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Abstract

Logical reasoning with large language models
(LLMs) has made significant progress in re-
cent years. However, existing methods still suf-
fer from insufficient rule semantic grounding
and weak rule application mechanisms, mak-
ing it difficult to achieve precise understanding
and effective utilization of rules in complex
multi-step reasoning. To address this, we pro-
pose Leibniz, a theory-of-mind driven neuro-
symbolic reasoning framework. Specifically,
we construct a bidirectional reasoning model
based on multi-agent collaboration, which char-
acterizes the reasoning process from two com-
plementary perspectives, namely the Evolution
Agent and the Reduction Agent. The former
transforms belief-unstable propositions into sta-
ble ones that are beneficial for proving the tar-
get conclusion. The latter performs reverse
reduction from the target to resolve belief con-
flicts and distill new inferential insights. Both
share a belief state space and achieve efficient
collaborative reasoning through continual be-
lief updating. We integrate natural language
and symbolic representations throughout the
reasoning process. The experimental results
demonstrate that Leibniz surpasses existing
state-of-the-art models in reasoning accuracy,
and further analyses reveal its substantial ad-
vantages in reliability and flexibility.

1 Introduction

Logical reasoning, as a core component of human
intelligence, plays a crucial role in tasks such as
semantic understanding, causal inference, and com-
monsense reasoning (Cheng et al., 2025; Liu et al.,
2025a; Yang et al., 2025b). With the rapid advance-
ment of large language models (LLMs), researchers
propose various LLM-based reasoning methods
and strategies (Ding et al., 2024; Besta et al., 2024;
Bi et al., 2025), such as Chain-of-Thought (CoT)
(Wei et al., 2022) and Tree-of-Thought (ToT) (Yao
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Figure 1: An illustrative example of LLM-based logical
reasoning. The green box contains the input for logical
reasoning. The blue box and purple box respectively
show the reasoning processes of the previous SOTA
method and our method.

et al., 2023), which simulate human thought pro-
cesses by explicitly generating intermediate rea-
soning steps, thereby substantially enhancing the
ability of LLMs to solve complex problems. Nev-
ertheless, these methods still perform poorly in
rigorous logical reasoning scenarios. Unlike other
forms of general reasoning, logical reasoning re-
quires strict evidence evaluation, argument con-
struction, and formal logical deduction to derive
reliable conclusions (Cummins et al., 1991).

In recent years, numerous studies have focused
on exploring how to integrate LLMs with logical
reasoning (Nathani et al., 2023; Gao et al., 2023;
Dalal et al., 2024; Wan et al., 2024; Liu et al.,
2025b; Qi et al., 2025; Chen et al., 2025). For
example, Logic-LM (Pan et al., 2023) and LINC
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(Olausson et al., 2023) adopt a tool-augmented
neuro-symbolic paradigm, first converting natural
language into symbolic representations (e.g., first-
order logic, FOL) and then delegating strict reason-
ing to external solvers. However, these methods
exhibit limitations in flexibility and scalability due
to their high sensitivity to symbolic representations,
where minor errors can lead to reasoning failures.
Subsequent researchers propose integrating logical
symbols into CoT, significantly enhancing the flex-
ibility of reasoning and the robustness of symbolic
representations. For example, SymbCoT (Xu et al.,
2024) combines symbolic expressions and logical
rules with CoT prompts, leveraging LLMs’ plan-
ning and solving capabilities to improve reasoning
accuracy. Aristotle (Xu et al., 2025b) starts from
the conclusion and simplifies the reasoning process
by minimizing search errors, achieving the latest
optimal performance across multiple tasks.

However, Aristotle relies on explicit premises to
retrieve contradictory terms, making it difficult to
exploit the implicit information in the premises and
thereby diminishing the flexible reasoning capabil-
ities of LLMs. As shown in Figure 1, Aristotle in-
correctly outputs the answer “True” after retrieving
a contradiction related to the conclusion from the
given fact base. The implicit proposition “Either
Gary is not nice or Gary is not smart,” which can
be derived from the facts and rules, is insufficient
to determine that the conclusion is true. Therefore,
the correct answer should be “unknown.” Despite
existing methods have made remarkable progress
in logical reasoning, they still face two key chal-
lenges: (i) Insufficient rule semantic grounding:
they struggle to accurately anchor appropriate logi-
cal rules in multi-step reasoning processes, leading
to inconsistent reasoning paths or deviations from
target logical structures. (ii) Weak rule applica-
tion mechanisms: the accuracy of deriving new
conclusions from given premises remains limited,
especially when the reasoning chain is long or in-
volves conflicting evidence. Existing methods fail
to effectively perform self-monitoring and strategic
adjustment for intermediate steps.

To address these challenges, we propose
Leibniz, a Theory-of-Mind driven neuro-symbolic
logical reasoning framework. Research in cog-
nitive science indicates that humans rely on the
“Theory of Mind” (ToM) ability during reasoning,
which involves representing and inferring others’
mental states (such as beliefs and intentions) to
understand, predict, and regulate their behavior

(Premack and Woodruff, 1978; Lake et al., 2017;
Rabinowitz et al., 2018). Inspired by the collabo-
rative mechanisms in ToM, we construct a bidirec-
tional neuro-symbolic reasoning model composed
of an evolution agent and a reduction agent. This
enables agents to explicitly represent each other’s
beliefs and intentions, achieving dynamic under-
standing and flexible application of logical rules
through belief update mechanisms.

Specifically, we first translate natural language
statements into logical symbolic representations
and employ both forms throughout the subsequent
reasoning process. We then construct the bidirec-
tional neuro-symbolic reasoning model: (i) The
evolution agent, acting as an exploratory rea-
soner, first categorizes all facts and rules into sta-
ble and unstable beliefs based on their association
with the target conclusion. Subsequently, we pro-
gressively evolve unstable beliefs into stable ones
through symbolic rule grounding and rule imple-
mentation modules. During this process, the evo-
lution agent will integrate historical information
from the reduction agent to generate relevant propo-
sitions in a targeted manner. (ii) The reduction
agent, acting as a critical reasoner, retrieves con-
flicting beliefs starting from the target conclusion
and derives new insights through conflict resolution.
This agent needs to understand the current knowl-
edge boundaries of the evolution agent to avoid
invalid reductions. Both agents share the belief
state space and independently memorize historical
beliefs during reasoning. They achieve effective
collaborative reasoning through continuous belief
transfer and updating. We evaluate Leibniz us-
ing multiple LLMs across several logical reasoning
datasets, and the results show that it outperforms
previous SOTA methods in reasoning accuracy. In
summary, our technical contributions are:
• We propose a Theory-of-Mind driven neuro-

symbolic framework that integrates ToM’s collabo-
rative mechanisms into the logical reasoning pro-
cess of LLMs, enabling more effective multi-agent
collaborative reasoning.
•We construct a bidirectional reasoning model

comprising an evolution agent and a reduction
agent, which can fully leverage latent information
and enhance the ability of LLMs to accurately un-
derstand and apply complex logical rules.
• Experimental results across multiple LLMs

and datasets demonstrate that Leibniz exhibits
more adaptive and reliable logical reasoning ca-
pabilities.
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2 Related Work

2.1 LLM-based Logical Reasoning

In recent years, LLM-based logical reasoning meth-
ods have achieved significant progress (Saparov
et al., 2023; Dalal et al., 2024; Fan et al., 2024,
2026; Qi et al., 2025; Xu et al., 2025a; Yan et al.,
2026). Previous researchers propose methods
based on external symbol solvers (Olausson et al.,
2023; Gao et al., 2023; Pan et al., 2023; Feng et al.,
2024), where they first convert natural language
statements into symbolic representations and then
perform formal reasoning using symbol solvers
such as Z3 (de Moura and Bjørner, 2008), Prover9,
and others. Although these methods offer strong
logical rigor, they also exhibit notable limitations.
The translation from natural language to symbolic
formulas requires extremely high precision, and
even minor symbolization errors may lead to rea-
soning failure. Moreover, the search space for rea-
soning grows exponentially with increasing prob-
lem complexity, making it difficult for existing sym-
bolic solvers to perform reasoning efficiently.

To alleviate the above problems, subsequent
researchers propose integrating symbolic repre-
sentations into the reasoning process of LLMs
themselves, thereby constructing LLM-based neu-
ral symbolic logic reasoning methods (Xu et al.,
2024; Wang et al., 2024; Liu et al., 2025b; Xu
et al., 2025b; He et al., 2025; He and Roy, 2025;
Wang et al., 2025). These methods effectively com-
bine the precision of symbolic representations with
the generalization capabilities of language mod-
els, achieving substantial progress in logical rea-
soning tasks. However, accurate grounding and
flexible application of rules remain key bottlenecks
that constrain the logical reasoning capabilities of
LLMs. To this end, we propose a theory-of-mind
driven multi-agent collaboration framework, which
enables agents to model each other’s beliefs and
intentions from both exploratory and critical rea-
soning perspectives, thereby enhancing the ability
of LLMs to understand and apply logical rules.

2.2 Machine Theory of Mind

Theory of Mind (ToM) is a core cognitive ability
that humans rely on heavily in cooperation and so-
cial interaction (Zhang et al., 2012; Li et al., 2023;
Kosinski, 2023). Specifically, humans can infer
others’ mental states (including intentions, beliefs,
expectations, etc.) by observing their behavior,
thereby adjusting their own actions to achieve more

efficient collaboration and reasoning. Recently, re-
searchers have proposed various methods to ex-
plore and enhance the ToM reasoning capabilities
of LLMs. For example, Sclar et al. (2023) and Wilf
et al. (2024) employ prompt strategies to improve
LLMs’ ToM reasoning abilities in textual question-
answering. The latest studies develop multimodal
benchmarks and methods (Jin et al., 2024; Shi et al.,
2025) to evaluate and strengthen LLMs’ ToM rea-
soning performance in multimodal scenarios.

Prior research related to ToM has primarily fo-
cused on evaluating and enhancing the ToM reason-
ing capabilities of LLMs. These methods are typ-
ically tested on specially constructed ToM bench-
mark, such as ToM-bAbi (Nematzadeh et al., 2018)
and ToMi (Le et al., 2019). Unlike the aforemen-
tioned studies, we propose integrating ToM into an
LLM-based logical reasoning framework to fully
leverage its critical role in intention understanding
and collaborative reasoning, enabling models to
more deeply understand the reasoning targets and
achieve dynamic strategy adjustments.

3 Method

3.1 Problem Formulation

Logical reasoning tasks aim to progressively derive
intermediate propositions from the given premises,
ultimately arriving at the target conclusion. For-
mally, given a set of facts F = {f1, f2, . . . , fn},
a set of rules R = {r1, r2, . . . , rm}, and a query
Q, our objective is to derive stepwise logical infer-
ences, thereby determining whether Q is true, false,
or unknown. Here fi and rj denote logical state-
ments, and together they form the set of premises
P = {p1, p2, . . . , pk} ⊆ {F ∪ R}. As shown in
Figure 2, Leibniz consists of three key modules:
Translator (§3.2), Evolution Agent (§3.3.1), and
Reduction Agent (§3.3.2).

3.2 Translator

We first convert the given premise P and ques-
tion statement Q into a formal symbolic repre-
sentation, thereby eliminating potential ambigu-
ities in natural language and ensuring the clarity of
logical structure and precision of reasoning state-
ments. We use Prolog syntax (Clocksin and Mel-
lish, 2003) to translate natural language into first-
order logic (FOL). The translated facts and rules
are represented as Ft = {ft1, ft2, . . . , ftn} and
Rt = {rt1, rt2, . . . , rtm}, while the problem state-
ment is represented as Qt. The details of the syntax
can be found in Appendix A.
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Figure 2: Overview of our proposed neuro-symbolic Leibniz framework.

▶ Input:
<Premises> (P )
The bear likes the cat.
If someone is kind and they visit cat then they are big.
<Question> (Q)
The rabbit does not like the cat.
▶ Output:
<Premises> (Pt)
Likes(Bear, Cat, True)
∀x (Kind(x) ∧ Visits(x, Cat) → Big(x))
<Question> (Qt)
Likes(Rabbit, Cat, False)

3.3 Bidirectional Neuro-Symbolic Reasoning
We construct a bidirectional neuro-symbolic rea-
soning model to execute stepwise logical reason-
ing, comprising two core components: the evolu-
tion agent (EA) and the reduction agent (RA).
We explicitly model the reasoning intentions of
two agents based on theory-of-mind, and simulate
knowledge transfer and belief update mechanisms
between them throughout the reasoning process.
Each agent incorporates three mental variables in
progressive reasoning: shared belief, own goal, and
belief of others’ goals.

3.3.1 Evolution Agent
When humans solve complex problems, they typ-
ically categorize known conditions according to
their degree of relevance to the target. Stable
premises can be directly used to determine the
truth value of the target or provide explicit sup-
port, whereas unstable premises must be combined
with other conditions and further inferred to gener-
ate new intermediate propositions. We model this
process as a belief-evolution mechanism, which
forms the foundation for constructing the evolution
agent responsible for exploratory reasoning.

Specifically, we first categorize the premises into
stable and unstable types according to their logical
relevance to the target conclusion. We define stable
premises as simple statements directly relevant to
the target conclusion and presented as basic facts,
which typically provide clear and reliable support
for the reasoning process. In contrast, we define
unstable premises as statements not directly rele-
vant to the target conclusion and often containing
disjunctive or hypothetical elements, which can be
combined with other conditions to derive new in-
sights. The above premise categorization process
can be formalized as follows:

S,U = Stability(pi, Q) (1)

where premise pi ∈ {F ∪R}, S and U denote the
set of stable premises and unstable premises, re-
spectively. We implement the function Stability(·)
using LLM-based instructions. For example, re-
garding the target proposition “Harry is not young,”
stable propositions include “Harry is furry. All
rough, quiet people are young”, because they can
directly or indirectly participate in reasoning re-
lated to the target. Unstable propositions include
“Anne is blue. Anne is furry. ...” as they are not
directly relevant to the target. We then design Sym-
bolic Rule Grounding and Symbolic Rule Imple-
mentation to execute logical evolution.

(i) Symbolic Rule Grounding. The core of the
evolution agent is to accurately anchor applicable
rules during the stepwise reasoning. We prioritize
stable and unstable premises separately and select
the premise combinations that are most likely to
generate new propositions. We design LLM-based
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instructions to compute a relevance score for each
premise pi with respect to the target conclusion Q:

cf , cr = Prioritizer(pi, Q,ME ,MR) (2)

whereME andMR denote the belief memories
of EA and RA, respectively, which stores histori-
cal reasoning details. pi ∈ A, where A represents
the dynamically updated premise belief state space.
This space is continuously updated during the in-
teraction between the two agents, and its initial
content is A = {F, Ft;R,Rt}. Therefore, EA’s
mental variables include shared belief A, own goal
Q, and RA’s goal beliefMR. The evolution agent’s
objective is to progressively evolve unstable propo-
sitions into stable ones, so its personal goal remains
fixed on problem Q. cf and cr denote the stability
scores for facts and rules, respectively. We then
select from S the optimal premise p∗, and further
quantify the likelihood that other premises in S and
those in U can be combined with p∗ based on their
logical stability scores. This process yields a set of
candidate premise combinationsH.

(ii) Symbolic Rule Implementation. After com-
pleting rule grounding and obtaining the most prob-
able premise combinations, we further derive new
intermediate propositions using symbolic rule im-
plementation. Specifically, the derivation process
can be formalized as follows:

pnew = Deduce(Q,Qt,H) (3)

whereH comprises both natural language and sym-
bolic representations related to the current premises.
This process achieves a more precise derivation of
new propositions by fully integrating natural lan-
guage semantics with logical symbolic structures.

▶ Input:
<Conclusion> (Qt ::: Q)
Eel(Sea_eel) ::: Sea eel is an eel.
<Premises Combinations> (H)
∀x (Eel(x) → Fish(x)) ::: All eels are fish.
∀x (Plant(x)⊕ Animal(x)) ::: A thing is either a plant
or animal.
(... More premises ...)
▶ Output:
Step 1: From “∀x (Eel(x) → Fish(x))” and
“∀x (Fish(x) → Plant(x, False))”, applying the
Transitivity Law infers that “∀x (Eel(x, True) →
Plant(x, False)) ::: No eels are plants”.
Step 2: From “∀x (Eel(x) → Plant(x, False))” and
“∀x (Plant(x) ⊕ Animal(x))”, applying the Disjunc-
tive Syllogism infers that “∀x (Eel(x) → Animal(x))
::: All eels are animals”.
<Proposition> (pnew)
∀x Eel(x) → Animal(x) ::: All eels are animals.

After generating a new proposition pnew, we
design a two-stage verification mechanism to as-
sess its validity. (i) Logical validity verification:

This step examines whether the derivation of the
new proposition conforms to the corresponding
logical rules, ensuring that the reasoning chain is
formally correct and self-consistent. (ii) Target
contribution verification: This step evaluates the
relevance between the proposition and the target
conclusion, determining whether it provides sub-
stantive support for the final proof process. We
incorporate the new proposition that passes the
two-stage verification into the stable proposition
set, that is, S ← {S ∪ pnew}, A ← {A ∪ pnew}.
In addition, we updateME with this step as part
of the historical reasoning details.

3.3.2 Reduction Agent
In contrast to the Evolution Agent, we also design
the Reduction Agent from a critical reasoning per-
spective, which retrieves potential conflicts from
the target conclusion and derives new reasoning
insights through conflict resolution. Both agents
achieve knowledge transfer through a shared be-
lief space, thereby explicitly modeling each other’s
reasoning intentions during interaction.

Specifically, we first transform the facts Ft and
rules Rt in the belief state space A into standard
logical form through Normalization (Davis and Put-
nam, 1960) and Skolemization (Nonnengart, 1996),
which involves eliminating quantifiers and further
converting them into conjunctive normal form. For
example, the rule ∀x (P (x)→ Q(x)) can be trans-
formed into ¬P (x) ∨Q(x). We then design a con-
tradiction awareness unit to retrieve the conflicting
items from the target. We regard propositions that
share the same predicate but have opposite polarity
as conflicting items. For example, given the tar-
get Smart(Gary, False), we search the premises
for conditions or facts with opposite polarity, such
as Smart(x, True) ∨ Furry(x, False). These
propositions contain the same predicate Smart but
differ in polarity.

When the retrieved conflicting item constitutes
a fact conflict (FC), the reasoning iteration can be
immediately terminated, as direct evidence already
exists to determine the truth value of the target
proposition. This also enhances the overall reason-
ing efficiency of the framework. In contrast, when
the retrieved conflicting item constitutes a rule con-
flict (RC), we further perform belief conflict resolu-
tion to derive new reasoning insights. We apply the
resolution principle to eliminate conflicts, which
can be formalized as follows:

{X ∨ Y,¬X ∨ Z} ⊢ Y ∨ Z (4)
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For example, consider the target conclu-
sion Smart(Gary, False) and its conflicting
item Smart(x, True) ∨ Furry(x, False), the
resolution principle can be applied to elimi-
nate the conflict and derive a new subgoal
Furry(Gary, False), denoted as pres. We align
this step with intermediate propositions from EA by
performing consistency verification, which checks
for conflicts among them. If no factual conflicts are
found, we update them into the reduction agent’s
historical memoryMR. We then continue to per-
form the above conflict detection and reduction
process on pres until a factual conflict emerges
or the maximum iteration count of 10 is reached.
Therefore, RA’s mental variables during iteration
include shared belief A and its own goal pres.

During the reasoning process, the Evolution
Agent and Reduction Agent do not operate indepen-
dently but engage in collaborative planning based
on explicit modeling of each other’s objectives. By
sharing the belief state space A, EA provides RA
with a broader set of premises derived from belief
evolution, while RA in turn supplies EA with di-
rections of propositional evolution derived from
the reduction process. Finally, we design a cog-
nitive balancing layer that performs consistency
verification over the reasoning memoriesME and
MR of EA and RA, respectively. When the EA no
longer produces new facts and the RA no longer
generates new subgoals, we obtain a globally con-
sistent final answer. All modules in our method are
implemented as instruction prompts, with details
provided in Appendix F.

4 Experiments

We present the experimental datasets, baselines,
and results in this section.

4.1 Datasets

We evaluate our method on three carefully selected
logical reasoning datasets, including ProofWriter
(Tafjord et al., 2021), FOLIO (Han et al., 2024),
and ProntoQA (Saparov and He, 2023). All
datasets adopt a multiple-choice format with ac-
curacy as the primary evaluation metric. ProntoQA
focuses on basic deductive logic relations, while
ProofWriter introduces more complex structures
such as compound operators like “and/or”. FOLIO
is among the most challenging benchmarks, con-
taining complex first-order logic rules and richly
expressed natural language statements. More de-
tails can be found in Appendix B.

4.2 LLMs and Baselines
We evaluate the baselines and our method us-
ing three open-source large language models
Qwen2.5-32B (Yang et al., 2025a), Qwen2.5-72B,
and Llama3.3-70B (Grattafiori et al., 2024) and
two closed-source models GPT-3.5-turbo (Ouyang
et al., 2022) and GPT-4 (OpenAI, 2023).

We compare with a broad range of established
baselines, which can be classified into three main
categories. (i) Linear reasoning, in which the
model produces an answer directly based on an
initial prompt, including Naive Prompting and CoT
(Wei et al., 2022). (ii) Aggregated reasoning, in
which the model performs multiple reasoning at-
tempts or aggregates multiple reasoning paths to
obtain the final answer, including CoT-SC (Wang
et al., 2023), Cumulative Reasoning (CR; Zhang
et al. (2023)), ToT (Yao et al., 2023), and DetermLR
(Sun et al., 2024). (iii) Symbolic reasoning, which
explicitly incorporates symbolic representations
and logical rules into the reasoning framework, in-
cluding Logic-LM (Pan et al., 2023), SymbCoT (Xu
et al., 2024), and Aristotle (Xu et al., 2025b). More
details on the baselines and implementation can be
found in Appendix C and D.

4.3 Main Results
The main results are shown in Tables 1 and 2, from
which we can observe the following points:

Our method consistently outperforms the
baseline across all three datasets. Specifically, for
open-source LLMs, we achieve average improve-
ments of 7.71%, 11.18%, and 2.79% over CoT-SC,
ToT, and SymbCoT on Qwen2.5-32B, and aver-
age improvements of 7.63%, 7.02%, and 8.29%
on Qwen2.5-72B. For closed-source LLMs, we
achieve average improvements of 5.08% and 2.99%
compared to SOTA methods on GPT-3.5-turbo and
GPT-4, respectively. Overall results demonstrate
that our method consistently exhibits advantages
across different model scales and datasets.

Our method proves to be more effective in
complex logical reasoning. As shown in Tables
1 and 2, our method does not exhibit significant
improvement on the ProntoQA dataset. This can
be attributed to the relatively simple nature of
the dataset, and most baselines already achieve
high accuracy, leaving limited room for further
enhancement. In contrast, our method achieves
more substantial improvements on logically more
complex reasoning datasets. For example, we use
Qwen2.5-32B, Qwen2.5-72B, and LLaMA3.3-70B
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Qwen2.5-32B Qwen2.5-72B LLaMA3.3-70B
Method

ProofWriter FOLIO ProntoQA Avg. ProofWriter FOLIO ProntoQA Avg. ProofWriter FOLIO ProntoQA Avg.
Linear Reasoning

Naive 59.67 65.69 83.40 69.59 53.00 66.67 66.20 61.96 69.83 65.69 97.00 77.51
CoT 64.83 72.06 96.80 77.90 72.17 72.55 98.20 80.97 76.67 66.67 98.80 80.71

Aggregative Reasoning
CoT-SC 61.50 73.04 98.00 77.51 67.00 74.51 98.00 79.84 53.17 67.65 99.40 73.41
CR 60.83 74.51 83.60 72.98 79.17 73.53 99.60 84.10 66.83 74.51 90.60 77.31
ToT 62.00 73.53 86.60 74.04 75.83 69.12 96.40 80.45 71.33 72.55 90.20 78.03
DetermLR 65.50 74.02 77.40 72.31 76.33 70.59 85.20 77.37 74.00 75.98 84.80 78.26

Symbolic Reasoning
Logic-LM 60.17 57.35 89.20 68.91 66.50 66.18 72.80 68.49 73.17 61.77 80.80 71.91
SymbCoT 76.33 72.55 98.40 82.43 80.83 74.51 82.20 79.18 76.33 69.91 99.40 81.88
Aristotle 74.33 - 95.60 - 80.03 - 99.20 - 77.10 - 94.20 -
Leibniz(ours) 79.33 77.94 98.40 85.22 86.33 76.47 99.60 87.47 82.17 76.96 99.60 86.24

(+3.00) (+3.43) (+0.00) (+2.79) (+5.50) (+1.96) (+0.00) (+3.37) (+5.07) (+0.98) (+0.20) (+4.36)

Table 1: Experimental results for open-source LLMs. The second-best score is underlined and the best score is
bolded. The values in parentheses indicate the corresponding improvements.

GPT-3.5-turbo GPT-4
Method

ProofWriter FOLIO Avg. ProofWriter FOLIO Avg.
Naive 35.50 45.09 40.30 52.67 69.11 60.89
CoT 49.17 57.35 53.26 68.11 70.58 69.35
CoT-SC 48.67 57.34 53.01 69.33 68.14 68.74
ToT 54.16 59.80 56.98 70.33 69.12 69.73
Logic-LM 58.33 62.74 60.54 79.66 75.45 77.56
SymbCoT 59.03 57.84 58.44 82.50 83.33 82.92
DetermLR 68.83 63.72 66.28 79.17 75.49 77.33
Aristotle - - - 86.80 76.50 81.65
Leibniz(ours) 70.17 72.55 71.36 87.50 84.31 85.91

(+1.34) (+8.83) (+5.08) (+0.70) (+0.98) (+2.99)

Table 2: Performance on GPT-3.5-turbo and GPT-4.

to achieve improvements of 3.00%, 5.50%, and
5.07% respectively over previous state-of-the-art
methods on ProofWriter, and improvements of
3.43%, 1.96%, and 0.98% respectively on FOLIO.
These results demonstrate that our method exhibits
a more notable advantage when addressing reason-
ing tasks with complex logical structures.

5 Analysis and Discussion

We now conduct a more in-depth analysis of our
system to explore the reasons behind its progress.

5.1 Ablation Study

To evaluate the effectiveness of each module in our
framework, we conduct ablation experiments by
sequentially removing three key components of our
method: the Reduction Agent (RA), the Evolution-
ary Agent (EA), and the Translator. The results
are shown in Figure 3. From the experimental re-
sults, we observe that removing any module leads
to a significant performance drop, indicating that
each component plays an indispensable role in the
overall framework. Specifically, we observe sig-
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Figure 3: Ablation study results.

nificant performance degradation when removing
either the reduction agent or the evolution agent.
On ProofWriter and FOLIO, the average accuracy
drops by 1.67% (w/o RA) and 4.83% (w/o EA),
and by 2.45% (w/o RA) and 4.90% (w/o EA), re-
spectively, highlighting the importance of the dual-
agent collaborative reasoning mechanism. Notably,
when we remove RA or EA, the model enters a
state without ToM. Moreover, when we remove the
translator, performance further declines, highlight-
ing the necessity and effectiveness of integrating
the neuro-symbolic reasoning mechanism.

5.2 Performance on Complex Reasoning
To further analyze the performance of our method
under different reasoning difficulties, we evalu-
ate various methods on the ProofWriter subsets
corresponding to different reasoning depths. The
questions in these subsets require 0, 1, 2, 3, or 5
reasoning hops, respectively, and the results are
shown in Figure 4. We observe that Leibniz out-
performs the other methods across all reasoning
depths and exhibits stronger robustness as the rea-
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Figure 5: The intermediate reasoning step analysis re-
sults of Qwen2.5-72B on ProofWriter.

soning depth increases. This demonstrates that
our method offers better scalability in complex
reasoning scenarios and can effectively handle
more challenging problems. These results are
primarily attributed to our multi-agent collabora-
tive framework, which enables LLMs to flexibly
apply logical rules throughout the step-by-step rea-
soning process. By self-monitoring and strategic
adjustment of intermediate steps, our framework
can produce more reliable reasoning decisions.

5.3 Effect of Logical Rule Application
To further analyze the performance of our method
in applying logical rules, we conduct a manual
evaluation of the intermediate reasoning steps
and final conclusions generated by different meth-
ods. We randomly sample 100 instances from
the ProofWriter and compare the reasoning pro-
cesses and answer quality along three dimensions:
(i) Premise grounding rationality: whether the
premises selected in the intermediate reasoning
steps are appropriate and closely related to the cur-
rent reasoning objective. (ii) Intermediate conclu-
sion validity: whether the intermediate conclusion
can be derived from the given premises through cor-
rect logical rules. (iii) Overall validity: whether
the model’s stepwise reasoning process can form
a coherent and credible reasoning chain that effec-
tively supports the final decision.

10 15 20 25
Number of Steps

60

70

80

90

Ac
cu

ra
cy

 (%
)

Ours

Aristotle
DetermLR

CR
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ToT

Figure 6: Comparison of reasoning steps and accuracy
distribution for Qwen2.5-72B on ProofWriter.

Qwen2.5-32B Qwen2.5-72B LLaMA3.3-70B
ProofWriter 93 96 94
FOLIO 92 95 94
ProntoQA 97 99 97

Table 3: Comparison of conflict resolution success
rates(%).

The results are shown in Figure 5. We can ob-
serve that our method achieves substantially higher
overall validity compared with SymbCoT and CoT,
and also outperforms them in premise grounding
and intermediate conclusion validity. This indicates
that the collaborative reasoning between the Evolu-
tion Agent and the Reduction Agent can more ef-
fectively anchor and apply logical rules, thereby en-
hancing the logical reasoning capabilities of LLMs.

5.4 Comparison of Reasoning Step Counts

We further analyze the number of reasoning steps or
visited nodes required by different methods to solve
the problems in the ProofWriter dataset, and the
results are shown in Figure 6. We can see that our
method not only achieves the best accuracy com-
pared to the baseline but also requires the fewest
number of visited nodes. From the perspectives of
exploratory reasoning and critical reasoning, we
enhance the ability of LLMs to monitor and refine
intermediate steps through stable belief evolution
and conflict resolution mechanisms, thereby achiev-
ing more efficient and precise logical reasoning.

5.5 Analysis of Conflict Resolution Success
Rates

We further analyze the conflict resolution success
rate of RA after a conflict is detected. We randomly
select 100 individual reasoning steps and calculate
the success rate of conflict resolution, and the re-
sults are shown in Table 3. The success rate of
conflict resolution based on Equation (4) by the
LLM consistently remains above 92%, which pro-
vides crucial support for the subsequent overall
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logical reasoning process. The primary source of
errors arises from the failure to correctly introduce
entity variables during the resolution procedure, for
example:

▶ Target:
Round(Dave, False).
▶ Contradictory items:
Green(x, False) ∨ Round(x, True).
▶ Conflict resolution (error):
Green(x, False).
▶ Conflict resolution (correct):
Green(Dave, False).

Overall, when a conflict is detected, the model
can effectively perform conflict resolution, thereby
laying a solid foundation for subsequent accurate
reasoning.

5.6 Error Analysis
We conduct an error analysis and identify the fol-
lowing limitations of LLM-based reasoning: (i)
Limited ability to model and capture implicit
conditions. For example, given the premise “John
is Mary’s brother,” humans naturally infer that
John is male and utilize this attribute in subsequent
reasoning. However, LLMs often fail to explicitly
recover such implicit information, resulting in rea-
soning chains that lack necessary semantic support
and therefore lead to inconsistent or incomplete
conclusions.

(ii) Incorrect selection and application of log-
ical rules. When applying rules, the model may
occasionally choose an invalid reasoning pattern
or confuse similar logical rules, thereby deriving
incorrect conclusions. For example, given the
premises p→ q and ¬p, the model may commit the
fallacy of denying the antecedent. A correspond-
ing natural language example is “If it rains,
the street gets wet. It is not raining.
Therefore, the street is not wet.”

(iii) Deviations arise in the formal translation
process. The translation of logical symbols may
also result in errors, as the process relies on the
LLM’s own ability to follow instructions and
its formalization capabilities. For example, for
the rule “Nice(x, True) ∨ Smart(x, True) →
Furry(x, True)”, the LLM incorrectly nor-
malizes it using the instruction prompt to
“Nice(x, False) ∨ Smart(x, False) ∨
Furry(x, True)”, whereas it should be
“(Furry(x, True) ∨ Nice(x, False)) ∧
(Furry(x, True) ∨ Smart(x, False))”. This
formal error impacts subsequent RA and EA
reasoning. More detailed analysis of our proposed

method can be found in Appendix E, including
aspects such as the number of stable premises,
the robustness of symbolic representations,
computational efficiency, and case studies.

6 Conclusion

In this paper, we propose Leibniz, a theory-of-
mind driven multi-agent neuro-symbolic logical
reasoning framework. We integrate symbolic rep-
resentations with natural language throughout the
entire reasoning process and construct a bidirec-
tional reasoning model composed of an Evolution
Agent and a Reduction Agent. Our framework can
mine additional potential propositions that support
target conclusions through the belief stability evo-
lution. Moreover, different agents can explicitly
model each other’s beliefs and intentions, achiev-
ing effective collaborative reasoning through con-
tinuous belief state updates. Experimental results
demonstrate that our method enhances the ability of
LLMs to dynamically understand and flexibly ap-
ply complex logical rules, thereby achieving more
adaptive and reliable logical reasoning.

Limitations

Although our approach has achieved promising re-
sults in enhancing the reliability and flexibility of
LLM logical reasoning, the following limitations
remain. (i) First, our proposed neuro-symbolic
method primarily focuses on first-order logic, eval-
uating its role in enhancing LLM logical reasoning.
How more complex symbolic representations (such
as higher-order logic) can be effectively integrated
with LLM has yet to be systematically explored.
(ii) Second, the current reasoning scenarios remain
confined to pure text modalities. However, many
critical real-world applications (such as high-stakes
domains like healthcare, law, and finance) often
involve both visual and textual information simul-
taneously (Xu et al., 2025c). This requires models
to possess cross-modal alignment and rigorous rea-
soning capabilities. How to effectively model and
enhance the cross-modal logical reasoning capabil-
ities of LLMs remains an open direction for further
investigation.

Ethics Statement

Logical reasoning plays a critical role in human
cognition. It progressively transforms ambiguous
and uncertain inputs into clear and credible con-
clusions through rigorous and coherent reasoning
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processes, thereby supporting reliable decision-
making. All datasets we utilize are sourced from
publicly available benchmark or published corpora.
Our proposed multi-agent neuro-symbolic frame-
work can enhance the logical reasoning accuracy
and reliability of large language models.
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A Logical Symbol Representation

We use first-order logic as the symbolic represen-
tation of natural language. The inputs for logical
reasoning include premises composed of facts and
rules, along with a problem statement.

Facts are assertions about specific objects within
a domain and correspond to simple clauses. Their
logical form is a predicate applied to constants,
describing particular attributes or relations of these
objects. For example, Nice(Bear, True) asserts
that “The bear is nice.”

Rules describe logical relationships between
predicates, structured as clauses: F1 ∧ ... ∧ Fm →
Fm+1 ∧ ... ∧ Fn, where each Fi denotes a fact.
The logical connectors used in rules include “and”
(∧), “or” (∨), “not” (¬), and “either...or...” (⊕),
which may appear on either side of implication
(→) or equivalence (↔) operators. For example,
∀x (Kind(x)∧ Visits(x, Cat))→ Big(x) asserts
that “If someone is kind and they visit the
cat, then they are big.”

Queries are another fact that needs to be proven
based on known facts and rules. The detailed in-
structions for symbol translation can be found in
Appendix F.

B Datasets Details

PrOntoQA is a synthetic dataset designed to as-
sess the deductive reasoning capabilities of large
language models. Following prior work, we adopt
the most challenging fictional-people version. This
version is divided into subsets based on the number
of reasoning hops required, and we use the most
difficult 5-hop subset for evaluation in our exper-
iments. Each instance in the dataset requires the
model to determine whether a given statement is
“true” or “false” based on the provided premises.

ProofWriter is another widely used dataset for
studying deductive logical reasoning, with prob-
lems expressed in forms that are closer to natural
language. In our experiments, we adopt the Open
World Assumption (OWA) subset. Each instance
in this subset consists of a (question, target) pair,
and the model is required to determine the truth
value of the target proposition. The dataset is di-
vided into five difficulty levels, corresponding to
instances requiring 0, ⩽ 1, ⩽ 2, ⩽ 3, and ⩽ 5 rea-
soning hops. We use the most challenging depth-5
subset for evaluation.

FOLIO is a highly challenging, expert-
constructed logical reasoning dataset. It covers
open-domain scenarios where premises and conclu-
sions primarily integrate real-world commonsense
and domain knowledge, expressed in highly natural
language. Solving these problems requires models
to possess complex first-order logical reasoning
capabilities.

The test sizes are 500 for ProntoQA, 600 for
ProofWriter, and 204 for FOLIO, respectively. We
use data consistent with previous studies for our
evaluation (Pan et al., 2023; Xu et al., 2024; Sun
et al., 2024; Xu et al., 2025b).

C Baselines Details

We employ three types of methods as our baseline
for comparison:

C.1 Linear reasoning

Naive Prompting does not use any explicit rea-
soning chains or structured prompts. It only pro-
vides task instructions and inputs (such as premises
and questions) to large language models, and di-
rectly causes them to output the final answer. This
setting does not impose constraints or guidance on
the intermediate reasoning process of the model,
which remains implicit.

Chain-of-Thought (CoT) prompting explicitly
requires the model to produce a step-by-step rea-
soning process. Unlike approaches that only out-
put the final answer, CoT asks the model to first
generate an intermediate reasoning chain in natu-
ral language and then derive the conclusion, so as
to better utilize its potential reasoning capabilities
in complex, multi-hop reasoning tasks (Wei et al.,
2022).

C.2 Aggregative reasoning

Chain-of-Thought with Self-Consistency
(CoT-SC) extends the standard CoT approach by
guiding large language models to generate multiple
distinct chains of reasoning for the same input. It
then aggregates these chains’ answers (such as
through majority voting) to deliver the final answer.
By promoting diverse sampling in the solution
space and selecting the most consistent answer,
CoT-SC mitigates the instability of single-path
reasoning and improves overall accuracy and
robustness on complex reasoning tasks (Wang
et al., 2023).
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Cumulative Reasoning (CR) is a reasoning
paradigm that progressively accumulates intermedi-
ate conclusions. Specifically, the model does not di-
rectly provide the final answer in a single reasoning
round. Instead, it iteratively generates, refines, and
preserves intermediate reasoning results through
multiple rounds of execution. It explicitly feeds
back key information obtained in previous rounds
into the inputs of subsequent rounds, thereby form-
ing a reasoning trajectory that continuously “accu-
mulates evidence” (Zhang et al., 2023).

Tree-of-Thought (ToT) is a reasoning paradigm
that explicitly organizes the intermediate reasoning
units of models into a tree structure and performs
search over this structure. Instead of extending the
reasoning chain along a single path at each step,
the model generates multiple candidate thoughts,
forming a branching structure. Subsequently, high-
quality branches are selected for further expansion
through strategies such as heuristic scoring, prun-
ing, or backtracking, until the final answer is ob-
tained (Yao et al., 2023).

DetermLR is a logical reasoning paradigm that
reformulates the reasoning process as a gradual
convergence from uncertainty to certainty. It par-
titions the premises into certain and uncertain cat-
egories, guiding the model to progressively infer
new insights. In addition, the method employs a
reasoning memory to store and retrieve historical
reasoning paths, thereby enabling more accurate
reasoning outcomes (Sun et al., 2024).

C.3 Neural Symbolic Reasoning

Logic-LM first converts natural-language inputs
into logical symbolic representations and then ap-
plies an external symbolic solver to perform rig-
orous logical reasoning. This approach leverages
formal logical rules to process and analyze the sym-
bolic expressions, enabling more structured and
precise reasoning (Pan et al., 2023).

SymbCoT integrates logical symbolic represen-
tations into the CoT reasoning process. It first maps
natural-language inputs into symbolic expressions,
enabling the model to reason directly over these
formal representations. Building on this, the model
applies symbolic reasoning rules to process and
analyze the relevant information, thereby strength-
ening its capability for rigorous logical reasoning
(Xu et al., 2024).

2 3 4 5
Num of stable premises

83

85

87

Ac
cu

ra
cy

 (%
)

84.67
85.33

86.33
86.00

ProofWriter

2 3 4 5
Num of stable premises

70

74

78

Ac
cu

ra
cy

 (%
)

72.06

74.51

76.47 76.47

FOLIO

2 3 4 5
Num of stable premises

94

97

100

Ac
cu

ra
cy

 (%
)

98.00
98.80

99.60 99.40

ProntoQA

2 3 4 5
Num of stable premises

82

85

88

Ac
cu

ra
cy

 (%
)

84.91

86.21

87.47 87.29
Average

Figure 7: Effect of the number of stable propositions on
model performance.

Aristotle constructs a logical reasoning frame-
work composed of a logical decomposer, a log-
ical search router, and a logical solver, explic-
itly integrating symbolic expressions and logical
rules throughout the entire reasoning process. This
framework alleviates several key bottlenecks in log-
ical reasoning, including reducing subtask com-
plexity, minimizing search errors, and resolving
logical contradictions (Xu et al., 2025b).

D Implementation Details

In principle, our proposed framework imposes no
restrictions on the type of LLMs used. To ensure
a fair comparison, we use identical in-context ex-
amples for all models. To obtain reproducible re-
sults, we set the temperature to 0 and select the
highest-probability response from the LLM. For
experiments on open-source LLMs, all baselines
and our method are run on a machine with one
NVIDIA Tesla H100 (80GB) GPU.

E Other Experimental Analysis

E.1 Effects of Number of Stability Premises

For the number of stable propositions generated by
the Evolution Agent, we set it to 4 in our exper-
iments. It is worth noting that to simultaneously
measure the validity and efficiency of reasoning,
this parameter is not necessarily better when larger.
Results under different settings are shown in Figure
7. When the number of stable propositions is small,
the model exhibits lower performance. As the num-
ber of generated propositions increases, additional
stable propositions help simplify the reasoning pro-
cess and improve overall performance. When this
number is further increased, no additional perfor-
mance gains are observed. Therefore, considering
the trade-off between performance and computa-
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Figure 8: Computational efficiency analysis under dif-
ferent component configurations.

tional efficiency, we ultimately set the number of
stable propositions to 4.

E.2 Computational Efficiency Analysis
We further analyze the impact of individual com-
ponents in Leibniz on computational efficiency1.
By sequentially removing key modules, we mea-
sure the average processing time per sample under
different configurations, as shown in Figure 8. To
ensure a fair comparison, all experiments in this
analysis are conducted on the same device. We can
observe that removing EA yields the greatest accel-
eration effect, reducing the average processing time
by 57.8%. Further removing the Translator reduces
the average processing time by 25.0%, reflecting
the additional computational overhead introduced
by the symbolic representation and transformation
process.

Although removing EA or RA can signifi-
cantly improve computational efficiency, the goal-
oriented reasoning trajectories formed through col-
laborative reasoning by these two agents are crucial
for solving complex logical reasoning problems.
Similarly, the translator plays a vital role in over-
all reasoning performance. By bridging natural
language and symbolic representations throughout
multi-agent reasoning, it enables the model to si-
multaneously leverage the rigor of symbolic rea-
soning and the flexibility of neural models, thereby
substantially improving reasoning accuracy.

We further analyze the per-sample inference
time of Leibniz and the baseline methods, with
the results shown in Figure 10. We observe that,

1To ensure a fair comparison, we report the inference time
of Qwen2.5-72B under different methods on the same device.
Note that the runtime may vary across different hardware
environments.
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Figure 9: Execution rate for Logic-LM, SymbCoT, and
ours.

ProofWriter FOLIO

Avg. TC Acc Avg. TC Acc
ToT 5216.4 75.83 5413.2 69.12
Leibniz 4548.5 86.33 4973.6 76.47

Table 4: Comparison of average token consumption and
accuracy.

compared with cumulative reasoning methods, our
approach exhibits a clear advantage in reasoning
speed. Although our method is slightly slower than
the neuro-symbolic approach SymbCoT in terms of
inference time, by introducing an Evolution Agent
to mine more implicit propositions and combining
it with a Reduction Agent for conflict resolution,
our approach enables LLMs to more effectively
self-monitor and dynamically adjust intermediate
reasoning processes, thereby achieving more adap-
tive and robust logical reasoning.

Moreover, we further report the average token
consumption on Qwen2.5-72B, as shown in Ta-
ble 4. It can be observed that, compared with the
baseline methods, our approach achieves superior
performance while maintaining a relatively lower
average token consumption. This improvement is
mainly attributed to the conflict detection mecha-
nism introduced in the RA module: once an explicit
contradiction is identified, the system can deter-
mine the truth value of the target at an early stage,
thereby avoiding redundant subsequent reasoning
steps and improving overall reasoning efficiency.

In summary, Leibniz achieves an explicit
trade-off between reasoning accuracy and com-
putational efficiency. The above experimental re-
sults further highlight the value of the proposed
multi-agent neuro-symbolic reasoning framework
in complex logical reasoning scenarios.
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Figure 10: Comparison of per-sample inference time (s) and accuracy (%) of different methods on Qwen2.5-72B,
where the line plot represents inference time.

E.3 Robustness of Symbolic Representation

Accurately translating natural language statements
into symbolic representations is crucial for build-
ing reliable neuro-symbolic logical reasoning sys-
tems. To evaluate the robustness of our method
with respect to symbolic representations, we con-
duct a comparative analysis between approaches
that rely on external solvers (e.g., Logic-LM) and
fully LLM-based reasoners. The evaluation met-
ric focuses on whether the generated symbolic ex-
pressions can be successfully parsed and executed,
i.e., the execution rate of the symbolic expressions
(Execution Rate). For example, if there are 100
questions and the method successfully executes 90
of them, the execution rate is 90%. We use the
same external solver as Logic-LM for evaluation.

The results are shown in Figure 9. We can ob-
serve that both our method and SymbCoT achieve
100% execution success rates, representing an aver-
age improvement of 7.0% over Logic-LM. On the
challenging logical reasoning dataset FOLIO, our
method outperforms approaches based on external
symbolic solvers by 20.1%. Overall, our approach
consistently achieves high execution success rates
across different datasets and reasoning difficulties,
which fully demonstrates its robustness against syn-
tactic errors in symbolic expressions.

It is worth noting that we employ both natural
language and symbolic representations throughout
the reasoning process. This approach not only en-

hances the system’s flexibility but also effectively
alleviates the sensitivity issues that can arise from
relying solely on symbolic representations. More-
over, the incorporation of natural language pro-
vides richer contextual information for reasoning,
thereby strengthening the model’s robustness and
reliability when solving complex problems. Future
research could introduce interpretability analysis
mechanisms (Yan et al., 2025; Zhao et al., 2024,
2026) to constrain and optimize the LLM’s symbol
translation process, thereby yielding symbol repre-
sentations that are more faithful and consistent at
both the semantic and syntactic levels.

E.4 Case Study
We conduct a case study for Leibniz, as illustrated
in Figure 11. The inputs for logical reasoning in-
clude facts F , rules R, and questions Q. Leibniz
sequentially performs three modules of initializa-
tion, bidirectional neuro-symbolic reasoning, and
cognitive balance to derive the truth value of the
final conclusion.

In the initialization stage, we first translate the
facts F , rules R, and query Q expressed in natural
language into first-order logic representations, de-
noted as Ft, Rt, and Qt, respectively. During sub-
sequent reasoning processes, we simultaneously
retain and utilize both the natural language and
their corresponding symbolic representations for
reasoning. This allows us to ensure the rigor of
symbolic expressions while enhancing the overall
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robustness of representations, thereby improving
the accuracy of logical reasoning.

In the bidirectional neuro-symbolic reasoning
stage, we introduce an Evolution Agent and a Re-
duction Agent to perform collaborative reasoning.
Specifically, the Evolution Agent first categorizes
the given facts and rules into stable and unstable
premises based on belief stability, and then gen-
erates additional stable propositions that are con-
ducive to proving the target conclusion through a
logical evolution mechanism. In parallel, the Re-
duction Agent takes the target conclusion as its
starting point, continuously searches for potential
conflicts within the known premises, and derives
new reasoning insights through conflict resolution
and reduction operations.

The two agents collaborate closely through con-
tinuous updates of their belief states. During
logical evolution and logical reduction, both the
EA and the RA explicitly take into account each
other’s current knowledge states and reasoning
progress, thereby forming a goal-oriented collabo-
rative search trajectory within the reasoning space.
We enable bidirectional collaboration between EA
and RA by sharing the belief state space A: EA
expands the set of premises for RA based on belief
evolution, while RA employs reductive reasoning
to indicate effective directions for EA’s proposi-
tional evolution.

Finally, we align and verify the consistency of
the reasoning memories from both agents during
the cognitive balancing stage, combining their rea-
soning results to derive a globally consistent final
answer. The cognitive balance layer is also imple-
mented as an agent. Specifically, this layer first
performs premise–conclusion consistency check-
ing on the reasoning trajectories produced by the
evolution agent and the reduction agent. If the re-
duction agent exhibits an explicit contradiction, the
truth value of the target can be directly determined.
Otherwise, we combine the stability propositions
generated by the evolution agent and leverage the
LLM to derive the final answer.
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Facts:
      Anne is blue. Anne is furry. Anne is green. Anne is quiet. Anne is young. Bob is furry. Bob is round. Erin is green. Erin is young. Harry is furry.  

Rules:
      Furry people are blue. If someone is furry and young then they are green. 
      All quiet, round people are rough. 
      If Anne is green and Anne is blue then Anne is round. 

Question:
      Harry is not young.

(a) Initialization

Rules:
     Furry(x, True) >>> Blue(x, True) ::: Furry people are blue.

     Furry(x, True) ∧ Young(x, True) >>> Green(x, True) ::: If someone is furry and young then they are green.

     Quiet(x, True) ∨ Round(x, True) >>> Rough(x, True) ::: All quiet, round people are rough.

     Green(Anne, True) ∧ Blue(Anne, True)) >>> Round(Anne, True) ::: If Anne is green and Anne is blue then Anne is round.
     Furry(x, True) >>> Quiet(x, True) ::: Furry people are quiet.

     Rough(x, True) ∨ Quiet(x, True) >>> Young(x, True) ::: All rough, quiet people are young.
     Quiet(x, True) >>> Round(x, True) ::: Quiet people are round.

Furry people are quiet. All rough, quiet people are young. 
Quiet people are round.

Predicates:
     Blue(x, bool) ::: Is x blue?
     Furry(x, bool) ::: Is x furry?
     Green(x, bool) ::: Is x green?
     Quiet(x, bool) ::: Is x quiet?
     

Young(x, bool) ::: Is x young?
Round(x, bool) ::: Is x round?
Rough(x, bool) ::: Is x rough?

Facts:
     Blue(Anne, True) ::: Anne is blue.
     Furry(Anne, True) ::: Anne is furry.
     Green(Anne, True) ::: Anne is green.
     Quiet(Anne, True) ::: Anne is quiet.
     Young(Anne, True) ::: Anne is young.

Furry(Bob, True) ::: Bob is furry.
Round(Bob, True) ::: Bob is round.
Green(Erin, True) ::: Erin is green.
Young(Erin, True) ::: Erin is young.
Furry(Harry, True) ::: Harry is furry. 

(b) Bidirectional Neuro-Symbolic Reasoning

Evolution Agent Reduction Agent

Logical Normalization

Belief Evolution Contradiction Reduction

Question:
     Young(Harry, False) ::: Harry is not young.

(c) Cognitive Balancing

Combining the results of both agents, no new facts can be derived by the Evolution Agent and no new 

sub-goals remain for the Reduction Agent. Thus, they jointly conclude that the statement “Harry is not 

young” is False.

Belief-Unstable Premise

Belief-Stable Premise

Anne is young. Erin is young. Harry is furry. All rough, quiet people are 
young.

Anne is blue. Anne is furry. Anne is green. Anne is quiet. Bob is furry. 
Bob is round. Erin is green. Furry people are blue. 
If someone is furry and young then they are green. 
All quiet, round people are rough. 
If Anne is green and Anne is blue then Anne is round. 
Furry people are quiet. Quiet people are round.

Furry(x,False) ∨ Blue(x,True)

Furry(x,False) ∨ Young(x,False) ∨ Green(x,True)

(Rough(x,True) ∨ Quiet(x,False)) ∧ (Rough(x,True) ∨ Round(x,False))

Furry(x,False) ∨ Blue(x,False) ∨ Green(x,False) ∨ Round(x,True)

Furry(x,False) ∨ Quiet(x,True)

(Young(x,True) ∨ Rough(x,False)) ∧ (Young(x,True) ∨ Quiet(x,False))

Quiet(x,False) ∨ Round(x,True)

Round 2: 
From [Furry(Harry, True) ::: Harry is furry.] and [Furry(x, True) >>> 
Quiet(x, True) ::: Furry people are quiet. ]  apply Modus Ponens  to 
infer that [Quiet(Harry, True) ::: Harry is quiet.]

Round 1: 
From [Furry(Harry, True) ::: Harry is furry.] and [Furry(x, True) >>> 
Blue(x, True) ::: Furry people are blue.] apply Modus Ponens to infer 
that [Blue(Harry, True) ::: Harry is blue.]

Round 4: 
From [Round(Harry, True) ::: Harry is round.], [Quiet(Harry, True) ::: 
Harry is quiet.] and [Quiet(x, True) ∨ Round(x, True) >>> Rough(x, 
True) ::: All quiet, round people are rough. ]  apply Modus Ponens 
and Conjunction Introduction  to infer that [Rough(Harry, True) ::: 
Harry is rough.]

Round 1: 
Target: Young(Harry, False)
Retrieve contradictory items: 

        Rough(x,False) ∨ Quiet(x,False) ∨ Young(x,True)

Resolve contradictions: Rough(Harry, False) ∨ Quiet(Harry, False)

Round 2: 

Target: Rough(Harry, False) ∨ Quiet(Harry, False)
Retrieve contradictory items: 

        (Quiet(x,False) ∨ Rough(x,True))
Resolve contradictions: Quiet(Harry, False)

Round 3: 
Target: Quiet(Harry, False)
Retrieve contradictory items: 

        Furry(x,False) ∨ Quiet(x,True)
Resolve contradictions: Furry(Harry, False)

Round 4: 
Target: Furry(Harry, False)
Retrieve contradictory items: 
        Furry(Harry, True)

Contradiction

Shared Belief

Round 3: 
From [Quiet(Harry, True) ::: Harry is quiet.] and [Quiet(x, True) >>> 
Round(x, True) ::: Quiet people are round.] apply Modus Ponens to 
infer that [Round(Harry, True) ::: Harry is round.]

Facts:
      Anne is blue. Anne is furry. Anne is green. Anne is quiet. Anne is young. Bob is furry. Bob is round. Erin is green. Erin is young. Harry is furry.  

Rules:
      Furry people are blue. If someone is furry and young then they are green. 
      All quiet, round people are rough. 
      If Anne is green and Anne is blue then Anne is round. 

Question:
      Harry is not young.

(a) Initialization

Rules:
     Furry(x, True) >>> Blue(x, True) ::: Furry people are blue.

     Furry(x, True) ∧ Young(x, True) >>> Green(x, True) ::: If someone is furry and young then they are green.

     Quiet(x, True) ∨ Round(x, True) >>> Rough(x, True) ::: All quiet, round people are rough.

     Green(Anne, True) ∧ Blue(Anne, True)) >>> Round(Anne, True) ::: If Anne is green and Anne is blue then Anne is round.
     Furry(x, True) >>> Quiet(x, True) ::: Furry people are quiet.

     Rough(x, True) ∨ Quiet(x, True) >>> Young(x, True) ::: All rough, quiet people are young.
     Quiet(x, True) >>> Round(x, True) ::: Quiet people are round.

Furry people are quiet. All rough, quiet people are young. 
Quiet people are round.

Predicates:
     Blue(x, bool) ::: Is x blue?
     Furry(x, bool) ::: Is x furry?
     Green(x, bool) ::: Is x green?
     Quiet(x, bool) ::: Is x quiet?
     

Young(x, bool) ::: Is x young?
Round(x, bool) ::: Is x round?
Rough(x, bool) ::: Is x rough?

Facts:
     Blue(Anne, True) ::: Anne is blue.
     Furry(Anne, True) ::: Anne is furry.
     Green(Anne, True) ::: Anne is green.
     Quiet(Anne, True) ::: Anne is quiet.
     Young(Anne, True) ::: Anne is young.

Furry(Bob, True) ::: Bob is furry.
Round(Bob, True) ::: Bob is round.
Green(Erin, True) ::: Erin is green.
Young(Erin, True) ::: Erin is young.
Furry(Harry, True) ::: Harry is furry. 

(b) Bidirectional Neuro-Symbolic Reasoning

Evolution Agent Reduction Agent

Logical Normalization

Belief Evolution Contradiction Reduction

Question:
     Young(Harry, False) ::: Harry is not young.

(c) Cognitive Balancing

Combining the results of both agents, no new facts can be derived by the Evolution Agent and no new 

sub-goals remain for the Reduction Agent. Thus, they jointly conclude that the statement “Harry is not 

young” is False.

Belief-Unstable Premise

Belief-Stable Premise

Anne is young. Erin is young. Harry is furry. All rough, quiet people are 
young.

Anne is blue. Anne is furry. Anne is green. Anne is quiet. Bob is furry. 
Bob is round. Erin is green. Furry people are blue. 
If someone is furry and young then they are green. 
All quiet, round people are rough. 
If Anne is green and Anne is blue then Anne is round. 
Furry people are quiet. Quiet people are round.

Furry(x,False) ∨ Blue(x,True)

Furry(x,False) ∨ Young(x,False) ∨ Green(x,True)

(Rough(x,True) ∨ Quiet(x,False)) ∧ (Rough(x,True) ∨ Round(x,False))

Furry(x,False) ∨ Blue(x,False) ∨ Green(x,False) ∨ Round(x,True)

Furry(x,False) ∨ Quiet(x,True)

(Young(x,True) ∨ Rough(x,False)) ∧ (Young(x,True) ∨ Quiet(x,False))

Quiet(x,False) ∨ Round(x,True)

Round 2: 
From [Furry(Harry, True) ::: Harry is furry.] and [Furry(x, True) >>> 
Quiet(x, True) ::: Furry people are quiet. ]  apply Modus Ponens  to 
infer that [Quiet(Harry, True) ::: Harry is quiet.]

Round 1: 
From [Furry(Harry, True) ::: Harry is furry.] and [Furry(x, True) >>> 
Blue(x, True) ::: Furry people are blue.] apply Modus Ponens to infer 
that [Blue(Harry, True) ::: Harry is blue.]

Round 4: 
From [Round(Harry, True) ::: Harry is round.], [Quiet(Harry, True) ::: 
Harry is quiet.] and [Quiet(x, True) ∨ Round(x, True) >>> Rough(x, 
True) ::: All quiet, round people are rough. ]  apply Modus Ponens 
and Conjunction Introduction  to infer that [Rough(Harry, True) ::: 
Harry is rough.]

Round 1: 
Target: Young(Harry, False)
Retrieve contradictory items: 

        Rough(x,False) ∨ Quiet(x,False) ∨ Young(x,True)

Resolve contradictions: Rough(Harry, False) ∨ Quiet(Harry, False)

Round 2: 

Target: Rough(Harry, False) ∨ Quiet(Harry, False)
Retrieve contradictory items: 

        (Quiet(x,False) ∨ Rough(x,True))
Resolve contradictions: Quiet(Harry, False)

Round 3: 
Target: Quiet(Harry, False)
Retrieve contradictory items: 

        Furry(x,False) ∨ Quiet(x,True)
Resolve contradictions: Furry(Harry, False)

Round 4: 
Target: Furry(Harry, False)
Retrieve contradictory items: 
        Furry(Harry, True)

Contradiction

Shared Belief

Round 3: 
From [Quiet(Harry, True) ::: Harry is quiet.] and [Quiet(x, True) >>> 
Round(x, True) ::: Quiet people are round.] apply Modus Ponens to 
infer that [Round(Harry, True) ::: Harry is round.]

Figure 11: An illustration of the reasoning process in Leibniz. The green box contains the input for logical
reasoning, while the blue box shows the problem-solving process of our method.
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F Full Prompting

Below is the detailed prompt of our method.

Step-1: Translation

Task Description:
You are given a problem description and a question. The task is to:

1. Define all the predicates in the problem.

2. Parse the problem into logic rules based on the defined predicates.

3. Write all the facts mentioned in the problem.

4. Parse the question into the logic form.

Problem:

Facts (F ):

• The cat needs the mouse. The cat sees the squirrel. The cat does not see the tiger. The mouse is red. The mouse does not
visit the cat. The squirrel is big. The squirrel visits the tiger. The tiger is big. The tiger sees the mouse. The tiger visits the
squirrel.

Rules (R):

• If someone visits the tiger and the tiger needs the mouse then the mouse sees the squirrel. If someone is blue and red then
they need the tiger. If someone needs the tiger then the tiger needs the mouse. If someone visits the squirrel then they are
not blue. Red people are blue. If someone needs the cat and they are not big then they do not visit the squirrel. If someone
sees the squirrel then they need the mouse.

Question:

• True or false: The mouse visits the cat.

Predicates:

• Needs(x, y): Does x need y?

• Red(x): Is x red?

• Visits(x, y) ::: Does x visit y?

• (... More predicates ...)

Facts (Ft ::: F ):

• Needs(Cat, Mouse) ::: The cat needs the mouse.

• Sees(Cat, Squirrel) ::: The cat sees the squirrel.

• Red(Mouse) ::: The mouse is red.

• (... More facts ...)

Rules (Rt ::: R):

• Visits(x, Tiger) ∧ Needs(Tiger, Mouse) → Sees(Mouse, Squirrel) ::: If someone visits the tiger and the tiger
needs the mouse then the mouse sees the squirrel.

• Blue(x) ∧ Red(x) → Needs(x, Tiger) ::: If someone is blue and red then they need the tiger.

• Visits(x, Squirrel) → Blue(x, False) ::: If someone visits the squirrel then they are not blue.

• Needs(x, Cat) ∧ Big(x, False) → Visits(x, Squirrel, False) ::: If someone needs the cat and they are not
big then they do not visit the squirrel.

• (... More rules ...)

Query (Qt ::: Q):

• Visits(Mouse, Cat, False) ::: The mouse does not visit the cat.
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Step-2.1: Evolution Agent - Stability Premise Identification

Task Description:
Assume you are a leading AI scientist, logician, and mathematician. Perform the task using explicit, step-by-step reasoning.

1. Carefully read and internalize the following definition: A premise is considered a stable premise if (a) it contains the
same noun or adjective as the Conclusion, and (b) it is expressed as a declarative statement, not in a conditional form
such as “if . . . ” or “if . . . then . . . ”.

2. Carefully examine the given symbolic Premise and Conclusion. Determine whether the Premise qualifies as a stable
premise according to the definition above.

3. Ensure that your classification decision is derived strictly and explicitly from the given definition. Do not rely on
background knowledge, world knowledge, or unstated assumptions.

Premises (Pt ::: P ):

• Blue(Anne) ::: Anne is blue.

• Furry(Anne) ::: Anne is furry.

• Green(Anne) ::: Anne is green.

• Quiet(Anne) ::: Anne is quiet.

• Young(Anne) ::: Anne is young.

• Furry(x) → Blue(x) ::: Furry people are blue.

• Furry(x) ∨ Young(x)→ Green(x) ::: If someone is furry and young then they are green.

• Quiet(x) ∧ Round(x) → Rough(x) ::: All quiet, round people are rough.

• Blue(Anne) ∨ Green(Anne) → Round(Anne) ::: If Anne is green and Anne is blue then Anne is round.

• Furry(x) → Quiet(x) ::: Furry people are quiet.

• Rough(x) ∨ Quiet(x) → Young(x) ::: All rough, quiet people are young.

• Quiet(x) → Round(x) ::: Quiet people are round.

• (... More premises ...)

Conclusion (Qt ::: Q):

• Young(Harry, False) ::: Harry is not young.

Stable premises (S):

• Young(Anne) ::: Anne is young.

• Young(Erin) ::: Erin is young.

• Furry(Harry) ::: Harry is furry.

• Rough(x) ∨ Quiet(x) → Young(x) ::: All rough, quiet people are young.

Unstable premises (U):

• Blue(Anne) ::: Anne is blue.

• Furry(Anne) ::: Anne is furry.

• Green(Anne) ::: Anne is green.

• Quiet(Anne) ::: Anne is quiet.

• Furry(x) → Blue(x) ::: Furry people are blue.

• Furry(x) ∨ Young(x)→ Green(x) ::: If someone is furry and young then they are green.

• (... More other unstable premises ...)
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Step-2.2: Evolution Agent - Symbolic Rule Grounding

Task Description:
Suppose you are one of the greatest AI scientists, logicians, and mathematicians. Let us reason step by step.

1. First, read and analyze the stable premise and unstable premise sets, and then select relevant premises from them.

2. Next, read the reasoning history of the Evolution Agent (ME) and the Reduction Agent (MR), along with the belief
state space A (including stable and unstable propositions). If a false proposition appears in the history, and a specific
Optimal Premise has already been used there, do not select the same premise again as your answer.

3. From the stable premise set, select the Optimal Premise that shares the same subject as the Conclusion, and assign it a
relevance score between 0 and 1. Assess how this Optimal Premise relates to all other stable premises and unstable
premises, according to the Relevance Scoring Rules. All stable premises and unstable premises with relevance scores
greater than 0.25 are included as the final results, together with the Optimal Premise.

4. Relevance Scoring Rules:

(a) When computing relevance, add 0.25 for each shared noun and 0.3 for each shared adjective between two
sentences.

(b) Relevance scores start from 0 and accumulate, with an upper limit of 1.0.
(c) If sentence p1 is a hypothetical or conditional premise of sentence p2, add 0.25 points to p1.

Mental variables:

Goal (Qt ::: Q):
• Young(Harry, False) ::: Harry is not young.

Shared belief (A) – Stable premises (S):
• Young(Anne) ::: Anne is young.
• Young(Erin) ::: Erin is young.
• Furry(Harry) ::: Harry is furry.
• Rough(x) ∨ Quiet(x) → Young(x) ::: All rough, quiet people are young.

Shared belief (A) – Unstable premises (U):
• Blue(Anne) ::: Anne is blue.
• Furry(Anne) ::: Anne is furry.
• Furry(x) → Blue(x) ::: Furry people are blue.
• (... More other unstable premises ...)

RA’s goal belief: MR

Belief State Memory of EA: ME

Optimal premise p∗:

• Furry(Harry) ::: Harry is furry.

Candidate premise combinations H:

• Furry(Harry) ::: Harry is furry.

• Furry(Anne) ::: Anne is furry.

• Furry(Bob) ::: Bob is furry.

• Furry(x) → Blue(x) ::: Furry people are blue.

• Furry(x) ∨ Young(x)→ Green(x) ::: If someone is furry and young then they are green.

• Furry(x) → Quiet(x) ::: Furry people are quiet.
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Step-2.3: Evolution Agent - Symbolic Rule Implementation

Task Description:
Assume the role of a highly capable AI system specialized in artificial intelligence, formal logic, and mathematical reasoning.
Perform step-by-step logical reasoning. Your task is to derive one new “Proposition” from the given “Premises” by strictly
applying first-order logic (FOL) reasoning rules.

1. The derived Proposition must not contain conditional operators such as “if”.

2. The Proposition must be logically valid and soundly entailed by the given Premises.

3. The proposition must be neither identical to nor a trivial restatement of any given premise.

4. The Proposition must be derived only from the provided Premises, without introducing: external background knowledge,
commonsense assumptions, or any unsourced information.

5. The first-order-logic inference rules include but are not limited to: Modus Ponens, Modus Tollens, Generalization,
Specialization, Conjunction, Elimination, Transitivity, Proof By Division Into Cases, Contradiction Rule, and etc.

6. Logical Reasoning Rules Examples:

(a) Modus Ponens: If Cold(x) → Likes(x, cat) and Cold(mouse), then new Proposition: Likes(mouse, cat).
(b) Modus Tollens: If Blue(x) → Eats(x, Rabbit) and Eats(Tiger, Rabbit, False), then new Proposition:

Blue(Tiger, False).
(c) Disjunctive Syllogism: If Plant(x) ⊕ Animal(x) and Plant(eel, False), then new Proposition:

Animal(eel, True).
(d) Transitivity: If Eel(x) → Fish(x) and Fish(x) → Plant(x, False), then new Proposition: Eel(x) →

Plant(x, False).

Conclusion (Qt ::: Q):

• Young(Harry, False) ::: Harry is not young.

Candidate premise combinations H:

• Furry(Harry) ::: Harry is furry.

• Furry(Anne) ::: Anne is furry.

• Furry(Bob) ::: Bob is furry.

• Furry(x) → Blue(x) ::: Furry people are blue.

• Furry(x) ∨ Young(x)→ Green(x) ::: If someone is furry and young then they are green.

• Furry(x) → Quiet(x) ::: Furry people are quiet.

Symbolic Cognitive Deduction:

• From Furry(Harry) ::: Harry is furry, Furry(x) → Blue(x) ::: Furry people are blue, applying Modus Ponens to infer
that “Blue(Harry) ::: Harry is blue”.

Proposition pnew:

• Blue(Harry) ::: Harry is blue.
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Step-2.4: Evolution Agent - Logical Verification

▷ Logical Validity Verification:

Task Description:

1. Given a set of Premises and a derived Proposition, evaluate the logical validity of the derivation using the Logical
Reasoning Rules.

2. Specifically, verify whether the Proposition is soundly inferred from the Premises by strictly following the
corresponding logical inference rules, and whether the entire reasoning process is formally correct and internally
consistent.

3. Output True if the derivation conforms to the Logical Reasoning Rules and constitutes a valid logical inference;
otherwise, output False.

4. Logical Reasoning Rules Examples:
(a) Modus Ponens: If Cold(x) → Likes(x, cat) and Cold(mouse), then new Proposition: Likes(mouse,

cat).
(b) Modus Tollens: If Blue(x) → Eats(x, Rabbit) and Eats(Tiger, Rabbit, False), then new Proposi-

tion: Blue(Tiger, False).
(c) Disjunctive Syllogism: If Plant(x) ⊕ Animal(x) and Plant(eel, False), then new Proposition:

Animal(eel, True).
(d) Transitivity: If Eel(x) → Fish(x) and Fish(x) → Plant(x, False), then new Proposition: Eel(x)

→ Plant(x, False).

Premise:

• Furry(Harry) ::: Harry is furry.
• Furry(x) → Blue(x) ::: Furry people are blue.

Proposition pnew:

• Blue(Harry) ::: Harry is blue.

Logical Judgment: The reasoning step is logically valid. {True}.

▷ Target Contribution Verification:

Task Description:

1. Given the premises and the conclusion, assess whether the premises qualify as stable premises and thus provide
support for the target conclusion.

2. Carefully read and internalize the following definition: A stable premise is defined as a premise that shares the
same noun or adjective with the conclusion and is not expressed in a conditional form, such as “if . . . ” or “if . . .
then . . . ”. Analyze the given premises and conclusion accordingly, and determine whether the new proposition
satisfies this definition.

3. Ensure that your judgment is based strictly on the stated definition and the given texts, without relying on external
knowledge, implicit assumptions, or common-sense reasoning.

Premise:

• Furry(Harry) ::: Harry is furry.
• Furry(x) → Blue(x) ::: Furry people are blue.

Proposition pnew:

• Blue(Harry) ::: Harry is blue.

Conclusion (Qt):

• Young(Harry, False) ::: Harry is not young.

Logical Judgment: The proposition provides support for the target conclusion. {True}.
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Step-3: Reduction Agent

▷ Logical Normalization:

Task Description:

1. Given a set of premises and a conclusion expressed in formal logic, systematically transform the logical formulas
through Normalization and Skolemization.

2. Normalization: Convert each premise and the conclusion into Prenex Normal Form, and subsequently transform
them into Conjunctive Normal Form.

3. Skolemization: Eliminate existential quantifiers by introducing appropriate Skolem constants or Skolem functions,
while preserving satisfiability and logical equivalence under universal quantification.

Premise pt (Mental variables – shared belief A):

• Furry(x) → Blue(x) ::: Furry people are blue.
• Quiet(x) → Round(x) ::: Quiet people are round.
• Furry(x) ∨ Young(x)→ Green(x) ::: If someone is furry and young then they are green.
• (... More premises ...)

Conclusion (Qt):

• Young(Harry, False) ::: Harry is not young.

Normalized Premise:

• Furry(x,False) ∨ Blue(x,True).
• Quiet(x,False) ∨ Round(x,True).
• Furry(x,False) ∨ Young(x,False) ∨ Green(x,True).
• (... More normalized premises ...)

Normalized Conclusion:

• Young(Harry, False).

▷ Conflict Resolution:

Task Description:

1. Given two logical clauses, determine whether they can be resolved by identifying conflicting terms and applying
the resolution principle.

2. Two terms are considered conflicting if they have the same predicate symbol and identical arguments, but differ
either in polarity (one is negated while the other is not) or in their boolean truth value (True versus False).

3. If a pair of conflicting terms is identified across the two clauses, apply the resolution principle to eliminate
the conflicting literals and derive a new clause. For instance, resolving P (x, True) ∨ Q(x, True) with
P (x, False) ∨M(x, True) yields the resolvent Q(x, True) ∨M(x, True).

Current subgoal (Mental variables – own goal pres):

• Young(Harry, False).

Conflicting terms:

• Rough(x,False) ∨ Quiet(x,False) ∨ Young(x,True).

New subgoal ( p′res ):

• Rough(Harry, False) ∨ Quiet(Harry, False).
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