality. We evaluate on two DDI
datasets and a single multi-scale Graph Neural
Process backbone; results may not fully transfer
to other domains, datasets with different label-
ing/curation mechanisms, or architectures.

Data and evaluation caveats. DDI resources
can be incomplete and subject to reporting/curation
biases, and unobserved drug pairs used as negatives
may include false negatives. As a result, perfor-
mance under standard splits may not fully reflect
real-world pharmacovigilance settings.

Potential risks. Our DDI prediction experi-
ments are intended for research and benchmark-
ing rather than clinical decision making. Mis-
use or over-reliance on predictions (false posi-
tives/negatives) could lead to inappropriate conclu-
sions without expert review and external validation.

Future directions. Positional encodings are
treated as fixed precomputed features; we leave
joint end-to-end learning of anchors, radial maps,
and spectral regularizers to future work.

Use of AI assistants. We used AI assistants
to support code development (e.g., debugging and

boilerplate). All experimental results, analyses, and
claims were produced and verified by the authors.
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A Algebraic Relation Between Distance
Encoding and Laplacian Spectral
Coordinates

In this appendix, we give detailed proofs of the
results stated in Section 4, which connect distance
encoding (DE) based on shortest-path distances
and Laplacian spectral coordinates via an explicit
algebraic map.

Throughout, we use the notation and standing
assumptions introduced in Section 3 and Section 4.
In particular, G = (V,E) is a finite, simple, con-
nected, undirected graph, L is the normalized
Laplacian defined in Section 3, the truncated spec-
tral embedding Φ

(m)
t and the truncated diffusion

distance d
(m)
t are given there, and the random-

regular model, monotone linkage, anchor general
position and spectral injectivity assumptions are
Assumptions 1-2.

We also use the DE-to-LapPE trilateration op-
erator T (·) introduced in Definition 1, which we
briefly recall for convenience.

For ease of reference, Figure 4 provides a
schematic summary of the spectral/diffusion view,
the anchor-distance view, and the trilateration-
based bridge that connects them before we proceed
to the detailed proofs.

A.1 Reminder of the trilateration operator
and distance matrices

Fix t > 0 and m ∈ N, and let a1, . . . , am+1 ∈ V
be anchors with

pi = Φ
(m)
t (ai) ∈ Rm, i = 1, . . . ,m+ 1. (30)

Them×mmatrixA and the map b : Rm+1 → Rm

are

A = 2




(p1 − pm+1)
⊤

...
(pm − pm+1)

⊤


 , (31)

b(q) =




∥p1∥22 − ∥pm+1∥22 + q 2m+1 − q 21
...

∥pm∥22 − ∥pm+1∥22 + q 2m+1 − q 2m


 ,

(32)
for any q = (q1, . . . , qm+1)

⊤ ∈ Rm+1.
Let ψ : [0, R] → R+ be the strictly increas-

ing function from Theorem 2. For a vector y =
(y1, . . . , ym+1)

⊤ ∈ Rm+1 we applyψ elementwise
and write

(
ψ∗(y)

)
i
= ψ(yi), i = 1, . . . ,m+ 1. (33)

For a node v ∈ V and anchor set S =
{a1, . . . , am+1}, recall the distance encoding

ζ(v | S) =
(
SPD(a1, v), . . . , SPD(am+1, v)

)⊤
.

(34)
Whenever A is invertible, Definition 1 sets

T (v) = A−1b
(
ψ∗(ζ(v | S))

)
∈ Rm. (35)

In addition, the node-by-anchor shortest-path
and truncated diffusion distance matrices are

(
DSPD

)
v,i

= SPD(v, ai), (36)

(
D

(m)
diff

)
v,i

= d
(m)
t (v, ai) =

∥∥Φ(m)
t (v)−Φ

(m)
t (ai)

∥∥
2
,

(37)
and we write ψ∗(DSPD) for the matrix obtained by
applying ψ elementwise.

A.2 Proof of Theorem 2

We begin by recalling a standard logarithmic-depth
exploration window on random regular graphs.
This result is proved and used as a key input in
the distance-encoding analysis of Li-Wang-Wang-
Leskovec (2020), and we import it here as a black-
box statement in order to fix a concrete R =
Θ(log n) regime in which local neighborhoods ex-
hibit tree-like expansion.

Lemma 8 (Li et al. (2020)). Fix an integer r ≥
3 and let G ∼ Gn,r. There exists a sufficiently
small constant ϵ > 0 such that, with probability
1− o(n−3/2), the following holds. Choose a root
u ∈ V and define the BFS layer sets

Qk := {v ∈ V : SPD(u, v) = k}. (38)

Let pk denote the number of frontier half-edges inci-
dent to Qk that remain unmatched at the beginning
of the (k + 1)-th BFS step in the configuration-
model exposure. Then for every integer

k ∈
( ϵ
5
· log n

log(r − 1)
+ 1,

(2
3
− ϵ
)
· log n

log(r − 1)

)
,

(39)
one has

|Qk| ≥ (r−1−ϵ)k−1 and pk ≥ (r−1−ϵ) |Qk|.
(40)

Lemma 9. Let Tr be the infinite r-regular tree
and let t > 0. Let LTr denote the (normalized)
graph Laplacian on Tr and Kt := e−tLTr its heat
semigroup with heat kernel kt(x, y) := (Kt)xy.
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(a) Spectral Geometry (b) Trilateration Bridge (c) Anchor-Distance Geometry
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Figure 4: Overview of the theoretical bridge developed in this work. The left column summarizes the spectral view
of diffusion geometry, the right column summarizes the anchor-distance view, and the middle column highlights the
core bridge: transformed anchor distances and anchor spectral positions yield an explicit trilateration operator with
pointwise and matrix-level error guarantees.

Then there exists a function ht : N0 → (0,∞)
such that

kt(x, y) = ht(d(x, y)), d(x, y) := SPDTr(x, y).
(41)

If one defines the diffusion distance on Tr by

dt(x, y)
2 := k2t(x, x) + k2t(y, y)− 2k2t(x, y),

(42)
then dt(x, y) = ψtree(d(x, y)) with

ψtree(d) :=
√
2
(
h2t(0)− h2t(d)

)
. (43)

Moreover, for fixed t > 0, h2t(d) is strictly decreas-
ing in d, hence ψtree is strictly increasing.

Proof. Since Tr is distance-transitive, for any two
pairs (x, y) and (x′, y′) with d(x, y) = d(x′, y′)
there exists an automorphism π of Tr such that
π(x) = x′ and π(y) = y′. The Laplacian
LTr is invariant under automorphisms, hence the
heat semigroup Kt = e−tLTr commutes with π.
Writing this invariance at the kernel level yields
kt(x, y) = kt(π(x), π(y)) = kt(x

′, y′), which im-
plies the existence of a radial function ht with
kt(x, y) = ht(d(x, y)). Complete derivations and
explicit formulas for ht on regular trees are given
in (2015); a covering-based treatment relating heat

kernels on the infinite regular tree and finite regular
graphs is given in (1999).

The diffusion-distance identity then follows alge-
braically. Since Tr is vertex-transitive, k2t(x, x) =
k2t(y, y) = h2t(0), and radiality gives k2t(x, y) =
h2t(d(x, y)). Substituting into the definition yields

dt(x, y)
2 = h2t(0) + h2t(0)− 2h2t(d(x, y))

= 2
(
h2t(0)− h2t(d(x, y))

)
,

(44)
so dt(x, y) = ψtree(d(x, y)) with the stated ψtree.
The strict monotonicity of h2t(d) in d for fixed
t > 0 is established in the regular-tree heat-kernel
analyses cited above, which implies that ψtree is
strictly increasing.

We now prove Theorem 2. In addition to the
geometric comparison hypothesis stated in the the-
orem, the only nontrivial step is to quantify the
effect of truncating the diffusion distance to its first
m nontrivial eigenmodes. We incorporate that trun-
cation calculation directly into the proof.

Proof of Theorem 2. Fix t > 0 and m ∈ N. Let
G = (V,E) be a finite connected graph with sym-
metric normalized Laplacian L. Let (λj , ϕj)nj=1 be
an orthonormal eigenbasis with 0 = λ1 ≤ λ2 ≤

13079



· · · ≤ λn. For t > 0, define the full diffusion
distance

dt(u, v)
2 :=

n∑

j=2

e−2tλj
(
ϕj(u)− ϕj(v)

)2
, (45)

and the truncated diffusion distance

d
(m)
t (u, v)2 :=

m+1∑

j=2

e−2tλj
(
ϕj(u)− ϕj(v)

)2
.

(46)
Define the spectral tail energy

Tail
(m)
t (u, v) :=

(
n∑

j=m+2

e−2tλj
(
ϕj(u)−ϕj(v)

)2
)1/2

.

(47)
Fix any pair u, v ∈ V with SPD(u, v) ≤ R.

We first relate d
(m)
t (u, v) to dt(u, v) by an ex-

act decomposition. Splitting the defining sum of
dt(u, v)

2 at index m+ 1 yields

dt(u, v)
2 =

m+1∑

j=2

e−2tλj
(
ϕj(u)− ϕj(v)

)2

+

n∑

j=m+2

e−2tλj
(
ϕj(u)− ϕj(v)

)2
.

(48)
By definition, the first sum equals d(m)

t (u, v)2 and
the second sum equals Tail(m)

t (u, v)2, hence

dt(u, v)
2 = d

(m)
t (u, v)2 +Tail

(m)
t (u, v)2. (49)

Let a := d
(m)
t (u, v)2 ≥ 0 and b :=

Tail
(m)
t (u, v)2 ≥ 0. Then dt(u, v) =

√
a+ b and

d
(m)
t (u, v) =

√
a, so

dt(u, v)− d
(m)
t (u, v) =

√
a+ b−√

a

=
(a+ b)− a√
a+ b+

√
a
=

b√
a+ b+

√
a
.

(50)

Since
√
a+ b+

√
a ≥

√
a+ b ≥

√
b, we obtain

0 ≤ dt(u, v)− d
(m)
t (u, v) =

b√
a+ b+

√
a
≤ b√

b

=
√
b = Tail

(m)
t (u, v),

(51)
which implies

∣∣d(m)
t (u, v)− dt(u, v)

∣∣ ≤ Tail
(m)
t (u, v). (52)

We now compare d(m)
t (u, v) to ψ(SPD(u, v)).

By the triangle inequality,
∣∣d(m)

t (u, v)− ψ(SPD(u, v))
∣∣ ≤

∣∣d(m)
t (u, v)− dt(u, v)

∣∣
+
∣∣dt(u, v)− ψ(SPD(u, v))

∣∣.
(53)

On the high-probability event from the truncation
hypothesis in the theorem statement, the first term
satisfies
∣∣d(m)

t (u, v)− dt(u, v)
∣∣ ≤ Tail

(m)
t (u, v)

≤ sup
SPD(x,y)≤R

Tail
(m)
t (x, y) ≤ δtruncn .

(54)

On the high-probability event from the geometric
comparison hypothesis in the theorem statement,
the second term satisfies

∣∣dt(u, v)− ψ(SPD(u, v))
∣∣ ≤ δgeomn . (55)

Intersecting the two events and combining the two
inequalities yields
∣∣d(m)

t (u, v)−ψ(SPD(u, v))
∣∣ ≤ δtruncn +δgeomn = δLn .

(56)
Because the bounds are uniform over all pairs with
SPD(u, v) ≤ R on the same intersection event,
the conclusion holds with high probability over
G ∼ Gn,r.

We will use Theorem 2 in the proof of the next
reconstruction theorem.

A.3 Proof of Proposition 3
Proof of Proposition 3. Let a1, . . . , am+1 be i.i.d.
uniform on V and set pi := Φ

(m)
t (ai) ∈ Rm. De-

fine M = [p1 − pm+1 · · · pm − pm+1] ∈ Rm×m.
Since (a1, . . . , am+1) and (V1, . . . , Vm+1) have

the same law, then

P
(
det(M) = 0

)
= ηn. (57)

Therefore P(det(M) ̸= 0) = 1− ηn = 1− o(1).
Assume next the jitter construction. Fix G and

the anchors, hence fix p1, . . . , pm+1. Let ε > 0
and let ξ1, . . . , ξm+1 ∈ Rm be i.i.d. with a joint
density, and define p̃i := pi + εξi. Let M̃ = [p̃1 −
p̃m+1 · · · p̃m − p̃m+1]. Then

p̃i − p̃m+1 = (pi − pm+1) + ε(ξi − ξm+1), (58)

M̃ =M+εX, X := [ξ1−ξm+1 · · · ξm−ξm+1].
(59)

Hence det(M̃) = det(M+εX) is a polynomial in
the entries of (ξ1, . . . , ξm+1). This polynomial is
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not identically zero: indeed, choose a deterministic
realization with ξm+1 = 0 and ξi = ei for i =
1, . . . ,m, where {ei} is the standard basis of Rm.
Then X = Im and

det(M + εX) = det(M + εIm). (60)

As a polynomial in ε, det(M + εIm) has leading
term εm and therefore is not the zero polynomial,
so there exist noise values making det(M+εX) ̸=
0. Consequently the zero set

Z := {(ξ1, . . . , ξm+1) ∈ (Rm)m+1 : det(M + εX) = 0}
(61)

is a proper algebraic variety and has Lebesgue mea-
sure zero. Because (ξ1, . . . , ξm+1) has a joint den-
sity,

P
(
(ξ1, . . . , ξm+1) ∈ Z | G, a1, . . . , am+1

)
= 0,

(62)
which is equivalent to P(det(M̃) ̸= 0 |
G, a1, . . . , am+1) = 1. This proves the affine inde-
pendence under jitter.

A.4 Proof of Theorem 5
Proof of Theorem 5. Fix G ∼ Gn,r, anchors
a1, . . . , am+1 and a node v ∈ V with
SPD(ai, v) ≤ R for all i. We denote

z = Φ
(m)
t (v) ∈ Rm, pi = Φ

(m)
t (ai) ∈ Rm, (63)

and its distance encoding with respect to S by

yi = SPD(ai, v), y = ζ(v | S) = (y1, . . . , ym+1)
⊤.

(64)

Step 1: From shortest-path distances to approx-
imate radii. By Theorem 2, there exist a strictly
increasing function ψ and a sequence δLn = o(1)
such that, with high probability, for all i with
yi ≤ R,

∣∣d(m)
t (ai, v)− ψ(yi)

∣∣ ≤ δLn . (65)

Define

qi := ψ(yi), q := (q1, . . . , qm+1)
⊤. (66)

For later use, define the exact truncated radius

r⋆i := d
(m)
t (ai, v), i = 1, . . . ,m+ 1, (67)

and the corresponding errors

ζi,n := r⋆i − qi, (68)

so that

r⋆i = qi + ζi,n, |ζi,n| ≤ δLn . (69)

Step 2: Exact spectral trilateration with {r⋆i }
By definition of d(m)

t , for each anchor ai we have

d
(m)
t (ai, v) =

∥∥Φ(m)
t (ai)−Φ

(m)
t (v)

∥∥
2
=
∥∥pi−z

∥∥
2
.

(70)
Squaring both sides yields

∥∥z − pi
∥∥2
2
=
(
r⋆i
)2
. (71)

Using the identity
∥∥z − pi

∥∥2
2
= ∥z∥22 − 2⟨z, pi⟩+ ∥pi∥22, (72)

this becomes

∥z∥22 − 2⟨z, pi⟩+ ∥pi∥22 =
(
r⋆i
)2
. (73)

These arem+1 equations in the unknown z ∈ Rm

and the scalar ∥z∥22.
To eliminate ∥z∥22, we subtract the equation cor-

responding to indexm+1 from that corresponding
to a general index i ∈ {1, . . . ,m}. For each such
i, we consider
(
∥z∥22 − 2⟨z, pi⟩+ ∥pi∥22

)
−
(
∥z∥22 − 2⟨z, pm+1⟩+ ∥pm+1∥22

)

=
(
r⋆i
)2 −

(
r⋆m+1

)2
.

(74)
On the left-hand side, we compute term by term

∥z∥22 − 2⟨z, pi⟩+ ∥pi∥22 − ∥z∥22 + 2⟨z, pm+1⟩ − ∥pm+1∥22
= −2⟨z, pi⟩+ 2⟨z, pm+1⟩+ ∥pi∥22 − ∥pm+1∥22.

(75)
Factoring the inner products gives

−2⟨z, pi⟩+ 2⟨z, pm+1⟩ = 2⟨z, pm+1 − pi⟩ = −2⟨z, pi − pm+1⟩.
(76)

Therefore

−2⟨z, pi − pm+1⟩+ ∥pi∥22 − ∥pm+1∥22 =
(
r⋆i
)2 −

(
r⋆m+1

)2
.

(77)
Multiplying both sides by −1 yields

2⟨z, pi − pm+1⟩ = ∥pi∥22 − ∥pm+1∥22 +
(
r⋆m+1

)2 −
(
r⋆i
)2
.

(78)
For each i = 1, . . . ,m, this is a linear equation in
the components of z.

We now stack these equations for i = 1, . . . ,m.
On the left-hand side, the i-th entry is

2(pi − pm+1)
⊤z. (79)

Define

A = 2




(p1 − pm+1)
⊤

...
(pm − pm+1)

⊤


 . (80)
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Then the stacked left-hand side is exactly Az.
On the right-hand side, define

b⋆ =




∥p1∥22 − ∥pm+1∥22 + (r⋆m+1)
2 − (r⋆1)

2

...
∥pm∥22 − ∥pm+1∥22 + (r⋆m+1)

2 − (r⋆m)2


 .

(81)
The m linear equations can be written compactly
as

Az = b⋆. (82)

By Proposition 3, the vectors p1 −
pm+1, . . . , pm − pm+1 are linearly indepen-
dent in Rm. Therefore the rows of A/2 are linearly
independent, hence A has full rank m and is
invertible. There is then a unique solution

z = A−1b⋆. (83)

Since z = Φ
(m)
t (v), this expresses the true spectral

coordinate in terms of the exact truncated radii r⋆i .

Step 3: Relating the exact and approximate
right-hand sides. In practice we construct T (v)
using qi instead of r⋆i . The corresponding right-
hand side is

b(q) =




∥p1∥22 − ∥pm+1∥22 + q2m+1 − q21
...

∥pm∥22 − ∥pm+1∥22 + q2m+1 − q2m


 .

(84)
Since q = ψ∗(ζ(v | S)), Definition 1 gives

T (v) = A−1b(q). (85)

We now compare b⋆ and b(q) entry by entry. For
i = 1, . . . ,m, we have

b⋆i − b(q)i =
(
∥pi∥22 − ∥pm+1∥22 + (r⋆m+1)

2 − (r⋆i )
2
)

−
(
∥pi∥22 − ∥pm+1∥22 + q2m+1 − q2i

)

= (r⋆m+1)
2 − (r⋆i )

2 − q2m+1 + q2i .
(86)

Using r⋆i = qi + ζi,n, we compute

(r⋆m+1)
2 − q2m+1 = (qm+1 + ζm+1,n)

2 − q2m+1

= q2m+1 + 2qm+1ζm+1,n + ζ2m+1,n − q2m+1

= 2qm+1ζm+1,n + ζ2m+1,n,
(87)

and similarly

(r⋆i )
2 − q2i = (qi + ζi,n)

2 − q2i

= 2qiζi,n + ζ2i,n.
(88)

Substituting these expressions, we obtain

(r⋆m+1)
2 − (r⋆i )

2 − q2m+1 + q2i

=
(
(r⋆m+1)

2 − q2m+1

)
−
(
(r⋆i )

2 − q2i
)

=
(
2qm+1ζm+1,n + ζ2m+1,n

)
−
(
2qiζi,n + ζ2i,n

)
.

(89)
Therefore

b⋆i−b(q)i = 2qm+1ζm+1,n+ζ
2
m+1,n−2qiζi,n−ζ2i,n.

(90)
We now bound |b⋆i −b(q)i| using the inequalities

|ζi,n| ≤ δLn , |ζm+1,n| ≤ δLn . (91)

Because m is fixed and the embedding dimen-
sion is finite, there exists a constant Bt > 0 such
that

∥Φ(m)
t (u)∥2 ≤ Bt (92)

for all u ∈ V . Hence, for all i,

r⋆i = d
(m)
t (ai, v) = ∥Φ(m)

t (ai)−Φ
(m)
t (v)∥2 ≤ 2Bt,

(93)
and by qi = r⋆i − ζi,n we have

|qi| ≤ |r⋆i |+ |ζi,n| ≤ 2Bt + δLn . (94)

Therefore, for all sufficiently large n (so that δLn ≤
1), there exists a constant B̃t > 0 (depending only
on t,m, r) such that

|qi| ≤ B̃t, |qm+1| ≤ B̃t for all i = 1, . . . ,m.
(95)

Using the triangle inequality, we obtain

|b⋆i − b(q)i| ≤ 2|qm+1| |ζm+1,n|+ ζ2m+1,n + 2|qi| |ζi,n|+ ζ2i,n

≤ 2B̃tδ
L
n + (δLn )

2 + 2B̃tδ
L
n + (δLn )

2

= 4B̃tδ
L
n + 2(δLn )

2.

(96)
For sufficiently large n, δLn ≤ 1 implies (δLn )

2 ≤
δLn , hence there exists a constant C1 > 0 (depend-
ing only on B̃t) such that

|b⋆i − b(q)i| ≤ C1 δ
L
n , i = 1, . . . ,m. (97)

Collecting the m inequalities yields

∥b⋆ − b(q)∥2 ≤
√
mC1 δ

L
n . (98)

Step 4: Stability of the linear system and con-
clusion. The true spectral coordinate and the DE-
based coordinate satisfy

Az = b⋆, AT (v) = b(q). (99)
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Subtracting yields

A
(
z − T (v)

)
= b⋆ − b(q). (100)

Since A is invertible, we have

z − T (v) = A−1
(
b⋆ − b(q)

)
. (101)

Taking norms gives
∥∥z − T (v)

∥∥
2
≤ ∥A−1∥op

∥∥b⋆ − b(q)
∥∥
2
. (102)

Combining this with the bound on ∥b⋆ − b(q)∥2
from Step 3 proves the claim. Recalling that z =

Φ
(m)
t (v) completes the proof.

A.5 Proof of Theorem 6
Proof of Theorem 6. We prove the Frobenius norm
bound for the discrepancy between the truncated
diffusion distance matrixD(m)

diff and the transformed
shortest-path matrix ψ∗(DSPD).

Recall that

(DSPD)v,i = SPD(v, ai),

(D
(m)
diff )v,i = d

(m)
t (v, ai),

(ψ∗(DSPD))v,i = ψ(SPD(v, ai)).

(103)

By Theorem 2, with high probability, for all
nodes v ∈ V and anchors ai with SPD(v, ai) ≤ R,

∣∣∣(D(m)
diff )v,i − (ψ∗(DSPD))v,i

∣∣∣ ≤ δLn . (104)

Therefore,
∥∥D(m)

diff − ψ∗(DSPD)
∥∥2
F

=
∑

v∈V

m+1∑

i=1

(
(D

(m)
diff )v,i − (ψ∗(DSPD))v,i

)2

≤
∑

v∈V

m+1∑

i=1

(δLn )
2 = n(m+ 1)(δLn )

2.

(105)
Taking square roots yields

∥∥D(m)
diff −ψ∗(DSPD)

∥∥
F
≤ δLn

√
n(m+ 1). (106)

This proves Theorem 6.

B Experimental Details

B.1 Datasets
We use two public benchmark datasets, DrugBank
and ChCh-Miner, for the downstream drug–drug

interaction (DDI) prediction experiments. In addi-
tion, for the fairness-oriented geometry-recovery
and efficiency comparison in Section 6.3, we in-
clude an auxiliary molecular-graph subset derived
from Decagon. For all datasets, molecular graphs
are constructed from SMILES strings using RDKit,
with atoms as nodes and chemical bonds as edges.

DrugBank. DrugBank is derived from the Drug-
Bank 5.0 database and is widely used in recent
DDI studies (2018; 2024; 2024). After standard
preprocessing, it contains about 1,700 drugs and
190,000 labeled drug pairs. We use it in the binary
interaction prediction setting.

ChCh-Miner. ChCh-Miner is a BioSNAP DDI
benchmark constructed from approved drugs
(2018). It contains 1,514 drugs and 48,514 known
DDI links (2024; 2024). As with DrugBank, we
treat it as a binary link prediction task.

Decagon (auxiliary geometry-recovery / effi-
ciency dataset). We additionally use a prepro-
cessed subset of Decagon (2018) only for the
geometry-recovery and computational-cost com-
parison in Section 6.3, not for the downstream DDI
prediction results in Table 3. After preprocessing,
this subset contains 40 drugs, 59,700 labeled drug
pairs, and 255 interaction types. Molecular graphs
are constructed with the same RDKit pipeline as
for DrugBank and ChCh-Miner.

Data splits for downstream DDI prediction.
The following train/validation/test split protocol
applies to the downstream DDI prediction datasets
DrugBank and ChCh-Miner only. Following Yan
et al. (2026), we treat both datasets as inductive
binary link prediction tasks on drug–drug graphs.
Known interactions are split into training, vali-
dation, and test sets at the level of drug pairs.
Negative examples are sampled uniformly from
unobserved drug pairs while maintaining a fixed
positive-to-negative ratio in each split (2024; 2022).
We adopt an inductive setting in which a subset of
drugs appears only in validation or test, requiring
generalization to unseen molecules.

Auxiliary protocol for Section 6.3. The
Decagon subset used in Section 6.3 is not used
for supervised link-prediction training in the
main controlled comparison. It is used only for
unsupervised geometry-recovery and efficiency
comparisons among the full spectral reference,
iterative spectral approximation, and DE-based
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Nyström reconstruction under the same molecular
preprocessing pipeline.

B.2 Baselines and Model Variants

Because our focus is on understanding the role of
positional encodings within a fixed architecture,
we keep the backbone model identical across set-
tings and vary only the positional encoding mod-
ule. Concretely, we consider three primary variants
(NoPE/DE/LapPE) for controlled comparisons, and
additionally report two widely used PE baselines
(RWSE and HKS) as sanity-check references under
the same backbone and training protocol.

• NoPE. The original MPNP-DDI model (2026)
without any explicit positional encodings.
Node features are given solely by atom-
level descriptors derived from RDKit, and
the model relies on its multi-scale message-
passing scheme to infer structural informa-
tion.

• DE. The backbone model augmented with dis-
tance encodings. For each molecular graph,
we sample k anchor atoms and compute
shortest-path distances from every node to
these anchors. A radial transformation ψ(·)
is applied to each distance, and the resulting
vectors are concatenated to the original node
features. The DE module is shared across all
experiments, and its design is studied in detail
in the ablation experiments.

• LapPE. The backbone model augmented with
Laplacian positional encodings. For each
molecular graph, we compute the first m non-
trivial eigenvectors of the normalized Lapla-
cian and concatenate them to the node fea-
tures, following standard practice in spectral
GNNs (2023). We choose m to match the
dimensionality of the DE features so that all
variants have comparable parameter counts.

• RWSE (reference baseline). The backbone
model augmented with random-walk struc-
tural encodings (RWSE), where each node
is assigned a vector of K-step random-walk
return probabilities and the resulting encod-
ing is concatenated to node features, follow-
ing common practice in graph Transformers
and PE benchmarks(2022). We use steps
T = {1, 2, 4, 8, 16}.

• HKS (reference baseline). The backbone
model augmented with heat-kernel signa-
tures (HKS)(2009), constructed from a trun-
cated eigenspace of the normalized Lapla-
cian. Specifically, for each node we compute
a diffusion-time embedding with times S =
{0.1, 0.5, 1, 2, 5} using the top-m eigenpairs
and concatenate it to node features. We use a
truncated eigenspace dimension of m=32.

For fair comparison, all PE variants are used
as plug-in augmentations to node features and
trained with the same backbone, optimizer, and
training budget. When applicable, we choose PE
dimensionalities to be of comparable scale to the
DE/LapPE feature augmentation.

All models are implemented in PyTorch (2019)
using PyTorch Geometric for efficient graph opera-
tions (2019). Unless otherwise specified, we follow
the main architectural and optimization choices of
MPNP-DDI (2026).

B.2.1 Feature Normalization.
For molecular graphs, we construct standard atom
and bond features using RDKit, including atom
type, degree, valence, aromaticity, hybridization,
and bond type. Categorical attributes are encoded
as one-hot vectors and concatenated with numerical
descriptors. We apply feature-wise standardization
(zero mean, unit variance) across the training set for
all continuous features and reuse the same statistics
at validation and test time.

For Laplacian positional encodings, raw eigen-
vectors are normalized within each molecular graph
to have zero mean and unit variance per eigenvec-
tor. To reduce sensitivity to global sign flips, we
optionally add small Gaussian noise during train-
ing. For distance encodings, shortest-path distances
are first rescaled by the median non-zero distance
within each graph and then passed through a ra-
dial map ψ(·). We consider three choices in our
experiments: ψ(d) = d, ψ(d) = exp(−d), and
ψ(d) = log(1 + d). The transformed distances are
further standardized across the training set.

B.2.2 Architecture Design.
The backbone architecture follows the multi-
scale Graph Neural Process design of MPNP-DDI
(2026). Each drug is represented by both its
original molecular graph and its corresponding
line graph, which captures bond-level interactions.
Node and edge features (including positional en-
codings when present) are projected to a hidden
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dimension of 64. The model stacks three Graph
Neural Process blocks; each block runs two itera-
tions of message passing on both the molecular
graph and the line graph, followed by aggrega-
tion and cross-scale fusion, yielding a hierarchy of
representations from local substructures to global
topology.

For a pair of drugs, the block-wise representa-
tions are fed into a cross-drug co-attention mod-
ule, which computes context-aware embeddings
for each drug conditioned on its partner. These
pairwise embeddings are then passed through a
multilayer perceptron to predict the probability of
an interaction. DE and LapPE variants differ only
in the additional node-level inputs; all subsequent
processing, including the co-attention and decoder,
is shared.

B.2.3 Optimization Settings.
We train all models with the AdamW optimizer
(2019) using a cosine annealing learning rate sched-
uler over 50 epochs, following (2026). The ini-
tial learning rate and weight decay are selected
by grid search on the validation set within a stan-
dard range (for example, learning rates between
10−4 and 10−3 and weight decay between 10−5

and 10−3). We use binary cross-entropy loss on the
predicted interaction probabilities.

Early stopping is applied based on validation
AUROC: if no improvement is observed for 10 con-
secutive epochs, training is terminated and the best
checkpoint is kept. All experiments are repeated
with three random seeds, and we report the mean
and standard deviation across runs.

B.2.4 Batch Size and Gradient Variance.
Due to the large number of drug pairs and the mem-
ory cost of the multi-scale backbone, we use a mini-
batch size of 32 drug pairs and accumulate gradi-
ents over 4 steps, resulting in an effective batch size
of 128, as in (2026). This reduces the variance of
stochastic gradients without exceeding GPU mem-
ory constraints. We also apply gradient clipping at
a fixed maximum norm to prevent rare exploding
gradients caused by highly connected molecular
graphs.

B.3 Evaluation Measures

We treat DDI prediction as a binary classification
problem on drug pairs. For both DrugBank and
ChCh-Miner, we evaluate models using the Area
Under the Receiver Operating Characteristic Curve

(AUROC) and the F1 score, which are standard
metrics in DDI prediction (2024; 2022; 2024). AU-
ROC captures the ranking quality over all thresh-
olds, while F1 summarizes the trade-off between
precision and recall at a specific threshold.

During training and model selection, we monitor
AUROC on the validation set. For F1, we select
a threshold that maximizes validation F1 and ap-
ply the same threshold to the held-out test set. All
reported numbers are computed on the test split us-
ing the checkpoint with the best validation AUROC
and are averaged over three independent runs.

B.4 Details of the Ablation Study
We conduct a focused ablation study to isolate the
impact of key design choices in the distance encod-
ing module. Specifically, we examine (i) the choice
of radial transformation ψ(·) applied to shortest-
path distances on DrugBank while fixing the num-
ber of anchors, and (ii) the number of anchors k on
ChCh-Miner while fixing ψ(·).

On DrugBank, we fix the number of anchors
and compare three radial functions: ψ(d) = d,
ψ(d) = exp(−d), and ψ(d) = log(1 + d). On
ChCh-Miner, we fix ψ(d) = exp(−d) and vary
k ∈ {4, 8, 16, 32} to study the trade-off between
approximation quality and model complexity. All
ablation runs use the same data preprocessing,
model architecture, optimizer, batch size, and early
stopping criteria as the main experiments. Detailed
numerical results and further analysis are reported
in Section 6.5. For additional implementation de-
tails (datasets, baselines, and hyperparameters),
please refer to our anonymous code repository.
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