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Abstract

LLM routing directs queries to a cheaper
model when it suffices and to an expen-
sive model otherwise, reducing inference cost.
Existing input-based routers optimize cost-
performance trade-offs but provide no formal
bound on how often the cheaper model fails
among routed queries. We adapt a proactive
conformal gate framework to LLM routing. A
logistic regression gate trained on text embed-
dings predicts per-query safety, and Clopper-
Pearson conformal calibration selects a rout-
ing threshold that guarantees the violation rate
among routed queries stays below « (the vio-
lation tolerance) with probability at least 1 — §
(the confidence level). On two benchmarks
covering math reasoning (GSMS8K) and multi-
domain knowledge (MMLU), routing between
Mixtral-8x7B and GPT-4 (a 24.5x cost dif-
ference), our method maintains the target «
within the § tolerance across a sweep from
0.05 to 0.50, while a validation-tuned baseline
crosses the violation boundary on GSMS8K.
A feasibility analysis across all 10 Router-
Bench models reveals that routability is jointly
model- and task-dependent. To our knowl-
edge, this is the first input-based LLM router
with distribution-free safety guarantees.

1 Introduction

Large language model routing assigns each query
to one of several candidate models, typically bal-
ancing response quality against inference cost
(Ong et al., 2025; Ding et al., 2024; Chen et al.,
2023). Many queries are easy enough for a
cheaper model, while only hard queries require an
expensive one. A growing body of work devel-
ops learned routers that predict which model to use
from the input alone (Ong et al., 2025; Chen et al.,
2024; Ding et al., 2024).

However, all existing input-based routers an-
swer the same question: how to get the best per-
formance for a given budget. Li et al. (2026) sys-
tematically evaluate 10 routing methods across 21
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datasets and 33 models, organizing the field into
performance-oriented routing and performance-
cost trade-off routing. Their key finding is that
methods perform similarly under unified evalua-
tion, and none provides formal guarantees on rout-
ing quality. We argue that a third axis is missing:
what fraction of queries routed to the cheap model
will fail? This is the violation rate, and controlling
it is critical in deployment settings where a prac-
titioner must certify that the cheap model’s fail-
ure rate stays below a tolerance o among routed
queries.

We formalize this as a safety-constrained rout-
ing problem and adapt a proactive conformal
gate framework (Uddin et al., 2026) to the LLM
setting. A lightweight logistic regression gate,
trained on text embeddings, predicts whether rout-
ing to the cheap model is safe. A conformal cali-
bration procedure then selects a routing threshold
with a distribution-free guarantee:

Pr(Pr(Y=0|s(X)>t")>a) <4, (1)
where Y =0 indicates that routing to the cheap
model is unsafe. This guarantee holds regardless
of the gate’s calibration quality and requires only
exchangeability between calibration and test data.

We make three contributions. First, we provide
the first input-based LLM router with distribution-
free safety guarantees, applying a proactive con-
formal gate framework to text embeddings and bi-
nary correctness labels. Second, we show on two
benchmarks that conformal routing controls viola-
tions within the § tolerance across a sweep from
0.05 to 0.50, while a validation-tuned baseline
crosses the violation boundary. Third, we present
a feasibility analysis across all 10 RouterBench
cheap models showing that routability is jointly
model- and task-dependent, providing a practical
diagnostic for deployment decisions.

Code is available in the supplementary material.
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Experiments use the publicly available Router-
Bench dataset (Hu et al., 2024).

Section 2 reviews related work. Section 3 de-
scribes the method. Section 4 presents experi-
ments, and Section 5 discusses implications and
limitations.

2 Related Work

Input-based LLM routers. Shnitzer et al.
(2023) first propose learning a router from bench-
mark datasets by reducing model selection to
binary classification. RouteLLM (Ong et al.,
2025) trains matrix factorization and BERT-based
routers on human preference data and calibrates a
threshold to a budget target. HybridLLM (Ding
et al., 2024) predicts query difficulty and tunes
a quality threshold on a validation set. Rou-
terDC (Chen et al., 2024) uses dual contrastive
learning to align query and model embeddings.
LLMRouterBench (Li et al., 2026) benchmarks 10
methods across 21 datasets and finds that meth-
ods perform similarly. Their evaluation frame-
work covers performance-oriented routing (max-
imize quality) and performance-cost routing (best
quality per dollar), but does not include guarantee-
oriented evaluation (certify bounded failure rate).
All these methods optimize cost-performance
trade-offs without bounding the failure rate among
routed queries.

Cascading and output-based methods. Fru-
galGPT (Chen et al., 2023) cascades through
LLMs, accepting the first sufficiently confident re-
sponse. This requires running models sequentially
and inspecting outputs before deciding whether to
escalate. Our method is proactive: the gate exam-
ines only the input, avoiding cheap-model infer-
ence on escalated queries.

Conformal prediction for LLM routing. Sev-
eral recent works apply conformal prediction to
LLM routing, but differ from ours in key ways.
CP-Router (Su et al., 2025) uses the size of con-
formal prediction sets as an uncertainty proxy to
route between a standard LLM and a reasoning
model. It requires running the LLM to obtain log-
its for building prediction sets, making it output-
dependent. Its guarantee is marginal coverage
(P(Y € C(X)) > 1 — «) over all inputs, not
a bound on the failure rate among routed queries.
RACER (Hao et al., 2026) formulates routing as a
risk-controlled set selection problem, constructing

Table 1: Positioning of conformal LLM routing meth-
ods. “Input” means the router uses only the query text.
“Output” means it requires model outputs (logits, pre-
dictions, or confidence scores).

Method Gate Guarantee Object

CP-Router Output Marginal Coverage
RACER  Output Expected Risk
C3PO Output High-prob  Cost
Ours Input High-prob Quality

calibrated model sets via concentration bounds.
RACER also requires base router scores from all
candidate models, making it output-dependent,
and it controls expected misrouting risk rather than
providing a high-probability bound on the viola-
tion rate of the routed subset. C3PO (Valkanas
et al., 2025) applies conformal prediction to bound
the probability that cost exceeds a budget in LLM
cascades, not that quality stays above a threshold.

Table 1 summarizes these distinctions. Our
method is the only one that is both input-based
(no model outputs needed at routing time) and pro-
vides a high-probability guarantee on the violation
rate conditional on the routed subset.

Conformal prediction for LLM outputs. A
separate line of work uses conformal prediction
to quantify uncertainty in LLM outputs rather
than for routing. Conformal prediction (Vovk
et al., 2005) provides distribution-free uncertainty
quantification under exchangeability. Conformal
risk control (Angelopoulos et al., 2025) guaran-
tees E[L(A)] < « for monotone losses, control-
ling expected risk marginally over all test points.
Distribution-free risk-controlling prediction sets
(Bates et al., 2021) provide high-probability guar-
antees on prediction sets for a single model.
LofreeCP (Su et al., 2024) extends conformal
prediction to LLMs without logit access by us-
ing sampling-based nonconformity scores. These
methods address a different problem: they quan-
tify uncertainty for a single model’s outputs rather
than controlling quality loss from routing between
models. Proactive routing with Clopper-Pearson
conformal calibration has been formalized for tab-
ular regression tasks (Uddin et al., 2026). We
adapt this framework to LLM routing with binary
correctness labels and text embeddings.

3 Method

Problem setup. Let f be an expensive model
(e.g., GPT-4) and g a cheap model (e.g., Mixtral-
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Figure 1: Pipeline overview. Queries above the confor-
mally calibrated threshold 7* are routed to the cheap
model; others go to the expensive model.

8x7B). For input x with ground-truth answer y, de-
fine the binary safety label:

Y (z) =1 — (1[g wrong] - 1[f correct]). (2)

That is, Y = 0 (unsafe to route to cheap) only
when the cheap model is wrong and the expensive
model is correct. If both models are wrong, rout-
ing to the cheap model incurs no additional loss
compared to the expensive model, so Y = 1. If
the cheap model is correct, Y = 1 regardless. This
definition captures the intuition that routing to the
cheap model only hurts when the expensive model
would have done better.

Let 1 = Pr(Y=1) be the base safe rate, the
fraction of queries where routing to the cheap
model is safe. A routing policy 7(x) = 1[s(z) >
t] routes to the cheap model when gate score s(x)
exceeds threshold ¢. The violation rate among
routed inputs is:

V(t) = Pr(Y=0| s(X) > t). 3)

See Figure 1 for an overview of the routing
pipeline.

Gate training. We embed each query using
BAAI/bge-base-en-v1.5 (Xiao et al., 2023), a
general-purpose text embedding model (512 max
tokens, 768 dimensions), and train a logistic re-
gression to predict Y from the embedding. The
gate outputs s(z) = p(Y=1 | x).

Conformal threshold selection. We use a held-
out calibration set {(s;, Y;)}7; to select the low-
est threshold ¢* where the Clopper-Pearson upper
confidence bound on the violation rate is at most
a:

t* =min{t € {s1,...,sn}:
UCB;(k(t),n(t)) < o}, (4)

where n(t) = [{t : s > t}, k(t) =
H{i : s > t,Y; = 0}, and UCBs(k,n) =
B71(1-6; k+1, n—k) is the exact Clopper-
Pearson upper bound. If no valid ¢ exists, t* = co
and nothing is routed. The guarantee Pr(V (t*) >
a) < 0 follows from the Clopper-Pearson cov-
erage property. We use an ascending threshold
search and verify empirically that V/(¢) is mono-
tone non-increasing up to the selected threshold
t* on both datasets (99.3% of steps on GSMS8K,
99.8% on MMLU), consistent with the conformal
risk control monotonicity condition (Angelopou-
los et al.,, 2025). A stricter descending fixed-
sequence approach under Learn-Then-Test (An-
gelopoulos et al., 2022) that does not require this
condition is discussed in Uddin et al. (2026).

Feasibility condition. The constraint V (¢) < «
is satisfiable with positive coverage if and only
if there exists ¢ such that TPR(¢)/FPR(t) >
C(m, ), where:

(1 —m)(1 —oz).

C(mya) = %)
When 7 is high (most queries are safe), C' is small
and weak gates suffice. When 7 is low, only gates
with strong separation can route safely. This pro-
vides a practical diagnostic: compute C' from the
data before investing in gate training (Uddin et al.,
2026).

4 Experiments

4.1 Setup

We use RouterBench (Hu et al., 2024), which pro-
vides pre-computed correctness labels for 11 mod-
els across 8 datasets. We route between Mixtral-
8x7B-Instruct (cheap, mean cost $0.0013/query)
and GPT-4-1106-preview (expensive, mean cost
$0.0319/query), a 24.5x cost difference based on
mean per-query token costs from RouterBench.
We evaluate on two datasets: GSMS8K (Cobbe
et al., 2021) (7,450 queries, grade-school math)
and MMLU (Hendrycks et al., 2021) (14,042
queries, 57 sub-topics combined).

The safety label follows Eq. 2: scores > 0.5 are
binarized as correct, and Y = 0 only when Mixtral
is wrong and GPT-4 is correct. We set per-dataset
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Table 2: Test-set results.
routed to the cheap model. Violation is the failure
rate among routed queries (Eq. 3). v means V <
o. X means violated. Savings are relative to always-
expensive.

Coverage is the fraction

Dataset Method Cov. Viol. <a? Save
Conformal 367  .280 v 35%
GSMS8K Val-Tuned .596 317 X 58%
(@=0.30) Naive 1.00 .354 X 97%
Oracle 646  .000 v 63%
Conformal .903  .191 v 87%
MMLU Val-Tuned .926 .196 v 90%
(@=0.20) Naive 993 215 X 96%
Oracle 784 .000 v 76%

tolerances: a = 0.30 for GSMS8K (harder task,
more tolerance needed) and o = 0.20 for MMLU,
with § = 0.10 throughout.

Queries are split into four parts (55/15/15/15%)
for training, calibration, validation, and testing
with stratified sampling on Y. The gate is logis-
tic regression with default scikit-learn parameters
(L2 penalty, C = 1.0). The four-way split en-
sures no data leaks between gate training, confor-
mal calibration, val-tuned threshold selection, and
final evaluation.

4.2 Baselines

Conformal (ours): Clopper-Pearson threshold se-
lection on the calibration set. Val-Tuned: low-
est threshold on the validation set achieving V' <
o, representing the standard practice in existing
routers. Naive (t=0.5): route if s(x) > 0.5. Or-
acle: route if and only if Y=1. Always-Cheap /
Always-Expensive: route all or none.

4.3 Routing Safety and Coverage

Table 2 shows the main results. On GSMS8K, the
conformal method satisfies V' < a = 0.30 with
36.7% coverage, while the val-tuned baseline ex-
ceeds « at 0.317 despite achieving higher cover-
age. On MMLU, both conformal and val-tuned
satisfy o = 0.20, but only conformal provides
the formal guarantee. Cost savings reach 87% on
MMLU, where conformal routes 90% of queries
to Mixtral at 24.5x lower per-query cost.

The GSMSK result is the key finding. Val-tuned
routing, which is the standard practice, violates
the target in deployment. The conformal method
trades coverage for safety, which is the correct be-
havior when guarantees matter.

Table 2 also shows the cost implications.

Mixtral-8x7B vs GPT-4, n=0.78

0.5 7
—— y =« (ideal bound) |
Violation zone i

—e— Conformal (ours)

0.4 1 —k- Val-Tuned

--®- Naive (t=0.5)
chosen a=0.2

0.34

0.2

0.14

Realized violation rate on test

0.0

0.1 0.2 0.3 0.4 0.5
Target a (violation budget)

Figure 2: MMLU: test violation vs. target o (0.05 to
0.50). Conformal (blue) stays near or below the diago-
nal, consistent with the § = 0.10 tolerance. Val-tuned
(green) stays close but has no formal guarantee. Re-
sults are from a single stratified split.

Always-expensive routing costs $0.0319 per query
with zero violations. Our conformal approach re-
duces cost by 87% on MMLU (violation 0.191)
and 35% on GSMS8K (violation 0.280), both
within the « tolerance. Always-cheap routing
saves 97% but violates on both datasets.

4.4 «-Sweep Analysis

Figures 2 and 3 show the central result. Across
a € [0.05,0.50], the conformal method’s test vio-
lation stays near or below « on both datasets, con-
sistent with the § = 0.10 tolerance. The val-tuned
baseline crosses the diagonal on GSM8K around
a = 0.20 and @ = 0.30. This is consistent with
the nominal § = 0.10: the conformal guarantee
holds, while empirical threshold tuning provides
no such assurance.

On MMLU (Figure 2), both methods stay be-
low the diagonal because the task is relatively easy
(m = 0.784) and the gate has decent discriminative
power (AUC = 0.678). On GSMSK (Figure 3), the
harder task (m = 0.646) and weaker gate (AUC =
0.578) create tighter conditions where val-tuned’s
lack of statistical margin causes it to fail.

4.5 Coverage-Violation Trade-off

Figures 4 and 5 show the coverage-violation trade-
off. On MMLU, the conformal method routes
90% of queries to the cheap model while stay-
ing safely below o = 0.20. The gap between
conformal and val-tuned is small (0.90 vs. 0.93).
On GSMBS8K, conformal achieves lower coverage
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GRADE-SCHOOL-MATH

05 Mixtral-8x7B vs GPT-4, n=0.65
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Figure 3: GSMS8K: test violation vs. target . Confor-
mal (blue) stays near or below the diagonal, consistent
with the § = 0.10 tolerance. Val-tuned (green) crosses
the diagonal around o = 0.20 and o = 0.30. Results
are from a single stratified split.

(0.37 vs. 0.60 for val-tuned), reflecting the price
of the guarantee on a harder task where the gate
has less discriminative power.

4.6 Gate ROC Analysis

Figures 6 and 7 show the gate ROC curves with
the feasibility slope C(, ) overlaid. On MMLU,
the gate AUC (0.678) comfortably exceeds the suf-
ficient threshold ®} = 0.551, guaranteeing fea-
sibility under any concave ROC assumption. On
GSMBSK, the gate AUC (0.578) falls below @} =
0.608. Routing still succeeds because feasibility
depends on the local ROC slope at the operating
point, not on global AUC. The initial portion of
the GSM8K ROC curve is steep enough to exceed
C = 1.28, enabling a positive coverage threshold.
This illustrates that the sufficient AUC condition
is conservative, and gates that fail the global test
may still route successfully.

4.7 Feasibility Analysis

Table 3 shows the critical ratio C(7, ) for all 10
cheap models in RouterBench. This diagnostic
is useful even without running the full conformal
pipeline: if C' > 1, safe routing likely requires a
very strong gate or is infeasible entirely.

For example, code-1lama-34b has C' = 10.92 on
MMLU because it answers only 26.8% of MMLU
queries correctly, making safe routing essentially
impossible. Conversely, claude-v2 on GSMS8K has
C = 0.17 because it answers 93.2% correctly, so
almost any gate suffices, but the routing savings

MMLU — Mixtral-8x7B vs GPT-4
n=0.78, a=0.2

—— Gate (threshold sweep)
Y Conformal t* (ours) /
| A Val-Tuned
Oracle

0.20

Always-Cheap
a=0.2

Violation rate

0.0 02 0.4 06 08 10
Coverage (fraction routed to cheap)
Figure 4: MMLU: coverage vs. violation for each

method at « = 0.20. Conformal operates below the
o line with 90% coverage.

GRADE-SCHOOL-MATH — Mixtral-8x7B vs GPT-4
n=0.65, a=0.3

0.35 { — Gate (threshold sweep)
v Conformal t* (ours)
A Val-Tuned
0.30 Oracle
Always-Cheap *
a=0.3

0.25 -
Q
©
= 0.20 1
c
=l
®
5 0151
>

0.10 -

0.05 -

0.00 -

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Coverage (fraction routed to cheap)

Figure 5: GSMB8K: coverage vs. violation at o = 0.30.
Conformal operates safely at 37% coverage. Val-tuned
achieves 60% coverage but violates.

are minimal because the cheap model rarely needs
help.

The table demonstrates that feasibility is jointly
model- and task-dependent. Code-llama-34b has
C = 275 on GSM8K but C = 10.92 on
MMLU, while mixtral-8x7b shows the opposite
pattern (C = 1.28 vs. 1.10). This joint depen-
dency means that feasibility cannot be assessed
from model quality alone. It requires task-specific
analysis with the C diagnostic.

5 Discussion

The guarantee is the contribution. Conformal
routing achieves lower coverage than val-tuned on
GSMSK (0.37 vs. 0.60). This is expected and cor-
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MMLU — ROC (a=0.2)

1.0

0.8 1

0.6 1

TPR

0.4 4

0.2 4

. — Gate (AUC=0.678)
oo4 * Feasibility (C=1.10)

OTO 0?2 0?4 0?6 0?8 1?0
FPR
Figure 6: MMLU gate ROC curve (AUC =0.678). The
dashed line shows the feasibility slope C' = 1.10. The

ROC curve exceeds this slope initially, confirming fea-
sibility.

Table 3: Feasibility diagnostic: C(m,«) for all 10
RouterBench cheap models vs. GPT-4. Lower C means
easier to route safely. C' > 2 is typically infeasible with
a logistic gate.

GSMBK (a=0.30) MMLU (a=0.20)

Cheap Model
T C T C

claude-v2 932 0.17 716 1.59
gpt-3.5 736 0.84 752 1.32
mixtral-8x7b  .646 1.28 784 1.10
llama-2-70b 547 1.93 .606 2.60
mistral-7b A87 2.46 .657 2.09
code-llama-34b .459 2.75 .268 10.92
zephyr-7b 445 291 581 2.88
phi-2 419 3.24 474 4.44

llama-2-13b 314 5.10 523 3.65
llama-2-7b 217 8.44 406 5.86

rect: the guarantee comes at the cost of coverage.
When coverage is the only metric, val-tuned wins.
When a practitioner needs to certify that the failure
rate stays below «, conformal is the only option
among the methods we test.

Connection to LLMRouterBench evaluation
axes. Li et al. (2026) organize LLM routing
evaluation into performance-oriented routing and
performance-cost trade-off routing. Our binary
safety label Y (Eq. 2) connects naturally to per-
formance: the violation rate V'(¢) measures the
rate at which routing to the cheap model causes
a correctness loss that the expensive model would
have avoided. Controlling this rate introduces a
third evaluation axis, guarantee-oriented routing,
where the goal is to certify that quality degrada-
tion stays within bounds rather than to maximize

GRADE-SCHOOL-MATH — ROC (a=0.3)

1.0

0.8 4

0.6 1

TPR

0.4 4

0.2

o — Gate (AUC=0.578)
ooq ¥ e Feasibility (C=1.28)

0.0 0.2 0.4 0.6 0.8 1.0
FPR

Figure 7: GSMS8K gate ROC curve (AUC =0.578). The
feasibility slope C' = 1.28 is steeper. The global AUC
falls below the sufficient threshold ® = 0.608, yet
routing succeeds because the initial ROC slope locally
exceeds C.

performance or minimize cost.

Comparison with conformal routing methods.
CP-Router (Su et al., 2025) and RACER (Hao
et al., 2026) both apply conformal prediction to
LLM routing but operate in a fundamentally dif-
ferent regime. Both are output-dependent: CP-
Router requires LLLM logits to construct prediction
sets, and RACER requires base router scores from
all candidate models. Our gate operates on the in-
put alone, making a routing decision before any
model is called. This distinction matters in prac-
tice because output-dependent methods must run
the cheap model (or all candidates) on every query,
negating the cost savings from routing when the
query is escalated. Furthermore, their guarantees
differ from ours: CP-Router provides marginal
coverage over all inputs, RACER controls ex-
pected risk, and ours provides a high-probability
bound on the violation rate of the routed subset

(Eq. 1).

Future work. Multi-model routing DAGs with
per-branch conformal guarantees could extend this
framework beyond two-model routing. Richer
safety labels such as graded quality scores would
allow finer control over what counts as a violation,
and would address open-ended generation settings
where correctness is not binary. Distribution shift
at deployment time is an important limitation of
the exchangeability assumption, and adaptive con-
formal inference (Gibbs and Candes, 2021) pro-
vides a principled extension maintaining cover-
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age under temporal shift. Conditional conformal
methods could provide subgroup-level guarantees
rather than marginal ones. Combining input-based
gates with output-dependent verification could im-
prove coverage while preserving guarantees. Ab-
lation studies on calibration set size, embedding
model choice, and gate complexity remain for fu-
ture work.

Limitations

The guarantee provided by conformal calibration
is marginal over calibration randomness, not con-
ditional on input subregions. This means that cer-
tain subgroups of queries (e.g., queries from a spe-
cific MMLU sub-topic) may have higher violation
rates than the global «, even though the aggregate
guarantee holds. Binary correctness is a coarse
safety label that does not capture partial quality
differences between models. For example, a re-
sponse that is mostly correct but contains a minor
error is treated the same as a completely wrong re-
sponse. The exchangeability assumption required
by conformal prediction may not hold under distri-
bution shift at deployment time, for instance if the
query distribution changes after calibration. Gate
quality directly limits coverage: our logistic gate
achieves AUC 0.578 on GSMS8K, and a stronger
gate (e.g., a nonlinear model trained on a better
embedding) could improve coverage without af-
fecting the guarantee. We evaluate on only two
datasets and one model pair from RouterBench, so
the generality of our findings to other tasks and
model combinations remains to be verified. Fi-
nally, our method requires pre-computed correct-
ness labels for both models on a calibration set,
which may not always be available in practice. Re-
sults are reported on a single stratified split and
stability across multiple splits remains to be ver-
ified given the probabilistic nature of §. The as-
cending threshold search relies on an empirically
verified monotonicity condition (99.3% of steps
on GSM8K, 99.8% on MMLU).
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A Safety Label Details

The safety label is computed from RouterBench’s
pre-computed scores. Scores > (0.5 are binarized
as correct. The label follows Eq. 2 and is imple-
mented as:

Y = 1—((1—cheap_correct) x exp_correct), (6)

so Y = 0 only when the cheap model is wrong
and the expensive model is correct. Table 4 shows
the breakdown of cases for both datasets.

Table 4: Safety label breakdown. The four cases corre-
spond to joint correctness of the cheap (g) and expen-
sive (f) models.

g f Y Interpretation

Correct Correct 1 Safe (cheap suffices)
Correct  Wrong 1 Safe (cheap is better)
Wrong  Wrong 1 Safe (no loss from routing)
Wrong  Correct 0 Unsafe (cheap loses)
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