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Abstract

Large language models (LLMs) have shown
strong performance on hard reasoning and
general instruction-following tasks. However,
when sampling multiple outputs for the same
prompt, they often produce highly homoge-
neous, repetitive responses, resulting in in-
efficient exploration. This limits the gains
from test-time scaling and constrains the up-
per bound of reinforcement learning (RL) train-
ing. We attribute this issue in part to super-
vised fine-tuning (SFT): when a single prompt
is paired with multiple reference responses, the
model is trained to generate diverse outputs un-
der the same prior condition, which induces op-
timization interference and can lead to diversity
collapse. To address this, we propose Prefix-
Conditioned SFT (P-SFT), a simple yet effec-
tive method that constructs semantically consis-
tent yet distributionally distinct prior contents
to different responses, thereby projecting the
instruction into distinct latent regions to estab-
lish diverse prior distributions and decouple the
one-to-many mapping. Experiments on large
reasoning language models show that our ap-
proach improves absolute performance by 5.3%
on reasoning benchmarks and increases gener-
ation diversity by 198.3% on average, while
substantially enhancing output diversity and
test-time scaling. Notably, even without any ad-
ditional training, our prefixing strategy can be
applied at inference time alone and still yields
significant gains in both diversity and reasoning
performance for instruction-tuned LLMs and
reasoning-enhanced models.

1 Introduction

Large Language Models (LLMs) have achieved
remarkable success in following complex instruc-
tions and performing reasoning, as evidenced by
their performance on benchmarks such as IF-
Eval (Zhou et al., 2023), Arena Hard (Li et al.,
2024), and competitive programming tasks such as
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LiveCodeBench (Jain et al., 2024). Despite these
advancements, a critical phenomenon of diversity
collapse, or mode collapse, persists (O’Mahony
et al., 2024; Kirk et al., 2024; Zhang et al., 2025a).
Even when capable of correctness, LLMs often ex-
hibit highly repetitive styles and similar solution
paths, struggling to generate novel ideas in cre-
ative writing or diverse reasoning chains for math-
ematical problems. The lack of diversity not only
limits the model’s creative utility but also severely
constrains test-time scaling (Muennighoff et al.,
2025b). Since the sampling distribution is overly
concentrated, increasing the number of trials (e.g.,
Best-of-V) fails to yield significantly new or effec-
tive solutions.

Recent literature has primarily attributed this col-
lapse to reward model bias or entropy collapse dur-
ing RL training (Gao et al., 2022; Yu et al., 2025a).
However, we argue that the root cause lies earlier
in the fundamental mismatch between traditional
Supervised Fine-Tuning (SFT) objectives and the
structure of modern synthetic datasets. Current
open-source datasets (e.g., OpenThoughts (Guha
et al., 2025), Nemotron (Bercovich et al., 2025))
for general instruction following or specialized rea-
soning for math, code, and STEM are largely dis-
tilled from proprietary teacher models (Shumailov
et al., 2024), often adopting a single-instruction to
multiple-responses (1-to-M) format. Standard SFT
expects the model to fit these diverse responses
under an identical conditioning context, which in-
duces optimization interference, where the gradient
directions for different responses conflict within the
same prior distribution, forcing the model to con-
verge to a single mode and ignore the remaining
diverse response patterns.

To resolve this, we propose Prefix-conditioned
SFT (P-SFT), a simple yet effective approach to
the instruction tuning paradigm. As illustrated in
Figure 1, P-SFT decouples the learning of multi-
ple responses by constructing semantically consis-
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Figure 1: Training: Traditional SFT forces the model to generate different responses under the same prompt
(i.e., the same prior condition), which creates conflicts and leads to diversity collapse. Our method decouples this
one-to-many mapping by attaching different prefixes to the prompt, thereby alleviating the conflict. Inference: We
prepend n different prefixes to the prompt to create conditions that differ while preserving the same semantics,
encouraging the model to sample more diverse responses, which contrasts with conventional inference that samples

n times under the same condition.

tent but distributionally distinct prior distributions.
By prepending unique, semantically neutral pre-
fixes to the instruction, we project the same seman-
tic instruction into different regions of the high-
dimensional prior latent space, which increases the
orthogonality of learning signals and mitigates gra-
dient conflicts, allowing the model to fully absorb
the diversity inherent in 1-to-M datasets. Further-
more, we demonstrate that this mechanism natu-
rally extends to inference as a novel test-time scal-
ing strategy that perturbs the input latent space
rather than output logits (e.g., temperature, top-
p (Holtzman et al., 2020)), facilitating a deeper
exploration of the model’s generative priors.

Our contributions are summarized as follows:

1) We identify a fundamental mismatch between
traditional SFT and the 1-to-M format of modern
distilled datasets, characterizing it as an optimiza-
tion interference problem where identical prior con-
ditions lead to gradient conflicts.

2) We propose P-SFT to decouple response learn-
ing via semantically-neutral prefixes, which mit-
igates mode collapse during training and enables
a novel input-side perturbation for enhanced test-
time scaling during inference.

3) We demonstrate that P-SFT significantly out-
performs standard SFT in diversity and reasoning

benchmarks. Furthermore, P-SFT provides a supe-
rior initialization for Reinforcement Fine-Tuning
(RFT) by substantially improving exploration effi-
ciency and rollout quality.

2 Related work

Test-Time Scaling. Test-time scaling (TTS) has
emerged as a pivotal paradigm for augmenting the
reasoning capabilities of large language models
(LLMs) through increased inference-stage compu-
tation. This paradigm is typically categorized into
parallel and sequential allocation strategies (Muen-
nighoff et al., 2025a). Parallel scaling, or Best-of-
N sampling, leverages the principle that solution
coverage improves monotonically with the num-
ber of generated candidates (Chollet, 2019; Brown
et al., 2024). However, the effectiveness of this
paradigm is fundamentally bottlenecked by the se-
lection gap, where standard discriminative mecha-
nisms such as majority voting (Wang et al., 2023b)
or reward models (Lightman et al., 2023; Wu et al.,
2024; Pan et al., 2025) frequently fail to isolate
optimal solutions from increasingly large and noisy
candidate pools (Hassid et al., 2024; Stroebl et al.,
2024). Conversely, sequential scaling emphasizes
deepening internal reasoning trajectories through
Chain-of-Thought (CoT) (Wei et al., 2022) and it-
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erative self-correction (Madaan et al., 2023; Hou
etal., 2025), a strategy successfully operationalized
in frontier models such as OpenAl o1, DeepSeek-
R1 (Guo et al., 2025), and Qwen-QwQ (Team).
While these methods have been specialized for
code generation (Li et al., 2025a; Yu et al., 2025b)
and multimodal reasoning (Xin et al., 2025), they
often rely on heuristic compute allocation that en-
counters performance plateaus as inference com-
pute scales (Ghosal et al., 2025). Crucially, these
plateaus are often symptomatic of a lack of solution
diversity, where additional computation fails to ex-
plore novel reasoning paths. This underscores the
necessity of identifying thinking-optimal allocation
curves that balance reasoning depth against search
breadth and diversity, ensuring that scaled compute
translates into meaningful exploration.

Diversity Collapse. During the training process,
LLM outputs tend toward homogenization, con-
verging to local optima and becoming unable to
generate alternative correct solutions with different
reasoning approaches (Zhang et al., 2025a). This
phenomenon emerges at the supervised fine-tuning
stage (O’Mahony et al., 2024; Li et al., 2025b),
where model-generated responses gradually con-
verge to a fixed style or reasoning pattern (Yun
et al., 2025), reducing diversity compared to the
pre-training phase. During the reinforcement learn-
ing (RL) training stage, particularly when using
algorithms such as GRPO (Shao et al., 2024), out-
put diversity further deteriorates due to entropy
collapse caused by high-advantage positive sam-
ples in the RL training process (Casper et al., 2023;
Kirk et al., 2024). The model increasingly exploits
already-discovered correct paths rather than ex-
ploring new potential reasoning trajectories. To
mitigate this issue, several methods have been
proposed, including reward shaping (Wang et al.,
2026), pass@k optimization (Chen et al., 2025),
DAPO (Yu et al., 2025a), and Adaptive Entropy-
Controlled Policy Optimization (Wan et al., 2025;
Shen et al., 2025). However, these approaches
primarily focus on the RL stage while overlooking
diversity issues during supervised finetuning (SFT),
which occurs earlier and affects RL initialization
performance. The gap is particularly critical in con-
temporary LLM development scenarios, where the
majority of instruction tuning datasets are distilled
from proprietary LLMs (Lee et al., 2025), typically
structured with multiple responses per question.
While the literature identifies SFT as a source of

stylistic convergence (Li et al., 2025b), the intrinsic
conflict between 1-to-M data distributions and iden-
tical prior conditioning remains under-explored. In
this paper, we present the first systematic investi-
gation of this problem and propose a solution to
address it.

3 Approach

3.1 Preliminary

In supervised fine-tuning (SFT), an LLM is trained
to follow instructions and generate responses that
align with human preferences by maximizing the
conditional likelihood:

— > logpe(r|I), (1)

(I,r)eD

Lsrr(0

where I denotes the instruction and r is the corre-
sponding response provided by human annotation
or distilled from a teacher LLM.

When the dataset contains multiple responses
for the same instruction (i.e., 1-to-M), the objective
becomes

LETN0) = — >
(I{rtm}L )eD

ZI logp9<r(m) | I) .
m=1

In practice, the model does not learn these re-
sponses equally under the same conditioning con-
text due to differences in data ordering and gradient
magnitudes that can induce optimization interfer-
ence. Specifically, the model is forced to fit multi-
ple distinct outputs {("™} under the identical hid-
den state h = Encoder(/), leading to gradient con-
flicts where Vg log pg(r(V|I)- Vg log pa(rP|I) <
0, see Appendix K. This phenomenon leads the
model to fit a subset of responses and ignore others,
which reduces response diversity and can manifest
as response collapse.

2

3.2 Prefix-conditioned SFT

We leverage the autoregressive nature of LLMs and
create distinct conditioning contexts by prepend-
ing a semantic-irrelevant prefix to the instruction.
For each instruction I with responses {r(")}M1
we assign a unique prefix zj ., to each response
(™), in order to increase the separation between
conditioning contexts, making the learning sig-
nals for different responses less coupled and reduc-
ing gradient interference. By projecting the same
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instruction [ into different starting hidden states

hm = fo(zr,m @ I) in a high-dimensional space

via prefixes, the model can seek update directions

with higher orthogonality in the parameter space.
We optimize the following objective:

L (0) = — >
(I{r(m} 'L )eD

" 3)
Z log pe (T(m) | 21.m @ I) ,
m=1

where 27 ,,, is designed to be semantically unrelated
to I and @ denotes concatenation. The training
objective reduces to

Lowsrr(0) = — Y logps(r | zr & 1), (4)
(I,r)eD

with a unique prefix z; for each training pair.

In our implementation, we instantiate the prefix
using the template “random state: {3} \n\n”,
where the placeholder { } is filled with a randomly
sampled integer in [0,99999] (zero-padded to a
fixed width). To prevent the model from establish-
ing a rigid dependency or hard-indexing between
specific random IDs and semantic content, we re-
sample the integer for each prefix at every training
iteration:

o) ~ 2, WIr™)eD, (5)

where ¢ denotes the iteration index and Z repre-
sents the discrete uniform space of prefixes. This
ensures that the model treats the prefix as a signal
for context separation rather than a static identifier,
thereby maintaining its generalization ability. To
prove that prefixing creates distinct conditioning
contexts while preserving the semantics needed for
correct instruction following, we provide a theoret-
ical analysis in Appendix C.

3.3 Prefix-conditioned Inference

Since the prefix can directly modify the prior dis-
tribution, P-SFT can be applied at inference time
for test-time scaling without updating any param-
eters. Unlike standard inference which draws n
samples under a single conditioning context, we
approximate the posterior response distribution by
marginalizing over the prefix space Z:

N
1
pscaled(r’I)%NZPG(T|Zn@I)7 2~ Z.

n=1
(6)

While traditional decoding (e.g., Top-p sam-
pling) introduces randomness at the output layer
po(ye | y<t,I), prefix-conditioning perturbs the
hidden representations at the input level. This fa-
cilitates latent-side exploration, encouraging the
model to traverse diverse reasoning trajectories that
are semantically consistent yet structurally varied.
Increasing the diversity of the input-side condition-
ing allows for a more comprehensive coverage of
the full probability distribution p(r|I), which can
be combined with existing techniques such as Best-
of-N or Self-consistency (Wang et al., 2023a) to fur-
ther enhance performance. The proposed method
for both training and inference is illustrated in Fig-
ure 1.

4 Experiments

4.1 Experimental Setup

Benchmarks for Diversity: We follow the Di-
vPo (Lanchantin et al., 2025) task setup to evalu-
ate the diversity of LLM-generated responses, fo-
cusing on three types of tasks: persona genera-
tion, keyword-based story generation, and full story
generation. NoveltyBench (Zhang et al., 2025b)
is also included to assess the novelty of gener-
ated content, which is directly influenced by di-
versity. Beyond open-ended generation, we also
evaluate diversity in mathematical reasoning tasks,
where we measure solution-level diversity using an
LLM-as-a-judge (Zheng et al., 2023) protocol with
Claude Sonnet 4.5 as the judge, using 5-sample
self-consistency majority voting and calibration
against 100 human-annotated instances (Pearson
r = 0.87).

Reasoning Capability: We use HMMT (hmm,
2025) and AIME 2024 & 2025 (Mathematical As-
sociation of America, 2025) for evaluating math-
ematical reasoning, LiveCodeBench (Jain et al.,
2024) for coding, and GPQA-Diamond (Rein et al.,
2023) for general reasoning.

Model Backbone: Our experiments in-
clude instruction-tuned LLMs (Qwen2.5-
7B-Instruct (Yang et al., 2025), Llama-3.1-

8B-Instruct (Touvron et al., 2023)) and a
reasoning-enhanced model (Qwen3-8B). For
additional implementation details, please refer to
the Appendix B.
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Method Persona Keyword Full Story NoveltyBench
Name City Job 1-Gram Entropy 1-Gram Entropy Distinct
Qwen3-8B

B-Inference 6.32  9.58 5.94 6.83 2.84 286.08 37.57 1.04

P-Inference 43.37 56.71 53.84 10.27 297 1645.87  80.99 3.41
Qwen2.5-7B-Instruct

B-Inference 691  8.34 6.74 6.41 2.80 265.32 35.81 1.02

P-Inference 38.23 51.96 42.39 9.54 2.92 1523.65  74.56 2.97
Llama3.1-8B-Instruct

B-Inference 30.45 13.82 27.93 6.57 2.80 264.33 35.38 1.02

P-Inference 46.37 52.74 48.32  9.81 291 1521.98  72.31 2.83

DivPO 43.82 4234 47.01 8.34 2.75 1332.97  56.49 2.37

Table 1: Performance comparison on four diversity benchmarks under different training and inference methods.
B-Inference denotes conventional sampling-based inference, while P-Inference denotes prefix-conditioned inference.

Higher values indicate better performance for all metrics.

4.2 Prior Condition Difference

We quantitatively analyze how prefixing affects the
prior conditioning context. Our evaluation focuses
on two metrics: (1) the differences in the logits of
the first generated token under different prefixes;
and (2) the diversity of the sampled responses when
different prefixes are prepended.

We consider three categories of prompts: math-
ematical reasoning, factual questions, and story-
style descriptive prompts. We find that after adding
prefixes, the next-token logits change substantially,
leading to a 36.67% change in the greedy-decoding
outputs. In addition, the cosine similarity between
the prior conditioning contexts before and after pre-
fixing drops to 0.558-0.736, indicating that prefix-
ing has a notable impact on the model’s decoding
behavior. From the perspective of KL divergence,
the average change is 0.42, suggesting a significant
shift in the logit distribution, which implies that
our prefixing strategy induces distinct prior distri-
butions. For concrete case studies, please refer to
Appendix D.

Table 1 summarizes the response-diversity re-
sults. Across both instruction-tuned LLMs and
reasoning-enhanced LLMs, prefix-based inference
yields a substantial and consistent increase in out-
put diversity, and notably outperforms DivPO (Lan-
chantin et al., 2025), a training-time method ex-
plicitly designed to promote diversity. A potential
concern is that directly perturbing the next-token
logit distribution, and thus altering the decoding
dynamics, might inadvertently shift the semantic

conditioning of the prompt and lead to instruction
misalignment. To assess this risk, we randomly
sample 100 instances for human assessment and
additionally apply rule-based automated checks to
verify format compliance. In all inspected cases,
the generated outputs strictly follow the instruc-
tions and satisfy the required formatting constraints,
suggesting that prefix conditioning can meaning-
fully diversify the effective prior context without
compromising prompt semantics.

Moreover, the diversity gains translate into im-
proved test-time scaling for reasoning-enhanced
LLMs. As shown in Figure 2, pass@k on AIME
2024/2025 and HMMT improves markedly over
the traditional parallel sampling method, indicating
that prefix-conditioned inference provides a sim-
ple yet effective mechanism to strengthen test-time
scaling performance further.

4.3 Prefix-conditioned SFT

We follow the OpenThought (Guha et al., 2025) set-
ting and train on the same dataset, OpenThought3-
1.2M, where each question is paired with 16 re-
sponses. We fine-tune Qwen2.5-7B-Instruct using
both traditional SFT and our prefix-conditioned
SFT; all other optimizer hyperparameters are kept
identical. A relatively large learning rate is adopted,
motivated by the substantial distributional mis-
match between instruction-tuned and reasoning-
oriented model parameters. During training, in-
stead of fixing seeds to 0-15, we sample seeds
uniformly from 0 to 99999 without replacement to
avoid repeated randomness across examples. At
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Figure 2: Performance of test-time scaling with increasing number of samples on hard reasoning benchmarks. Solid
lines represent the traditional inference method, while dashed lines represent prefix-conditioned inference.

AIME 2025: SFT vs P-SFT Model HMMT AIME25 LCB GPQA-D
Qwen2.5-7B-Instruct 2.0 8.0 16.3 24.6
/' DS-R1-Distill-7B 25.0 380 345 33.2
75 . OpenR1-Distill-7B 25.7 397 307 58.9
:/ AceReason 333 50.7 44.3 52.9
;\?70 / : Nemotron-Nano 26.7 48.0 50.9 52.9
; » OpenThinker3-7B (SFT) 413 53.1 52.1 51.7
Qs ! / OpenThinker3-7B (P-SFT) 425 539 533 51.8
§ / o | OpenThinker3-7B (P-SFT*)  42.5 539 534 521
2 60l - /

/ | | Table 2: Performance comparison across reasoning

. benchmarks. SFT denotes our reproduced results us-

; ing traditional SFT, while P-SFT is trained with our
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Figure 3: Performance comparison of SFT and P-SFT
trained models on AIME 2025 with increasing number
of samples (K). P-SFT achieves 4.38% relative improve-
ment over SFT at K=32.

inference time, we evaluate two decoding proto-
cols: (1) Standard sampling (no prefix): sample
n responses under an identical prior conditioning
context, where the temperature is set to 0.6, fol-
lowing the previous works. (2) Prefix-conditioned
sampling: prepend a distinct prefix for each sam-
ple, thereby inducing different prior conditioning
contexts across responses.

Table 2 reports results on hard reasoning bench-
marks, and Figure 3 shows the performance
along the increasing sampling number. Prefix-
conditioned SFT yields a substantial improvement
in pass @k, while maintaining pass@1 and in some
cases even slightly improving it, suggesting that
ours indeed enhanced diversity. Moreover, apply-
ing prefix-conditioned inference on top of P-SFT
provides additional gain in pass@¥k. The gap be-
tween standard inference and prefix-conditioned
inference on the P-SFT model suggests that train-
ing has meaningfully reshaped the model’s learned
prior. Even without prefixes, the P-SFT checkpoint

prefix-conditioned SFT method, where the only differ-
ence is the training method and all other settings are
kept identical. P-SFT* denotes results obtained using
prefix-conditioned inference.

produces more diverse outputs than the SFT base-
line, which implies that decoupling the 1-to-M su-
pervision signal helps avoid collapsing different so-
lution modes into a single overfitted trajectory, and
instead keeps multiple distinct solution paths in the
weights. Further improvements appear when we en-
able prefix-conditioned inference. In this case, the
random prefix acts like a latent switch: it steers the
initial prior distribution away from the over-stable
region induced by the vanilla prompt, making it eas-
ier to follow alternative reasoning routes. As shown
in the scaling curves (Figure 3), standard SFT grad-
ually hits a diversity ceiling, while P-SFT continues
to improve more steadily in pass@k. This pattern is
consistent with P-SFT turning the landscape from
one dominant mode into a more multi-modal sur-
face where different local optima are easier to reach.
Each prefix provides a small but useful push in la-
tent space that helps the model move off the main
solution mode and explore other valid trajectories.
As a result, inference shifts from just sampling
different tokens to a more structured form of ex-
ploration through conditioning, so extra test-time
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Type KL

Persona Keyword Full Story NoveltyBench IF ACC Format ACC

Prefix Types
Corpus Span 0.63 51.83 6.21 759.32 2.84 0.92 0.95
Soft Embedding  0.61  47.19 6.17 678.43 2.01 0.97 0.93
Template (Ours) 0.58  44.19 6.23 799.11 2.97 1.00 1.00
Insertion Position
After 0.47 45.08 6.19 748.21 2.83 0.93 0.97
Before (Ours) 0.58 44.19 6.23 799.11 2.97 1.00 1.00

Table 3: Ablation study on prefix types and insertion position. For Persona, Keyword, and Full Story tasks, we
report the average results across their respective metrics. IF ACC denotes instruction following accuracy.

compute more reliably translates into broader solu-
tion coverage. We hypothesize that exposure to a
broader distribution of prefix-conditioned contexts
during training reduces coupling among alternative
solution trajectories, so that different prefixes at
inference can more reliably elicit distinct yet valid
solutions.

Beyond pass@#F, we additionally report cons@k
(majority-vote accuracy over k samples) with 95%
bootstrap confidence intervals on AIME25 and
HMMT25. On AIME25, cons@32 improves by
+2.70%, with the 95% CI shifting from [6.83,
17.71] to [7.15, 18.32]; on HMMT25, cons@32
improves by +2.09%, with the 95% CI shifting
from [6.57, 17.56] to [7.27, 17.75]. These variance
bounds indicate that the diversity gain is achieved
without compromising decision stability. To further
disentangle useful diversity from diffuse incorrect
modes, we measure Answer Entropy, Majority Mar-
gin, and Modal Answer Flip Rate. Answer entropy
rises from 1.31 — 1.52 on AIME25 and 1.28 —
1.47 on HMMT, while the majority margin drops
only moderately (71.3% — 64.8% on AIME25)
and the modal-answer flip rate stays nearly un-
changed (12.5% — 13.2%), which indicates the
added diversity is primarily at the solution-strategy
level rather than at the final-answer level.

4.4 Ablation Study

We ablate both the prefix type and the insertion
position to examine their effects on performance
and to understand the underlying mechanism of
latent perturbation.

Prefix type Three types of prefixes are consid-
ered:

(1) Ours: a templated natural-language prefix
that includes a random seed;

(2) Corpus span: randomly sampled spans from

a pretraining corpus used as perturbations;

(3) Soft prefix: randomly initialized soft-
embedding tokens sampled from the existing
language-embedding distribution.

Prefix-conditioned inference is used to compare
these variants, with results reported in Table 3. Our
design achieves the best trade-off between output
diversity and instruction-following. While random
corpus spans induce larger distributional shifts in
next-token logits, they often introduce uncontrol-
lable semantic noise that competes with the orig-
inal instruction, occasionally leading the model
to hallucinate or deviate from the intended task.
Soft-embedding prefixes, despite their theoretical
flexibility in continuous latent space, exhibit high
instability in zero-shot settings, frequently result-
ing in collapsed attention patterns and premature
sequence termination. These observations suggest
that semantically-neutral natural language serves as
the most effective medium for latent perturbation.
It leverages the model’s pre-trained linguistic priors
to shift the context without breaking the internal co-
herence of the transformer’s hidden representations,
ensuring that diversity is gained without sacrificing
logical consistency.

Insertion position Table 3 compares placing the
prefix before versus after the prompt. While diver-
sity metrics remain comparable in both settings, the
impact on instruction alignment is drastically differ-
ent. Placing the prefix after the prompt frequently
yields off-target responses, where the model either
attempts to incorporate the random prefix into the
task logic or fails to recognize the prompt’s instruc-
tions entirely.

We attribute this failure to the interruption of
the causal dependency chain within the autoregres-
sive transformer. Inserting a semantically irrele-
vant block between the instruction and the response
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Figure 4: Word frequency distribution analysis for Per-
sona Generation.

manifold disrupts the continuity of the KV-cache,
forcing the model to re-contextualize the sequence
attention from a noisy span. In contrast, placing the
prefix at the very beginning allows the instruction
1 to be contextualized by z through self-attention
from the initial layers, effectively biasing the latent
manifold while keeping the primary semantic path
from instruction to response intact. This confirms
that the prefix acts as a global conditioning variable
rather than a local noise source, necessitating its
position at the root of the sequence to maximize its
influence on the prior distribution while preserving
strict adherence to the prompt.

4.5 Case Analysis

We conduct a detailed case analysis to investigate
the specific improvements brought by our approach.
In the persona generation task, as illustrated in
Figure 4, it is most evident that the sampled re-
sponses from P-Inference tend toward a uniform
distribution as the word rank increases, whereas
the B-Inference results exhibit a severe and biased
long-tail distribution where the generated responses
are concentrated on a few modes rather than being
sampled evenly across the potential token space.
Similarly, for mathematical reasoning, we find that
the additional performance gain stems from the en-
hanced diversity induced by the prefix. Specifically,
the combination of P-Inference and P-SFT elicits
entirely new solution strategies rather than merely
exhibiting low token-level variance within a single,
homogeneous reasoning path as seen in traditional
SFT, thereby enabling a deeper level of exploration
at the solution level.

4.6 Reinforcement Fine-Tuning

To examine whether the diversity gains induced
by P-SFT translate into downstream benefits for

Model HMMT AIME25 LCB GPQA-D
OpenThinker3-7B (SFT)
Baseline 41.3 53.1 52.1 51.7
+ Iteration 433 53.2 52.7 51.8
+ Iteration 2 43.1 53.7 52.7 51.8
+ Iteration 3 432 54.1 53.1 51.7
OpenThinker3-7B (P-SFT)
Baseline 42.5 53.9 53.7 52.1
+ Iteration 1 43.1 54.1 55.2 52.9
+ Iteration 2 43.7 54.3 55.1 52.7
+ Iteration 3 43.6 54.3 55.2 53.1

Table 4: Impact of RFT on reasoning performance.
Baseline refers to the model after supervised fine-tuning,
and iteration represents the round of RFT applied to
each baseline model.

RL-style optimization, we perform Reinforcement
Fine-Tuning (RFT) (Yuan et al., 2023) starting
from both the SFT and P-SFT checkpoints. The
fundamental motivation is that the performance
ceiling of RFT is strictly governed by the agent’s
exploration capability. A policy that can generate
a wider variety of valid trajectories is more likely
to discover global optima and avoid local mode
saturation during the iterative self-boosting pro-
cess. Concretely, for each prompt, 32 responses are
sampled, and the model is iteratively optimized on
the top-performing candidates for a total of three
rounds.

Table 4 reports the comparative results. Under
the RFT framework, P-SFT consistently maintains
a performance margin over standard SFT across all
iterations. Notably, as the number of self-boosting
rounds increases, the performance of P-SFT sat-
urates significantly more gradually than its SFT
counterpart. We attribute this result to the enhanced
exploration profile provided by P-SFT’s decoupled
prior distribution. Standard SFT models, due to
their inherent mode collapse, often produce highly
homogeneous rollouts that lead to a rich-get-richer
feedback loop. The policy repeatedly reinforces
a narrow set of already-discovered correct paths,
leading to premature convergence and diminishing
returns in later iterations.

In contrast, P-SFT facilitates a more exhaus-
tive exploration of the solution space by maintain-
ing distinct response modes even as the policy pa-
rameters are updated. This characteristic ensures
that the on-policy distribution remains sufficiently
broad to capture alternative reasoning strategies
that a collapsed policy would otherwise overlook.
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By striking a superior balance between exploiting
high-reward samples and preserving diversity, P-
SFT serves as a more robust initialization for RL-
based optimization. This property is particularly
critical for hard reasoning tasks where the reward
landscape is sparse, as it ensures that the model
continues to synthesize novel, correct trajectories
across successive rounds, pushing the ultimate per-
formance ceiling higher than traditional SFT base-
lines.

5 Conclusion

This paper introduces Prefix-conditioned SFT (P-
SFT), a simple yet effective approach to learning
from instruction-following data while preserving
response diversity. By assigning distinct, seman-
tically neutral prefixes to decouple multiple valid
responses for the same prompt, P-SFT effectively
mitigates optimization interference and alleviates
the mode collapse inherent in traditional supervised
fine-tuning. Our experiments demonstrate that P-
SFT substantially enhances the diversity of large
language model (LLM) outputs across both cre-
ativity and hard reasoning benchmarks. More im-
portantly, we show that preserving such diversity
at the training stage is a prerequisite for effective
test-time scaling and provides a superior explo-
ration space for reinforcement learning, thereby
raising the performance ceiling for complex reason-
ing. P-SFT demonstrates the broader potential of
diversity-preserving fine-tuning methods in estab-
lishing a more robust foundation model for scalable
reasoning and iterative LLM improvement.

Limitations

The primary focus of this work is addressing di-
versity collapse during the supervised finetuning
(SFT) stage through prefix-conditioned SFT, which
mitigates the issue of reduced output diversity
when training on one-problem-multiple-answer
pairs. However, diversity degradation can also oc-
cur during the reinforcement learning (RL) stage.
Future work will explore applying this method to
the RL phase.

Ethics Statements

This paper investigates methods to mitigate re-
sponse collapse in large language models and to in-
crease response diversity for identical prompts. Im-
proving diversity can enhance sampling efficiency

by reducing redundant generations. Moreover, di-
versified outputs help capture a wider range of val-
ues and geographic perspectives, rather than ex-
hibiting bias toward a narrow, overrepresented re-
sponse pattern.
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B Implementation details

All training was conducted on 32 H200 GPUs using the LLaMA-Factory library. For inference, we
use vLLM for parallel sampling. For the learning rate, we adopt a relatively large value of 1e-4 due to
differences in the parameter distributions between the instruction model and the reasoning-enhanced model.
During sampling, we use the recommended temperature = 0.6 for all conventional parallel sampling.
For prefix-conditioned inference, we fix temperature = 0 for each prefix to ensure reproducibility. This
choice is deliberate and serves as a controlled experimental design: standard sampling (7' = 0.6) derives
diversity solely from decoding stochasticity, whereas prefix-conditioned inference derives diversity from
the prefix-induced prior shift alone; using 7' > 0 for prefix-conditioned inference would confound these
two sources, making it unclear whether gains come from the prefix mechanism or from sampling noise.
Note that although the temperature is O for P-Inference, we can still obtain diverse responses, as the
prefixes already shift the prior distribution.

RFT setup. For the reinforcement fine-tuning experiments in Section 4.6, rollouts use temperature
= 0.6 and maximum response length = 8192, with 32 responses sampled per prompt. RFT training uses
batch size = 512 and learning rate = le—4. The prefix is applied only during rollout to elicit diverse
trajectories and is removed during the RFT gradient update, since its role is limited to inducing exploration
rather than being part of the learned policy.

C Theoretical proof

C.1 Semantic Consistency

We consider the following spaces in our analysis: Input Space X, Semantic Space S, Prefix Space C,
Output Space YV, D = {(wk, yk, cx) | training dataset.

Target: Given Input z € X, y € C, we aim to prove that the model’s posterior distribution over
Semantics P(S|z, ¢) remains concentrated around Siye.

Standard SFT:

Pouse(S]z) =Y _ P(c|)P(S]|x, c)
ceC

Using Bayes’ theorem to derive this equality, we need to make certain assumptions, namely that prefix
¢ and semantics S should be decoupled. This requires that the reverse distribution of ¢ does not disturb
the true semantics:
P(c|S,z)P(S|z)

P(S|z,c) = P /)

where P(c|S, x) is the prefix likelihood.

Let ¢ L S|z, i.e., P(c|S,z) = P(c|z). Under this conditional independence assumption:
P(c|z)P(S|x)
= P(S = = P(S|x).
( |x7 C) P(C‘;C) ( |x)

This shows that prefix c is designed to be independent of .S, preserving the semantic distribution.
Model: We can interpret the output as y = ¢(S, z) where S represents semantics and z represents
form/style.

P(S|xz,c) = P(S|z) (semantics decoupled)
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P(z|z,c) # P(z|z) (form/style perturbed)
P(y|z,c) o< P(S|z) - P(z|c)
Multi-response scenario: Let Sy, denote correct semantics and St,sc denote incorrect semantics.
P(z,c|S)P(S)
P(S =7
(Slave) = =

The posterior odds ratio is:
P(Strue‘x7c) . P<xvc|strue)P(Strue) P(x’Strue)P(Strue) P(C’Strue)

P(Sfalse’$7 C) B P(x; C‘Sfalse)P<Sfalse> P(x’Sfalse)P(Sfalse) ' P(C‘Sfalse)
Assuming that given .S, z and c are conditionally independent (we construct ¢ such that = and prefix c
are independent given semantics):
P(Strue’-ra C) P($|Strue) P(C|Strue) P(Strue)

P(Sfalse|1:ac) B P(x|Sfalse) . P(C|Sfalse) ' P(Sfalse)
————r

Input strength Prefix Bias Prior odds

When the input is sufficiently informative and the prefix has no semantic influence (i.e., P(c|Sye) =~
P(c|Stase)), the posterior odds are primarily determined by the input strength, ensuring semantic consis-
tency in standard SFT without prefix conditioning.

C.2 Variance Analysis via Law of Total Variance

We now analyze how prefix conditioning affects the variance of model outputs using the law of total
variance.
Law of Iterated Expectations:
E[Y] =Ec (E[Y]])

Definition of Conditional Variance:
Var(Y|e) = E[Y?|c] — [E(Y]c))?
= E[Y?|c] = Var(Y]c) + [E(Y]e)]?

Variance decomposition:
Var(Y) = E[Y?] — (E[Y])”

By the law of iterated expectations:
E[Y?] = E. (E[Y?|d])
=E. (Var(Y\c) + [E[Y’CW)
= E. (Var(Yle)) + Ec [E(Y |¢)]2

And:
(EY))? = (B [E(Y]e))?

Therefore:
= Var(Y) = E, [Var(Y|c)] + E. (E[Y|c])* — (B, [E(Y[0)])*

Prefix?
= E. [Var(Y|c)] + Var. (E[Y]q])
——— —_————

Within-group variance due to ¢~ Between-group variance.
Group variance >0

Baseline comparison:
E[Yoase] = E. [E[Y|¢]] (No significant bias introduced.
Var(Yoase) = E. (Var(Y|c)) Bias term = 0)

= Var(Y') > Var(Ypase) = Diversity increases
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C.3 Training Stability Analysis

We analyze the training stability when using prefix conditioning by examining the distance between
hidden representations.

Let input « be the question and ¢ be the prefix. We use h to denote the embedding or hidden
representation at a certain layer. Given: h, .: hidden representation when both = and c are present; h,:
hidden representation when only z is present.

Since prefix is relatively short and does not significantly change the meaning of input x, we expect a
small distance between representations, i.e.,

Hhx,c - hbase||2 S b

By the log-Lipschitz property of neural networks, the log-likelihood function f(h) = log my(y|h) is
Lipschitz continuous in the hidden space. That is, given hq, ho, there exists K (Lipschitz constant) such
that:

£ (h1) = f(h2)| < Kl|h1 — hef

Target: The SFT loss Lspr(x) = — log mp(y|z) should be stable.
If y is sampled from the distribution 7y (y|z, ¢) during training, then without prefix conditioning, the
model tries to fit = in the "wrong" way.
That is, at inference time: log 7y (y|x, c) > M — —o0
Therefore:
log my(y|z, ¢) — log my(y|z)| < K| hse — hbasell2

= log We(ylw) > 10g7r9(2/|90, C) - Kth,c - hbase”Z
> log mg(y|z, c) — Kb
> M — Kb

= Lspr(z) < Kb— M (bounded)

As long as b is sufficiently small and K is not too large (when ¢ has minimal impact on the representa-
tion), K will not be too large (the model is not too sensitive). Thus the loss remains bounded.

Therefore, even in the special case of standard SFT (because loss is bounded), training will converge to
a reasonable point. (Due to bounded loss) Training will not diverge. As long as Kb is sufficiently small
= training will stabilize and converge.

D Case Analysis

As shown in Table 5, for prompts with strong factual determinism, adding a semantically irrelevant prefix
has a much smaller impact on the next-token logits than for open-ended prompts without a specific ground
truth. This suggests that introducing prefixes can influence the LLM’s decoding behavior to produce more
diverse outputs, while not overly degrading its reasoning ability or factual knowledge. Our experiments
on the reasoning benchmarks in the main text further support this observation.

E Detail Studies of NoveltyBench

Novelty Bench

Question: What is the best book of all time?

Traditional Inference: War and Peace by Leo Tolstoy is often regarded as the best book of all time
due to its epic scope and profound exploration of human life during the Napoleonic Wars. The novel
follows several aristocratic families in Russia, including the Rostovs, Bolkonskys, and Bezukhovs,
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Prompt Cosine L2 Dist KL Div  Top-10

Sim Overlap
The capital of France is 0.973 475.9 0.557 0.433
2 + 2 equals 0.986 404.9 0.416 0.567
The color of the sky is 0.965 515.2 1.648 0.400
Machine learning is a 0.964 423.6 0.791 0.700

In the beginning, there was  0.986 329.6 0.283 0.867
Python is a programming 0.984 405.8 0.006 0.800

The sun rises in the 0.991 236.9 0.056 0.567
Water boils at 0.559  1307.1 0.150 0.700
She walked into the 0.990 198.4 0.063 0.800
The answer to life is 0.981 878.6 0.231 0.500

Table 5: Comparison of similarity metrics for next-token logit distributions under different prefixes across prompt
categories.

as they navigate love, loss, and societal changes amid historical events like the invasion of Russia
by Napoleon in 1812. Tolstoy masterfully weaves together personal stories with broader historical
narratives, showing how individual lives are shaped by larger forces. For instance, Pierre Bezukhov’s
journey from a naive heir to a man seeking deeper meaning through Freemasonry and imprisonment
reflects themes of self-discovery and redemption. Prince Andrei Bolkonsky’s experiences on the
battlefield highlight the futility of war and the search for purpose, while Natasha Rostova’s youthful
enthusiasm and growth represent the joys and pains of coming of age. The book’s length, over 1,200
pages, allows for detailed character development and intricate plotlines, making readers feel immersed
in 19th-century Russian society. Tolstoy draws from real historical figures and events, blending fiction
with nonfiction to question how history is made—not by great leaders alone, but by the collective
actions of ordinary people. This challenges traditional views of heroism and power. Philosophically,
the novel delves into questions of fate versus free will, with Tolstoy arguing that events unfold through
a complex web of causes rather than singular decisions. The prose is straightforward yet descriptive,
capturing everyday details like family dinners, balls, and military strategies. Critics praise its realism
and psychological insight, influencing countless writers since its publication in 1869. War and Peace
has been adapted into films, operas, and TV series, proving its enduring appeal. It offers lessons on
resilience, morality, and the human condition, reminding readers that even in chaos, personal growth
is possible. Ultimately, its combination of history, drama, and philosophy makes it a cornerstone of
world literature, appealing to those who appreciate deep, thoughtful storytelling over quick reads.
Many lists, like those from Time Magazine or The Guardian, rank it at the top for its ambition and
impact. Reading it requires commitment, but the rewards are immense, providing a panoramic view
of life that few books can match.

Prefix Inference: Gabriel Garcia Marquez’s One Hundred Years of Solitude emerges as the
unparalleled masterpiece of world literature, a swirling tapestry of magical realism that encapsulates
the boundless absurdity, beauty, and tragedy of human existence across generations in the fictional
town of Macondo. Through the Buendia family’s epic saga, Marquez weaves a narrative that defies
linear time, blending the mundane with the miraculous—rains that last for years, levitating priests,
and gypsies bearing ice as a wonder—to mirror Latin America’s turbulent history of colonialism,
civil wars, and forgotten revolutions. The novel’s genius lies in its profound exploration of solitude
as an inescapable human curse; each Buendia member, from the visionary founder José Arcadio
Buendia, who ties himself to a tree in madness, to the resilient Ursula Iguaran, who outlives eras
with unyielding matriarchal strength, grapples with isolation amid familial bonds that both nurture
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and destroy. Marquez infuses the story with lush sensory immersion: the metallic tang of alchemy
experiments, the oppressive humidity of endless downpours, or the ethereal ascent of Remedios the
Beauty into the sky amid fluttering bedsheets. Philosophically, it critiques the cyclical nature of history
and progress; Macondo’s rise and fall symbolize how societies repeat mistakes, from exploitative
banana massacres echoing real events to the amnesia induced by insomnia plagues, erasing collective
memory. As a stylistic triumph, the book employs a polyphonic voice that shifts seamlessly between
omniscient narration and intimate revelations, drawing on oral storytelling traditions to create a
mythic quality that feels both ancient and urgently modern. With over 100 characters spanning seven
generations, it delves into themes of fate versus agency, the illusion of progress, and the interplay of
reality and myth, challenging readers to question their own perceptions of time and legacy. Marquez’s
prose is a hypnotic blend of poetic lyricism and raw irony, where butterflies trail a doomed lover
or a blood trail snakes through town like a living vein, evoking a visceral sense of wonder and
despair. Culturally, it birthed magical realism as a global phenomenon, influencing writers worldwide
and capturing the essence of postcolonial identity struggles. Yet, at its core, One Hundred Years
of Solitude is a profound meditation on love’s redemptive power amid inevitable decay, offering a
kaleidoscopic vision of life that affirms humanity’s resilience even as prophecies unfold to Macondo’s
apocalyptic end, scripted on ancient parchments. This novel doesn’t just recount a story; it conjures
a universe where the extraordinary is ordinary, reminding us that in the solitude of existence, our
shared dreams and follies connect us across time, making it an eternal beacon for understanding the
human soul’s intricate labyrinth.

Diversity Analysis Prefix inference chooses a completely different book, Gabriel Garcia Marquez’s
One Hundred Years of Solitude, instead of the traditional War and Peace, and delivers a richly
diversified set of perspectives: magical realism that bends time and reality, the inescapable solitude
that haunts every generation of the Buendia family, vivid sensory details (endless rains, levitating
priests, metallic alchemy smells), historical allegory of Latin America’s cycles of violence and
colonialism, philosophical reflections on fate, memory, and progress, polyphonic storytelling rooted
in oral tradition, cultural birth of a global literary movement, and profound existential meditations on
love, decay, and human resilience. In contrast, the traditional inference stays narrowly focused on
just one book—War and Peace by Leo Tolstoy—repeating the same handful of angles: epic historical
scope, aristocratic family stories, Napoleonic Wars, character development, and broad philosophical
ideas about fate and free will. The result is a linear, factual summary that feels like a standard
encyclopedia entry, with only 3—4 core dimensions and high overlap with almost any other generic
answer. This single-book, single-track approach makes traditional inference predictable and repetitive,
while prefix inference opens up a much wider, fresher space of ideas and language.

(& J

F Detail Studies of Full Story Generation

Full story

Seed Word: Fires Queen

Traditional Inference: In the ancient kingdom of Eldoria, the Fires Queen ruled with an iron fist
from her throne of smoldering embers. Her name was whispered in fear: Queen Ignara, the one
who commanded flames like loyal soldiers. Born from the ashes of a volcanic eruption, she had
risen to power by taming the wild fires that plagued the land. Her palace was a fortress of blackened
stone, where torches burned eternally, casting flickering shadows on walls etched with tales of her
conquests.One fateful night, a rebellion stirred in the villages below. Peasants, tired of the queen’s
relentless demands for tribute in the form of firewood and coal, gathered under the cover of darkness.
Led by a blacksmith named Thorne, they plotted to douse the eternal flames that fueled her magic.
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Thorne had forged a secret weapon: a blade quenched in the icy waters of the northern springs, said
to extinguish any fire it touched.As the rebels marched toward the palace, Queen Ignara sensed the
disturbance. She stood atop her tower, her crimson gown billowing like flames in the wind. With
a wave of her hand, she summoned walls of fire that encircled the intruders. "Fools," she hissed,
her voice crackling like burning wood. "You dare challenge the Fires Queen?" The flames roared
higher, consuming the forest paths and forcing the rebels to retreat. Thorne, undeterred, pressed on
alone, his blade gleaming in the firelight.In the heart of the palace, the confrontation unfolded. Queen
Ignara unleashed torrents of fire, but Thorne dodged and parried, his weapon slicing through the
inferno. Sparks flew as blade met flame, and for a moment, the queen’s power wavered. She laughed
maniacally, her eyes glowing like coals. "You cannot quench what is eternal!" But Thorne struck
true, piercing her fiery core. The flames sputtered and died, leaving only smoke and silence.With
the Fires Queen defeated, the kingdom breathed freely. Thorne became the new guardian, ensuring
fires served the people rather than enslaved them. Yet, in the embers of her throne, a faint glow
remained—a reminder that fire, like power, could always reignite. The land prospered under balanced
rule, but whispers of her return lingered in every hearth.The story of the Fires Queen became legend,
taught to children as a cautionary tale. Fire was both destroyer and creator, and those who wielded it
must do so wisely. Eldoria entered an era of peace, where flames warmed homes instead of burning
them. Thorne’s blade was enshrined, a symbol of courage against tyranny. And so, the cycle of fire
continued, tempered by the lessons of the past.

Prefix Inference: Amid the swirling mists of a forgotten realm where elements danced in eternal
harmony, the Fires Queen emerged not as a tyrant, but as a multifaceted force of transformation.
Known as Queen Aelara, she embodied the dual nature of fire: the scorching blaze that razed forests
and the gentle hearth that nurtured life. Her origins were shrouded in myth—some said she was forged
in the heart of a dying star, others claimed she rose from the ritual pyres of ancient shamans. Her court
was a vibrant tapestry, blending volcanic forges with lush gardens where fire lilies bloomed under
controlled embers.In this world, fire was more than destruction; it was alchemy, passion, and renewal.
Queen Aeclara’s reign began with a cataclysm: a great inferno that threatened to engulf the continents.
But she intervened, channeling the flames into rivers of molten gold that enriched the soil. Villages
flourished, artisans crafted wonders from tempered metals, and healers used her controlled burns to
purify plagues. Yet, shadows loomed—jealous rivals from the Water Realms and Earth Clans sought
to undermine her, fearing her unpredictable power.One epochal dawn, an alliance formed against her.
A water sorceress named Lirra, an earth guardian called Terron, and a wind nomad, Zephyr, united
to steal the Eternal Spark, the crystal that anchored Aelara’s essence. They infiltrated her palace, a
labyrinth of glowing caverns and sky-high spires, where flames whispered secrets in multiple tongues.
Aelara, ever perceptive, anticipated their moves. She didn’t merely defend; she adapted, weaving fire
with elements of her foes—creating steam veils from water, forging unbreakable alloys with earth,
and fueling gusts into firestorms with wind.The battle was a symphony of chaos and creation. Lirra’s
waves clashed with Aelara’s infernos, birthing rainbows of vapor. Terron’s boulders melted into lava
sculptures, alive with inner glow. Zephyr’s tempests fanned flames into protective barriers. Amid
the fray, Aelara revealed her true philosophy: "Fire is not singular; it evolves through union." She
offered alliance instead of annihilation, transforming enemies into allies. Together, they quelled a
greater threat—a void entity devouring realms.Under the Fires Queen’s guidance, the alliance birthed
a new era. Fire integrated with water for irrigation miracles, earth for fertile rebirths after burns,
and wind for spreading seeds across lands. Aelara’s court became a hub of innovation: inventors
harnessed geothermal energy for flying machines, artists painted with living flames, and scholars
decoded fire’s language in stars. Challenges persisted—droughts tested balance, rebellions arose from
those fearing change—but Aelara’s approach fostered growth.Legends of the Fires Queen spread
across dimensions, inspiring beings to embrace multiplicity. Fire symbolized not just heat, but the
spark of ideas, the forge of bonds, and the light of discovery. In her realm, every ember told a story of
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adaptation, proving that true power lay in diversity and exploration.

Diversity Analysis The traditional inference story adopts a straightforward, linear narrative style,
focusing on a singular conflict between a domineering queen and a heroic rebel, with repetitive
emphasis on themes of destruction and conquest. Its language relies on consistent fiery imagery and
simple character archetypes, building tension through direct confrontations and a clear resolution,
resulting in a focused, cautionary tale that maintains a narrow scope throughout.In contrast, the prefix-
inference story employs a more expansive and multifaceted structure, weaving together elements of
mythology, alliance-building, and philosophical depth. It explores fire’s various roles—destructive,
creative, and integrative—through diverse interactions and evolving relationships, using varied
imagery and innovative concepts to create a broader, adaptive narrative that emphasizes growth and
interconnectedness over singular dominance.

G Detail Studies of Keyword Story Generation Task

We selected the same number of story titles and used Traditional Inference and Prefix Inference respectively
to generate keywords, then conducted word cloud analysis on the results, as shown in the figure. The
comparison of word clouds clearly demonstrates that Prefix Inference yields significantly higher lexical
diversity. Specifically, the word cloud generated by Traditional Inference contains fewer vocabulary items
with a sparse distribution, where a small number of high-frequency words (such as "Phantom", "Whispers",
"Eclipse", and "Destiny") dominate the output, resulting in pronounced differences in word sizes. In
contrast, the word cloud from Prefix Inference exhibits a much denser and more uniform distribution,
encompassing a richer variety of vocabulary. The occurrence frequencies of individual words are relatively

balanced.
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Figure 5: Word cloud comparison of keywords generated by Traditional Inference (left) and Prefix Inference (right)
for the story title task.
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H Detail Studies of HMMT

Below, we provide an example from the HMMT dataset that includes both Traditional Inference and
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various Prefix Inferences, demonstrating how Prefix Inference explores diverse reasoning paths.
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HMMT

Question: Mark writes the expression +/abcd on the board, where abcd is a four-digit number and
a # 0. Derek, a toddler, decides to move the a, changing Mark’s expression to a+/bcd. Surprisingly,
these two expressions are equal. Compute the only possible four-digit number abcd.

Traditional inference
Lety = 100b + 10c + d. From 1/1000a + y = a./y, squaring both sides yields:

1000a

1000a+y=a2y = Y=
a—1

Enumerate a = 2,3, ...,9 to find integer y € [100, 999]:
* a=2:y=2000/3 ~ 666.67 (not an integer)
e a=3:y=3000/8 =375 v

Solution: abed = {3375
Characteristics: Single algebraic starting point; sequential enumeration; no back-substitution
verification.

Prefix Id 2

Let y = 100b + 10c + d. From 1/1000a + y = a,/y, squaring both sides yields:
_1000a
T a2-1

Enumerate a = 1,2, ...,9 to find integer y € [100, 999]:
* a = 1: undefined
* a=2:y=2000/3 ~ 666.67 (not an integer)
e a=3:y=3000/8 =375 v

Verification by exact simplification:

V3375 = 15v/15, 3375 =3 x 5V/15 = 15V/15 v
Solution: abed = {3375

Characteristics: Sequential enumeration + exact algebraic verification via radical simplification.

Prefix Id 6

Let y = 100b + 10c + d. From 1/1000a + y = a,/y, squaring both sides yields:
~1000a
T a2-1

Enumerate a = 9,8, ..., 1 to find integer y € [100, 999]:
* a=19:y=19000/80 = 11.25 (not an integer)

*a=3y=3000/8 =375 v
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Verification by exact simplification:

V3375 ~ 58.09, 3v 375~ 58.09v

Solution: abed =

Characteristics: Linear reverse derivation + numerical (approximate) verification

Prefix Id 9
From y = z%(f)f, for y to be an integer, (a? — 1) must divide 1000a.

Key insight: List all divisors of 1000:
1,2,4,5,8,10, 20, 25,40, 50, 100, 125, 200, 250, 500, 1000
Reverse matching: Find which divisor d satisfies d = a? — 1 for some digit a:
cd=8d*=9=3=a=3 Vv
» Other divisors: a? = d + 1 is not a perfect square

Thus a = 3,y = 390 = 375. Solution: abcd = | 3375
Characteristics: Divisor analysis with reverse matching; a fundamentally different starting point

from enumeration.

Prefix Id 10

Same derivation: y = }gf)f. Enumerate a = 2,3,...,9, find a = 3, y = 375.

Difference from Traditional: Verification via prime factorization:

3375 = 5 x 3% = 125 x 27

V3375 =153 x33=5-3.15 x 3=15V15
3v375 =353 x 3=3 x 5V15 = 1515 v

Characteristics: Sequential enumeration + prime factorization verification.

Prefxi Id 20 From y = z%(f)f, for y to be an integer, (a® — 1) must divide 1000a.

IExhaustively check all 15 divisors of 1000, testing whether d + 1 is a perfect square:
d=a’—1|a’=d+1 Result
2 3 not a perfect square
4 5 not a perfect square
5 6 not a perfect square
8 9 =32 a=3 Vv
10 11 not a perfect square
20 21 not a perfect square
25 26 not a perfect square
40 41 not a perfect square
50 51 not a perfect square
100 101 not a perfect square
125 126 not a perfect square
200 201 not a perfect square
250 251 not a perfect square
500 501 not a perfect square
1000 1001 not a perfect square
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Only d = 8 yields a = 3. Thus y = 3%° = 375. Solution: abcd = | 3375
Characteristics: Exhaustive divisor checking; guarantees uniqueness of solution.

Prefix Id 27

New variable setup: Let N = abced (four-digit number), M = bed (three-digit number).
Relations: N = 1000a + M and N = a?>M (from squaring VN = a\/M).

Key transformation: Eliminate M by substituting M/ = N — 1000a:

N = a*(N —1000a) = a®*N — 1000a°
1000a3
a? —1

Difference from Traditional: Directly solve for NV (target), not M.
Non-standard enumeration: Start from middle value a = 5, then expand outward:

N(1 —a?) = —-1000a> = N =

a=25,6,7,894,3,...
e a =5 N =125000/24 ~ 5208.33 (not an integer)
* a=6: N =216000/35 ~ 6171.43 (not an integer)

*a=3: N =27000/8 = 3375 v

Solution: abed = | 3375
Characteristics:

 Alternative algebraic formulation: solve for N directly instead of M
¢ Target-oriented modeling: derive expression for the final answer

* Middle-out enumeration strategy

Additional Problem-Solving Strategies in Prefix Inference Compared to Traditional
Inference

Traditional Inference follows a single path: derive y =
finding a = 3, y = 375.

Prefix Inference introduces the following additional strategies:

1000a
a?2—1°

enumerate a = 2 to 9, stop upon

1. Exact Algebraic Verification (Prefix-2): After finding the solution, verify by simplifying
radicals: v/3375 = 15v/15 and 3v/375 = 15v/15.

2. Numerical Approximation Verification (Prefix-6): Verify by computing decimal values:
V3375 ~ 58.0948 and 3+/375 ~ 58.0947.

3. Prime Factorization Verification (Prefix-10): Verify by decomposing 3375 = 53 x 33, then
simplify v/3375 = 15/15.

4. Reverse Enumeration Order (Prefix-6): Test a = 10,9,8, ..., 3 (large to small) instead of
a=2,3,...,9.

5. Middle-Out Enumeration Order (Prefix-27): Test a = 5,6, 7, 8,9, 4, 3 (starting from middle,
expanding outward).
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6. Divisor Analysis with Reverse Matching (Prefix-9): Instead of enumerating a, list divisors of
1000 and find which divisor equals a® — 1. Only 8 = 32 — 1 works, giving a = 3.

7. Exhaustive Divisor Checking (Prefix-20): Check all 15 divisors d of 1000, testing whether
d + 1 is a perfect square. Guarantees uniqueness.

8. Alternative Algebraic Formulation (Prefix-27): Directly solve for target N = 129—8“13 instead
of M = 2%0_0‘11, using substitution M = N — 1000a.
\ J

I Detail Studies of AIME24

Below, we provide an example from the AIME24 dataset that includes both Traditional Inference and
various Prefix Inferences, demonstrating how Prefix Inference explores diverse reasoning paths.

AIME24

Question: Every morning Aya goes for a 9-kilometer-long walk and stops at a coffee shop afterwards.
When she walks at a constant speed of s kilometers per hour, the walk takes her 4 hours, including
t minutes spent in the coffee shop. When she walks s + 2 kilometers per hour, the walk takes her
2 hours and 24 minutes, including ¢ minutes spent in the coffee shop. Suppose Aya walks at s + %
kilometers per hour. Find the number of minutes the walk takes her, including the ¢ minutes spent in
the coffee shop.

Traditional inference
Define s as speed (km/h) and ¢ as coffee shop time (hours):

4t=4 Eq. (1)
O +t=24 Eq. (2)

Subtract Eq. (2) from Eq. (1) to eliminate ¢:

O 9 gy AsHD =0y
s s+2 s(s+2)
18

7o, 6= 1.6(s* +2s) = 18

2 +25—11.25=0

Solving for s using the quadratic formula:

_—2+44/22 - 4(1)(-11.25)  —2£+/49
o 2(1) )
o= 2T o 5 kmim
Substitute s = 2.5 back to find ¢:
9
2.5 36=0

Final calculation for the new speed s + 0.5 = 3:

9

Tnew = 5= A=
2.540.5

+ 0.4 =3+ 0.4 = 3.4 hours
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3.4 x 60 = minutes

Prefix ID 12

Step 1: Isolate the Reciprocal Speed
Letz = % be the time spent in the coffee shop in hours. We rewrite the equations to isolate the terms

containing s:
9 _ _ 9
D —24-2 = s4+2=52 —(2)

s+2

Step 2: Eliminate s by Substitution
Substitute s from Eq. (1) into Eq. (2):
9 9

2 =
4—x+ 24 —=x

Step 3: Solve the Rational Equation for x
Multiply the entire equation by (4 — z)(2.4 — z) to clear denominators:

924 —2)+24—-2)(24—2)=9(4 —x)
Expand and simplify:
21.6 — 9z + 2(x* — 6.42 + 9.6) = 36 — 9z
21.6 + 222 — 12.8¢ + 19.2 = 36
222 — 1282+ 48 =0 = 22 —6.42+24=0

Step 4: Solve the Quadratic fort
Using the quadratic formula for x:

o 6.4+ /(—6.4)2 —4(1)(24) _ 6.4+ /40.96 — 9.6
N 2 N 2

_ 64+v31.36  6.4+5.6
B 2 2
This gives = 6 (invalid, exceeds total time) or z = 0.4. Thus, ¢ = 0.4 x 60 = 24 minutes.

Step 5: Final Calculation
Substitute z = 0.4 back into Eq. (1) to find s:

2:4—0.4:3.6 = s =2.5km/h
S

x

For the speed s + 0.5 = 3 km/h, the total time is:

T = (g) x 60 + 24 = 180 + 24 = | 204 | minutes

Prefix ID 19

Step 1: Isolate the Walking Time Difference

Since the coffee shop time ¢ is constant, the difference in total time (4 — 2.4 = 1.6 hours) is entirely
due to the difference in walking time. Let W7 be the walking time at speed s, and W5 be the walking

time at speed s + 2.
Wi — Wy =1.6 hours — (1)
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Step 2: Use the Inverse Proportion of Speed and Time
For a constant distance (9 km), speed and time are inversely proportional:

%_s—i—?_l_i_g
Wy s s

Substituting W1 = Wy + 1.6 from Eq. (1):

Whitr Bl g i g 28 g2
Wa B Wa Wy S

This yields a direct linear relationship between speed and walking time:

1.6 2 MWy
0 _ = _ 2 os
W s 0 16 oW

Step 3: Solve for Walking Time (W5)

Substitute s = 1.25W, into the distance formula Wy = SJ%:

9

Wy=— >~
27 1.25Wy + 2

= 1.25W5 +2W5 —9=0

Multiplying by 4 to clear decimals:
5W3 4 8Wo — 36 =0

Factoring the quadratic: (5W5 + 18)(W3 — 2) = 0. Since W5 > 0, we find W5 = 2 hours.
Step 4: Resolve the Constants
If walking time W3 = 2 hours, then:

¢ Coffee time: t = 2.4 (total) — 2 (walk) = 0.4 hours = 24 min.
e Speed s +2: s +2 =30 =45 — s=25kmh.

Step 5: Final Result
At speed s + 0.5 = 3 km/h, walking time is % = 3 hours (180 min). Total time: 180 + 24 =

minutes.

Prefix ID 27

Step 1: Time Conversion and Equation Setup
Convert the second total time to hours: 2 h 24 min = 2 + % = 2.4 h. Let s be the speed and T, = &
be the coffee shop time in hours:

% +T.=4 (Scenario 1)
% +T. =2.4 (Scenario 2)

Step 2: Subtraction and Rational Simplification
Subtracting the equations to eliminate 7:

9. 9 494 sHD -9 g
s s+2 s(s+2)
18

—— =16 = 18 =1.65>+3.2s
s2 4+ 2s

271




Step 3: Coefficient Normalization
Rearrange and scale the quadratic equation to simplify calculation:

1.6s> +3.25s — 18 =0
Multiply by 10 and divide by 4 to normalize:
165> + 325 — 180 =0 => 45> +8s—45=0

Step 4: Solving the Quadratic
Using the quadratic formula where ¢ = 4,b = 8, ¢ = —45:

,_ 8% VB A (=45) _ —8+ 6L+ 720

2(4) 8
-8+ 784 —8+28
S = =
8 8
Since s > 0, we have s = % = 2.5 km/h.
Step 5: Back-substitution and Final Answer
Solve for ¢ (minutes):
i—l-i—él = 36—|—i—4 e i—04 —> t = 24 min
25 60 T 60 60 B

New scenario with speed s + 0.5 = 3 km/h:

Total Time = <§> x 60+ 24 =180 + 24 = minutes

Prefix ID 31

Step 1: Shift to Minute-Based Equations

Instead of working with hours and decimals, we multiply the time equations by 60 immediately to
align all units to minutes. Let s be the speed (km/h) and ¢ be the coffee shop time (min):

540 4 ¢ — 144 (Scenario 2: 2.4 hours = 144 min)

{&;0 4+t =240 (Scenario 1: 4 hours = 240 min)
s+2

Step 2:
Subtracting the equations to isolate the walking time difference:

540 540

=240 — 144 = 96
S s+ 2

Factor out 540 and simplify the fractions:
2 1
0 —— ) =96 = 1080 =96
s(s+2) s2 4 2s

Step 3:
Rearrange into a quadratic form: 96s% + 192s — 1080 = 0. Divide the entire equation by its GCD
(24):

45 + 85— 45 =10
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Step 4:
Using the quadratic formula for 452 + 8s — 45 = 0:

o -8+ ,/64 —4(4)(—45) —8++784 —8+28
B 8 B 8 8

Since s > 0, s = % = 2.5 km/h.
Step 5:
Substitute s = 2.5 into the minute-based equation:

%H:mo = 216+t =240 = ¢ = 24 min

For the final speed s + 0.5 = 3 km/h:

9
T = 3 % 60 +24 = 180 + 24 = minutes

Additional Problem-Solving Strategies in Prefix Inference Compared to Traditional
Inference

Traditional inference defines speed s and coffee time ¢ to build a distance-time system. Eliminate ¢ to
produce the quadratic s + 2s — 11.25 = 0. Solve for s (retaining the positive root), back-substitute
to find ¢, and finally compute the total time at speed s + 0.5.

Prefix Inference introduces the following additional strategies:

1. Structural Re-modeling
(Prefix 12): Reciprocal Isolation. Instead of direct elimination, express s as an explicit function
of the coffee time x. By utilizing the identity (s 4+ 2) — s = 2, this method isolates a single
variable early, making the logical flow from coffee time to speed more transparent.

2. Physical Intuition
Prefix 19: Time Difference Analysis. This approach leverages the physical insight that the total
time difference equals the walking time difference (since coffee time is constant). By using the
inverse proportion between speed and time (% = SJSF—Q), it reduces the system to a simple linear
relationship, significantly simplifying the final factorization.

3. Computational Optimization
(Prefix 27 & 31): Numerical Standardizing. These methods focus on reducing "mental tax" dur-
ing calculation. Prefix 27 (Normalization) transforms decimal quadratics into integer-coefficient
equations (e.g., 452 +8s — 45 = 0) to facilitate mental factoring. Prefix 31 (Unit Pre-conversion)
unifies all units into minutes at the start, preventing unit-conversion errors and naturally produc-
ing cleaner coefficients.

- J

J Detai Studies of AIME25

Below, we provide an example from the AIME25 dataset that includes both Traditional Inference and
various Prefix Inferences, demonstrating how Prefix Inference explores diverse reasoning paths.

Question: Find the sum of all integer bases b > 9 for which 17, is a divisor of 97
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Traditional inference
Step 1: Convert to Base 10
Represent the given base b numbers in decimal form:

17, =1-b+7=04+7, 97, =9-04+7=9+7

Step 2: Establish the Divisibility Equation
For b + 7 to be a divisor of 9b 4 7, there must exist an integer k such that:

9 +7=k(b+7)

Step 3: Isolate the Variable b

Rearrange the equation to express b in terms of k:

Tk —17
9—-k

O+7=kb+Th = bO—k)=Thk—T7 = b=

Step 4: Range Analysis and Testing
Since b > 9, we must have & < 9 and k£ must be an integer. We test k € {1,2,...,8}:

« If k=8 b="8T — 49 (Valid, 49 > 9)

eIk =7 b= "DZT _ 91 (Valid, 21 > 9)

« Ik =5 b= 07 _ 7 (Invalid, b < 9)

Step 5: Final Summation
The valid integer bases are b = 49 and b = 21. Their sum is:

49421 =70

Prefix ID 7
Step 1: Set up the Divisibility Condition
We are given that b + 7 must divide 9b + 7. In notation:

(b+7)| (9b+7)

Step 2: Apply the Linear Combination Property
Since b + 7 divides itself, it also divides any multiple of itself. We subtract 9(b 4 7) from 9b + 7 to
eliminate the variable b:

b+7)| (9+T)—9(b+7) = (b+7)|(9+7—9b—63)

This simplifies to:
(b+7)| =56, orsimply (b+7)]|56

Step 3: Find Divisors under Constraints
Since b > 9, the divisor b + 7 must be greater than 9 + 7 = 16. The divisors of 56 that are greater
than 16 are 28 and 56.

Step 4: Solve for b and Summation
Setting b 4 7 equal to each divisor:

b+7=28 = b=21
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b+7=56 — b=49
The sum of all valid bases is 21 + 49 = 70.

Prefix ID 22

Step 1: Express b as a Rational Function
From the condition 96 + 7 = k(b + 7), we have the expression:

Tk =17
= ———
9—-k

Step 2: Perform Algebraic Long Division
To simplify the fraction, rewrite the numerator to include a multiple of the denominator (9 — k):
—7(9—k)+63-7 —7(9—k)+ 56

9—k B 9—k

b=

b= -7+ ——
T %

Step 3: Analyze the Integer Condition
For b to be an integer, 9 — k must be a divisor of 56. Furthermore, for b > 9:

56 56
T2 50— 2516
Tk 09—k~

Step 4: Identify Possible Divisors
The positive divisors of 56 are {1,2,4,7,8,14,28,56}. We test 9 — k as a divisor:

e If9—k=1,thenb= -7+ 56 =49
e If9—k=2,thenb=—-7+28 =21
e If9—k=4,thenb= -7+ 14 = 7 (Invalid, b <9)

Step 5: Summing the Solutions
The sum of valid bases b is 49 4+ 21 = 70.

Additional Problem-Solving Strategies in Prefix Inference Compared to Traditional
Inference

The traditional inference introduces a multiplier parameter k, transforms the divisibility relation into
an equation, and uses variable separation to express b as a function of k, then performs an exhaustive
search within the specified range of k.

Prefix Inference introduces the following additional strategies:

1. Number Theory Method: Prefix-7 utilizes the linear nature of the integer division (if @ | b, then
a | mb — b), transforming the number theory problem into a simpler equation by eliminating the
variable b.

2. Factorization Method: Prefix-22 preserves the functional form and uses methods resembling
"long division" to transfer the variable b in the numerator while keeping the structure of the
equation in the form of integer + variable terms.
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K Formal Derivation of Gradient Conflict under 1-to-M SFT

We provide a formal derivation showing that gradient conflict under 1-to-M SFT is a structural consequence
of the softmax simplex constraint, not merely an empirical conjecture.

Consider an instruction [/ with two distinct responses R; and Ry. Under standard autoregressive SFT,
both responses are conditioned on the identical hidden state h = fg(I). At the first decoding position, the
model produces a logit vector z = W h, and the probability of token v is:

exp(z)
P S exp(z)

Let v1 and vy denote the first tokens of Ry and Ro respectively, where v # vy. The SFT loss for each
response at the first token position is £,,, = —log pg(vs, | I). The standard softmax gradient with respect
to the logit vector gives:

(N

VZ£1 =P — €y, VZEQ =P — €y, (8)

where p is the full probability vector and e, is the one-hot indicator at position v.
Computing the gradient inner product:

(VoL1, VL) = (p—en) (p— €wy) = [PI* = poy — Doy +H[v1 = v2]. ©9)
=0

Since v1 # v, we have:
<vz['17 V,2"/:'2> = HPH2 — Pvy — Duy- (10)

Gradient conflict occurs when (V,£1,V,Ls) < 0. Suppose the model assigns combined probability
Duy + Doy = S With py, = py,, = s/2 (symmetric case), and the remaining mass 1 — s is spread over V — 2

tokens. Then: )

2 1— 2 1—5)2
Ipl? =2 (3) +(V—2)‘<V_52> s (an

When the remaining mass is approximately uniform over a large vocabulary (V > 2):

82

2 (12)

Ipll* ~

The conflict condition |p||? < s becomes % < s,i.e., s < 2, which is always satisfied since s < 1.

To empirically validate the above analysis, we randomly sample 100 training instances from our dataset
and measure the gradient cosine similarity between different response pairs for the same instruction.
Under standard SFT (identical conditioning), the average gradient cosine similarity is approximately
—0.37 to —0.81, confirming substantial gradient conflict. Under P-SFT (prefix-conditioned), the average
gradient cosine similarity shifts to approximately —0.003 to 0.09, indicating that the conflict is effectively
mitigated to near-orthogonality. These measurements are consistent with our theoretical prediction.

L. Semantic Fidelity under Prefix Conditioning

To verify that prefix conditioning does not corrupt task semantics beyond the 100-sample human check
reported in the main text, we evaluate prefix-conditioned inference on two additional domains: factual QA
(GPQA-Diamond) and coding (LiveCodeBench). For each benchmark, we measure (i) the diversity gain
induced by prefixing and (ii) the accuracy variance across three independent runs.

On GPQA-Diamond, prefix-conditioned inference increases response diversity by +83.9% while
accuracy varies within £3.0% across three runs. On LiveCodeBench, diversity increases by +31.2%
while accuracy varies within +1.7%. Combined with the IF ACC = 1.00 and Format ACC = 1.00
results in Table 3, these measurements confirm that our semantically-neutral prefix design meaningfully
diversifies the prior context without degrading task-level correctness across mathematical, factual, and
programming domains.
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