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Abstract

Test assembly, the process of constructing a
complete test form from an item pool subject
to blueprint constraints, has traditionally been
treated as a static optimization problem. In
Al-enabled assessment environments, however,
item pools evolve continuously as newly gen-
erated items enter with uncertain psychometric
parameters, and delivery is on demand. These
conditions make test assembly a sequential
decision-making problem under uncertainty:
which form should be deployed now, given cur-
rent but incomplete knowledge of item qual-
ity, to simultaneously maximize measurement
precision, satisfy content-blueprint constraints,
maintain pool sustainability, and accelerate cal-
ibration of uncertain new items? This paper
proposes the Stochastic Constrained Hybrid
(ScH) framework as a principled answer to this
question. SCH recasts form-level assembly as a
multi-armed bandit (MAB) problem with Fisher
information as the reward, extending recent
item-level approaches in computerized adap-
tive testing (CAT) to the form-level setting. A
simulation study comparing six test assembly
methods is also presented. The main contribu-
tion of this paper is a framework for incorpo-
rating items with uncertain parameters into the
automatic test assembly process for linear test
forms.

1 Introduction

Test assembly, the process of constructing a form
from an item pool subject to content and psycho-
metric constraints, has traditionally relied on three
paradigms: random parallel-form (RPF) assembly
(Lord, 1964), Linearly On-the-Fly Testing (LOFT)
(Kingsbury and Zara, 1989; Way, 1998, 2025),
and constrained optimization via shadow testing
(van der Linden, 2005). None was designed for
Al-enabled assessment environments, where large
language models continuously generate items that
enter the operational pool with uncertain psycho-
metric parameters and no or little response data.

1

Al-generated items usually undergo human con-
tent validation and many quality controls, but be-
cause their empirical psychometric parameters are
initially uncertain or imprecise, we need an effi-
cient mechanism for allocating scarce empirical
information and constructing tests while those pa-
rameters are being learned.

The challenge is direct: items cannot receive reli-
able difficulty or discrimination estimates until ex-
aminees respond, yet they must be deployed imme-
diately to refresh the pool. Traditional solutions—a
pilot phase or separate field study—are expensive,
create security risks, and artificially separate cali-
bration from administration.

We propose the Stochastic Constrained Hybrid
(SCH) framework. Drawing on Sharpnack et al.
(2024), the core insight is that form assembly can
be recast as a multi-armed bandit (MAB) problem.

A multi-armed bandit is a sequential decision-
making framework in which an agent repeatedly
chooses among a set of actions (“‘arms”), each yield-
ing a stochastic reward, and must balance exploita-
tion (choosing the action currently believed to be
best) against exploration (trying less-certain ac-
tions to gather information). The name comes from
the image of a row of slot machines (“one-armed
bandits”): pulling each lever gives a random pay-
off, and the agent must learn which lever pays best
while minimizing losses during learning. In this pa-
per, each arm is one complete test form—a specific
selection of n = 40 items satisfying all blueprint
constraints—and the reward is the expected mea-
surement precision of that form. Thompson sam-
pling (Thompson, 1933) is a principled algorithm
for solving MAB problems: for each bandit arm it
maintains a probability distribution over the arm’s
true reward, draws a random sample from each
distribution, and selects the arm whose sample is
highest. Arms whose rewards are highly uncertain
receive occasionally large random draws and are
therefore explored; arms with well-understood re-
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wards are selected only when they genuinely domi-
nate. In the test-assembly context, items with uncer-
tain psychometric parameters (new, insufficiently
calibrated items) naturally receive elevated Thomp-
son samples (higher probability to be selected) and
are therefore routed to examinees for calibration,
without requiring a separate pilot phase.

The SCH framework extends this idea from se-
lecting one item per step in a computerized adaptive
test (CAT) to selecting a complete n-item form sub-
ject to a test blueprint specifying content-category
quotas and difficulty-band constraints. This is an
example of the computational psychometrics ap-
proach (von Davier et al., 2021), combining tradi-
tional psychometric methods with machine learn-
ing algorithms.

The extension of the MAB method from single-
item in a computerized adaptive test (CAT, (van der
Linden, 1998)) as it was developed by Sharpnack
et al. (2024) to n-item form assembly is non-
trivial for three reasons: (i) the MAB arm space
C|=TL, (EZ ) ~ 1068 is intractable by enumera-
tion, considering the size of the full form-selection
arm space being the number of distinct blueprint-
feasible test forms that could be assembled from
the pool. In this paper we show how to reduce
this number to a manageable number of arms per
blueprint stratum cell, for a specific, but realistic
case, making Thompson sampling computation-
ally feasible. (ii) blueprint constraints couple item
choices across content categories and difficulty
bands; and (iii) post-selection constraint repair cre-
ates a learning inconsistency in the bandit update.
SCH resolves all three.

Contributions. (1) A formal extension of bandit
item selection to form-level assembly; (2) a strati-
fied cell decomposition (with a pragmatic choice)
reducing 10%% arms to <70 per cell while pre-
serving the information-maximization objective;
(3) a full delta-method variance approximation over
all three IRT parameters, correcting an 88% un-
derestimate from difficulty-only methods; (4) a
new information-weighted LOFT baseline revealing
a previously undescribed intermediate operating
regime; and (5) evidence that pool concentration
is a tunable trade-off governed by the exposure-
penalty weight.

2 Background and Related Work

IRT and
3PL model,

test information. Under the
the probability that examinee

J with ability 6; answers item ¢ correctly
is  Pi(0)=ci+(1—c¢;)/(14+e~ %00y where
®,=(a;,b;,c;) are discrimination, difficulty,
and pseudo-guessing.  Fisher information is
L(0; ®;)=a?[P,—c;)*[1-P}]/[(1—c;)>P;].  The
expected test information of form F' is

R(F) = [ @ @)n0)d. 1)
el
where 7(6)~N(0,1) (approximated by 200-point
Gaussian quadrature); higher R(F') means more
precise ability estimates.

Blueprint and stratum cells. A blueprint B
specifies form length n, per-category counts {ny }
(>, ni=n), difficulty-band bounds, a target mean-
difficulty interval [b, b], and item exposure ceiling
Pmax- The S=K xL intersections of K content
categories and L difficulty bands are stratum cells
o, each with quota n, and item pool Z,,.

Related work. van der Linden (1998) formu-
lated Bayesian CAT item selection. Shadow testing
(van der Linden, 2005) added blueprint feasibility
via an ILP at each selection step. Sharpnack et al.
(2024) reframed CAT selection as a bandit problem
(BanditCAT), enabling simultaneous precision and
calibration. Sharpnack et al. (2026) added stochas-
tic Sympson—Hetter control (the SAC framework),
validated on the Duolingo English Test. This paper
extends both from single-item CAT to form-level
assembly.

3 Assembly Methods Compared

Stratified Random Parallel Form, SR (Lord, 1964)
draws n, items uniformly from each cell item pool
Zs.

LOFT with exposure control, LOFT-SH (Kings-
bury and Zara, 1989; Way, 1998, 2025) draws
uniformly subject to a Sympson—Hetter (S-H)
constraint (Sympson and Hetter, 1985) keeping
pi<pmax Via per-item eligibility probabilities «;
updated every W cycles. LOFTthat considers the
expected information function LOFT-IW (new
baseline) samples within cells proportional to
expected information R({i})= [ I;(9; ®;)m(8)d6,
subject to the same S-H constraint. Shadow test
applied to a linear test form ST-Linear (van der
Linden, 2005) solves one binary ILP per cycle:
MaXye (0,1} N v ' x subject to blueprint constraints,
where v;=R({i})—Acpi (A\c=0.5). SCH-MAB
and SCH-EXP are the new methods that use
MABand they are described in Section 4.



4 The SCH Framework
4.1 Utility Score and Arm Reduction

Each item receives a multi-objective utility score:

wi(t) = ME[1(8; ®5)] + Ao tr(3;)
—_— ——

info uncertainty
(precision) (calibration)
dd
+Agexp(—a(t —£99)) — \api(t)
——
refresh exposure
(novelty) (sustainability)
2

where 3; is item ¢’s posterior parameter covariance
(calibration uncertainty), t,?dd is the administration
cycle in which item ¢ entered the pool; « > 0 is the
novelty decay rate (novelty), and p;(t) its exposure
rate (pool health).

Proposition 1 (Reward decomposition). Under an
IRT model, the expected test information of a form
decomposes additively over stratum cells: R(F') =
> o R(F5) where Fo=F N I,.
Proof. TIF(G; F) = > ,cpl(d) =
Yoo duier, Li(0) = >, TIF(0; F,).  Inte-
grating against 7(#) and applying linearity of
integration gives R(F) = > R(F,). Hence,
linearity of integration over 7 () proves it. O
In order to make the problem computation-
ally manageable, test form assembly therefore de-
composes into S independent per-cell problems.
The top-s=8 items (pragmatically chosen here)
in each cell by u; form candidate set Q,; the
arm set AU:(%;’) has at most (i) =70 arms. Set-
ting s=8 satisfies s>2n,, for all n,€{2,3,4} in
the n=40 blueprint (K =5, L=3; item allocation
10,8, 8, 8, 6)).

4.2 Delta-Method Variance for Exploration

For Thompson sampling to explore uncertain items,
reward variance must reflect parameter uncertainty:

Var(R(a)) ~ Z[(%)QSE@)? + () SEh)?

i€a
+ () sm@)]. 3)

where a is a candidate arm (an n,-item subset of
Q,) and SE(a;),SE(b;), SE(¢;) are standard er-
rors of the item parameter estimates. A b-only
approximation captures only 11.6% of full vari-
ance for jump-start items (SE(E)%OA) because

|OR /Da;|>>|0R/Ob;|: discrimination uncertainty

dominates. Without the full variance, Thompson
sampling collapses to pure exploitation and will
avoid the new items (exploration).

4.3 SCH-MAB and SCH-EXP

The MAB extension to test form assembly, SCH-
MAB maintains a Gaussian approximation for each
arm a: mean Ma,u:R(a)lrbi:&i and variance Uia
from Eq. (3). It draws ﬁg,uNN(ugﬁu,agva) and
selects aj,=arg max, 7~€U,a. Arms with large o2
(uncertain items) receive extreme draws and are
explored; well-calibrated arms are selected only
when their mean dominates. Exposure is controlled
through A4 in Eq. (2).

MAB with exposure control is the exten-
sion of SCH-EXP (Sharpnack et al., 2026)
from an item level CATto a linear test that
adds Sympson-Hetter (S-H) arm weights:
a,=argmax, we- max(Ryq,0)?,  where
W= Min;cq a; and 5=0.5. This provides a harder
exposure ceiling than A4 alone.

Feasibility filter. Filtering arms to satisfy the
mean-difficulty constraint before Thompson sam-
pling eliminates a systematic algorithm learning
bias: without it the bandit updates on a repaired
arm rather than the one it chose. This improved the
constraint satisfaction, CS, from 0.825 to 0.963 for
SCH-MAB.

5 Simulation Study

items; n=40; K=5
L=3 difficulty bands;
T=500 cycles; J=500 examinees/cycle;
R=30 replications; pmax=0.30. Item pa-
rameters: a;~LogNormal(0,0.5), b;~N(0,1),
ci~Beta(4, 16). New items enter with jump-start
calibration (SE(b;)~0.30-0.50). SCH weights:
(A1, A2, Az, A1)=(0.40,0.25,0.15,0.20) for SCH-
MAB; (0.55,0.25,0.15,0.05) for SCH-EXP; s=8
for both; Python 3.12, single CPU.
Five scenarios (Table 1) range from static (S1) to
inflow plus drift (S5). Inflow: new jump-start items
added each cycle; drift: b;+=¢, e4~N(0,0.052).

Design. N=1,000

content categories;

Metrics. Form comparability (FC|: SD of
R(F})), constraint satisfaction (CS?), average test
information (ATIT: mean R(F})), pool sustainabil-
ity via exposure Gini (IPSJ), new-item calibration
(NIC?: mean SE(b) reduction), subgroup fairness
via differential test functioning (SF]), and compu-

tational cost (CCJ, ms/cycle).



Table 1: Simulation scenarios.

ID Description Inflow Drift
S1 Static pool None None
S2 Moderate inflow 5%/cycle None
S3 High inflow 20%/cycle None
S4  Drift only None 0=0.05

S5 Inflow + drift 10%/cycle 0=0.05

6 Results

Table 2 reports cross-scenario means and Figure 1
visualizes the ATI-IPS trade-off. Three distinct
operating regimes emerge.

Regime 1 (SR, LOFT-SH). ATI=0.228,
[PS=0.177. High pool health, modest precision.
SR and LOFT-SH are statistically equivalent on
measurement quality; LOFT-SH’s advantage is the
provable S-H exposure ceiling. NIC=0.318 arises
from new items entering the pool by chance.

Regime 2 (LOFT-IW). ATI=0.350, IPS=0.422.
A previously undescribed intermediate regime ac-
cessible with a minimal change to any LOFT-SH
system: replace uniform within-cell sampling with
information-proportional sampling.

Regime 3 (ST-Linear, SCH). ATI>0.64,
IPS>0.92.  High precision, substantial pool
concentration. SCH-MAB matches ST-Linear’s
precision (ATI0.656 vs. 0.642) while providing
better constraint satisfaction under drift (CS 0.963
vs. 0.880-0.890) and active new-item calibration
(NIC 0.072 vs. 0.039).

Pool concentration. IPS~0.93 means ~120
items receive all usage, leaving ~880 essentially
unused. Sensitivity analysis shows increasing A4
from 0.15 to 0.40 reduces IPS by 33% (0.880 —
0.586) at an ATI cost of 27% (0.567 — 0.411)—
concentration is a tunable information—security
trade-off, not an algorithmic inevitability. The g
temperature in SCH-EXP has negligible effect on
IPS (8€{0.2,0.5,1.0}: range 0.812-0.831), con-
firming that A4, not selection stochasticity, governs
concentration.

7 Discussion and Conclusion

This paper introduced the Stochastic Constrained
Hybrid (scH) framework for test form assembly
in Al-enabled assessment systems. The motivating
question was how to simultaneously maximize mea-
surement precision, satisfy blueprint constraints,

Figure 3. Information-Sustainability Trade-off (R3)
(Each point = method x scenario mean; three distinct operating regimes)
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Figure 1: ATI vs. pool exposure Gini (IPS) across six
methods and five scenarios. Three operating regimes
are clearly separated. LOFT-IW (Regime 2) is a new
intermediate regime.

maintain pool sustainability, and accelerate calibra-
tion of uncertain new items; four objectives that
no existing method addresses jointly. SCH answers
this question by recasting form-level assembly as
a multi-armed bandit problem, exploiting the ad-
ditivity of the IRT test information function to de-
compose an intractable arm problem into small,
independent per-cell bandits with a manageable
number of arms each.

Three methodological advances distinguish this
framework from earlier item-level bandit ap-
proaches: a full delta-method variance approx-
imation (correcting an 88% underestimate from
difficulty-only approximations); a feasibility filter
that ensures the bandit learns from exactly what it
assembles; and a theoretical demonstration (con-
firmed via simulations) that pool concentration is
a tunable ATI-security trade-off governed by the
exposure-penalty weight A\4.

A simulation study comparing six methods
reveals three distinct operating regimes. The
corrected intermediate LOFT-IW regime (ATI=
0.350, IPS = 0.422) is a new finding with imme-
diate practical implications: it is accessible with
minimal modification of any existing LOFT imple-
mentation and may serve as the appropriate choice
for programs that need more than stratified random
sampling but cannot tolerate the pool concentra-
tion of full information maximization. The two
SCH variants occupy the information-maximizing
Regime 3 alongside shadow testing, but offer more
stable constraint satisfaction under item-parameter
drift and the ability to calibrate uncertain new items



Table 2: Cross-scenario means (R=30, T'=500). Bold =

production cost ~4 ms.

best per metric. TNIC: inflow scenarios only. *Cached

Method  FC| CSt ATI? IPS| NIC't SF| CC(ms)l
SR 0.027 098 0228 0.176 0318 0.007 1.4
ST-Linear 0.016 0.953 0.642 0921  0.039 0.022 279
LOFT-SH  0.027 0987 0228 0.178 0318 0.007 1.7
LOFT-IW! 0.032 0987 0350 0422 0.177 0.012 ~4
SCH-MAB 0.014 0963 0.656 0930 0.072 0.022 80.6
SCH-EXP 0.062 0.980 0.643 0926 0.053 0.022 100.5

without a separate pilot phase.

Limitations and future work. Results are
simulation-based with very specific default val-
ues chosen for pragmatic reasons; real-pool valida-
tion is needed. IPS~0.93 limits SCH in security-
sensitive programs without tuning A\4. Natural ex-
tensions include MST module routing (Yan et al.,
2014, 2024), where modules become bandit arms
(K4<5 per stage), and adaptive A scheduling.
More research is needed to evaluate the validity
of the test forms assembled with items newly gen-
erated items. Similarly, more research is needed to
evaluate the tunable exposure rate in real applica-
tions.

SCH addresses a genuinely novel problem: as-
sembling blueprint-compliant forms that simulta-
neously maximize precision, sustain pool health,
and calibrate uncertain new items without a pilot
phase.
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