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Abstract

Large language models (LLMs) have shown
great performance on complex reasoning tasks
but often require generating long intermediate
thoughts before reaching a final answer. Dur-
ing generation, LLMs rely on a key-value (KV)
cache for autoregressive decoding. However,
the memory footprint of the KV cache grows
with output length. Prior work on KV cache
optimization mostly focus on compressing the
long input context, while retaining the full KV
cache for decoding. For tasks requiring long
output generation, this leads to increased com-
putational and memory costs. In this paper, we
introduce ZoomR, a novel approach that en-
ables LLMs to adaptively compress verbose
reasoning thoughts into summaries and uses a
dynamic KV cache selection policy that lever-
ages these summaries while also strategically
“zooming in” on fine-grained details. By using
summary keys as a coarse-grained index during
decoding, ZoomR uses the query to retrieve de-
tails for only the most important thoughts. This
hierarchical strategy significantly reduces mem-
ory usage by avoiding full-cache attention at
each step. Experiments across math and reason-
ing tasks show that our approach achieves com-
petitive performance compared to baselines,
while reducing inference memory requirements
by more than 4×. These results demonstrate
that a multi-granularity KV selection enables
more memory efficient decoding, especially for
long output generation.

1 Introduction

Large language models (LLMs) have demonstrated
remarkable proficiency in complex reasoning tasks
such as mathematics and coding (OpenAI et al.,
2024a; DeepSeek-AI et al., 2025). This success
can be attributed to their ability to generate long
chain of thoughts before arriving at a final solu-
tion. However, this verbosity introduces a signifi-
cant computational and memory bottleneck. The

autoregressive decoding process relies on a key-
value (KV) cache that stores hidden states from
previously generated tokens to enable efficient self-
attention, and this cache grows linearly with the
sequence length. This presents two critical chal-
lenges for long-output generation. First, the KV
cache consumes a large amount of GPU memory,
and second, the computational cost of attending to
the ever-growing cache makes each subsequent to-
ken progressively slower to generate. For instance,
generating a 16K-token response with a Llama-3.1-
8B (Grattafiori et al., 2024) model for a batch size
of 8 requires over 16GB of GPU memory for the
KV cache, making deployment more challenging
on consumer GPUs with less memory.

To address these challenges, several efficient rea-
soning strategies have been proposed (Sui et al.,
2025). One line of work focuses on enabling the
LLM to generate fewer tokens using techniques
like prompt engineering (Han et al., 2025; Aytes
et al., 2025), specialized training algorithms (Team
et al., 2025; Xia et al., 2025), and latent space rea-
soning (Hao et al., 2024a; Shen et al., 2025a). For
these works, the primary objective is to speed up
inference, and may implicitly reduce GPU memory
consumption. Another direction, which we follow
in this paper, aims to optimize the KV cache it-
self. While several methods for cache eviction or
compression exist, most are optimized for long
input contexts during the prefill stage, when the
model processes the prompt, (Li et al., 2024; Tang
et al., 2024; Sun et al., 2025; Zhu et al., 2025a),
rather than addressing the unqiue memory chal-
lenges of long-output generation during decoding.
Existing dynamic KV cache methods lose critical
long-range information in long-output generation,
resulting in poor performance on complex reason-
ing tasks (Xiao et al., 2024; Zhang et al., 2023;
Chen et al., 2025). This leaves a crucial gap for
an efficient cache management strategy tailored
specifically for lengthy, generated reasoning chains,
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while maintaining high performance.
To address this gap, we propose ZoomR, a

method inspired by established principles of hu-
man memory and attention. When solving complex
problems, humans leverage hierarchical memory
representations, maintaining schematic overviews
of past information while selectively retrieving de-
tailed specifics only when contextually relevant
(Bartlett, 1932). ZoomR applies this strategy to
LLMs by maintaining both compressed summaries
(coarse-grained representations) of the generation
history and the original detailed text, accessing
fine-grained information only when the current con-
text demands higher fidelity. We first fine-tune rea-
soning models to generate summaries of thoughts
after each paragraph. During inference, ZoomR
uses the current query and summary keys across
all attention heads to identify the most important
segments of the past thoughts. Then, a consensus
is performed to retrieve the most important full-
resolution details. By doing so, ZoomR only se-
lects a small number of KVs to keep on GPU for
attention computation, while offloading the full
KV cache to CPU. Our implementation involves
a one-time fine-tuning step to teach the model to
summarize its own history, followed by a training-
free dynamic cache selection policy at inference
time.

Our contributions are three-fold. First, we in-
troduce ZoomR, a dynamic, multi-granularity KV
cache management technique designed to enable
memory efficient long-output reasoning. Second,
we present a practical framework that combines
lightweight fine-tuning for summary generation
with an efficient, approximate attention score-based
retrieval mechanism for inference. Third, we empir-
ically validate ZoomR on reasoning models, Qwen
and Llama (Qwen et al., 2025; Grattafiori et al.,
2024), across challenging reasoning benchmarks,
AIME2025 and MATH500. Our results demon-
strate that ZoomR achieves performance compara-
ble to a standard full KV cache while saving more
than 4× the GPU memory usage during inference.

2 Background

We investigate the efficiency of autoregressive infer-
ence for LLMs in long-generation reasoning tasks.
In this setting, the model is given a prompt X of
length Np and is tasked with generating a lengthy
response Y of length Ng, Ng ≫ Np. Modern
reasoning models trained using chain-of-thought

prompting significantly improve performance over
standard instruction-tuned models. However, this
improvement comes at the cost of generating much
longer sequences. The output Y is often struc-
tured into a detailed reasoning or “thought” sec-
tion, followed by a final “solution” section, where
the length of the thought process is typically much
greater than that of the final answer. With recent
advancements, models are capable of generating
outputs that extend to tens of thousands of tokens.

At the core of the Transformer architecture is
the self-attention mechanism, which is central to
the decoding process. During autoregressive gener-
ation, a token is produced at each timestep t. The
model has NL layers and H attention heads. Let
xt ∈ Rdemb be the input embedding for the token.
For a given position t, layer l, and head h, the input
xt is projected into query, key, and value vectors
qt, kt, and vt, of dimension d:

qt = xtWq, kt = xtWk, vt = xtWv,

where Wq,Wk,Wv ∈ Rdemb×d are learned pro-
jection matrices. For ease of notation, we have
dropped the index for layers and heads. To main-
tain context from all previous tokens, both from
the prompt and the ongoing generation, the keys
and values from all past steps are stored in a KV
cache. At each step t, the newly computed key kt

and value vt are appended to the cached matrices
Kt−1 and Vt−1:

Kt = [Kt−1;kt], Vt = [Vt−1;vt],

where Kt,Vt ∈ R(Np+t)×d. The attention output
A is then computed as the scaled dot product be-
tween the query and cached keys, followed, by a
softmax operation to obtain attention weights, and
using them to aggregate the corresponding values:

A(qt,Kt,Vt) = softmax
(
qtK

⊤
t√
d

)
Vt ∈ Rd.

This standard decoding process presents two ma-
jor efficiency challenges, particularly as the gener-
ation length grows. First, the computational cost
of generating each new token scales with the se-
quence length. The matrix-vector multiplication
qtK

⊤
t scales linearly with the length of the KV

cache, resulting in quadratic complexity with re-
spect to the total generation length. As the gener-
ation proceeds and the cache grows, each subse-
quent token becomes progressively more expensive
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to compute, making the overall inference process
slow for long outputs. The second challenge is in
GPU memory requirements. The primary mem-
ory bottleneck during LLM inference is the KV
cache. The size of the cache matrices, Kt and
Vt, grows linearly with the sequence length. For a
model with multiple layers and attention heads, this
memory footprint can become prohibitively large,
limiting the maximum sequence length that can be
processed on available hardware.

3 Methodology

In this section, we present ZoomR, a method that
enables memory-efficient reasoning through multi-
granularity KV retrieval. We begin by motivating
our approach followed by its two main components:
(1) fine-tuning an LLM to learn how to generate
summaries on the fly, and (2) a dynamic KV cache
selection policy for memory efficient decoding.

3.1 Motivation

As LLM generation length increases, the KV cache
creates practical limitations for extended reason-
ing tasks. Existing approaches attempt to address
this challenge through various strategies, but often
introduce significant limitations that compromise
reasoning quality. Streaming-based approaches like
StreamingLLM (Xiao et al., 2024), retain attention
sinks and a sliding window of recent KV cache en-
tries, but suffer from the “lost-in-the-middle” prob-
lem, where critical intermediate reasoning steps are
permenantly discarded. Dynamic token selection
methods like H2O (Zhang et al., 2023) preserve
important tokens through attention-based scoring
mechanisms. However, these approaches face two
critical limitations. First, computing token-level
importance scores at each generation step incurs
substantial computational overhead. Second, token-
level selection operates at a granularity that may
miss semantic coherence, potentially fragmenting
coherent reasoning segments.

Recent work has also explored using compressed
summaries to reduce context size while preserving
semantic information (Zhang et al., 2025; Yan et al.,
2025). While summarization provides meaningful
compression, restricting attention exclusively to
summary representations creates an information
bottleneck. The key insight driving our approach is
that different reasoning steps require access to his-
torical context at different levels of granularity (see
Figure 1). When tackling a challenging mathemati-

Figure 1: Fine-grained details are often needed in order
to generate the correct reasoning. Attending to only a
compressed source of information like summaries can
lead to incorrect intermediate steps.

cal problem, the solution can draw on multiple lem-
mas and theorems developed throughout the rea-
soning process. Since summarization is inherently
a lossy compression strategy, there may be steps
during generation where high-level summaries fall
short. For certain reasoning steps, accessing the
full details becomes essential, whether to verify
a subtle constraint, apply a specific technique, or
build upon a particular intermediate result.

3.2 Reasoning with Summarization

By default, LLMs do not explicitly summarize their
reasoning after each paragraph. To induce this be-
havior in smaller models, we fine-tune them to gen-
erate summaries after each reasoning segment. To
achieve this, we first augment the Bespoke-17K rea-
soning dataset (Labs, 2025) with paragraph-level
summaries.

Specifically, for each example, we segment the
text within the thought token boundaries into para-
graphs. Then, we use a larger model, Llama3-70B
to summarize each segment into a concise summary.
To create distinct, modular summaries and main-
tain computational efficiency during data prepara-
tion, each summary is generated based only on the
prompt instruction and its corresponding paragraph.
Summary delimiter tokens <|begin_of_summary|>
and <|end_of_summary|> are inserted before a sum-
mary begins and after it ends, respectively, to ex-
plicitly mark the boundaries of each summary ((see
Appendix A.1 for an example). We then fine-tune a
base reasoning model with LoRA (Hu et al., 2021)
to enable summary generation during inference.
While our approach requires an initial training
stage, we note that larger models like Llama3-70B,
GPT4, etc. (Grattafiori et al., 2024; OpenAI et al.,
2024b), if prompted, can generate summaries in
a specific format, and the additional fine-tuning
step may be unnecessary. Thus, the historical con-
text is partitioned into corresponding full-text and
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summary segments.

3.3 The ZoomR Algorithm
Building upon the model’s ability to generate sum-
maries, we introduce the core algorithm of ZoomR.
The objective is to dynamically construct a multi-
granularity KV cache at each reasoning step, focus-
ing on the most important parts of the generation
context and retaining a compressed view of the rest.
This process unfolds in four stages: representation,
scoring, aggregation, and context construction (see
Figure 2).

The output of the fine-tuned model partitions
the generation context into two types of segments.
The regular segments (Ri) are sets of token indices
corresponding to the original, detailed segments of
the reasoning history and each summary segment
(Si) is a set of token indices for the compressed
summary of a regular segment, where i denotes
the summary number and its corresponding regu-
lar segment. The ZoomR algorithm operates by
dynamically selecting a mix of these two segment
types.

Representing Context with Mean Summary
Keys. To efficiently score the importance of his-
torical segments, each summary segment Si is
first compressed into a single representative vector
for each attention head in each layer. This vector,
termed the mean summary key, is computed by
averaging the key vectors of all tokens within the
summary. This is motivated by the observation that
keys within a short, coherent text segment exhibit
locality (Sun et al., 2025). Formally, for each sum-
mary Segment Si, layer l ∈ {1, . . . , NL}, and head
h ∈ {1, . . . , H}, the mean summary key is:

k̄
(l,h)
i =

1

|Si|
∑

j∈Si

k
(l,h)
j ,

where k
(l,h)
j denotes the corresponding key vector

for layer l and head h. These mean summary keys
are cached on the GPU for rapid access during
decoding.

Per-Head Importance Scoring and Voting. At
a given generation step t, the model’s current query
vector, q(l,h)t , holds information about the context
needed to generate the next token. Since query dy-
namics change during generation, the notion of
importance and KV cache selection is greatly de-
pendent on q

(l,h)
t . We use this query to perform a

per-head importance assessment. Specifically, for

each head, we compute an approximate attention
score through an inner product between the query
and every mean summary key:

α
(l,h)
i = (q

(l,h)
t )⊤k̄(l,h)

i .

Each attention head then “votes” for the summaries
it deems most important by selecting the indices of
the top-k highest-scoring summaries,

I(l,h)top-k = arg top-k
i∈{1,...,Nt}

(α
(l,h)
i ),

where Nt is the number of summaries generated up
until time t. This initial filtering identifies a candi-
date set of important segments from the perspective
of each head.

Global Aggregation and Consensus. To form
a global decision, the individual votes from all
heads and layers are aggregated. We first collect
the union of all unique summary indices selected
across heads and layers, thereby forming a global
candidate set:

Iall =

NL⋃

l=1

H⋃

h=1

I(l,h)top-k .

Next, we count the total number of votes each sum-
mary in this candidate set received:

vi =

NL∑

l=1

H∑

h=1

I(i ∈ I(l,h)top-k),

where I(·) is the indicator function. The c sum-
maries with the highest vote counts are designated
as the consensus set, Ic. These represent segments
identified as highly important by a majority of at-
tention heads and layers.

Constructing the Final Multi-Granularity Con-
text. The final KV cache is constructed by com-
bining context at different resolutions based on
the consensus results. Specifically, for summaries
in the consensus set Ic, we “zoom in” by includ-
ing their corresponding original, full-text segments
(Ri). This ensure that segments consistently iden-
tified as important across heads and layers are re-
stored to full resolution, preserving fine-grained
information critical for accurate intermediate rea-
soning while maintaining compression elsewhere.
For the remaining summaries in the global candi-
date set, defined as Is = Iall \ Ic, we retain their
compressed summary representations, Si. These
segments are deemed relevant by at least one head
but lack model-wide consensus.
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Figure 2: An overview of the ZoomR workflow. Mean summary keys are computed and cached on GPU. When the
KV cache selection needs to be updated, approximate attention scores are calculated across all layers. A global top-c
selection identifies which summaries to zoom into. The final sparse KV cache loaded to GPU is a multi-granularity
mix of an attention sink (green), selected detailed segments, summaries, and fixed recent window (blue). The
symbolic attention map illustrates the dynamic nature of ZoomR during decoding.

To maintain fundamental coherence, this dynam-
ically selected context is augmented with two crit-
ical, static components: the initial prompt tokens
(Ip), which act as an attention sink, and a sliding
window of the most recently generated tokens (Iw).
The final set of token indices, If , for the reduced
KV cache is therefore obtained using the union of
these components:

If = Ip ∪ Iw ∪
(⋃

i∈Ic
Ri

)
∪
(⋃

i∈Is
Si
)
.

At the subsequent generation step, the attention
mechanism will compute over the keys and values
corresponding only to the indices in If . This dy-
namic, global selection process allows the model to
form a holistic view of context relevance, enabling
it to flexibly adjust its attentional focus between
high-level summaries and fine-grained details as
needed depending on the current query. The full
algorithm for ZoomR can be found in Appendix
A.2.

3.4 System Implementation and Inference
The practical application of ZoomR involves a
memory management strategy that dynamically
moves KV cache data between high-capacity CPU
memory and fast GPU memory. The process is di-
vided into a one-time prefill stage and a repeated
decoding stage.

Prefill Stage. During the prefill stage, the input
prompt X of length Np is processed to generate the
initial KV cache. To conserve GPU memory, we
offload these initial KVs to CPU memory. Prompt
tokens are crucial to maintain coherent LLM infer-
ence (Xiao et al., 2024), and this is accentuated in
complex reasoning tasks. Thus, we choose to retain
the full KV cache from the prefill stage. In many
mathematical reasoning benchmarks, Np ≪ Ng,
so the relative cost is minimal.

Decoding Stage. To optimize for memory effi-
ciency, at each generation step, only the subset of
the KV cache specified by the index set If is loaded
from CPU to GPU. After the attention computation
for the current token is complete, the newly gen-
erated KV pair is appended to the full cache on
the CPU. While this CPU-GPU data transfer intro-
duces latency dependent on Peripheral Component
Interconnect Express (PCIe) bandwidth, it enables
reasoning over contexts far exceeding the available
GPU memory.

To optimize performance, we introduce two key
efficiency improvements. First, recomputing the
selection set If at every step is computationally
expensive. We only update the selection set at se-
mantic boundaries, such as end-of-sentence, amor-
tizing the cost of selection over multiple decoding
steps (see Appendix A.3 for details). Second, to
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Table 1: Performance comparison of Llama and Qwen models across GPQA Diamond, AIME2025, and MATH500
benchmarks using various approaches. Results are reported in percent (%).

Model Approach GPQA Diamond AIME2025 MATH500 Average

Llama

Vanilla 48.9 26.7 88.9 54.8

StreamingLLM 34.7 13.3 74.7 40.9
H2O 36.8 16.7 76.5 43.3

SumR 37.3 16.7 77.8 43.9
ZoomR 43.4 26.7 83.0 51.0

Qwen

Vanilla 49.0 30.0 92.5 57.2

StreamingLLM 37.9 13.3 77.9 43.0
H2O 39.1 16.7 79.4 45.1

SumR 37.6 13.3 80.1 43.7
ZoomR 42.8 23.3 87.8 51.3

minimize peak GPU memory usage and hide data
transfer latency, we implement a pipelined, layer-
by-layer execution strategy. For each layer of the
model, the required KV cache slices are transferred
to the GPU. Once the layer’s computation is fin-
ished, its KVs are asynchronously transferred back
to the CPU while the KVs for the next layer are
prefetched. This overlaps data transfer with com-
putation, reducing GPU idle time.

3.5 Theoretical Memory Analysis
ZoomR’s efficiency comes from only loading a
small subset of the KV cache from CPU to GPU at
each decoding step. We quantify this by comparing
the memory footprint of a full KV cache with that
of ZoomR’s active sparse cache on the GPU.

The KV cache size selected by ZoomR corre-
sponds to the number of tokens in the selection set
If . Let us consider each component in If . Define
the number of prompt tokens as Np, the consensus
selected c regular segments of average length L̄R,
(|Iall| − c) summary segments of average length
L̄S , and size of the recent window as Nw. In the
worst case, the number of selected summaries |Iall|
is bounded by the total number of summaries gen-
erated during decoding. During generation, the full
KV cache stores all previously generated tokens,
reaching a size of Ng at the final step. Thus, the
memory savings (MS) can be computed as:

MS =
Np +Ng

Np + c · L̄R + (|Iall| − c) · L̄S +Nw

For Np = 512, Ng = 16384, Nw = 512, c = 2,
L̄R = 250, L̄S = 20, and |Iall| = 80, the memory
savings is 5.48×.

Crucially, the denominator grows sub-linearly
with the sequence length as the number of sum-

maries increases at a smaller rate. This ensures that
memory savings improve as the generation length
increases. For instance, doubling Ng to 32K yields
savings of approximately 7.11×.

4 Experiments

In this section we present the experiment setup
and evaluate ZoomR using two reasoning models:
Qwen2.5-7B and Llama-3.1-8B. For each model,
we perform supervised fine-tuning with a max con-
text length of 16K tokens using the augmented
Bespoke-17K dataset. We refer to these fine-tuned
models as the vanilla baselines. Specifically, we
use the distilled reasoning models from R1-Distill,
Deepseek-R1-Distill-Qwen2-7B and Deepseek-R1-
Distill-Llama3-8b (DeepSeek-AI et al., 2025) as
the base models for fine-tuning.

We compare ZoomR against three other base-
line approaches: StreamingLLM, H2O, and SumR.
StreamingLLM uses a static KV cache selection
policy based on fixed attention sinks and a recent
sliding window, while H2O uses a dynamic ap-
proach that selects tokens based on importance
scores at each generation step. To ensure a fair
comparison between ZoomR, StreamingLLM, and
H2O, we first compute the GPU budget used by
ZoomR for each task, and then set the equivalent
budget for StreamingLLM and H2O. We also in-
troduce SumR, a simplified variant of ZoomR that
retains only the summary tokens and does not per-
form any detailed token retrieval. We evaluate all
methods on both math and reasoning tasks, includ-
ing MATH500, GPQA Diamond, and AIME2025.
All experiments are run on NVIDIA H100 GPUs.

Results. As shown in Table 1, ZoomR signif-
icantly outperforms baseline approaches for all
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(a) KV cache comparison between
ZoomR and full KV cache.

(b) Runtime comparison between ZoomR
and full KV cache.

(c) Impact of c on accuracy and number
of KVs selected.

(d) Aggregate agreeability over time for
correct and incorrect answers.

(e) Agreeability standard deviation over
time for correct and incorrect answers.

(f) Impact of k on accuracy and number
of KVs selected.

Figure 3: Efficiency, consensus, and ablation studies. Fig. (a,b) shows the GPU memory and throughput during
inference, respectively. Fig. (d,e) show consensus dynamics between correct and incorrect answers over time. Fig.
(c,f) illustrates the relationships between c and k on performance and KV cache selection size.

tasks, achieving accuracy close to the full KV
cache. For the challenging AIME2025 benchmark,
ZoomR is particularly effective, matching the per-
formance of the full KV cache with the Llama
model while remaining highly competitive using
Qwen. Notably, these results demonstrate the ben-
efits of dynamically zooming in to detailed con-
text. ZoomR sees an 8% average accuracy improve-
ment over SumR, indicating that only selecting
summaries leads to loss of information, thereby
impacting performance.

ZoomR is significantly more memory efficient
than the vanilla baselines. We compare against both
cases of full KV cache on GPU and offloaded to
CPU. Figure 3a shows the GPU memory utilization
during inference generation in these cases using a
16K generation length and batch size of 16. Note
that we exclude the model weights’ contribution
to memory. ZoomR saves more than 20× GPU
memory for both Llama and Qwen based models
compared to using the full KV cache stored on
GPU, and more than 4× when full KV cache is
offloaded to CPU. Since both the average summary
lengths and consensus count c are fixed, the sav-
ings increase significantly with longer sequence
length and larger batch sizes. As a tradeoff, due
to the CPU-GPU data transfer latency, ZoomR

incurs a reduction in throughput (see Figure 3b),
which is limited by the PCIe bandwidth. There-
fore, ZoomR provides a major memory efficiency
boost at the cost of reduced throughput, while main-
taining strong performance compared to other KV
cache compression methods.

Consensus Dynamics in Thought Compression.
Our analysis reveals that consensus patterns be-
tween attention heads serve as a useful diagnostic
signal for reasoning quality in mathematical tasks.
We define an agreeability metric AG, as a measure
of consensus among all attention heads regarding
the importance of summary segments. Specificially,
it quantifies the fraction of total “votes” that are
assigned to the most frequently chosen summaries,
i.e. the consensus set, AG =

∑
i∈Ic vi/

∑
j∈Iall

vj .
We observe a striking early advantage for correct
answers, with 5.7% higher agreeability in the first
38 recompute steps compared to incorrect answers
(see Figure 3d). This early consensus advantage
suggests that correct reasoning converges quickly
to a coherent solution path, while incorrect reason-
ing exhibits more exploratory behavior. The tempo-
ral dynamics show a clear crossover at step 38, after
which incorrect answers demonstrate higher agree-
ability than correct ones. This pattern indicates
that incorrect answers may require more extensive
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exploration or get stuck on reasoning paths, unable
to generate the correct answer.

Critically, incorrect answers show significantly
higher variability in AG throughout the reasoning
process, with a standard deviation of 14.82% com-
pared to 7.87% for correct answers (see Figure
3e). This increased variability reflects the inherent
instability of incorrect reasoning paths. This differ-
ence persists across all time windows, suggesting
that consensus stability itself may be a fundamen-
tal property distinguishing correct from incorrect
mathematical reasoning.

These findings support our hypothesis that
ZoomR leverages consensus dynamics to guide rea-
soning quality through selective KV caching, offer-
ing new insights into how models can “self-assess”
reasoning quality through internal agreement pat-
terns during selective attention mechanisms.

Ablation Studies. We conduct ablation studies to
assess the impact of the hyperparameters consensus
count c and top-k, on performance. Specifically,
we run the experiments on MATH500 using the
Llama model. With c = 1, only one summary is
expanded to fine-details, and the performance drops
by 3% compared to c = 2. However, for c ≥ 2,
there is only a minor improvement of 1%, while
the number of KVs being selected increases by
over 40%, as more summaries are being expanded
(see Figure 3c). For k = 1, the performance is
also noticeably worse, seeing close to a 3% drop
compared to k = 2. This suggests that selecting
only one top summary per head discards important
context, reducing aggregation quality. However,
when k ≥ 2, the accuracy plateaus (see Figure 3f).
The increase in number of tokens selected is also
more gradual since increasing k only increases the
number of summaries to select, which contribute
much less to the KV cache.

5 Related Work

A central challenge in efficient reasoning is reduc-
ing both memory and compute overhead during
inference. One line of work addresses this by re-
ducing the number of tokens generated during in-
ference (Sui et al., 2025). Latent reasoning and
summarization based approaches enable efficient
reasoning by summarizing the intermediate think-
ing steps. For instance, CODI and Coconut (Shen
et al., 2025b; Hao et al., 2024b) train an LLM to
compress a natural-language chain-of-thought into
a continuous latent trajectory. LightThinker (Zhang

et al., 2025) trains an LLM to replace verbose inter-
mediate reasoning with concise “gist” tokens and
discards the full intermediate thoughts during de-
coding. While these methods offer inference-time
efficiency, they rely on latent or opaque representa-
tions that are difficult to interprety or verify. More-
over, memory savings are typically a secondary
concern. In contrast, our focus is on memory-
centric techniques, specifically those involving KV
cache compression.

KV Cache Compression. KV cache compres-
sion reduces both storage and the computational
cost of LLM inference. KV cache quantization
reduces memory by storing the key and value ten-
sors with lower numerical precision (Zirui Liu
et al., 2023; Hooper et al., 2025). In addition, KVs
can also be compressed with low-rank projections
along the model dimension (Saxena et al., 2024;
Zhu et al., 2025b). These techniques are comple-
mentary to our method, as they operate on the rep-
resentation level (e.g., precision or dimensionality).

Token selection methods retain or evict to-
kens based on learned or heuristic policies.
StreamingLLM (Xiao et al., 2024) exploits the
attention-sink effect to retain the initial tokens and
the most recent context. SnapKV and H2O (Li et al.,
2024; Zhang et al., 2023) rank and retain important
tokens using scoring mechanisms. Quest, Shad-
owKV, and SentenceKV (Tang et al., 2024; Sun
et al., 2025; Zhu et al., 2025a) move the KV cache
generated during the prefill stage from GPU to CPU
memory and retrieve a subset of KVs to attend to
during decoding. While there is a growing litera-
ture of KV cache selection methods that enable
memory efficiency for long context input, most of
these approaches assume that the full KV cache is
on GPU memory during the decoding stage, and
are not designed for long-output reasoning tasks.
Our work addresses this overlook scenario.

6 Conclusion

In this paper, we present ZoomR, a dynamic KV
cache selection policy that enables memory effi-
cient reasoning. By fine-tuning LLMs to generate
summaries, and dynamically selecting summaries
to “zoom” into based on a global consensus be-
tween attention heads, ZoomR enables efficient
reasoning with higher fidelity. Extensive experi-
ments show that ZoomR consistently outperforms
other baseline approaches, maintaining competitive
performance compared to full KV cache.
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Limitations

One key factor that can influence performance is
quality of summaries used during data augmenta-
tion. In this work, we use summaries generated by
the Llama-70B model, and do not evaluate the ef-
fect of using summaries generated by larger, more
powerful models. The granularity of segment se-
lection for summarization is fixed at the paragraph
level. It remains unclear whether summarizing
at finer or coarser granularities would improve or
degrade ZoomR’s performance. Finally, ZoomR
is primarily evaluated on mathematical reasoning
tasks. Future work should explore its applicabil-
ity to other domains such as code generation and
creative writing, where reasoning structures may
differ significantly.
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A Appendix

A.1 Summarization
ZoomR uses a Llama3-70B model to generate
summaries and augment the bespoke-17K dataset.
Specifically, we use the summarization prompt
shown in Figure 4. Since summaries can be gen-
erated independently, this process can be greatly
accelerated with the use of larger batch sizes and
API calls. Once we collect all the summaries, these
are then inserted back into the original dataset be-
tween special tokens <|begin_of_summary|> and
<|end_of_summary|>, as illustrated in Figure 5.
Fine-tuning hyperparameters are shown in Table 2.

Table 2: LoRA Fine-tuning Hyperparameters

Parameter Value
LoRA Rank (r) 16
LoRA Alpha (α) 32
Number of Epochs 3
Learning Rate 1× 10−4

Batch Size 1
Gradient Accumulation Steps 4
Maximum Sequence Length 16,384

A.2 Algorithm Details
Algorithm 1 shows the full algorithm for ZoomR.

A.3 Semantic Boundaries
In our methodology, the semantic boundaries are
determined by a preset list of punctuation tokens.
The specific tokens used are ., !, ?, ..., :, \n\n,
and \n\n\n. The average recompute interval occurs
after approximately 35 tokens, which matches the
expected sentence length.

A.4 ZoomR Generated Example
ZoomR generates summaries dynamically during
reasoning. Figure 6 shows part of the reasoning
thoughts from a challenging AIME2025 problem.
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Summarization Prompt

System Prompt: You are a reasoning trace compressor. Your goal is to
compress intermediate reasoning steps into minimal but faithful summaries.

Instruction:
"You are compressing a single paragraph from a chain-of-thought reasoning"
"trace into a short summary token sequence.\ Use the prior context to"
"understand what the current step is doing, but summarize only the"
"current paragraph.\ Context: " + {context} + "\n"
"Compress the following paragraph into a single short phrase (10-12 tokens)"
"that captures the key logical conclusion or operation performed."
"Prioritize preserving: mathematical results, logical deductions, and"
"intermediate conclusions.\ You may omit redundant reasoning steps."
"Respond in JSON with the compressed summary in 'results'.\n"
"Paragraph: \n" + {paragraph}

Figure 4: Prompt used to generate summaries

Algorithm 1 ZoomR
1: Require: Prompt indices Ip, per-head top-k, consensus count c, recent window size w.
2: Define: Regular segments {Ri} and summary segments {Si}.

Prefill: Initialize KV cache using prompt P .
Decoding:

3: for each step t = 1, . . . , Ng do
4: for each layer l = 1, . . . , NL do ▷ Per-head importance scoring and voting
5: for each head h = 1, . . . , H do
6: Append k

(l,h)
t and v

(l,h)
t to KV cache

7: if a new summary SNt is complete then
8: k̄

(l,h)
Nt
← 1

|SNt |
∑

j∈SNt
k
(l,h)
j . ▷ Compute mean summary key

9: end if
10: α

(l,h)
i ← (q

(l,h)
t )⊤k̄(l,h)

i for all i.
11: I(l,h)top-k ← arg top-k

i
(α

(l,h)
i ).

12: end for
13: end for
14: if at a semantic boundary then
15: Iall ←

⋃
l,h I

(l,h)
top-k . ▷ Global aggregation and consensus

16: For each i ∈ Iall, compute vi =
∑

l,h I(i ∈ I
(l,h)
top-k).

17: Ic ← arg top-c
i∈Iall

(vi).

18: Is ← Iall \ Ic.
19: Iw ← {t− w + 1, . . . , t− 1}.
20: If ← Ip ∪ Iw ∪

(⋃
i∈Ic Ri

)
∪
(⋃

i∈Is Si
)
. ▷ Construct final multi-granularity context

21: end if
22: end for
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Augmented Dataset Example

Question: Return your final response within \boxed{}. A quadrilateral has vertices at (0,1), (3,4),
(4,3) and (3,0). Its perimeter can be expressed in the form a

√
2+ b

√
10 with a and b integers. What

is the sum of a and b?

Thoughts: <|begin_of_thought|> Okay, so I have this problem where I need to find the perimeter
of a quadrilateral with vertices at (0,1), (3,4), (4,3), and (3,0). The perimeter is supposed to be
expressed in the form a

√
2 + b

√
10, where a and b are integers, and then I have to find the sum of

a and b. Alright, let me start by understanding how to approach this.
First, the perimeter is the sum of the lengths of all four sides. I need to find the distance between
each pair of consecutive vertices. The distance formula between two points (x1, y1) and (x2, y2) is√
(x2 − x1)2 + (y2 − y1)2.

Let the vertices be A(0,1), B(3,4), C(4,3), D(3,0). The sides are AB, BC, CD, and DA.
<|begin_of_summary|>Perimeter = AB +BC + CD +DA<|end_of_summary|>
I’ll calculate each side one by one.
Starting with AB: from (0,1) to (3,4). The length AB is

√
(3− 0)2 + (4− 1)2 =

√
32 + 32 =√

9 + 9 =
√
18.

This can be simplified:
√
18 =

√
9× 2 = 3

√
2. So AB is 3

√
2.

Next, BC: from (3,4) to (4,3). The length BC is
√

(4− 3)2 + (3− 4)2 =
√
12 + (−1)2 =√

1 + 1 =
√
2.

<|begin_of_summary|>AB = 3
√
2, BC =

√
2<|end_of_summary|>

Third side is CD: from (4,3) to (3,0). The length CD is
√
(3− 4)2 + (0− 3)2 =√

(−1)2 + (−3)2 =
√
1 + 9 =

√
10.

Last side is DA: from (3,0) back to (0,1). The length DA is
√

(0− 3)2 + (1− 0)2 =√
(−3)2 + 12 =

√
9 + 1 =

√
10.

Now, let’s add up all these lengths: AB + BC + CD + DA = 3
√
2 +
√
2 +
√
10 +

√
10.

<|begin_of_summary|>AB = 3
√
2, BC =

√
2, CD =

√
10, DA =

√
10<|end_of_summary|>

Combining like terms: (3
√
2 +
√
2) + (

√
10 +

√
10) = 4

√
2 + 2

√
10.

So the total perimeter is 4
√
2 + 2

√
10.

· · ·

Figure 5: An example of a segment of reasoning process with intermediate summaries.
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ZoomR Example

Question: The 9 members of a baseball team went to an ice cream parlor after their game. Each
player had a single-scoop cone of chocolate, vanilla, or strawberry ice cream. At least one player
chose each flavor, and the number of players who chose chocolate was greater than the number of
players who chose vanilla, which was greater than the number of players who chose strawberry.
Let N be the number of different assignments of flavors to players that meet these conditions. Find
the remainder when N is divided by 1000.

Thoughts: <|begin_of_thought|> Okay, so I need to solve this problem about assigning ice
cream flavors to a baseball team. Let me read the problem again carefully to make sure I understand
all the conditions.
There are 9 team members, each getting a single scoop of chocolate, vanilla, or strawberry ice
cream. The conditions are:

1. Each flavor is chosen by at least one player.

2. The number of players who chose chocolate is greater than those who chose vanilla, which in
turn is greater than those who chose strawberry. So, Ch > V an > Str.

We need to find the number of different assignments (flavorings) that meet these conditions, then
find N (mod 1000).
Hmm. Let me break this down. So, each player has 3 choices: C, V , or S. But with constraints on
the counts. The key constraints are:

• All three flavors are used at least once.

• The counts satisfy Ch > V an > Str.

So, variables:
Let C = number of chocolate, V = vanilla, S = strawberry.
Given that C > V > S, and C+V +S = 9. Also, each of C, V, S ≥ 1. <|begin_of_summary|>
C > V > S, C+V +S = 9 <|end_of_summary|> We need to find the number of ordered triples
(C, V, S) that satisfy these conditions, and then multiply by the number of ways to assign these
counts to the 9 players, considering the different permutations.
Wait, no. Actually, the assignments are different distributions of the flavors to the players. So, for
each valid combination (C, V, S), the number of ways is the multinomial coefficient: 9!

C!V !S! . Then,
sum this over all valid triples (C, V, S) where C > V > S ≥ 1 and C + V + S = 9.
But first, we need to find all possible triples (C, V, S) that satisfy the inequalities and sum to 9.
Let me first figure out all possible triples (C, V, S) with C > V > S ≥ 1 and C + V + S = 9.
Since S ≥ 1, V ≥ 1, C ≥ 1, and C > V > S.
Let me start by considering possible values for S. Since S must be at least 1, and V must be at
least S + 1, and C must be at least V + 1. So, S can be from 1 up to some maximum value where
these inequalities can still hold.
Let me try to find the possible values of S. <|begin_of_summary|> S ≥ 1, V ≥ S+1, C ≥ V +1
<|end_of_summary|> Let’s denote S = k. Then, V must be at least k + 1, and C must be at least
V + 1 = k + 2. So, C ≥ k + 2.
· · ·
Thus, the remainder when N is divided by 1000 is 16 .

Figure 6: An example from AIME2025. ZoomR generated thoughts with summarization.
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