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Abstract

While Large Language Model-based Multi-
Agent Systems (MAS) consistently outperform
single-agent systems on complex tasks, their
intricate interactions introduce critical reliabil-
ity challenges arising from communication dy-
namics and role dependencies. Existing Un-
certainty Quantification methods, typically de-
signed for single-turn outputs, fail to address
the unique complexities of the MAS. Specifi-
cally, these methods struggle with three distinct
challenges: the cascading uncertainty in multi-
step reasoning, the variability of inter-agent
communication paths, and the diversity of com-
munication topologies. To bridge this gap, we
introduce MATU, a novel framework that quanti-
fies uncertainty through tensor decomposition.
MATU moves beyond analyzing final text outputs
by representing entire reasoning trajectories as
embedding matrices and organizing multiple
execution runs into a higher-order tensor. By
applying tensor decomposition, we disentangle
and quantify distinct sources of uncertainty, of-
fering a comprehensive reliability measure that
is generalizable across different agent struc-
tures. We provide comprehensive experiments
to show that MATU effectively estimates holistic
and robust uncertainty across diverse tasks and
communication topologies.

1 Introduction

While multi-agent systems (MAS), where multiple
LLM-based agents collaborate, consistently outper-
form single-agent systems on complex tasks, their
complex interactions introduce critical and MAS-
specific reliability challenges (Li et al., 2023; Wu
et al., 2024; Wang et al., 2025; Zhang et al., 2024).
Uncertainty in these systems emerges not from a
single agent’s isolated error, but from the complex
dynamics of communication, role dependencies,
and consensus-building. A minor, early mistake
can irrevocably cascade through the collaboration.

1Code: https://github.com/tiejin98/MATU.

Therefore, Uncertainty Quantification (UQ) for
MAS is critical, especially when MAS is applied
to domains such as scientific discovery (Lu et al.,
2024), education (Yao et al., 2026b), healthcare de-
cision support (Kim et al., 2024; Tang et al., 2023),
and transportation (Da et al., 2024b; Li et al., 2024;
Yao et al., 2025). For example, in a medical con-
text, an initial agent’s misdiagnosis can steer the
entire pipeline toward a confidently asserted but
dangerously flawed treatment plan and a reliable
UQ method could help to mitigate such risks.

Uncertainty estimation itself is not a new con-
cern in machine learning. For decades, it has been a
fundamental part of supervised learning tasks such
as regression (Ye et al., 2024; Amini et al., 2020)
and classification (Gal and Ghahramani, 2016; Sen-
soy et al., 2018). However, the landscape changes
dramatically in the era of Large Language Mod-
els (LLMs) and their deployment as agents. Unlike
traditional supervised tasks, LLMs must generate
free-form text. This generative nature introduces
new uncertainty factors that go beyond classical
classification or regression. Recent work has pro-
posed specialized UQ methods for LLMs (Liu et al.,
2025; Xia et al., 2025), focusing on semantic con-
sistency such as semantic entropy (Kuhn et al.,
2023) and graph-based methods (Lin et al., 2023;
Da et al., 2024a, 2025). All these methods rely
on natural language inference (NLI) models (Mac-
Cartney, 2009) to capture the similarity between
the answers. While these techniques have proven
useful, most of them concentrate on single-turn
outputs from a standalone model.

In contrast, the setting of LLM-based agents, es-
pecially multi-agent systems, raises a new class of
challenges: (1) Multi-step reasoning: Many cur-
rent UQ frameworks measure uncertainty by as-
sessing outputs’ semantic consistency with NLI
models (Kuhn et al., 2023; Lin et al., 2023). This
approach fails in the context of multi-step reason-
ing for two key reasons. First, applying it only to
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the final output ignores the rich uncertainty infor-
mation embedded in the reasoning process. Second,
a naive attempt to fix this by concatenating entire
reasoning trajectories into long documents makes
it difficult for NLI models, which are typically de-
signed for sentence-pair tasks and have context
limitations. More importantly, in MAS, uncertainty
is distributed across heterogeneous agents; an NLI
model cannot distinguish whether a contradiction
arises from an individual agent’s hallucination or a
logical misalignment between two different agents
during a handoff. (2) Inter-agent communication
diversity: For the same query, agents may collab-
orate through different sequences of interactions
across runs. However, UQ methods that focus on
semantic diversity are blind to this path diversity.
(3) Communication topology diversity: Existing
UQ methods are designed and validated for sin-
gle models, which represent a fixed computational
structure. In the MAS ecosystem, however, sys-
tems are built with diverse communication topolo-
gies. The effectiveness of a UQ method developed
for a single model is highly unknown when applied
to these varied and complex multi-agent structures.

In this paper, we take a pioneering step toward
uncertainty estimation for LLM-based multi-agent
systems by introducing a novel UQ framework of
Multi-Agent Tensor Uncertainty. To address the
challenge of multi-step reasoning, MATU moves
beyond analyzing only the final text, instead repre-
senting each agent’s entire reasoning trajectory as
an embedding matrix. To address the challenge of
inter-agent communication diversity, we aggregate
multiple runs of the same query to capture variabil-
ity in how agents interact and exchange informa-
tion. To address the challenge of communication
topology diversity, MATU organizes all collected
trajectories and runs into a higher-order tensor,
which is inherently generalizable across different
communication structures. This three-dimensional
tensor, which is composed of agents, reasoning
steps, and sampling runs, provides a holistic and
generalizable way to represent the system’s behav-
ior. We can then apply tensor decomposition to
disentangle and quantify the distinct sources of
uncertainty, offering a comprehensive reliability
measure at both the response and system levels.

• We provide the first systematic defini-
tion of uncertainty quantification for LLM-
based multi-agent systems, identifying unique
sources of uncertainty introduced by tool us-

age, multi-step reasoning, and inter-agent
communication in MAS.

• We design MATU, a tensor decomposition-
based framework that integrates multi-agent
uncertainty signals at both response and run
levels, enabling holistic uncertainty estima-
tion of multi-agent systems.

• We conduct extensive experiments across di-
verse tasks with or without tool-usage and
communication topologies, and further pro-
vide case analyses that illustrate how differ-
ent dimensions of uncertainty interact, demon-
strating the need for dealing with the new chal-
lenge of UQ in multi-agent systems.

2 Related Work

LLM-based Agents LLMs have evolved into
agents capable of solving diverse tasks, includ-
ing web search (Nakano et al., 2021; Deng et al.,
2023), software development (Wang et al., 2021;
Yang et al., 2024a), and complex reasoning (Gao
et al., 2023; Chen et al., 2022), by leveraging
tools and historical memory (Yao et al., 2023; Park
et al., 2023; Zhang et al., 2026). While single
agents are effective, multi-agent systems (MAS)
demonstrate superior performance through collab-
oration (Li et al., 2023; Wu et al., 2024). These
systems employ varied communication topologies,
ranging from static designs (Li et al., 2023; Qian
et al., 2023; Hong et al., 2023; Holt et al., 2023;
Zhou et al., 2023), prompt optimization (Yao et al.,
2026a) to dynamic structures (Zhuge et al., 2024;
Liu et al., 2023; Zhang et al., 2024; Wang et al.,
2025). However, the complexity of these in-
teractions poses new challenges for trustworthi-
ness (Kirchhof et al., 2025a), necessitating uncer-
tainty estimation methods that generalize across
diverse agent topologies.

Uncertainty for Large Language Model While
uncertainty quantification is established for tra-
ditional regression and classification (Ye et al.,
2024; Amini et al., 2020; Sensoy et al., 2018;
Ovadia et al., 2019), LLMs’ open-ended gener-
ation requires distinct approaches. Semantic en-
tropy (Kuhn et al., 2023) addresses this but neces-
sitates access to token probabilities. For black-box
settings, recent works estimate uncertainty by an-
alyzing the semantic consistency of generated re-
sponses (Lin et al., 2023; Chen and Mueller, 2024;
Da et al., 2024a; Gao et al., 2024; Hou et al., 2024;
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Chen et al., 2026). These methods typically lever-
age NLI models to construct similarity matrices and
derive uncertainty metrics from graph Laplacian
eigenvalues (Lin et al., 2023; Chen and Mueller,
2024; Da et al., 2024a; Catak and Kuzlu, 2024), or
by integrating multiple uncertainty sources (Chen
et al., 2025).

However, research on UQ for agent systems re-
mains underexplored, with Kirchhof et al. (2025b);
Oh et al. (2026) identifying key gaps in interac-
tive and underspecification uncertainties. Currently,
SAUP (Zhao et al., 2025) stands as the primary
approach, employing situational weights for step-
wise analysis. However, it treats steps indepen-
dently, overlooking the holistic uncertainty of com-
plete reasoning trajectories. In this paper, our work
bridges this gap by integrating both response-level
and run-level dynamics for a more reliable estima-
tion of uncertainty.

3 Background

Uncertainty Quantification (UQ) for LLM-based
agents extends beyond single-agent settings. In
a multi-agent system (MAS), a set of K agents
{M1, . . . ,MK} collaboratively generate trajecto-
ries through communication and multi-step reason-
ing. For different agents, the model parameter θk
could be the same or different according to differ-
ent designs. For different collaboration styles, the
input of agent Mi might also be different. For ex-
ample, in a roundabout communication topology,
the input might be the discussion contexts from
other agents, while the input might be the assign-
ment in a star communication topology.

Considering previous UQ works on LLMs, re-
peated generations are key for the black-box UQ.
Therefore, here we also define the repeated genera-
tions for MAS S. Given an input x, the j-th run of
the MAS produces a trajectory τ (j) = {y(j,k)1:Tk

}Kk=1,

where y
(j,k)
1:Tk

denotes the sequence of outputs from
agent k during run j, and Tk is the number of steps
taken by agent k. For one task x, everything will be
fixed, including the role and parameters of agents
and communication topology. Then, across N re-
peated runs of the MAS, we collect a set of trajec-
tories T = {τ (1), τ (2), . . . , τ (N)}.

Problem 1 (Multi-agent Uncertainty). Given an
input x and a set of trajectories T generated by a
MAS across N runs, the goal is to compute an un-
certainty score U that reflects the variability across
T . Formally, U = F(x, T ), where F is an ag-

gregation functional that maps the input and the
trajectory set to a scalar value measuring the over-
all uncertainty. A lower U indicates that the MAS
consistently produces stable and reliable trajecto-
ries, while a higher U suggests divergent reasoning,
unstable communication, or fragile collaboration
among agents.

Note that in our definition, each trajectory τ (j)

consists of agent-specific sequences y(j,k)1:Tk
, where

the horizon length Tk may differ across agents and
runs. This variability captures the intrinsic chal-
lenges of multi-step reasoning, since errors made
in earlier steps can propagate differently depending
on the trajectory length, and it also reflects the di-
versity of communication topologies, where agents
may follow different interaction patterns.

4 Method

In this section, we present MATU in detail. We con-
ceptualize multi-agent interactions as a ragged ten-
sor to handle variable-length reasoning trajecto-
ries. The core logic is that consistent interactions
across runs should follow a low-rank structure. By
using tensor decomposition to find this low-rank
approximation, the reconstruction error directly
measures how much individual trajectories deviate
from the shared consensus. A high error indicates
that the runs are inconsistent, indicating a higher
uncertainty. Therefore, we could directly use the
reconstruction error as the uncertainty metric. A
more theoretical explanation can be found at Ap-
pendix B The overall pipeline of MATU is illustrated
in Fig. 1, starting with the embedding process.

4.1 Embedding for Multi-step Reasoning

Multi-step reasoning poses a fundamental chal-
lenge in uncertainty quantification for multi-agent
systems. Unlike single-turn settings, where the
model outputs a single sentence, multi-agent rea-
soning unfolds as a sequence of intermediate steps.
Errors introduced in earlier steps can cascade
through subsequent ones, while different agents
may take trajectories of varying lengths depending
on their roles or communication topologies. This
variability makes it difficult to directly compare
trajectories across repeated runs.

To overcome these challenges, we encode each
intermediate output, whether a natural language
sentence or a tool call result, into a shared latent
space using pre-trained embedding models. In de-
tail, we treat tool call results as a string as well
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Figure 1: The overall pipeline of MATU. As shown in the figure, MATU could be applied to multi-agent systems
with different communication topologies. We first collect trajectories for a fixed system and task, and then obtain
embedding matrices for each trajectory. Then, we form a ragged tensor by stacking all embedding matrices and
obtain the reconstructed tensor by conducting CP-2 decomposition. Finally, we use the reconstruction losses from
reconstructed tensors with different ranks as the final uncertainty.

and use a text embedding model such as Qwen3-
Embedding-0.6B. Formally, for the t-th step in
trajectory τ (j), we define e

(j)
t ∈ Rd, where d

is the embedding dimension. By concatenating
the embeddings across all steps in trajectory j
and agent k, we construct an embedding matrix
E(j,j) ∈ RTj,k×d, where Tj,k denotes the number
of steps in that trajectory and agent. This embed-
ding construction mitigates the core difficulties of
multi-step reasoning by mapping heterogeneous,
variable-length, and modality-mixed outputs to a
fixed-dimensional semantic space at the step level,
thereby decoupling semantic comparability from
surface form and length. Semantically similar steps,
even when expressed with different wording or
produced by different agents or tools, are brought
closer in the embedding space. Besides, using ad-
ditional embedding models facilitates step-wise ag-
gregation without requiring token-level probabili-
ties and establishes the foundation for subsequent
tensor representations and decomposition.

4.2 Tensor Representation for Inter-agent
Communication

The second challenge comes from inter-agent com-
munication. Even when the agent system and the
task input are fixed, MAS may produce distinct
communication patterns. Agents can exchange in-

formation in slightly different orders, generate in-
termediate responses of different lengths, or invoke
tools at different points.

To capture such variability, we represent embed-
ding matrices from repeated trajectories as a ragged
tensor (Fegade et al., 2022). In run j ∈ {1, . . . , N},
each agent k ∈ {1, . . . ,K} produces a trajec-
tory of length Tj,k, which we embed into a matrix
E(j,k) ∈ RTj,k×d. We define the ragged object as
the doubly-indexed matrix collection

X = {E(j,k) | j = 1, . . . , N ; k = 1, . . . ,K },

where E(j,k) denotes the stacked embedding matrix
of agent k in run j. Note that this matrix collection
is a three-dimensional ragged tensor. Unlike a stan-
dard tensor in RN×T×d that assumes a fixed T , the
ragged tensor X allows Tj to vary across runs:

E(j,k) ∈ RTj,k×d, Tj,k ̸= Tj′,k′ in general.

This representation enables us to aggregate
multi-run trajectories into a single mathematical
object without discarding the diversity of commu-
nication patterns. The variability of inter-agent
communication is thus encoded directly into the
structure of X , laying the groundwork for decom-
position methods that disentangle and quantify the
uncertainty it induces.
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4.3 Tensor Decomposition for Communication
Diversity

The third challenge arises from communication
diversity across different system topologies. Multi-
agent systems may be organized in star (Wu et al.,
2024), chain (Li et al., 2023), or dynamic com-
munication structures (Wang et al., 2025), and
each topology induces distinct statistical proper-
ties in the trajectories it generates. An uncertainty
quantification framework must therefore be gen-
eral enough to handle arbitrary topologies while
remaining sensitive to their structural differences.

To address this, we apply the PARAFAC2 De-
composition for Ragged Tensors (CP-2), a factor-
ization method specifically designed to handle ir-
regular tensor structures (Schenker et al., 2023;
Perros et al., 2017). Unlike classical tensor decom-
position, CP-2 operates directly on ragged tensors
by aligning latent factors across dimensions of vary-
ing lengths. This property makes CP-2 particularly
well-suited to our settings with variable lengths.

Formally, CP-2 seeks a low-rank approximation
of the ragged tensor X in the form

X ≈
R∑

r=1

λr u
(1)
r ⊗ u(2)r ⊗ u(3)r ,

where R is the target rank, λr are scalar weights,
and u

(1)
r , u

(2)
r , u

(3)
r are latent factors that are de-

fined so as to respect the irregular lengths in X .
Through this decomposition, CP-2 captures shared
patterns across steps, agents, and runs, while pre-
serving the diversity introduced by different com-
munication topologies.

To quantify uncertainty, we perform CP-2 de-
composition under different ranks R. For each R,
we reconstruct an approximation X̂R and compute
the reconstruction loss LR = ∥X − X̂R∥.

The sequence of losses {LR} reflects how com-
pressible the set of trajectories is under low-rank
factors. Higher losses indicate that trajectories can-
not be explained by a small number of latent com-
ponents, implying higher uncertainty. To obtain a
single scalar score, we aggregate the reconstruction
losses across all considered ranks, defining the final
uncertainty value as

U =

Rmax∑

R=1

LR,

where Rmax denotes the largest rank examined
during decomposition. This score summarizes the

degree to which variability in trajectories resists
compression across different model capacities, and
thus serves as the overall uncertainty estimate for
the multi-agent system. By grounding the analysis
in CP-2 decomposition, our framework can utilize
the information from ragged tensors and general-
ize to arbitrary communication topologies while
maintaining good uncertainty quantification.

5 Experiments

We conduct comprehensive experiments to evaluate
the effectiveness of MATU. Our study is designed to
answer the following research questions:
•RQ1: Does MATU provide more accurate uncer-
tainty quantification for multi-agent systems with
static design?
• RQ2: Does MATU provide more accurate uncer-
tainty quantification for multi-agent systems with
dynamic design?
• RQ3: Does MATU provide more accurate uncer-
tainty quantification for multi-agent systems with
tool integration?

Beyond the research questions, we also provide
a detailed case study to show why MATU could work
in Appendix E.

5.1 Experimental Setup

Dataset To comprehensively evaluate MATU, we use
four diverse datasets: MATH (mathematical reason-
ing) (Hendrycks et al., 2021), MoreHopQA (multi-
hop QA) (Schnitzler et al., 2024), MMLU (gen-
eral knowledge) (Hendrycks et al., 2020), and Hu-
manEval (code generation) (Chen et al., 2021). De-
tailed descriptions are provided in Appendix C.1.
Multi-agent System. We use multiple MAS with
different designs. In detail, we consider using
Camel (Li et al., 2023), which consists of an AI
User and an AI Assistant with round-robin conver-
sation, and AutoGen (Wu et al., 2024), which uses
a star agent that assigns tasks to all other agents.
Both frameworks use static design. On the other
hand, we use AnyMac (Wang et al., 2025), which
will dynamically choose the next agent based on
the progress as the dynamic multi-agent system.
Models For models behind agents, we are using
both open-source and closed-source models. For
the open-source model, we mainly use Qwen2.5-
7B (Bai et al., 2023) and Llama3.1-8B (Dubey
et al., 2024), which is the representative open-
source model. For closed-source models, we
mainly use GPT-4o from OpenAI.
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Table 1: Comparison of our methods with different base-
lines on various datasets and LLMs on Camel (Li et al.,
2023), highlighted with best performance.

Methods
GPT-4o Qwen2.5-7B Llama3.1-8B

AUROC AUARC AUROC AUARC AUROC AUARC

Dataset: MATH

Eigv(Agre)-final 0.5698 0.5216 0.5238 0.8466 0.5243 0.6170
Eigv(Agre)-Whole 0.5632 0.5218 0.6784 0.8963 0.5622 0.6346
P(true) 0.5825 0.5592 0.6351 0.8855 0.5421 0.6303
SAUP-Single - - 0.5597 0.8499 0.5244 0.6374
SAUP-Multiple - - 0.6078 0.8722 0.5258 0.6427
MATU 0.6797 0.6160 0.7089 0.9064 0.7354 0.7525

Dataset: MoreHopQA

Eigv(Agre)-final 0.5307 0.3374 0.5631 0.6529 0.5572 0.5644
Eigv(Agre)-Whole 0.5259 0.3319 0.5420 0.6342 0.5398 0.5585
P(true) 0.5480 0.3405 0.5766 0.6512 0.5313 0.5460
SAUP-Single - - 0.5103 0.6211 0.5083 0.5576
SAUP-Multiple - - 0.5386 0.6345 0.5668 0.5798
MATU 0.5555 0.3474 0.6529 0.7226 0.6320 0.6561

Dataset: MMLU

Eigv(Agre)-final 0.5365 0.3304 0.5537 0.8023 0.5161 0.7270
Eigv(Agre)-Whole 0.5341 0.3236 0.5420 0.7995 0.5940 0.7646
P(true) 0.5059 0.3183 0.6846 0.8585 0.6207 0.7964
SAUP-Single - - 0.5233 0.7749 0.5424 0.7361
SAUP-Multiple - - 0.5641 0.8100 0.5289 0.7330
MATU 0.5604 0.3384 0.7149 0.8656 0.7075 0.8427

Table 2: Comparison of our methods with different base-
lines on various datasets and LLMs on AutoGen (Wu
et al., 2024), highlighted with best performance

Methods
GPT-4o Qwen2.5-7B Llama3.1-8B

AUROC AUARC AUROC AUARC AUROC AUARC

Dataset: MATH

Eigv(Agre)-final 0.5898 0.5826 0.6355 0.4512 0.5912 0.3802
Eigv(Agre)-Whole 0.6015 0.5892 0.6111 0.4326 0.5761 0.3679
P(true) 0.6079 0.5931 0.6524 0.5102 0.6271 0.4571
SAUP-Single - - 0.5268 0.3990 0.6064 0.3830
SAUP-Multiple - - 0.5385 0.4090 0.6334 0.3933
MATU 0.6582 0.6220 0.7146 0.5334 0.7544 0.4687

Dataset: MoreHopQA

Eigv(Agre)-final 0.5311 0.4968 0.5331 0.6678 0.5395 0.5721
Eigv(Agre)-Whole 0.5218 0.4942 0.5323 0.6689 0.5279 0.5642
P(true) 0.5598 0.5033 0.5806 0.7031 0.5515 0.5827
SAUP-Single - - 0.5197 0.6445 0.5422 0.5782
SAUP-Multiple - - 0.5342 0.6708 0.5488 0.5877
MATU 0.5817 0.5237 0.6392 0.7374 0.5989 0.6117

Dataset:MMLU

Eigv(Agre)-final 0.5981 0.5649 0.7105 0.8617 0.5521 0.4288
Eigv(Agre)-Whole 0.5759 0.5438 0.6867 0.8516 0.5316 0.3762
P(true) 0.5802 0.5528 0.6556 0.8363 0.5775 0.4368
SAUP-Single - - 0.6484 0.8552 0.5138 0.3031
SAUP-Multiple - - 0.7193 0.8589 0.5018 0.2973
MATU 0.6277 0.5841 0.7315 0.8833 0.5954 0.4745

Evaluation Metrics Effective uncertainty mea-
sures should correlate with response correctness:
higher uncertainty should indicate a higher like-
lihood of error. Following prior work (Lin et al.,
2023; Da et al., 2024a), we evaluate uncertainty
estimates by using them to predict whether a gen-
erated answer is correct. We report Area Under
Receiver Operating Characteristic (AUROC) and
Area Under Accuracy Rejection Curve (AUARC)
as evaluation metrics, where a higher AUROC or
AUARC demonstrates better uncertainty mea-
sures. To compute AUROC and AUARC, the accu-
racy of each original response is required. To label
responses as correct or incorrect, we use a refer-
ence LLM, GPT-5, to provide correctness scores to
the final answer from MAS.
Baseline We compare MATU against three
baselines: P(true) (Kadavath et al., 2022),
Eigv(Agr) (Lin et al., 2023), and SAUP (Zhao et al.,
2024). For the Eigv(Agr), we use the final answer
or every conversation to compute the entailment
matrix (Bowman et al., 2015), resulting in two dif-
ferent variants: Eigv(Agr)-Answer and Eigv(Agr)-
Whole. SAUP is originally designed for one trajec-
tory, while we collect multiple trajectories. There-
fore, we use SAUP-Single, which uses the SAUP
from the first trajectory, and SAUP-Multiple which
uses the mean SAUP from all trajectories. Please
note that SAUP is a white-box method so that it
cannot be applied to closed-source models. More

introduction can be found at Appendix C.2.
Implementation Detail For the embedding mod-
els, we use off-the-shelf Qwen3-embedding-0.6B
to get the fast processing speed. For trajectories,
we collect 10 trajectories for every task, and we
use a temperature of 0.9 for every setting. All
the experiments are conducted on a single Nvidia
A100-80GB GPU or using an OpenAI API.

5.2 Performance for Multi-agent System with
Static Design (RQ1)

Firstly, to explore how good MATU is for MAS with
static design, we conduct experiments on Camel (Li
et al., 2023) and AutoGen (Wu et al., 2024) and
three different datasets to demonstrate the perfor-
mance comprehensively. The results are shown in
Table 1 and Table 2. The results show that:
• MATU consistently outperforms all baselines by
capturing holistic system-level behavior rather than
just final output consistency. While traditional
methods like Eigv(Agre) focus on semantic sim-
ilarity and SAUP measures step-wise uncertainty
independently, MATU integrates the entire reasoning
trajectory and multi-run communication patterns
into a unified tensor. This approach allows it to
identify fragile consensus in the collaborative pro-
cess that response-level or single-trajectory mea-
sures fail to detect.
• MATU shows consistent reliability whether the
task involves challenging mathematical reasoning
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Table 3: Comparison of our methods with different base-
lines on various datasets and LLMs on AnyMac (Wang
et al., 2025), highlighted with best performance.

Methods
GPT-4o Qwen2.5-7B Llama3.1-8B

AUROC AUARC AUROC AUARC AUROC AUARC

Dataset: MATH

Eigv(Agre)-final 0.6359 0.6133 0.6506 0.8212 0.6340 0.6059
Eigv(Agre)-Whole 0.6308 0.6115 0.6314 0.8081 0.6215 0.5953
P(true) 0.6226 0.6070 0.6602 0.8291 0.6581 0.6225
SAUP-Single - - 0.6261 0.7982 0.6339 0.6008
SAUP-Multiple - - 0.6396 0.8119 0.6477 0.6065
MATU 0.6675 0.6439 0.6966 0.8585 0.7121 0.6518

Dataset: MorehopQA

Eigv(Agre)-final 0.5257 0.3992 0.6079 0.6741 0.6110 0.6369
Eigv(Agre)-Whole 0.5203 0.4010 0.6021 0.6681 0.6034 0.6300
P(true) 0.5455 0.4121 0.6205 0.6853 0.6158 0.6416
SAUP-Single - - 0.6088 0.6770 0.5918 0.6277
SAUP-Multiple - - 0.6242 0.6914 0.6055 0.6322
MATU 0.5671 0.4336 0.6457 0.7029 0.6262 0.6493

Dataset: MMLU

Eigv(Agre)-final 0.5568 0.4952 0.5446 0.7650 0.5321 0.6586
Eigv(Agre)-Whole 0.5641 0.5049 0.5337 0.7433 0.5215 0.6512
P(true) 0.5594 0.4976 0.5552 0.7681 0.5297 0.6632
SAUP-Single - - 0.5048 0.7261 0.5340 0.6542
SAUP-Multiple - - 0.5382 0.7602 0.5382 0.6719
MATU 0.5925 0.5152 0.5821 0.7768 0.5500 0.6797

in MATH, multi-hop question-answering in More-
hopQA, or broad knowledge synthesis in MMLU.
By mapping heterogeneous outputs into a shared
embedding space, the method provides a robust reli-
ability measure that remains effective regardless of
whether the MAS is performing logical deduction
or knowledge retrieval.

5.3 Performance for Multi-agent System with
Dynamic Design (RQ2)

To evaluate the performance of MATU in more com-
plex, adaptive environments, we extend our evalua-
tion to multi-agent systems with dynamic designs.
Unlike static topologies, dynamic systems such as
AnyMac (Wang et al., 2025) adaptively select the
next agent during execution based on the evolving
context of the task. We conduct these experiments
across the same datasets using both open-source
models and closed-source architectures (GPT-4o).
The results for the AnyMac system are detailed in
Table 3, leading to the following observations:
• MATU demonstrates superior adaptability to unpre-
dictable communication sequences by leveraging
higher-order tensor representations. In dynamic
systems where the sequence of agent interactions
varies significantly between runs, traditional se-
mantic or step-wise baselines struggle to maintain a
consistent reliability measure. By organizing these
varied trajectories into a ragged tensor and apply-
ing tensor decomposition, MATU successfully aligns

latent factors across dimensions of varying lengths,
allowing it to outperform the strongest baselines by
a significant margin in AUROC and AUARC.
• Comparative analysis of self-evaluation and prop-
agation baselines underscores the necessity of
multi-run structural ensembling. Considering all
experimental results and the baselines, P (true)
emerges as the most competitive, likely because it
leverages the LLM’s intrinsic ability to reflect on
its own non-linear reasoning process. Furthermore,
the consistent superiority of SAUPMultiple over
SAUPSingle confirms that a single interaction path
is a poor proxy for the system’s overall reliability
in a dynamic environment.

5.4 Performance for Multi-agent System with
Tool Integration (RQ3)

To explore whether MATU can effectively quantify
the reliability of collaborative agents when inte-
grated with external tools, we conduct experiments
on the HumanEval benchmark. This task requires
agents not only to reason linguistically but also
to synthesize executable code and interact with a
Python interpreter, which serves as a functional tool
within the multi-agent workflow. We conduct the
experiments on llama3, and the results can be found
at Fig. 3. The results show that MATU outperforms
other baselines on both AUROC and AUARC with
the Humaneval dataset, showing the robustness of
MATU with code environment and tool integration.

5.5 Ablation and Sensitivity Study
To further analyze the robustness and key compo-
nents of our framework, we conduct a series of
ablation and sensitivity experiments on the Camel
and the MATH dataset with GPT-4o.
Ablation with Input Variants To verify whether
raw embedding tensors are superior to traditional
distance-based representations, we compare MATU
against variants that use Earth Mover’s Distance
(EMD) and Cosine Similarity to construct the
similarity matrices for decomposition instead of
the step-level embedding matrices. As shown in
Fig. 2a, MATU consistently yields higher AUROC
and AUARC scores, while EMD and Cosine Sim-
ilarity fail to capture the granular latent signals
within agent trajectories. This confirms that apply-
ing tensor decomposition directly to reasoning em-
beddings preserves significantly richer multi-agent
dynamics than distance-based metrics.
Impact of Embedding Models We examine how
the choice of the underlying text embedding model
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Figure 2: Results for ablation study and sensitivity study. The results show that our design for MATU and our choices
of the hyperparameter are well-suited.
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Figure 3: Comparison of MATU and baselines on llama3
and the Humaneval dataset. The results show that MATU
can have better results even with tool integration, show-
ing the robustness of MATU.

affects the precision of uncertainty estimation. We
evaluate three models of varying scales: GPT-
Embedding, Qwen-0.6B-Embedding, and Qwen-
4B-Embedding. The results are shown in Fig. 2b.
While larger models like Qwen-4B and GPT-
Embedding provide slight performance gains, the
difference compared to the Qwen-0.6B model is
minimal. We conclude that Qwen-0.6B offers the
optimal balance between computational efficiency
and accuracy, making it sufficient for UQ.
Sensitivity to Embedding Dimensions To deter-
mine the optimal latent space dimensionality for
representing complex reasoning steps, we evaluate
the system’s performance across dimensions rang-
ing from 32 to 512. The results in Fig. 2b indicate
a sharp improvement in both AUROC and AUARC
as the dimension increases to 256, after which the
gains become marginal. Consequently, we select
256 as our default embedding dimension to ensure
comprehensive representation without incurring re-
dundant computational overhead.
Semantic Interpretation of Latent Factors Be-
yond scoring uncertainty, MATU provides inter-
pretability by mapping PARAFAC2 latent compo-
nents to specific reasoning failures. For example, in

Table 4: Uncertainty quantification performance (AU-
ROC) under strict distribution shift (Math prompts on
MMLU dataset) using Qwen2.5-7B.

Method AUROC (↑)

SAUP-Single 0.5930
SAUP-Multiple 0.6201
Eigv(Agre)-final 0.6355

MATU 0.6770

our MATH case study, a component capturing a se-
mantic misinterpretation exhibited a 2.29× higher
mean factor loading in incorrect runs (1.15) than
in correct ones (0.50). This demonstrates MATU’s
ability to localize recurring errors statistically. De-
tailed interpretation protocols and verbatim logs
are provided in Appendix D.

5.6 Performance under OOD Situation

To evaluate the performance of our framework un-
der strict out-of-domain (OOD) scenarios, we sim-
ulate a distribution shift by applying our highly
specialized, math-specific multi-agent prompts to
non-mathematical general knowledge tasks from
the MMLU dataset (using Qwen2.5-7B). As shown
in Table 4, MATU robustly captures system uncer-
tainty in this misaligned setting, achieving an AU-
ROC of 0.6770 and significantly outperforming
established baselines. Furthermore, we investigate
whether MATU can be utilized for OOD sample de-
tection. Our empirical results show that the normal-
ized uncertainty score from MATU exhibits a clear
separation between in-distribution data (0.13, using
MMLU prompts on MMLU) and OOD data (0.92,
using Math prompts on MMLU). In contrast, the
baseline SAUP struggles to distinguish between the
two (0.29 vs. 0.46). This confirms that MATU not
only generalizes well to unseen domains but also
effectively serves as an OOD detector.
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Figure 4: Comparison of backbone selection results. A
higher accuracy demonstrates a better selection strategy.
The results show that MATU has a superior performance
improvement on accuracy, indicating that MATU offers a
more robust uncertainty value.

5.7 Down-stream Task: Model Selection

To evaluate the practical utility of MATU in real-
world deployment, we conduct a backbone selec-
tion task. This experiment explores whether uncer-
tainty scores can serve as a reliable signal to select
the most accurate answer from a pool of differ-
ent MAS configurations. Specifically, for a given
query, we generate multiple potential solutions
across four distinct LLM backbones: Qwen2.5-
7B (Yang et al., 2024b), Llama3.1-8B (Dubey
et al., 2024), Qwen3-4B (Yang et al., 2025), and
Gemma3-4B (Kamath et al., 2025). For each query,
the system identifies the backbone that yields the
lowest uncertainty score U and selects its response
as the final output. We evaluate this routing strat-
egy by comparing the resulting system accuracy
when guided by MATU against selection based on
P (true), SAUP -Multiple, and a random selec-
tion baseline on Camel framework (Li et al., 2023)
and the MATH dataset (Hendrycks et al., 2021).
The results are shown in Fig. 4. The results show
the superior performance improvement using MATU,
showing that MATU is a robust tool for backbone
selection, which indicates that MATU offers a robust
uncertainty value.

6 Conclusion

In this work, we propose MATU, a pioneering frame-
work for quantifying uncertainty in LLM-based
multi-agent systems by leveraging tensor decompo-
sition to capture the holistic dynamics of multi-step
reasoning and inter-agent communication. By or-
ganizing reasoning trajectories into ragged tensors
and analyzing them via PARAFAC2 decomposi-
tion, our method effectively disentangles sources of

uncertainty across varying communication topolo-
gies and run lengths, overcoming the limitations of
traditional semantic or step-wise approaches. Ex-
tensive experiments on diverse benchmarks demon-
strate that MATU consistently outperforms exist-
ing baselines in both static and dynamic system
designs, while also proving its practicality in down-
stream tasks such as backbone model selection.
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Limitations

While MATU demonstrates effectiveness in quanti-
fying uncertainty for multi-agent systems, we ac-
knowledge several limitations in our current work.
First, the core mechanism relies on constructing
a higher-order tensor from multiple reasoning tra-
jectories (e.g., N = 10 runs in our experiments),
meaning the inference cost scales linearly with
the number of sampled trajectories. Although this
multi-run paradigm is standard in black-box un-
certainty estimation, it inevitably consumes more
computational resources compared to single-pass
methods. Second, since MATU decouples seman-
tic meaning from surface form by mapping rea-
soning steps into a latent space, the sensitivity
and accuracy of our uncertainty quantification are
bounded by the quality of the underlying embed-
ding model. In highly specialized domains where
general-purpose embedding models may fail to
capture subtle semantic nuances, MATU’s perfor-
mance might degrade unless domain-specific em-
beddings are employed.
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A Code

Code can be found at https://github.com/
tiejin98/MATU.

B Theoretical Motivation:
Reconstruction Loss as Semantic
Variance

To provide a clear motivation for our uncertainty
quantification framework, we formalize the con-
nection between our tensor-based approach and the
classical statistical notion of variance.

In standard statistical theory, the variance of an
ensemble measures the expected squared deviation
of individual samples from the population mean (or
consensus):

Var(X) = E
[
∥X − µ∥2

]
(1)

Our framework addresses the intractability of
calculating this variance across discrete text tra-
jectories by projecting the reasoning paths into a
tensor space X . Applying the PARAFAC2 (CP-
2) decomposition yields a low-rank approximation
X̂ , which represents the expected semantic consen-
sus (the mean representation µ) of the multi-agent
system.

Consequently, the CP-2 reconstruction loss, for-
mulated as the squared Frobenius norm of the resid-
ual:

L = ∥X − X̂∥2F =
∑

i,j,k

(xijk − x̂ijk)
2 (2)

is mathematically equivalent to the aggregated
squared deviations from this consensus space. This
motivates the use of MATU not as an ad-hoc heuris-
tic, but as a principled instantiation of ensemble
variance for multi-agent latent spaces.

C Detailed Experimental Settings

C.1 Detailed Introduction to Datasets

• MATH (Hendrycks et al., 2021): A dataset for
mathematical reasoning that consists of chal-
lenging competition-level problems across al-
gebra, geometry and number theory.

• MoreHopQA (Schnitzler et al., 2024): A
widely used question-answering dataset re-
quiring multi-hop text reasoning over
Wikipedia passages.

• MMLU (Hendrycks et al., 2020): The
Massive Multitask Language Understanding
benchmark, covering 57 subjects. It assesses
broad knowledge and problem-solving abili-
ties, making it a strong indicator of general-
domain reasoning. To avoid the overlap be-
tween the MATH dataset, when using MMLU,
we exclude subjects about math.

• HumanEval (Chen et al., 2021): A code gener-
ation benchmark consisting of programming
problems with unit tests. Models are required
to synthesize correct and executable code solu-
tions, and we provide a code environment for
all multi-agent systems as a tool integration.

C.2 Detailed Introduction to Baselines

As far as we know, we are the first method that
targets the uncertainty quantification for MAS. To
compare our method, we mainly adopt the existing
methods for LLM or single-agent to multi-agent set-
tings. In detail, we consider using Eigv(Agr) (Lin
et al., 2023), which is the sum of eigenvalues for
graph normalized Laplacian matrix and the graph
is formed by the entailment matrix (Bowman et al.,
2015) and P(true) (Kadavath et al., 2022), which
obtains the uncertainty by directly asking the LLM
itself. For the Eigv(Agr), we use the final answer or
every conversation to compute the entailment ma-
trix, resulting in two different variants: Eigv(Agr)-
answer and Eigv(Agr)-whole. Besides, we also
use SAUP (Zhao et al., 2024), which is a white-
box UQ method for a single agent by calculating
the weighted sum of entropy for each step. We
will treat the step from a different agent as each
step in SAUP to transfer SAUP to a multi-agent set-
ting. SAUP is originally designed for one trajectory,
while we collect multiple trajectories. Therefore,
we use SAUP-Single which uses the SAUP from
the first trajectory, and SAUP-Multiple that uses
the mean SAUP from all trajectories.

D Potential Explanation of Latent
Component

To enhance the explainability of MATU, we can inter-
pret the semantic meaning of the PARAFAC2 com-
ponents by examining their corresponding factor
vectors across the tensor modes (i.e., steps, agents,
and runs).
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D.1 Interpretation Protocol
We interpret a given CP-2 latent component r
through the following steps:

1. Identify High-Loading Entities: We first ex-
amine the factor vectors corresponding to the
agents and runs modes. We identify the runs
and agent roles with the highest scalar values
(i.e., factor loadings, such as uir for agents
and vjr for runs) for component r. These
scalar loadings act as quantitative indicators
of how strongly a specific agent in a given run
exhibits the latent pattern captured by compo-
nent r.

2. Extract Semantic Meaning: We then extract
the top-weighted reasoning steps from the cor-
responding temporal/step factor to assign spe-
cific semantics to the component (e.g., iden-
tifying what specific textual logic correlates
with the high loading).

D.2 Case Study: MATH Dataset
We apply this protocol to the task
number_theory_60 from the MATH dataset.
The original problem asks: “Suppose that ABC,
where A, B, and C are valid digits in base 4 and 9.
What is the sum when you add all possible values
of A, all possible values of B, and all possible
values of C?”

Applying our decomposition, we identified a spe-
cific latent component that aligns with a recurring
failure pattern: a misunderstanding of the final sum-
mation target. While the assistant agent correctly
finds all valid triples, it erroneously sums all dig-
its across every solution instead of summing the
distinct possible values as requested.

We verified this semantic error across multiple
independent runs by examining the factor loadings
for this specific error component:

• Incorrect Run 6: The assistant’s factor load-
ing spikes to 2.33. The corresponding gen-
erated log explicitly shows the flawed aggre-
gation: “The sum of all A+B+C over these
triples is 22.”

• Incorrect Run 3: The scalar loading remains
high at 1.83. The verbatim log confirms the
exact same misinterpretation: “Sum of A’s =
3+3+3+3 = 12.”

• Correct Run 2: In stark contrast, the corre-
sponding loading drops significantly to 0.57.

Here, the assistant correctly interprets the sum-
mation rule and calculates the distinct val-
ues: “Possible A-values = {3} so SA = 3
. . . Therefore SA + SB + SC = 10.”

Beyond individual instances, this semantic align-
ment is strongly validated by the overall numerical
results. Across all runs for this task, the mean as-
sistant factor loading for this specific component
is 1.15 in incorrect runs, compared to only 0.50
in correct runs, yielding a clear 2.29× separation
ratio. This numerical contrast provides preliminary
evidence that certain latent components (and their
associated factor loadings) can localize recurring
failure patterns at a statistical level. We leave the
large-scale, automated semantic interpretation of la-
tent factors across broader datasets as an important
direction for future work.

E Case Study

To qualitatively demonstrate the robustness of
MATU against the structural variability of multi-
agent interactions, we analyze a representative ex-
ample from the MATH dataset with qwen2.5, as
illustrated in Table 5. In detail, we have:
Question: “What is the distance between the two
intersections of y = x2 and x+ y = 1?”
Ground Truth: “

√
10”

In this experiment, we collected 10 indepen-
dent reasoning trajectories. The multi-agent sys-
tem demonstrated perfect performance, achieving
a 100% accuracy rate by deriving the correct an-
swer

√
10 in all runs. However, the trajectories

exhibited significant diversity in their communica-
tion patterns. While some runs produced concise
and direct derivations (Type A), others involved
self-correction mechanisms where agents identified
and fixed calculation errors (Type B), or contained
heavy steps (Type C), resulting in varying trajec-
tory lengths with similar core logic when solving
the problem. We report the normalized uncertainty
values for all methods so that we might compare
the uncertainty directly.

Analysis of Baselines. Despite the consistency
in the final outcome, baseline methods failed to
accurately reflect the system’s reliability. SAUP
assigned a misleadingly high uncertainty score of
0.88. This false positive occurs because SAUP cal-
culates uncertainty by accumulating entropy step-
by-step. The heavy-step trajectories (Type C), de-
spite being logically sound, contained more inter-
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Case Info Agent Reasoning Trajectories (Key Steps Only) Uncertainty Quantifica-
tion

Problem:
Find the distance
between intersections
of y = x2 and
x+ y = 1.

True Answer:√
10

System Accuracy:
100% (10/10 runs
correct)

Trajectory Type A: Direct & Concise
• Determine intersection coordinates → Calculate distance
Assessment: Ideal path, minimal token generation.

SAUP (Baseline):
0.88 (High)
Issue: High cumulative entropy
from verbose steps.

Eigv-Whole (Baseline):
0.35 (Medium)
Issue: Long contexts dilute NLI
entailment accuracy.

MATU (Ours):
0.05 (Low)
Result: Correctly aligns semantic
intent across diverse paths.

Trajectory Type B: Self-Correction
• Determine coordinates → Correct y-axis calculation error → Get
correct coordinates → Calculate distance
Assessment: Agent successfully recovers from an error.

Trajectory Type C: Verbose (High Step Count)
• Determine coordinates → Get coordinates → . . . (intermediate
steps) . . .→ Calculate distance
Assessment: Logically identical to Type A, but higher step count
increases cumulative entropy.

Table 5: Case Study on Mathematical Reasoning. Despite diverse communication patterns, all agents consistently
reach the correct solution (

√
10). Baselines like SAUP fail due to sensitivity to trajectory length (step count), and

Eigv-Whole struggles with long-context entailment. MATU effectively disentangles surface-level variations from
semantic stability, correctly assigning low uncertainty.

mediate steps, which artificially inflated the cumu-
lative entropy. Consequently, SAUP misinterpreted
the surface-level verbosity, which is a byproduct
of the communication topology, as semantic insta-
bility. Similarly, Eigv-Whole yielded a moderate
uncertainty score of 0.35. This suggests that the
NLI models used for entailment checking struggled
to handle the long contexts and the noise introduced
by self-correction steps, failing to fully recognize
the logical entailment between the diverse reason-
ing paths.

Analysis of MATU. In contrast, MATU cor-
rectly quantified the system’s high reliability with
a low uncertainty score of 0.05. By leveraging ten-
sor decomposition on the reasoning embeddings,
MATU effectively disentangles surface-level vari-
ations from the underlying semantic content. The
tensor structure allows our method to align latent
factors across trajectories of different lengths, rec-
ognizing that the corrective steps in Type B and
the verbose explanations in Type C semantically
converge to the same reasoning path as the con-
cise Type A. This case highlights MATU’s unique
ability to filter out the noise caused by communica-
tion diversity, providing a more robust and holistic
uncertainty measure for multi-agent systems.
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