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Abstract

Tokenization inefficiency is associated with
structural disadvantages for morphologically
complex, low-resource languages, inflating
compute resources and reducing accuracy. We
evaluate 10 large language models (LLMs) on
AfriMMLU (5 subjects; 16 African languages)
and show that token fertility reliably predicts
accuracy. Higher fertility consistently predicts
lower accuracy across all models and subjects.
We further find that reasoning models (e.g.,
DeepSeek, ol) consistently outperform non-
reasoning peers across high- and low-resource
languages in the AfriMMLU dataset, narrow-
ing accuracy gaps observed in prior genera-
tions. In terms of economics, a doubling in
tokens results in quadrupled training cost and
time, underscoring the "token tax" faced by
many languages. These results motivate mor-
phologically aware tokenization, fair pricing,
and multilingual benchmarks for equitable nat-
ural language processing (NLP).

1 Introduction

Tokenization serves as the foundational layer of
modern NLP systems, yet it is associated with sys-
tematic inequalities that disproportionately affect
morphologically complex and low-resource lan-
guages. Prior work decisively establishes tokeniza-
tion as a source of computational and economic in-
equality (Ahia et al., 2023), with quantified impacts
ranging from inflated token counts to substantial
BLEU point performance degradation (Petrov et al.,
2023; Ali et al., 2024). Because transformer atten-
tion scales quadratically with sequence length, even
modest increases in token counts can meaningfully
raise compute requirements and reduce effective
context capacity (Keles et al., 2022). As a result,
morphologically complex languages with high fer-
tility values suffer from compound disadvantages
that are difficult to fully overcome within widely
deployed transformer architectures (Sreedhar et al.,

2023). Recent work on adaptive and flexible tok-
enization strategies (e.g., MAGNET; FlexiTokens)
suggests promising directions for mitigating these
inefficiencies, but these approaches are not yet
standard in large-scale multilingual LLM training
and remain mostly unevaluated on low-resource
African languages (Ahia et al., 2024; Owodunni
et al., 2025).

These disparities particularly affect morpholog-
ically rich languages, where agglutinative and fu-
sional morphology leads to systematic tokenization
inefficiency. The technical disparities translate di-
rectly into economic exclusion through what we
term the "token tax", prohibitive training and in-
ference costs measured in dollars and tons of COa,
and systematic underrepresentation in model capa-
bilities that affects billions of speakers worldwide.

A reasonable cost to train a small-medium model
or a large frontier model is easily $1M (1 month) to
$100M (~3 months) with primarily English tokens
(see Appendix C for derivation of estimates from
publicly reported petaFLOP-day requirements and
standard cloud compute pricing). If we instead
train on a language with 2x or 5x more tokens
for the same content, the transformer’s quadratic
O(n?) compute costs result in a 4x or 25x increase
in energy consumption, dollar cost, training time,
and CO5 emissions relative to English. In this
example, the cost becomes $4-25M (4 months-2
years) or $400M-2.5B (1-6 years), respectively.

Our contributions herein are as follows:

* We extend prior fertility and accuracy analysis
to 10 models and 16 languages, confirming
fertility as a reliable predictor of MCQA ac-
curacy.

* We conduct the first large-scale comparison
of tokenization effects for reasoning vs. non-
reasoning LLMs on AfriMMLU, showing that
reasoning capabilities substantially reduce but
do not eliminate tokenization bias.
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* We quantify the economic impact of tokeniza-
tion inefficiency, demonstrating how the "to-
ken tax" creates barriers to multilingual NLP
development.

* We release public datasets containing: (i)
model results from AfriMMLU benchmark
including reasoning models, (ii) comprehen-
sive tokenization metrics.

2 Related Work

The impact of tokenization on multilingual model
performance has received increasing attention.
Petrov et al. (2023) demonstrated that tokeniz-
ers disadvantage non-English languages, with text
length exceeding 15 times for some language pairs.
Rust et al. (2021) showed that tokenizer quality sig-
nificantly impacts downstream performance, find-
ing that morphologically complex languages suffer
from both vocabulary underrepresentation and sub-
optimal segmentation strategies. Ali et al. (2024)
conducted extensive ablation experiments showing
that tokenizer choice can impact downstream per-
formance and increase training costs by 68%. Their
analysis is for European languages that have dif-
ferent fertility distributions than African languages,
the focus of this work.

Joshi et al. (2020) categorized languages into
six resource levels, showing that 88% of world
languages fall into the lowest category. These sys-
temic inequalities correlate strongly with tokeniza-
tion efficiency, suggesting that addressing tokeniza-
tion could substantially improve language technol-
ogy equity.

Recent benchmarks have begun addressing the
evaluation gap for African languages (Adelani
et al., 2025; Singh et al., 2025; Alhanai et al., 2024;
Adebara et al., 2025; Beyene et al., 2025; Team
et al., 2022). While these benchmarks evaluate
various aspects of multilingual performance, from
culturally relevant knowledge questions to speech
tasks, they primarily focus on documenting per-
formance gaps without systematically analyzing
the underlying tokenization disparities. Our work
complements these efforts by explicitly connecting
tokenization efficiency to performance degradation,
revealing that much of the observed performance
gap can be attributed to systematic tokenization
bias rather than model capability limitations.

While the computational complexity of trans-
formers is well-established (Vaswani et al., 2017),
the economic implications of tokenization ineffi-

ciency remain underexplored. Our work bridges
this gap by quantifying both performance degrada-
tion and financial costs, demonstrating how techni-
cal choices create economic barriers to equitable
NLP development.

3 Experimental Setup

3.1 Dataset and Languages

AfriMMLU (Adelani et al., 2025) comprises 9,000
multiple-choice questions across 5 subjects: ele-
mentary mathematics, global facts, high school
geography, high school macroeconomics, and in-
ternational law. The benchmark covers 16 African
languages spanning multiple language families in-
cluding Niger-Congo (e.g., Swahili, Yoruba, Zulu),
Afro-Asiatic (e.g., Amharic, Hausa), and Nilo-
Saharan, providing substantial typological diver-
sity. Each subject contains between 1,500 and
2,000 questions, professionally translated by na-
tive speakers with quality verification.

3.2 Model Selection

We evaluate 10 models spanning three categories
to enable comparison, including general LLMs
(Llama 3.1 405B, Gemini 1.5 Pro, Claude Son-
net 3.5, DeepSeek V3, GPT-40, Qwen 2.5 32B)
and multilingual-focused ones (Aya 23 35B, Pixtral
12B). We also include reasoning models (DeepSeek
R1, OpenAl ol) to test whether enhanced reasoning
capabilities mitigate tokenization-related perfor-
mance decline. If reasoning models show reduced
gaps despite similar tokenization inefficiency, this
would suggest that architectural advances can par-
tially mitigate tokenizer limitations.

3.3 Metrics and Analysis

Our primary metric is Fertility (F' =T / W), the
average number of tokens per word, quantifying
tokenization efficiency. Lower fertility indicates
more efficient tokenization for a given language.
Our analysis also includes zero-shot accuracy of
MCQA tasks using the prompt template detailed in
the Appendix.

Performance gaps are calculated as the differ-
ence between English and French accuracy and
the mean accuracy across all 16 African languages
for each model-subject combination. English and
French here provide baselines near optimal tok-
enization efficiency. The "Random" baseline of
25% represents the probability of guessing a cor-
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rect response by chance for multiple choice ques-
tions with 4 options.

3.4 Statistical Methodology

The pipeline for analysis is as follows:
1: for each language ¢ in AfriMMLU do
2: for each model m do
3: Tokenize all questions using m’s tok-
enizer
Calculate fertility Fy,, = ok
Evaluate zero-shot accuracy on all sub-

b

jects
Store results for regression analysis

end for

: end for

: Fit linear models: Accuracy ~ Fertility for

each model-subject pair

10: Calculate regression statistics: slopes, standard
errors, t-values, p-values

11: Calculate Pearson correlation coefficients (p),
R?, and adjusted R?

12: Apply Benjamini-Hochberg FDR correction
for multiple comparisons

We conduct linear regression analysis for each
model-subject combination, treating fertility as the
predictor and accuracy as the outcome variable.
For each regression, we report the intercept, slope
(effect of fertility on accuracy), standard error, t-
statistic, and p-value. We calculate Pearson cor-
relation coefficients (p) to quantify the strength
and direction of the linear relationship, and coeffi-
cients of determination (??) to measure the propor-
tion of variance in accuracy explained by fertility.
Adjusted R? values correct for sample size and
number of predictors. Statistical significance is
assessed at p < 0.05 with Benjamini-Hochberg
False Discovery Rate (FDR) correction to account
for multiple comparisons across 50 model-subject
pairs. We consider R? > 0.25 as large effects and
|p| > 0.50 as strong correlations following stan-
dard conventions.

4 Results

4.1 Performance Gaps Across Languages

Figure 1 shows substantial performance dispari-
ties across languages. African languages trail En-
glish by 30 percentage points and French by 24
percentage points on average across model results.
This gap varies by subject, with Geography and
Economics showing the largest disparities and El-
ementary Mathematics and Global Facts showing

relatively smaller gaps.

Reasoning models DeepSeek R1 and ol reduce
performance gaps across subjects. These models
outperform non-reasoning counterparts while main-
taining strong English performance, suggesting that
enhanced reasoning capabilities provide particular
benefits for low-resource settings.

4.2 Tokenization as Performance Predictor

Figure 2 demonstrates the strong negative relation-
ship between fertility and accuracy for Llama 3.1
405B as an example model (results for all models
are displayed in Figure 3). Across all 10 models
and five subjects, higher fertility consistently pre-
dicts lower accuracy. Regression analyses quantify
this relationship with slopes ranging from -0.08
to -0.18, meaning each additional token per word
reduces accuracy by 8 to 18 percentage points on
average.

We note that fertility is not independent of lan-
guage resource level, that is languages underrep-
resented in training corpora tend to have higher
fertility due to fewer subword merges during to-
kenizer training. The observed fertility accuracy
relationship is likely reflecting both the direct tok-
enization effects and indirect effects mediated by
training data availability.

Table 1 reports detailed regression results. Sev-
eral effects are both large and statistically sig-
nificant after FDR correction, including Llama-
3.1-405B on Microeconomics (slope = —0.185,
p = 0.002) and Qwen-2.5-32B on Geography
(slope = —0.155, p = 0.006). Between 20 to
50% of variance in accuracy is explained by varia-
tion in fertility, with particularly strong effects in
technical subjects requiring precise terminology.

5 Analysis

5.1 Economic Impact of Token Inflation

The tokenization inefficiencies documented above
translate directly to economic barriers. Because
transformer training scales quadratically with se-
quence length, a 2x increase in fertility produces a
4x increase in training time and cost. Table 2 quan-
tifies these impacts for the Llama model family.

Inference costs show similar patterns. Generat-
ing 1M English-equivalent tokens costs $5-20 with
GPT-4o0, but $10-40 for a language with twice the
token fertility. Latency doubles correspondingly,
creating user experience degradation alongside cost
inflation.
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Model Total Math Facts Geog Econ Law

Model Total Math Facts Geog Econ Law

Baseline Performance (English Language)
01-preview-2024-09-12
DeepSeek-R1
gemini-15-Pro-002
gpt-40-2024-08-06
DeepSeek-V3-0324
Llama-3.1-4058
claude-3-5-sonnet-202410
Qwen2.5-32B
phi-4
Pixtral-12B-2409 41
aya-23-35B 57 42
Random 25 25 25 25 25 25

Baseline Performance (French Language)

o1-preview-2024-09-12
DeepSeek-R1
gemini-15-Pro-002
gpt-40-2024-08-06
DeepSeek-V3-0324
Llama-3.1-405B
claude-3-5-sonnet-202410
Qwen2.5-32B
phi-4 65
Pixtral-12B-2409 55 37
aya-23-35B 44 35 41
Random 25 25 25 25

Average Performance (all African Languages)
01-preview-2024-09-12
DeepSeek-R1
gemini-15-Pro-002
gpt-40-2024-08-06
DeepSeek-V3-0324
Llama-3.1-405B
claude-3-5-sonnet-202410

Qwen2.5-328 53
phi-4 44
Pixtral-12B-2409 33 35 31 30 31 39
aya-23-358 24 26 20 19 24 28
Random 25 25 25 25 25 25

Average Performance (all African Languages)
o1-preview-2024-09-12
DeepSeek-R1

gemini-15-Pro-002

gpt-40-2024-08-06

DeepSeek-V3-0324 47

Llama-3.1-4058 45 42
claude-3-5-sonnet-202410 %6 48

Qwen2 5-328 53 34 27

phi-4 44 36 29

Pixtral-12B-2409 33 35 31 30 31 39
aya-23-358 24 26 20 19 24 28
Random 25 25 25 25 25 25

Performance Gap (English - African Languages) |

Performance Gap (French - African Languages) \

01-preview-2024-09-12
DeepSeek-R1
gemini-15-Pro-002
gpt-40-2024-08-06
DeepSeek-V3-0324
Llama-3.1-405B
claude-3-5-sonnet-202410
Qwen2.5-32B

phi-4

Pixtral-12B-2409
aya-23-35B

(a) Accuracy Aggregation (English)
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o1-preview-2024-09-12
DeepSeek-R1
gemini-15-Pro-002
gpt-40-2024-08-06
DeepSeek-V3-0324
Llama-3.1-405B
claude-3-5-sonnet-202410
Qwen2.5-32B
phi-4
Pixtral-12B-2409
aya-23-35B

(b) Accuracy Aggregation (French)

Figure 1: Baseline performance shows English (a) and French (b) accuracy (in percentage points). The mean
accuracy across all 16 African languages is shown in the middle charts of (a) and (b). The bottom charts of (a) and (b)
show performance gaps between the African languages and higher-resource languages, though reasoning-oriented

models narrow this gap.
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Figure 2: Fertility and accuracy for Llama 3.1 405B across subjects. Strong negative correlations (p) demonstrate
systematic performance degradation with tokenization inefficiency. Fertility is not independent of training data
representation; fertility captures tokenization inefficiency that covaries with performance, but does not isolate causal
effects independent of pretraining data availability or quality.
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Subject Model Intercept Slope Std. Error t-value P-value p R?>  Adj. R?

Elementary Math Sonnet3.5 0.652 -0.018 0.029 -0.609 0552 -0.155 0.024  -0.041
Aya23 35B 0.480  -0.079 0.019 -4.058  0.001* -0.723 0.523  0.492
DeepSeek R1 1.045 -0.066 0.045 -1.475  0.161  -0.356 0.127  0.068
DeepSeek V3 0.884 -0.044 0.048 -0.922 0371  -0.232 0.054 -0.009
Gemini 1.5 Pro 0.907 -0.045 0.042 -1.078 0298  -0.268 0.072  0.010
Llama3.1 405B 0.836 -0.054 0.045 -1.195 0251  -0.295 0.087  0.026
Phi4 0.773 -0.125 0.034 -3.641  0.002* -0.685 0.469  0.434
GPT-40 1.002 -0.089 0.057 -1.571  0.137  -0.376 0.141  0.084
Pixtral 12B 0.417 -0.024 0.014 -1.717  0.106  -0.405 0.164  0.109
Qwen2.5 32B 0.857 -0.113 0.037 -3.012  0.009* -0.614 0.377 0335
Global Facts Sonnet3.5 0.508 -0.011 0.027 -0.390  0.702  -0.100 0.011 -0.056
Aya23 35B 0.335 -0.044 0.023 -1.930  0.073  -0.446 0.199  0.146
DeepSeek R1 0.574 -0.002 0.038 -0.061 0952 -0.016 0.000 -0.066
DeepSeek V3 0.619 -0.045 0.034 -1.308 0211 -0.320 0.102  0.042
Gemini 1.5 Pro 0.585 -0.011 0.051 -0.222  0.827 -0.057 0.003 -0.063
Llama3.1 405B 0.685 -0.084 0.033 -2.564  0.022  -0.552 0.305  0.258
Phi4 0.408 -0.015 0.017 -0.845 0411  -0.213 0.045 -0.018
GPT-40 0.638 -0.063 0.054 -1.169 0261  -0.289 0.084  0.022
Pixtral 12B 0.428 -0.038 0.018 -2.068  0.056 -0471 0222 0.170
Qwen2.5 32B 0.505 -0.052 0.024 -2.171  0.046  -0.489 0.239  0.188
High School Geography Sonnet3.5 0.781 -0.080 0.045 -1.779  0.096  -0417 0.174  0.119
Aya23 35B 0.475 -0.097 0.038 <2512 0.024  -0.544 0296  0.249
DeepSeek R1 0.847 -0.082 0.056 -1.466  0.163  -0.354 0.125  0.067

DeepSeek V3 0.843 -0.124 0.053 -2.331 0.034 -0.516 0.266 0.217
Gemini 1.5 Pro 0.750 -0.065 0.070 -0.937 0363  -0.235 0.055 -0.008
Llama3.1 405B 0.822 -0.131 0.055 -2.359 0032 -0.520 0271  0.222

Phi4 0.808 -0.162 0.048 -3.343  0.004* -0.653 0.427 0389
GPT-40 0.952 -0.151 0.068 -2211  0.043  -0496 0.246  0.195
Pixtral 12B 0.688 -0.121 0.035 -3.414  0.004* -0.661 0.437  0.400
Qwen2.5 32B 0.755 -0.155 0.049 -3.190  0.006* -0.636 0.404  0.365
High School Microeconomics ~ Sonnet3.5 0.750 -0.096 0.042 -2.307 0036 -0.512 0.262  0.213
Aya23 35B 0.549 -0.105 0.038 -2775  0.014  -0.582 0339 0295
DeepSeek R1 0.888 -0.088 0.074 -1.194  0.251 -0.295 0.087  0.026
DeepSeek V3 0.906 -0.157 0.049 -3.179  0.006* -0.634 0.403  0.363
Gemini 1.5 Pro 0.883 -0.129 0.067 -1.920  0.074 -0444 0.197 0.144
Llama3.1 405B 0.953 -0.185 0.050 -3.691  0.002*%  -0.690 0.476  0.441
Phi4 0.858 -0.184 0.053 -3.479  0.003* -0.668 0.447 0410
GPT-40 0.942 -0.150 0.084 -1.779  0.096  -0.417 0.174  0.119
Pixtral 12B 0.622 -0.105 0.033 -3.179  0.006* -0.635 0.403  0.363
Qwen2.5 32B 0.779 -0.154 0.048 -3.196  0.006* -0.636 0.405  0.365
International Law Sonnet3.5 0.645 -0.040 0.028 -1.426  0.174 -0346 0.119 0.061
Aya23 35B 0.578 -0.101 0.042 -2.403  0.030 -0.527 0.278  0.230
DeepSeek R1 0.813 -0.043 0.043 -1.010  0.329 -0.252 0.064  0.001
DeepSeek V3 0.771 -0.073 0.045 -1.617  0.127 -0.385 0.148  0.092
Gemini 1.5 Pro 0.796 -0.039 0.052 -0.758 0460 -0.192 0.037 -0.027
Llama3.1 405B 0.876 -0.096 0.038 -2.548  0.022 -0.550 0.302 0.256
Phi4 0.804 -0.101 0.041 -2452  0.027 -0.535 0.286 0.238
GPT-40 0.889 -0.085 0.072 -1.175  0.258  -0.290 0.084  0.023
Pixtral 12B 0.686 -0.095 0.033 -2.859  0.012* -0.594 0.353 0.310

Qwen2.5 32B 0.787 -0.092 0.040 -2.297  0.036  -0.510 0.260 0.211

Table 1: Fertility and Accuracy by Model and Subject. Results from linear models regressing accuracy on fertility
across 16 languages for each model-subject combination. The table reports intercepts, slopes (negative values
indicate higher fertility correlates with lower accuracy), standard errors, t-statistics, and p-values for each regression.
Pearson correlation coefficients (p) quantify the strength of the linear relationship. R? values show the proportion
of variance in accuracy explained by fertility, and adjusted R? values correct for sample size. Bold p-values indicate
statistical significance (p < 0.05). Asterisks (*) indicate results that remain significant after Benjamini-Hochberg
FDR correction (FDR < 0.05). Bold p values indicate strong correlations (|p| > 0.50), and bold R? values indicate
large effects (R? > 0.25). Regressions for ol are not included because OpenAl has not released details on the
tokenizer for this model.

These cost projections assume equivalent train-  data availability: high-fertility languages lack train-
ing objectives across languages. In practice, the re-  ing data to realize theoretical training costs, which
lationship between fertility and cost interacts with  is an additional and compounded barrier to devel-
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opment.

5.2 Linguistic Factors Driving Fertility

The fertility disparities correlate strongly with mor-
phological typology. Agglutinative languages in
our dataset (Swahili: F' = 2.8, Zulu: F' = 2.6) con-
sistently show higher fertility than more analytic
languages. Fusional languages like Amharic oc-
cupy intermediate positions. This pattern suggests
that current BPE-based tokenizers, predominantly
trained on English and European language text, sys-
temically fail to capture morphological processes.
Affixation patterns that would constitute single se-
mantic units are split across tokens, fragmenting
the meaning and increasing the sequence length.

For example, Swahili verb forms that encode
subject, tense, object, and mood in a single word
are often split into multiple tokens, while equiv-
alent English constructions using auxiliary verbs
and pronouns may use fewer tokens despite con-
taining more words. This fundamental mismatch
between tokenizer training data and target language
morphology drives the observed inefficiencies.

6 Conclusion

This study demonstrates that tokenization ineffi-
ciency predicts systematic disadvantages for mor-
phologically complex languages. Across 10 large
language models and 16 African languages, fertil-
ity explains up to 50% of the variance in model
accuracy. In the strongest cases, each additional
token per word is associated with accuracy drops
of up to 18 percentage points.

While reasoning models like DeepSeek and ol
narrow accuracy gaps—improving African lan-
guage performance by 8 to 12 points on aver-
age—substantial disparities remain. The economic
implications are severe: doubling fertility quadru-
ples training costs, creating a "token tax" that turns
linguistic diversity into computational liability.

Addressing these inequities requires coor-
dinated intervention: technical advances in
morphologically-aware tokenization, economic re-
forms to pricing structures, and expanded multilin-
gual evaluation infrastructure. Without such efforts,
billions of speakers will remain excluded from the
benefits of language technology, perpetuating digi-
tal divides along linguistic lines.

7 Limitations

Our analysis establishes correlation between fertil-
ity and accuracy but cannot establish causation. To-
ken fertility correlates with training data availabil-
ity, where languages with less representation in pre-
training corpora receive fewer subword merges dur-
ing tokenizer training, and have consequent higher
fertility. The performance degradation observed
may reflect tokenizer inefficiency, scant data, or
a combined effect. Also, while we report aggre-
gate performance for such models where possible,
fine-grained fertility analyses cannot be conducted
without tokenizer transparency.

In terms of access to model components, we
could not analyze OpenAl’s ol model tokenizer as
implementation details remain proprietary, limiting
our ability to fully characterize reasoning models’
tokenization strategies. Our analysis focuses on
African languages which limits generalization to
other language families. It’s possible that simi-
lar patterns would be present for morphologically
complex, low-resource languages, this is untested.
While we analyze 16 African languages, this rep-
resents less than 1% of Africa’s 2,000+ languages.
Our findings may not generalize to languages with
different morphological properties or non-Latin
scripts. We evaluate only multiple-choice question
answering, MCQA tasks. Performance degrada-
tion patterns may differ for generative tasks where
token inflation affects both input and output, po-
tentially compounding the effects we observe, but
this remains speculation. Our cost calculations use
publicly available pricing and may not reflect ne-
gotiated rates or future hardware improvements.
We focus on direct computational costs without
quantifying broader environmental impacts.

By quantifying performance gaps, we risk rein-
forcing perceptions that some languages are lesser
for NLP applications. We emphasize that these dis-
parities reflect technological limitations, not inher-
ent language properties. Documenting the "token
tax" could discourage investment in low-resource
language technologies if stakeholders focus solely
on costs rather than equity. This document is in-
tended to motivate solutions. To address these risks,
we suggest developing inclusive tokenization stan-
dards through community participation; advocating
for subsidized compute resources for low-resource
language research; and creating evaluation metrics
that explicitly penalize tokenization inefficiency.
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Appendix
A Regression Results by Subject

Table 1 and Figure 3 show results of accuracy-on-
fertility regressions for the 10 models over 5 sub-
jects.

B Fertility

Fertility measures the average number of tokens
required to represent a word in a corpus:

F=_—
w
for T" and W the token and word counts. Higher F
inflates sequence length, affecting a model’s abil-
ity to learn long-range dependencies and compute
costs (Ali et al., 2024).

C Inference

C.1 Training and Inference Cost Comparison:
English vs. Language X

This is a thought exercise in training and inference
costs for LLMs applied to English and Language
X. The analysis assumes the same model archi-
tecture and tokenizer across languages, with cost
differences due to tokenization inefficiencies and
quadratic O(n?) training scaling (Vaswani et al.,
2017) of transformer models.

We assume Language X has a fixed 2x increase
in tokens across tokenizers (although there are vari-
ations not included here). We assume English has
1 000 000 tokens (baseline) and Language X: ap-
proximately 2 000 000 tokens for equivalent con-
tent. There is a 22 = 4x increase in training cost.

In addition to cost, token inflation impacts
time. Transformer models scale quadratically in
sequence length. With a 2x token increase, Lan-
guage X requires 4x more compute. This means
training that takes 90 days for English would take
~360 days for Language X on the same hardware.
For inference time, decoding scales approximately
linearly with token count. A prompt completion
that takes 2 seconds in English may take about 4
seconds in Language X.

These multipliers apply whether the additional
tokens appear in the input (prompt) or output (com-
pletion), and they exacerbate cost disparities for
low-resource languages.

Using published petaFLOP-day figures and as-
suming a compute cost of $240 per petaFLOP-day,
Table 3 displays order-of-magnitude estimates of
compute and cost for training, while Table 4 dis-
plays order-of-magnitude estimates for inference.

C.2 Prompt

You must only reply with 'Final Answer: X'
where X is A, B, C, or D.

Do NOT add explanations, reasoning,

or extra text.

Question: <question text>

Choices:

A. <option 1>

B. <option 2>

C. <option 3>

D. <option 4>

Your response must be strictly formatted as:
Final Answer: X

D Reproducibility: Code and Data

Raw LLM outputs, tokens, fertility and parity
measures for each model, and scripts to replicate
our analysis are available at:
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Model English 2x Fertility 5x Fertility

Llama 2 70B $5M $20M $125M
Llama 3 70B $24M $96M $600M
Llama 3.1 405B $105M $420M $2.6B

Table 2: Training costs scale quadratically with fertility

Model petaFLOP-days English $ Language X ($4 %)
LLaMA 2 (69B) 21000 5M 20M
LLaMA 3 (70B) 100000 24M 9%6 M
LLaMA 3.1 (405B) 440000 105 M 420 M

Table 3: Training compute and cost estimates for LLaMA models (USD).

Provider Model (type) English $ Language X (~2X)
OpenAl GPT-40 5720 10740
OpenAl 04-mini* 4/16 8/32

Google Gemini 2.5 Flash  0.30/2.50 0.60/5.00
Google Gemini 2.5 Pro*  1.25/10 2.50/20
Anthropic ~ Claude 4 Sonnet 3/ 15 6/30
Anthropic  Claude 4 Opus* 15775 30/ 150

Table 4: Inference cost per 1M English-equivalent tokens (USD) including reasoning models. The costs are shown
for input/output.

https://github.com/jessicalundin/
multilingual_token_tax.

111



olementary_mathematics high_school_geography international_law global_facts high_school_microeconomics.

B p=-0.155 T p=-0417 1 p=-0346 B p=-01 { p=-0512

© PR T .

S8 8 e s s g

e o

£8 - B |

12} .
° 15 20 25 30 35 40 45 50 ° 15 20 25 30 35 40 45 50 ° 15 20 25 30 35 40 45 50 ° 15 20 25 30 35 40 45 50 ° 15 20 25 30 35 40 45 50
1 0=-0723 T p--0544  p=-0527 2 =-0.446 H p=-0582

2, | . ].. ]-

38 B B

g .

< Tl ) -
B ¢ ST a e TR
° IIS zvn 2‘5 3'0 3‘5 ° 1'5 2‘0 2'5 3‘0 JIS |I5 2Iu 2‘5 3'0 3‘5
B {.‘n\si 1. p--0354 =1 p=-0.295

z ° cLn 8 - : i

%8 = s \ |

Q5 s . . . o

CE . .. | . | o

88 3 i -

8 5 .

[=] a4 3 3 .
° 15 20 25 30 a5 40 ° 15 20 25 30 35 40 ° 15 20 25 30 35 4 ° 15 20 25 30 35 40 ° 15 20 25 30 35 40
T 1. p--0516 . p=-0.385 o p-032 {p--0634

o s s = B =

> - F . K

38 < . 3 e :—\ s Bonire B 2

8 § B i B -5 o

28 3 Sy 3 s 3 . 3 <L :

g A .

o o 3 1
° 1‘5 zvn 2‘5 3'n 3'5 4 ° 1'5 2'0 2'5 1‘0 :'5 40 ° |'5 Z‘n 2‘5 sln 3'5 4 ° 1'5 2'0 2'5 JII) 1‘5 40 ° I'S Zvn 2‘5 sln 3'5 4
1 1. p=-0235 1. p=-0.192 2 p=-0.057 1

o = E . H E :

o

©d o . - g

£3 .| | 1 X

E< < .. ..

5 J

[CRE i ] . ]
° 1‘5 7‘0 25 3'0 35 ° 15 20 25 30 :‘5 ° 15 20 25 z'n 3'5 ° 15 20 25 30 35 ° 15 20 25 30 3'5
B 1. p=-052 . p=-055 B p=-0552 1+ p--069

Liama3.1 4058
Accuracy
o4 08

02 0+ o6

o
/

o

040

1'5 2'0 2‘5 aln 1‘5 1'5 Z'n 2'5 Jvo 3'5 v's 2'0 1'5 3'&1 1‘5 IIS Zln 2'5 J'o 3'5 |I5 2'0 1'5 3'&1 3'5
T p--0685 1. p=-0653 “{ p--053 o p-0213 =1 p--0.668
88 1 : :
2 e
£3 .| S I 1
< e
1'5 7‘0 2‘5 30 ;‘5 1‘0 15 20 25 30 35 40 ‘I5 1'0 1'5 30 35 40
B B 2 p=-0.289 1
> . % -
28 9 B
Es
a3 .| - . | . <]
&8 s 3 " . . 3
1'5 zvu 2'5 3'0 l's 2'0 2'5 3'0 1'5 zln 2'5 Jln |I5 2'0 2'5 J'u 1'5 2'0 2'5 3'0
B p=-0.405 { p--0661 1 p--059 p=-0471 1 p--0635
o 3 . s -
NP el 4 3 3
g A
£38 ¢ .
X3 < e . o 1 .- . 3 g .
g< B e 9 ‘. - LT
7s Zo 25 30 35 40 ©s 20 25 30 35 40 7s Zo 25 30 35 40 s 20 25 30 35 40 1s Zo 25 30 35 40
p=-0614 1 p=-0636 . p=--051 B 0=-0489 *{ p=-0636
P E3 R oo = 2l
S . .
w8 o ] | S Sy B
o5 .
N s | | oo
75 20 25 30 35 40 s Zo 25 30 35 40 15 20 25 30 35 40 s Zo 25 30 35 40 15 20 25 30 35 40
Fertility Fertility Fertility Fertility Fertility

Figure 3: Fertility and accuracy trade-offs for the 10 models across five MMLU subjects. Note that these associations
are correlational: fertility captures tokenization inefficiency that covaries with performance, but does not isolate
causal effects independent of pretraining data availability or quality.
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