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Abstract

Prefix parsing asks whether an input prefix can
be extended to a complete string generated by a
given grammar. In the weighted setting, it also
provides prefix probabilities, which are central
to context-free language modeling, psycholin-
guistic analysis, and syntactically constrained
generation from large language models. We
introduce the prefix grammar transformation,
an efficient reduction of prefix parsing to or-
dinary parsing. Given a grammar, our method
constructs another grammar that generates ex-
actly the prefixes of its original strings. Prefix
parsing is then solved by applying any ordinary
parsing algorithm on the transformed grammar
without modification. The reduction is both ele-
gant and practical: the transformed grammar is
only a small factor larger than the input, and any
optimized implementation can be used directly,
eliminating the need for bespoke prefix-parsing
algorithms. We also present a strategy—based
on algorithmic differentiation—for computing
the next-token weight vector, i.e., the prefix
weights of all one-token extensions, enabling
efficient prediction of the next token. Together,
these contributions yield a simple, general, and
efficient framework for prefix parsing.

genlm/prefix-acl-26

1 Introduction

Parsing a string with respect to a context-free
grammar (CFG) means determining whether—and
with what weight—the grammar generates that
string. Prefix parsing asks the closely related ques-
tion of whether an input prefix can be extended to
a complete string generated by the grammar. In the
probabilistic setting,1 these tasks correspond, re-
spectively, to computing (i) the probability that the
grammar generates a given string, and (ii) the total
probability of strings beginning with a given prefix.

Existing prefix parsers are typically tied to
particular parsing algorithms. For example, Jelinek
1More generally, our method applies to grammars whose
weights lie in any commutative semiring (see, e.g., Goodman,
1999). This includes the boolean semiring, which is useful
for enforcing grammaticality constraints in language models
(e.g., Shin et al., 2021; Poesia et al., 2022; Loula et al., 2025).

and Lafferty (1991) adapted CKY (Cocke and
Schwartz, 1970; Kasami, 1965; Younger, 1967),
while Stolcke (1995) adapted Earley’s (1970) algo-
rithm.2 Although these algorithms require bespoke
and surprisingly involved modifications to the base
parser, they also share notable similarities. This
raises a natural question: is there a general-purpose
reduction from prefix parsing to parsing, one
that would let us adapt other parsers to the prefix
setting, e.g., Valiant’s (1975) subcubic parsing
algorithm, GPU implementations,3 and fast CPU
parsers?4 We show that such a reduction exists.
Given any CFG, we produce a new CFG—the pre-
fix grammar—that generates exactly the weighted
prefix language of the original, and is only a small
constant factor larger. Consequently, any parsing
algorithm serves as a prefix parser off-the-shelf:
its input-length dependence is preserved, with the
entire overhead confined to grammar-structural
factors (Theorem 2). How much those factors grow
depends on the parser’s preprocessing pipeline;
we analyze them for CKY and Earley (App. E).5

Moreover, the prefix grammar can be viewed as the
composition of the original grammar with a two-
state prefix transducer (App. D), a perspective that
extends naturally to other grammar formalisms.

Finally, we develop efficient algorithms for com-
puting the next-token weights of a string—the prefix
weights of all one-token extensions. Surprisingly,
our strategy—which leverages algorithmic differ-
entiation (see, e.g., Griewank and Walther, 2008;
Eisner, 2016) and is closely related to the outside
algorithm (Baker, 1979)—allows us to compute the
next-token weights of a string in the same asymp-
totic runtime as prefix-parsing the string itself. On
the other hand, a naïve approach would incur a
multiplicative factor of |Σ|, corresponding to |Σ|

2Nowak and Cotterell (2023) developed a prefix parser based
on CKY with the hook trick (Eisner and Blatz, 2007).

3E.g., Stanojević and Sartran (2023), Rush (2020), Yi et al.
(2011), Dunlop (2014), and Canny et al. (2013).

4E.g., Kegler (2023) and Dunlop (2014).
5We found that our implementation of Earley’s algorithm with
the prefix grammar is comparable to Luong et al.’s (2013)
implementation of Stolcke’s algorithm (App. B).

286

https://clementep.github.io/
https://opedal.github.io/
https://todonnell.github.io/
https://rycolab.io/authors/ryan/
https://timvieira.github.io
mailto:clemente.pasti@inf.ethz.ch
mailto:andreas.opedal@inf.ethz.ch
mailto:ryan.cotterell@inf.ethz.ch
mailto:timothy.odonnell@mcgill.ca
mailto:tim.f.vieira@gmail.com
https://github.com/genlm/prefix-acl-26


Figure 1: We compare parsing, prefix parsing, and the next-
token weight vector algorithm on WSJ 5000 (Luong et al.,
2013, EarleyX), a large grammar with 35,016 rules, 448 non-
terminals, and a total size of 116,667. The underlying parser
is Earley’s (see Alg. 4), paired with its next-token variant (§4
and App. F.2). Results are shown for 500 strings on a log–log
plot; to obtain data across all string lengths, we include the
runtime for each prefix of every string. Shaded regions rep-
resent 95% confidence intervals for the mean runtime at each
string length. To estimate runtime complexity, we fit a power
law r(N) = aNb via least-squares regression on the log–log
scale: log r(N) = log a + b logN . Dashed lines show the
fitted models. All three algorithms exhibit similar fitted com-
plexity exponents (1.99, 2, and 2.12 respectively), confirming
that the N -dependence is essentially independent of grammar
size. Prefix parsing is roughly 2.9× slower than parsing (fit-
ted coefficient a = 30.9 vs. 12.1), closely tracking the prefix
grammar’s≈ 2.86× size increase (binarize, then prefix). Both
observations are predicted by Theorem 2: the N -dependence
is preserved, and the overhead is absorbed into the grammar-
size factor. The next-token algorithm is slower than prefix pars-
ing by only a factor of ≈ 1.2, well within the constant-factor
bound (i.e., 4×) of the next-token meta-theorem (Theorem 3).

calls to a prefix parser, where Σ is the token alpha-
bet. Importantly, next-token weights arise in many
applications, including context-free language mod-
eling (Jelinek and Lafferty, 1991), surprisal-based
psycholinguistic modeling (Hale, 2001), and syn-
tactically constrained generation from LLMs (Shin
et al., 2021; Poesia et al., 2022; Loula et al., 2025).

2 Preliminaries6

Basics. Let Σ be an alphabet, i.e., a finite set of
symbols, and let Σ∗ denote the set of all strings
formed from the symbols of Σ, including the empty
string ε. We write s ⪯ t if s is a prefix of t, and
st to denote concatenation. Let ⟨W,+, ·, 0, 1⟩ be
a commutative semiring, i.e., a set equipped with
addition and multiplication satisfying the usual dis-
tributive and identity laws. For concreteness, the
reader may take W = R≥0. A weighted language
is a function ω : Σ∗ → W. We call ω a language
model when W = R≥0 and

∑
s∈Σ∗ ω(s) = 1.

6For convenience, we provide a notation glossary in App. A.

Prefix languages. A central concept in this paper
is the (weighted) prefix language of ω:

−⇀ω(s) def
=

∑

t∈Σ∗
1{s ⪯ t}ω(t) (1)

In the language model setting where W = R≥0, the
weight ω(s) of any string s factorizes as a product
of conditional prefix probabilities:

ω(s) =−⇀ω(EOS | s)
|s|∏

t=1

−⇀ω(st | s<t) (2)

where s<t
def
= s1 ···st−1, EOS /∈ Σ is a distinguished

end-of-string symbol, and the conditional next-
token weights are defined as follows:

−⇀ω(st | s<t)
def
=





ω(s<t)−⇀ω(s<t)
if st=EOS

−⇀ω(s<tst)−⇀ω(s<t)
otherwise

(3)

provided that −⇀ω(s<t) > 0 and st ∈ Σ ∪ {EOS}.
Note that−⇀ω(· | s<t) is a distribution over Σ∪{EOS}.
Conditional prefix probabilities underlie context-
free language modeling and surprisal-based psy-
cholinguistic analysis. In §4, we develop efficient
algorithms for computing the prefix weights of all
single-symbol extensions simultaneously.

A weighted context-free grammar7 (WCFG,
or simply CFG) G is a tuple ⟨N ,Σ, S,R⟩, where
N is a set of nonterminal symbols, Σ is an
alphabet of terminal symbols (disjoint from N ),
S ∈N is a distinguished start symbol, and R is
a finite set of weighted rules.8 Each rule r ∈ R is
of the form X

w−→α where X ∈ N , α ∈ (Σ ∪N )∗,
and w ∈ W. The arity of a rule r, denoted ar(r),
is the length of its right-hand side. We say that a
rule is nullary if its arity is zero, unary if its arity is
one, binary if its arity is two, and so on. The size
of a grammar is |G| =∑

r∈R 1 + ar(r). We say
that a grammar is in canonical two-form (CTF)
if each of its rules has a right-hand side of length
at most two, and Chomsky normal form (CNF)
if each of its rules takes one of the forms X−→YZ,
X−→a, or S−→ε for X,Y,Z ∈ N , a ∈ Σ.

A derivation tree is a rooted, ordered tree in
which each node is labeled with a symbol in N ∪Σ,
each nonleaf node is connected to its children by
7We assume the reader is familiar with WCFGs; for complete-
ness, App. C.1 provides the necessary background.

8Without loss of generality, any two rules with the same

left-hand side X and right-hand side α, X w−→α and X
w′
−→α,

can be consolidated into the single rule X
w+w′
−−−−→α.
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a rule in R, and each leaf is either a terminal or a
childless nonterminal (arising from a nullary rule).
The weight of a derivation tree is the product of
the weights of all rules applied in the tree. Let
Dα(s) denote the set of derivation trees rooted
at α ∈ N ∪ Σ whose yield is s. The weighted
language of α is JGαK(s) def

=
∑

d∈Dα(s)
w(d), and

the weighted language of G is JGK(s) def
= JGSK(s).

The total weight of α is τ(α) def
=

∑
s∈Σ∗ JGαK(s).

A (tight) probabilistic context-free grammar
(PCFG) is one where τ(α) = 1 for all α ∈ N ∪Σ.
If G is a PCFG, then JGK is a language model
(Booth and Thompson, 1973; Chi, 1999).

3 Prefix Parsing is Just Parsing

This section introduces the prefix grammar trans-
formation, which allows us to turn any CFG parser
into a prefix parser simply by transforming its gram-
mar into one that generates its prefix language.9,10

Definition 1. Given a grammar G = ⟨N ,Σ,S,R⟩,
its prefix grammar is

−⇀G def
= ⟨N ∪ {X′}X∈N ∪ {−⇀S},Σ,−⇀S ,R∪R′⟩

where α′ denotes α itself if α ∈ Σ and a new prime
nonterminal if α ∈ N . Here

−⇀
S is a new start sym-

bol, and the additional rules R′ are defined below:

−⇀
S

1−→S′ (4a)
−⇀
S

τ(S)−−→ε (4b)

X′ w·τ(αk+1)···τ(αK)−−−−−−−−−−−−→α1 ··· αk−1 α
′
k (4c)

for X w−→α1 ···αK ∈ R, k ∈ 1, ...,K

The idea underlying the prefix grammar is that,
at each level of the derivation tree, a prefix of a
derived string must end inside the yield of exactly
one rule application. This is captured by Eq. (4c):
for each original rule X

w−→α1 ··· αK and each
border position k, the symbols α1, ..., αk−1 before
the border are parsed normally, the symbol αk

at the border is only partially matched (handled
9Prefix grammars themselves are not novel. Indeed, deriving
one is an exercise on context-free grammars in Ben-David’s
(2022) lecture notes. However, we were unable to find a
weighted CFG version; much to our delight, that extension
proved straightforward. In this light, our contribution is to
demonstrate how the prefix grammar can be used to reduce
prefix parsing to ordinary parsing (with weights).

10Note that the prefix grammar can also be defined by compo-
sition (Bar-Hillel et al., 1961; Pasti et al., 2023) of the input
grammar and a specifically designed prefix transducer; we
discuss this view in detail in App. D.

recursively via α′
k), and the symbols αk+1, ..., αK

after the border are summarized by their total
weights τ(αk+1) ··· τ(αK). Recall that τ(α) = 1
for PCFGs (§2); for general WCFGs, the total
weights can be computed as described in App. C.1.

The following proposition establishes that Def. 1
correctly encodes the prefix language.

Proposition 1. Let G be a CFG, and
−⇀G be its prefix

grammar. Then,
−⇀G correctly encodes the prefix

language of G (i.e., J−⇀G K =
−−⇀
JGK).

Proof. See App. G.1. ■

This provides a straightforward reduction of any
ordinary parsing algorithm to a prefix-parsing
one. We say p is a correct parsing algorithm if
p(G, s) = JGK(s) for all grammars G and strings s.
Although this framing treats p as a black box over
arbitrary CFGs, most parsers in the literature are in
fact defined only on a restricted class of grammars
(e.g., CNF, nullary-free) and rely on an upstream
normal-form conversion ϕ (e.g., CNF conversion
for CKY) that is typically treated implicitly; its
size cost is frequently understated and propagates
through our reduction—we track it explicitly in
Theorem 2. The following theorem shows that our
reduction yields a correct prefix-parsing algorithm.

Theorem 1 (Prefix parsing is just parsing). Let G
be a CFG over the alphabet Σ. Let

−⇀G be its prefix
grammar. If p is a correct parsing algorithm, then
p(
−⇀G , s) =−−⇀

JGK(s) for all s ∈ Σ∗.

Proof. The theorem immediately follows from
Prop. 1 and the premises. ■

In App. E, we describe specific instantiations of
this approach with CKY and Earley. The key to the
efficiency of our reduction is that we can bound
the size of the prefix grammar. For efficiency, it
is advisable to binarize the grammar (i.e., convert
to canonical two-form) before applying the prefix
grammar transformation. Although binarization
triples the grammar size, it bounds the rule arity
at two, which in turn keeps the prefix grammar
within a small constant factor of the original:

Proposition 2. Let G be a context-free grammar in
canonical two-form and let

−⇀G be its prefix grammar
(Def. 1). Then, the size of

−⇀G is bounded by

|−⇀G | ≤ 8

3
|G|+ 3 (5)

Proof. See App. G.2. ■
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Prop. 2 bounds |−⇀G | directly. However, as noted
above, most parsers’ runtime bounds involve a pre-
processed grammar ϕ(G) (e.g., CNF conversion for
CKY) and often depend on structural parameters
beyond total size, such as |N |, which grow differ-
ently under ϕ (App. C.2). The following theorem
lifts Prop. 2 to parser runtime by allowing the run-
time to be any polynomial in string length and a
vector ν of grammar-structural parameters.

Theorem 2. Let p be a parsing algorithm whose
runtime after grammar preprocessing by ϕ satisfies

time{p(G, s)} = O(
∑m

i=1 gi(ν(ϕ(G))) · hi(|s|))

where ν maps a grammar G′ = ⟨N ′,Σ′, S′,R′⟩
to a vector of its structural parameters (e.g.,
ν(G′) = [|G′|, |N ′|, |R′|, |Σ′|]⊤), and each gi and
hi is a polynomial.11 Then,

time{p(−⇀G , s)} = O(
∑m

i=1 gi(ν(ϕ(
−⇀G ))) · hi(|s|))

In particular, the |s|-dependence of each term is
unchanged; the entire overhead of prefix parsing
is captured by replacing ν(ϕ(G)) with ν(ϕ(

−⇀G )).

Proof. Apply p’s runtime guarantee with input
−⇀G

in place of G. ■

Observe that Theorem 2 makes no claim about
the magnitude of time{p(G, s)} itself; that is a
property of the parser. For example, CKY runs in
O
(
|G| · |s|3

)
on CNF grammars, which fits the the-

orem with ϕ set to CNF conversion. Because the
unary-removal step of ϕ can inflate grammar size
by a factor of |N | (App. C.2), applying CKY to

−⇀G
runs in O

(
|ϕ(−⇀G )| · |s|3

)
—a factor of |N | looser

than the bound for G (App. E.1). Earley’s lighter
preprocessing incurs less blowup (App. E.2).

4 Next-Token Weight Vector Algorithms

Given a string s = s1 ···sN and a CFG G, we
now study how to efficiently compute the next-
token weight vector πa(s) =

−−⇀
JGK(sa), whose

components give the prefix weight of each one-
symbol extension sa for a ∈ Σ. This vector is
the key ingredient for the incremental processing
applications discussed in §1, including constrained
generation with a PCFG. Importantly, by Prop. 1,
computing the next-token weight vector reduces to
ordinary parsing: πa(s) = J−⇀G K(sa). Yet a naïve
implementation would still require |Σ| parser calls,
11We assume the one-time cost of ϕ is amortized over all

strings parsed with the same grammar.

one per a ∈ Σ, i.e., O(|Σ| · time{p(−⇀G , s)}) time
per next-token vector π(s).

A less naïve approach is to use an incremental
parsing algorithm—one whose evaluation
on a prefix s1 ···sN−1 leaves enough cached
information to extend to s1 ···sN cheaply. We
refer to this cached information as the prefix
state and assume it is managed by memoization,
so that the same prefix is parsed at most once.
The precise representation of the prefix state is
parser-specific; for incremental CKY (Alg. 2 in
App. E) it is the portion of the parse chart filled in
for s1 ···sN−1. Non-incremental CKY on

−⇀G runs
in O

(
|ϕ(−⇀G )|N3

)
; incremental CKY amortizes

this cost across prefixes, extending the parse by
one token in only O

(
|ϕ(−⇀G )|N2

)
. Immutability

lets us safely reuse the prefix state across all |Σ|
candidate one-token extensions of s1 ···sN−1, as
the cached entries from the prefix do not depend on
the choice of next token. This reduces the baseline
to O

(
|ϕ(−⇀G )|N2 · |Σ|

)
per token—an improvement

by a factor of N—but the |Σ| factor remains.
In contrast, we propose an approach that elim-

inates the |Σ| factor entirely, computing the full
vector π(s) in O(time{p(−⇀G , s)}) time per next-
token vector—the same asymptotic cost as a single
parser call—by combining two key ingredients, lat-
tice parsing and algorithmic differentiation, which
we introduce next. Our approach applies to any
parser that supports lattice input and whose evalua-
tion consists of semiring operations—mild require-
ments satisfied by standard algorithms, such as in-
cremental CKY and Earley (see App. E). Moreover,
when the base parser is incremental, our next-token
algorithm inherits its per-prefix amortization.

An algorithmic differentiation reduction. We
start by defining the aggregation function:

Zs(θ)
def
=

∑

a∈Σ
πa(s) · θa (6)

where θ ∈ WΣ is a vector of formal variables,
introduced solely to enable differentiation. Because
this sum is linear in θ, its gradient immediately
yields the next-token weight vector:12

∇θZs(θ) = π(s) ∀θ ∈ WΣ (7)

This reduction is productive because there is an
efficient method for computing Zs(θ)—namely,
12The gradient here is algebraic: ∇[x + y] = ∇[x] +∇[y]

and∇[x · y] = ∇[x] · y+ x · ∇[y], requiring only semiring
operations (see, e.g., Esparza et al., 2008).
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lattice parsing, which replaces the input string
with a compact automaton encoding all |Σ| one-
symbol extensions at once. Moreover, thanks to
algorithmic differentiation, we have the following
meta-theorem that ensures the computation of the
gradient ∇θZs(θ) is equally efficient.

Theorem 3 (Next-token meta-theorem). For any
algorithm q that correctly computes Zs(θ) and
whose evaluation is a sequence of semiring op-
erations,13 we can use reverse-mode algorithmic
differentiation to derive the gradient algorithm ∇q
that correctly computes ∇θZs(θ) = π(s) using at
most 4 times as many arithmetic operations as q.

Proof. The proof follows from Eq. (7) and the
cheap gradient principle (Griewank and Walther,
2008, Eq. 3.14), which bounds the gradient compu-
tation at 4× the original function’s operation count.
Since this bound counts arithmetic operations irre-
spective of their interpretation, it carries over from
R to any commutative semiring W. ■

Lattice parsing. Next, we show how to effi-
ciently compute Zs(θ) via lattice parsing. A word
lattice (Hall, 2005) is an acyclic weighted finite-
state automaton (WFSA; see App. C.3) represent-
ing a weighted set of strings. A lattice parser q is
an algorithm that, given a grammar G and a word
lattice L, computes the following product:14

q(G,L) =
∑

s∈Σ∗
JLK(s)·JGK(s) (8)

That is, the lattice parser computes the inner
product of the lattice’s and grammar’s weighted
languages. Efficient lattice parsers can be de-
rived by minimally modifying existing parsing
algorithms like Earley and CKY (Hall, 2005).

Our approach to computing the aggregation func-
tion Zs(θ) is based on parsing the next-token lat-
tice defined below.

Definition 2. Let s ∈ Σ∗ and θ ∈ WΣ. The next-
token lattice Ls(θ) is the WFSA below:

0 ··· N N+1
{a/θa}a∈Σs1/1 sN/1

where the edge labeled {a/θa}a∈Σ is shorthand for
a set of transitions—one for each symbol a ∈ Σ.
13Control flow (for-loops, if-statements) is permitted provided

it does not depend on θ—this ensures the computed function
is a polynomial in θ, so symbolic differentiation applies.

14Lattice parsers are routine extensions of ordinary parsers
(Hall, 2005, §3.2); ordinary parsing is the special case where
the lattice contains the single string s with weight one.

Since the lattice accepts exactly the strings sa for
a ∈ Σ, each weighted by θa, parsing it with the
prefix grammar recovers the aggregation function:

q(
−⇀G ,Ls(θ)) = Zs(θ) (9)

Putting it together. We now combine the three
ingredients—the prefix grammar (Def. 1), the
next-token lattice (Def. 2), and the next-token
meta-theorem (Theorem 3)—into a complete
next-token weight vector algorithm. Let G be a
CFG with prefix grammar

−⇀G , and let s = s1 ···sN
be a string. Suppose that q is an algorithm whose
evaluation consists of a sequence of semiring
operations. Then, by the next-token meta-theorem
(Theorem 3), there exists a gradient algorithm
∇q that computes the next-token weight vector
π(s) = ∇θZs(θ) with the same asymptotic
complexity as one evaluation of q(

−⇀G ,Ls(θ)).
We present two concrete instantiations of this
framework in the appendix: one based on CKY
(App. F.1) and one based on Earley’s algorithm
(App. F.2). The empirical results displayed in
Fig. 1—which use the Earley-based instantiation—
confirm that computing π(s) is slower than prefix
parsing by only a small constant factor. Finally, in
many applications, we also need the total weight
of a string JGK(s) alongside its prefix weight.15

Conclusion

We showed that prefix parsing is just ordinary
parsing—applied to the prefix grammar, a compact
CFG encoding of the prefix language. Given any
CFG, we construct a new CFG whose ordinary
parser computes prefix weights of the original. Un-
like previous approaches that extend existing pars-
ing algorithms with complex modifications, our re-
duction provides a unified recipe for prefix parsing.
Additionally, using algorithmic differentiation, we
provide the fastest known algorithm for computing
the next-token weight vector. With our reduction in
hand, there is no longer a need to develop bespoke
prefix-parsing algorithms. A natural direction for
future work is to develop a generalized notion
of a prefix transformation that extends to other
formalisms, such as context-sensitive grammars.

15Define G EOS
def
= ⟨N ,Σ ∪ {EOS}, S′,R ∪ {S′ 1−→S EOS}⟩

where S′ /∈ N . Since JG EOSK(s EOS) = JGK(s), applying
the next-token weight vector algorithm to the prefix grammar−−−⇀G EOS yields JGK(s) as the EOS component of the vector,
alongside all other next-token weights. The transformation
is efficient: it adds a single rule, so |G EOS| = |G|+ 3.
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Limitations

The limitations of our approach are discussed in
context throughout the main text; however, we
would like to remind that one of the main limi-
tations of our work is that, in the general case, The-
orem 2 does not guarantee that a prefix parser has
the same asymptotic runtime as the underlying base
parser. Additionally, we would like to recall that
our prefix parser works with any parser of choice,
however we only ran experiments with CKY and
Earley’s.
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A Notation Glossary

Symbol Description
Strings and languages (§2)
Σ alphabet (finite set of terminal symbols)
Σ∗ set of all strings over Σ
ε ∈ Σ∗ empty string
s, t ∈ Σ∗ strings
s, a ∈ Σ terminal symbols
Σ+ set of nonempty strings over Σ
⪯ prefix relation (s ⪯ t iff s is a prefix of t)
EOS /∈ Σ end-of-string symbol
⟨W,+, ·, 0, 1⟩ commutative semiring of weights
ω : Σ∗ →W weighted language−⇀ω : Σ∗ →W prefix language of ω
Grammars (§2, App. C.1)
G = ⟨N ,Σ, S,R⟩ weighted context-free grammar (WCFG)
N set of nonterminal symbols
S ∈ N start symbol
R finite set of weighted rules
α ∈ N ∪ Σ grammar symbol (nonterminal or terminal)
α ∈ (N ∪ Σ)∗ rule right-hand side
r, (X

w−→α) ∈ R rule; X rewrites to α with weight w ∈W
|G| ∈ N grammar size
ar(r) ∈ N arity of rule r
d ∈ D derivation tree of G
d ∈ Dα ⊆ D α-rooted derivation tree
Dα(s) ⊆ Dα set of derivation trees rooted at α with yield s
σ(d) ∈ Σ∗ yield of derivation tree d
w(d) ∈W weight of derivation tree d
JGK(s) ∈W weighted language of G: total weight of s
τ(α) ∈W total weight of symbol α ∈ Σ ∪N
Prefix grammar (§3)−⇀G prefix grammar of G
X′ prime nonterminal (partially matched X ∈ N , X′ /∈ N )−⇀
S prefix start symbol (

−⇀
S ̸= S,

−⇀
S /∈ N )

Parsers and preprocessing (§3, §4)
ϕ grammar preprocessing function (e.g., EnsureCNF; see App. C.2)
p abstract parsing algorithm
q abstract lattice parser
Next-token algorithms (§4)
π(s) ∈WΣ next-token weight vector
πa(s) ∈W next-token weight for terminal a
θ ∈WΣ formal parameter vector
θa ∈W parameter for terminal a
Zs(θ) ∈W aggregation function
L word lattice (acyclic WFSA)
Ls(θ) next-token lattice
z(i,X) ∈W forward value
∇z(i,X) ∈W backward value
βk(i,X) ∈W inside weight
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B Additional Experimental Results

Figure 2: Left: Our prefix parser vs. EarleyX (Luong et al., 2013). We compare the two implementations on WSJ 5000 and
500 sentences. Our algorithm uses Earley’s with the prefix grammar (Alg. 3), while EarleyX uses Stolcke’s (1995) algorithm to
compute prefix probabilities (itself an adaptation of Earley’s). As in Fig. 1, we fit a power law r(N) = aNb via least-squares
regression on the log–log scale. The fitted slopes are nearly identical (2.01 vs. 1.99), while the fitted coefficient is substantially
better in our implementation. This is consistent with the fact that Stolcke’s algorithm pays an additional multiplicative factor of
|R|, which our Earley implementation avoids via an optimization at the completion step (Alg. 4). Right: Sparse grammar
comparison. We repeat the experiment on the Social Discourse grammar (Luong et al., 2013, EarleyX), a sparse grammar
with 72,712 rules and 233 nonterminals. The graph reports the runtime for each prefix of a sequence of concatenated sentences
(socialall.ortho.yld.concat). Both parsers achieve near-linear time on this sparse grammar (fitted exponents 1.05 for
EarleyX and 1.18 for our implementation). For this experiment, we used the specialized EarleyParserSparse from Luong
et al. (2013), which is highly optimized for sparse grammars.
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C Additional Background

C.1 Weighted Context-Free Grammars
Let G = ⟨N ,Σ,S,R⟩ be a CFG. We develop the weighted language JGK (and a few other useful concepts)
by first defining (weighted) derivation trees, then summing over trees with a given yield. A derivation
tree d is a rooted, ordered tree satisfying: (i) each node is labeled with a symbol in N ∪ Σ, (ii) each
nonleaf node is connected to its children by a rule in R, and (iii) each leaf is either a terminal or a childless
nonterminal. The set of all derivation trees is defined recursively as the smallest set D satisfying:

D def
= Σ ∪





X

α1 ··· αK

∣∣∣∣∣∣
X−→α1 ···αK ∈ R,

α1 , ...,
αK ∈ D





Note that the subtrees rooted at the internal nodes of d are themselves derivation trees. Let ρ(d) denote the
root label of d, and we write Dα

def
= {d ∈ D : ρ(d) = α} to denote the derivations with root α ∈ Σ ∪N .

The yield σ(d) of a tree d is recursively defined as

• if d ∈ Σ: σ(d) def
= d (10a)

• otherwise: σ




X

α1 ··· αK


 def

= σ

(
α1

)
··· σ

(
αK

)
(10b)

Note that the yield σ(d) of a childless node is ε. A derivation forest is a set of derivation trees; its weight
is the sum of the weights of its trees. We write D(s)

def
= {d ∈ D : σ(d) = s} for the derivation forest

with fixed yield s, and Dα(s)
def
= Dα ∩ D(s) for the forest with root α and yield s. The weight w(d)

of the derivation tree d is defined as

• if d ∈ Σ: w(d)
def
= 1 (11a)

• otherwise: w




X

α1 ··· αK


 def

= w(X → α1 ··· αK) ·w
(

α1

)
···w

(
αK

)
(11b)

For every α ∈ Σ ∪N , we define its weighted language as

JGαK(s) def
=

∑

d∈Dα(s)

w(d) (12)

Every CFG defines a weighted language JGK by taking the language of the root symbol:

JGK(s) def
= JGSK(s) (13)

For each symbol α ∈ Σ ∪N , we define τ(α) as the total weight of all α-rooted derivations:

τ(α) =
∑

d∈Dα

w(d) (14)

The total weights satisfy the following system of polynomial equations:

τ(α) =

{
1 for α ∈ Σ∑

(α
w−→α1 ···αM )∈Rw · τ(α1) ··· τ(αM ) for α ∈ N (15)

The total weights are well-defined in any ω-continuous semiring (Droste et al., 2009); examples include
the nonnegative extended reals. They can be approximated, e.g., by fixed-point iteration or generalized
Newton’s method (Nederhof and Satta, 2008; Esparza et al., 2007).
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C.2 Grammar Transformations
A grammar transformation is a function ϕ that maps a CFG G to another CFG ϕ(G). We say that ϕ is
semantics preserving if JGK = Jϕ(G)K. Many transformations used to preprocess grammars are semantics
preserving, including dead-rule elimination, binarization, nullary removal, unary removal, and termi-
nal separation. The purpose of most of these transformations is self-explanatory to a reader familiar with
CFGs; we refer the reader to Opedal et al. (2022) for detailed descriptions. All transformations discussed
in this section are included in our code release. Converting a grammar into CNF is itself a (composed)
transformation EnsureCNF: apply EnsureCTF, then EnsureNullaryFree, then EnsureUnaryFree, then
EnsureTerminalSep.16 In general, a grammar transformation ϕ can change both the size |ϕ(G)| of the
transformed grammar and the number of nonterminals |N ϕ|. We bound both for the transformations
above:
• Dead rule elimination:

|ϕ(G)| ≤ |G|, |N ϕ| ≤ |N | (16)

• EnsureCTF (binarization):

|ϕ(G)| ≤ 3|G|, |N ϕ| ≤ |N |+ |G| − |R| (17)

The |G| − |R| term accounts for intermediate nonterminals introduced when splitting rules of arity > 2.
• EnsureNullaryFree (nullary removal), provided G is in CTF:

|ϕ(G)| ≤ 7
3 |G|+ 3, |N ϕ| ≤ |N |+ 1 (18)

• EnsureUnaryFree (unary removal):

|ϕ(G)| ≤ |N | · |G|, |N ϕ| ≤ |N | (19)

• EnsureUnaryCycleFree (unary cycle removal) from Opedal et al. (2023):

|ϕ(G)| ≤ |G|+ 2|N |2, |N ϕ| ≤ 2|N | (20)

The |N |2 term bounds the closure of the unary-rule graph; it is tight in the worst case (a single strongly
connected component) and often far smaller in practice.

• EnsureTerminalSep (terminal separation):

|ϕ(G)| ≤ |G|+ 2|Σ|, |N ϕ| ≤ |N |+ |Σ| (21)

• EnsureCNF (composing the above in the order EnsureCTF, EnsureNullaryFree, EnsureUnaryFree,
EnsureTerminalSep). Tracing the pipeline:
1. EnsureCTF: |G1| ≤ 3|G|, |N1| ≤ |N |+ |G| − |R| (Eq. (17))
2. EnsureNullaryFree: |G2| ≤ 7

3 |G1|+ 3 ≤ 7|G|+ 3, |N2| ≤ |N1|+ 1 (Eq. (18))
3. EnsureUnaryFree: |G3| ≤ |N2| · |G2| ≤ (|N |+ |G| − |R|+ 1)(7|G|+ 3), |N3| ≤ |N2| (Eq. (19))
4. EnsureTerminalSep: |G4| ≤ |G3|+ 2|Σ|, |N4| ≤ |N3|+ |Σ| (Eq. (21))
Summing yields:

|ϕ(G)| ≤ (|N |+ |G| − |R|+ 1)(7|G|+ 3) + 2|Σ|
|N ϕ| ≤ |N |+ |G| − |R|+ 1 + |Σ| (22)

The dominant factor is unary removal; the |G| term in the first factor arises because binarization
introduces up to |G| − |R| intermediate nonterminals. See Lange and Leiß (2009) for a detailed analysis
of CNF conversion orderings and their worst-case blowup.

16Note that the order in which these transformations are applied matters. For example, applying EnsureNullaryFree before
EnsureCTF can cause exponential blowup, as a rule of arity K may spawn up to 2K variants (Lange and Leiß, 2009). Placing
terminal separation last prevents subsequent multiplicative transformations from amplifying its additive cost.

297

https://github.com/genlm/prefix-acl-26


C.3 Weighted Finite-State Automata
A WFSA A is a tuple ⟨Σ, Q, δ, λ, ρ⟩, where Σ is an alphabet, Q is a finite set of states, δ is a set of

edges (each having form q
a/w−−→p, with p, q ∈ Q, w ∈ W and a ∈ Σ), λ : Q → W and ρ : Q → W are

respectively the initial and final weight functions. A path π is a sequence of consecutive edges

q0
a1/w1−−−−→q1

a2/w2−−−−→q2 ··· qN−1
aN/wN−−−−−→qN (23)

the path’s weight is defined as w(π)=λ(q0) ·w1 ·w2 ··· wN · ρ(qN ), the path’s yield is σ(π)=a1 ··· aN .
We denote with ΠA(s) the set of paths with yield s. A WFSA defines the weighted language:

JAK(s) =
∑

π∈ΠA(s)

w(π) (24)
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D Deriving the Prefix Grammar by CFG–FST Composition

This section explains how we initially derived the prefix grammar17 by composition with a weighted
finite-state transducer. Although Def. 1 is a more succinct encoding of the prefix grammar, we believe
the derivation as a composition is of independent interest. We begin by reviewing weighted relations
and weighted finite-state transducers, then introduce the prefix transducer ∆.

Let Σ and Ξ be alphabets. A weighted relation between the strings Σ∗ and Ξ∗ is a function
t : Σ∗×Ξ∗→W. We define the composition of t with the language ω : Σ∗ → W, as the language
ω t : Ξ∗ → W, defined as follows:

[ω t](t)
def
=

∑

s∈Σ∗
ω(s) t(s, t) (25)

Definition 3. A weighted finite-state transducer (WFST) is a tuple T = ⟨Σ,Ξ, Q, δ, λ, ρ⟩ where
• Σ is the input alphabet
• Ξ is the output alphabet
• Q is a finite set of states
• δ is a set of transitions where each transition is of the form (q

a: b/w−−−→q′) with q, q′ ∈ Q, a ∈ Σ ∪ {ε},
b ∈ Ξ ∪ {ε}, and w ∈ W

• λ : Q → W is the initial weight function
• ρ : Q → W is the final weight function.
A path π is a sequence of transitions of the form:

q0
a1:b1/w1−−−−−→q1

a2:b2/w2−−−−−→ ··· qN−1
aN :bN/wN−−−−−−−→qN ,

where N ≥ 0 is its length, a1 ··· aN is its input yield, b1 ··· bN is its output yield, and w(π)
def
=

λ(q0)w1 ··· wNρ(qN ) is its weight. We denote by Π(s, t) the set of paths with input yield s and output
yield t. Every transducer T defines a weighted relation as follows:

JT K(s, t) def
=

∑

π∈Π(s,t)

w(π) (26)

The following WFST ∆ implements the weighted relation J∆K(s, t) = 1{t ⪯ s}.

Definition 4. The prefix transducer ∆ for a given alphabet Σ is illustrated below:18

∆
def
=





ç

start

(

start

σ:σ/1

σ:σ/1

σ:ε/1

(27)

More precisely, the weighted transducer is defined by the tuple ⟨Σ,Σ, Q, δ, λ, ρ⟩, where
• Σ is both the input and output alphabet
17Beyond CFGs, our observation that prefix parsing is just composition with a finite-state transducer (App. D) suggests that any

formalism that efficiently supports such composition is amenable to our general approach. For example, we can, in principle,
use composition to derive prefix parsers for tree-adjoining grammars (see, e.g., Nederhof, 1999). Historically, Schabes and
Joshi (1988) originally presented an O

(
N9

)
-time algorithm to perform prefix parsing on tree-adjoining grammars. This

runtime was later improved to O
(
N6

)
by Nederhof (1999). Generalizing our reduction to tree-adjoining grammars would

obviate the need for such bespoke algorithms.
18Note that any FST that encodes J∆K(s, t) = 1{t ⪯ s} would work. Of course, a smaller machine will generally lead to

a smaller increase in the size of the transformed grammar. We believe this transducer is among the smallest possible, as it
appears that at least two states are necessary.

299



• the set of states is Q = {ç,(}; we call ç and ( the copy and erase states, respectively
• the transitions δ are as shown in the picture
• the initial weights λ are λ(ç) = 1 and λ(() = 1
• the final weights are ρ(ç) = 0 and ρ(() = 1
Note that in the picture, the start arrow and the double circle mark states with nonzero initial and final
weights, respectively. Additionally, a transition labeled σ is shorthand for a set of transitions—one for
each symbol in the alphabet.

Pasti et al. (2023) provide a general construction for the composition of a CFG G and a WFST T ,
denoted G T , which is itself a CFG, and is correct in the sense that it denotes the composition between
the corresponding weighted relation and language, i.e., JG T K = JGK JT K.

Equivalently, we can construct a grammar for the prefix language via composition with ∆: JG ∆K =−−⇀
JGK by Pasti et al. (2023). The composition construction is spelled out below.

Definition 5. The composition-based prefix grammar construction works as follows. Given a grammar
G = ⟨N ,Σ,S,R⟩, the composition G ∆ = ⟨{⟨s, α, s′⟩ | α ∈ N ∪ Σ, s, s′ ∈ {ç,(}} ,Σ,−⇀S ,R′⟩ where
R′ is defined by the rules below.

−⇀
S

1−→⟨ç,S,(⟩ (28a)
−⇀
S

1−→⟨(, S,(⟩ (28b)

⟨ç,X,ç⟩ w−→⟨ç, α1,ç⟩ ··· ⟨ç, αK ,ç⟩ X
w−→α1 ··· αK ∈ R (28c)

⟨ç, a,ç⟩ 1−→a a ∈ Σ (28d)

⟨ç,X,(⟩ w−→⟨ç, α1,ç⟩ ··· ⟨ç, αk−1,ç⟩ ⟨ç, αk,(⟩ ⟨(, αk+1,(⟩ ··· ⟨(, αK ,(⟩ (28e)

X
w−→α1 ··· αK ∈ R, k ∈ 1, ...,K

⟨ç, a,(⟩ 1−→a a ∈ Σ (28f)

⟨(,X,(⟩ w−→⟨(, α1,(⟩ ··· ⟨(, αK ,(⟩ X
w−→α1 ··· αK ∈ R (28g)

⟨(, a,(⟩ 1−→ε a ∈ Σ (28h)

The construction is based directly on Pasti et al.’s (2023) composition construction for G ∆ where ∆
is given in Def. 4.19 The proposition below establishes that the composition-based construction also
correctly encodes the prefix language.

Proposition 3. Let G be a CFG. Then, G ∆ correctly encodes the prefix language of G, i.e., JG ∆K =
−−⇀
JGK.

Proof. Let G = ⟨N ,Σ,S,R⟩.

JG ∆K(s) =
∑

z∈Σ∗
JGK(z) · J∆K(z, s) ▷By Corollary 1 of Pasti et al. (2023) (29a)

=
∑

z∈Σ∗
JGK(z) · 1{s ⪯ z} ▷By the definition of the prefix transducer (Def. 4) (29b)

=
−−⇀
JGK(s) ▷By the definition of prefix language (§2) (29c)

■

19Readers familiar with the composition algorithm may recognize that Def. 5 is a specialized application of the composition
algorithm for the prefix transducer. We have hard-coded the prefix transducer’s states and transitions. We have omitted
nonterminals of the form ⟨(, _,ç⟩, as they are always nongenerating and, thus, can be removed without altering the weighted
language of the prefix grammar. Additionally, we have exploited knowledge of the path structure in ∆; specifically, each path

with nonzero weight has the form: ç
σ1:σ1/1−−−−−→ç ··· ç σm−1:σm−1/1−−−−−−−−−−→ç

σm:σm/1−−−−−−→(
σm+1:ε/1−−−−−−→( ···( σM :ε/1−−−−−→(. We exploit

this knowledge to reduce the number of useless rules; we can see this structure in the right-hand side of Eq. (28e).
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E Instantiations of Prefix Parsing with the Prefix Grammar

In §3, we presented prefix parsing as a general transformation that allows us to turn any existing parsing
algorithm into a prefix parsing one; we shall now consider two specific instantiations of this approach,
one with CKY and the other with Earley as the underlying parser.

E.1 Prefix Parsing with CKY

We first instantiate the prefix-grammar approach with CKY. Our incremental formulation, CKY (Alg. 2),
runs in O

(
|EnsureCNF(G)|N3

)
, where EnsureCNF(G) is the CNF conversion of G. PrefixCKY (Alg. 1)

applies the prefix grammar transformation and then calls CKY. Note that the runtime of CKY follows the
form of Theorem 2. We next analyze the blowup introduced by the prefix grammar transformation and all
the preprocessing steps required in PrefixCKY.

Proposition 4. Let G be a CFG. Then |EnsureCNF(Prefix(EnsureCTF(G)))| = O
(
|G|2 + |N ||G|

)
.

Proof. We trace the grammar size and the nonterminal count through the preprocessing pipeline, ref-
erencing the bounds established in App. C.1. We write Gi for the grammar after step i, and Ni for its
nonterminal set. Given the input grammar G = ⟨N ,Σ, S,R⟩, we have:
1. EnsureCTF: |G′

1| ≤ 3|G|, |N ′
1| ≤ |N |+ |G| − |R| (Eq. (17))

2. Prefix: |G′
2| ≤ 8

3 |G′
1|+ 3 ≤ 8|G|+ 3, |N ′

2| = 2|N ′
1|+ 1 (Prop. 2, Def. 1)

The nonterminal count doubles because the prefix grammar introduces a prime copy X′ of each
nonterminal X ∈ N ′

1, plus one prefix start symbol
−⇀
S . Moreover, because Prefix preserves arity ≤ 2,

G′
2 is already binary; invoking Eq. (22) on G′

2 would pay for an EnsureCTF step that is in fact a no-op,
incurring a spurious 3× factor via Eq. (17). We therefore trace the remaining EnsureCNF steps directly.

3. EnsureNullaryFree: |G′
3| ≤ 7

3 |G′
2|+3 ≤ 7

3(8|G|+3)+3 ≤ 19|G|+10, |N ′
3| ≤ |N ′

2|+1 (Eq. (18))
4. EnsureUnaryFree: |G′

4| ≤ |N ′
3| · |G′

3| ≤ (2|N ′
1|+ 2)(19|G|+ 10), |N ′

4| ≤ |N ′
3| (Eq. (19))

5. EnsureTerminalSep: |G′
5| ≤ |G′

4|+ 2|Σ|, |N ′
5| ≤ |N ′

4|+ |Σ| (Eq. (21))
So |EnsureCNF(Prefix(EnsureCTF(G)))| = |G′

5| ≤ (2(|N | + |G| − |R|) + 2)(19|G| + 10) + 2|Σ|.
Expanding and dropping lower-order terms: |G′

5| = O
(
|G|2 + |N ||G|

)
, matching the proposition.

■

We note that this is a worst-case bound; in practice, the blowup is much more contained. In particular, in
our experiments with PCFGs, when comparing the size of the preprocessed prefix grammar EnsureCNF(

−⇀G )
to that of the preprocessed original grammar EnsureCNF(G), the size ratio is only a small multiplicative
factor (Tab. 1). Since CKY’s runtime is linear in the preprocessed grammar size, this small factor translates
directly to the runtime overhead for PrefixCKY.

Algorithm 1 Prefix parsing with the prefix grammar transformation and CKY (Alg. 2).
1. function PrefixCKY(G, s1 ···sN )
2. ▷Apply the prefix-grammar transformation (should be cached for efficiency), and parse as usual.
3. return CKY(Prefix(EnsureCTF(G)), s1 ···sN )

Table 1: Grammar size of different PCFGs used in our experiments. G1 is the grammar after CKY’s preprocessing; G2 is the
grammar after PrefixCKY’s preprocessing. The ratio column reports |G2|/|G1|. The grammars reported in the table are WSJ 500
(obtained from the first 500 sentences of the Wall Street Journal Corpus) and “Social Discourse”, both obtained from (Luong
et al., 2013). We were not able to include the larger WSJ 5000 because our machine had insufficient memory for the unary
removal operation of EnsureCNF.

Grammar |G|; |N | |G1|; |N 1| |G2|; |N 2| Ratio |G2|/|G1|
WSJ 500 12,573; 69 73,241; 1,766 235,459; 1,814 3.22×
Social Discourse [Sparse] 72,712; 233 211,015; 233 357,066; 306 1.69×
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Algorithm 2 An incremental, left-to-right formulation of CKY that supports memoization across prefixes. CKY returns the full
column of inside weights: the entry βj(i,X) gives the total weight of all derivations of X with yield si+1 ···sj . The goal weight
JGK(s1 ···sN ) is βN (0, S).

1. function CKY(G, s1 ···sN )
2. G ← EnsureCNF(G) ▷CNF conversion; if needed (should be cached for efficiency)
3. βN ← defaultdict(0) ▷Initialize new column
4. if N = 0: ▷Base case: empty string.
5. for (S

w−→ε) ∈ R:
6. βN (0, S) +=w

7. return βN (0, S), ⟨βN ⟩ ▷Below: recurse on prefix
8. _, ⟨β0, ..., βN−1⟩ ← CKY(G, s1 ···sN−1)

9. for (X
w−→sN ) ∈ R: ▷Preterminal rules sN

10. βN (N−1,X) +=w

11. for i in N−1 ... 0: ▷Iterate over the start point
12. for j in i+1 ... N−1: ▷Iterate over the split point
13. for (X

w−→YZ) ∈ R: ▷Binary rules
14. βN (i,X) +=w · βj(i,Y) · βN (j,Z)

15. return βN (0,S), ⟨β0, ..., βN−1, βN ⟩
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E.2 Prefix Parsing with Earley’s Algorithm

We now instantiate the prefix-grammar approach using the weighted Earley’s algorithm (Earley, 1970).
Analogously to PrefixCKY, PrefixEarley (Alg. 3) applies the prefix grammar transformation and then
parses with Earley’s. Importantly, the experimental results (Fig. 1) show that prefix parsing is slower
than ordinary parsing by a multiplicative factor of ≈ 3; this matches the prediction from the relative
grammar-size blow-up (Tab. 2).

Algorithm 3 Prefix parsing with the prefix grammar transformation and Earley (Alg. 4).
1. function PrefixEarley(G, s1 ···sN )
2. ▷Apply the prefix-grammar transformation (should be cached for efficiency), and parse as usual.
3. return Earley(Prefix(EnsureCTF(G)), s1 ···sN )

An optimized version of Earley’s algorithm. We present an optimized, incremental version of Earley’s
algorithm (Alg. 4), which we use as a base for our prefix parsing and next-token weight vector algorithms.
Assuming G is nullary-free and unary-cycle-free, our algorithm runs in O

(
|G|N3

)
—a factor of |R| faster

than the traditional dotted-item Earley formulation.20 To achieve this improved runtime, we maintain
a list of items of the form ⟨i,X/α⟩, where i is the starting position and X/α is read as “X missing α
to complete”. The algorithm proceeds through three operations: PREDICT generates new items from
grammar rules.21 SCAN advances items over terminal symbols, and ATTACH—traditionally also known
as complete—attaches completed items to items awaiting them. The data structure Wk indexes items at
position k by the symbol they are waiting for, enabling efficient lookup during the ATTACH phase.

Grammar blowup: bounds and empirical evidence. Following Theorem 2, we bound |ϕ(−⇀G )|, where
ϕ is the preprocessing pipeline required for PrefixEarley.

Proposition 5. Let G be a CFG. Then,
|EnsureUnaryCycleFree(EnsureNullaryFree(Prefix(EnsureCTF(G))))| = O

(
|G|2 + |N |2

)
.22

Proof. We analyze ϕ(G) first, then extend to ϕ(
−⇀G ). We trace the grammar size and the nonterminal

count through the preprocessing pipeline, referencing the bounds established in App. C.1. We write
Gi for the grammar after step i, and Ni for its nonterminal set. We apply EnsureCTF (required before
EnsureNullaryFree for efficiency), EnsureNullaryFree, and EnsureUnaryCycleFree in sequence.
Given the input grammar G = ⟨N ,Σ, S,R⟩, we have
1. EnsureCTF: |G1| ≤ 3|G|, |N1| ≤ |N |+ |G| − |R| (Eq. (17))
2. EnsureNullaryFree: |G2| ≤ 7|G|+ 3, |N2| ≤ |N |+ |G| − |R|+ 1 (Eq. (18))
3. EnsureUnaryCycleFree: |G3| ≤ 7|G|+ 3 + 2(|N |+ |G| − |R|)2
Thus, |ϕ(G)| ≤ 7|G| + 3 + 2(|N | + |G| − |R|)2. For the prefix grammar, the preprocessing pipeline
becomes:
1. EnsureCTF: |G1| ≤ 3|G|, |N1| ≤ |N |+ |G| − |R| (Eq. (17))
2. Prefix: |G2| ≤ 8

3 |G1|+ 3 ≤ 8|G|+ 3, |N2| = 2|N1|+ 1 (Prop. 2, Def. 1)
Since Prefix preserves arity ≤ 2, G2 is already binary and binarization is a no-op.

3. EnsureNullaryFree: |G3| ≤ 7
3 |G2| + 3 ≤ 7

3(8|G| + 3) + 3 ≤ 19|G| + 10, |N3| ≤ |N2| + 1 =
2(|N |+ |G| − |R|) + 2 (Eq. (18))

4. EnsureUnaryCycleFree: |G4| ≤ |G3|+2|N3|2 ≤ 19|G|+10+2(2(|N |+ |G|−|R|)+2)2 (Eq. (20))
Thus, |ϕ(−⇀G )| ≤ 19|G|+ 10 + 2(2(|N |+ |G| − |R|) + 2)2. Expanding and dropping lower-order terms:
|ϕ(−⇀G )| = O

(
|G|2 + |N |2

)
, matching the proposition. ■

20Our items record only the unmatched suffix α, rather than the traditional X→ γ •α dotted-item form. This collapses many
rules into one item, a simpler alternative to Opedal et al.’s (2023) approach, which introduces additional item types.

21Our implementation uses the left-corner relation to prune the PREDICT step, skipping rules whose left-hand sides are not
needed by any active item (Stolcke, 1995).

22The |G|2 term arises when G has high-arity rules: EnsureCTF introduces up to |G| − |R| new nonterminals, whose primes may
participate in unary cycles. For grammars already in canonical two-form, the bound tightens to O

(
|G|+ |N |2

)
. This worst

case is loose in practice (see Tab. 2).
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In practice, this bound is far from tight. On the grammars we experimented with, the preprocessed prefix
grammar is only a small multiplicative factor larger than the ordinary grammar preprocessed for Earley
(Tab. 2). Given our optimized Earley implementation’s runtime bound, this small factor translates directly
to the ratio of prefix parsing to parsing runtime, as confirmed empirically by our experiments (Fig. 1).

Algorithm 4 Earley’s Algorithm takes the grammar G = ⟨N ,Σ, S,R⟩ and a string s = s1 ···sk ∈ Σ∗. It returns
the inside weight columns ⟨β0, ..., βk⟩ together with the waiting-for dictionaries ⟨W0, ...,Wk⟩; the total string weight is
JGK(s1 ···sk) = βk(0, S). The notation X/α is read as X missing α to complete. The data structure Wk[α] maintains a
dictionary of items ⟨i,X/α1α[1:]⟩ that are awaiting the symbol α in order to move towards completion. The queue Q is a priority
queue that prioritizes items with the smallest span k − i, where k is the current column, and i is the item’s starting position.

1. def Earley(G, s1 ···sk): ▷The Earley function should be memoized for efficiency.
2. G ← EnsureUnaryCycleFree(EnsureNullaryFree(G)) ▷Ensure no nullary rules, or unary rule cycles; memoize
3. βk ← defaultdict(0) ▷Initialize inside weight column
4. Wk ← defaultdict(set) ▷Initialize the waiting-for dictionary
5. Q← priority_queue() ▷This queue prioritizes items with the shortest span.
6. if k = 0: ▷Base cases
7. for (X

w−→α) ∈ R:
8. β0(0,X/α) +=w

9. return ⟨β0⟩, ⟨W0⟩
10. ⟨β0, ..., βk−1⟩, ⟨W0, ...,Wk−1⟩ ← Earley(G, s1 ···sk−1) ▷Recurse on prefix
11. for ⟨i,X/skα⟩ ∈Wk−1[sk]: ▷SCAN
12. βk(i,X/α) +=βk−1(i,X/skα)

13. while Q: ▷ATTACH
14. ⟨j,Y/ε⟩ ← Q.pop() ▷Pop completed item Y together with the index j where item began
15. for ⟨i,X/Yα⟩ ∈Wj [Y]: ▷Iterate through items ending at j that are waiting for a Y
16. βk(i,X/α) +=βj(i,X/Yα) · βk(j,Y/ε) ▷Attach the weights and update
17. for (X

w−→α) ∈ R: ▷PREDICT
18. βk(k,X/α) +=w

19. return ⟨β0, ..., βk−1, βk⟩, ⟨W0, ...,Wk−1,Wk⟩

20. ▷Helper methods
21. def βk(i,X/α) += v : ▷This method updates the weights, Q and Wk

22. if α = ε: Q.push(⟨i,X/ε⟩) ▷Newly completed items get scheduled in the priority queue
23. else: Wk[α1].add(⟨i,X/α⟩) ▷Item ⟨i,X/α⟩ is waiting for α1 to move forward
24. βk(i,X/α)← βk(i,X/α) + v

Table 2: Grammar size of different PCFGs G used in our experiments. G1 and G2 are respectively the grammars obtained after
the preprocessing step of Earley and PrefixEarley. The ratio column reports |G2|/|G1|. The grammars reported in the table
are WSJ 500 (obtained from the first 500 sentences of the Wall Street Journal Corpus), WSJ 5000 (obtained from the first 5000
sentences of the Wall Street Journal Corpus), and “Social Discourse”. We empirically found that applying EnsureCNF after the
prefix grammar transformation and right before EnsureNullaryFree yielded a smaller grammar; the results shown in this table
follow this approach.

Grammar |G|; |N | |G1|; |N 1| |G2|; |N 2| Ratio |G2|/|G1|
WSJ 500 12,573; 69 15,981; 1,775 43,701; 5,201 2.73×
WSJ 5000 116,667; 448 177,303; 30,878 494,017; 84,566 2.79×
Social Discourse [Sparse] 72,712; 233 72,712; 233 143,548; 435 1.97×
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F Practical Instantiations of the Next-Token Weight Vector Algorithm

In §4, we presented a general framework for computing the next-token weight vector π(s) via lattice pars-
ing and algorithmic differentiation. This section instantiates this framework with two concrete parsing al-
gorithms: CKY (App. F.1) and Earley’s (App. F.2). In both cases, we derive the gradient algorithm by man-
ually applying the rules of reverse-mode algorithmic differentiation to the corresponding lattice parser.23

F.1 Next-Token Weight Vector with CKY

Algorithm 5 Left: the LatticeCKY is a specialized lattice parser that parses the next-token lattice Ls(θ) for some choice of
θ ∈WΣ. Note that LatticeCKY is directly derived from CKY, differing only in the terminal step (line 6), which scans all terminal
symbols simultaneously, weighting each by θa. Right: the NextTokenCKY algorithm, which was derived by manually applying
algorithmic differentiation to LatticeCKY. Given the input grammar G, the input string s1 ···sN , and the inside weight columns
⟨β0, ..., βN ⟩, it returns the next-token weight vector π(s). Note that both algorithms call CKY as a subroutine to compute the
inside weight columns (which, however, can be amortized across subsequent calls when NextTokenCKY is called incrementally).

1. function LatticeCKY(G, s1 ···sN ,θ)
2. G ← EnsureCNF(G) ▷CNF conversion; memoize
3. ⟨β0, ..., βN ⟩ ← CKY(G, s1 ···sN )
4. z ← defaultdict(0) ▷Initialize new column
5. ▷Base case:
6. for (X

w−→a) ∈ R with a ∈ Σ:
7. z(N,X) +=w · θa
8. ▷Recursive step:
9. for i in N, ..., 0: ▷Iterate over the start point.

10. for j in i+1 ... N : ▷Split point
11. for (X

w−→YZ) ∈ R: ▷Binary rules
12. z(i,X) +=w · βj(i,Y) · z(j,Z)
13. return z(0, S) ▷equals Zs(θ)

1. function NextTokenCKY(G, s1 ···sN )
2. ▷Create prefix grammar in CNF; memoize
3.
−⇀G ← EnsureCNF(Prefix(EnsureCTF(G)))

4. ⟨β0, ..., βN ⟩ ← CKY(
−⇀G , s1 ···sN )

5. ∇z ← defaultdict(0)
6. ∇z(0, S) += 1 ▷Base case
7. for i in 0 ... N−1: ▷Inverse iteration
8. for j in i+1 ... N : ▷Loop over the split point j
9. for (X

w−→YZ) ∈ R:
10. ∇z(j,Z) +=w · βj(i,Y) · ∇z(i,X)

11. π ← 0Σ

12. for (X
w−→a) ∈ R where a ∈ Σ: ▷Preterminal rules

13. πa +=w · ∇z(N,X)

14. return π

In LatticeCKY (Alg. 5, left), the forward values z(i,X) for i = 0, ..., N and X ∈ N aggregate
partial contributions to Zs(θ) = z(0, S). In NextTokenCKY (right), the corresponding backward
values ∇z(i,X)

def
= ∂z(0,S)

∂z(i,X) disaggregate this sum and isolate each token’s contribution. Readers
familiar with the inside–outside algorithm (Baker, 1979) will notice that the backward pass is closely
related to the outside algorithm, following Eisner’s (2016) presentation of the outside algorithm as the
adjoint of the inside algorithm. The runtime of NextTokenCKY, following the analysis of PrefixCKY,
is O

(
|EnsureCNF(Prefix(EnsureCTF(G)))|N3

)
, including the cost of computing the inside weight

columns β0, ..., βN , which can be amortized across incremental computations.

F.2 Next-Token Weight Vector with Earley’s Algorithm
We now adapt the lattice parsing and algorithmic differentiation approach to Earley’s algorithm (Earley,
1970) and its weighted version (Stolcke, 1995). Earley’s algorithm requires less preprocessing than
CKY—only EnsureNullaryFree and EnsureUnaryCycleFree—and runs in subcubic time for most
grammars: linear for deterministic grammars, and quadratic for unambiguous ones.

Next-token weight vector with Earley (Alg. 6). In IncrEarleyLattice, the forward values z(j,Y/ε)
for j ∈ {0, ..., N} and Y ∈ N aggregate partial contributions to the goal item z(0,S) = Zs1 ···sN (θ).
In NextTokenEarley, the corresponding backward values ∇z(j,Y/ε)

def
= ∂z(0,S)

∂z(j,Y/ε) disaggregate this
sum to isolate each token’s contribution. The runtime of NextTokenEarley, following the analysis of
PrefixEarley, is O

(
|EnsureUnaryCycleFree(EnsureNullaryFree(Prefix(EnsureCTF(G))))|N3

)
,

including the cost of computing the inside weight columns β0, ..., βN , which can be amortized across
incremental computations.

23In general, the gradient program can also be obtained automatically, e.g., via program tracing, operator overloading, or
source-to-source transformation (see Griewank and Walther, 2008, for an overview), using tools such as PyTorch (Paszke et al.,
2017), TensorFlow (Abadi et al., 2016), JAX (Bradbury et al., 2018), Tapenade (Hascoët and Pascual, 2013), or Dyna (Eisner
et al., 2005).

305



Algorithm 6 Left: IncrEarleyLattice is a lattice parser derived from Earley’s algorithm (Alg. 4) that evaluates the next-
token lattice Ls(θ) for some choice of θ ∈WΣ. It differs from Earley only in the SCAN step, which scans all terminal symbols
simultaneously, weighting each by θa. Since only a single terminal is scanned at position N+1, the following simplifications
apply: (1) SCAN processes only items from WN that complete after scanning one symbol (line 9), and ATTACH only advances
items with a single remaining symbol (line 14); (2) since no further columns are needed, PREDICT can be omitted entirely.
Right: NextTokenEarley is the gradient algorithm of IncrEarleyLattice, obtained by applying algorithmic differentiation.
Given the prefix grammar

−⇀G , the input string s = s1 ···sN , and the inside weight columns from Earley, it returns the next-token
weight vector π(s). The backward values∇z(j,Y/ε) are computed by the memoized helper function (line 9).

1. function IncrEarleyLattice(G, s1 ···sN ,θ)
2. G ← EnsureNullaryFree(G)
3. G ← EnsureUnaryCycleFree(G)
4. ⟨N ,Σ,S,R⟩ ← G
5. ⟨β0, ..., βN ⟩,⟨W0, ...,WN ⟩ ← Earley(G, s1 ···sN )
6. z ← defaultdict(0) ▷Initialize new column
7. Q← priority_queue()
8. for a ∈WN .keys ∩ Σ: ▷SCAN
9. for ⟨i,X/a⟩ ∈WN [a]:

10. z(i,X/ε) +=βN (i,X/a) · θa
11. Q.push(⟨i,X/ε⟩)
12. while Q: ▷ATTACH
13. ⟨j,Y/ε⟩ ← Q.pop()
14. for ⟨i,X/Y⟩ ∈Wj [Y]:
15. z(i,X/ε) +=βj(i,X/Y) · z(j,Y/ε)
16. Q.push(⟨i,X/ε⟩)
17. return z(0, S/ε) ▷equals Zs1 ···sN (θ)

1. def NextTokenEarley(G, s1 ···sN ):
2.
−⇀G ← Prefix(EnsureCTF(G)) ▷Prefix transformation

3. ⟨β0, ..., βN ⟩,⟨W0, ...,WN ⟩←Earley(
−⇀G , s1 ···sN )

4. π ← 0Σ

5. for a ∈WN .keys ∩ Σ:
6. for ⟨i,X/a⟩ ∈WN [a]:
7. πa +=βN (i,X/a) · ∇z(i,X/ε)

8. return π
9. def∇z(j,Y/ε): ▷Memoize for efficiency

10. if (j,Y) = (0, S): return 1 ▷Base Case
11. v ← 0
12. for ⟨i,X/Y⟩ ∈Wj [Y]: ▷Recursive bottom-up call.
13. v +=βj(i,X/Y) · ∇z(i,X/ε) ▷Note: i ≤ j.
14. return v
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G Deferred Proofs

G.1 Proof of Prop. 1
Proposition 1. Let G be a CFG, and

−⇀G be its prefix grammar. Then,
−⇀G correctly encodes the prefix

language of G (i.e., J−⇀G K =
−−⇀
JGK).

Proof. We strengthen the proposition to a claim over all α ∈ N ∪Σ, prove the strengthening by induction
on derivation-tree height in

−⇀G , and recover the proposition by specializing to α = S.

Strengthening. The Prop. 1 is implied by the following statement, for all α ∈ N ∪ Σ and all s ∈ Σ+:

J−⇀Gα′K(s) =
∑

t∈Σ∗
JGαK(st) and J−⇀GαK(s) = JGαK(s) (30)

The latter holds because
−⇀G ’s additional rules have only prime nonterminals or

−⇀
S on the LHS (Def. 1), so

non-prime α-rooted derivations use only the rules of R. Thus, we need only prove the former, which we
re-express self-recursively in

−⇀G :

J−⇀Gα′K(s) =
∑

t∈Σ∗
J−⇀GαK(st) (31)

↪→ Hooking up Eq. (30) to Prop. 1. Specializing the first equation of Eq. (30) to α = S and expanding
−⇀
S ’s rules (Def. 1) yields the proposition. Recall that

−⇀G ’s start symbol
−⇀
S has two rules:

−⇀
S

1−→S′ and
−⇀
S

τ(S)−−→ε.
• Case (s ∈ Σ+): Only the first rule contributes (the second requires s = ε). By Eq. (30) at α = S:

J−⇀G K(s) = J−⇀G S′K(s) =
∑

t∈Σ∗
JGSK(st) =

−−⇀
JGK(s)

• Case (s = ε): Every S′-derivation has nonempty yield (the prime chain from the root must terminate
at a terminal via Eq. (4c)), so only the

−⇀
S → ε rule contributes. By the definition of τ(S):

J−⇀G K(ε) = τ(S) =
∑

t∈Σ∗
JGSK(t) =

−−⇀
JGK(ε)

Notation. We introduce the following notation to keep the proof tidy.
• Let

−⇀D denote the set of derivation trees of
−⇀G .

• Let
−⇀D(h) denote the subset of trees in

−⇀D of height ≤ h;
−⇀D(h)

α (s) restricts to α-rooted trees with yield s.
• Let G(h) denote G with its derivations restricted to height ≤ h.

• Let
−⇀G (h) def

=
−−−−⇀
(G(h)) be the prefix grammar of G(h); its prime rule weights use the height-bounded totals

−⇀τ (h)
α rather than τ(α).

• Let
−⇀
W

(h)
α (s)

def
=

∑
d∈−⇀D(h)

α (s)
w(d)

• Let−⇀τ (h)
α

def
=

∑
t∈Σ∗

−⇀
W

(h)
α (t)

Proof strategy. We prove Eq. (30) by induction on the height h ≥ 1 of derivation trees in
−⇀G . We define

the height-indexed proposition:

Φ(h) ⇐⇒ ∀α ∈ N ∪ Σ, s ∈ Σ+ :
−⇀
W

(h)
α′ (s) =

∑

t∈Σ∗

−⇀
W(h)

α (st) (IH)

Base case (h = 1). We show Φ(1) holds. There are two ways for a tree to have height one.
• Case (α ∈ Σ): Since α′ = α, both sides of Φ(1) reduce to 1{s = α}, using s ∈ Σ+ to collapse the

right-hand side sum.
• Case (X w−→ε): X′ has no height-1 derivation since the rules of Eq. (4c) have nonempty right-hand sides,

so the LHS of Φ(1) is 0. The RHS is also 0 because
−⇀
W

(1)
X (st) is nonzero only when st = ε, which

contradicts s ∈ Σ+.
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Inductive hypothesis. Suppose Φ(h) holds for some h ≥ 1.

Inductive case. We show Φ(h+1) holds. In this case, we know that α′ is of the form X′ for X ∈ N .

∑

t∈Σ∗

−⇀
W

(h+1)
X (st)

=
∑

t∈Σ∗

∑

X
w−→α1 ···αK

∑

st=v1 ···vK

w ·−⇀W(h)
α1

(v1) ···−⇀W(h)
αk

(vk)
−⇀
W(h)

αk+1
(vk+1) ···−⇀W(h)

αK
(vK) (32a)

=
∑

X
w−→α1 ···αK

K∑

k=1

∑

s=v1 ···vk
t=vk+1 ···vK

w ·−⇀W(h)
α1

(v1) ···−⇀W(h)
αk

(vk)
−⇀
W(h)

αk+1
(vk+1) ···−⇀W(h)

αK
(vK) (32b)

=
∑

X
w−→α1 ···αK

K∑

k=1

∑

s=v1 ···vk

w ·−⇀W(h)
α1

(v1) ···−⇀W(h)
αk

(vk)
∑

t=vk+1 ···vK

−⇀
W(h)

αk+1
(vk+1) ···−⇀W(h)

αK
(vK) (32c)

=
∑

X
w−→α1 ···αK

K∑

k=1

∑

s=v1 ···vk

w ·−⇀W(h)
α1

(v1) ···−⇀W(h)
αk

(vk)
(−⇀τ (h)

αk+1
···−⇀τ (h)

αK

)
(32d)

=
∑

X
w−→α1 ···α′

k

∑

s=v1 ···vk

w ·−⇀W(h)
α1

(v1) ···−⇀W(h)

α′
k
(vk) (32e)

=
−⇀
W

(h+1)

X′ (s) (32f)

The manipulation above proceeds in six steps:
1. Tree-weight recursion for X. Each height-≤ h+1 tree rooted at X applies some rule X

w−→α1 ··· αK

at the root with subtrees of height ≤ h.
2. Border position. Reparametrize the joint sum

∑
t

∑
st=v1 ···vK

by introducing k ∈ {1, ... ,K} with
s = v1 ··· vk and t = vk+1 ··· vK .

3. Factor the t-side. The factors
−⇀
W

(h)
α1 (v1) ···

−⇀
W

(h)
αk (vk) are fixed by the s-split, so they move out of

the inner sum over t = vk+1 ··· vK .
4. Collapse to totals. We simplify the inner summation:

∑

t=vk+1 ···vK

−⇀
W(h)

αk+1
(vk+1) ···

−⇀
W(h)

αK
(vK)

=
∑

vk+1

···
∑

vK

−⇀
W(h)

αk+1
(vk+1) ···

−⇀
W(h)

αK
(vK)

=


∑

vk+1

−⇀
W(h)

αk+1
(vk+1)


 ···

[∑

vK

−⇀
W(h)

αK
(vK)

]

=−⇀τ (h)
αk+1

···−⇀τ (h)
αK

5. The prime rule. The absorbed weight w′ = w · −⇀τ (h)
αk+1 ···−⇀τ

(h)
αK matches the prime rule

X′ → α1 ··· αk−1α
′
k (Eq. (4c)), so the joint sum over (original rule, k) becomes a pattern-match over

such prime rules. Applying Φ(h) to αk rewrites
−⇀
W

(h)
αk (vk) as

−⇀
W

(h)
α′
k
(vk).

6. Tree-weight recursion for X′. The result is the tree-weight recursion for
−⇀
W

(h+1)

X′ (s).
This establishes Φ(h+1), completing the induction. Since every derivation tree in

−⇀G has finite height,
Φ(h) for all h ≥ 1 recovers Eq. (30), and the proposition follows via the hook-up step.24

■

24Our proof implicitly uses−⇀τ (h) in the prime rule weights, i.e., the totals of
−⇀G (h) rather than

−⇀G . As h → ∞,−⇀τ (h)
α → τ(α),

recovering
−⇀G ’s rule weights; Φ(h) for all h≥1 then gives Eq. (30). A more formal induction use pairs (1{α ∈ N}, h).
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G.2 Proof of Prop. 2
Proposition 2. Let G be a context-free grammar in canonical two-form and let

−⇀G be its prefix grammar
(Def. 1). Then, the size of

−⇀G is bounded by

|−⇀G | ≤ 8

3
|G|+ 3 (5)

Proof. According to Def. 1, the prefix grammar
−⇀G consists of the original rules R plus the additional

prefix rules R′. We bound each contribution:
• The original rules R contribute |G|.
• Eqs. (4a) and (4b) contribute 2 + 1 = 3.
• For Eq. (4c):

– Each nullary rule (size 1) produces no prefix rules.
– Each unary rule (size 2) produces one prefix rule (k=1) of size 2, contributing 2 to the size.
– Each binary rule (size 3) produces two prefix rules: one for k=1 of size 2 and one for k=2 of size 3,

contributing 2 + 3 = 5 to the size.
In these cases, the ratio of the prefix contribution to the original rule size is at most 5/3 (attained by
binary rules). So the total contribution of Eq. (4c) is at most 5

3 |G|.
Summing: |−⇀G | ≤ |G|+ 3 + 5

3 |G| = 8
3 |G|+ 3. ■
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