
Proceedings of the 64th Annual Meeting of the Association for Computational Linguistics (Volume 2: Short Papers), pages 808–816
July 2-7, 2026 ©2026 Association for Computational Linguistics

T⋆: Progressive Block Scaling for Masked Diffusion Language Models
Through Trajectory Aware Reinforcement Learning
Hanchen Xia†⋆ , Baoyou Chen†♢⋆, Yutang Ge‡, Guojiang Zhao§,

Siyu Zhu†♠♢*

†Shanghai Academy of AI for Science,
♠ Shanghai Innovation Institute, ♢Fudan University,

‡School of Mathematical Sciences, Shanghai Jiao Tong University,
§Carnegie Mellon University,

{xiahanchen, chenbaoyou}@sais.org.cn

Abstract

We present T⋆, a simple TRACERL-based cur-
riculum for progressive block-size scaling in
masked diffusion language models (MDMs).
Starting from an AR-initialized small-block
MDM, T⋆ gradually increases the block size
while re-optimizing the denoising policy at
each stage, enabling higher-parallelism decod-
ing with limited degradation on math reason-
ing benchmarks. Across two SDAR scales and
three benchmarks, T⋆ consistently outperforms
direct large-block TRACERL and is substan-
tially more stable during training. Our schedule
analysis suggests that the learned policy does
not simply revert to a strictly left-to-right or-
der; instead, it retains block-size-specific non-
monotone updates while improving accuracy.

1 Introduction

Before the current wave of large language models
(LLMs), bidirectional Transformers trained with
masked language modeling were a widely adopted
backbone for NLP systems, with BERT and its
optimized variants as canonical examples (Devlin
et al., 2019; Liu et al., 2019). Today, autoregressive
(AR) modeling via next-token prediction dominates
both scaling practice and deployed systems (Brown
et al., 2020; Touvron et al., 2023).

In parallel, diffusion language models have be-
gun to emerge as viable alternatives or comple-
ments to the autoregressive decoding paradigm.
Masked diffusion models stochastically mask a sub-
set of tokens under a ratio-parameterized corrup-
tion process and optimize cross-entropy on masked
positions to recover the original sequence (Sahoo
et al., 2024). For scalability, recent work initial-
izes diffusion LMs from pretrained autoregressive
LLMs and trains them with random-mask diffu-
sion objectives (Ye et al., 2025; Cheng et al., 2025).

*Corresponding author.
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At inference time, they often adopt blockwise de-
coding that denoises tokens within each block
while generating blocks autoregressively to pre-
serve global coherence (Arriola et al., 2025). In
this setting, the block size is a control parameter
that interpolates between stronger AR-like causal-
ity and higher-parallel masked updates.

Within each block, the denoising schedule is typ-
ically determined by model confidence. Given a
prompt Q and the current partially denoised se-
quence x(s), let M(s) denote the set of masked
positions at denoising step s. For each i ∈ M(s),
the model predicts a token distribution over the
vocabulary V . A common heuristic defines the
confidence score

c
(s)
i = max

v∈V
pθ(xi = v | x(s), Q), i ∈ M(s),

U (s) = {i ∈ M(s) : c
(s)
i ≥ η},

(1)
where η ∈ (0, 1) is a confidence threshold that
controls how many tokens are finalized at each step.
Then materializes tokens in U (s) (e.g., via argmax
or sampling), while leaving the rest masked for
subsequent refinement.

When examining the SDAR series models across
scales (1.7B–30B) and block sizes (4–64), we
find that math-centric reasoning becomes increas-
ingly sensitive to larger blocks: accuracy gener-
ally degrades as block size B grows, with more
pronounced drops for smaller models, which is
also reported by Cheng et al. (2025). We consider
the standard absorbing-state corruption used in
masked diffusion LMs: once a token is replaced by
the special [/MASK] symbol in the forward cor-
ruption process, subsequent corruption steps keep
that position as [/MASK] rather than replacing it
with another token. Under this corruption process,
maximizing the ELBO yields a denoising objec-
tive; equivalently, the negative-ELBO reduces to a
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reweighted cross-entropy over masked positions:

L(θ) = Ex0∼pdata,xt∼q(xt|x0),t∼U(0,1)[
− 1

t

L∑

ℓ=1

1{xt,ℓ=[/MASK]} · log pθ(x0,ℓ | xt)
]
,

(2)
Here, x0 denotes the clean target response and xt
its corrupted version at masking ratio t. For a
block of size B, the expected number of [/MASK]
positions is tB, so larger blocks contain more
masked tokens to resolve within each denoising
stage. Since we scale block sizes in powers of two
(B = 2n), the number of jointly unresolved po-
sitions per stage increases with the stage index n.
Standard supervised fine-tuning (SFT) data specify
only the final token targets x0âĂŤthat is, which
response tokens should ultimately be produced for
a promptâĂŤbut do not specify an intermediate
unmasking schedule, namely which subset of posi-
tions should be finalized at each denoising step.

In this work, we propose T⋆, an easy-to-
implement yet effective strategy for progressive
block-size scaling that increases block size with
minimal performance degradation. T⋆ offers a prac-
tical route for masked diffusion models (MDMs)
to preserve the strong reasoning capability inher-
ited from AR-initialized small-block models while
moving toward higher-parallel decoding. Further
analysis suggests that T⋆ can induce an alterna-
tive decoding schedule, rather than reverting to the
canonical left-to-right schedule.

2 Methodology

2.1 Trajectory-aware RL
We adopt TRACERL as our trajectory-aware rein-
forcement learning backbone, and build our method
on top of it (Wang et al., 2025). TraceRL views
diffusion decoding as a multi-step denoising tra-
jectory and performs policy optimization on the
same trajectory used at inference. Given a prompt
Q, a diffusion LM produces a trajectory τ =
τ(1) ∪ · · · ∪ τ(T ), where T is the number of de-
noising steps and τ(t) denotes the set of tokens
decoded (unmasked) at step t. For brevity, we de-
note the trajectory prefix by τ<t := τ(1:t−1) and
suppress the dependence on Q when it is clear.

We treat each newly finalized token as an action.
Concretely, at denoising step t, the policy samples
token values for a subset of masked positions that
are finalized at this step; we denote an action by
o = (i, x̂i), where i is the finalized position and x̂i

is the sampled token. Accordingly, πθ(o | τ<t, Q)
denotes the probability assigned to choosing x̂i at
position i given the current trajectory prefix and
prompt. TraceRL applies a PPO-like objective over
all decoded tokens along the trajectory:

J(θ) = E
τ∼πθold

[
T∑

t=1

1

|τ(t)|
∑

o∈τ(t)
Cϵ(ρt(o), A(o))

]

− βKL(πθ ∥πθold) ,
(3)

where Cϵ(r,A) = min{rA, clip(r, 1−ϵ, 1+ϵ)A}
is the clipped surrogate and

ρt(o) =
πθ(o | τ<t, Q)

πθold(o | τ<t, Q)
. (4)

In the simplest verifiable-reward setting, a single
sequence-level reward (e.g., correctness of the final
answer) is broadcast to the trajectory and used to
form the advantages in Eq. 3.

To enable finer credit assignment over denoising
steps, TRACERL aggregates token-level rewards
(and value predictions) into step-level quantities
by averaging within each denoising step, and com-
putes step-wise advantages via TD/GAE (Schul-
man et al., 2015). These step advantages are then
assigned back to all tokens decoded at the corre-
sponding step, so that learning signals propagate
through the entire denoising trajectory rather than
only the final output (Lightman et al., 2023b).

2.2 Progressive Block Scaling

We propose T⋆, a stage-wise curriculum that alter-
nates between policy adaptation at a fixed block
size and block expansion to the next stage. The
partitions below are applied only to the response
segment; prompt tokens remain fixed context.

Let the response contain L token positions in-
dexed by {1, . . . , L}. For a block size B, the stan-
dard partition is

P(0)
B ={I(0)m }M−1

m=0 ,

I(0)m ={mB + 1, . . . ,min((m+ 1)B,L)},
(5)

where M = ⌈L/B⌉.
To reduce sensitivity to fixed block boundaries,

we also use a shifted partition with offset ∆ = B/2
(all block sizes in our experiments are even):

P(∆)
B = {I(∆)

m }M ′
m=0, (6)
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Algorithm 1: T⋆: Progressive Block Scal-
ing (stage-wise)

Input: Base model θ0, dataset D, initial block size
B0, target block size B̂, updates per stage KB

Output: Optimized model θ
// Initialization

1 θ ← θ0; B ← B0;
2 while B ≤ B̂ do

// One stage at fixed block size B
3 ∆← B/2;
4 Construct P(0)

B and P(∆)
B ;

5 for k ← 1 to KB do
6 Sample a rollout batch d from D;
7 d1, d2 ← SPLIT(d);

// Update under the standard partition
8 θ ← TRACERL(θ, d1, B, P(0)

B );
// Update under the shifted partition

9 θ ← TRACERL(θ, d2, B, P(∆)
B );

// Expand to the next stage
10 B ← 2B;

11 return θ

where

I
(∆)
0 ={1, . . . ,min(∆, L)},
I(∆)
m ={(m− 1)B +∆+ 1, . . . ,

min(mB +∆, L)} (m ≥ 1),

(7)

and M ′ = max{0, ⌈(L−∆)/B⌉}. Thus, the first
shifted block is a prefix of length ∆, and every
subsequent boundary is moved to the right by ∆
tokens relative to the standard partition. The shifted
variant changes only the block partition used by
blockwise diffusion/TRACERL; it does not modify
the underlying tokens or rewards.

At a fixed block size B, one update step consists
of sampling a rollout batch and applying TRAC-
ERL once under the standard partition and once
under the shifted partition. A stage consists of KB

such update steps at the same block size. Only after
finishing the stage do we expand to 2B. We there-
fore use the terms update step and stage throughout,
rather than epoch, to avoid ambiguity. Algorithm 1
summarizes the procedure.

3 Experiments

3.1 Setup

We conduct experiments with the masked
diffusion models SDAR-1.7B-Chat and
SDAR-4B-Chat. These models are trained via
block-diffusion strategy using different block sizes
B ∈ {4, 8, 16, 32}. Our training dataset consists
of 8K high-quality mathematical problems with

difficult levels 3-5 from Openr1math. In each
step, we randomly sample 128 problems from the
dataset and generate 16 responses per problem
using the static sampling strategy. Training process
is performed on an 8-GPU H200 cluster using
the AdamW optimizer with a learning rate of
1 × 10−6. To prevent the policy from collapsing
or drifting far from the base model, we apply a
KL-divergence penalty with β = 0.01.

Baselines. For each target block size B ∈
{8, 16, 32} of SDAR, we directly apply 30 TRAC-
ERL policy-update steps at that block size.

Evaluation. We evaluate on MATH500
(Hendrycks et al., 2021; Lightman et al., 2023a),
GSM8K (Cobbe et al., 2021), and AIME24
(Art of Problem Solving, 2024a,b) and report
Pass@3. Each checkpoint is decoded with its
target block size, i.e., the same block size used in
the corresponding training stage.

Checkpoint selection. For each run, we pe-
riodically evaluate intermediate checkpoints on
MATH500 and select a single checkpoint per run
using MATH500 Pass@3. We then report that same
checkpoint on MATH500, GSM8K, and AIME24.
This protocol follows common practice in RL
post-training, where one benchmark is often used
for model selection; however, because MATH500
also appears in our headline results, the reported
MATH500 scores should be interpreted as model-
selection-aware rather than as a strictly held-out
estimate. We therefore focus on cross-benchmark
consistency, especially on GSM8K and AIME24,
when comparing methods.

3.2 General Performance

Figure 1 plots MATH500 validation accuracy
throughout training for the 1.7B model. While
T⋆ remains relatively stable across stages, the
direct TRACERL baseline exhibits abrupt col-
lapses: a sharp drop occurs during the B=8
stage (from ∼56% to the low-40% range), and an-
other collapse appears near the end of the B=16
stage (down to ∼30%). We find this instabil-
ity is highly sensitive to initialization at the tar-
get block size: applying TRACERL directly on
the SDAR-1.7B-Chat-b8 checkpoint collapses,
whereas continuing TRACERL at B=8 starting
from a TRACERL-trained B=4 diffusion policy
(our stage transition) remains stable. A plausi-
ble explanation is that larger-block SDAR check-

810



0 30 60 90
Training Epochs

20

30

40

50

60

70

M
AT

H
50

0 
A

cc
ur

ac
y 

(%
)

SDAR-1.7B-b4: 61.4

SDAR-1.7B-b8: 55.9

SDAR-1.7B-b16: 52.4

block_size=4 block_size=8 block_size=16

T *

TraceRL

Figure 1: Validation accuracy during block scaling (1.7B; x-axis = policy update steps). MATH500 validation
accuracy over training update steps for T⋆ and a direct TRACERL baseline (dashed). A stage is a contiguous
segment of KB updates at a fixed block size B. Vertical dotted lines indicate stage transitions (B=4 → 8 → 16).
Horizontal dashed lines show the accuracies of the original SDAR checkpoints trained at each block size.
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Figure 2: Performance vs. block size across model scales. Performance on MATH500, GSM8K, and AIME24
as a function of block size B for SDAR models at 1.7B (left) and 4B (right). Base denotes the original
SDAR-·-Chat-bB checkpoint. TRACERL denotes applying TRACERL directly on the Base checkpoint at
the same block size B. T⋆ denotes our progressive curriculum that warm-starts from a small-block policy and
increases B stage-by-stage (Alg. 1).

points operate under weaker conditioning con-
texts (cf. Eq. 2) and thus start from a lower-
confidence regime, yielding noisier rollouts and
higher-variance advantage estimates; when such
advantages are broadcast to many tokens per de-
noising step, ratio-based updates can trigger like-
lihood drift and collapse, consistent with the Lazy
Likelihood-Displacement “death spiral” analysis
for GRPO-style training (Deng et al., 2025; Gao
et al., 2025).

Figure 2 shows that, across different model
sizes, T⋆ consistently matches or exceeds the per-
formance of the base models and TRACERL at
the same block size on MATH500, GSM8K, and
AIME24. When we expand the block size, the base

models generally show a downward trend, while
T⋆ remains more stable and achieves the strongest
results at most evaluated block sizes; TRACERL of-
ten improves over the base model at smaller blocks
but is typically below T⋆ at larger blocks. All
scores below are reported for the single checkpoint
selected by the protocol in Sec. 3.1. The exact
scores can be found in Table 2 and Appendix A.1.

3.3 Schedule

We compute LOCALSTRICT (Gong et al., 2025).
Let π = (π1, . . . , πn) denote the linearized un-
masking order obtained by sorting token positions
by their first-unmask step (ties broken by smaller
positions). LOCALSTRICT is defined as the frac-
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Figure 3: Decoding schedule under TRACERL vs. T⋆.
More results can be found in Appendix A.2

tion of events that decode the leftmost remaining
masked position:

LOCALSTRICT =
1

n

n∑

k=1

1

[
πk = min

j≥k
πj

]
. (8)

Higher values indicate a schedule closer to the
canonical left-to-right order S0, while lower values
reflect more non-monotone masked updates.

Model LocalStrict Accuracy TPF

Qwen3-1.7B 1.000 70.2 1.0
Qwen2.5-1.5B 1.000 55.0 1.0

SDAR-1.7B-b32 0.743 54.2 3.74
+ TRACERL 0.704 54.1 3.67
+ T⋆ 0.730 59.0 3.80

SDAR-1.7B-b16 0.766 52.4 3.38
+ TRACERL 0.824 54.4 3.41
+ T⋆ 0.804 59.8 3.38

SDAR-1.7B-b8 0.915 55.9 2.91
+ TRACERL 0.984 60.2 2.84
+ T⋆ 0.854 63.4 2.95

Table 1: LocalStrict vs. accuracy on MATH500 with
a decoding-efficiency proxy. LocalStrict is computed
by Eq. 8; higher values indicate a decoding order closer
to canonical left-to-right. TPF denotes tokens per for-
ward, i.e., the average number of tokens finalized per
model forward pass during decoding (higher implies
higher within-block parallelism).

Decoding efficiency proxy (TPF). To illustrate
the efficiency benefit of block-size scaling, we re-
port tokens per forward (TPF), i.e., the average
number of output tokens finalized per model for-
ward pass during decoding (higher is better). Au-
toregressive baselines have TPF ≈ 1 since they
generate one token per forward step, whereas block-
wise diffusion can finalize multiple tokens within a
block in parallel. As the block size increases from

B=8 to B=16 and B=32, the base SDAR-1.7B
model shows a clear increase in TPF (2.91 →
3.38 → 3.74), corresponding to ∼16% and ∼29%
higher TPF, respectively. Equivalently, for a fixed
output length, this reduces the required number of
forward passes by ∼14% (from B=8 to B=16)
and ∼22% (from B=8 to B=32). We stress that
TPF is a forward-pass-level proxy rather than a
direct end-to-end latency measurement, but it is
still informative about the parallelism advantage
of larger blocks in forward-pass-limited regimes.
Importantly, applying TRACERL or T⋆ does not
negate this trend: the resulting models retain sim-
ilar TPF at the same block size, indicating that
the reasoning gains from RL-based training are
compatible with the parallelism benefits of larger
blocks.

Figure 3 visualizes token-level first-unmask step
indices under TRACERL and T⋆. Table 1 reports
LOCALSTRICT and accuracy under different block
sizes. Overall, both methods retain largely mono-
tone unmasking behavior (i.e., LOCALSTRICT re-
mains high), but neither collapses to a strictly deter-
ministic left-to-right schedule; instead, the learned
step-wise schedules differ under the target block
size (see Appendix A.2 for more examples).

4 Conclusion

Experiments show that T⋆ stably scales block size
with limited performance degradation, providing
a practical recipe for transferring reasoning abil-
ity from AR-initialized small-block checkpoints to
larger-block diffusion decoding. We further ana-
lyze the instability of direct TRACERL at larger
block sizes and relate it to cumulative likelihood
drift under noisy rollouts. Finally, our schedule
analysis suggests that the learned denoising policy
under a target block size is not simply a reversion
to the canonical left-to-right order.

Recent work encourages non-linear reasoning
via explicit external scaffolds such as tree-/graph-
structured search over intermediate thoughts (Yao
et al., 2023; Besta et al., 2024; Yao et al., 2024).
In contrast, our results suggest that RL can also re-
shape the model’s internal token-finalization order
without introducing an external search procedure,
making internal schedule learning a complemen-
tary direction.
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Limitations

The limitations of this work can be summarized as:

• T⋆ mitigates but does not fully eliminate
degradation under block expansion; we sus-
pect residual drops are partly due to the lack
of a high-quality “cold-start” stage.

• We did not scale to very large blocks (e.g.,
B=64 or 128) in our T⋆ curriculum, because
the inference engine becomes unstable at large
block sizes.
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A Appendix

A.1 Full Results

Base model Method MATH500 ↑ GSM8K ↑ AIME24 ↑

SDAR-1.7B-Chat-b4 – 61.40 80.54 4.44
TRACERL 62.53 82.23 10.00

SDAR-1.7B-Chat-b8
– 55.90 81.00 5.56
TRACERL 60.20 81.50 5.56
T⋆ 63.40 82.40 7.78

SDAR-1.7B-Chat-b16
– 52.40 79.40 3.33
TRACERL 54.40 80.00 6.66
T⋆ 59.80 82.20 6.66

SDAR-1.7B-Chat-b32
– 54.20 78.31 2.22
TRACERL 54.10 79.80 3.33
T⋆ 59.00 82.00 4.44

SDAR-4B-Chat-b4 – 68.67 90.50 5.56
TRACERL 75.33 91.20 10.00

SDAR-4B-Chat-b8
– 60.73 85.87 5.56
TRACERL 62.10 86.30 6.67
T⋆ 76.00 91.00 8.89

SDAR-4B-Chat-b16
– 58.26 78.24 6.67
TRACERL 60.50 79.60 7.78
T⋆ 64.53 89.40 8.89

Table 2: Reasoning performance under different block sizes. “–” denotes the original SDAR-·-Chat-bB
checkpoint, TRACERL applies trajectory-aware RL at the same block size B, and T⋆ denotes our progressive
block-size scaling.
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A.2 Case Study

Question: Find the product CD of the integers C and D for which C
x−3 + D

x+8 = 4x−23
x2+5x−24 for all real values of x except −8 and 3.
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block size = 8

M
o
d
e
l

A
n
sw

e
r

To find the product CD of the integers C and D for which the
given equation holds true, we start by simplifying and equating
the left-hand side to the right-hand side of the given equation:
C
x−3

+ D
x+8

= 4x−23
x2+5x−24

First, factorize the denominator on the right-hand side:
x2 + 5x− 24 = (x− 3)(x + 8)
Thus, the equation becomes:
9 C
x−3

+ 4 D
x+8

= 4x−23
(x−3)(x+8)

Next, we combine the fractions on the left-hand side over a
common denominator:
C(x+8)+D(x−3)

(x−3)(x+8)
= 4x−23

(x−3)(x+8)

Since the denominators are the same, we equate the numerators:
C(x + 8) +D(x− 3) = 4x− 23
Expanding the left-hand side: Cx + 8C +Dx− 3D = 4x− 23
Combine like terms: (C +D)x + (8C − 3D) = 4x− 23
Now, we equate the coefficients of x and the constant terms from
both sides of the equation: C +D = 4, 8CC − 3D = −23
We now solve this system of equations. First, solve for D in
terms of C from the first equation: D = 4− C, Substitute
D = 4−C into the second equation: 8C(4−C)− 3(4−C) = −23
Simplify and solve for C: 32C − 8C2 − 12 + 3C = −23
Combine like terms: 35C − 8C2 − 12 = −23
Move all terms to one side to set the equation to zero:
−8C2 + 35C + 11 = 0
Multiply through by -1 to simplify: 8C2 − 35C − 11 = 0
Solve this quadratic equation using the quadratic formula

C =
−b±
√
b2−4ac

2a
, where a = 8, b = −35, and c = −11:

C =
35±
√

(−35)2−4·8·(−11)

2·8 = 35±
√

2577
16

Since
√

2577 is not a perfect square, we need to check integer
solutions. Testing integer values, we find:
C = 5 and D = 4− 5 = −1
Thus, the integers C and D that satisfy the equation are C = 5
and D = −1. The product CD is: CD = 5× (−1) = −5

Therefore, the product CD is: −5

block size = 16

To find the product CD of the integers C and D for which the
given equation holds for all real values of x except −8 and 3, we
start by analyzing the given equation:
C
x−3

+ D
x+8

= 4x−23
x2+5x−24

First, factor the quadratic expression on the right-hand side:
x2 + 5x− 24 = (x− 3)(x + 8)
Thus, the equation becomes:
C
x−3

+ D
x+8

= 4x−23
(x−3)(x+8)

To combine the fractions on the left-hand side, we need a
common denominator, which is (x− 3)(x + 8):
C(x+8)+D(x−3)

(x−3)(x+8)

Equating the numerators of both sides, we get:
C(x + 8) +D(x− 3) = 4x− 23
Expanding and combining like terms on the left-hand side:
Cx + 8C +Dx− 3D = 4x− 23
(C +D)x + (8C − 3D) = 4x− 23
For the equation to hold for all x, the coefficients of x and the
constant terms must match on both sides. Therefore, we set up
the following system of equations:
C +D = 4 ((1)
8C −−3D = −23 ((2)
First, solve equation (1) for D: D = 4− C
Substitute D = 4− C into equation (2):
8C − 3(4− C) = −23
Simplify and solve for C:
8C − 12 + 3C = −23
11C − 12 = −23
11C = −11
C = −1
Substitute C = −1 back into D = 4− C:
D = 4− (−1) = 5
Thus, the values of C and D are C = −1 and D = 5. The
product CD is:
CD = (−1)× 5 = −5

Therefore, the product CD is: −5

block size = 32

To find the product CD of the integers C and D in the given
equation, we start by analyzing the given equation:
C
x−3

+ D
x+8

= 4x−23
x2+5x−24

First, we find the common denominator on the left-hand side:
C
x−3

+ D
x+8

= C(x+8)+D(x−3)

(x−3)(x+8)

Next, we equate the numerators (since the denominators are the
same):
C(x + 8) +D(x− 3) = 4x− 23
Expanding and combining like terms on the left-hand side:
Cx + 8C +Dx− 3D = (C +D)x + (8C − 3D)
We now equate the coefficients of x and the constant terms from
both sides of the equation:
(C +D)x + (8C − 3D) = 4x− 23
This gives us the system of equations:
1. C +D = 4
2. 8C − 3D = −23
We solve this system step-by-step. First, solve the first equation
for C:
C = 4−D
Substitute C = 4−D into the second equation:
8(4−D)− 3D = −23
Simplify and solve for D:
32− 8D − 3D = −23
32− 11D = −23
32 + 23 = 11D
55 = 11D
D = 5
Now, substitute D = 5 back into C = 4−D:
C = 4− 5 = −1
Thus, the integers C and D are C = −1 and D = 5. The product
CD is:
CD = (−1)× 5 = −5

Therefore, the product CD is: −5
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To find the product CD of the integers C and D for which
C
x−3

+ D
x+8

= 4x−23
x2+5x−24

for all real values of x except −8 and 3, we can start by
multiplying the right-hand side of the equation by the common
denominator (x− 3)(x + 8).
C
x−3

+ D
x+8

= 4x−23
x2+5x−24

Multiplying through by (x− 3)(x + 8) :
C(x + 8) +D(x− 3) = (4x− 23)(x− 3)
Expanding both sides of the equation:
Cx + 8C +Dx− 3D = 4x2 − 12x− 23x + 69
Combining like terms:
Cx +Dx + 8C − 3D = 4x2 − 35x + 69
(C+)x + (8C − 3D) = 4x2 − 35x + 69
Since the equation must hold for all x, the coefficients of x2 and
x on both sides must be equal, and the constant terms must also
be equal. We can set up the following system of equations:{
C +D = −35

8C − 3D = 69

Solving this system of equations, we can multiply the first
equation by 3 and add it to the second equation:
3(C +D) = 3(−35)
3C + 3D = −105
8C − 3D = 69
Adding these two equations:
3C + 3D + 8C − 3D = −105 + 69
11C = −36
C = − 36

11

Substituting C = − 36
11

into the first equation:

− 36
11

+D = −35

D = − 349
11

Finally, the product CD is:

CD =
(
− 36

11

) (
− 349

11

)
= 36×349

121
= 12364

121

So, the product CD is 12364

block size = 16

To find the product CD of the integers C and D that satisfy the
given equation for all real values of x except −8 and 3, we start
by analyzing the equation:
C
x−3

+ D
x+8

= 4x−23
x2+5x−24

First, we factor the denominator on the right-hand side:
x2 + 5x− 24 = (x + 8)(x− 3)
Thus, the equation becomes:
C
x−3

+ D
x+8

= 4x−23
(x+8)(x−3)

To combine the fractions on the left-hand side, we need a
common denominator:
C(x+8)+D(x−3)

(x+8)(x−3)
= 4x−23

(x+8)(x−3)

Since the denominators are the same, we equate the numerators:
C(x + 8) +D(x− 3) = 4x− 23
Expanding the left-hand side:
Cx + 8C +Dx− 3D = 4x− 23
Combining like terms:
(C +D)x + (8C − 3D) = 4x− 23
By comparing coefficients of x and the constant terms, we get
the system of equations:
C +D = 4
8C − 3D = −23
We solve this system by substitution or elimination. First, solve
for C from the first equation:
C = 4− C
2C = 4
C = 2
Substitute C = 2 into the second equation:
8(2)− 3D = −23
16− 3D = −23
−3D = −39
D = 13
Thus, the integers C and D are 2 and 13, respectively. The
product CD is:
CD = 2× 13 = 26

Therefore, the product CD is: 26

block size = 32

To find the product CD of the integers C and D for which the
equation
C
x−3

+ D
x+8

= 4x−23
x2+5x−24

holds for all real values of x except −8 and 3, we start by
rewriting the right-hand side of the equation.
First, factor the denominator on the right-hand side:
x2 + 5x− 24 = (x− 3)(x + 8)
Thus, the equation becomes:
C
x−3

+ D
x+8

= 4x−23
(x−3)(x+8)

Next, we combine the fractions on the left-hand side over a
common denominator:
C(x+8)+D(x−3)

(x−3)(x+8)
= − 4x−23

(x−3)(x+8)

Since the denominators are the same, we equate the numerators:
C(x + 8) +D(x− 3) = −(4x− 23)
Expanding and simplifying the left-hand side:
Cx + 8C +Dx− 3D = −4x + 23
Combining like terms:
(C +D)x + (8C − 3D) = −4x + 23
For the equation to hold for all x, the coefficients of x and the
constant terms must be equal on both sides. Therefore, we set
up the following system of equations:
C +D = −4
8C − 3D = 23
We solve this system step-by-step. First, solve the first equation
for D: D = −4− C
Substitute D = −4− C into the second equation:
8C − 3(−4− C) = 23
Simplify and solve for C:
8C + 12 + 3C = 23
11C + 12 = 23
C = 11
Now, substitute C = 11 back into D = −4− C = −4− 11 = −15
Thus, the integers C and D are 11 and −15, respectively. The
product CD is: CD = 11× (−15) = −165

Therefore, the product CD is: −165
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Figure 4: Case study: decoding schedule under TRACERL vs. T⋆. We visualize the token-level first-unmask step
index (heatmaps; darker means decoded later) and the corresponding model solutions for a representative algebra
problem, evaluated with block sizes B ∈ {8, 16, 32}. The top row shows a model trained with direct TRACERL at
the same block size, and the bottom row shows the model obtained by T⋆.
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