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Abstract
Tool-Integrated Reasoning has emerged as a
key paradigm to augment Large Language
Models (LLMs) with computational capabil-
ities, yet integrating tool-use into long Chain-
of-Thought (long CoT) remains underexplored,
largely due to the scarcity of training data
and the challenge of integrating tool-use with-
out compromising the model’s intrinsic long-
chain reasoning. In this paper, we intro-
duce DART (Discovery And Reinforcement
of Tool-Integrated Reasoning Chains via Roll-
out Trees), a reinforcement learning framework
that enables spontaneous tool-use during long
CoT reasoning without additional human an-
notation. DART operates by constructing dy-
namic rollout trees during training to discover
valid tool-use opportunities, branching out at
promising positions to explore tool-integrated
trajectories. Subsequently, a tree-based process
advantage estimation identifies and credits spe-
cific sub-trajectories where tool invocation pos-
itively contributes to the solution, effectively
reinforcing these beneficial behaviors during
training. Extensive experiments on challenging
benchmarks like AIME and GPQA-Diamond
demonstrate that DART significantly outper-
forms existing methods, successfully harmoniz-
ing tool execution with long CoT reasoning.

1 Introduction

Tool-Integrated Reasoning (TIR) (Schick et al.,
2023; Gou et al., 2024; Chen et al., 2025a) has
emerged as a promising paradigm to augment large
language models (LLMs) with computational capa-
bilities, addressing inherent limitations in precise
calculation, symbolic manipulation, and complex
equation solving that hinder pure natural language
reasoning approaches.

However, existing TIR efforts have predomi-
nantly focused on short Chain-of Thought (CoT)

* Equal contributions.
† Work done while at LLM Department, Tencent.
‡ Corresponding author.

(Wei et al., 2022), largely due to the modest level
of implementation complexity—they can be imple-
mented via prompting (Chen et al., 2023; Zhang
et al., 2024), supervised finetuning (SFT) with an-
notated data (Yang et al., 2024; Feng et al., 2025),
or reinforcement learning (RL) (Li et al., 2025b;
Xue et al., 2025). Long CoT by Large Reason-
ing Models (LRMs) has been demonstrated as a
remarkable capability in complex reasoning (Ope-
nAI, 2024; DeepSeek, 2025). On the other hand,
it still heavily relies on natural language as the
reasoning medium, and the integration of tool-use
into long CoT has been underexplored. This lim-
itation stems primarily from the practice of LRM
post-training for reasoning: the SFT employs cu-
rated data consisting of pure-text long CoT, and the
subsequent RL rewards the models based on the
correctness of final answers with little attention to
intermediate reasoning behaviors (DeepSeek, 2025;
Yang et al., 2025a).

It is infeasible to apply the aforementioned TIR
methods, originally devised for short CoT, directly
to long CoT, for the following reasons: (1) Prompt-
ing with tool-use instructions affects only the an-
swer part instead of the thinking part (long CoT)
in LRMs’ responses, hindering the applicability of
prompting-based and even pure-RL-based methods
(due to the low hit rate in the rollout phase). (2)
For supervised finetuning, data annotation incurs
non-negligible cost, especially for tool-integrated
long CoT. Furthermore, SFT on new data may per-
turb the original distribution of LRMs, potentially
impairing their long CoT capability (seen in § 4).

Recent LLMs (or LRMs) already possess non-
trivial tool-use proficiency thanks to pre-training
on extensive code- and tool-related data (Gao et al.,
2023; Chen et al., 2023; Gou et al., 2024; Wang
et al., 2023; Yang et al., 2024). Nevertheless, such
capability plays no role during long CoT reasoning.
This arises primarily because tool-use behaviors
and long CoT reasoning are learned from separate
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data sources during post-training, resulting in two
disjoint output distributions.

Based on all the considerations above, in this pa-
per we explore integrating tool-use behaviors into
long CoT without tool-use annotation. We enable
spontaneous tool-use in long CoT by fusing the
output distributions of tool-use behavior and long
CoT, which is a self-bootstrap procedure rather
than training on newly curated data. This design
offers twofold advantages: first, it eliminates the
cost associated with data curation. Second, it pre-
serves and builds on the model’s intrinsic long CoT
capabilities by aligning tool-use with, rather than
supplanting, its native reasoning patterns.

Specifically, at the core of our approach is a
dynamic rollout mechanism in our reinforcement
learning process, which elicits and reinforces tool-
integrated reasoning trajectories. During the rollout
phase, we construct a rollout tree by injecting tool-
related hints at the high-entropy yet contextually
appropriate positions, effectively producing those
long CoT that seamlessly integrate tool invocations.
Furthermore, we adopt a tree-based process ad-
vantage estimation, which provides a fine-grained
signal enabling the model to pinpoint and rein-
force specific sub-trajectories where tool invoca-
tion genuinely contributes to problem-solving. We
validate our approach on three challenging bench-
marks. Experimental results demonstrate that our
approach significantly outperforms existing meth-
ods, and successfully preserves the long CoT ability
of LRMs while organically integrating tool-use.

Our contributions are summarized as follows:
(i) We introduce DART, a novel RL framework
that integrates tool-use into long Chain-of-Thought
reasoning without tool-use annotation, eliminat-
ing annotation costs and preserving the model’s
original reasoning capabilities. (ii) We propose a
dynamic tree rollout mechanism to discover and
reinforce tool-integrated behavior. (iii) Extensive
experiments show that DART achieves superior
performance on complex reasoning tasks.

2 Methodology

Our approach comprises two principal sequential
modules. First, we introduce rollout tree con-
struction, a dedicated rollout mechanism devised
to discover tool-integrated reasoning trajectories
(§2.1). Second, we employ tree-based advantage
estimation, which leverages the constructed tree
to compute the advantage associated with each

sub-trajectories (§2.2) for reinforcement learning.
Through these, tool-integrated reasoning behaviors
can be reinforced within the policy model.

2.1 Discovery: Rollout Tree with
Tool-Integrated Forking

During RL training, for a given question q, we for-
malize the rollout as multiple reasoning with CoT
to generate a group of candidate answers. Since
a set of reasoning trajectories naturally forms a
tree-like structure where common prefixes branch
into diverse continuations, it is feasible to concep-
tualize reasoning trajectories generation as a tree-
structured search process (Yang et al., 2025c; Li
et al., 2025c). Within our tree structure, each
node represents a (sub-) reasoning trajectory.

Based on this, we propose an algorithm for con-
structing tool-integrated rollout trees. The core
idea is to iteratively expand the tree by forking new
sub-reasoning trajectories that involve tool-use. As
shown in Fig. 1, the rollout tree evolves through
successive expansions. Forking operations are
performed at positions identified as most promis-
ing within the existing reasoning trajectories—
determined jointly by entropy and the likelihood of
eliciting tool-use behavior—fostering exploration
that integrates tool-use into the reasoning.
Initialization. We define the root node of the roll-
out tree as the question q. Based on q, we first
generate M trajectories in parallel using the pol-
icy model πθ, i.e., y ∼ πθ(· | q). The rollout
tree is initialized with the set of generated trajecto-
ries, T0 = {y}M . The generation stops when the
model generates [EOS] token or reaches the pre-
set maximum length. After the initialization, the
procedure comprising following sequential steps
iteratively runs N times for further expansion with
tool-integrated trajectories.
Entropy-based forking position selection. We
aim to expand the tree by forking new branches
(sub-trajectories) from the existing tree. We pro-
pose selecting positions with the highest uncer-
tainty for forking. This is because high-uncertainty
positions enable broader exploration, whereas low-
uncertainty ones typically inherit and reveal pre-
viously established lines of thought (Wang et al.,
2025). We use entropy over vocabulary V to quan-
tify the policy model’s uncertainty of current posi-
tions. Specifically, from the entire rollout tree, we
select the top-K positions {t} that immediately fol-
low the conclusion of a clause and have the highest
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A = 0 A = - 5 / 4A = - 1 / 2

A = 0 A = 3 / 4A = - 1 / 2

A = 0 A = 1 / 4A = 1 / 2

The real number     satisfie                           . Find                         . The answer is in the form      , 
where                         . Please provide the value of               .

<think>
[omission]
How to find s_1 = a + b = 2x + 1/(3x)? Wait, maybe express this in 
terms of the original equation? Original equation: 3x + 1/(2x) = 3. 
Let’s denote c = 3x, d = 1/(2x), so c + d = 3. Then note that c = 3x ⇒ 
x = c/3, d = 1/(2 x) ⇒ x = 1/(2d), so c/3 = 1/(2d) ⇒ 2cd = 3 ⇒ cd = 
3/2. Maybe this substitution is better? Wait, we have c + d = 3, cd = 
3/2. Then, if we can relate a and b to c and d.

a = 2 x = 2*(c /3) = 2 c /3; b = 1/(3 x) = 1/(3*(c /3)) = 1/c. Wait, 
is that helpful? Let's check: c = 3 x ⇒ x = c /3, so b = 1/(3 x) = 1/ 
c, yes! And a = 2 x = 2 c /3, so a b = (2 c /3)(1/ c) = 2/3, which 
matches our earlier a b = 2/3, good.
…
[omission]
</think>
[omission]
m + n = 344 + 27 = \boxed{361}

Selected t*, and the corresponding select hint 𝒉* is

Maybe using Python here is a good idea. 
```python

Generated Code                                     :
from sympy import symbols, Eq, solve

x = symbols('x')
eq = Eq(3*x + 1/(2*x), 3)
solutions = solve(eq, x)
print(solutions)

So two solutions: x = (3 - sqrt(3))/
6 and x = (3 + sqrt(3))/6, which 
matches what I had earlier when 
solving the quadratic.

[omission]
</think>
[omission]
m + n = 416 + 27 = \boxed{443}

Interpreter Feedback       :

Continuation                                                   :

[1/2 - sqrt(3)/6, sqrt(3)/6 + 1/2]

Maybe using Python here is a good idea.
```python 
[omission of code 𝒄]
I receive the execution result from python interpreter: 
```
[1/2 - sqrt(3)/6, sqrt(3)/6 + 1/2]
```
So two solutions: x = (3 - sqrt(3))/6 and x = (3 + sqrt(3))/6, which matches what I had earlier when 
solving the quadratic.
[omission]
</think>
[omission]
m + n = 416 + 27 = \boxed{443}

Tree Expansion

N-1 Iter of 
Expansion

A = 0 A = 1 / 4A = 1 / 2

Transformation from tree to sequences

Policy Gradient Update

Experience

Figure 1: Overview of our approach on a running example with M = 1, N = 3. (i) T0 → T1 → TN: At each
expansion step, a promising (t∗,h∗) is selected, where t∗ is an intermediate position within the existing trajectories
(e.g., y in T0), and h∗ is the corresponding hint. Starting from the prefix [y<t∗,,h∗], the policy model πθ generates
a Python snippet c; the Python interpreter then returns the execution feedback oc. πθ subsequently completes
the partial trajectory [y<t∗,,h∗, c,oc] by generating y

′
≥t∗+|h∗,c,oc|. The new sub-trajectory y

′
≥t∗ is plugged into

the tree, while the original y is partitioned into y<t∗ and y≥t∗, finally resulting in T1. In the illustrated tool-use
example, the code segment employing the sympy package is used to solve a function, replacing the original verbose
natural language derivation. (ii) Upper right: Each leaf node, together with the nodes along the path from the root
to that leaf, constitutes a complete reasoning trajectory. Tokens within a sub-trajectory inherit the advantage value
associated with that sub-trajectory.

entropy:

{t} := {t ∈ Tn | rankH(t) ≤ K},

H(t) = −
V∑

v

πθ(v | q,y<t) log πθ(v | q,y<t).

(1)
We exclude positions near the end (within the final
20%) of a trajectory, since these are more associ-
ated with answer finalization than with exploration.
Eliciting tool-integrated trajectories. Once {t}K
is determined, we complete the corresponding
partial trajectory y<t∗ by resuming the genera-
tion from a chosen t∗. Specifically, we concate-
nate a hint at t∗ for eliciting tool-integrated sub-
trajectories from the policy model, yielding novel
reasoning trajectories. To this end, a set of tool-
related hints {h} is collected, as shown in Tab. 3,
where each hint terminates with the opening delim-
iter of a code block to force the policy model to
continue with a Python code snippet. This diverse
set of hints is tailored to distinct tool-use scenar-
ios. In order to identify a promising position-hint

pair, we sample1 a single tuple (t∗,h∗) from the
joint space {t}×{h}, according to the conditional
probability πθ(h | q,y<t).2 This strategy enables
identifying the position t∗ that has substantial po-
tential of being succeeded by the tool-use hint h∗.
With the tool-use hint h∗ at position t∗, the policy
model πθ continues by generating a Python snippet
c until the terminating delimiter of the code block:

c ∼ πθ(· | q,y<t∗ ,h
∗). (2)

Upon completion, an external code sandbox with a
Python interpreter receives and executes the code,
and the interpreter feedback oc is then returned.
Subsequently, the policy model completes the tra-
jectory until the model generates [EOS] token or

1To mitigate the tendency of the policy model to repeatedly
select a limited subset of specific hints, we employ sampling
instead of the argmax operation here.

2Any (t,h) selected in previous iterations are excluded.
For pairs that have been probed but not selected, we cache the
πθ(h | q,y<t) to reuse in subsequent iterations for saving
computation. For this reason, to ensure efficient maintenance,
the pairs are organized in a max-heap based on their entropy.
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reaches the preset maximum length, given as

y
′
≥t∗+|h∗,c,oc| ∼ πθ(· | q,y<t∗ ,h

∗, c,oc). (3)

y
′
≥t∗ = [h∗, c,oc,y

′
≥t∗+|h∗,c,oc|] is a newly gen-

erated sub-trajectory, which, together with y<t,
forms a complete trajectory that seamlessly blends
real-time code execution and natural language.
Note that, similar to the initialization, the procedure
described by Eq. 2 and 3 runs in parallel M times
for the selected (t∗,h∗), yielding the set {y′

≥t∗}M .
The rollout tree is then updated as:

Tn+1 ← Tn ∪ {y
′
≥t∗}M . (4)

We perform tool-integrated forking for N itera-
tion after initializations, finally leading to the roll-
out tree TN with M × (N + 1) leaf nodes.

2.2 Reinforcement: Tree-based Advantage for
Policy Optimization

In addition to enabling the elicitation of
tool-integrated sub-trajectories, the rollout tree af-
fords fine-grained process supervision for interme-
diate steps through Monte Carlo estimation, for
encouraging the beneficial tool-use behaviors that
facilitate superior reasoning performance. In this
section, we describe how the completed rollout
tree can be leveraged to derive signals over sub-
trajectories for policy optimization.
Credit assignment for sub-trajectories. For each
leaf node sleaf in T , an answer verifier takes as
input the complete trajectory represented by the
path from root node to sleaf , and outputs a value
r(sleaf ) = 1 if the answer is correct, or 0 other-
wise. For each non-leaf node snon, the value is
estimated via Monte Carlo methods by aggregating
values from its leaf descendants. Specifically, let
Leaves(snon) denote the set of all leaf nodes that
are descendants of node snon. The value r(snon)
is calculated as the average value over its leaf de-
scendants:

r(snon) =
1

|Leaves(snon)|
∑

s∈Leaves(snon)

r(s).

(5)
This propagates bottom-up, weighting all interme-
diate nodes. The value reflects the potential of the
node s to lead to the correct answer.
Advantage determination. Our goal is to de-
rive an advantage value for each node in the roll-
out tree, for reflecting the relative merit of the
sub-trajectories represented by that node. This

advantage formulation enables reinforcement of
tool-integrated sub-trajectories that demonstrate a
comparatively higher likelihood of culminating in
a correct answer, while discouraging those with
lower potential. Motivated by this, we define the
advantage of node s as:

A(s) = r(s)− r(sroot)︸ ︷︷ ︸
Global advantage

+ r(s)− r(ps)︸ ︷︷ ︸
Local advantage

. (6)

sroot is the root node of the rollout tree and thus
r(sroot) can be interpreted as the global accuracy of
the tree. ps denotes the parent node of s. The global
advantage of node s quantifies the extent to which s
surpasses the tree-wide average performance. The
local advantage of s measures the incremental im-
provement s brings relative to its parent. Crucially,
a larger local advantage implies that s is more likely
than its sibling nodes to produce a correct outcome.
Specifically speaking, when a new forking sub-
trajectory with appropriate tool-use behavior suc-
cessfully arrives at the correct answer—while its
natural language siblings fail—the proposed ad-
vantage assignment strategy confers a significant
advantage upon this tool-integrated sub-trajectory.
Policy optimization. The set of reasoning trajecto-
ries {S}M×(N+1) can be extracted from the rollout
tree TN by concatenating the sub-trajectories repre-
sented by the nodes along the path from the root to
each of the M×(N+1) leaf nodes. Tokens inherit
the advantage associated with the sub-trajectory to
which they belong. This process is exemplified as
in the right-hand side of Fig. 1. We then adopt
the on-policy Reinforce objective (Williams, 1992)
without a KL penalty term 3, and the loss function
is given as:

J (θ) = Eq,{S}M×(N+1)∼πθold (·|q)[
1

∑M×(N+1)
i=1 |Si|

M×(N+1)∑

i=1

|Si|∑

j=1

πθ(Si,j | q,Si,<j)

πθold(Si,j | q,Si,<j)
Ai,j

]
.

(7)

Ai,j denotes the advantage of the j-th token of the
i-th trajectory. Following previous works (Li et al.,
2025b; Lin and Xu, 2025), We mask out the inter-
preter feedback output from the loss computation
to ensure training stability.

3Other algorithms like PPO (Schulman et al., 2017) and
Reinforce++ (Hu et al., 2025) can also be applicable to our
setting.
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2.3 Inference

Tool-integrated rollout trees are used exclusively
during training; at test time, we employ standard
single-path generation. No hint guidance is en-
forced, allowing the model to generate freely while
interacting solely with the Python interpreter. No-
tably, a significant proportion of tool-use triggers
preceding code blocks do not match any predefined
training hints (see Tabs. 8–10) 4. This demonstrates
that the model has learned the semantics of tool
invocation rather than overfitting to the syntactic
patterns of the hints.

3 Experiments

3.1 Implementation Details

Backbone models. The experiments are con-
ducted with Qwen3 (Yang et al., 2025b), a family
of LLM with native long CoT reasoning ability.
We employ two model variants—Qwen3-8B and
Qwen3-4B-Thinking-2507—to examine the gen-
eralizability of DART across different parameter
scales. Compared to the former, the latter has fewer
parameters, but has undergone more sufficient post-
training and is proficient in complex reasoning.
Training data. Our approach benefits from a
more accurate estimation of the performance gap
between natural-language and tool-integrated rea-
soning, and employing challenging problems can
more effectively reveal improvements in tool-
integrated trajectories. For these reasons, we
curate a set of challenging mathematics prob-
lems for training. Specifically, we first employ
Qwen3-4B-Thinking-2507 to perform inference
on all English training examples of the DAPO
dataset (Yu et al., 2025), executing five independent
runs per example. We filter out instances where the
model’s accuracy exceeds 60%, finally retaining a
set of 2,795 examples as training data.
Hyperparameters. By default, we set M,N,K to
2, 3, 6, respectively, except in § 5.3. This setting
leads to a total of 8 rollout trajectories. We employ
a maximum response length of 16,384 tokens and
a sampling temperature of 1.0 for both rollout and
testing. See more implementation details in App.A.
Environment. Our training is conducted on 8
GPUs using VeRL (Sheng et al., 2025), an RL
training library for large language models. We

4We observed that during training (after approximately
50 steps), the model begins to invoke tools with novel tool
triggers at positions other than where hints were inserted,
further indicating independence from the predefined hint set.

implement an asynchronous code sandbox environ-
ment with SandboxFusion (Bytedance-Seed, 2025)
5. This asynchronous setup accelerates RL training
by enabling concurrent environment interactions
across multiple threads, thereby maintaining high-
throughput execution throughout the training.

3.2 Baselines & Evaluation

We compare our approach with a comprehensive
set of baseline methods. Those baselines are di-
vided into three categories. (1) Direct RL applies
vanilla reinforcement learning without a cold-start
stage. We use DAPO (Yu et al., 2025) to train a
baseline for natural language reasoning. For TIR
methods, we include ToRL (Li et al., 2025b) and
UTIR (Lin and Xu, 2025). ToRL incentivizes TIR
capability in LLMs via RL, by conditioning on
the TIR-encouraging prompt and rewarding the an-
swer correctness. UTIR additionally introduces
an early-code reward to encourage early code in-
vocation. (2) SFT-then-RL , before RL training,
performs supervised fine-tuning on expert TIR tra-
jectories to equip models with basic TIR abilities.
For the re-implementation of ReTool (Feng et al.,
2025), we finetune LLMs based on expert trajecto-
ries 6, which consist of short CoT. After the SFT,
an RL training process as ToRL is then applied.
(3) SFT on rejection sampling , such as START
(Li et al., 2025a), collects tool-integrated-long CoT
through rejection sampling – using LLMs to com-
plete long CoT after inserting tool-related hints,
and retains those correct ones. The LLMs are then
finetuned on the collected long CoT. Note that it is
an offline method.

For a fair comparison, we use the same back-
bone LLMs and training data to re-produce all
baselines above 7. In addition to Qwen3-8B and
Qwen3-4B-Thinking-2507, Qwen3-8B-Base and
Qwen3-4B-Base are also employed to re-produce
ToRL, denoted by ToRL-base, to study the perfor-
mance gaps between LRMs and LLMs (without
thinking) under TIR settings. Details of the imple-
mentation of all baselines can be found in App. B.

Our in-domain evaluation benchmarks are
AIME24 and AIME25, two challenging math
benchmarks. GPQA-Diamond (Rein et al., 2024)

5https://bytedance.github.io/SandboxFusion/
6The expert trajectories are annotated by ReTool, avail-

able in https://huggingface.co/datasets/JoeYing/
ReTool-SFT.

7For ReTool, we use the official annotated trajectories for
SFT and our training data for RL.

14269

https://bytedance.github.io/SandboxFusion/
https://huggingface.co/datasets/JoeYing/ReTool-SFT
https://huggingface.co/datasets/JoeYing/ReTool-SFT


is used as an out-of-domain benchmark for the eval-
uation on scientific questions, including physics,
chemistry, and biology. Pass@1 and Pass@8 are
measured for each benchmark, and the average
number of code-invocations is also recorded.

4 Main Results

Two general patterns can be observed in Tab. 1.
(1) Thinking-based methods, even the ones with-
out tool integration, are superior to tool-integrated
but non-thinking counterparts, such as Text-DAPO
vs. ToRL-base/ReTool, demonstrating the power
of test-time scaling by long CoT (OpenAI, 2024;
DeepSeek, 2025). (2) Under thinking mode, tool-
integrated approaches outperform natural language-
based counterparts, such as UTIR vs. Text-DAPO,
corroborating the finding by Lin and Xu (2025) that
tool-integrated-reasoning is able to expand LLMs’
capability boundary. These two findings collec-
tively suggest that integrating tool-use into thinking
trajectory (long CoTs) improves reasoning quality
and leads to superior results.

Among tool-integrated-reasoning methods, our
approach shows the best performance. START re-
lies on SFT and functions as the offline variant
of our approach. Compared to our approach, it
has higher code-use frequencies but suffers signif-
icant performance drops. Our manual inspection
reveals that it exhibits rigid tool-use behavior that
contributes little to or even misleads reasoning (see
Tab.11 for an example). The degradation of its
reasoning ability can be attributed to SFT on a
new task with limited data, which greatly distorts
the model’s original distribution. In comparison,
DART is trained with RL and this online training
method can preserve the LLM’s prior knowledge
and capabilities significantly better (Chen et al.,
2025b; Shenfeld et al., 2025), enabling reasonable
integration of tool-use and natural language reason-
ing. ToRL-thinking has virtually zero tool-use rates
in its long CoT, as prompts fail to affect the under-
lying reasoning process. UTIR, another RL-based
method, is driven by an explicit tool-invocation re-
ward. Our manual inspection finds frequent void
tool-use behavior (often with just a few lines of
code, like a single print function) by this method,
which is mainly due to reward hacking. In our
approach, the rollout trajectories are injected with
tool-use behavior by dynamically inserting hints
and are rewarded solely based on their answer cor-
rectness, effectively avoiding reward hacking.

5 Analysis

We will investigate: 1) the extent to which tool-
integrated reasoning benefits training; 2) the ef-
fectiveness of the tree-derived advantage; 3) the
entropy-based selection of forking points; 4)
the influence brought by the scale of the roll-
out trees. Throughout this section, we use
Qwen3-4B-Thinking-2507 as the testbed.

5.1 Benefit of Tool-use for Reasoning

0 50 100 150 200 250
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Ratio of tool-integrated 
trajectories that are better
Success ratio of code lines
Total code Lines

40
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70

80
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100
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l C
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e 
Lin
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Tool-use Metrics Analysis

Figure 2: Metrics of tool-use during training.

A key step of our training method is to discover
tool-integrated trajectories that can yield correct
answers that the original natural language-based
chains are unable to achieve. The blue line in Fig. 2
plots the dynamics of the proportion of training
samples in which at least one tool-integrated tra-
jectory yields the correct answer, while the natu-
ral language trajectories fail to do so. The curve
starts at 0.36 at step 0—a non-negligible initial
value—indicating that, with our hint-based guid-
ance, the LLM inherently possesses a capacity to
employ code tools for reasoning. As training pro-
gresses, the curve rises gradually before reaching
a stable plateau at approximately 0.6 (for the vast
majority of the remaining 0.4, both trajectory types
either succeed or fail together).

Furthermore, the curves for the number of code
lines (red) and the proportion of code lines that
are successfully executed (green) also exhibit an
upward trend. This suggests that, rewarded by the
additional correctness afforded by tool-integrated
trajectories, the model develops a stronger ten-
dency and enhanced capability for tool use. These
improvements, in turn, promote the discovery of
tool-integrated trajectories. App. C shows analy-
sis on tool-use by our approach during testing on
mathematical questions.

14270



Paradigm Method CoT Type AIME24 AIME25 GPQA-D

Pass@1 Pass@8 #Invoc. Pass@1 Pass@8 #Invoc. Pass@1 Pass@8 #Invoc.

Qwen3-4B-Thinking-2507
Original checkpoint pure-text long 52.22 71.93 0 46.39 65.00 0 65.98 83.32 0

RL

DAPO pure-text long 69.17 85.67 0 61.53 84.09 0 65.53 82.82 0
ToRL-Think pure-text long 71.25 82.14 0 61.25 76.27 0 65.15 74.99 0
ToRL-Base tool-integrated short 40.49 50.73 3.12 31.81 42.24 2.99 31.67 43.65 1.01
UTIR tool-integrated long 70.56 87.61 10.08 63.89 77.96 8.12 66.08 81.90 2.11

SFT
Retool (only SFT) tool-integrated short 17.36 34.14 2.12 13.47 23.42 1.89 20.12 42.06 1.12
START tool-integrated long 44.31 65.15 13.30 38.47 58.90 12.08 55.82 82.22 4.24

SFT+RL Retool tool-integrated short 23.33 35.46 1.85 20.13 36.36 1.35 13.26 20.95 0.98

RL Ours tool-integrated long 73.47 91.37 10.68 65.56 85.76 9.51 66.65 83.75 3.81

Qwen3-8B
Original checkpoint pure-text long 64.17 79.28 0 52.08 69.22 0 58.88 79.53 0

RL

DAPO pure-text long 66.11 81.44 0 56.11 76.98 0 59.41 80.29 0
ToRL-Think pure-text long 65.70 82.68 0 59.44 69.91 0 55.24 67.11 0
ToRL-Base tool-integrated short 42.64 54.95 3.86 25.83 37.28 2.98 41.56 56.62 1.06
UTIR tool-integrated long 69.12 84.59 11.97 61.11 74.96 10.22 59.70 80.71 2.74

SFT
Retool (only SFT) tool-integrated short 22.78 43.46 2.00 19.67 31.18 2.07 21.23 46.32 1.16
START tool-integrated long 35.83 58.22 15.08 30.28 49.76 12.77 35.89 67.61 5.79

SFT+RL Retool tool-integrated short 25.41 46.73 1.67 30.00 43.51 1.20 18.27 36.04 0.92

RL Ours tool-integrated long 68.89 86.81 12.82 57.64 79.02 10.66 60.03 81.57 4.14

Table 1: Comparison of different methods on AIME24, AIME25, and GPQA-Diamond benchmarks. # Invoc.
denotes the average number of code-invocations in short/long CoT on the test set. For Retool and ToRL-Base,
which rely on short CoT, the value is measured in short CoT; for other methods, it is measured in long CoT. For
ToRL-Think, tool-invocations occur only outside the thinking part of the responses.

5.2 Effectiveness of Tree-derived Process
Advantage

To validate the benefit of the tree-derived pro-
cess advantage, we implement a variant that omits
process-based advantage. In this variant, analo-
gous to GRPO (Zhihong et al., 2024), the advan-
tage of all tokens within a trajectory is computed
as the in-group normalization of the outcome re-
wards among all trajectories from the rollout tree,
and other settings remain the same. As shown
in Block ii of Tab. 2, while the variant without
process-based advantage still surpasses most base-
lines in §4, it lags behind the default setting (tree-
derived advantage) in both answer correctness and
tool invocation frequency. Besides, we observe
that the number of code lines of the default setting
goes up more rapidly and eventually plateaus at a
higher level than that of the variant (Fig. 3). Based
on these observations, compared with the GRPO-
style advantage assignment, where a uniform ad-
vantage is assigned to the entire sequence, our tree-
derived process advantage is more effective at en-
couraging the model to invoke tools. This superi-
ority arises because, under the tree-derived advan-
tage scheme, tokens belonging to tool-integrated
sub-trajectories that successfully lead to correct an-
swers receive greater advantage values than their

sibling sub-trajectories, providing discriminative
signals at the forking positions.
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Figure 3: Effect of two advantage assignment schemes
on the model’s tool-use behavior.

5.3 Influence of Tree Scale
The scale of the rollout tree plays an important role
in the estimation of process advantage. Given that
Monte Carlo–style estimation generally benefits
from larger sample sizes, we investigate whether
scaling up the tree can enhance our approach’s
performance by yielding a more accurate estimate
of the process advantage. We set M and N to
3 and 4 respectively. For a fair comparison, we
keep the experience size for policy optimization
consistent by randomly sampling 8 from a total of
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Pass@1 Pass@8 # Invoc.

i. Default setting
AIME24 73.47 91.37 10.68
AIME25 65.56 85.76 9.51
GPQA-D 66.65 83.75 3.81

ii. GRPO-style advantage
AIME24 70.56 88.16 6.81
AIME25 61.67 80.57 5.90
GPQA-D 64.34 80.94 3.11

iii. Larger rollout Tree
AIME24 73.61 91.73 10.64
AIME25 66.81 87.02 10.11
GPQA-D 66.24 83.98 4.17

iv. Random position forking
AIME24 66.81 84.07 9.83
AIME25 60.28 77.01 9.56
GPQA-D 61.19 82.95 3.22

Table 2: Comparisons across various variants of our
approach. i. Default setting: the default settings of our
approach(§ 3.1); ii. GRPO-style advantage: the advan-
tage of tokens within a trajectory is computed as the
in-group normalization of the outcome rewards (§ 5.2);
iii. Larger rollout Tree: A scaled-up rollout tree with
M = 3 and N = 4 is used for advantage estimation
(§ 5.3); iv. Random position forking: random positions
are selected for forking (§ 5.4). For ii, iii, and iv, unless
stated otherwise, all other settings remain the same as i.

15 trajectories from the enlarged tree 8. Note that
the process advantage is still estimated by using
the entire tree. The results in Block iii of Tab.
2 show that our approach with the larger rollout
tree demonstrates higher pass rates across three
benchmarks. However, constructing larger rollout
trees will entails additional time overhead.

5.4 Effectiveness of Entropy-based Forking

Motivated by prior findings that high-entropy po-
sitions steer the model toward diverse reasoning
pathways and facilitate exploration (Wang et al.,
2025; Hou et al., 2025), our approach selects the
positions with the highest entropy as the forking
points to induce tool-integrated trajectories. To
assess this selection strategy, we perform an abla-
tion by randomly choosing positions from already
generated trajectories, while holding other settings
unchanged. The constraint in selection follows the
default setting, ignoring tokens within the final 20%
of a trajectory. As evidenced by the comparison be-
tween Blocks i and iv in Tab. 2, this variant suffers
performance degradation across three benchmarks,

8The rollout trees with the default settings described in
§ 3.1 lead to 8 trajectories in total.

which substantiates the superiority of our strategy
of selecting forking positions.

6 Related Works

Tool-Integrated Reasoning (TIR) has emerged as
a pivotal paradigm to address the inherent limita-
tions of Large Language Models (LLMs) in pre-
cise computation, symbolic manipulation, and com-
plex algorithm execution, by augmenting LLMs
with external tools such as code interpreters, search
engines, and numerical libraries. Early advance-
ments in TIR primarily relied on Supervised Fine-
Tuning (SFT) to imprint tool-use patterns into mod-
els: Yang et al. (2024) synthesized data with tool-
integrated responses for SFT, enabling Python in-
terpreter integration and achieving superior perfor-
mance on mathematical benchmarks; ToRA (Gou
et al., 2024) and MathCoder (Wang et al., 2023)
demonstrated the efficacy of code execution in en-
hancing mathematical reasoning accuracy, laying
the foundation for tool-augmented symbolic com-
putation. These SFT-based approaches, however,
are constrained by predefined tool-use trajectories,
limiting generalization to unseen tasks or adaptive
strategy discovery. START (Li et al., 2025a) further
innovated TIR with self-training pipelines: it ac-
tivates latent tool-use capabilities by synthesizing
high-quality training data through diverse hint pat-
terns and rejection sampling. THOR (Chang et al.,
2026) utilizes a multi-stage pipeline including data
construction, SFT, and Hierarchical RL to integrate
tool-use into long CoT. Beyond mathematical rea-
soning, TIR has been extended to various scenarios:
Search-R1 (Jin et al., 2025) and WebSailor (Tongyi
et al., 2025) integrated retrieval tools for multi-hop
QA and web agent tasks respectively. Chai et al.
(2025) orchestrated domain-specific tools for tasks
such as automated scientific data analysis.

Recent research has shifted toward Reinforce-
ment Learning (RL)-driven TIR, enabling models
to autonomously explore optimal tool-use strate-
gies via outcome feedback. ReTool (Feng et al.,
2025) proposed a two-stage framework: cold-start
SFT with code-augmented reasoning traces, fol-
lowed by RL with interleaved real-time code exe-
cution. ToRL (Li et al., 2025b) and ZeroTIR (Mai
et al., 2025) further scaled RL directly from base
models without prior SFT, unlocking emergent be-
haviors of tool invocation for computational and
analytical reasoning. Search-R1 (Jin et al., 2025)
and WebSailor (Tongyi et al., 2025) adopted RL to
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incentivize use of retrieval tools. Complementary
to these, AutoTIR (Wei et al., 2025) designed a hy-
brid reward mechanism to balance tool integration
with language capabilities, supporting autonomous
selection among multiple tools (e.g., search en-
gines, code interpreters) and achieving superior
generalization across knowledge-intensive, mathe-
matical, and instruction-following tasks. Lin and
Xu (2025) provided a formal theoretical proof that
TIR expands an LLM’s empirical and feasible sup-
port; they also proposed Advantage Shaping Policy
Optimization to encourage tool-use behavior.

While prior works such as ToRL (Li et al.,
2025b) and ZeroTIR (Mai et al., 2025) success-
fully incentivize tool-use behavior solely by RL
training, their primary focus is based on short CoT.
Our work specifically targets long CoT in Large
Reasoning Models. THOR (Chang et al., 2026)
and START (Li et al., 2025a) rely on complicated
pipelines to encourage tool-integrated long CoT;
in contrast, our approach achieves this through a
streamlined single-stage RL process.

7 Conclusion

In this paper, we propose DART, a reinforcement
learning framework that trains Large Reasoning
Models to integrate tool-use into long Chain-of-
Thought reasoning without relying on any tool-use
annotation. By leveraging the proposed rollout
tree mechanism, our approach enables the model
to discover and reinforce beneficial tool-integrated
trajectories. This method successfully preserves
the model’s native reasoning capabilities while en-
hancing tool-use capabilities, achieving superior
performance across complex reasoning tasks.

Limitations

In this work, we primarily focus on integrating
Python interpreters for mathematical and scientific
reasoning tasks (e.g., AIME, GPQA). While this
serves as a robust testbed for complex logic, the
potential of DART in other domains (such as fact-
checking or creative writing) and with other types
of tools (such as search engines or knowledge graph
APIs) has yet to be fully explored. We believe
extending our framework to support a wider range
of tools is a promising direction for future research.

Although the proposed rollout-tree construc-
tion effectively bridges the gap between long
chain-of-thought reasoning and tool-use, its itera-
tive nature inevitably introduces additional latency

during the training phase when compared to re-
inforcement learning with standard rollout or su-
pervised fine-tuning. In this work, we have im-
plemented asynchronous rollout with the SGLang
inference engine, which significantly alleviates the
latency. Future work could explore more efficient
tree construction strategies or asynchronous mech-
anisms to further optimize the training throughput.

Ethics Statement

A central component of our proposed framework,
DART, involves the autonomous generation and
execution of Python code by Large Language Mod-
els. While this significantly enhances reasoning
capabilities, it introduces potential risks associated
with executing arbitrary code. In our experiments,
all code execution was strictly confined within a
stateless, non-interactive, and isolated sandbox en-
vironment (SandboxFusion) to prevent any unau-
thorized access to the host system or external net-
works. We strongly emphasize that any real-world
deployment of similar tool-integrated reasoning
models must implement rigorous sandboxing and
security protocols to mitigate the risks of malicious
code execution or unintended side effects.
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A Implementation Details of Our
Approach

A.1 Prompt Template
The prompt template for our approach is shown
below. {Question} will be replaced with specific
questions during training and inference.

<|im_start|>user
Solve the following problem. You can use \boxed to return
your answer. The last part of your response should be:
\boxed{'The final answer goes here.'}

{Question}
<|im_end|>
<|im_start|>assistant

A.2 Hints
We use a collection of hints for code-use guidance
compiled by (Li et al., 2025a). Each hint targets
a distinct application scenario, such as complex
calculations or self-reflection. During rollout, each
hint is probed at positions with the highest entropy
to identify a promising position–hint pair, where-
upon the hint is inserted at the selected position
(§2.1).

Complex calculations
I can use Python to perform complex calculations
for this problem.\n```python
Self-reflection
I can use Python to check if my approach is correct
and refine it, if necessary.\n```python
Check logic
maybe Python can assist in ensuring our logical
deductions are sound.\n```python
Alternative method
I can use Python to explore an alternative method
for solving this problem.\n```python
General
maybe using python here is a good idea.\n```python
Deeper think
I can think more deeply about this problem through
python tools.\n```python

Table 3: The collection of hints, curated by Li et al.
(2025a).

A.3 Training Hyperparameters
Tab.4 lists the hyperparameters for RL training.
The rollout runs in the SGLang (Zheng et al.,
2024a) inference engine under asynchronous set-
tings to speed up the training.

A.4 Interaction with Environment
We employ SandboxFusion to build a sandbox in-
tegrated with a Python interpreter. This environ-
ment executes Python code generated by the model

Hyperparameters
Training batch size 32
Optimizer AdamW

(Loshchilov and Hutter, 2017)
Learning rate 1e-7
Warmup step 0
Gradient accumulation step 1
Learning rate scheduler Linear
KL coefficient 0
Rollout temperature 1
Rollout maximum length 16,384
Rollout number 8 by default, depending on rollout trees
Total epoch 5

Table 4: The hyperparameters used in our RL training.

during the reasoning process and returns the cor-
responding results. To manage output length, any
overlong result is truncated to a maximum of 512
tokens, preserving the final segment.

B Implementation Details of Baselines

B.1 Text-DAPO
Text-DAPO uses the same prompt and training hy-
perparameters as our approach (A). In addition, it
adopts dynamic sampling to enhance training sta-
bility: prompt groups whose accuracy is exactly 1
or 0 are filtered out. The overlong penalty factor is
set to 1.0.

B.2 ToRL
We re-use the prompt template in the official code,
as shown below. All other settings for RL strictly
follow those of our approach (App.A.3).

<|im_start|>system
A conversation between User and Assistant. The user asks a
question, and the Assistant solves it.

<|im_end|>
<|im_start|>user
Please integrate natural language reasoning with programs
to solve the problem above, and put your final
answer within \boxed{}.

{Question}

<|im_end|>
<|im_start|>assistant

B.3 ReTool
ReTool consists of sequential stages of supervised
fine-tuning followed by reinforcement learning.
For SFT, we finetune the models with the anno-
tated tool-integrated short CoT, provided by Feng
et al. (2025). The training set consists of 2,000
samples on math problems. We employ LlamaFac-
tory (Zheng et al., 2024b) to perform SFT, with the
training hyperparameters shown in Tab. 5.

In order to retain the competencies learned in
SFT, the same prompt template from the SFT data
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Hyperparameters
Training batch size 16
Optimizer AdamW
Learning rate 1e-4
Warmup ratio 0.1
Gradient accumulation step 3
Learning rate scheduler Cosine
Maximum length 16,384
Total epoch 3

Table 5: The hyperparameters used in the SFT stage of
ReTool and START.

is employed during reinforcement learning train-
ing, as illustrated below. All other settings for RL
strictly follow those of our approach (App.A.3).

<|im_start|>user
Solve the following problem step by step. You now have the
ability to selectively write executable Python code to

enhance your reasoning process. The Python code will be
executed by an external sandbox, and the output (wrapped
in `<interpreter>output_str</interpreter>`) can be
returned to aid your reasoning and help you arrive at the
final answer. The Python code should be complete scripts,
including necessary imports. \nEach code snippet is
wrapped with `<code>\n```python\ncode snippet\n```\n</code
>`.\nThe last part of your response should be in the
following format:\n<answer>\n\\boxed{{'The final answer
goes here.'}}\n</answer>\n\n*user question:*

{Question}

Remember to place the final answer in the last part using
the format: \n<answer>\n\\boxed{{'The final answer goes
here.'}}
<|im_end|>
<|im_start|>assistant

B.4 START

The original work has not been open-sourced yet.
To reproduce START (Li et al., 2025a), we follow
the default settings reported in the original paper,
but uses our own backbone models and training
data (§ 3.1) to ensure a fair comparison. For collect-
ing self-training data with tool-integrated long CoT,
we use Qwen3-8B and Qwen3-4B-Thinking-25079

to perform inference ten times for each question in
the training set. Guided by the hints in Tab.3, the
models generate reasoning-aiding code. We retain
only those generated trajectories that both yield
correct answers and involve tool use, ultimately ob-
taining 11,360 samples. Self-training on these data
is conducted with the hyperparameter set listed in
Tab. 5.

B.5 UTIR

We use the official prompt template as shown be-
low.

9QwQ-32B-Preview was used in the original paper.

<|im_start|>system
Solve the following problem step by step. You now have the
ability to selectively write executable Python code to

enhance your reasoning process. The Python code will be
executed by an external sandbox, and the output (wrapped
in ```output_str```) can be returned to aid your reasoning
and help you arrive at the final answer. The Python code

should be complete scripts, including necessary imports.
Important: The sandbox is stateless and non-interactive;
thus, prior imports, definitions, and state do not persist
between executions and cannot be referenced.\nEach code

snippet is wrapped with ```python\ncode snippet\n```.\nThe
last part of your response should be in the following

format:

<answer>
\\boxed{{'The final answer goes here.'}}
</answer>

<|im_end|>
<|im_start|>user
{Question}

Remember to place the final answer in the last part using
the format:
<answer>
\\boxed{{'The final answer goes here.'}}
</answer>
<|im_end|>
<|im_start|>assistant

For early-code reward, we set δ to -2.0 and k to
0.7 for a conservative setting. We refer readers to
Lin and Xu (2025) for further details of this method.
All other settings for RL training follow those of
our approach (App.A.3).

C Analysis

C.1 Latency Analysis during Training

we present a comparison of the average time spent
per training step between Text-DAPO and our ap-
proach. During rollout, Text-DAPO samples 8
pure-text trajectories separately and in parallel, and
our approach iteratively samples tool-integrated
trajectories through iteratively constructing a roll-
out tree. All experiments are conducted with the
default settings in §3.

Method Average time spent per step (sec)
Text-DAPO 512.2
DART 877.8

Table 6: Latency comparison between Text-DAPO and
DART during training.

During training, DART runs slower than Text-
DAPO, mainly due to two reasons. First, for DART
or other tool-integrated methods, each time a com-
plete code snippet is generated, LLM generation is
paused. After code execution, the execution results
are concatenated with the existing output, and the
LLM resumes generation. This process involves
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multiple prefill operations. Second, DART’s itera-
tive rollout process (i.e., building rollout tree) intro-
duces overhead compared with the parallel rollout
strategy employed by Text-DAPO. Notably, rollout
tree construction occurs only during the training
stage; therefore, DART has the same level of infer-
ence latency as other tool-integrated methods.

C.2 Tool-use Analysis
Tab. 7 lists the Python libraries most frequently
used by our models during AIME testing, which are
primarily specialized in mathematical and scientific
computing.

Package Description

math standard mathematical functions for arith-
metic

numpy calculation of multi-dimensional arrays and
matrices

complex mathematical functions specifically for
complex numbers

networkx creation, manipulation, and study of com-
plex networks and graph structures

pulp generation of linear programming prob-
lems and calling of external solvers

gmpy2 fast, multiple-precision arithmetic
pandas data structures and data analysis tools
divisors specialized utility for efficiently generating

divisors of integers
primefactors prime factorization of numbers
complex-number complex number arithmetic
symbolic symbolic mathematics and algebraic ma-

nipulation
sympy symbolic mathematics and computer alge-

bra
scipy scientific computing, including optimiza-

tion, integration, and statistics
shapely manipulation and analysis of planar geo-

metric objects

Table 7: Python libraries for mathematical and scientific
computing used by our models during testing on AIME.

C.3 Case Study
We provide cases answered by DART (Tab. 8, 9,
10) and START (Tab. 11) respectively.
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[Question] The 9 members of a baseball team went to an ice-cream parlor after their game. Each player had a single scoop
cone of chocolate, vanilla, or strawberry ice cream. At least one player chose each flavor, and the number of players who
chose chocolate was greater than the number of players who chose vanilla, which was greater than the number of players who
chose strawberry. Let N be the number of different assignments of flavors to players that meet these conditions. Find the
remainder when N is divided by 1000.

[Response]
<think>
. . .
Now, 2016 divided by 1000 is 2 with a remainder of 16. So the remainder is 16.
Wait, but I just have a tiny doubt because sometimes problems like this can have tricks, like if they said at least one player
chose each flavor but maybe I misinterpreted that as s ≥ 1, which I did, and the inequalities are strict, which I did. Let me
check an external source in my mind: for example, if it was non-strict, but no, problem says greater than, so strict inequalities.
Is there any chance the problem meant ordered by flavor counts but we need to consider permutations? But no—we fixed c as

chocolate, v as vanilla, s as strawberry, so each flavor has a specific count, so we don’t have to multiply by permutations for
flavor labels because the flavors are distinct and labeled (chocolate, vanilla, strawberry are different flavors). For example, if
we were counting for unlabeled flavors, it would be different, but here each flavor is distinct: chocolate is a specific flavor, so
assigning 6 to chocolate is a different count than assigning 6 to vanilla, but in our problem, we’re just counting assignments
where the numbers satisfy c > v > s for chocolate > vanilla > strawberry, so we don’t have to permute the counts among
flavors—each flavor is fixed in its role (chocolate is the one with most, vanilla medium, strawberry least). Another check:

suppose we had a smaller case to see if our method is correct. But maybe too time-consuming. Alternatively, let’s think: is
2016 the right total? Wait, maybe I can use Python to verify the calculations:

```python
# Calculate multinomial coefficients for each valid (c, v, s) triple
from math import factorial

# Case 1: (6, 2, 1)
case1 = factorial (9) // (factorial (6) * factorial (2) * factorial (1))

# Case 2: (5, 3, 1)
case2 = factorial (9) // (factorial (5) * factorial (3) * factorial (1))

# Case 3: (4, 3, 2)
case3 = factorial (9) // (factorial (4) * factorial (3) * factorial (2))

N = case1 + case2 + case3
remainder = N % 1000

print(f""Case 1: {case1}, Case 2: {case2}, Case 3: {case3}, N: {N}, Remainder: {remainder}"")

´´´
I receive the execution result from python interpreter:

```
Case 1: 252, Case 2: 504, Case 3: 1260, N: 2016, Remainder: 16

´´´

Yes, Python confirms it. So my initial calculation is correct. The remainder when 2016 is divided by 1000 is 16. I think I was
overworried because sometimes problems can be tricky, but in this case, all steps check out—found all valid distributions using
integer partitions with strict inequalities, verified each multinomial coefficient with multiple methods, cross-checked with
Python (which is a good way to avoid arithmetic errors), and the total is definitely 2016. Dividing by 1000 gives a remainder
of 16.
So the answer should be 16.
</think>
...

Table 8: A case by DART (Qwen3-4B-Thinking): in the long CoT, a python snippet involving MATH.FACTORIAL is
used to perform calculation for self-verification.
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[Question] The set of points in 3-dimensional coordinate space that lie in the plane x+ y + z = 75 whose coordinates satisfy
the inequalities

x− yz < y − zx < z − xy

forms three disjoint convex regions. Exactly one of those regions has finite area. The area of this finite region can be expressed
in the form a

√
b, where a and b are positive integers and b is not divisible by the square of any prime. Find a+ b.

[Response]
<think>
. . .
Wait, the problem says exactly one region has finite area. In a plane with four lines, the maximum number of bounded regions
is 4 (if they form a convex quadrilateral with diagonals), but here we have six intersection points, so it’s a convex polygon with
six vertices? Wait, no—four lines in general position form a quadrilateral (4 sides, 4 vertices), but here four lines: L1, L2, L3,
L4—do they form a convex quadrilateral or more? Let’s use the Python shell to check for intersections.

```python
from sympy import symbols , Eq, solve

x, y = symbols(’x␣y’)

# Define all four boundary lines (in xy-plane)
L1 = Eq(x, y) # x = y
L2 = Eq(x + y, 76) # x + y = 76
L3 = Eq(x + 2*y, 75) # x + 2y = 75
L4 = Eq(x, -1) # x = -1

# Find all intersections (6 points)
intersections = []
intersections.append(solve ((L1, L2), (x, y)))
intersections.append(solve ((L1, L3), (x, y)))
intersections.append(solve ((L1, L4), (x, y)))
intersections.append(solve ((L2, L3), (x, y)))
intersections.append(solve ((L2, L4), (x, y)))
intersections.append(solve ((L3, L4), (x, y)))

print(intersections)

´´´
I receive the execution result from python interpreter:

```
[{x: 38, y: 38}, {x: 25, y: 25}, {x: -1, y: -1}, {x: 77, y: -1}, {x: -1, y: 77}, {x: -1, y: 38}]

´´´
This gives the six intersection points in the xy-plane:

1. (38, 38)
2. (25, 25)
3. (-1, -1)
4. (77, -1)
5. (-1, 77)
6. (-1, 38)
...
</think>
...

Table 9: A case by DART (Qwen3-4B-Thinking): in the long CoT, a Python snippet utilizes SYMPY to symbolically
solve for the intersection points of boundary lines.
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[Question] There are 8! = 40320 eight-digit positive integers that use each of the digits 1, 2, 3, 4, 5, 6, 7, 8 exactly once. Let
N be the number of these integers that are divisible by 22. Find the difference between N and 2025.

[Response]
<think>
. . .
I can use Python to define a function that counts the number of even digits in each subset.
```python
def count_evens_in_subsets(subsets ):

evens = [2, 4, 6, 8]
total_evens = 0
for subset in subsets:

# Subset is a tuple , convert to list for easy access
subset_list = list(subset)
count = sum(1 for digit in subset_list if digit in evens)
total_evens += count

return total_evens

total_evens = count_evens_in_subsets(subsets)
print(total_evens)

´´´
I get the error message from python interpreter:

```
NameError: name ’subsets ’ is not defined

´´´
Let me correct that.

```python
from itertools import combinations

def find_subsets ():
digits = list(range(1, 9))
subsets = []
for subset in combinations(digits , 4):

if sum(subset) == 18:
subsets.append(subset)

return subsets

subsets = find_subsets ()
evens = [2, 4, 6, 8]

def count_evens_in_subsets(subsets , evens):
total_evens = 0
for subset in subsets:

subset_list = list(subset)
count = sum(1 for digit in subset_list if digit in evens)
total_evens += count

return total_evens

total_evens = count_evens_in_subsets(subsets , evens)
print(total_evens)

´´´
I receive the execution result from python interpreter:

```
16

´´´
Perfect, so the code confirms it: each of the 8 subsets has 2 even digits, so total count of even digits across all subsets is 16. ...

</think>
...

Table 10: A case by DART (Qwen3-4B-Thinking): the code initially generated by DART contained a bug. After
receiving feedback from the interpreter, it was tried again and then written correctly
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[Question] Every morning Aya goes for a 9-kilometer-long walk and stops at a coffee shop afterwards. When she walks at a
constant speed of s kilometers per hour, the walk takes her 4 hours, including t minutes spent in the coffee shop. When she
walks s + 2 kilometers per hour, the walk takes her 2 hours and 24 minutes, including t minutes spent in the coffee shop.
Suppose Aya walks at s+ 1

2
kilometers per hour. Find the number of minutes the walk takes her, including the t minutes spent

in the coffee shop.

[Response]
<think>
. . .
Now, I can use Python to check if my approach is correct.
```python
# Let’s set up the equations in minutes to be thorough

# First scenario: v = s, total time T1 = 240 minutes
# Second scenario: v = s + 2, total time T2 = 144 minutes

# So:
# 540/s + t = 240 --> equation 1
# 540/(s + 2) + t = 144 --> equation 2

# Subtract equation 2 from equation 1: 540/s - 540/(s + 2) = 240 - 144 = 96

´´´
This code does not return any output, perhaps because there is no print statement.

...
</think>
...

Table 11: A case by START (Qwen3-4B-Thinking): in the long CoT, the generated Python code did not return any
valid information.
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Algorithm 1 DART: Rollout Tree Construction and Advantage Estimation

Require: Question q; Policy model πθ; Set of tool-use hints {h}; Tree width M (chains per fork); Max
expansion depth N ; Top-K entropy positions.

Ensure: Set of trajectories with advantages {(S,A(S))}
1: // Phase 1: Rollout Tree Construction
2: Initialize tree T0 with root node q
3: Generate M initial reasoning chains: Y0 = {y1, . . . ,yM} ∼ πθ(·|q)
4: T0 ← T0 ∪ Y0
5: for n = 1 to N do
6: Step 1.1: Entropy-based Forking Position Selection
7: Select candidate positions {t}K with highest entropy
8: Step 1.2: Hint Selection & Branching
9: Sample position-hint {t∗, h∗} ∼ πθ(h|q,y<t∗) from {h}

10: Generate code snippet: c ∼ πθ(· | q,y<t∗ , h
∗) (Eq. 2)

11: Execute code in sandbox: oc ← PythonInterpreter(c)
12: Generate continuation: y′ ∼ πθ(· | q,y<t∗ , h

∗, c, oc) (Eq. 3)
13: Form new sub-trajectory: ynew = [h∗, c, oc,y′]
14: Update tree: Tn ← Tn−1 ∪ {all ynew}
15: end for
16: Let Tfinal = TN be the completed rollout tree
17: // Phase 2: Tree-based Advantage Estimation
18: Step 2.1: Leaf Evaluation
19: for each leaf node sleaf ∈ Tfinal do
20: Verify answer correctness: r(sleaf )← I(answer is correct)
21: end for
22: Step 2.2: Value Propagation (Bottom-up)
23: for each non-leaf node s in Tfinal (from leaves to root) do
24: r(s)← 1

|Leaves(s)|
∑

l∈Leaves(s) r(l) ▷ Avg correctness of descendants
25: end for
26: Step 2.3: Advantage Calculation
27: Extract all nodes/sub-chains {S} from Tfinal
28: for each node s ∈ {S} do
29: Global Advantage: Aglobal = r(s)− r(sroot)
30: Local Advantage: Alocal = r(s)− r(parent(s))
31: Total Advantage: A(s)← Aglobal +Alocal ▷ Reflects both global and incremental merit
32: end for
33: return Trajectories and token-level advantages {(S,A(S))} for optimization
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