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Abstract

Chain-of-thought (CoT) reasoning improves
large language model performance on complex
tasks, but often produces excessively long and
inefficient reasoning traces. Existing meth-
ods shorten CoTs using length penalties or
global entropy reduction, implicitly assuming
that low uncertainty is desirable throughout rea-
soning. We show instead that reasoning ef-
ficiency is governed by the trajectory of un-
certainty. CoTs with dominant downward en-
tropy trends are substantially shorter. Mo-
tivated by this insight, we propose Entropy
Trend Reward (ETR), a trajectory-aware ob-
jective that encourages progressive uncertainty
reduction while allowing limited local explo-
ration. We integrate ETR into Group Relative
Policy Optimization (GRPO) and evaluate it
across multiple reasoning models and challeng-
ing benchmarks. ETR consistently achieves a
superior accuracy–efficiency trade-off, improv-
ing DeepSeek-R1-Distill-7B by +9.9% accu-
racy while reducing CoT length by 67% across
four benchmarks. Our code is available at
https://github.com/Xuan1030/ETR.

1 Introduction

Large language models (LLMs) increasingly rely
on chain-of-thought (CoT) (Wei et al., 2022) rea-
soning to solve complex tasks by decomposing
them into intermediate steps. By producing in-
termediate reasoning steps, LLMs can improve
answer accuracy, interpretability, and robustness
across complex tasks (Yue et al., 2025; Qu et al.,
2025; Sui et al., 2025). However, CoT often comes
with significant practical drawbacks. Models tend
to generate unnecessarily long, repetitive, and
sometimes self-contradictory reasoning sequences
before reaching a conclusion (Ma et al., 2025; Sui
et al., 2025). Such “overthinking” significantly
increases inference latency.

*Research Lead. Corresponding Author.
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Figure 1: Accuracy versus average chain-of-thought
(CoT) length across model sizes. Accuracy is aver-
aged over four representative benchmarks. Compared
methods exhibit different accuracy–efficiency trade-offs,
with ETR achieving strong accuracy at substantially
shorter reasoning lengths.

Existing approaches to CoT reasoning can be
broadly divided into training-free and training-
based methods. Training-free methods rely on
heuristic prompt design (Xu et al., 2025; Lee et al.,
2025) or early stopping criteria (Yang et al., 2025)
to reduce reasoning length. Training-based meth-
ods include supervised fine-tuning (Xia et al., 2025;
Ye et al., 2025; Liu et al., 2024) and reinforcement
learning (Luo et al., 2025; Aggarwal and Welleck,
2025), among which reinforcement learning–based
approaches have attracted growing attention due
to their stronger generalization. A representative
example is length-based reward design (Luo et al.,
2025; Aggarwal and Welleck, 2025), which en-
courages concise reasoning by penalizing long tra-
jectories. However, such rewards are inherently
content-blind, discouraging informative interme-
diate reasoning steps that may be important for
maintaining final accuracy (Huang et al., 2025a).

Recent work has begun to link CoT length to
predictive uncertainty, observing that CoTs with
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higher overall entropy tend to be longer and propos-
ing to reduce global entropy via supervised fine-
tuning (Li et al., 2025) or reinforcement learning
(Huang et al., 2025a). However, this perspective
implicitly assumes that low uncertainty is desirable
throughout the entire reasoning process. Such uni-
form entropy suppression is misaligned with how
effective human reasoning unfolds. For example,
early steps are naturally exploratory, involving mul-
tiple plausible directions, while later stages become
increasingly constrained as the solution structure
emerges. Consequently, an effective CoT is not
one that maintains low entropy everywhere, but
one whose uncertainty progressively reduces over
time, allowing occasional local backtracking while
preserving a coherent global descent. To elaborate,
we provide empirical support for this trajectory-
centric view by analyzing step-wise entropy pat-
terns in generated CoTs. We find a clear relation-
ship between the directionality of uncertainty evo-
lution and reasoning length: CoTs dominated by
downward entropy trends are substantially shorter,
whereas those with frequent entropy increases tend
to be much longer.

Motivated by this finding, we propose Entropy
Trend Reward (ETR) to optimize reasoning effi-
ciency by explicitly shaping the trajectory of uncer-
tainty during CoT generation. Rather than penal-
izing entropy uniformly, our approach encourages
reasoning behaviors that achieve steady, coherent
uncertainty reduction over time. This trajectory-
aware objective provides dense feedback through-
out the reasoning process, enabling the model to
distinguish between productive exploration and in-
efficient uncertainty oscillation. We integrate this
trajectory-aware uncertainty shaping into Group
Relative Policy Optimization (GRPO) (Shao et al.,
2024) that preserves answer correctness as a hard
requirement, using efficiency signals only to com-
pare and refine correct reasoning paths. An impor-
tant consequence is an implicit, instance-adaptive
stopping behavior: uncertainty collapses quickly
for easy problems, yielding short CoTs, while
harder problems are solved through gradual be-
lief refinement without prolonged self-reflection or
handcrafted length constraints.

In summary, this paper makes three contribu-
tions. First, we identify global uncertainty trends
as a key determinant of chain-of-thought length
and efficiency, shifting the focus from static en-
tropy measures to trajectory-level reasoning dy-
namics. Second, we introduce a trajectory-aware

uncertainty shaping approach that encourages pro-
gressive uncertainty contraction while allowing oc-
casional local exploration. Third, we demonstrate
that this approach yields shorter, more decisive
reasoning traces while preserving answer quality,
offering a principled path toward scalable and effi-
cient chain-of-thought reasoning.

2 Related Work

2.1 Reinforcement Learning for LLM

Reinforcement learning has emerged as a powerful
paradigm for unlocking the latent reasoning capa-
bilities of Large Language Models (LLMs). Recent
breakthroughs such as DeepSeek-R1 (Guo et al.,
2025) and OpenAI-o1 (Jaech et al., 2024) demon-
strate the important role of Reinforcement Learning
from Verifiable Rewards (RLVR) in encouraging
deep thinking and broad explorations. Despite the
performance gains, the transition towards long CoT
reasoning has introduced a critical challenge: the
“overthinking” phenomenon. Recent studies (Yue
et al., 2025; Sui et al., 2025) reveal that models of-
ten generate excessively verbose reasoning traces,
leading to a substantial inference latency and in-
creased computational overhead. Such observation
underscores the urgency of developing methods to
mitigate redundancy within reasoning paths with-
out compromising accuracy.

2.2 Efficient Reasoning Model

Existing approaches to efficient CoT reasoning
can be broadly grouped into three categories.
(1) Heuristic-guided methods design specialized
prompts (Xu et al., 2025; Lee et al., 2025) or stop-
ping criterion (Yang et al., 2025) to steer models
toward shorter reasoning paths without training, but
their effectiveness often degrades for smaller mod-
els with limited controllability. (2) Variable-length
CoT methods (Xia et al., 2025; Ye et al., 2025; Liu
et al., 2024) rely on supervised fine-tuning with
datasets containing reasoning traces of different
lengths. However, they typically exhibit limited
generalization beyond the training distribution. (3)
length-based reward design (Luo et al., 2025; Ag-
garwal and Welleck, 2025) incorporates explicit
length rewards into reinforcement learning, encour-
aging concise and correct reasoning. While effec-
tive at controlling the number of generated tokens,
length-based methods are fundamentally content
blind. they treat all tokens equally regardless of
whether they contribute useful information.
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To move beyond rigid length constraints, re-
cent work dives into entropy (Shannon, 1948) that
quantifies the model’s uncertainty when generating
tokens. There are training-free approaches such
as CGRS (Huang et al., 2025b), which leverage
token-level entropy to suppress self-reflection to-
kens and mitigate response length. Other studies
(Agarwal et al., 2025; Huang et al., 2025a) investi-
gate entropy-based rewards as a signal for regulat-
ing the model’s internal uncertainty during reason-
ing. While existing entropy-based rewards focus
on minimizing instantaneous uncertainty to stream-
line outputs, our entropy trend rewards monitor the
evolution of entropy across the reasoning trace and
introduce a more nuanced perspective.

3 Preliminary

We briefly review Group Relative Policy Optimiza-
tion (GRPO) (Shao et al., 2024), which we adopt
as the policy optimization algorithm in this work.
GRPO is a policy gradient approach that evalu-
ates model outputs based on their relative perfor-
mance within a group of sampled responses, rather
than relying on explicit value function estimation
(Schulman et al., 2017). For a given input question
q, GRPO samples a set of G candidate responses
{o1, o2, . . . , oG} from the current policy. Each re-
sponse oi is assigned a scalar return ri. The return
is defined as ri ≜ R(q, oi), where R(q, o) de-
notes the reward assigned to response o for ques-
tion q. And a group-normalized advantage is com-

puted as Âi =
ri− 1

G

∑G
j=1 rj√

1
G

∑G
j=1(rj−µr)2

. This group-wise

normalization emphasizes the relative ranking of
candidate responses under the same input and re-
duces sensitivity to reward scale variations across
different questions.

GRPO adopts a PPO-style clipped objective for
policy optimization. Let πθold denote the policy
used to generate the sampled responses, and define
the likelihood ratio τi(θ) = πθ(oi | q)/πθold(oi |
q). The optimization objective is given by

JGRPO(θ) = E

[
1

G

G∑

i=1

minLi,t(θ)− βKL(πθ)

]
,

(1)
where the KL term regularizes policy updates and
helps maintain stable training dynamics. Li,t(θ)
denotes the token-level surrogate loss given by:

Li,t(θ) =
(
τi(θ)Âi, clip

(
τi(θ), 1−ϵ, 1+ϵ

)
Âi

)
.

(2)

By leveraging relative advantage estimation
within each group, GRPO provides a robust op-
timization for sequence-level reward learning.

In this work, we focus on the design of the re-
ward function R(q, o) while keeping the GRPO
optimization mechanism unchanged. We decom-
pose the reward into a task correctness term and an
efficiency-related term based on entropy:

R(q, o) = Rcorr(q, o) ▷ λRentropy(o), (3)

where Rcorr evaluates the correctness of the final
answer, and Rentropy provides feedback on the rea-
soning trajectory. ▷ denotes that the entropy reward
is combined with the correctness reward. In the
following, we design Rentropy to encourage early
termination once sufficient information has been
acquired, leading to concise yet effective reasoning.

4 Motivation

Recent studies (Huang et al., 2025a; Li et al., 2025)
show that higher entropy in chain-of-thought (CoT)
reasoning correlates with longer reasoning traces.
This motivates reducing entropy via supervised
fine-tuning or reinforcement learning to improve
efficiency. However, these approaches implicitly
assume that low entropy is desirable at every rea-
soning step. In practice, high-entropy steps of-
ten correspond to self-reflective reasoning, as il-
lustrated in Figure 2 (left). As a result, directly
minimizing overall CoT entropy may discourage
self-reflection altogether.

This assumption contradicts the nature of human
reasoning. Early stages of complex reasoning are
often exploratory and uncertain, while later stages
become increasingly focused and deterministic. Ef-
ficient reasoning is therefore characterized not by
uniformly low uncertainty, but by a progressive
narrowing of plausible solutions.

To validate this intuition, we analyze step-
wise entropy dynamics in generated CoTs on the
MATH500 dataset (Hendrycks et al., 2024). Specif-
ically, we quantify whether uncertainty evolution
along a CoT is dominated by entropy descent or
ascent using the Spearman rank correlation (ρ) be-
tween the reasoning step index and the entropy
at each step1. A smaller ρ indicates a stronger
global entropy descent. Figure 2 (right) reveals a
clear monotonic relationship between ρ and rea-
soning length. As ρ increases, the generated to-
ken length grows correspondingly, indicating that

1We show the detailed experimental setup in Appendix E.
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Okay, so I have this problem about Aya walking and stopping at a coffee shop. Hmm, let me try to figure this out step by step. (Avg Entropy: 0.0421)(First, the problem says that every morning Aya goes for a 9-kilometer-long walk and stops at a coffee shop. There are two different scenarios...
(Avg Entropy: 0.0057)
So, 204 minutes is the total time. (Avg Entropy: 0.0047)

So, 204 minutes is the total time. (Avg Entropy: 0.0466)
But let me double-check the problem statement: (Avg Entropy: 0.1427)
(Yes, so the entire duration is 3 hours walking and 24 minutes coffee, so 204 minutes. (Avg Entropy: 0.0640)
Wait, but let me see if I made a miscalculation earlier. (Avg Entropy: 0.1262)
Add t = 24 minutes: 180 + 24 = 204 minutes. (Avg Entropy: 0.0285)

Yes, that seems correct. (Avg Entropy: 0.0817)
Wait, but hold on. I think maybe I made a mistake in the walking time. 
(Avg Entropy: 0.1590)
(
(


















DeepSeek-R1-Distill-Qwen-7B

Question
Every morning Aya goes for a $9$-kilometer-long walk and stops at a coffee shop afterwards. When she walks at a constant speed of $s$ kilometers per hour, the walk takes her 4 hours, including $t$ minutes spent in the coffee shop. When she walks $s+2$ kilometers per hour, the walk takes her 2 hours and 24 minutes, including $t$ minutes spent in the coffee shop. Suppose Aya walks at $s+\\frac{1}{2}$ kilometers per hour. Find the number of minutes the walk takes her, including the $t$ minutes spent in the coffee shop.
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Figure 2: Step-wise entropy dynamics in generated CoTs on the MATH500 dataset (Hendrycks et al., 2024). (Left)
A sample response illustrating high step-wise entropy during self-reflection, marked by uncertainty cues (e.g.,
but, wait, etc.). (Right) Across models, a higher Spearman rank correlation (ρ) between reasoning step index and
step-wise entropy indicates persistent entropy growth during reasoning. This is consistently associated with longer
outputs and greater token redundancy.

weaker global entropy descent is associated with
longer reasoning trajectories, whereas CoTs with
more pronounced entropy reduction (smaller ρ)
tend to terminate earlier. This empirical observa-
tion suggests that reasoning efficiency is closely
tied to the global entropy trend.

5 Method

In this section, we formalize Entropy Trend Reward
(ETR), a trajectory-level reward for efficient chain-
of-thought (CoT) reasoning. ETR is designed to
encourage progressive uncertainty reduction along
a CoT while preserving correctness.

5.1 Entropy Trajectory of Chain-of-Thought
Given an input question q, the model generates a
chain-of-thought response

o = {C1, C2, . . . , CT },

where each Ct corresponds to one reasoning step.
In practice, we split reasoning steps using the “\n\n”
delimiter.

For each step t, we define a scalar entropy mea-
sure

Ht = H(pθ(· | C1:t)) , (4)

where H(·) denotes the Shannon entropy of the
model’s next-token predictive distribution. This
provides a model-internal estimate of predictive
uncertainty at each reasoning step.

We define the step-wise entropy change as:

∆t = Ht−1 −Ht, t = 2, . . . , T. (5)

A positive ∆t indicates uncertainty reduction,
while a negative value corresponds to increased
uncertainty or exploratory divergence.

5.2 Momentum-Based Entropy Trend Reward
A natural baseline objective is to reward total en-
tropy reduction. However, this reward telescopes:

Rnaive(o) =
T∑

t=2

∆t = H1 −HT , (6)

and thus depends only on the initial and final en-
tropy values. As a consequence, fundamentally
different entropy trajectories, e.g., smooth mono-
tonic descent versus repeated entropy spikes, re-
ceive identical rewards as long as they share the
same endpoints.

To address this, we introduce a momentum-
based accumulation of entropy changes. We define
a latent trend variable St recursively:

St = γSt−1 +∆t, S1 = 0, (7)

where γ ∈ (0, 1) is a momentum coefficient con-
trolling temporal smoothing.

The entropy reward for a CoT is then defined as

Rentropy(o) =
T∑

t=2

St. (8)
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Figure 3: Overview of Entropy Trend Reward (ETR) in RL training. ETR computes step-wise entropy from
generated rollouts, aggregates entropy changes with momentum to capture global entropy descent, and provides a
reward signal, combined with correctness supervision, to guide policy updates toward more convergent reasoning.
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Figure 4: Evolution of the cumulative momentum
weights αt under different momentum coefficients γ.

Unrolling the recurrence yields

Rentropy(o) =
T∑

t=2

αt∆t, (9)

where αt =
1− γT−t+1

1− γ
. (10)

Unlike the naive entropy trend reward, which
ignores intermediate reasoning structure, the
momentum-based formulation assigns a gradient
signal to every step in the trajectory: Thus, each
entropy drop (or increase) influences the reward,
providing fine-grained feedback that guides the pol-
icy toward coherent and efficient reasoning.

A key property of αt is that it is strictly decreas-
ing in t. To illustrate, we show an example plot
of αt in Figure 4. Because αt decreases as t in-
creases, reductions in uncertainty that occur earlier
in the reasoning trajectory are rewarded more than
those occurring later. This encourages the model

to reach a convergent belief state rapidly rather
than postponing critical deductions to late steps. In
our experiments, we set γ = 0.9, with a detailed
analysis of its selection deferred to Appendix F.1.

5.3 Instance-Adaptive Termination via
Entropy Trend Shaping

Our reward shaping implicitly encourages instance-
adaptive termination without imposing any ex-
plicit length constraint. Recall that ETR main-
tains a momentum-aggregated trend state St =
γSt−1 + ∆t with ∆t = Ht−1 − Ht. Since the
entropy reward accumulates

∑T
t=2 St, generating

additional steps is beneficial only when the next
update keeps the trend state positive, i.e., when
the next step continues to reduce uncertainty on
average. In contrast, steps that increase entropy
(∆t < 0) decrease St and are repeatedly penalized,
which suppresses oscillatory self-reflection loops.

This mechanism yields instance-adaptive behav-
ior. For easy instances, entropy typically drops
early, leading to large positive ∆t and a rapid rise
of St; after the model becomes confident, further
steps rarely provide additional entropy descent and
are therefore disfavored, resulting in short CoTs.
For hard instances, entropy may fluctuate; ETR
discourages large entropy ascents and favors trajec-
tories with steady, incremental uncertainty reduc-
tion, allocating more reasoning steps only when
they contribute to convergence. Compared with
global entropy penalties (Huang et al., 2025a; Li
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et al., 2025), ETR is trajectory-aware: it tolerates
limited local exploration while enforcing a coher-
ent global descent.

5.4 Integration with GRPO

We incorporate the entropy trend reward into
GRPO by decomposing the overall reward as

R(q, o) = Rcorr(q, o) ▷ λRentropy(o), (11)

where Rcorr evaluates the correctness of the final
answer. The operator ▷ now represents that the
entropy reward is applied only as a shaping term
for correct trajectories. And λ > 0 controls the
influence of entropy-based efficiency shaping.

In practice, we adopt a two-stage reward struc-
ture:

R(q, o) =




−1, if incorrect,

1 + λRentropy(o), if correct.
(12)

An overview of Entropy Trend Reward (ETR) in
RL training is illustrated in Figure 3. And the de-
tailed procedure is summarized in Appendix A,
This design ensures that correctness is a hard con-
straint, while entropy shaping only affects the cor-
rect reasoning trajectories. Within each rollout
group, GRPO’s relative advantage normalization
further emphasizes comparative efficiency among
valid CoTs generated for the same input.

6 Experiments and Analysis

6.1 Experimental Setup

Dataset. Our training data consists of 7,000 prob-
lems randomly sampled from DeepMath-103K (He
et al., 2025), covering difficulty levels from 5 to 10
only. We additionally perform a verification step to
ensure that the sampled training data has no overlap
with the held-out evaluation benchmarks.
Benchmarks. To comprehensively evaluate the
reasoning ability of our model, we adopt both
mathematical and general reasoning benchmarks.
For math-specific evaluation, we select AIME24
(MAA., 2024), AMC23 (MAA., 2023), and
MATH500 (Hendrycks et al., 2024), which empha-
size high-school to competition-level mathematical
problem solving. For broader knowledge-intensive
reasoning, we adopt GPQA Diamond (Rein et al.,
2024), a subset of the GPQA benchmark that fo-
cuses on expert-level question answering.

Reasoning Models. We evaluate our approach us-
ing three reasoning models: DeepSeek-R1-Distill-
Qwen-7B2, Qwen3-4B3, Qwen3-8B4. These mod-
els generally exhibit strong reasoning abilities but
with excessive output tokens.
Baselines. We compare our method with several
representative approaches for efficient reasoning,
including both training-free and RL–based meth-
ods. Training-free methods such as DEER (Yang
et al., 2025) and NoThink (Ma et al., 2025) reduce
response length through prompt or early stopping
criteria design. RL–based approaches, including
LCPO (Aggarwal and Welleck, 2025), O1-Pruner
(Luo et al., 2025), and PEAR (Huang et al., 2025a),
address this problem by designing reward func-
tions that explicitly depend on sequence length or
entropy.
Evaluation and Metrics. In this work, we eval-
uate our method using accuracy (Acc), response
length (Len), compression rate (CR), and the Accu-
racy–Efficiency Trade-off Score (AES) (Luo et al.,
2025). CR is defined as the ratio of the average re-
sponse length to that of the original model, where
lower values indicate higher compression. AES
measures the trade-off between efficiency gains
and accuracy changes relative to a baseline.

AES =
Lbase − Lmodel

Lbase︸ ︷︷ ︸
relative length reduction

+ ς
Amodel −Abase

Abase︸ ︷︷ ︸
relative accuracy change

,

where L and A denote response length and accu-
racy, and ς balances accuracy improvement and
efficiency gains. Following Luo et al. (2025), we
set ς = 5 to prioritize accuracy over length.
Training Details We conduct training using the
open-source VeRL framework (Sheng et al., 2025)
on 8 NVIDIA H-100 GPUs. To reduce memory
footprint and improve training efficiency, we em-
ploy Low-Rank Adaptation (LoRA) (Hu et al.,
2022). Unless otherwise specified, we use a batch
size of 32 and a learning rate of 1 × 10−5. The
maximum response length is set to 16, 384, with 5
rollouts per sample.

6.2 Main Results
Table 1 reports the accuracy–efficiency trade-off of
different methods across multiple reasoning bench-

2https://huggingface.co/deepseek-ai/
DeepSeek-R1-Distill-Qwen-7B

3https://huggingface.co/Qwen/Qwen3-4B
4https://huggingface.co/Qwen/Qwen3-8B
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Method
AMC23 AIME24 MATH500 GPQA-D Overall

Acc↑ Len↓ CR↓ Acc↑ Len↓ CR↓ Acc↑ Len↓ CR↓ Acc↑ Len↓ CR↓ Acc↑ Len↓ AES↑

DeepSeek-R1-Distill-7B
Original 80.0 6.6k 100% 43.3 11.8k 100% 85.0 4.2k 100% 24.2 11.3k 100% 58.1 8.5k 0.00
DEER 85.0 4.9k 74.2% 50.0 9.9k 83.9% 85.8 2.3k 54.8% 22.7 7.6k 67.3% 60.9 6.2k 0.51
NoThink 77.5 3.8k 57.6% 56.7 8.3k 70.3% 81.4 1.7k 40.5% 22.2 2.0k 17.7% 59.5 4.0k 0.65
LCPO 87.5 3.5k 53.0% 50.0 6.8k 57.8% 85.4 2.2k 52.6% 11.61 2.8k 24.6% 58.6 3.8k 0.60
O1-Pruner 92.5 3.2k 48.4% 46.7 7.8k 66.1% 89.0 2.1k 50.0% 39.4 6.2k 54.9% 66.9 4.8k 1.18
PEAR 92.5 4.4k 66.04% 60.0 8.5k 72.2% 90.2 2.5k 59.9% 36.9 5.2k 45.9% 69.8 5.1k 1.41
ETR 87.5 2.4k 36.4% 56.7 4.6k 39.0% 90.6 1.5k 35.7% 37.3 2.5k 22.1% 68.0 2.8k 1.53

Qwen3-4B
Original 90.0 7.6k 100% 53.3 11.7k 100% 90.6 5.0k 100% 43.9 10.4k 100% 69.5 8.7k 0.00
DEER 92.5 6.1k 80.3% 56.7 11.5k 98.3% 92.2 3.7k 74.0% 52.5 8.2k 78.8% 73.5 7.4k 0.44
NoThink 82.5 2.4k 31.6% 33.3 8.0k 68.4% 85.6 1.7k 34.0% 23.2 4.7k 45.2% 56.2 4.2k -0.44
LCPO 90.0 6.0k 78.9% 50.0 8.2k 70.6% 90.8 4.5k 89.2% 47.5 3.8k 36.3% 69.6 5.6k 0.36
O1-Pruner 85.0 2.6k 34.2% 50.0 6.9k 59.0% 90.6 1.8k 36% 50.0 3.3k 31.7% 68.0 3.6k 0.54
PEAR 92.5 6.0k 34.2% 70.0 9.9k 59.0% 91.8 3.8k 36% 54.54 7.1k 31.7% 77.2 6.7k 0.79
ETR 90.0 4.0k 52.6% 73.3 7.5k 64.1% 91.4 2.1k 42.0% 53.5 4.1k 39.4% 77.1 4.4k 1.03

Qwen3-8B
Original 90.0 8.0k 100% 63.3 12.2k 100% 90.6 5.4k 100% 52.0 9.9k 100% 74.0 8.9k 0.00
DEER 92.5 6.4k 80.0% 63.3 10.3k 84.4% 93.0 3.1k 57.4% 61.6 9.0k 90.9% 77.6 7.2k 0.43
NoThink 67.5 3.4k 41.3% 40.0 7.0k 57.4% 86.4 1.5k 27.8% 26.8 4.4k 44.4% 55.2 4.1k -0.73
LCPO 90.0 5.7k 41.3% 60.0 7.0k 57.4% 93.6 4.8k 27.8% 54.6 4.0k 44.4% 74.5 5.4k 0.43
O1-Pruner 90.0 3.3k 41.3% 66.7 6.6k 54.1% 92.2 1.9k 35.2% 56.1 4.1k 41.4% 76.3 4.0k 0.70
PEAR 87.5 6.8k 84.7% 63.3 11.0k 90.1% 92.4 4.5k 83.5% 55.1 8.2k 83.3% 74.6 7.6k 0.18
ETR 92.5 4.2k 53.8% 73.3 8.6k 75.4% 93.6 2.4k 44.4% 57.1 5.2k 52.5% 79.1 5.1k 0.77

Table 1: Evaluation results on four benchmarks using greedy decoding (pass@1). Acc denotes accuracy, Len
denotes token length, and CR denotes compression rate. ↑ and ↓ indicate higher- and lower-is-better, respectively.
AES is a unified score that jointly accounts for accuracy and efficiency.

marks and model configurations. We highlight two
consistent observations.

First, ETR performs robustly across different
model families and sizes. Across both DeepSeek-
R1-Distill and Qwen3 model families, spanning
sizes from 4B to 8B, our method consistently main-
tains strong accuracy while substantially reducing
reasoning length, achieving the highest AES scores
in all settings. This indicates that ETR does not
rely on a specific model architecture or scale, but
generalizes well across comparable model sizes
and across different model families.

Second, and more importantly, ETR achieves
the best balance between accuracy and reason-
ing length among all compared methods. Exist-
ing training-free approaches (e.g., DEER and No-
Think) struggle to jointly optimize these two objec-
tives. DEER largely preserves accuracy but fails
to substantially reduce output length, while No-
Think aggressively truncates reasoning traces (e.g.,
on Qwen3-4B, reducing output from 8.7k to 4.2k
tokens), but at the cost of severe accuracy degrada-
tion (69.5% → 56.2%), resulting in negative AES
scores. Methods based on explicit length penal-
ties (e.g., LCPO and O1-Pruner) shorten outputs
more effectively than training-free approaches, but
this is often accompanied by significant accuracy
loss. Entropy-based reinforcement learning meth-
ods (e.g., PEAR) tend to preserve accuracy, yet still
produce long reasoning chains due to their reliance

on global entropy signals.
In contrast, ETR consistently yields the highest

AES across all evaluated settings, demonstrating a
more principled control of the reasoning process
that avoids both underthinking and overthinking.

6.3 Empirical Analysis

Unless otherwise specified, we use DeepSeek-R1-
Distill-Qwen-7B as the base model for all empirical
analyses in this section.
6.3.1 Analysis on Entropy Rewards.

We conduct an ablation study on entropy-based
reward designs to isolate the effects of entropy mag-
nitude, temporal aggregation, and correctness su-
pervision. Results are summarized in Table 2.

Absolute entropy objectives. We first exam-
ine two extreme strategies that directly optimize
the average predictive entropy over all CoT tokens.
Entropy minimization (Min. H), as adopted in
prior work (Li et al., 2025; Huang et al., 2025a),
yields short CoTs but does not improve accuracy
and achieves a lower AES score than our method
(1.06 vs. 1.53). In contrast, entropy maximization
(Max. H) collapses reasoning, producing maximal-
length generations with near-zero accuracy. These
results show that optimizing absolute entropy mag-
nitude alone is suboptimal for efficient reasoning.

Effect of momentum. Removing temporal ag-
gregation (No γ) corresponds to the naive variant
discussed at the beginning of Section 5.2, which
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Reward AMC23 AIME24 MATH500 GPQA-D AES↑
Acc ↑ Len ↓ Acc ↑ Len ↓ Acc ↑ Len ↓ Acc ↑ Len ↓

Original 80.0 6.6k 43.3 11.8k 85.0 4.2k 24.2 11.3k 0.00

Min. H 80.0 2.1k 43.3 5.1k 88.2 1.3k 38.3 2.1k 1.06
Max. H 10.0 15.1k 0.0 16.4k 9.0 15.3k 1.5 16.0k -5.4

No γ 87.5 4.9k 46.67 10.0k 87.8 3.6k 31.8 10.0k 0.61
No Rcorr 65.0 1.2k 23.3 1.4k 78.6 0.7k 29.8 0.7k 0.11

Ours 87.5 2.4k 56.7 4.6k 90.6 1.5k 37.4 2.5k 1.53

Table 2: Ablation Study on Entropy-based Reward
Designs. We compare our momentum-based reward
against extreme constraints and simplified variants
across four benchmarks. Our method demonstrates a
superior balance between accuracy and efficiency.
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Figure 5: Spearman’s rank correlation coefficient be-
tween reasoning steps and step entropy. The shift toward
negative values indicates a more convergent reasoning
trajectory after ETR training.

relies only on entropy differences between first
and last sentences. As a result, it fails to capture
the overall entropy trend along the CoT. While ac-
curacy remains reasonable because of correctness
reward, it cannot reduce CoT length, highlighting
the necessity of momentum-based aggregation.

Effect of correctness supervision. Remov-
ing the correctness reward (No Rcorr) leads to
short CoTs but causes a substantial accuracy
drop (e.g., 65.0% on AMC23), indicating that en-
tropy trends alone are insufficient for ensuring
correctness. Overall, combining entropy trends
with momentum-based entropy trend reward and
correctness supervision yields the best accuracy–
efficiency trade-off across all benchmarks.
6.3.3 Analysis on Entropy Trend.

To assess whether Entropy Trend Reward (ETR)
promotes convergent reasoning, we analyze en-
tropy dynamics along the Chain-of-Thought (CoT).
We compute the Spearman rank correlation (ρ) be-
tween the reasoning step index and the entropy
at each step, where a more negative ρ indicates a
stronger global entropy descent.

Figure 6: ETR reduces CoT length primarily by main-
taining low per-step verbosity, rather than by aggres-
sively suppressing reasoning steps or reflective pro-
cesses, in contrast to entropy minimization.

As shown in Figure 5, across model scales, ETR
consistently shifts the correlation from positive or
near-zero to negative values. This sign reversal
provides empirical evidence that ETR effectively
regularizes the reasoning path, ensuring that each
step contributes to narrowing the solution space
rather than accumulating logical ambiguity.

6.3.5 Behavioral View of CoT Reduction.
Figure 6 decomposes CoT length into (i) the

number of sentence-level steps, (ii) tokens per step,
and (iii) the number of self-reflection markers5. Di-
rect entropy minimization shortens CoTs primarily
by suppressing exploration, yielding fewer steps
and dramatically fewer reflection markers, but at
the cost of more verbose reasoning steps (higher
tokens per sentence). In contrast, ETR preserves a
moderate degree of self-verification and multi-step
reasoning while maintaining low per-step verbosity,
aligning with our objective of permitting limited
local exploration under a globally convergent un-
certainty trajectory. This difference explains why
ETR achieves a superior accuracy–efficiency trade-
off: it discourages oscillatory overthinking without
enforcing uniformly low uncertainty at every step.

7 Conclusion

In this paper, we show that chain-of-thought effi-
ciency is governed by the global trend of predic-
tive uncertainty rather than its absolute magnitude.
Based on this insight, we propose Entropy Trend
Reward (ETR), which encourages progressive un-
certainty reduction while enforcing correctness as
a hard constraint. Extensive experiments demon-
strate that ETR consistently improves the accuracy–
efficiency trade-off.

5Self-reflection words: wait, alternatively, hmm, but, how-
ever, alternative, another, check, double-check, oh, maybe.
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Limitation.

Owing to computational constraints, our compari-
son with state-of-the-art methods is limited to mod-
els up to 8B parameters using LoRA-based training.
We plan to scale our method to larger models and
perform comparisons in future work.
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A Algorithmic Details of Entropy Trend
Reward

Algorithm 1 presents the detailed computation of
Entropy Trend Reward (ETR) for a generated chain-
of-thought. Given a sentence-level CoT response,
the algorithm first enforces correctness as a hard
constraint by assigning a negative reward to incor-
rect outputs. For correct responses, it computes
step-wise predictive entropy, aggregates entropy
changes using a momentum-based recurrence, and
accumulates a trajectory-level entropy reward. The
final reward combines correctness supervision with
entropy-based efficiency shaping, providing dense
feedback that encourages progressive uncertainty
reduction during reasoning.

Algorithm 1: Entropy Trend Reward
(ETR)

Input: CoT response o = {Ct}Tt=1;
ground-truth y∗; momentum γ;
weight λ.

Output: Reward R(q, o).
ŷ ← EXTRACTANSWER(o)
if ŷ ̸= y∗ then

return −1
H1 ← H(pθ(· | C1:1))
S ← 0; Rentropy ← 0
for t← 2 to T do

Ht ← H(pθ(· | C1:t))
∆t ← Ht−1 −Ht

S ← γS +∆t

Rentropy ← Rentropy + S

return 1 + λRentropy

B Derivation of Equation 8.

Recall that the step-wise entropy change is

∆t = Ht−1 −Ht, t = 2, . . . , T, (13)

and the momentum recursion is

St = γSt−1 +∆t, S1 = 0, (14)

with γ ∈ (0, 1). The entropy reward is defined as

Rentropy(o) =
T∑

t=2

St. (15)

Step 1: Unroll the recursion. For any t ≥ 2,
repeatedly substituting Eq. (14) gives

St = γSt−1 +∆t

= γ(γSt−2 +∆t−1) + ∆t

= γ2St−2 + γ∆t−1 +∆t

...

= γt−2S2 +
t∑

k=3

γt−k∆k. (16)

Since S2 = γS1 +∆2 = ∆2 and S1 = 0, Eq. (16)
simplifies to

St =
t∑

k=2

γ t−k ∆k. (17)

Step 2: Substitute into the reward and swap
summations. Plugging Eq. (17) into Eq. (15)
yields

Rentropy(o) =
T∑

t=2

t∑

k=2

γ t−k ∆k

=

T∑

k=2

∆k

T∑

t=k

γ t−k, (18)

where the last line follows by exchanging the order
of summation.

Step 3: Evaluate the inner geometric series. Let
m = t− k, so that m = 0, . . . , T − k. Then

T∑

t=k

γ t−k =

T−k∑

m=0

γm. (19)

For γ ̸= 1, this is a finite geometric series:

T−k∑

m=0

γm =
1− γ T−k+1

1− γ
. (20)

Substituting Eq. (20) into Eq. (18) gives

Rentropy(o) =
T∑

k=2

αk ∆k, αk =
1− γ T−k+1

1− γ
.

(21)
Renaming the index k 7→ t yields Eq. (10) in the
main text:

Rentropy(o) =
T∑

t=2

αt∆t, αt =
1− γ T−t+1

1− γ
.

(22)
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Hyperparameter LCPO O1-Pruner PEAR ETR (Ours)

LoRA Rank - - - 32
LoRA Alpha - - - 64
Actor learning rate 1e− 6 1e− 6 1e− 6 1e− 5
train_batch_size 64 32 32 32
mini_batch_size 64 16 16 16
micro_batch_size - 2 2 2
Training step 1400 207 207 207
Max response length 4096 16384 16384 16384
Num of rollouts 8 5 5 5
Rollout temp (τ ) 0.6 1.0 1.0 1.0
KL penalty (β) 1e− 3 1e− 3 1e− 3 5e− 3
Entropy Coef - - - 1e− 4
Advantage clip (ϵ) 0.2

Table 3: Training configs for various methods.

C Training and Evaluation Details for
ETR

Hyperparameter ETR (Ours)

LoRA Rank 32
LoRA Alpha 64
LoRA Target Modules all-linear
Actor learning rate 1e− 5
train_batch_size 32
mini_batch_size 16
micro_batch_size 2
param_offload True
optimizer_offload True
log_prob_micro_batch_size 8
enable_chunked_prefill True
Training step 207
Max response length 16384
Num of rollouts 5
Rollout temp (τ ) 1.0
KL penalty (β) 5e− 3
Entropy Coef 1e− 4
Advantage clip (ϵ) 0.2
epochs 1

Table 4: Detailed Configurations for ETR

During training and evaluation, we insert the below
system prompt before the question:

System Prompt

"Please reason step by step, and put your
final answer within \boxed{}"

Our evaluation methodology utilizes the SGlang
framework (Zheng et al., 2024) to conduct high-
throughput inference across multiple benchmarks,
including MATH500 (Hendrycks et al., 2024),
GPQA Diamond (Rein et al., 2024), AIME24
(MAA., 2024), and AMC23 (MAA., 2023). We
configured the generation process with greedy de-
coding, a max response length of 16,384 and a
sample size of 1, ensuring the model has suffi-
cient space to develop complex reasoning paths
while maintaining deterministic outputs for accu-
racy tracking. To extract the final answer from the
model’s response, we leveraged implemented func-
tions in VeRL library (Sheng et al., 2025). This
process specifically extracts the final answer in
\boxed{}.

For the final assessment of correctness, we
integrated the grading logic from the OpenAI
PRM800K dataset grader (Lightman et al., 2023).
We found this approach to be significantly reliable
and robust, as it effectively handles differing math-
ematical formulations and varied formatting styles.
Throughout the evaluation, we recorded both the
accuracy and the average response length for each
dataset, allowing us to analyze the relationship be-
tween reasoning efficiency and model performance.

D Training Details For Baseline Methods

We selected five baseline methods for comparison:
DEER (Yang et al., 2025), NoThink (Ma et al.,
2025), LCPO (Aggarwal and Welleck, 2025), O1-
Pruner (Luo et al., 2025) and PEAR (Huang et al.,
2025a). Among these, DEER and NoThink are
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training-free approaches, while the remaining meth-
ods are trained using the DeepMath-103K dataset
(He et al., 2025). The training details can be found
below. We report all training hyperparameters in
Table 3.

For DEER (Yang et al., 2025), we use the offi-
cial implementation and scripts provided by the
authors6. To ensure a fair and consistent compari-
son, we use the provided scripts and set think ratio
to 0.9 and max generated tokens to 16384 to align
with our training configurations.

For NoThink (Ma et al., 2025), we followed the pa-
per to bypass the explicit reasoning process through
prompting using "Okay, I think I have finished
thinking.".

For LCPO (Aggarwal and Welleck, 2025), we use
the official implementation provided by the au-
thors7 and follow their L1-Exact setup. Training
is conducted using GRPO with a specific length
constraint embedded in the prompt, instructing the
model to "Think for N tokens". The actor model
is optimized with a learning rate of 1× 10−6 and a
global training batch size of 64. To ensure stability
during policy evolution, we set the KL penalty co-
efficient (β) to 0.001. During the rollout phase, the
model generates 8 independent reasoning trajecto-
ries for each prompt with a sampling temperature
of 0.6. The maximum response length is configured
to 4,096 tokens, adhering to the default parameters
provided in the official repository

For O1-Pruner, it has a KL penalty coefficient of
0.001 and a learning rate of 1 × 10−6. The num-
ber of rollouts is fixed at 5 and maximum response
length is set to 16384 align with our training con-
figurations.

For PEAR, we followed the official codebase pro-
vided by the authors8. We set the batch size to 32
and the learning rate to 1× 10−6. The KL penalty
coefficient is set to 0.001. The maximum response
length is set to 16384 to align with our training
configurations.

6https://github.com/iie-ycx/DEER
7https://github.com/cmu-l3/l1
8https://github.com/iNLP-Lab/PEAR

E Experimental Details for the
Motivation Section

This appendix provides additional details on the
analysis of step-wise entropy trajectories used to
motivate our method.

Given a generated CoT, we segment it into
sentence-level steps {Ct}Tt=1 and compute an en-
tropy value Ht for each step. We get a list of step-
wise entropy

H = [H1, H2, . . . ,HT ]

Let T denote the list of the reasoning steps indices
in ascending order, which corresponds to the en-
tropy vector H = [H1, H2, . . . ,HT ].

T = [1, 2, . . . , T ]

Then we can compute the Spearman correlation
coefficient, ρ, is defined as the Pearson correlation
coefficient between the rank variables of T and H:

ρ =
cov(rank(T ), rank(H))

σrank(T )σrank(H)
(23)

Where:

• rank(T ) and rank(H) are the vectors contain-
ing the ranks of the original observations.

• cov(·) is the covariance of the rank variables.

• σ represents the standard deviation of the rank
variables.

The final result ρ (Spearman’s rank correlation
coefficient) directly quantifies the stability and
speed of the model’s logical convergence. Smaller
ρ indicates that as the model progresses through
reasoning steps T , the entropy Ht consistently de-
creases. As shown in the Figure 2 (right), all three
models show that smaller ρ and better downward
entropy trends often relate to fewer tokens gener-
ated.

F Additional Empirical Analysis

F.1 Analysis on Momentum

To study the sensitivity to the momentum coef-
ficient γ, we conduct ablation experiments with
γ ∈ {0.2, 0.5, 0.8, 0.9, 0.95, 0.99}. Results are re-
ported in Table 5.

Overall, model performance is highly sensi-
tive to the choice of γ. A typical momentum

17588

https://github.com/iie-ycx/DEER
https://github.com/cmu-l3/l1
https://github.com/iNLP-Lab/PEAR


γ
AMC23 AIME24 MATH500 GPQA-D AES↑

Acc ↑ Len ↓ Acc ↑ Len ↓ Acc ↑ Len ↓ Acc ↑ Len ↓

0.5 85.0 2180.1 40.0 6381.6 90.4 1441.6 36.4 2684.5 1.04
0.8 87.5 2288.1 26.7 5622.7 89.0 1441.5 33.8 5622.7 0.66
0.9 87.5 2411.6 56.7 4639.3 90.6 1479.2 37.4 2452.4 1.53
0.95 82.5 3160.9 56.7 5289.3 89.2 1445.7 35.4 3052.2 1.29
0.99 80.0 2371.0 46.7 5070.0 88.4 1489.8 38.9 2621.4 1.12

Table 5: Analysis on the impact of the momentum γ in
Equation 7.

value γ = 0.9 consistently achieves the best ac-
curacy across challenging benchmarks, indicated
by the highest AES score of 1.528. Smaller val-
ues (γ ≤ 0.8) lead to degraded reasoning accuracy,
particularly on harder tasks such as AIME24. In
contrast, overly large momentum (γ ≥ 0.95) re-
sults in reduced accuracy and inflated generation
length, indicating over-smoothing of step-wise en-
tropy signals. These results suggest that γ = 0.9
offers the best balance between temporal stability
and responsiveness.

F.2 The Influence of LoRA Rank

AMC23 AIME24 MATH500 GPQA-D Overall (Avg)
Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓

Base 80.00% 6597.63 43.33% 11751.53 85.00% 4210.51 24.20% 11336.66 58.13% 8474.08

Rank 16 85.00% 3071.23 46.67% 6970.80 90.00% 1961.92 38.38% 4718.47 65.01% 4180.61
Rank 32 87.50% 2411.63 56.67% 4639.30 90.60% 1479.16 37.37% 2452.43 68.04% 2745.63
Rank 64 87.50% 2130.05 53.33% 4256.60 90.80% 1381.37 39.39% 2174.15 67.76% 2485.54

Full FT 87.50% 2863.15 53.33% 5208.20 91.20% 1739.81 39.90% 2267.26 67.98% 3019.61

Table 6: Analysis on the impact of LoRA Rank r on
model performance.

Due to computational constraints, we performed
training using LoRA. Here, we study the impact of
the LoRA rank on our approach. Table 6 summa-
rizes the results. Several observations are notewor-
thy. First, performance improves with increasing
LoRA rank but quickly saturates: ranks 32 and 64
achieve accuracies of 68.04% and 67.76%, respec-
tively, comparable to full-parameter fine-tuning
(67.98%). Second, token length decreases as rank
increases, indicating improved reasoning efficiency.
Nevertheless, even Rank 16 substantially reduces
the average length from 8474 to 4180 compared to
the base model, suggesting that ETR’s effect is not
limited to high-capacity adaptations. Third, LoRA
performs on par with or better than full fine-tuning
in efficiency. In particular, Rank 32 achieves a
shorter average reasoning length (2745) than full
fine-tuning (3019) while maintaining comparable
accuracy. In practice, full fine-tuning requires more
careful optimization and tends to overfit quickly,
especially on smaller datasets, leading to unstable
entropy dynamics and degraded generalization. To

mitigate this issue, we apply early stopping in our
experiments.

amc23 aime24 MATH500 GPQA-D Overall
Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓

DeepSeek-R1-Distill-Qwen-1.5B

Untrained 47.50% 9414.55 13.33% 13671.93 68.60% 6433.81 6.06% 14073.11 33.87% 10898.35
ETR (FT) 62.50% 4481.43 13.33% 10435.63 79.00% 2220.44 18.69% 7113.74 43.38% 6062.81

DeepSeek-R1-Distill-14B

Untrained 87.50% 5926.85 33.33% 12623.07 87.40% 4000.64 41.92% 8878.32 62.54% 7857.22
ETR (FT) 92.50% 2932.38 53.33% 6087.90 90.00% 1473.37 51.01% 3210.10 71.71% 3425.94

Table 7: Model scale analysis on DeepSeek-R1-Distill-
14B and DeepSeek-R1-Distill-Qwen-1.5B, showing
consistent improvements in accuracy and reasoning ef-
ficiency using ETR, with substantial reductions in rea-
soning length across model sizes.

F.3 Model Scale Analysis

To evaluate the scalability and generalizability of
our approach, we conduct experiments on both
a larger model, DeepSeek-R1-Distill-14B, and a
smaller model, DeepSeek-R1-Distill-Qwen-1.5B.
The results are summarized in Table 7.

On the larger 14B model, the proposed ETR
strategy scales effectively, achieving consistent im-
provements in both accuracy and reasoning effi-
ciency. Notably, ETR significantly reduces reason-
ing length across all benchmarks while improving
overall accuracy, demonstrating strong scalability
to higher-capacity models.

On the smaller 1.5B model, full fine-tuning sub-
stantially improves overall accuracy from 33.87%
to 43.38% while reducing the average reasoning
length from 10898 to 6063 tokens. In particular, on
the MATH500 benchmark, the reasoning length is
reduced by approximately 65% (from 6433 to 2220
tokens), accompanied by a performance gain of
10.4%. These results indicate that our approach re-
mains effective even for smaller models, improving
both reasoning quality and efficiency.

F.4 Step-Level Entropy After ETR

To better illustrate how ETR effectively mitigates
overthinking, we provide a detailed comparison of
entropy dynamics on the same sample.

As shown in Figure 7, ETR ensures that the
reasoning process remains focused and leads to
a definitive conclusion. Unlike baseline models
that often experience frequent "entropy spikes", in-
dicating excessive self-reflection and self-doubt,
ETR ensures necessary reflection occurs efficiently,
allowing the model to converge quickly to the final
answer.

17589



0 10 20 30 40 50
Reasoning Step

0.00

0.02

0.04

0.06

0.08

0.10

0.12
En

tro
py

(model: "I don't think I made any errors ...")

Entropy Dynamics: ETR vs. Baseline

With ETR
Without ETR

Figure 7: Entropy trajectories during reasoning. ETR-
trained models demonstrate efficient convergence and
necessary self-reflection, whereas baseline models ex-
hibit frequent entropy spikes and redundant reasoning
steps.

F.5 Alternative Segmentation Strategies
In this work, we segmented model’s reasoning tra-
jectory by "\n\n" and calculated average entropy
based on it. Models typically generate this sep-
arator when completing a partial reasoning step.
Empirically, these segments correspond to semanti-
cally coherent sub-steps in multi-step reasoning.

To gain a more precise understanding of the
ETR’s impact on the model’s internal dynamics,
we extend our analysis to the token level segmenta-
tion. The results are shown below:

AMC23 AIME24 MATH500 GPQA-D Overall (Avg)
Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓ Acc↑ Len↓

Base 80.00% 6597.63 43.33% 11751.53 85.00% 4210.51 24.20% 11336.66 58.13% 8474.08
Token_Seg 72.50% 1210.25 36.67% 3098.17 82.20% 916.04 33.84% 919.84 56.31% 1536.08

ETR 87.50% 2411.63 56.67% 4639.30 90.60% 1479.16 37.37% 2452.43 68.04% 2745.63

Table 8: Performance comparison focusing on token-
level segmentation vs. ETR.

While token-level regulation dramatically re-
duces length (8474 -> 1536 avg tokens), it also
degrades accuracy (58.13% -> 56.31%). In con-
trast, ETR with step-level segmentation improves
both accuracy (68.04%) and efficiency (2745 to-
kens).

The reason is that token-level segmentation is
overly fine-grained. Individual tokens do not repre-
sent meaningful reasoning units, so entropy fluctu-
ations mainly reflect lexical variability rather than
logical uncertainty. This introduces noise and leads
to over-compression, suppressing necessary infer-
ential steps.

F.6 Broadening Task Scopes: Beyond
Mathematical Reasoning

To evaluate generalization beyond math-related
tasks, we tested ETR on the HumanEval coding
benchmark(Chen et al., 2021), which represents a

substantially different reasoning domain. Impor-
tantly, our models were trained purely on mathe-
matical reasoning data, making coding an out-of-
distribution (OOD) setting.

Model Method Accuracy ↑ Avg Length ↓
Qwen3-4B Base 41.46% 3397.20
Qwen3-4B ETR 53.66% 1838.60

DeepSeek-R1-Distill-7B Base 75.00% 3975.97
DeepSeek-R1-Distill-7B ETR 75.00% 1057.99

Table 9: Model Performance on HumanEval Coding
Benchmark

Across both Qwen3-4B and DeepSeek-R1-
Distill-7B, ETR consistently reduces reasoning
length while maintaining or improving accuracy.
For example, on Qwen3-4B, ETR improves ac-
curacy from 41.46% to 53.66% while reducing
average length from 3397 to 1838 tokens. On
DeepSeek-R1-Distill-7B, ETR maintains accuracy
(75.00%) while reducing length from 3976 to 1058
tokens.

These results demonstrate that ETR transfers
effectively to coding despite the absence of coding-
specific RL training. This suggests that entropy
trend regulation targets general reasoning conver-
gence behavior rather than domain-specific pat-
terns.

F.7 The Influence of Entropy Trend Reward
on Final Answer.

In this section, we evaluate the quality and con-
ciseness of the final response produced after the
reasoning process. Unlike the internal reasoning
trajectory, this segment represents the actual output
presented to the user. While traditional reasoning
models often carry over the verbosity of their in-
ternal chain-of-thought into the final output, our
method helps to reduce such problems by present-
ing a final result that has higher information density
and is free from ambiguity.

F.7.1 Example 1
Final Answer Part

Before(408 Tokens):
To determine the remainder of 54 mod 6,
we apply the concept of modular arithmetic,
which involves finding the remainder when
one number is divided by another.
—
### Step 1: Understand the Problem
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We are asked to compute the remainder
when 54 is divided by 6. In mathematical
terms, this is:

54 mod 6

This means we want to find the inte-
ger r such that:

54 = 6q + r where 0 ≤ r < 6

Here, q is the quotient, and r is the
remainder.

—

### Step 2: Perform the Division

We divide 54 by 6:
54÷ 6 = 9 This division is exact, meaning
there is no remainder. Therefore, the
remainder r is:

r = 54− (6× 9) = 54− 54 = 0

—

## Step 3: Confirm with Alternative
Methods

- **Using the Division Algorithm**:
Since 54 = 6 × 9 + 0, the remainder is
clearly 0.
- **Using Properties of Divisibility**: 54
is divisible by both 2 and 3 (since it’s even
and the sum of its digits is 9, which is
divisible by 3), so it is divisible by 6.
- **Breaking Down the Number**:
54 = 50 + 4, and 50 mod 6 = 2, 4
mod 6 = 4, so (2 + 4) mod 6 = 6
mod 6 = 0.

All these methods confirm the same
result.

—

### Final Answer

0

After(64 Tokens)
To determine the remainder of 54 mod 6,
we perform the division of 54 by 6. Since
6 × 9 = 54, the division is exact with no
remainder. Therefore, the remainder is:

0

F.7.2 Example 2

Final Answer Part

Before(386 Tokens):
To find the **dot product** of two vectors,
we use the formula:

u · v = u1v1 + u2v2 + u3v3

where u =




u1

u2

u3




and v =




v1

v2

v3




are two

vectors in R3.

—

### Step 1: Identify the components
of the vectors

Given:

u =




−2

0

7




, v =




3

4

−5




So, the components are:

- u1 = −2, u2 = 0, u3 = 7
- v1 = 3, v2 = 4, v3 = −5

—

### Step 2: Compute the dot prod-
uct
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u · v = (−2)(3) + (0)(4) + (7)(−5)

Now compute each term:

- (−2)(3) = −6
- (0)(4) = 0
- (7)(−5) = −35

Add them together:

−6 + 0 + (−35) = −41
—

### Final Answer

−41

After(127 Tokens):
To find the dot product of the vectors




−2

0

7




and




3

4

−5




,

multiply the corresponding components
and then sum the results:

(−2)(3) + (0)(4) + (7)(−5) = −6 + 0− 35

= −41
Thus, the dot product is

−41

G Additional Responses of ETR Models

G.1 Qwen3-8B

Question

A regular octagon has the same perimeter
as the regular hexagon shown here with side
length 16 cm. How long is each side of the
octagon?

Info

(Original Model Output Tokens: 5140)

Reasoning Trajectory (667 Tokens)

<think>
Okay, so I need to find the side length of a
regular octagon that has the same perimeter as a
regular hexagon with side length 16 cm. Let me
start by recalling some basics about regular polygons.

First, a regular hexagon has all sides equal
and all internal angles equal. Similarly, a regular
octagon also has all sides equal. The perimeter of a
regular polygon is just the number of sides multiplied
by the length of one side.

So, the perimeter of the hexagon would be 6
times the side length. Since the side length is given
as 16 cm, the perimeter of the hexagon is 6 * 16
cm. Let me calculate that: 6 * 16 is 96 cm. So the
perimeter is 96 cm.

Now, the regular octagon has the same perimeter. Let
me denote the side length of the octagon as ’s’. Since
an octagon has 8 sides, its perimeter would be 8 * s.
Therefore, setting this equal to the perimeter of the
hexagon: 8s = 96 cm. To find ’s’, I can divide both
sides by 8.

Let me do that: 96 divided by 8. Hmm,
8*12 is 96, so s = 12 cm. Wait, is that right? Let me
check again. 8 times 12 is 96, yes. So each side of
the octagon would be 12 cm.

But wait, let me make sure I didn’t mix up
the number of sides. Hexagon has 6 sides, octagon
has 8. So yes, if the perimeters are equal, then 6*16
= 8*s. So s = (6*16)/8. Which is (96)/8 = 12. Yep,
that seems correct.

I think that’s all there is to it. The Asymp-
tote code provided probably just draws the hexagon
with a label on one of its sides, but since the
problem states the hexagon has side length 16
cm, I don’t need to worry about the diagram specifics.

Therefore, the answer should be 12 cm.

**Final Answer** The length of each side of
the octagon is 12 centimeters.
</think>

To determine the side length of a regular octagon that
has the same perimeter as a regular hexagon with side
length 16 cm, we start by calculating the perimeter
of the hexagon.
A regular hexagon has 6 sides, so its perimeter is:

6× 16 = 96 cm

A regular octagon has 8 sides. Let the side length of
the octagon be s. Its perimeter is:

8s

Since the perimeters are equal, we set:

8s = 96
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Solving for s:

s =
96

8
= 12

Thus, the length of each side of the octagon is 12
centimeters.

G.2 Qwen3-4B

Question

What is the least positive integer multiple of
30 that can be written with only the digits 0
and 2?

Info

(Original Model Output Tokens: 9170)

Reasoning Trajectory (1149 Tokens)

<think>
Okay, so I need to find the smallest positive integer
multiple of 30 that only has digits 0 and 2. Let me
think. First, since it’s a multiple of 30, it has to be
divisible by both 3 and 10. Divisible by 10 means
the number has to end with a 0. So the last digit is
0. Then, for divisibility by 3, the sum of the digits
has to be a multiple of 3. Since the digits can only
be 0 or 2, the sum will be 2 times the number of
2s in the number. So the number of 2s has to be
a multiple of 3. Therefore, the number must have
3, 6, 9, etc., number of 2s. But since we want the
smallest such number, probably 3 twos. But also,
the number has to end with 0. So maybe something
like 2220? Let me check. 2220 divided by 30 is 74,
which is an integer. Wait, is 2220 a multiple of 30?
Let me check. 2220 divided by 10 is 222, which is
divisible by 3 because 2+2+2=6, which is divisible
by 3. So yes, 2220 is a multiple of 30. But is there a
smaller number? Let me think. The number has to
end with 0. So possible numbers are 20, 200, 220,
2000, 2200, 2020, 2220, etc. Let’s check each of
these. 20: sum of digits is 2, not divisible by 3. 200:
sum is 2, same. 220: sum is 2+2=4, not divisible by
3. 2000: sum is 2, no. 2200: sum is 2+2=4, no. 2020:
sum is 2+2=4, no. 2220: sum is 2+2+2=6, which is
divisible by 3. So 2220 is the first one. Wait, but
is there a smaller number? Like, maybe a number
with fewer digits? 2220 is four digits. Is there a
three-digit number? The three-digit numbers ending
with 0 are 200, 220, 200. But their digit sums are 2,
4, 2. None are divisible by 3. So no. How about a
four-digit number? 2220 is the first one. So maybe
2220 is the answer. But let me check if there’s a
smaller four-digit number. For example, 2020, 2002,
but those don’t end with 0. Wait, the number has to
end with 0. So the four-digit numbers ending with
0 are 2000, 2020, 2200, 2220. We checked those.
2000: sum 2. 2020: sum 4. 2200: sum 4. 2220: sum
6. So 2220 is the first. Therefore, the answer is 2220.
Wait, but let me check if there’s a number with more
digits but smaller in value. Wait, no, because 2220
is four digits. Any number with more digits would
be larger. So I think 2220 is the answer. But let me

confirm by dividing 2220 by 30. 30 times 74 is 2220.
Yes. So I think that’s it.

**Final Answer** The least positive integer
multiple of 30 that can be written with only the digits
0 and 2 is 2220 .
</think>
To find the least positive integer multiple of 30 that
can be written using only the digits 0 and 2, we
must consider the divisibility rules for 30. A num-
ber is divisible by 30 if it is divisible by both 3 and 10.

- **Divisibility by 10**: The number must
end in 0. - **Divisibility by 3**: The sum of the
digits must be a multiple of 3. Since the only digits
allowed are 0 and 2, the sum of the digits will be
2 × (number of 2s). Therefore, the number of 2s
must be a multiple of 3.

The smallest such number is formed by using
three 2s and one 0 at the end, resulting in the number
**2220**. Checking: - It ends in 0, so it is divisible
by 10. - The sum of its digits is 2 + 2 + 2 + 0 = 6,
which is divisible by 3.

Thus, 2220 is the smallest number meeting
the criteria.

2220

G.3 DeepSeek-R1-Distill-Qwen-7B

Question

What is the concentration of calcium ions in
a solution containing 0.02 M stochiometric
Ca-EDTA complex (we assume that the pH
is ideal, T = 25 °C). KCa-EDTA = 5x1010.

A. 6.3x10−7M
B. 1.0x10−2M
C. 5.0x10−3M
D. 2.0x10−2M

Info

(Original Model Output Tokens: 16384)

Reasoning Trajectory (940 Tokens)

</think>
Okay, so I have this problem here about the
concentration of calcium ions in a solution. Let me
try to figure it out step by step.

First, the problem says there’s a 0.02 M sto-
chiometric Ca-EDTA complex. I think that means
the concentration of the complex is 0.02 M. They
also mention that the pH is ideal and the temperature
is 25°C. The formation constant, Kf, is given as
5× 1010.
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Hmm, formation constant, Kf, is the equilibrium
constant for the formation of the complex between
calcium ions and EDTA. The reaction should be
something like Ca2+ + EDTA4 – −−⇀↽−− [Ca – EDTA]2 –

complex.

So, the formation constant Kf is equal to
[Ca− EDTA]/([Ca2+][EDTA4−]). Since it’s a
stochiometric complex, I assume the concentration
of Ca2+ and EDTA4− are equal because they react
in a 1:1 ratio. Let me denote the concentration of
Ca2+ as ’c’. Then, the concentration of EDTA4−

is also ’c’.

The total concentration of the complex is
0.02 M, which is equal to [Ca-EDTA]. So,
Kf = 0.02/(c ∗ c) = 0.02/c2.

Given that Kf is 5 × 1010, I can set up the
equation: 5× 1010 = 0.02/c2.

To solve for c2, I rearrange the equation:
c2 = 0.02/(5 × 1010). Let me calculate that. 0.02
divided by 5 is 0.004, and then divided by 1010 is
4x10−13. So, c2 = 4× 10−13.

Taking the square root of both sides,
c =

√
4× 10−13 = 2 × 10−6.5. Wait,

10−6.5 is the same as 10−6 × 10−0.5, which is
approximately 3.16× 10−7. So, 2× 3.16× 10−7 is
about 6.32× 10−7.

Looking at the options, A is 6.3 × 10−7M ,
which matches my calculation. So, I think the answer
is A.

**Final Answer**
A

</think> The problem involves finding the concentra-
tion of calcium ions in a solution containing a 0.02
M stochiometric Ca-EDTA complex. The formation
constant Kf is given as 5× 1010.

1. The reaction is Ca2+ + EDTA4− ⇌
Ca-EDTA complex.
2. The formation constant Kf is given by
Kf = [Ca-EDTA]

[Ca2+][EDTA4−]
.

3. Since the complex is stochiometric, the concentra-
tions of Ca2+ and EDTA4− are equal, denoted as c.
4. The total concentration of the complex is 0.02 M,
so Kf = 0.02

c2
.

5. Solving for c2: c2 = 0.02
5×1010

= 4× 10−13.
6. Taking the square root: c =

√
4× 10−13 =

2× 10−6.5 ≈ 6.3× 10−7.

Thus, the concentration of calcium ions is
6.3× 10−7 M.

A
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