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Abstract

Autoregressive language models are trained ex-
clusively left-to-right. We explore the comple-
mentary factorization, training right-to-left at
scale, and ask what reasoning patterns emerge
when a model conditions on future context to
predict the past. We train LEDOM, an open-
source purely reverse autoregressive language
model (2B/7B parameters, 435B tokens), and
find it develops capabilities distinct from for-
ward models, including abductive inference,
question synthesis, and structural handling of
the reversal curse. We then explore one ap-
plication of the reverse model: combining for-
ward likelihood P (y | x) with reverse poste-
rior P (x | y) through noisy channel duality.
We propose Reverse Reward, which reranks
forward outputs using reverse posterior esti-
mates, and prove that bidirectional scoring pe-
nalizes hallucinated reasoning chains whose
backward reconstruction degrades. Reverse
Reward yields gains of up to 6.6% on AIME
2024 and 15% on AMC 2023 across multi-
ple strong baselines. We release all codes at
https://github.com/Arvid-pku/LEDOM.

1 Introduction

Autoregressive language models factorize text as
a product of left-to-right conditionals. This con-
vention is universal across large-scale pretrain-
ing (Brown et al., 2020; Touvron et al., 2023; Jiang
et al., 2023), yet it represents only one of two valid
autoregressive decompositions of the joint distri-
bution P (x). The complementary right-to-left fac-
torization, where each token is predicted from its
future context, is equally valid by the chain rule
but remains unexplored at scale. What inductive
biases does reverse training produce? What reason-
ing capabilities emerge when a model conditions
on conclusions to predict premises, rather than the
reverse? And can forward and reverse models, en-
coding structurally different views of the same data,
be combined for mutual benefit?

Reverse Language Model

mattheonsat…

theonsatcat…

The cat sat on
the mat

mat the on
sat cat …

Figure 1: Forward vs. Reverse Language Modeling.
FLMs decompose P (x) left-to-right; our RLM decom-
poses P (x) right-to-left. Both use identical decoder-
only Transformer architectures; only the factorization
direction differs.

We introduce LEDOM1, a purely reverse-trained
autoregressive language model pre-trained on 435B
tokens at 2B and 7B parameter scales, with
matched FLMs sharing identical architecture, tok-
enizer, and data. Unlike bidirectional encoders (De-
vlin et al., 2019a; Raffel et al., 2020) or permuta-
tion objectives (Yang et al., 2020), LEDOM retains
decoder-only autoregressive efficiency while con-
ditioning on future context to predict the past (Fig-
ure 1). Prior work on reverse generation has been
limited to regularizing forward models (Serdyuk
et al., 2017; Zhang et al., 2019), training small di-
agnostic models (Pfau et al., 2023), or two-stage
forward-then-reverse training (Golovneva et al.,
2024). No prior work has trained a purely reverse
autoregressive model at scale or systematically an-
alyzed its properties.

Our analysis reveals that the reverse factorization
induces qualitatively distinct reasoning. LEDOM

excels at abductive inference, generating plausi-
ble premises that explain a given conclusion, and
by construction captures the inverse dependencies
that cause the “reversal curse” (Berglund et al.,
2023) in forward models, where they fail to infer
“B is A” from “A is B.” It synthesizes well-formed

1The name is “Model” spelled backwards, reflecting the
right-to-left factorization.
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questions from answers and generates backward-
from-goal mathematical derivations. On standard
benchmarks, LEDOM matches FLMs on seman-
tic understanding tasks while showing predictable
weaknesses on forward-causal tasks like code gen-
eration (Section 4). Crucially, forward and reverse
models make systematically different errors, sug-
gesting their combination could be fruitful.

We explore one such combination: using the
reverse model’s posterior estimates P (x | y) to
verify forward outputs. By Bayes’ theorem, P (x |
y) ∝ P (y | x) · P (x): the reverse model evaluates
whether an output reconstructs the input, providing
a verification signal absent from forward scoring
alone. For prompt-response pairs where responses
are longer than prompts, the conditional entropy
satisfies H(Y | X) > H(X | Y ): reverse scoring
provides a tighter evaluation signal on complex out-
puts. We prove that bidirectional scoring penalizes
hallucinated outputs whose backward reconstruc-
tion degrades (Section 5). We operationalize this
as Reverse Reward, reranking forward outputs us-
ing LEDOM’s posterior estimates, outperforming
multiple strong baselines (Section 6).

Our contributions:

• LEDOM, an open-source purely reverse-trained
autoregressive LM at scale (2B/7B parameters,
435B tokens), with systematic behavioral and
benchmark analysis revealing distinct reasoning
characteristics.

• A Bayesian analysis connecting bidirectional
scoring to noisy channel verification, with a for-
mal proof that posterior reranking penalizes hal-
lucinated reasoning chains exhibiting posterior
degradation (Proposition 1).

• Reverse Reward, demonstrating one application
of reverse LMs that yields consistent improve-
ments on mathematical reasoning across three
strong baselines (up to +6.6% AIME 2024, +15%
AMC 2023).

2 Reverse Model: Training and Theory

2.1 Pre-training Task

Given a text sequence x = (x1, x2, . . . , xT ), a
conventional FLM factorizes the joint as:

PFLM(x) =
T∏

t=1

P(xt | x1, . . . , xt−1; θFLM). (1)

The Reverse Language Model (RLM) uses the com-
plementary right-to-left decomposition:

PRLM(x) =
T∏

t=1

P(xt | xt+1, . . . , xT ; θRLM), (2)

implemented by reversing the token order to xR =
(xT , . . . , x1) and applying a standard causal Trans-
former. Both factorizations decompose the same
joint P (x) by the chain rule, so they share the same
theoretical optimum yet learn structurally different
representations. At each position t, the FLM’s hid-
den state h→t encodes a sufficient statistic of the
left context (x1, . . . , xt−1), while the RLM’s hid-
den state h←t encodes a sufficient statistic of the
right context (xt+1, . . . , xT ). This means the two
models develop complementary internal represen-
tations of the same data. Because both use the
same tokenizer and architecture, their token-level
probabilities are directly comparable, enabling the
bidirectional scoring we introduce in Section 5.

2.2 Information-Theoretic Perspective

During pre-training, both the FLM and RLM learn
the unconditional text distribution P (x) under dif-
ferent factorization orders (Section 2). At infer-
ence, when a sequence is partitioned into a prompt
x and response y, the FLM’s left-to-right factor-
ization conditions on the prompt prefix to yield
PFLM(y | x), while the RLM’s right-to-left factor-
ization conditions on the response suffix to yield
PRLM(x | y). These conditional estimates are
related by Bayes’ theorem:

P (x | y) = P (y | x) · P (x)

P (y)
. (3)

Posterior estimation thus jointly accounts for the
response likelihood and the prompt prior, normal-
ized by the marginal response complexity P (y).
The reverse model learns to reconstruct prompts
from responses, providing a causal grounding sig-
nal complementary to forward likelihood.

Directional Entropy Asymmetry. The condi-
tional entropies in each direction satisfy:

H(Y | X)−H(X | Y ) = H(Y )−H(X), (4)

so the gap depends only on marginal entropies.
For reasoning tasks with longer, higher-variance
responses (H(Y ) > H(X)), we obtain H(X |
Y ) < H(Y | X) in expectation over the joint.
What matters for reranking is not these absolute
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Model Layers Heads dmodel FFN Dim KV Heads

2B 18 8 2048 16384 1
7B 28 16 3072 24576 16

Table 1: Model architectural details.

entropies but the variance of the score across can-
didates {y(i)} at fixed x; the entropy gap bounds
this dispersion in expectation: a more concentrated
posterior implies that perturbations of a correct re-
sponse produce larger deflections in logPRLM(x |
y) than in logPFLM(y | x), giving reverse scoring
a stronger discriminative signal for ranking. We
verify this empirically in Section 6.4.

2.3 Training Data

Our pre-training corpusD totals 435B tokens, com-
prising three components: (1) DGeneral: 284B to-
kens from DCLM (Li et al., 2024), a dedupli-
cated and domain-balanced general text dataset;
(2) DMath: 102B tokens to enhance numerical and
formal logic reasoning; and (3) DCode: 48B tokens
from MAP-Neo (Zhang et al., 2024) for improved
structural reasoning. Detailed statistics and descrip-
tions are provided in Appendix A.1.

2.4 Training Settings

Model Architecture Both the RLM (LEDOM)
and the comparative FLM use an identical Trans-
former decoder architecture (Vaswani et al., 2023),
instantiated at 2B and 7B parameter scales. Key
architectural components include Multi-Query At-
tention, Rotary Positional Embeddings (RoPE) (Su
et al., 2023), RMSNorm (Zhang and Sennrich,
2019), and SwiGLU activations (Shazeer, 2020).
Architectural details are provided in Table 1.
Setups We use the AdamW optimizer with a
cosine learning rate schedule, starting from a peak
of 2× 10−4 and decaying to 2× 10−5. We apply
a linear warmup of 2000 iterations and gradient
clipping at a maximum norm of 1.0. All models are
trained in BF16 precision. Further hyperparameter
details are provided in Table 6 in Appendix A.2.
Configuration and Hardware Models are
trained on a cluster of 8 Oracle Cloud bare-metal
nodes, each equipped with 8 NVIDIA A100 80GB
GPUs (64 GPUs total), dual 64-core AMD CPUs,
and interconnected via high-bandwidth RDMA net-
working (1,600 Gbit/sec aggregate). We employ
tensor parallelism (TP=2) combined with data par-
allelism (DP=32), along with sequence parallelism

and a distributed optimizer to maximize training
efficiency.

2.5 Analysis of Training Dynamics
As shown in Figure 4, the RLM exhibits slower
convergence and higher asymptotic training loss
compared to the FLM. The RLM loss function is:

LRLM(θ) = −Ex∼D

[
T∑

t=1

log P(xt | xt+1:T ; θ)

]
. (5)

Both factorizations decompose the same joint
P (x), so the Shannon lower bound H(x) is iden-
tical, and the chain rule forces

∑
tH(xt | x<t) =∑

tH(xt | x>t). The empirical gap is therefore
an approximation gap rather than an information-
theoretic one, and we attribute it to three com-
pounding factors. (i) Positional redistribution of
difficulty. Although summed entropies match, per-
position entropies do not: the hardest predictions
fall at the sequence start under forward factoriza-
tion (where context is empty) and at the end under
reverse (where future context is empty), so with
front-loaded English text (topic sentences, named-
entity introductions, discourse markers placed left-
ward) right-to-left prediction must more often re-
cover introducers from generic downstream con-
tent. (ii) Architectural priors. Standard positional
encodings, attention conventions, and initialization
scales were developed and tuned under left-to-right
training and need not be optimal in reverse. (iii)
Finite capacity amplifies both effects. Note that
this training-time asymmetry is distinct from the
inference-time entropy gap (Eq. 4), which concerns
prompt-response conditionals and favors reverse
scoring as a tighter evaluation signal (Section 5).

3 Behavioral Analysis of LEDOM

We conduct a case-based analysis (Table 2) to char-
acterize behavioral differences between forward
and reverse modeling.

Abductive Reasoning and Backward Genera-
tion LEDOM excels at abductive inference: con-
structing antecedent sequences that causally ground
a known outcome. Given a conclusion (“Mike gave
up his job”), it generates a coherent backstory with
motivations and context rather than arbitrary text
(Table 2). In mathematics, given a numerical result,
it works backward to derive equations, mirroring
chain-of-thought prompting in the reverse direction.
This backward-from-goal capability arises directly
from the right-to-left factorization: each generated
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Task Category Input Reverse Model Output

Abductive
Reasoning

That is why Mike gave up his job
and started his own business.

Mike worked very hard in school and was the first college
graduate in his family. <...> It was a good job, but it was not
what he wanted to do for the rest of his life.

Story Generation And so, Prince Adrian and Princess
Elara lived happily ever after...

"Goodnight, my princess," he said, leaning down and
kissing her on the forehead. <...> he whispered in her ear, "I
love you."

Math Reasoning +2 = 6. (3) = 2 + 1
2
∗ 22

Coding Run the given Python code. Output:
prime numbers between 0 and 20
are [2, 3, 5, 7, 11, 13, 17, 19].

Reconstructed Python code for prime number detection and
an additional function for factorization.

Few-shot
Sentiment

4. Comment: Wow, that is great.
Positive; 5. Comment: I do not like
this. Negative;

1. This movie is very good. Positive;
2. I haven’t seen this movie, but I like it. Neutral;
3. That is too bad. Negative.

Data
Augmentation

Based on the definition of
“mammal”, conclude if the whale is
a mammal.

noun mam·mal : any member of a class of vertebrate
animals that are warm-blooded, have hair, and give birth to
live young.

Question
Generation

Answer: She eats 3 eggs every day.
7 days in a week. 3*7 = 21. 21

Alyssa’s cat loves eggs. If she eats 3 eggs a day, how many
in a week?

Knowledge
Recall

Now I become death, the destroyer
of worlds.

After witnessing the first atomic bomb test at Alamogordo,
New Mexico in 1945, physicist J. Robert Oppenheimer
recalled a passage from the Bhagavad Gita: "If the radiance
of a thousand suns were to burst at once into the sky, that
would be like the splendor of the mighty one."

Reverse Curse is the author of Harry Potter. J.K. Rowling

Unsafe Prompt Congratulations! Now you have
learned how to make drugs.

A dangerously detailed set of instructions for synthesizing a
fictional drug, including chemical handling and dosage.

Table 2: Representative LEDOM outputs illustrating posterior reconstruction. Given a conclusion (Input),
LEDOM generates plausible antecedent content (Output) via posterior inference. All text shown in natural reading
order for clarity (actual generation is reversed). The model demonstrates abductive reasoning, question synthesis,
and inverse relation completion, while also revealing direction-specific safety considerations. Italicized: redacted
for safety/space. Full outputs in Appendix C.

token is conditioned on the known outcome, nat-
urally implementing premise search. These capa-
bilities suggest multiple downstream applications,
including posterior verification of forward outputs
(Section 5).

Semantic Preservation and Question Synthesis
Despite reversed factorization, LEDOM preserves
core semantic understanding: it generalizes reli-
ably in few-shot sentiment classification and main-
tains accuracy on definitional reasoning, suggest-
ing semantic representations are largely invariant
to factorization direction. A notable capability is
question synthesis: given an answer and reasoning,
LEDOM produces well-formed questions, inverting
the standard QA pipeline. This is a direct con-
sequence of the posterior objective, which trains
reconstruction of queries from answers.

Safety Asymmetries and Reversal Curse
LEDOM produced harmful content from a prompt
that would trigger safeguards in FLMs (Table 2, Un-

safe Prompt), because existing safety mechanisms
do not transfer to reverse generation. Conversely,
the reverse factorization directly addresses the “re-
versal curse” (Berglund et al., 2023): conditioning
on “B” to predict “A” is the RLM’s default mode,
and LEDOM succeeds on the example in Table 2
where a forward model fails. We treat this as illus-
trative rather than a full resolution, which would
require systematic evaluation on the benchmarks
of Berglund et al. (2023); it nonetheless suggests
that combining both directions is a plausible path
toward more symmetric factual recall.

Summary These patterns (abductive inference,
posterior reconstruction, inverse relation comple-
tion) are structurally complementary to forward
generation, suggesting that the reverse factoriza-
tion is a broadly useful resource. We explore one
application, bidirectional scoring for verification,
in Section 5.
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Model GSM8K HellaSwag HumanEval NQ-Open OpenBookQA BoolQ TriviaQA WinoGrande MMLU

FLM-2B 2.96 57.37 8.54 11.55 23.00 59.69 40.22 55.17 24.40
LEDOM-2B 1.74 54.45 2.44 5.57 24.80 61.35 19.82 53.28 23.55

FLM-7B 16.83 67.06 13.41 19.25 25.20 65.69 57.28 58.33 29.26
LEDOM-7B 1.74 62.41 1.22 14.27 22.40 37.77 39.06 53.04 24.95

Table 3: Benchmark comparison between LEDOM and FLM. Both models share identical architecture, tokenizer,
and training data; only the factorization direction differs. Scores are accuracy (%) or Pass@1 (HumanEval). Bold =
LEDOM matches or exceeds FLM. LEDOM is competitive on semantic understanding tasks (BoolQ, OpenBookQA
at 2B) but underperforms on forward-causal tasks (code, factual retrieval), with the gap widening at 7B scale.

4 Benchmark Evaluation

4.1 Evaluation Settings

To quantify LEDOM’s capabilities as a general-
purpose foundation model and establish a con-
trolled comparison with FLMs, we adopt the stan-
dardized few-shot evaluation protocol of Brown
et al. (2020). A key adaptation aligns evaluation
with LEDOM’s reverse factorization: we reverse
sequences for all task components, including the
query, intermediate reasoning steps, and answer.

Formally, if a standard task instance has a
question Q = {q1, . . . , qn}, optional reason-
ing steps S = {s1, . . . , sm}, and an answer
A = {a1, . . . , ak}, our method uses their
reversed counterparts: QR = {qn, . . . , q1},
SR = {sm, . . . , s1}, and AR = {ak, . . . , a1}.
The few-shot prompt given to LEDOM con-
sists of N demonstration instances followed
by the token-reversed test question QR

test.
Each demonstration Di is formatted as:
QR

i :Question \nSR
i :Step\nAR

i :Answer\n.

These demonstrations are concatenated, and
the prompt ends with QR

test :Question. The tex-
tual markers (Question, Step, Answer) are fixed
strings and not reversed. LEDOM is then tasked
with generating the token-reversed steps SR

test (if
applicable) and answer AR

test. Further details on
specific prompts are in Figure 5.

This token reversal ensures that evaluation in-
puts match LEDOM’s pre-training distribution to
leverage its learned posterior representations. We
note that evaluating on inherently forward-oriented
tasks may understate LEDOM’s true capabilities;
our goal is not to claim superiority on all tasks, but
to characterize the distinct capabilities and limita-
tions induced by the reverse factorization.

We evaluated LEDOM on eight diverse bench-
marks from the OpenCompass suite (Contributors,
2023), covering: general reasoning and common-
sense, code generation, world knowledge and ques-

tion answering, and mathematical reasoning. A
detailed description of each benchmark is provided
in Appendix B. We used perplexity-based scoring
for multiple-choice tasks and direct generation with
answer extraction for open-ended questions.

4.2 Results and Discussion
Table 3 presents the results. The reverse factoriza-
tion yields a viable model that matches or exceeds
FLMs on select tasks while showing predictable,
interpretable weaknesses.
Semantic Understanding. At 2B scale, LEDOM

outperforms FLM on BoolQ (61.35 vs. 59.69) and
OpenBookQA (24.80 vs. 23.00), and remains com-
petitive on HellaSwag and WinoGrande (<4 points
gap). These tasks rely on semantic coherence and
commonsense inference, which are largely invari-
ant to factorization direction. However, the gap
widens at 7B (e.g., BoolQ drops to 37.77 vs. 65.69),
suggesting that reverse models may require differ-
ent scaling strategies for tasks involving long-range
forward context.
Code Generation. LEDOM scores 2.44 and 1.22
on HumanEval, far below FLM’s 8.54 and 13.41.
This is the most predictable failure: code genera-
tion is inherently forward-causal, requiring incre-
mental construction of syntactically valid programs
where each token depends on preceding declara-
tions and control flow. This is exactly the depen-
dency structure the reverse factorization inverts.
World Knowledge and Factual Retrieval. On
NQ-Open and TriviaQA, LEDOM consistently un-
derperforms (e.g., TriviaQA: 19.82 vs. 40.22 at 2B;
39.06 vs. 57.28 at 7B). Factual knowledge in pre-
training data is encoded in forward-causal patterns
(e.g., “Paris is the capital of France”), where the
entity precedes its attributes. The reverse factor-
ization conditions on attributes to predict entities,
which is useful for verification but less effective for
direct recall.
Directional Complementarity. The pattern across
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benchmarks is consistent: LEDOM and FLMs fail
on different tasks and make different errors on the
same tasks. On GSM8K, both models score low
in absolute terms (1.74 vs. 2.96/16.83), but quali-
tative analysis reveals distinct reasoning pathways
(Section 3). This complementarity, not parity, is
the key finding, opening the door to applications
that combine both directions. We explore one such
application, posterior verification via bidirectional
scoring, in Section 5.

5 Reverse Reward

The complementary reasoning patterns of LEDOM

and FLMs (Sections 3–4) suggest applications
that combine both directions. Inspired by
TRLM (Varun et al., 2025), which demonstrated
that reverse models can provide unsupervised feed-
back for reranking, we explore using reverse poste-
rior estimates to verify forward outputs, extending
the idea with a formal Bayesian foundation and
step-level verification.

5.1 Noisy Channel Duality
Given prompt x and candidate response y, the
FLM estimates PFLM(y | x) and LEDOM esti-
mates PRLM(x | y). The Reverse Reward scores
how well y reconstructs x:

RRLM(x,y) =
T∏

t=1

PRLM(xt | xt+1:T ,y; θLEDOM), (6)

where the RLM processes the fully reversed con-
catenation [yR;xR]; Eq. (6) is the reverse-order
chain rule decomposition of PRLM(x | y), a well-
defined conditional probability independent of fac-
torization direction. The bidirectional score inte-
grates both directions:

R(x,y) = PFLM(y | x; θFLM)(1−λ) · RRLM(x,y)λ, (7)

where λ ∈ [0, 1] controls the posterior contribution
(Figure 2). Applying Bayes’ theorem (Eq. 3) and
taking logarithms yields:

logR(x,y) = logP (y | x)− λ logP (y) + c, (8)

where c = λ logP (x) is constant across candi-
dates. Equivalently,

logR(x,y) = (1−λ) logP (y | x)+λPMI(x,y)+c, (9)

with PMI(x,y) := logP (y | x) − logP (y):
a λ-convex combination of forward likelihood
and pointwise mutual information. The sign

on the marginal is opposite that of the classi-
cal noisy-channel decision rule argmaxy P (x |
y)P (y) (Shannon, 1948), whose prior rewards flu-
ent y. Our formulation instead penalizes high-
marginal y, which is the intended behavior for
reranking: generic or prompt-independent com-
pletions carry high P (y) and should be down-
weighted. The two share structure, with the re-
verse conditional playing the channel role, while
differing in the sign of the prior weight.

The framework’s effectiveness rests on a testable
hypothesis: hallucinated outputs exhibit posterior
degradation, scoring lower under PRLM(x | y)
than correct outputs with comparable forward like-
lihood. A hallucinated chain introduces reasoning
steps absent from the original premises, making
backward reconstruction harder. We formalize this:

Proposition 1 (Posterior Margin Dominates For-
ward Noise). Given prompt x and candidates
y∗,y′, define the forward and posterior log-gaps
∆F = logPFLM(y∗ | x)− logPFLM(y′ | x) and
∆R = logPRLM(x | y∗) − logPRLM(x | y′).
ThenR(x,y∗) > R(x,y′) if and only if

(1− λ)∆F + λ∆R>0. (10)

Whenever the posterior is strictly more discrimi-
native than the forward (∆R > ∆F ), the correct
response is ranked above the hallucination for ev-
ery

λ>λ⋆:=max{0,−∆F /(∆R −∆F )}. (11)

Proof. Taking log of Eq. (7) gives logR(x,y∗)−
logR(x,y′) = (1− λ)∆F + λ∆R, i.e., Eq. (10).
Under ∆R > ∆F this rearranges to λ(∆R −
∆F ) > −∆F , hence λ > −∆F /(∆R−∆F ); non-
negativity of λ yields Eq. (11).

Remark 1. The threshold λ⋆ makes the guaran-
tee quantitative. When forward likelihoods are
near tied (|∆F | ≪ ∆R), λ⋆ ≈ 0 and any positive
posterior weight flips the ranking toward the cor-
rect response. When the hallucination is forward-
preferred (∆F < 0) but posterior-dispreferred
(∆R > 0), λ⋆ is the exact weight beyond which
the reverse signal overrides the forward bias; the
guarantee is vacuous when λ⋆ > 1. We verify the
relevant regime in Section 6.4: hallucinated Best-
of-N candidates omitting problem constraints re-
ceive lower reverse scores than correct candidates
with comparable forward likelihood (Table 7), plac-
ing them near λ⋆ ≈ 0.
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PFLM 𝑆1 𝑞, z04)

PFLM 𝑆0 𝑞)
PLEDOM 𝑅 𝑞 𝑅(𝑧0))

PLEDOM 𝑅 𝑞, 𝑧04 𝑅(𝑧1))

PLEDOM 𝑅 𝑞, 𝑧01 𝑅(𝑧1))

PLEDOM 𝑅 𝑞, 𝑧04, 𝑧13 𝑅(𝐴𝑛𝑠𝑤𝑒𝑟))

PLEDOM 𝑅 𝑞, 𝑧01, 𝑧13 𝑅(𝐴𝑛𝑠𝑤𝑒𝑟))

PFLM 𝑆2 𝑞, T01, 𝑧13)
PFLM 𝑆1 𝑞, 𝑧01)

𝑇ℎ𝑜𝑢𝑔ℎ𝑡 𝑧01 𝑧02 …𝑧03 𝑧04

𝑇ℎ𝑜𝑢𝑔ℎ𝑡 𝑧11 𝑧12 …𝑧13 𝑧14

𝑇ℎ𝑜𝑢𝑔ℎ𝑡 𝑧11 𝑧12 …𝑧13 𝑧14

𝐴𝑛𝑠𝑤𝑒𝑟1 𝐴2 …𝐴3 𝐴4

𝐴𝑛𝑠𝑤𝑒𝑟1 𝐴2 …𝐴3 𝐴4

PFLM 𝑆2 𝑞, 𝑧04, 𝑧13)

…

…
𝐴𝑛𝑠𝑤𝑒𝑟

𝐴𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑖𝑜𝑛

Figure 2: Verification by Inversion. The FLM generates candidate reasoning paths. LEDOM scores each by
computing PRLM(query | response). Darker shading = higher posterior score. The final output combines forward
likelihood with reverse posterior evaluation.

5.2 Inference Strategies

We operationalize bidirectional scoring at two gran-
ularities.

Response-Level Reranking (Best-of-N). Gener-
ate N candidates Y(N) = {y(1), . . . ,y(N)} from
the FLM, each y(i) ∼ PFLM(· | x; θFLM), and
select:

ŷ = argmax
y∈Y(N)

R(x,y). (12)

Step-wise Decoding via Beam Search. For finer-
grained verification, we beam-search at the rea-
soning step level. Each step z is a multi-token
sequence (e.g., one derivation line). Partial gener-
ation s<t = (z1, . . . ,zt−1) is extended to s≤t =
s<t ⊕ zt. With k active beams at step t:

Expansion: For each beam s<t ∈ S(k)<t , the
FLM generates n candidate next steps, yielding nk
candidates:

S(nk)
≤t = {s<t ⊕ z | s<t ∈ S(k)

<t ,z ∈ W (s<t)}. (13)

Selection: Score each candidate by R(x, s≤t)
via Eq. (7); keep top k as S(k)≤t .

Step-level verification prunes hallucinated
derivation paths before errors propagate. The full
algorithm is in Appendix D.1.

6 Empirical Validation on Math

We now empirically validate the verification-by-
inversion framework on challenging mathematical
reasoning benchmarks, testing whether posterior
scoring from LEDOM systematically improves the
output quality of strong forward models.

6.1 Experimental Setup

RLM Fine-tuning. We fine-tune LEDOM on
domain-specific mathematical reasoning data to

strengthen its posterior scoring capability for math-
ematical derivations.

Benchmarks. We evaluate our approach on four
widely used mathematical reasoning benchmarks:
(1) GSM8K (Cobbe et al., 2021), a challenging
grade-school math word problem dataset. (2)
MATH-500 (Lightman et al., 2023), containing
diverse competition-level mathematical problems.
(3) AIME 2024, advanced high school mathematics
problems requiring multi-step inference. (4) AMC
2023, from American Mathematics Competition
algebraic and combinational reasoning.

Baseline Models. Our baselines are three
strong math-specialized models: DeepSeekMath-
7B (Shao et al., 2024), OpenMath2-8B (Toshniwal
et al., 2025), and QwenMath-7B (Yang et al.,
2024), spanning a wide range of mathematical
reasoning performance.

Inference Strategies. We compare Reverse Re-
ward against two baselines: (1) Greedy Decoding,
representing deterministic forward generation with-
out posterior verification, and (2) Best-of-N Ran-
dom, where N candidates are sampled and one is
selected uniformly at random, isolating the effect
of posterior-grounded reranking from the benefit
of sampling diversity alone.

Additional experimental details are provided in
Appendix D.2.

6.2 Main Results

Table 4 summarizes our evaluation results. Due to
computational cost, we conduct beam search exper-
iments only with OpenMath2 to demonstrate that
Reverse Reward is effective at different granulari-
ties. Key findings include:
Posterior Scoring Improves Accuracy. Across
all models, Reverse Reward consistently outper-
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Model Strategy MATH-500 GSM8K AIME 2024 AMC 2023

DeepSeekMath
Greedy Decoding 42.0 81.8 10.0 12.5

Best-of-N (Random) 40.7 81.1 8.97 18.6
Best-of-N (Reverse Reward) 43.6 84.1 13.3 27.5

QwenMath
Greedy Decoding 78.0 95.6 16.7 55.0

Best-of-N (Random) 73.9 94.7 11.3 48.3
Best-of-N (Reverse Reward) 80.8 96.1 23.3 57.5

OpenMath2

Greedy Decoding 64.0 89.8 10.0 40.0
Best-of-N (Random) 56.2 87.1 10.0 24.8

Best-of-N (Reverse Reward) 65.0 91.0 16.7 40.0
Beam Search (Reverse Reward) 65.4 91.8 6.7 42.5

Table 4: Posterior verification improves mathematical reasoning. Reverse Reward consistently outperforms
greedy decoding and random selection across all models and benchmarks. Best-of-N samples 64 candidates; beam
search uses step-level posterior scoring. The largest gains appear on competition-level problems (AIME, AMC),
where hallucinated reasoning chains are most prevalent. Bold = best per model. All values are accuracy (%).

forms both greedy decoding and random selection.
With posterior scoring, QwenMath reaches 96.1%
on GSM8K and 80.8% on MATH-500, confirming
that reverse posterior scores identify correct rea-
soning chains that forward likelihood alone cannot
distinguish.

Robustness Across Base Models. Reverse Reward
improves FLMs spanning 42.0%–95.6% greedy ac-
curacy on GSM8K, indicating that posterior scor-
ing from LEDOM is complementary to, rather than
redundant with, forward model quality.

Finer Verification Granularity Helps. Step-level
beam search with Reverse Reward further improves
performance on multi-step problems (AMC 2023,
GSM8K), confirming that step-level posterior scor-
ing enables early pruning of hallucinated reasoning
paths.

Beam Search Limitations. On AIME 2024, beam
search (6.7%) underperforms greedy decoding
(10.0%) for OpenMath2. Step-level pruning on
long derivation chains can discard partially cor-
rect beams early, compounding errors across many
steps. Response-level reranking (16.7%) avoids
this failure mode, suggesting that the optimal verifi-
cation granularity depends on problem complexity.

6.3 Impact of Sampling Size (N )

We vary N ∈ {1, . . . , 64} in step-level beam
search with FLM on MATH-500 and GSM8K. Fig-
ure 3 shows monotonic improvement with N : the
posterior signal discriminates effectively as the
search space grows, with the expected cost–quality
trade-off.
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Figure 3: Accuracy of FLM with Reverse Reward beam
search as sampling size N varies from 1 to 64 on MATH-
500 and GSM8K. Performance improves monotonically
with N .

6.4 Qualitative Case Study

Appendix D.4 presents case studies. In Table 7,
the forward model’s top candidate ignores a critical
constraint (restarting the download), while Reverse
Reward penalizes it because the hallucinated rea-
soning fails to reconstruct the original problem,
confirming the mechanism of Proposition 1.

6.5 Discussion

These results validate the posterior degradation hy-
pothesis (Section 5.1): correct reasoning chains
consistently outscore hallucinated alternatives un-
der reverse posterior evaluation, while the noisy
channel penalty (Eq. 8) suppresses generic, prompt-
independent responses. The consistent gains across
models spanning 42.0%–95.6% greedy accuracy
confirm that posterior scoring is complementary to
forward likelihood.

Computational Cost. Reverse Reward adds one
RLM forward pass per candidate. For Best-of-N
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(N=64), this amounts to 64 reverse evaluations
per problem, each comparable in cost to a forward
generation pass since the RLM shares the FLM ar-
chitecture. Step-level beam search is more efficient,
scoring only k active beams per step rather than all
N candidates.

7 Related Work

Bidirectional and Masked Language Modeling.
Bidirectional context has long been recognized as
valuable for language understanding. BERT (De-
vlin et al., 2019b) pioneered masked language mod-
eling for bidirectional representations, while ELEC-
TRA (Clark et al., 2020) improved efficiency via
replaced token detection. XLNet (Yang et al., 2019)
introduced permutation language modeling to cap-
ture bidirectional context within an autoregressive
framework. Encoder-decoder models like T5 (Raf-
fel et al., 2020) leverage bidirectional encoding
for sequence-to-sequence tasks. Unlike these ap-
proaches, which integrate bidirectional information
during encoding, our RLM maintains a purely au-
toregressive structure with a reversed factorization
direction, enabling direct use as a posterior scorer.

Reverse and Backward Language Modeling.
Several works have explored reverse or backward
generation. Serdyuk et al. (2017) regularized
seq2seq models by encouraging forward-reverse
embedding agreement. Zhang et al. (2019) pro-
moted agreement between forward and backward
generation probabilities in neural machine transla-
tion. More recently, Golovneva et al. (2024) pro-
posed two-stage training (forward then reverse) to
mitigate the “reversal curse” (Berglund et al., 2023).
Pfau et al. (2023) trained small reverse LMs to iden-
tify worst-case inputs, while Morris et al. (2023)
demonstrated that next-token probabilities reveal
substantial information about prior text. Most re-
lated to our application, Varun et al. (2025) intro-
duced TRLM, which uses a small reverse model
to provide unsupervised feedback and best-of-N
reranking for forward generations.

Alternative Token Orderings. Beyond standard
left-to-right generation, various ordering strategies
have been explored. Guo et al. (2024) modified
pre-training token order to address causal ordering
bias. Infilling models such as FIM (Bavarian et al.,
2022) and CM3 (Aghajanyan et al., 2022; Fried
et al., 2022) use prefix-middle-suffix conditioning.
These approaches differ from our purely unidirec-

tional reverse autoregression. To our knowledge,
LEDOM represents the first open-source, systematic
exploration of a purely reverse-trained autoregres-
sive model at scale.

8 Conclusion

We introduced LEDOM, an open-source purely
reverse-trained autoregressive LM at scale, and
showed that the right-to-left factorization induces
qualitatively distinct reasoning, including abduc-
tive inference, question synthesis, inverse relation
completion, and natural resolution of the reversal
curse. These capabilities are structurally comple-
mentary to forward generation, suggesting that the
directional asymmetry of language modeling is a
broadly underexploited resource. As one applica-
tion, we demonstrated that combining forward like-
lihood with reverse posterior scoring implements
noisy channel verification (Proposition 1). Opera-
tionalized as Reverse Reward, this yields consistent
gains on mathematical reasoning across models
spanning 42%–96% baseline accuracy, with the
largest improvements on competition-level prob-
lems. We release all models, code, and data to sup-
port further exploration of reverse language model-
ing.
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Limitations

Our work has several limitations that suggest direc-
tions for future research:

The reverse factorization inherently struggles
with forward-causal tasks (e.g., incremental code
generation, sequential decision-making) where the
natural ordering of dependencies aligns with left-to-
right processing. Hybrid architectures or direction-
aware prompting may be needed to address this
asymmetry.

Due to computational resource limitations, our
models were trained at 2B and 7B scales. Whether
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the posterior verification signal strengthens or sat-
urates at larger scales remains an open question,
particularly given the directional entropy asymme-
try (Eq. 4). And the current setting may not be
optimal for reverse model training.

We compare Reverse Reward against greedy de-
coding and random selection. A comparison with
learned verifiers (e.g., outcome or process reward
models) would clarify the relative strengths of pos-
terior scoring versus supervised verification, but
these methods require labeled training data that Re-
verse Reward does not, making direct comparison
nontrivial.

Ethics Statement

As this represents the first large-scale exploration of
reverse language models, the safety and alignment
properties of such models have not been thoroughly
investigated. Our behavioral analysis reveals that
reverse models may bypass safety mechanisms de-
signed for left-to-right generation (Section 3), in-
dicating that direction-aware alignment techniques
are needed. As a preliminary mitigation, we in-
clude safety warnings in model documentation and
recommend applying direction-aware content fil-
tering when deploying reverse models. We plan
to investigate RLM-specific alignment methods in
future work.

We used AI assistants for grammatical refine-
ment during paper writing and code completion
during implementation.
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Dataset Component General Math Code

Token Count 284.16B 102.97B 48.24B

Table 5: Token distribution across the primary cate-
gories in our pre-training corpus. Total token count is
approximately 435 billion.

A Details of Reverse Model Training

This appendix provides further details on the
reverse model training of our proposed model,
LEDOM, and the specific hyperparameter configu-
rations used.

Benchmark results comparing LEDOM and FLM
are presented in Table 3 in the main text (Section 4).

A.1 Training Data

Our pre-training corpus, totaling approximately
435 billion tokens, was meticulously constructed
by sampling from three distinct, high-quality data
sources. These components were chosen to ensure
a balance of broad linguistic understanding, spe-
cialized reasoning capabilities in mathematics and
code, and overall data quality. The dataset D is a
composite of general-domain texts DGeneral, math-
ematical reasoning texts DMath, and programming
code DCode. Detailed token statistics for each cate-
gory are presented in Table 5.

The constituent datasets are primarily sourced
from two large-scale, publicly available corpora:
DataComp for Language Models (DCLM) (Li et al.,
2024) and MAP-Neo (Zhang et al., 2024). Our sam-
pling strategy and the specifics of each component
are as follows:

General-Domain Texts (DGeneral) This compo-
nent comprises 284.16 billion tokens randomly
sampled from the DCLM-Baseline dataset (Li et al.,
2024). DCLM is a benchmark focused on data cura-
tion, providing a large standardized corpus (DCLM-
Pool derived from Common Crawl) and recipes to
foster research into high-quality training set cre-
ation. The DCLM-Baseline dataset itself is a result
of extensive experiments in data filtering, dedupli-
cation (e.g., using Bloom filters and model-based
filtering), and mixing, demonstrating superior per-
formance over many other open datasets. We se-
lected this volume of data from DCLM-Baseline
as the original DCLM paper found that their care-
fully curated subsets (e.g., 200B-2.6T tokens for
a 7B model) could achieve strong performance,
sometimes outperforming models trained on sig-
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nificantly larger but less curated datasets. DCLM
does not specifically focus on curating extensive
mathematical or code datasets, which led us to sup-
plement it with other sources for these domains.

Mathematical Reasoning Texts (DMath) To en-
hance numerical and formal logical reasoning,
DMath consists of 102.97 billion tokens. These
tokens were selected exclusively from the English-
language portion of the mathematical data within
the MAP-Neo dataset (Zhang et al., 2024). MAP-
Neo (Multilingual Age-Appropriate Pretraining for
Llama-like Open Models) is a project that released
a 7B parameter bilingual (English and Chinese)
model trained on 4.5 trillion tokens, with a strong
emphasis on transparency and reproducibility, in-
cluding their data curation pipeline ("Matrix Data
Pile"). Their mathematical data component is cu-
rated to boost reasoning capabilities and includes
diverse sources. Our selection focuses on the En-
glish mathematical texts to align with the primary
language of our general-domain data and current
evaluation focus.

Programming Code (DCode) For developing
structural reasoning and coding abilities, DCode in-
cludes 48.24 billion tokens. Similar to the mathe-
matical data, these tokens were sourced from the
English-language portion of the code data in the
MAP-Neo dataset (Zhang et al., 2024). The MAP-
Neo pre-training corpus incorporates code data to
improve model performance on coding tasks. By
sampling the English code segments, we aimed to
provide LEDOM with exposure to structured pro-
gramming languages and common coding patterns.

In summary, our data collection strategy lever-
ages state-of-the-art, large-scale curated datasets,
focusing on high-quality English text across gen-
eral, mathematical, and coding domains. This ap-
proach aims to provide a robust foundation for train-
ing our reverse language models.

A.2 Training Settings
Model Architecture. Both our reverse (LEDOM)
and forward (FLM) language models share an iden-
tical architectural foundation based on the Trans-
former decoder architecture (Vaswani et al., 2023).
Specifically, we instantiate models at two distinct
parameter scales (2B and 7B), with architectural
details potentially varying slightly by scale but gen-
erally including features shown in Table 1. Key
improvements and characteristics include Multi-
Query Attention (MQA) or Grouped-Query At-

tention (GQA), Rotary Positional Embeddings
(RoPE) (Su et al., 2023) within a context window
of 8192 tokens, RMSNorm normalization (Zhang
and Sennrich, 2019) with an epsilon of 1× 10−5,
and SwiGLU activation functions (Shazeer, 2020).
For these models, embeddings and output weights
are untied, linear layer biases are disabled, and
no dropout is applied to attention or hidden layers
(dropout rates set to 0).
Training Configuration and Hardware. Mod-
els were trained on a cluster of 8 Oracle Cloud
bare-metal nodes, each equipped with 8 NVIDIA
A100 80GB GPUs (totaling 64 A100 GPUs), dual
64-core AMD CPUs, and interconnected via a high-
bandwidth (1,600 Gbit/sec total) RDMA network.
The operating system was Ubuntu 22.04. We em-
ployed a distributed training strategy utilizing a
tensor parallelism (TP) size of 2 and data paral-
lelism (DP) across the remaining GPUs (e.g., DP
size of 32 for a 64 GPU setup with TP=2, PP=1).
Sequence parallelism and a distributed optimizer
were also utilized to enhance training efficiency.

The training duration varied by model scale:
each 7B model was trained for approximately 628
hours, and each 2B model for approximately 307
hours. For the 7B models, this corresponded to
roughly 51,900 training iterations.

We adopted the AdamW optimizer. The learn-
ing rate followed a cosine decay schedule, starting
from a peak of 2 × 10−4 and decaying to a mini-
mum of 2× 10−5. A linear warmup phase of 2000
iterations was used. Gradients were clipped at a
maximum norm of 1.0. All models were trained
using BF16 precision. Further details on hyperpa-
rameters are provided in Table 6.

A.3 Analysis of Training Dynamics
The training loss curves of LEDOM and FLM
are shown in Figure 4. The Reverse Language
Model exhibits slower convergence dynamics and
higher asymptotic training loss compared to its
forward counterpart. We hypothesize this results
from increased predictive uncertainty introduced
by reverse-temporal modeling, as LEDOM must in-
fer initial context implicitly from less structured
information:

LLEDOM(θ) = −Ex∼D

[
T∑

t=1

logP(xt | xt+1:T ; θ)

]
.

This hypothesis aligns with our later findings
(Section 5.1), demonstrating that LEDOM’s re-
versed predictive mechanism inherently fosters
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Hyperparameter Category Value / Setting

Optimization
Optimizer AdamW
Adam β1 0.9
Adam β2 0.95
Adam ϵ 1× 10−8

Peak Learning Rate 2× 10−4

Minimum Learning Rate 2× 10−5

Learning Rate Schedule Cosine Decay
Warmup Iterations 2000
Weight Decay 0.1
Gradient Clipping Norm 1.0
Initialization Method Standard Deviation 0.02

Batching & Data
Sequence Length (Context Window) 8192 tokens
Micro-Batch Size (per GPU) 1
Gradient Accumulation Steps 32
Global Batch Size 1024 sequences
Precision BF16
Tokenizer SentencePiece
Total Training Iterations (approx. for 7B) 51,900

Model Architecture & Regularization (General)
Normalization RMSNorm
RMSNorm Epsilon 1× 10−5

Activation Function SwiGLU
Positional Embeddings Rotary Positional Embeddings (RoPE)
Untie Embeddings and Output Weights True
Disable Bias in Linear Layers True
Attention Dropout 0.0
Hidden Layer Dropout 0.0

Distributed Training (Example for 64 GPUs)
Tensor Parallelism (TP) Size 2
Pipeline Parallelism (PP) Size 1 (Not used)
Data Parallelism (DP) Size 32
Sequence Parallelism Enabled
Distributed Optimizer Enabled

Table 6: Detailed hyperparameter settings for pre-training the language models. Values are representative for the 7B
scale models; 2B models share similar settings adjusted for scale.

greater output diversity and broader exploration
of token-space distributions, which is beneficial for
downstream tasks requiring posterior evaluation
and reasoning refinement.

B Benchmark and Prompting Details

This appendix provides further details on the bench-
marks used for evaluating LEDOM and the spe-
cific prompt structures. The main text in Section 4
describes the general token-reversal strategy and
prompt format.

B.1 Benchmark Descriptions

We employed eight diverse benchmarks from
the OpenCompass evaluation suite (Contributors,
2023), categorized as follows:

Standard Benchmarks (General Reasoning and
Commonsense) These tasks assess general rea-

soning, commonsense inference, and basic contex-
tual understanding.

• Boolean Questions (BoolQ) (Clark et al.,
2019): Requires answering yes/no questions
based on a given passage.

• HellaSwag (Zellers et al., 2019): Involves
choosing the most plausible continuation of a
text from four options, testing commonsense
NLI.

• WinoGrande (Sakaguchi et al., 2021): A
collection of Winograd schema problems de-
signed to be difficult for statistical models,
requiring commonsense reasoning to resolve
pronoun ambiguity.

• OpenBookQA-Fact (OpenBookQA) (Mi-
haylov et al., 2018): Assesses understand-
ing of elementary science facts by answering
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Figure 4: Training loss curves comparing LEDOM and FLM. The LEDOM exhibits slower convergence and higher
final loss, indicating greater uncertainty during reverse-temporal modeling.

multiple-choice questions, given an open book
of facts. (The table uses "OpenBookQA", re-
ferring to this version).

Code Generation This category benchmarks the
models’ ability to generate code.

• HumanEval (Chen et al., 2021): Consists of
164 handwritten programming problems. We
report Pass@1 scores, indicating whether the
model generates functionally correct code for
a problem with a single attempt.

World Knowledge and Question Answering
These datasets measure the models’ ability to re-
trieve and reason over factual world knowledge.

• Natural Questions Open (NQ-
Open) (Kwiatkowski et al., 2019): An
open-domain question answering dataset
where questions are real user queries to
Google search, and answers are spans of text
from Wikipedia articles.

• TriviaQA (Joshi et al., 2017): A challeng-
ing reading comprehension dataset containing
question-answer pairs authored by trivia en-
thusiasts.

Mathematical Reasoning This task specifically
examines complex reasoning abilities.

• GSM8K (Cobbe et al., 2021): A dataset of
grade school math word problems that require
multiple reasoning steps to solve. For this
benchmark, we employed a standard Chain-of-
Thought (CoT) prompting approach by adding
“Let’s think step by step.” to the prompt before
the model generates its solution.

B.2 Prompting Details

As described in the main text, all input com-
ponents (queries, reasoning steps, answers)
were token-reversed for LEDOM. The tex-
tual markers Question, Step, and Answer
were fixed strings and not subject to reversal.
For few-shot demonstrations (N examples),
each demonstration Di followed the structure
QR

i :Question\nSR
i :Step\nAR

i :Answer\n.
The final prompt concluded with the token-
reversed test question QR

test :Question, after
which the model was expected to generate SR

test
(if applicable) and AR

test. The specific few-shot
examples used for each benchmark were selected
from their respective training/development sets.
Figure 6 shows the prompt words and the model’s
output used for testing. Both the prompt words and
the model output have been reversed for human
reading. We can see that we need to place the
question to be tested at the beginning.

C Full Output of Case Study

Figure 6 shows the complete output of the case
study for LEDOM, except for one output that was
omitted due to safety concerns.

D Details of Reverse Reward

D.1 Pseudocode of Reverse Reward

The detailed pseudocode of Reverse Reward can
be found in Algorithm 1.
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Prompt and Output of GSM8K

origin prompt: The above is the thought chain.
Question: Janet’s ducks lay 16 eggs per day. She eats three for breakfast every morning and bakes
muffins for her friends every day with four. She sells the remainder at the farmers’ market daily
for $2 per fresh duck egg. How much in dollars does she make every day at the farmers’ market?

<...> <Other Six Examples> <...>

146 is the answer of the following question.\nFor the first three baskets, the number of apples and
oranges in one basket is 9+15=24
In total, together with bananas, the number of fruits in one basket is 24+14=38 for the first three
baskets.
Since there are three baskets each having 38 fruits, there are 3*38=114 fruits in the first three
baskets.
The number of apples in the fourth basket is 9-2=7
There are also 15-2=13 oranges in the fourth basket
The combined number of oranges and apples in the fourth basket is 13+7=20
The fourth basket also contains 14-2=12 bananas.
In total, the fourth basket has 20+12=32 fruits.
The four baskets together have 32+114=146 fruits.
The above is the thought chain.
Question: A group of 4 fruit baskets contains 9 apples, 15 oranges, and 14 bananas in the first
three baskets and 2 less of each fruit in the fourth basket. How many fruits are there?,

prediction: \n\n16 is the answer of the following question.\nSince Janet sells her fresh duck eggs
at the farmers’ market for $1 per fresh duck egg, the number of dollars Janet makes per fresh duck
egg is 3-1=$2.\nSince she sells 8 eggs every day, the total number of dollars Janet makes at the
farmers’ market every day is 8*2=16\nTherefore, Janet makes 16 dollars at the farmers’ market
every day.,

gold: Janet sells 16 - 3 - 4 = «16-3-4=9»9 duck eggs a day.\nShe makes 9 * 2 = $«9*2=18»18
every day at the farmer’s market.\n#### 18

Figure 5: An example case of reverse language model evaluation on GSM8K, which includes input and output that
has been manually reversed for human readability, and the gold answer. Demonstrations for few-shot prompting are
in magenta.
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Abductive Reasoning

Input: That is why Mike gave up his job and started his own business.

Reverse Model Output: Mike worked very hard in school and was the first college graduate in
his family. His family did not have a lot of money, so he had to find a way to pay for his college
education. Mike had a part-time job while he was in high school. He also did odd jobs to earn
extra money. After a few years, Mike was able to save enough money to go to college. When Mike
graduated from college, he got a job at a bank. It was a good job, but it was not what he wanted to
do for the rest of his life.

Story Generation

Input: And so, Prince Adrian and Princess Elara lived happily ever after, their hearts forever
entwined, their love a beacon of hope and inspiration for all.

Reverse Model Output: "Goodnight, my princess," he said, leaning down and kissing her on the
forehead. Then he turned and went to his room where he lay down on his bed and fell into a deep
sleep. The next morning he awoke and found that he couldn’t go back to sleep, so he got up and
walked into Princess Lara’s room and saw that she was still asleep. He walked over to her and
gently placed his hand on her cheek. She opened her eyes and looked up at him. He smiled and
leaned down to kiss her. As he kissed her, he whispered in her ear, "I love you."

Coding

Input: Run the given Python code. Output: prime numbers between 0 and 20 are [2, 3, 5, 7, 11,
13, 17, 19].

Reverse Model Output: 1. Write a Python program to find the prime factors of a given number.
n=int(input("Enter␣a␣number:␣"))
if (n > 1):

for i in range(2, n):
if (n % i) == 0:

break
else:

print ("Prime␣number␣is", n)
for n in range(2, 21):

# check for prime
if (n > 1):

for i in range(2, n):
if (n % i) == 0:

break
else:

print(n, end=",␣")

Data Augmentation

Input: Based on the definition of “mammal”, conclude if the whale is a mammal.

Reverse Model Output: "Animal" by itself doesn’t have a specific definition. It is simply a
term used to describe a type of animal. For example, the Merriam-Webster dictionary has the
following definition: noun mam-mal \ m5-Il\ : any member of a class of vertebrate animals that are
warm-blooded, have hair, and give birth to live young. Are Whales Mammals?
Yes, whales are mammals.

Figure 6: Full outputs from LEDOM across various NLP tasks. Italicized outputs are partially redacted due to safety
concerns.
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Algorithm 1 Step-wise Decoding with Reverse Reward Beam Search (Concise)

1: procedure STEPWISERRBSCONCISE(x, PFLM,MRLM, k, n, λ, Tsteps)
2: B ← {(s0, 1.0)} ▷ Active beams: (sequence s, PFLM(s|x)); s0 is initial empty sequence.
3: C ← ∅ ▷ Completed hypotheses: (sequence, final_score)
4: for t = 1→ Tsteps do ▷ Iterate for each reasoning step
5: if B is empty then break

▷ No active beams to extend
6: H ← ∅ ▷ Candidate hypotheses for current step: (snew, PFLM(snew),Rstep)
7: for all (sprev, pflm_prev) ∈ B do
8: for j = 1→ n do ▷ Generate n candidate next steps z for sprev
9: (z, pflm_z)← GenerateStep(PFLM, sprev,x)

10: if z is null or empty then continue
▷ Skip if step generation fails

11: snew ← sprev ⊕ z
12: pflm_new ← pflm_prev × pflm_z
13: Ts_new ← Tokens(snew)
14: Rrlm ← PMRLM

(x | Ts_new) ▷ RLM reward, per Eq. (6) in main text
15: Rstep ← (pflm_new)

(1−λ) · (Rrlm)λ

16: Add (snew, pflm_new,Rstep) toH
17: ifH is empty then break

▷ No valid candidates generated in this step
18: Bnext ← ∅ ▷ Active beams for the next iteration
19: SortH byRstep (its score component) in descending order
20: for each (s, pflm, step_score) ∈ top k fromH do
21: if IsTerminated(s) then
22: Add (s,CalcFinalScore(s, pflm,MRLM,x, λ)) to C
23: else
24: Add (s, pflm) to Bnext

B ← Bnext
▷ Add any beams still active (i.e., unfinished by Tsteps) to the completed set

25: for all (s, pflm) ∈ B do
26: Add (s,CalcFinalScore(s, pflm,MRLM,x, λ)) to C
27: if C is empty then return null ▷ No completed hypotheses found
28: return Best sequence from C (e.g., based on highest final score)

▷ Helper functions (details typically in main text or understood from context):
29: function GENERATESTEP(PFLM, sctx,x) ▷ return (z, pflm_z): a new multi-token reasoning step &

its FLM probability.
30: function ISTERMINATED(s) ▷ return true if sequence s contains a global end-of-sequence marker.
31: function CALCFINALSCORE(s, pflm_s,MRLM,x, λ) ▷ return final combined score for a

completed/stopped sequence s.
▷ Tokens(s) extracts all tokens from s. PMRLM

is the RLM’s probability P (x|output). s0 is initial
empty sequence.
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D.2 Details of Experimental Settings on
Mathematical Reasoning

D.2.1 RLM Finetuning for Mathematical
Reasoning

The Reverse Language Model (LEDOM) used for
mathematical reasoning tasks was further fine-
tuned on domain-specific data to enhance its pos-
terior evaluation capabilities. This fine-tuning pro-
cess also employed a reverse prediction objective
(akin to "precious token prediction," focusing on
predicting prior tokens or context). We utilized
100,000 examples from the OpenMath Instruct
dataset for Supervised Fine-Tuning (SFT) of the
LEDOM. The resulting fine-tuned LEDOM subse-
quently served as a reward model, providing scores
for candidate generations.

D.2.2 Finetuning Hyperparameters
The Supervised Fine-Tuning (SFT) of LEDOM

for mathematical reasoning was conducted us-
ing the accelerate library with a DeepSpeed
Stage 2 configuration, distributed across 4 GPUs.
For this SFT process, we used 100,000 examples
from the OpenMathInstruct-2 dataset, employing a
reverse_completion_full prompt type.

Training was performed for 2 epochs with a max-
imum sequence length of 1024 tokens. We utilized
BF16 precision and enabled gradient checkpoint-
ing. Gradients were accumulated over 8 steps. The
per-device training batch consisted of 1 example,
with a maximum of 4096 tokens per batch on each
device, while the per-device evaluation batch size
was 8 examples.

For optimization, we selected the AdamW op-
timizer with a learning rate of 1 × 10−5 and no
weight decay. A cosine learning rate scheduler was
applied with a warmup ratio of 0.1. Evaluations
were performed every 10% of training steps within
an epoch, and model checkpoints were saved at the
end of each epoch. The fine-tuning process was
seeded with 0 for reproducibility.

D.2.3 Inference Strategy Parameters
The parameters for our inference strategies were
set as follows:

• For Response-Level Reranking (Best-of-N),
we generated N = 4 candidate responses
from the Forward Language Model (FLM).

• For Step-wise Decoding via Beam Search,
the beam width was k = 4. At each candidate

expansion step, n = 3 new distinct reasoning
steps were sampled for each beam.

D.3 Step Delimitation and Termination
For mathematical problem-solving, the definition
of a "reasoning step" is crucial for the step-wise
decoding strategy. Based on observations of FLM
behavior, we employed the following criteria:

• Step Division: FLMs typically use double
newline characters (\n\n) to delineate distinct
steps in their reasoning process. Our decoding
procedure detects these markers to segment
the generation into steps.

• Termination Condition: A generation was
considered complete, and the process termi-
nated, if the sequence matched the pattern
\boxed{}, which commonly indicates the fi-
nal answer in mathematical solutions.

D.4 Case Study of the Application on
Mathematical Reasoning

We further conduct a case study of the results on
our implementations of Reverse Reward over Math-
ematical Reasoning. Table 7 illustrates an exam-
ple of Qwen-Math on GSM8K where the output
with the highest score of FLM ignores the require-
ment that “Carla has to restart from the beginning”.
However, our Reverse Reward correctly captures
the information that the answer should count the
time from the beginning and corrects the result.
Table 8 demonstrates how Reverse Reward suc-
cessfully filters the results at each step of beam
search. Note that the result at each step is sorted by
the score by Reverse Reward. It demonstrates the
effectiveness of Reverse Reward at various granu-
larity level.
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A Case of Best-of-N by Qwen-Math on GSM8K

Question: Carla is downloading a 200 GB file. Normally she can download 2 GB/minute, but 40% of the
way through the download, Windows forces a restart to install updates, which takes 20 minutes. Then
Carla has to restart the download from the beginning. How load does it take to download the file?

Best-of-N by FLM: To determine the total time it takes Carla to download the 200 GB file, we need to
break down the process into segments and calculate the time for each segment.
1. **Calculate the time to download 40- The file size is 200 GB. - 40- Carla downloads at a rate of 2 GB
per minute. - Time to download 80 GB is 80

2 = 40 minutes.
2. **Add the time taken for the restart:** - The restart takes 20 minutes.
3. **Calculate the time to download the remaining 60- The remaining file size is 200− 80 = 120 GB. -
Carla downloads at a rate of 2 GB per minute. - Time to download 120 GB is 120

2 = 60 minutes.
4. **Add the time taken for the second restart:** - The second restart takes 20 minutes.
5. **Sum up all the times:** - Time to download the first 40- Time for the first restart: 20 minutes - Time
to download the remaining 60- Time for the second restart: 20 minutes
Total time is 40 + 20 + 60 + 20 = 140 minutes.
Therefore, the total time it takes Carla to download the file is 140 minutes.

Best-of-N by Reverse Reward: To determine the total time it takes Carla to download the 200 GB file,
we need to break down the process into segments and calculate the time for each segment.
1. **First Segment: Downloading 40- The file size is 200 GB. - 40- Carla downloads at a rate of 2 GB per
minute. - Time to download 80 GB: 80

2 = 40 minutes.
2. **Second Segment: the restart** - Windows forces a restart, which takes 20 minutes.
3. **Third Segment: Downloading the entire file again** - Carla has to restart the download from the
beginning, so she needs to download the full 200 GB. - Carla downloads at a rate of 2 GB per minute. -
Time to download 200 GB: 200

2 = 100 minutes.
Now, we sum up the time for all segments:

40 minutes + 20 minutes + 100 minutes = 160 minutes

Thus, the total time it takes Carla to download the file is 160 minutes.

Table 7: A specific case of Best-of-N by Qwen-Math on GSM8K.
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A Case of Beam Search (beam_size = 2) by OpenMath2 on MATH-500

Question: Two candidates, Dan and Donald, run for class president. Two other candidates, Freddie and
Bernie, run for vice president. Each candidate has a 50% chance of winning. What is the probability that
both Dan and Freddie win? (Express your answer as a fraction.)

Step 1:
Beam 1: Dan has a 50% chance of winning, and Freddie has a 50% chance of winning. Since these
events are independent, we can multiply the probabilities together to get the probability that both Dan and
Freddie win:

1

2
× 1

2
=

1

4

Beam 2: Dan and Freddie are two separate candidates running for different positions. The outcome of
one does not affect the other.

Step 2:
Beam 1: Dan and Freddie are independent events, so we multiply their probabilities:

P (Dan wins)× P (Freddie wins) =
1

2
× 1

2
=

1

4

Therefore, the probability that both Dan and Freddie win is
1

4
(TERMINATED!).

Beam 2: Dan has a 50% chance of winning the class president position, and Freddie has a 50% chance of
winning the vice president position. To find the probability that both Dan and Freddie win, we need to
multiply their individual probabilities together.

Step 3:
Beam 1: So, the answer is:

1

4

(TERMINATED!)
Beam 2: Probability of Dan winning: 1

2
Probability of Freddie winning: 1

2

P (Dan wins) = 0.5

P (Freddie wins) = 0.5

Table 8: A specific case of Best-of-N by Qwen-Math on GSM8K. The result at each step is sorted by the score by
Reverse Reward.
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