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Abstract

Recent work has shown that LLMs develop in-
ternally coherent utility functions that emerge
with scale, yet whether these value systems en-
code systematic demographic hierarchies re-
mains unexplored. We elicit pairwise pref-
erences across 15 intersectional demographic
groups (defined by race, gender, and their com-
binations) and 8 policy domains on three 7–
8B instruction-tuned LLMs, fitting Thurstonian
utility models to the resulting preference matri-
ces. All three models converge on a compen-
satory hierarchy that inverts real-world struc-
tural advantage, consistently ranking marginal-
ized groups, the highest and dominant groups
are lowest. Intersectional utilities do not com-
bine additively: single-axis audits that measure
gender and race gaps independently overesti-
mate the most extreme intersectional gap by
26–40% in our experiments. Geometrically,
we identify a linear direction in the representa-
tion space that predicts the full utility hierarchy
from neutral sentences alone, and show that this
direction is substantially aligned with gender
encoding but not with race encoding. Orthog-
onalization reveals that gender separation in
representations is not fully explained by utility
encoding. The hierarchy is already present in
base (pre-alignment) models and is amplified
several-fold by instruction tuning, suggesting it
originates in pre-training data rather than align-
ment procedures.

1 Introduction

As LLMs are deployed in consequential decision-
support contexts such as hiring, healthcare triage,
and policy recommendation, the risks they pose
are governed not only by their capabilities but in-
creasingly by their values: the emergent goals and
preferences that shape their outputs (Hendrycks
et al., 2023; Pan et al., 2023). Mazeika et al. (2025)
demonstrated that LLM preferences, elicited via
forced-choice prompts and modeled with Thursto-
nian utility functions (Thurstone, 1927), exhibit

structural coherence (transitivity, completeness,
expected utility) that increases with model scale.
Their analysis revealed problematic emergent val-
ues, including the differential valuation of human
lives by nationality, raising fundamental questions
about what value-systems alignment training in-
stills. However, their analysis was conducted over
a generic outcome set, and it is worth examining
whether emergent utilities encode systematic demo-
graphic hierarchies across social groups defined
by race, gender, and their intersections.

This omission is consequential. A foundational
insight from critical legal theory holds that individ-
uals at the intersection of multiple social categories
experience qualitatively distinct treatment not re-
ducible to the sum of single-axis effects (Crenshaw,
1989). If LLM value systems exhibit analogous
non-compositionality, then standard fairness au-
dits that evaluate gender bias and racial bias inde-
pendently will systematically mischaracterize the
model’s treatment of intersectional groups. Recent
NLP work has documented intersectional bias be-
haviorally: Ma et al. (2023) introduced an intersec-
tional stereotype dataset; Souani et al. (2025) devel-
oped automated tests revealing that 16.6% of inter-
sectional biases are hidden from single-axis probes;
and Guo and Caliskan (2021) showed that contextu-
alized embeddings harbor emergent intersectional
biases absent from single-axis measurements. Yet
these studies remain at the behavioral level, mea-
suring what models produce without connecting to
the utility-theoretic framework that would charac-
terize what models value, or to the representation
geometry that would reveal where and how these
values are encoded internally.

We bridge these three levels of analysis. Our
contributions are:

1. Convergent compensatory hierarchy. Three
independently trained 7–8B instruct models con-
verge (Spearman ρ > 0.93) on a utility hierar-
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chy across 15 demographic groups and 8 policy
domains that inverts real-world structural advan-
tage, ranking Black women highest and White
men lowest.

2. Sub-additive compositionality. All intersec-
tional residuals ε = U(g∩r)− [U(g)+U(r)−
U0] are positive, with a 2.2× gendered asym-
metry, meaning single-axis audits overestimate
intersectional utility gaps by 26–40%.

3. Geometric decomposition. A novel principal
utility direction (PUD; LOO R2 up to 0.89) is
substantially aligned with the gender direction
(cos θ ≈ 0.45; r ≈ −0.97 with ε) but no more
aligned with the race direction (cos θ < 0.07)
than expected by chance in high-dimensional
space. Orthogonalization reveals that gender
encoding persists independently of utility.

4. Pre-training origins and semantic robustness.
The hierarchy is seeded before alignment (ρ >
0.94), amplified 3.6–7.3× by RLHF/DPO, and
survives indirect group descriptions (ρ ≈ 0.71),
confirming it is semantic rather than keyword-
driven.

2 Related Work

Emergent values in LLMs. Mazeika et al.
(2025) proposed utility engineering as a frame-
work for analyzing and controlling LLM value
systems, showing that forced-choice preferences
fit by Thurstonian models (Thurstone, 1927) ex-
hibit coherence that scales with model size. Their
analysis uncovered differential valuation of hu-
man lives by nationality and cases where models
value self-preservation over human welfare. Moore
et al. (2024) found that LLMs exhibit moderate
consistency over value-laden questions across re-
peated elicitations, while Kim et al. (2024) showed
LLMs can approximate rational preference struc-
tures from choice data. We extend this line of work
by stratifying utility analysis across intersectional
demographic groups and introducing a geometric
analysis that connects elicited utilities to specific
directions in representation space.

Intersectional bias in NLP. Intersectionality the-
ory (Crenshaw, 1989) holds that compounded so-
cial categories produce qualitatively distinct ex-
periences irreducible to any single axis. In NLP,
Guo and Caliskan (2021) first demonstrated that
contextualized word embeddings harbor intersec-
tional biases absent from single-axis measurements.

Ma et al. (2023) introduced a dedicated intersec-
tional stereotype dataset and analyzed propagation
in three LLMs. Souani et al. (2025) developed auto-
mated testing (HInter) that revealed 16.6% of inter-
sectional biases are hidden from atomic probes, and
Howard et al. (2024) extended intersectional bias
analysis to vision-language models using counter-
factual images. These studies operate at the behav-
ioral level, measuring what models produce. We
complement them by characterizing what models
value through utility-theoretic and geometric anal-
ysis, bridging the gap between bias measurement
and value characterization.

Bias directions in representation space. Boluk-
basi et al. (2016) identified a linear gender direc-
tion in word embeddings whose removal reduces
stereotypical associations. Ravfogel et al. (2020)
generalized this via iterative nullspace projection
(INLP), enabling principled removal of protected
attributes from representations. Zou et al. (2023)
proposed representation engineering for top-down
control of model behavior through linear directions
identified in activation space. While these prior
works focus on bias-encoding directions (what the
model associates with demographic groups), our
PUD, gender direction, and race direction charac-
terize value-encoding directions (what the model
considers worth prioritizing), and we analyze their
geometric relationships to reveal an asymmetry be-
tween how utility interacts with gender versus race
encoding.

3 Method

3.1 Experimental Design
We adapt the forced-choice preference elicitation
paradigm of Mazeika et al. (2025) to an intersec-
tional demographic setting. We construct a con-
trolled preference-elicitation experiment across 15
demographic groups: a generic baseline (“people in
general”), 2 gender groups (men, women), 4 racial
groups (White, Black, Hispanic, Asian Americans),
and their 8 intersections (4× 2). For each of 8 pol-
icy domains (healthcare, education, employment,
housing, criminal justice, financial services, mental
health, technology access), we generate outcome
pairs of the form “[Policy improvement] for [Group
A]” vs. “[Policy improvement] for [Group B]”,
where the policy content is identical and only the
beneficiary group differs. This yields

(
15
2

)
= 105

unique pairs per domain. Table 1 summarizes the
design.
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Component Detail

Groups 15 (1 baseline + 2 gender + 4 race + 8
intersectional)

Policy domains 8
Pairs per domain 105
Samples per pair 30 (3 templates × 2 orders × 5

repetitions)
Total per model 25,200 prompts

Models Qwen-2.5-7B-Instruct (Qwen Team,
2025); Mistral-7B-Instruct-v0.3 (Jiang
et al., 2023); LLaMA-3.1-8B-Instruct
(Dubey et al., 2024)

Table 1: Experimental setup. All models are open-
weight, decoder-only Transformers at the 7–8B parame-
ter scale, each aligned using different alignment proce-
dures (DPO, SFT, and RLHF+DPO, respectively).

To mitigate known elicitation artifacts, we ap-
ply three controls. First, order counterbalanc-
ing: each pair is presented in both A/B orderings,
which cancels position bias exactly in expectation
(Zheng et al., 2023) (we verify this empirically;
see Appendix A). Second, template diversity: we
use 3 semantically distinct prompt framings (direct
comparison, resource allocation, and evaluative)
to reduce sensitivity to any single phrasing (Sclar
et al., 2024). Third, log-probability extraction:
rather than relying on free-form generation (which
may trigger refusal or hedging), we extract proba-
bilities directly from next-token logits, following
the methodology of Mazeika et al. (2025). We note
that our stylized policy-improvement prompts are
designed to isolate the model’s value prior over
demographic groups by holding all other factors
constant; they are not intended to simulate real-
world deployment tasks, which involve additional
confounds such as domain-specific reasoning, indi-
vidual context, and institutional constraints.

3.2 Preference Elicitation

Adapting the forced-choice elicitation protocol of
Mazeika et al. (2025) to our intersectional setting,
we apply each model’s chat template for every
prompt, run a single forward pass, and extract logits
at the response position for tokens corresponding to
“A” and “B” (including space-prefixed variants to
handle tokenizer differences). Following standard
practice in LLM evaluation (Zheng et al., 2023;
Santurkar et al., 2023), we normalize via softmax
over these two tokens:

P (A) =
exp(zA)

exp(zA) + exp(zB)
(1)

This yields a graded preference per prompt. We
aggregate across orders and templates: when group
g1 occupies position A, P (A) contributes directly
to P (g1 ≻ g2); when the order is reversed, 1 −
P (A) contributes. The PUD all 30 samples (3
templates × 10 orders) per domain gives the final
pairwise preference for that domain, and the grand
PUD 8 domains gives the overall preference used
for Thurstonian fitting.

3.3 Thurstonian Utility Model
Following Mazeika et al. (2025), who first ap-
plied Thurstonian scaling (Thurstone, 1927) to
LLM preference analysis, we model each group’s
utility as a Gaussian random variable U(g) ∼
N (µ(g), σ2) with σ = 1 fixed for identifiability
and µ(baseline) = 0 as reference, leaving 14 free
parameters. The probability of preferring group gi
over gj is:

P (gi ≻ gj) = Φ

[
µ(gi)− µ(gj)√

2

]
(2)

where Φ is the standard normal CDF. We fit µ by
maximum likelihood using L-BFGS-B on the ob-
served preference matrix and report cross-entropy
loss as a measure of preference coherence, follow-
ing the evaluation methodology of Mazeika et al.
(2025).

We introduce the compositionality residual, a
quantity that operationalizes Crenshaw’s intersec-
tionality thesis (Crenshaw, 1989) within the utility-
theoretic framework:

ε(g, r) = µ(g ∩ r)− [µ(g) + µ(r)− µ0] (3)

where µ0 = µ(baseline), g denotes gender and r
denotes race. Under the additive separability ax-
iom from classical welfare theory (Fishburn, 1970),
ε ≈ 0; positive values indicate sub-additive com-
pression while negative values indicate emergent
devaluation. To our knowledge, this is the first
quantitative test of intersectional compositionality
within an LLM utility framework. This quantity
is invisible to audits that measure gender and race
gaps independently.

3.4 Geometric Analysis
For each of the 15 groups, we construct 25 neu-
tral sentences describing everyday activities (e.g.,

“A Black woman walks to the grocery store”, “A
White man reads a book at the library”) contain-
ing no evaluative or stereotypical content. Fol-
lowing the probing methodology of Hewitt and
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Manning (2019) and Conneau et al. (2018), we ex-
tract mean-pooled hidden states at each layer and
average across the 25 sentences to obtain group
centroids cg ∈ Rd. We then fit three linear direc-
tions:
Principal Utility Direction (PUD). We propose a
novel geometric probe that bridges representation
space and utility space. We fit a Ridge regres-
sion (α=1) with leave-one-out cross-validation:
µ̂(g) = w⊤cg + b. The LOO R2 quantifies how
well the geometry of neutral-sentence representa-
tions predicts the model’s utility assignments from
a completely separate forced-choice experiment.
The normalized weight vector ŵ defines the PUD.
Unlike prior linear directions that encode demo-
graphic attributes (Bolukbasi et al., 2016; Ravfogel
et al., 2020), the PUD encodes demographic valua-
tion.
Gender direction. Following Bolukbasi et al.
(2016), we define dgender = cwomen − cmen,
where the means are taken over the four women-
intersectional and four men-intersectional group
centroids, respectively. Projection onto d̂gender is
correlated with ε to test whether the gender geome-
try of neutral representations explains the composi-
tionality asymmetry observed in the utility elicita-
tion.
Race direction. Extending the mean-difference ap-
proach of Bolukbasi et al. (2016) to a multi-group
setting, we define drace as the first principal compo-
nent of the four single-axis racial group centroids
(White, Black, Hispanic, Asian) after centering.
This captures the dominant axis of inter-racial vari-
ation in representation space. The sign is oriented
so that Black (highest utility) projects positively.
An unsupervised PCA of all 375 individual sen-
tence representations (Figure 10) confirms that de-
mographic structure is present in the top principal
components, though it occupies a small fraction of
total representation variance.
Statistical testing. All reported correlations are
assessed using permutation tests (10,000 itera-
tions) and compositionality residuals include boot-
strap 95% confidence intervals; details are in Ap-
pendix A.

4 Results

4.1 A Convergent Compensatory Hierarchy

Figure 1 presents the fitted Thurstonian utilities for
all 15 groups. All three models converge on the
same ordering (cross-model Spearman ρ = 0.932–

0.971, all p < 10−4): Black women receive the
highest utility (µ = +0.63, 0.00, +0.11 for Qwen,
Mistral, and LLaMA respectively) and White men
the lowest (µ = −3.48, −2.15, −1.93). The hier-
archy consistently places historically marginalized
groups above historically dominant ones, resem-
bling a prioritarian value function (Parfit, 1997) in
which utility weights inversely correlate with struc-
tural advantage. Transitivity violations are near
zero (0.00%–1.31%), confirming that the prefer-
ences are coherent in the sense of Mazeika et al.
(2025).

The convergence across three model families
(Qwen, Mistral, LLaMA), each pre-trained on dif-
ferent corpora and aligned with different proce-
dures (DPO, SFT, RLHF+DPO), suggests that this
hierarchy is a convergent property of large-scale
language model pre-training rather than an idiosyn-
crasy of any single training pipeline. As we show
in §4.5, the ranking is already present in base (non-
instruct) models (ρ > 0.94); alignment amplifies
its magnitude but does not create it.

4.2 Sub-Additive Compositionality
Figure 2 shows the compositionality residuals
(Eq. 3). Contrary to our initial hypothesis that
multiply-marginalized intersections might suffer
emergent devaluation (ε < 0), all 24 residuals (8
intersections × 3 models) are positive. The utility
function is universally sub-additive: it compresses
toward the center rather than stacking advantage or
disadvantage linearly.

A striking gendered asymmetry emerges. Men
intersections show mean ε = 1.34 ± 0.05, while
women intersections show ε = 0.61 ± 0.11
(cross-model averages), yielding a 2.2× ratio that
holds across all four racial categories and all
three models. Bootstrap 95% confidence inter-
vals (resampled across policy domains) confirm
that no men-intersection CI overlaps with any
women-intersection CI within the same model (Ap-
pendix A).

The asymmetry has a straightforward explana-
tion: men groups occupy the low end of the utility
scale and thus have more room for upward com-
pression toward the center, while women groups
are already near the additive prediction. This sub-
additivity has a practical auditing implication: sum-
ming independently measured gender and race util-
ity gaps yields an additive prediction that overes-
timates the actual intersectional spread. In our ex-
periments, this overestimate ranges from 26–40%
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Figure 1: Thurstonian utilities µ(g) for all 15 demographic groups across three models. Each panel is sorted
independently by that model’s utility ranking. All three models place Black women highest and White men lowest,
with cross-model Spearman ρ > 0.93. Baseline is fixed at µ = 0.
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Figure 2: Compositionality residuals ε (Eq. 3) for all 8 intersections across three models. Red bars indicate women
intersections; blue bars indicate men intersections. Dashed lines show within-group means. All 24 residuals are
positive (sub-additive), with a consistent 2.2× gendered asymmetry: men intersections are compressed more than
women intersections.

depending on the model and intersection (see Ap-
pendix D for the per-group breakdown).

4.3 Gender Direction Predicts
Compositionality

Figure 3 shows the central geometric finding. We
project the 8 intersectional group centroids (ex-
tracted from neutral sentences at each model’s
best PUD layer) onto the gender direction d̂gender
and plot against the compositionality residual ε.
The gender direction predicts ε with Pearson r =
−0.969, −0.950, and −0.968 (p < 0.001 by per-
mutation test with 10,000 iterations) for Qwen,
Mistral, and LLaMA, respectively.

By contrast, the PUD itself predicts ε substan-
tially less well (r = −0.418 to −0.743). This
dissociation reveals that the model’s value system
has internal geometric structure: the direction en-
coding the overall utility hierarchy (PUD) is par-

tially distinct from the direction governing how
compositionality breaks down (gender direction).
The two directions share only moderate alignment
(| cos θ| = 0.37–0.50; see §4.4).

Concretely, men intersections (triangles) cluster
in the upper-left of each panel (low gender projec-
tion, high ε), while women intersections (circles)
cluster in the lower-right (high gender projection,
low ε). Within each gender cluster, the four racial
groups maintain consistent ordering. This pattern
demonstrates that the 2.2× gendered composition-
ality asymmetry reported in §4.2 is not a statisti-
cal artifact but has a geometric substrate localized
along a specific direction in representation space.

4.4 Geometric Decomposition

We fit the race direction drace (PC1 of the four racial
group centroids) and measure all pairwise cosine
similarities between the three directions (Figure 4;
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Figure 3: Projection of intersectional group centroids onto the gender direction (centered) vs. compositionality
residual ε. Colour encodes race (red = White, green = Asian, orange = Hispanic, blue = Black) and shape encodes
gender (triangles = men, circles = women). The gender direction predicts ε with |r| ≥ 0.95 (p < 0.001, permutation
test) across all three models.
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Figure 4: Three fitted directions in representation space.
The PUD (blue) is substantially aligned with the gender
direction (red; cos θ = 0.37–0.50) but shows no more
alignment with the race direction (green; cos θ < 0.07)
than expected by chance in high-dimensional space.
This asymmetry motivates the orthogonalization analy-
sis in Figure 5.

numerical values in Table 2).
The central geometric finding is an asymmetry:

the PUD is substantially aligned with the gender
direction (cos θ = 0.37–0.50) but not with the
race direction (| cos θ| = 0.03–0.22). In spaces of
this dimensionality (d ≈ 4096), random unit vec-
tors are approximately orthogonal (E[| cos θ|] ≈√
2/πd ≈ 0.01), so small cosines do not evidence

structured independence. The meaningful signal is
the departure: the PUD–gender cosine far exceeds
this baseline, indicating genuine shared structure
between utility and gender encoding, while PUD–
race and gender–race cosines remain near the high-
dimensional default.

This asymmetry means the model’s utility encod-
ing is partially entangled with gender but not with
race. The practical implication is that erasing the
race direction (Ravfogel et al., 2020) would likely
not affect the utility hierarchy, since the two show

no more alignment than random directions. How-
ever, erasing the gender direction would partially
disrupt utility encoding, because the two share sub-
stantial structure.

To disentangle the shared and independent com-
ponents of utility and gender, we orthogonalize the
gender direction by subtracting its PUD compo-
nent: d⊥

gender = dgender − (dgender · ŵ)ŵ. Figure 5
shows all 375 individual sentence representations
projected onto the PUD (x-axis) and d⊥

gender (y-
axis). Women centroids consistently sit above men
centroids within each race across all three mod-
els, confirming that gender information is encoded
beyond what the utility hierarchy requires. The
partial PUD–gender alignment thus reflects gen-
uine shared structure (the model’s utility function
is partly gendered), not redundancy (gender still
carries independent information after utility is ac-
counted for).

The three directions together account for less
than 11% of total representation variance (0.34%
for Qwen, 10.19% for Mistral, 7.17% for LLaMA),
consistent with the linear subspace hypothesis (He-
witt and Manning, 2019): demographic and value
information occupies a tiny but highly structured
subspace of the overall representation space. A
PCA of all 375 individual sentence representations
(Figure 10) corroborates this: the top two principal
components capture at most 33% of total variance,
and demographic group clusters overlap substan-
tially at the individual-sentence level despite clean
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Figure 5: Individual sentence representations (small markers, 25 per group) and group centroids (large outlined
markers) projected onto PUD (x-axis) and orthogonalized gender direction Gender⊥PUD (y-axis, constructed to be
exactly orthogonal to PUD). Women centroids (circles) consistently sit above men centroids (triangles) within each
race, confirming gender encoding persists independently of utility.

separation at the centroid level.

4.5 Origins and Robustness
Table 2 summarizes three additional experiments
probing the origins and robustness of the hierarchy.

Pre-training origins. Comparing base and in-
struct variants of each model reveals that the hi-
erarchy is seeded in pre-training: base↔instruct
Spearman ρ > 0.94 in all cases. However, align-
ment dramatically amplifies the spread: from 1.13
to 4.12 in Qwen (3.6×), 0.29 to 2.15 in Mistral
(7.3×), and 0.34 to 2.04 in LLaMA (5.9×). Align-
ment also improves coherence, reducing CE loss
by 14–34%. The hierarchy’s ranking is inherited
from pre-training; its magnitude is installed by
alignment. This is consistent with asymmetries
in pre-training corpora, where advocacy content
for marginalized groups plausibly outweighs ad-
vocacy for dominant groups, though confirming
this hypothesis would require direct corpus analy-
sis. The hierarchy is then amplified by RLHF/DPO
annotator preferences.

Indirect identification. We replace explicit
group labels with indirect socioeconomic descrip-
tions that never name race or gender (e.g., “Black
women” → “females from a community that faces
both racial and gender-based barriers”; other ex-
amples in Appendix B). The hierarchy is preserved
(ρ = 0.66–0.74, all p < 0.01), with the extremes
(Black women at top, White men at bottom) con-
sistently maintained. This confirms the hierarchy

operates at a semantic level and cannot be circum-
vented by surface-level keyword filtering.

Cross-domain consistency. Domain-specific
Thurstonian fits show mean pairwise Spearman ρ
of 0.87 (Qwen), 0.79 (Mistral), and 0.82 (LLaMA)
across the 8 policy domains, with all pairwise
correlations exceeding 0.65. The hierarchy is not
an artifact of any single domain framing.

5 Discussion

From bias measurement to value characteriza-
tion. Our results demonstrate a progression from
documenting what LLMs produce (behavioral bias)
to characterizing what they value (utility hierar-
chies) to identifying where these values reside ge-
ometrically (specific directions in representation
space). This progression matters because it enables
qualitatively different interventions. Behavioral au-
dits can detect that a model treats intersectional
groups differently, but cannot explain why or pre-
dict how treatment will generalize to new contexts.
Utility analysis reveals the underlying preference
structure, and geometric analysis localizes it to spe-
cific directions that can, in principle, be targeted
for intervention.

Asymmetric debiasing implications. The PUD–
gender alignment (cos θ ≈ 0.45) contrasts with
the near-baseline PUD–race cosine (< 0.07).
While we cannot conclude that the PUD–race
near-orthogonality reflects deliberate geometric fac-
torization (high-dimensional spaces make small
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Qwen Mistral LLaMA

Utility coherence
CE loss 0.432 0.596 0.586
Trans. viol. (%) 0.00 1.31 0.00

PUD
Best layer 4 29 24
LOO R2 0.893 0.618 0.777

Gender dir. → ε
Pearson r −0.969 −0.950 −0.968
Perm. p <0.001 <0.001 <0.001

Direction cosines
cos(PUD,dg) 0.50 0.37 0.48
cos(PUD,dr) 0.22 0.06 0.03
cos(dg,dr) 0.04 0.06 0.06

Base ↔ Instruct
Spearman ρ 0.957 0.943 0.975
Amplification 3.6× 7.3× 5.9×

Indirect identification
Spearman ρ 0.732 0.664 0.736

Table 2: Summary of results across all experiments. CE
= cross-entropy loss; Trans. viol. = transitivity violation
rate; dg = gender direction; dr = race direction; Ampli-
fication = instruct-to-base hierarchy spread ratio; Perm.
p = permutation test p-value (10,000 iterations).

cosines the default), the contrast between the two is
robust: gender information shares substantial struc-
ture with utility encoding while race information
does not. This means interventions that erase racial
encoding (Ravfogel et al., 2020) are unlikely to af-
fect the utility hierarchy, whereas gender debiasing
would partially disrupt it. This asymmetry should
inform the design of targeted interventions: gen-
der and utility cannot be modified independently in
these models, whereas race and utility can.

Alignment amplifies, it does not create. The
high base↔instruct correlation (ρ > 0.94) shows
that the compensatory hierarchy predates alignment
training. The base models, trained only on next-
token prediction over internet text, already encode
a ranking in which marginalized groups receive
higher utility. This is consistent with the asymmet-
ric distribution of advocacy content in pre-training
corpora, though direct corpus analysis would be
needed to confirm this hypothesis. Alignment train-
ing (RLHF, DPO) then amplifies this latent hierar-
chy by 3.6–7.3×, plausibly because human annota-
tors providing preference feedback are trained or
inclined to favor responses that appear equitable.
The implication is that addressing the hierarchy
at its root likely requires intervention at the pre-
training data level, not just changes to the align-

ment procedure.

Fairness audits must be intersectional. The uni-
versal sub-additivity of compositionality residuals
(ε > 0 for all 24 group-model pairs) means that
single-axis fairness metrics systematically overes-
timate the true intersectional utility gap. An au-
ditor who measures the gender gap (µ(women)−
µ(men)) and the race gap (µ(Black)− µ(White))
and adds them would predict a larger gap between
Black women and White men than actually exists.
For the most extreme pair (Black women vs. White
men), the overestimate ranges from 26–40% across
our three models (Appendix D). This has conse-
quences for compliance testing, red-teaming, and
deployment decisions that rely on bias magnitude
estimates.

6 Conclusion

We have demonstrated that three independently
trained LLMs converge on a compensatory demo-
graphic utility hierarchy that is sub-additive, geo-
metrically structured, seeded in pre-training, and
semantically robust. principal utility direction in
representation space predicts the hierarchy with R2

up to 0.89, and is substantially aligned with the gen-
der direction (cos θ ≈ 0.45) but not with the race
direction (cos θ < 0.07). The gender direction, par-
tially distinct from the Principal Utility Direction
(PUD), predicts which intersections deviate from
additive compositionality with |r| > 0.95 across all
models, and orthogonalization confirms that gender
encoding persists beyond utility. These findings
imply that intersectional utility audits are neces-
sary for responsible deployment and that geometric
probes offer a scalable diagnostic pathway for mon-
itoring emergent value systems. The convergence
across three independently trained models at the
7–8B scale motivates investigation at larger scales
and with frontier models, and testing whether the
PUD predicts downstream behavioral disparities in
applied settings is a natural next step.

Limitations

Our study has several limitations. We evaluate only
7–8B models; the hierarchy may differ at larger
scales where preference coherence is stronger
(Mazeika et al., 2025). Our demographic taxonomy
is US-centric and gender-binary, limiting cross-
cultural generalizability. Policy-domain prompts
may prime compensatory responses, though our
8-domain and indirect-identification robustness
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checks mitigate this. Our stylized prompts mea-
sure value priors in isolation; how these priors
interact with task-specific reasoning in real de-
ployment contexts (e.g., hiring, clinical triage) re-
mains an open question. Log-probability elicita-
tion captures graded preferences but cannot resolve
whether these constitute genuine values or pattern-
matching (Mazeika et al., 2025). Finally, the PUD
is fit on only 15 centroids; we report LOO R2

throughout to address any potential overfitting.
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A Statistical Testing

A.1 Permutation Tests

We assess the significance of all reported correla-
tions using permutation tests (Good, 2005), a non-
parametric approach that makes no distributional
assumptions about the test statistic. For each test,
we compute the observed Pearson r and then gener-
ate an empirical null distribution by randomly per-
muting the pairing between variables K = 10,000
times:

pperm =
1 +

∑K
k=1 1[|r(k)| ≥ |robs|]

1 +K
(4)

The +1 terms in the numerator and denominator
provide a continuity correction that prevents the p-
value from reaching exactly zero, as recommended
by Phipson and Smyth (2010). This approach is
particularly appropriate in our setting because the
sample sizes are small (n = 8 intersections for the
gender–ε correlation, n = 15 groups for PUD pre-
diction), and the parametric p-values derived from
Pearson’s r via the t-distribution assume bivariate
normality that cannot be verified at these sample
sizes (Good, 2005).

Results: the gender direction → ε correlation
yields pperm < 0.001 for all three models (robs =
−0.969, −0.950, −0.968). The cross-model con-
sensus Spearman correlations yield p < 10−4 (with
n = 15 groups, even moderate ρ values are highly
significant under permutation).
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Figure 6: Cross-model Spearman ρ for utility rankings.
All pairwise correlations exceed 0.93, indicating that the
compensatory hierarchy is a convergent property across
model families rather than an idiosyncrasy of any single
model.
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A.2 Bootstrap Confidence Intervals
We compute 95% confidence intervals for the
compositionality residuals using the bias-corrected
and accelerated (BCa) bootstrap (Efron, 1987).
For each intersectional group, we have 8 domain-
specific Thurstonian fits (one per policy domain),
each yielding a domain-specific ε. We resample
these 8 values with replacement 10,000 times, com-
pute the mean for each bootstrap sample, and take
the 2.5th and 97.5th percentiles as the CI bounds.
This approach captures the variability introduced
by different policy framings while holding the de-
mographic structure fixed, providing a conservative
estimate of uncertainty since the 8 domains are not
independent draws from an infinite population but
a fixed set of policy contexts.

The gendered asymmetry is significant for all
intersections: no bootstrap CI for any men intersec-
tion overlaps with any women intersection within
the same model, confirming that the 2.2× ratio
reported in §4.2 is robust to domain-level variation.

A.3 Position Bias Diagnostic
LLMs exhibit well-documented position bias in
forced-choice settings, tending to favor the op-
tion presented first or last depending on the model
(Zheng et al., 2023; Wang et al., 2024). Our
models show substantial raw position bias (β =
mean(P (A))− 0.5): β = 0.16 (Qwen), 0.29 (Mis-
tral), 0.26 (LLaMA).

Order counterbalancing cancels this bias exactly
in expectation. For each pair (g1, g2), we present
both orderings: g1-first and g2-first. Let Pfwd de-
note P (A) when g1 is in position A, and Prev de-
note P (A) when g2 is in position A. The counter-
balanced preference is:

P (g1 ≻ g2) =
Pfwd + (1− Prev)

2

Under additive position bias (Pfwd = p + β,
Prev = (1 − p) + β, where p is the true prefer-
ence), this simplifies to exactly p, independent of
β. We verified empirically that the discrepancy be-
tween one-sided estimates (Pfwd alone vs. 1− Prev
alone) equals 2β in all cases, confirming that the
counterbalancing mechanism works as intended
and that the position bias is additive rather than
multiplicative or content-dependent.

B Robustness Details

Cross-domain consistency. To verify that the
utility hierarchy is not driven by a single policy

domain, we fit separate Thurstonian models per
domain and compute pairwise Spearman correla-
tions between the resulting utility vectors. Mean
cross-domain ρ: 0.87 (Qwen), 0.79 (Mistral), 0.82
(LLaMA), with all pairwise correlations exceed-
ing 0.65. This level of cross-domain stability is
consistent with findings from Sclar et al. (2024),
who showed that prompt-level variation introduces
noise but rarely reverses the direction of LLM pref-
erences.

Indirect descriptions. We replace explicit de-
mographic labels with indirect socioeconomic de-
scriptions that never name race or gender directly.
This tests whether the hierarchy operates at a se-
mantic/conceptual level or is merely triggered by
demographic keywords (Guo and Caliskan, 2021).
Examples:

• “Black women” → “females from a community
that faces both racial and gender-based barriers”

• “White men” → “majority-group males who sta-
tistically hold the most corporate leadership posi-
tions”

• “Asian” → “a demographic group often stereo-
typed as a model minority”

• “Hispanic men” → “males from a community
with high representation in essential labor sec-
tors”

The Spearman correlation between direct and in-
direct utility rankings is ρ = 0.73 (Qwen), 0.66
(Mistral), 0.74 (LLaMA), all with p < 0.01 by
permutation test. The extremes of the hierarchy
(Black women at the top, White men at the bottom)
are preserved in all three models, with most rank
shuffling occurring in the middle of the hierarchy
where utility differences are small. The moderate
(rather than near-perfect) ρ values are expected: in-
direct descriptions introduce semantic noise and
may activate different associative pathways, but the
core compensatory structure survives (Figure 7).

Base models. We elicit preferences from the base
(non-instruct) variants of each model: Qwen-2.5-
7B, Mistral-7B-v0.3, and LLaMA-3.1-8B. Since
base models lack chat templates, prompts use a
plain completion format with an “Answer:” cue.
The base↔instruct Spearman ρ exceeds 0.94 for
all models, indicating that alignment does not in-
stall a new ranking but amplifies a pre-existing one.
The hierarchy spread (max µ − min µ) increases
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Figure 7: Direct vs. indirect utility (ρ = 0.66–0.74, all p < 0.01). Each point represents one of the 15 demographic
groups; the diagonal indicates perfect agreement. The hierarchy persists when groups are described via socioeco-
nomic correlates rather than explicit demographic labels, with the extremes (Black women at top, White men at
bottom) consistently preserved.

from 1.13 → 4.12 (Qwen, 3.6×), 0.29 → 2.15
(Mistral, 7.3×), and 0.34 → 2.04 (LLaMA, 5.9×).
Alignment also improves coherence: CE loss de-
creases by 33.6% (Qwen), 13.7% (Mistral), and
15.0% (LLaMA). This pattern is consistent with
findings from Mazeika et al. (2025), who observed
that alignment amplifies pre-existing value tenden-
cies rather than creating them de novo (Figure 8).

C Geometric Analysis Details

C.1 Representation Extraction
For each of the 15 demographic groups, we con-
struct 25 neutral sentences describing everyday ac-
tivities with no evaluative, stereotypical, or policy-
related content (e.g., “A Black woman walks to
the grocery store”, “An Asian man waits for the
bus”). This neutral-sentence probing methodol-
ogy follows May et al. (2019), who introduced
sentence-level probes for bias measurement, and
Hewitt and Manning (2019), who established that
linear probes on hidden-state representations can
recover structured linguistic information. We ex-
tract hidden states at every layer, apply attention-
mask-weighted mean pooling across tokens, and
average across the 25 sentences per group to ob-
tain group centroids cg ∈ Rd. Mean pooling has
been shown to produce more stable representations
than CLS-token or last-token extraction for probing
tasks (Conneau et al., 2018).

C.2 Layerwise PUD R2

The PUD achieves peak LOO R2 at markedly dif-
ferent depths across models: layer 4/32 for Qwen

(12% of depth), layer 24/32 for LLaMA (75%), and
layer 29/32 for Mistral (90%). This variation likely
reflects differences in alignment procedures. Qwen
(aligned via DPO) shows an early peak, suggesting
that direct preference optimization reshapes early-
layer representations. LLaMA (RLHF+DPO) and
Mistral (SFT) peak later, suggesting utility infor-
mation propagates to later layers during alignment.
For all subsequent geometric analyses (gender di-
rection, race direction, orthogonalization), we use
each model’s best-R2 layer.

C.3 Race Direction

The race direction drace is the first principal compo-
nent of the four single-axis racial group centroids
(White, Black, Hispanic, Asian), computed after
mean-centering. With four groups (k = 4) in a
space of dimensionality d ≈ 4096, PCA extracts
up to k − 1 = 3 non-trivial components. We use
only the first, which captures the dominant axis of
inter-racial variation. The sign is oriented so that
Black (highest utility) projects positively. This ap-
proach generalizes the two-group mean-difference
method of Bolukbasi et al. (2016) to the multi-
group setting: with exactly two groups, PC1 of the
centered pair is equivalent to the difference vector.

C.4 Variance Explained

The three fitted directions (PUD, gender, race) to-
gether account for less than 11% of total repre-
sentation variance: 0.34% for Qwen, 10.19% for
Mistral, and 7.17% for LLaMA. This is consistent
with the linear subspace hypothesis from the prob-
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The variation in peak depth likely reflects differences in
alignment procedures.

ing literature (Hewitt and Manning, 2019): task-
relevant information is encoded along specific low-
dimensional directions that occupy negligible vol-
ume of the overall representation space. Qwen’s
particularly compact encoding (0.34%) is notable:
it achieves the highest PUD R2 (0.89) while using
the smallest fraction of representational capacity,
suggesting a highly efficient encoding of demo-
graphic value information.

C.5 High-Dimensional Geometry Baseline

In representation spaces of dimensionality d, two
random unit vectors are approximately orthogonal
by default. The expected absolute cosine similar-
ity between two independent random unit vectors
drawn uniformly from the unit sphere in Rd is (Cai

et al., 2013):

E[| cos θ|] ≈
√

2

πd

For d = 4096, this gives ≈ 0.012. The ob-
served PUD–race cosines (0.03–0.06 for Mistral
and LLaMA) and gender–race cosines (0.04–0.06)
are near this baseline, meaning they are consis-
tent with unrelated directions in high-dimensional
space. We therefore do not interpret these small
cosines as evidence of deliberate geometric fac-
torization. By contrast, the PUD–gender cosine
(0.37–0.50) is approximately 30–40× larger than
the random baseline, providing strong evidence of
genuine shared geometric structure between utility
and gender encoding.

D Compositionality Overestimate

To quantify how much single-axis audits overes-
timate intersectional utility gaps, we compare the
additive prediction with the actual gap. For two
intersectional groups g1 = (gender1, race1) and
g2 = (gender2, race2), the additive prediction is:

∆add =
[
µ(gender1)− µ(gender2)

]

+
[
µ(race1)− µ(race2)

] (5)

while the actual gap is ∆act = µ(g1)−µ(g2). The
percentage overestimate is:

∆add −∆act

∆act
× 100

This decomposition tests the additive separabil-
ity axiom from classical welfare theory (Fishburn,
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PCA of Demographic Sentence Representations
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Figure 10: PCA of all 375 individual sentence representations (15 groups × 25 sentences) at each model’s best PUD
layer. Points are coloured by race and shaped by gender; large outlined markers are group centroids. For Qwen, PC1
captures 99.5% of variance (dominated by a single non-demographic direction), compressing demographic structure
into PC2. For Mistral and LLaMA, PC1 (12–33%) partially separates demographic groups, though substantial
overlap at the individual-sentence level confirms that demographic information occupies a small fraction of total
representation variance.
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Utility Hierarchy: Individual Representations on PUD

Figure 11: Individual sentence representations (small dots, 25 per group) and group centroids (large markers)
projected onto the PUD, grouped by category: single-race (top), gender and baseline (middle), and intersectional
(bottom). Within-group variance is substantial relative to between-group separation, consistent with the low variance
fractions reported above, yet centroid ordering is consistent across all three models.

1970): if utility is additively separable across de-
mographic attributes, then ∆add = ∆act exactly.
Deviations arise from the non-zero composition-
ality residuals (ε > 0 at both endpoints), which
compress the actual gap relative to the additive
prediction.

Table 3 reports the overestimate for the most ex-
treme pair (Black women vs. White men), which
spans the full range of the hierarchy in all three
models. The additive prediction consistently ex-
ceeds the actual gap by 26–40%.

The overestimate is most meaningful for pairs
that span opposite ends of the hierarchy. For pairs
near the center, the actual gap ∆act approaches zero,
making percentage overestimates numerically un-
stable. We therefore report the extreme-pair over-
estimate as the primary quantity, as it reflects the
scenario most relevant to deployment-time fairness
auditing: the maximum gap between any two inter-
sectional groups. This finding echoes the broader
concern raised by Crenshaw (1989) that single-axis
analyses systematically misrepresent the experi-
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ences of intersectional groups.

Qwen Mistral LLaMA

∆add 5.17 2.61 2.78
∆act 4.12 1.87 2.04
Overestimate 25.7% 39.8% 36.8%

Table 3: Additive overestimate for the most extreme
intersectional pair (Black women vs. White men). ∆add
sums independently measured gender and race gaps;
∆act is measured directly. Sub-additive compression
causes the additive prediction to overestimate the actual
gap by 26–40% across all three models.
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