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Abstract

Item response theory forces a choice between
flexible curves and tractable inference. We
bridge them by representing item response
functions as Bernstein polynomials. With a nat-
ural conjugate Beta prior, this gives a closed-
form ability posterior as a Beta mixture. It
reproduces IRT and recovers non-monotone
curves with bimodal posteriors.

1 Introduction

Item response theory (IRT) measures students’ abil-
ities from their responses to assessment items using
the item-response function (IRF), which models the
probability of a correct response as a function of
ability and item parameters. Classic 1PL or 2PL
models assume a logistic IRF, but real response
data often deviate from these idealized curves (Lo-
ken and Rulison, 2010; Culpepper, 2016), which
calls for more flexible IRFs (Samejima, 2000; Lee
and Bolt, 2018; Liao and Bolt, 2021).

At the same time, accurate and fair measurement
requires principled Bayesian inference. A closed-
form posterior ability provides the standard error
and credible interval of an estimate, and an exact
marginal likelihood compares competing models.
The chronic difficulty is that flexible IRFs make the
marginal likelihood intractable (Bock and Aitkin,
1981), while closed-form Bayesian inference ex-
ists only for specific parametric IRFs (Polson et al.,
2013; Durante, 2019) with limited flexibility. Flex-
ibility and tractability pull in opposite directions.

A desirable flexibility is relaxing the assumption
that IRFs must be monotone (increasing). Nonpara-
metric IRT routinely tests this assumption (Junker
and Sijtsma, 2000), and unfolding models of atti-
tude measurement have non-monotone IRFs built
in (Roberts et al., 2000). A setting where the mono-
tonicity assumption may fail in ability measure-
ment is Al-integrated assessment, in which stu-
dents consult an Al assistant while responding.

Field experiments find that Al assistance helps
lower-ability users the most (Noy and Zhang, 2023;
Brynjolfsson et al., 2025), that human-Al teams
do not simply inherit the AI’s accuracy (Vaccaro
et al., 2024), and that reliance on Al falls with the
participant’s own ability in some released human-
Al assessment data (Section 4.2.3). If a compe-
tent assistant is used most by those who need it
most, a low-ability student may answer a hard item
correctly by following the Al while a mid-ability
student who overrides it does not (Figure 1, left).
A correct response is therefore genuinely ambigu-
ous, and only a flexible, exact posterior can express
this ambiguity with two modes, which a Gaussian
approximation can never show (Figure 1, right).

We propose the Beta-Bernstein Bridge, which
connects any continuous IRF on [0, 1] to a conju-
gate Beta prior. Representing IRFs as Bernstein
polynomials lets us exploit the conjugacy of the
Beta distribution with the Binomial likelihood, so
that the exact posterior ability is a finite mixture of
Beta distributions for any IRF, monotone or not.

We evaluated the bridge on six real student
datasets and one simulated dataset with Al-
mediated responses, giving affirmative answers to
two research questions:

RQ-1: Do bridged models reproduce the predic-
tions of their standard counterparts? (Section 4.1)

RQ-2: Can the bridge represent non-monotone
IRFs? (Section 4.2)

Based on our results, we developed some guide-
lines for practitioners to decide whether the bridge
is worthwhile, including its computational cost, de-
gree selection and parameter scaling (Section 5).

2 Related Work

Neither flexible IRFs nor closed-form ability pos-
teriors are new, but no prior method delivers exact
Bayesian inference under an arbitrary IRF.
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Figure 1: Al-integrated assessment can produce atypical item-response curves that deviate from the traditional
monotonic shape (left; the generative model used in Section 4.2.1). Exact Bayesian inference produces a bimodal
posterior over ability (right), which reflects the uncertainty about whether a correct response is due to the student’s
ability or the AI’s assistance. An approximate Gaussian posterior would fail to capture the bimodality.

Flexible IRFs preclude closed-form posteriors.
Kernel-smoothed item characteristic curves (Ram-
say, 1991) and monotone polynomials (Falk and
Cai, 2016) are flexible, but have no closed-form
posterior over ability. Bayesian IRT models place
priors on the IRF through infinite mixtures (Kara-
batsos, 2017) or Gaussian processes (Duck-Mayr
et al., 2020), or use variational inference (Wu et al.,
2020), but all return approximate or sampled poste-
riors and no exact marginal likelihood. We instead
choose an IRF representation with a natural conju-
gate prior so that any IRF expressed as such inherits
a closed-form posterior.

Exact inference exists only for specific IRFs.
Durante (2019) shows that the probit likelihood is
conjugate to a Gaussian prior, with a unified skew-
normal posterior, but the result is probit-specific
and framed for regression coefficients. Polson et al.
(2013) make the logistic likelihood conditionally
Gaussian by Pélya-Gamma augmentation, but the
method is logistic-only and still needs Gibbs sam-
pling. The closest IRT construction (Liu and Wang,
2020) places a monotone nonparametric prior on a
dynamic ability trajectory under a fixed logistic IRF,
solved by MCMC. While previous methods retain
tractability by fixing the IRF, our method extends
to any bounded IRF representable as a Bernstein
polynomial, whether it is monotone or not.

Bernstein polynomials have been used, but
not for conjugacy. They served as Bayesian
nonparametric priors for densities and shape-
constrained regression (Petrone, 1999; Curtis and
Ghosh, 2011; Choi et al., 2016), and in integrated

(I-spline) form imposed monotonicity through non-
negative coefficients (Ramsay, 1988). Previous
work used them to estimate a function by posterior
sampling; we exploited their algebraic properties
to represent a function so that the posterior is avail-
able in closed form, which is a novel use in IRT.

3 The Beta-Bernstein Bridge
3.1 Problem Statement

Consider measuring a student’s latent ability 6;
from their responses to a set of assessment items.
In IRT, each item j has an item-response function
(IRF) P;(6;;w;) that relates the probability of a
correct response to #; given the item parameters
w;. The responses form a vector of \S; dichotomous
outcomes y; = (yi1, - - - , ¥is; ), where each entry is
1 if the item is answered correctly and O otherwise.

We seek to perform Bayesian measurement by
placing a prior p(6;) on the latent ability and com-
puting the posterior p(6; | y;) via the Bayes rule. If
the responses are conditionally independent given
0;, the likelihood is a product of the IRFs:

HP

Calculating the posterior in closed form requires
first computing the exact marginal likelihood
p(y;), which results from integrating the likelihood
against the prior over all values of 6;:

bl = [ v HP )V (1~ Py(6:)) v dos.
(2)

p(yi | 6:) )Y (1— Pj(6;) ¥, (1)
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This integral is generally intractable, and a closed-
form solution is only known for a few specific IRFs.
Our goal is to find a novel IRF representation such
that the integral can be solved in closed form for
any IRF bounded on [0, 1].

3.2 Flexible Representation of IRFs

Canonical IRT models place the ability € on the
real line, with a practical range of [—3,3] un-
der a standard Normal prior. We instead place
0 on the unit interval [0,1] under a Beta prior
Beta(a, 3) and represent each IRF as a Bernstein
polynomial (Bernstein, 1912), whose flexibility
and close relationship with the Beta distribution
yield a closed-form posterior for any bounded IRF.

3.2.1 Bernstein Polynomials

A Bernstein polynomial of degree n is a linear
combination of n 4 1 basis functions:

b (0) = <Z> 0" (1 —0)"* k=0,...,n. (3)
The basis functions are precisely the Binomial prob-
ability mass function Bin(k;n, 0) viewed as a func-
tion of , with two key properties. First, they are
non-negative and sum to one for all § € [0, 1], so
any linear combination of them with coefficients in
[0, 1] is a valid probability function. Second, they
are conjugate to the Beta distribution, following
directly from the Beta-Binomial conjugacy.

We represent each item’s IRF as a Bernstein

polynomial with coefficients {w,(gj ) o

Z wy b )

The coefficients w,(j ) are the item parameters that
determine the shape of the IRF. They are con-
strained to [0, 1] so that P;(#) is a valid probability;
to enforce monotonicity, they can further be con-
strained to be non-decreasing, w (] ) <... < wT(Lj ).

Intuitively, the ability contmuum is divided into
n + 1 “cognitive states” at the nodes k/n, where
w,(j ) is the probability of giving a correct response
to item j in the k-th state, by, ,(¢) the probability
of being in that state given 6, and the degree n sets
the “resolution” of the states.

3.2.2 Universal Approximation

A classical result from the Weierstrass approxi-
mation theorem (Bernstein, 1912; Lorentz, 1953)
specifies exactly how to choose the coefficients to

represent any continuous IRF on [0, 1]: for any con-
tinuous g on [0, 1], the Bernstein polynomial with
coefficients wy, = g(k/n) converges uniformly to
gasn — oo:

=0. (5

lim sup
00 9el0,1]

Z g k / n bk n
Any continuous IRF can thus be bridged into the
Beta-Bernstein family, to arbitrary precision, by
sampling it at the nodes k/n. The logistic and
normal-ogive curves, for instance, are defined on
the unbounded ability scale R, so we first map
0 € [0,1] to a wider interval [—h, +h| with the
link function = 2h 6 — h and sample the curve at
the mapped nodes: wy = o(n(k/n)) (logistic) or
wg, = P(n(k/n)) (normal-ogive).

Alternatively, the coefficients can be learned
from data without any parametric form; the theo-
rem still guarantees that the learned polynomial can
represent any continuous IRF if n is large enough.
To keep the number of item parameters from grow-
ing with n, we can learn a coefficient-generating
Sfunction with far fewer parameters—for example,
a monotone I-spline (Ramsay, 1988) with m < n
parameters sampled at the nodes k/n—which de-
couples the degree n from the number of item pa-
rameters m. For maximum flexibility, the per-item
coefficients can also be optimized directly, option-
ally under a monotonicity constraint, giving a fully
nonparametric IRF.

3.3 Beta-Bernstein Conjugacy

The item parameters, whether generator parameters
or the coefficients themselves, are fitted by maxi-
mizing the marginal likelihood p(y;), whose exact
form is needed for both estimation and posterior

inference. Define the effective weights for item j

as w(J) = w(])yw (1—w,(€j))(1—y¢j), contingent

on the response y;;. The marginal likelihood is

p(yn—/ Beta(0;; o, §) HlZwk i (6 ]da
J
6)

The integrand is a product of S; Bernstein polyno-
mials, and two elementary properties of Bernstein
polynomials give the marginal likelihood and the
posterior in closed form.

First, a product of Bernstein polynomials is
again a Bernstein polynomial. Multiplying two
Bernstein polynomials boils down to the pairwise
products of their basis functions, which result in a
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Dataset Students Items % Correct Brief Description
art (McCarron and Kuperman, 2021) 1,402 50 27.08% Author recognition
spelling (Eskenazi et al., 2022) 673 109 56.32% Elementary spelling
malawi_math (Berry et al., 2022) 6,818 10 43.97% Math achievement
online_rct (Gilbert et al., 2023) 7,797 30 53.72%  Reading comprehension
content_lit (Kim et al., 2023) 2,174 20 54.87%  Reading comprehension
vocab (Kim et al., 2021) 2,588 24 44.45% Vocabulary knowledge

Table 1: Summary of the six datasets used in the experiments, including the number of students, items, overall
percentage of correct responses, and a brief description of the assessment context.

(scaled) basis function of a higher degree:

() (D)
(%)
Hence the product of .S; Bernstein polynomials re-
solves into a single Bernstein polynomial of degree

D; = S; - n with the coefficients {C,} 5;0 that
depend on all item weights and responses:

n Di
lz ) bk,n(e)] =3 " Cubep,(0). (8
k=0 =0

Second, a Bernstein basis function is conju-
gate to a Beta prior. Each basis function is a Bi-
nomial likelihood, so integrating it against a Beta
prior yields the Beta-Binomial marginal likelihood:

/01 Beta(0; cv, 3) by, p, (0) dO = (Dﬁl)
)

Since Equation 8 is a sum of D; + 1 basis func-
tions weighted by Cy,, the marginal likelihood sim-
ply sums their contributions:

D; D
p(yi) = ch < R)
k=0 (10)

and the posterior is a D; 4+ 1 mixture of the corre-
sponding Beta-Binomial posteriors:

bs,m(e) : bt,n(e) = bs+t,m+n(0)' (N

Si

II

J

B(Q+K7B+Di_’£)
B(a, B) '

Bla+k,8+ D; — k)
B(a, )

D;
p(0; | yi) = Zﬂ'ﬁ Beta(0;;a + k, 8+ D; — k),
~k=0
. D;
w1th7r,{o<C,€< )B(a+m,B+Di—/@).
K

an

Regardless of IRF, the posterior is a finite mix-
ture of Beta distributions, and the marginal likeli-
hood is a finite sum of Beta functions. This is the
Beta-Bernstein Bridge connecting any continuous

S n Comps. Exact Quad. Direct
10 10 101 4.7 3.5 1.2
10 20 201 8.8 5.0 1.2
30 10 301 23.1 7.9 2.5
30 20 601 331 11.0 2.5
50 10 501  40.6  12.0 53
50 20 1,001 705 17.0 53

109 10 1,001 131.6 236 6.9
109 20 2,181 517.0 342 6.9

Table 2: Cost of one marginal-likelihood evaluation for
256 students (milliseconds, median of 10 runs; PyTorch
on an Apple M2 Pro CPU) as a function of test length
S and degree n, for the exact method, the Gauss-Jacobi
quadrature form of the same closed form () = 80
nodes), and a direct Gauss-Hermite 2PL (@) = 80).
“Comps.” is the number of components Sn + 1 of the
exact posterior. A training step adds a backward pass of
comparable cost.

IRF on [0, 1] with a conjugate Beta prior, which
enables exact Bayesian inference for any IRF rep-
resentable as a Bernstein polynomial.

Equation 8 multiplies S; polynomials of degree
n, which costs O(D?) per student and yields a
posterior with D; 4+ 1 components. The same in-
tegrals can also be evaluated by the Gauss-Jacobi
quadrature with () nodes at a cost of O(D;(Q)); be-
cause the integrand is a polynomial of degree D;
weighted by a Beta density, the quadrature is exact
if @ > [(D; + 1)/2] for all 7. Therefore, the exact
and quadrature evaluations are interchangeable. Ta-
ble 2 compares both with a standard Gauss-Hermite
2PL.: the quadrature costs 2-5x and the exact costs
4-75x higher than a direct evaluation—about two
milliseconds per student at worst.

4 Experiments

We evaluated the Beta-Bernstein Bridge around the
two research questions introduced in Section 1.!

!Code, benchmark configurations and simulation scripts
are available at https://github.com/weiyumou/BetaBern.
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IRF family Direct Bridged (n = 10) Bridged (n = 20) Equiv. # Params
Logistic (2PL) 0.5064 0.5073 0.5069 6/6 83
Normal-ogive (2PNO) 0.5072 0.5074 0.5072 6/6 83
I-spline 0.5051 0.5066 0.5054 6/6 116
Free-form - 0.5061 0.5050 - 114 & 144

Table 3: Held-out NLL (averaged over six datasets; lower is better) for the direct (standard IRT on R) and bridged
(exact) forms at degrees n = 10 and n = 20; the “Equiv.” column counts datasets where the bridged model is
TOST-equivalent to its direct counterpart at the margin of 0.01 NLL, for both degrees (per-dataset results in Table 6).

4.1 RQ-1: Do bridged models reproduce the
predictions of the standard counterparts?

The first experiment probes faithfulness: perfect
representation of a given IRF is only guaranteed
in the limit of an infinite degree, so we stress-test
the bridge across six real student datasets and three
IRF families to confirm that bridged models are
statistically equivalent to the original models at
feasible degrees of n = 10 and n = 20.

4.1.1 Data and Models

We drew six educational assessment datasets from
the Item Response Warehouse (Domingue et al.,
2025). Each measures a single construct with one
fixed ability per student, and the items are scored
dichotomously (Table 1).

Following Section 3.2, we tested three IRF fami-
lies: two parametric with the two-parameter logis-
tic (2PL) and normal-ogive (2PNO) curves, and
one nonparametric with an I-spline generator. Each
family was evaluated in two forms: a direct form
serving as the control, i.e., a standard IRT model
under a standard Normal prior, and a bridged form
with the same IRF represented as an n-th degree
Bernstein polynomial under a Beta prior by sam-
pling it at the nodes k/n. The two forms have the
same number of parameters, so we expect them to
have equivalent predictive power.

We also fit a fully free-form model that learns
the Bernstein coefficients of a monotone IRF di-
rectly from data. It exists only in bridged form
and is not expected to be equivalent to any family,
but it tests the bridge’s ability to represent a curve
with no inductive bias other than monotonicity; we
expect it to parallel the direct forms, if not better.

4.1.2 Evaluation Procedures

We fit every model by maximum marginal likeli-
hood (MML): the bridged models with the exact
closed-form marginal likelihood of Section 3.3 and

the direct models with Gauss-Hermite quadrature,
the standard method for IRT.

For each dataset, we applied ten-fold cross-
validation within each student: the response vector
y; was randomly partitioned into ten equal-sized
folds, so every student contributes to every training
fold and the ability distribution is identical across
folds by construction (Appendix A documents fold
balance and all training settings). In each iteration,
we trained all models on the nine training folds
aggregated over students and evaluated them on
the held-out fold. We report the average negative
log-likelihood (NLL) of the held-out responses un-
der each model’s posterior predictive, given the
student’s training responses.

Because we ask whether bridged and direct mod-
els are equivalent, we test equivalence rather than
difference with the two one-sided tests (TOST)
procedure (Lakens, 2017; Lakens et al., 2018),
which declares two models equivalent only when
their difference is provably smaller than a pre-set
margin (0.01 nats of NLL, a tight margin given the
NLLs we observe), with p-values corrected for mul-
tiple comparisons by the Benjamini and Hochberg
(1995) procedure at a false discovery rate of 0.05.

4.1.3 Results and Discussion

Table 3 summarizes the results. The bridged mod-
els reproduce their standard counterparts. The
bridged models (with exact marginal likelihood)
are TOST-equivalent to their direct counterparts
in all six datasets, for all three families, and
at both degrees. Re-expressing a monotone IRF
as a Bernstein polynomial does not change the
model’s predictions, even at a degree as low as
n = 10, and the finite-degree approximation gap
shrinks as the degree grows (bridged logistic went
0.5073 — 0.5069 as n went 10 — 20), exactly re-
flecting the uniform convergence of Section 3.2.2.

A learned IRF is also faithful. The free-form
model, which learns the Bernstein coefficients di-
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rectly, also tracks the direct models closely, with
an average NLL of 0.5061 at » = 10 and 0.5050
at n = 20. The bridge can thus represent flexible
IRFs without sacrificing predictive power, and the
exact marginal likelihood is a reliable objective for
fitting flexible IRFs to student data.

4.2 RQ-2: Can the bridge represent
non-monotone IRFs?

The second experiment evaluates flexibility, the
bridge’s most distinctive capability. The conjugacy
of Section 3.3 requires only that the coefficients wy,
be bounded in [0, 1], not monotone, so the closed-
form posterior holds even for an IRF that rises and
falls, which is impossible for standard monotone
models. We test this capability in a simulated sce-
nario of Al-integrated assessment, one plausible
setting in which non-monotonicity can arise as stu-
dents get help from an Al assistant.

4.2.1 Data and Models

We simulated a bank of ten items: four standard
2PL items and six Al-mediated items. For an Al-
mediated item j, the IRF at ability 7 is

Pi(n) = (1= 1;(n) - oa;(n — b)) + r;(n) - A;

(12)
where o is the logistic function and a;, b; are 2PL
item parameters. A; is the AI’'s competence (the
probability of a correct response if the student fully
relies on Al), and rj(n) = o(—n/s,) is the reliance
of a student with ability 77 on Al, with s, controlling
the strength of the Al effect (smaller s,., stronger
effect). We set A; = 0.95 and s, = 0.55 for a
pronounced effect. We ran 20 simulations, each
with 2,000 students whose abilities were drawn
from a standard Normal prior.

The response thus mixes the student’s own abil-
ity and the AI’s assistance, with lower-ability stu-
dents relying more on Al. The resulting IRF is
non-monotone as shown on the right of Figure 2:
low-ability students ride the Al to a correct re-
sponse, mid-ability students who override the Al
but lack the skill dip down, and high-ability stu-
dents recover on their own. A correct response
is thus ambiguous between low ability (rode the
Al) and high ability (did it alone)—a pattern that
monotone models cannot capture. We compared
three MML-fitted models: a four-parameter logis-
tic (4PL) model (the strongest monotone paramet-
ric baseline), the monotone free-form Bernstein
model of Section 4.1, and a flexible free-form Bern-
stein model without monotonicity constraints.

4.2.2 Evaluation Procedures

Because the true IRF of every item is known, we
evaluate how well each model recovers it using the
median root mean squared error (RMSE) between
each fitted IRF and the true curve, separately for
standard and Al-mediated items. This requires no
held-out set, as a spurious wiggle only raises the
error against the truth. We also report AIC and BIC
to confirm that any advantage is not merely due
to the extra parameters, since the flexible model
carries four more parameters than the 4PL.

4.2.3 Results and Discussion

Only the flexible model recovers the valley. On
standard items all three models recover the true
curve with an RMSE of 0.03-0.06, and the flexible
model (0.028) slightly outperformed the monotone
Bernstein (0.033) and the 4PL (0.056), so relaxing
monotonicity does not hurt on monotone items.
On Al-mediated items, the flexible model traces
the valley within an RMSE of 0.033, whereas the
monotone 4PL and Bernstein models are forced to
rise through the dip and miss it with roughly a 5 x
larger median error (Table 4, Figure 2).

The advantage survives a capacity penalty.
The flexible model wins on both AIC and BIC de-
spite its four extra parameters over the 4PL. model,
while the monotone Bernstein model, parameter-
matched to the flexible model, is the worst on both
criteria (Table 4). Extra capacity does not help, un-
less spent on relaxing the monotonicity constraint.

The closed form yields a non-Gaussian poste-
rior. For a student who answers the Al-mediated
items correctly, the exact Beta-mixture posterior
over ability is bimodal (Figure 1, right): a “low
ability, rode the AI” mode and a “high ability, did
it alone” mode. A Gaussian summary has a single
peak between the two modes and represents neither,
so only the closed form captures this ambiguity.

Empirical status. The simulation is a capabil-
ity demonstration, so it is reasonable to consider
whether the same story extends to real data. We an-
alyzed ChatBench (Chang et al., 2025), a released
corpus in which crowd workers answered MMLU
items alone and then with GPT-4o. Its ingredients
are documented: when the AI’s answer differed
from a worker’s own, the worker adopted it less of-
ten if they had a higher solo accuracy (¢ = 0.006)
and higher stated confidence (¢ < 10~?), and adop-
tion was partially calibrated to the AI’s compe-
tence (83% when the Al was right and 42% when it
was wrong; worker-clustered tests, BH-corrected).
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Model # Params  AIC BIC RMSE (standard) RMSE (Al-mediated)
Monotone 4PL 55 22,565 22,873 0.056 0.164
Monotone Bernstein 59 22,613 22,943 0.033 0.169
Flexible Bernstein 59 22,196 22,526 0.028 0.033

Table 4: IRF-recovery RMSE against the true curve (lower is better) on standard vs. Al-mediated items, along with
capacity-penalized AIC/BIC under a pronounced Al effect. All quantities are medians over 20 simulation runs. The
monotone Bernstein model is parameter-matched to the flexible model.

(a) Standard item (monotone 2PL)

P(correct)

0.0

-2 0 2
Ability

(b) Al-mediated item (non-monotone)

S 0.6
o
=
3
= 044
= = &= Tryue IRF
0.2 - === Monotone 4PL
== == Monotone Bernstein
== Flexible Bernstein
0.0 ! ! !
-2 0 2
Ability

Figure 2: Fitted IRFs on a standard item (left, monotone) and an Al-mediated item (right, a non-monotone valley).
The flexible model traces the valley, while the monotone 4PL and Bernstein models are forced to rise through it.

The presence of a valley is suggested but not es-
tablished: on items where Al outperformed the
workers, worker-level Al-assisted accuracy is con-
vex in solo ability with a mid-ability dip of 0.08—
0.14, but the contrast against control items does
not survive BH correction (¢ = 0.055) and the
controls are confounded (one at ceiling, the other
with n = 65). Whether Al mediation produces
population-level valleys in operational assessments
therefore remains an open question.

5 General Discussion: When should a
practitioner use the bridge?

The bridge is strictly more general than a logistic
IRF, but not free. A natural question to ask then is:
when to use the bridge? We offer some guidelines
based on what we observed during our experiments.

On monotone items, the bridge adds an ex-
act posterior. On the six datasets of Section 4.1,
dropping monotonicity moved held-out NLL by
between +0.0001 and —0.009 nats (Table 6). The
flexibility is neither needed nor harmful on conven-
tional assessments. What the bridge adds there is
an exact posterior with analytic mean, variance and

credible intervals, and an exact marginal likelihood
for model comparison, at the cost of milliseconds
per student (Table 2).

Choose the estimator by test length, the de-
gree by resolution. The exact method works best
for short-to-moderate test lengths and sequential
scoring, where the posterior after each item is a
closed-form Beta mixture; its cost grows quadrati-
cally with Sn. The quadrature form grows linearly
and works better for longer tests: a few dozen nodes
already match the exact method to about 10~ nats
on a 109-item test. Degree governs resolution, not
capacity: from n = 10 to 20 the average held-out
NLL moved by at most 0.0012 nats (Table 3), and
at n = 100 (quadrature form) the residual gap to
the direct logistic model was 0.0003 nats, against
0.0009 at n» = 10. Start at n = 10 and raise it only
for curves with features narrower than the Bern-
stein kernel, roughly 1/(24/n) on the unit scale.

Parameter scaling. The number of item param-
eters need not grow with n: parametric families
keep two parameters per item, an I-spline gener-
ator uses m < n, and even the free-form model
uses a rank-2 factorization of its weight matrix (Ap-
pendix A), so per-item parameters stay at two while
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only a shared (n + 1)-vector grows with degree.

Match the Beta prior to the link function. The
bridge samples a curve on [—h, h] via the link func-
tion 7 = 2h6 — h. Matching the direct models’ nor-
mal prior A/(0, 1), i.e., keeping the implied prior on
7 at unit variance, requires o = 3 = (h2—1)/2, so
the results in Table 3 use h = 3 with a Beta(4,4)
prior. A uniform Beta(1, 1) prior is much wider
(Var(n) = 3) and under-regularizes, so h and the
prior should be chosen together.

6 Conclusion

The Beta-Bernstein Bridge connects any continu-
ous IRF on [0, 1] to a conjugate Beta prior through
a shared representation space created by Bern-
stein polynomials, making exact Bayesian infer-
ence available for flexible and even non-monotone
IRFs that standard IRT cannot offer. On six real
datasets and three IRF families, bridged models
reproduce their standard counterparts; in a simu-
lated Al-integrated assessment, the bridge recovers
a non-monotone IRF that monotone baselines miss,
even under a capacity penalty, and yields a bimodal
posterior showing clear uncertainty. Future work
will test the bridge on real Al-assistance data and
extend it to polytomous items and adaptive testing.

Limitations

The non-monotone demonstration is simulated: the
reliance mechanism it assumes is documented in
human-Al data, but a population-level valley in an
operational assessment has not been established
(Section 4.2.3), and relaxing monotonicity did not
change held-out predictions on six conventional
assessments (Section 5). The formulation covers
dichotomous items only. Finally, the bridge in-
herits IRT’s unidimensionality and local indepen-
dence assumptions; violating either can mimic a
non-monotone curve on a monotone item, which
our model cannot detect.
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A Experimental Details

Cross-validation. Folds were formed with a
fixed seed by randomly assigning each student’s re-
sponses to ten folds, with a random per-student off-
set so that the remainder of the student’s response
count does not always land on the same fold. Ev-
ery student therefore appears in every training fold
and (unless they answered fewer than ten items) in
every test fold, so the ability distribution is iden-
tical across folds by construction; Table 5 reports
the balance of the resulting folds in response rate
and size. Folds are shared across models, so all
comparisons are paired by fold.
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Dataset Resp. /student Held out/fold %-correct spread Size imbalance In all folds
art 50 5 0.93 pp 0.00% 100%
spelling 101-109 10-11 1.96 pp 0.26% 100%
malawi_math 1-10 1 2.19 pp 0.15% 98.1%
online_rct 1-30 1-3 0.89 pp 0.14% 98.9%
content_lit 20 2 2.90 pp 0.00% 100%
vocab 12-24 1-3 1.47 pp 0.96% 100%

Table 5: Balance of the ten cross-validation folds used in Section 4.1. “Held out / fold” is the number of a student’s
responses in each test fold; “%-correct spread” is the range of the held-out percentage correct across the ten folds
(percentage points); “size imbalance” is the range of held-out fold sizes relative to their mean; “in all folds” is the

share of students who appear in every test fold (the remainder answered fewer than ten items).

Logistic (2PL)  Normal-ogive (2PNO) I-spline Free-form: bounded — monotone
Dataset n=10 n=20 n=10 n=20 n=10 n=20 n=10 n=20
art +1.97 +4+1.38 +40.15 —-0.14 +2.04 +0.14 -1.78 —8.661
spelling +0.35 +40.02 —-0.20 —0.55 +0.14 +0.06 —-0.13 +0.10
malawi_math +40.78 +0.46 +0.26 +0.25 4294 +41.25 -3.51 —4.57
online_rct +0.49 +40.19 +0.14 —-0.02 +3.24 +1.02 -1.63 —1.22
content_lit +0.53 +0.15 +40.43 +0.07 +40.18 —-0.06 —0.25 —1.03
vocab +1.14 40.86 +40.51 +0.48 +40.18 —-0.27 -—-2.21 —0.85

Table 6: Per-dataset differences in held-out NLL (x10~2 nats; mean over the ten folds). The first six columns
are bridged (exact closed form) minus direct for each IRF family and degree; every cell is TOST-equivalent at
the 0.01-nat margin after BH correction, the largest gap being 0.003 nats. The last two columns are the flexible
free-form model minus the monotone free-form model, both in quadrature form: relaxing monotonicity never hurts
by more than 0.0001 nats and never helps by more than 0.009 nats. TThe only cell not TOST-equivalent (¢ = 0.14).

Training (RQ-1). All models were trained with
Adam (learning rate 0.02) on mini-batches of 256
students for at most 100 epochs, with early stop-
ping on the log-loss of a validation slice (12.5% of
each student’s training responses, drawn at random
within student; patience 10, minimum improve-
ment 10~%) and the best checkpoint restored. Di-
rect models used 80 Gauss—Hermite nodes under a
N (0, 1) prior; bridged models used the exact fold
under the Beta(4,4) prior with h = 3 (Section 5),
and the quadrature-form results in Table 6 used 80
Gauss—Jacobi nodes. The 2PL and 2PNO fami-
lies have a discrimination and a difficulty per item;
the I-spline family generates the Bernstein weights
from a monotone I-spline with 10 basis functions
of order 2 per item; the free-form families parame-
terize the item-by-(n+1) weight matrix as a rank-2
factorization (a two-dimensional item embedding
times a shared 2 x (n + 1) basis) plus one shared
(n+1)-vector, and enforce monotonicity, where ap-
plicable, by chaining the weights through sigmoid
increments. The parameter counts in Table 3 are
means over the six datasets.

Simulation (RQ-2). Each run draws 2,000 stu-
dents with n ~ N(0,1) clipped to [—3,3],
so the 4PL’s Normal prior is correctly speci-

fied and the Bernstein models’ Beta(4,4) prior
is the mildly misspecified one.  All items
have a = 1.6; the standard items have b €
{-1.2,-0.4,0.4, 1.2} and the Al-mediated items
b € {-0.4,0,0.4,0.8,1.2,1.6}. The Bernstein
models use degree n = 12; the 4PL uses 48 Gauss—
Hermite nodes. Every model is fit by full-batch
Adam (learning rate 0.05, 200 epochs). RMSE is
computed on a 200-point grid uniform in 7, and
AIC/BIC use the in-sample marginal likelihood
with N = 2,000 response patterns. At a milder Al
effect (A; = 0.92, s, = 0.80), the flexible model’s
held-out NLL advantage over both monotone base-
lines shrinks from roughly 0.08-0.10 to 0.045 nats
per student but persists in all 20 runs.
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