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Abstract

Large language models (LLMs) have been
shown to encode truth of statements in their
activation space along a linear truth direction.
Previous studies have argued that these direc-
tions are universal in certain aspects, while
more recent work has questioned this conclu-
sion drawing on limited generalization across
some settings. In this work, we identify a
number of limits of truth-direction universality
that have not been previously understood. We
first show that truth directions are highly layer-
dependent, and that a full understanding of uni-
versality requires probing at many layers in the
model. We then show that truth directions de-
pend heavily on task type, emerging in earlier
layers for factual and later layers for reasoning
tasks; they also vary in performance across lev-
els of task complexity. Finally, we show that
model instructions can affect truth directions;
simple correctness evaluation instructions sig-
nificantly affect the geometry and the general-
ization ability of the truth probes. Our findings
indicate that universality claims for truth direc-
tions are more limited than previously known,
with significant differences observable for var-
ious model layers, task difficulties, task types,
and prompt templates1.

1 Introduction

Large language models (LLMs) possess and ma-
nipulate vast amounts of knowledge, achieving re-
markable performance on various tasks (Bubeck
et al., 2023). However, their inner workings re-
main opaque, limiting the interpretability of their
predictions. A growing body of work aims to un-
derstand these models by studying their internal
representations. A key question in this research
area is whether LLMs encode representations of
truth. Such representations allow us to tell whether
an LLM contains an internal representation of the

1Code and datasets: https://github.com/angelosps/
llm-truth-directions-limits

correctness2 – either as decided by the LLM, when
assessment requires some processing, or learned
during pre-training – of a statement. If so, then we
say that there is a direction in the model’s activation
space that can separate statements based on their
correctness. In this study, we extend the notion of
truthfulness to statements that require processing
beyond factual retrieval. While prior work focuses
on probing for a truth direction separating facts
based on their truthfulness, we also ask whether
LLMs compute linear directions that separate com-
puted results according to their correctness.

To extract accurate and generalizable such direc-
tions, we need to answer several questions: where
inside the LLM should we look for an accurate
truth direction that will generalize the most across
tasks? Does instructing the model to assess cor-
rectness affect the geometry of truth probes? and,
What limitations prevent decoding strong truth di-
rections?

Previous studies (Marks and Tegmark, 2024;
Bürger et al., 2024; Bao et al., 2025) have ana-
lyzed truth directions at specific layers, without
instructing the model, and without controlling for
task difficulty, leaving open the question of how
these choices affect conclusions about universality.
In this work, we examine the extent to which linear
truth directions in LLMs are universal by system-
atically varying three dimensions: (i) the layer at
which we probe for truth directions, (ii) the intro-
duction of model instructions, and (iii) the diffi-
culty of the task. We introduce a suite of controlled
datasets spanning factual knowledge and arithmetic
reasoning, where task difficulty is operationalized
by the number of reasoning steps required to assess
correctness. To the best of our knowledge, we are
the first to conduct such a detailed and systematic
study of linear truth directions.

2Throughout the paper we use the terms “truthfulness” and
“correctness” interchangeably.
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We find that linear truth directions in LLMs are
reliable primarily in factual recall cases, and break
down when truth assessment of statements depends
on computing and storing intermediate results. Fur-
ther, we show that both the choice of layer for
probing such directions, and whether we instruct
the model to assess correctness, significantly in-
fluence truth directions. Conclusions about truth
directions are highly layer-dependent; activations
at early layers appear to capture surface-level fea-
tures that may confound truth extraction, resulting
in probes with limited generalization. Moreover,
we find that explicitly asking the model to assess
correctness, significantly affects the geometry of
the learned truth directions, and can improve gen-
eralization of probes to factual retrieval tasks.

2 Related work

Truth directions in LLMs. Early work on truth
directions in LLMs demonstrated that unsuper-
vised (Burns et al., 2023), and supervised linear (Li
et al., 2023) and non-linear classifiers (Azaria and
Mitchell, 2023) trained on hidden states of LLMs
can separate activations that correspond to true ver-
sus false statements. However, Levinstein and Her-
rmann (2024) found that the classifiers of Azaria
and Mitchell (2023) fail to generalize to negated
versions of these statements. Marks and Tegmark
(2024) presented evidence that truth representations
in LLMs emerge linearly for true/false datasets.
Specifically, they probed hidden states identified
as causally influential and showed that truth direc-
tions generalize across topics and sentence struc-
tures. However, their analysis was conducted at
specific layers, with no model instructions, and
exclusively on factual datasets. We extend these
studies by systematically probing all layers of the
model, using model instructions, and introducing
factual and arithmetic tasks that require multi-step
reasoning. Bürger et al. (2024) investigated why
probes trained only on affirmative statements fail
to generalize to negated variants. In particular, they
proposed a two-dimensional subspace along which
truth is linearly decoded irrespective of the sen-
tence polarity. Their analysis focused on a sin-
gle model layer. In contrast, we show that their
finding is specific to the selected layer, which hap-
pens to reflect a transitional phase in the model’s
computation of truth. Savcisens and Eliassi-Rad
(2025) challenged the binary-probe setup and pro-
posed multi-class classification using bag-of-token

representations. Their work tested generalization
across knowledge domains, whereas we focus on
how task difficulty affects generalization within a
domain using statements based on objective truth.
Schouten et al. (2025) showed that truth directions
are context-sensitive: adding a premise before the
probed hypothesis can shift the probe’s truth as-
sessment. We ask a related but different question:
whether explicit evaluation instructions for truth
assessment can affect the geometry and general-
ization of truth probes. Our setup does not intro-
duce additional information in-context; instead, it
prompts the model to assess the correctness of the
input statement.

Generalization of truth directions. Liu et al.
(2024) found that single-task probes fail to general-
ize across tasks but generalization improves when
training on over 40 diverse datasets. Our study
characterizes the generalization failure of single-
task probes along layers, model instructions and
task difficulty.

Bao et al. (2025) tested how truth directions
generalize across simple logical transformations
of statements, and to complex datasets such as
MMLU/TriviaQA, where they found strong gen-
eralization for the former but weaker for the lat-
ter. However, the reason for this remains unclear:
it could be the diverse knowledge domain these
benchmarks test, possible question ambiguity, or
task complexity.

We focus on task complexity, by systematically
increasing the number of steps required to assess
correctness. We find that the generalization abil-
ity of truth probes degrades significantly with a
few such steps, indicating that the computational
demand of the task is a limiting factor for strong
truth directions. Haller et al. (2025) studied the
robustness of truth probes to out-of-distribution
perturbations. Their work tested robustness by cor-
rupting the input statements, whereas we increase
the number of steps required to decide truth. Both
approaches find that truth probes are more frag-
ile than previously assumed, but our setup isolates
the effect of task difficulty. Ying et al. (2026) pro-
posed that LLMs encode truth along a spectrum of
generality, identifying the type of truth (empirical,
logical, fictional) as a boundary for generalization.
Their work varied the type of truth across tasks of
similar difficulty, whereas we vary the difficulty of
tasks within fixed domains.

Input-truth vs. output-truth. Liu et al. (2023)
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documented three cases where truth probes dis-
agree with model outputs, finding that probes are
often better calibrated on uncertain outputs. A par-
allel line of work studies directions in LLMs that
capture the correctness of models’ outputs (Orgad
et al., 2025; Azizian et al., 2025; Cencerrado et al.,
2025; Zhang et al., 2025; Long et al., 2025). This
is different from our study and those cited above,
which focus on correctness of the input statements.

3 Experimental setup

Datasets. We hypothesize that LLMs represent
correctness of arithmetic expressions differently
from factual statements. To investigate this, we
probe truth directions across factual tasks that re-
quire retrieving facts from the model, and arith-
metic tasks that require performing numerical com-
putations. For factual tasks, we build on pub-
licly available datasets used in previous papers.
Specifically, we use the cities, neg_cities,
cities_conj datasets from Marks and Tegmark
(2024), which contain unambiguous sentences of
the form “The city of Paris is in France,” negated
variants of those, and the conjunction of two such
sentences respectively. Each statement is associ-
ated with a binary label indicating its ground truth.
We extend these base datasets to create six factual
tasks (F0–F5) across two groups: factual retrieval
(F0–F2), and factual counting (F3–F5). Each task
within the group increases in complexity by vary-
ing the number of independent factual retrievals re-
quired, and the operations needed to combine them
(negation, conjunction, and counting constraints).
For arithmetic tasks, we create a set of three syn-
thetic datasets (A1–A3) consisting of equations
with one, two, or three operations from the set
{+,−, /,×} over integers in the range (0, 100).
Each equation is paired with a proposed answer
and labeled as true or false. Table 1 summarizes all
tasks; details on dataset generation can be found in
Appendix A.1.

Operationalizing truth. Assessing the truthful-
ness of a given statement can require a diverse set
of mechanisms depending on the task, as in the
retrieval and computation cases above. By opera-
tionalizing truth uniformly across tasks as agree-
ment with the gold label of the statement, we can
test whether the model has a universal, linearly
decodable truth direction across these cases.

Table 1: Tasks with increasing reasoning steps within
each group.

Task Operations Example statement

Factual retrieval
F0 1 fact “The city of Paris is in France.”
F1 1 fact + negation “The city of Paris is not in Australia.”
F2 2 facts + conjunction “It is the case both that the city of Paris

is in France and the city of Dortmund is
in Germany.”

Factual counting
F3 counting over 2 cities† “Exactly 2 of the following cities are in

France: Paris, Marseille.”
F4 counting over 5 cities “Exactly 2 of the following cities are in

Germany: Athens, Paris, Munich, Bei-
jing, Dortmund.”

F5 double counting over 6 cities “Exactly 2 of the following cities are in
Germany and 1 in Greece: Athens, Paris,
Munich, Beijing, Berlin, Boston.”

Arithmetic
A1 1 arithmetic op “37 + 15 = 52.”
A2 2 arithmetic ops “(37 + 15) − 4 = 48.”
A3 3 arithmetic ops “(37 + 15)/(12 − 8) = 13.”

† F3 can be solved with a shortcut, by direct comparison
(analogous to F2); it is included to test whether models

exploit this heuristic rather than perform genuine counting.

Characterizing task difficulty. To characterize
task difficulty, we use the number of discrete oper-
ations required to verify correctness of the input.

For arithmetic tasks, difficulty corresponds to the
number of arithmetic operators (except the equal
sign “=”) in the expression: A1 contains expres-
sions of one operator (e.g., 3×12 = 36), A2 of two
operators (e.g., (9 + 3)× 6 = 72), and A3 of three
operators (e.g., (2× 5)− (9/3) = 7). Each addi-
tional operator requires the model to compute and
maintain intermediate results to decide correctness
of the provided expression.

For factual tasks, difficulty is characterized by
the number of factual retrievals from parametric
memory, and the operations needed to combine
them. All factual tasks are operating within the
same knowledge base (e.g., knowledge of city lo-
cations), thus processing demand of a task is inde-
pendent of knowledge availability in the model.

Together, these yield an intuitive (rather than
a strict) ordering of the tasks within each group
that enables the study of truth directions along the
difficulty axis.

Models. We probe four models, from two dif-
ferent families: Llama (Grattafiori et al., 2024),
and Gemma (Gemma Team et al., 2024). Specif-
ically, we use Llama-3.2-3B-Instruct, Llama-3.1-
8B-Instruct, Gemma-2-2b-it, and Gemma-2-9b-it.
In the main paper, we focus on Llama-3.1-8B-
Instruct, which has 32 layers and a residual stream
dimension dmodel = 4096. We provide details of
these models in Appendix A.2. The results for all
models are presented in Appendix C.
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Probes. Prior work identifies truth directions in
model activation space using probing, i.e., training
a classifier in a supervised manner on a labeled set
of model activations (Alain and Bengio, 2016; Be-
linkov, 2022). Since prior work supports that truth
of statements can be linearly decoded from LLM
activations (Li et al., 2023; Marks and Tegmark,
2024), we use linear probes in our study. A linear
probe is defined as follows: let h(ℓ)i ∈ Rd denote
the representation of example i at layer ℓ of the
model, and let yi ∈ {0, 1} be its binary label. For
each layer ℓ, we compute the training-set mean
µ(ℓ) = 1/N

∑N
i=1 h

(ℓ)
i , and define mean-centered

representations h̃(ℓ)i = h
(ℓ)
i − µ(ℓ). We then train a

bias-free logistic linear probe:

p(yi = 1 | h̃(ℓ)i ) = σ
(
w(ℓ)⊤h̃(ℓ)i

)
,

where w(ℓ) ∈ Rd is the probe vector and σ(z) =
1

1+e−z is the sigmoid function. Thus, we define
w(ℓ) as the truth direction at layer ℓ. Probe training
details can be found in Appendix A.4.

A key question when probing for truth directions
is where in the transformer architecture to extract
representations. In particular, we need to decide
which layer of the model and which token posi-
tion within that layer to probe. Following prior
work (Marks and Tegmark, 2024; Bürger et al.,
2024; Bao et al., 2025), we extract activations from
the residual stream at the final token position, as
the causal attention mechanism ensures this posi-
tion has aggregated information from the entire in-
put sequence3. We extract model activations using
the TransformerLens library (Nanda and Bloom,
2022).

Evaluation methods. We evaluate the perfor-
mance of a probe by measuring the area under the
receiver operating characteristic curve (AUROC)
metric. To understand the universality of truth di-
rections, we use two main methods: (a) the compar-
ison of truth directions geometrically, and (b) the
generalization of truth directions across tasks. For
the former, we use the cosine similarity between
two truth directions; for the latter we measure the
AUROC score of a probe trained on one task when
applied to another task.

3All statements in our datasets end with a final period (.)
token.

4 Truth directions across layers

The first question we address concerns the layer
at which we can extract accurate truth directions.
Previous work on truth directions typically fixes
a particular layer for probing model activations.
The specific layer has been chosen using activa-
tion patching (Marks and Tegmark, 2024), or by
calculating the ratio of between- to within-class
variance of activations (Bürger et al., 2024; Bao
et al., 2025). However, if truth directions change
across the model’s depth, single-layer analyses may
capture layer-specific phenomena. When calculat-
ing the between- to within-class variance ratio for
our tasks across layers (Figure 6, App. B.1), we
observe that different tasks peak at different lay-
ers. Thus, no single layer is universally optimal for
probing truth directions, and we need to probe all
layers in order to understand the complete picture
of truth directions in the model.

4.1 Truth directions peak early for factual
tasks, later for arithmetic

We train a linear probe at each layer and evalu-
ate on the held-out test set of the same task. Fig-
ure 1a shows three patterns of truth direction emer-
gence: tasks F0–F3 reach almost-perfect perfor-
mance in early to mid layers, arithmetic tasks (A1–
A3) emerge much later, and factual counting tasks
(F4–F5) emerge late, similar to arithmetic tasks.
In factual retrieval tasks, the truth of a statement
can be determined using a simple retrieval from
parametric knowledge (F0, F1), or by combining
two factual retrievals (F2). On the other hand,
arithmetic tasks require computing the result of
expressions to assess correctness, which as recent
research suggests is happening in mid-late layers of
LLMs (Nikankin et al., 2025), consistent with the
finding that more complex concepts require deeper
layers to emerge (Jin et al., 2025). Although F3
structurally requires counting over two cities, it can
be solved by direct comparison of two independent
facts, similarly to the F2 task. We observe that the
truth direction emergence for F3 follows the pattern
of F0–F2, suggesting that the model exploits this
shortcut rather than performing genuine counting.

Tasks F4–F5 are extensions of the F3 task, but
they require counting over a list of more than two
cities, hence the shortcut above cannot be used
in this case. Keeping track of such counters for
truth evaluation appears to cause truth directions to
emerge later compared to tasks that can be solved
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Figure 1: Layer dependence of truth directions. (a) In-domain test-set performance. (b) F0-probe cross-task
generalization. (c) Cosine similarity of probes across layer pairs.

without the need for genuine counting (F0–F3).

4.2 Layer choice affects generalization of
truth directions

We investigate whether the cross-task generaliza-
tion of truth probes varies across layers. For sim-
ple factual tasks (F0–F3), probes achieve high in-
domain AUROC from early layers, which suggests
that any such layer is equally appropriate for ex-
tracting a truth direction. However, we find that
generalization behavior varies across layers even
when in-domain performance is very high. To iso-
late this, we train probes on a single-source task
at each layer and evaluate them on all other tasks
at the same layer. Figure 1b shows cross-task gen-
eralization for probes trained on F0, the simplest
factual task. Although F0-trained probes achieve
near-perfect performance from layer 4, they fail
on F1, the negated variant of F0, at that layer. In
particular, F0-trained probes in layers 4–10 show
inverted separation on F1 (AUROC ≈ 0), system-
atically misclassifying true statements as false and
vice versa. This generalization failure matches
prior work observation (Levinstein and Herrmann,
2024; Bürger et al., 2024) that probes trained on af-
firmative statements (i.e., sentences without “not”)
fail to classify their negated variants. This resolves
in mid layers where F0 generalizes well to F1, in-

dicating that early layer probes may capture sur-
face features rather than truth.

To understand why this happens, we measure the
fraction of truth-related variance explained by two
directions: a polarity-dependent (tp) and a polarity-
invariant (tG) direction, following the setup of
Bürger et al. (2024). The polarity direction classi-
fies effectively affirmative statements but classifies
oppositely their negated variants, whereas the gen-
eral truth direction effectively classifies truth irre-
spective of sentence polarity. In Figure 7, we show
the fraction of truth-related variance these two di-
rections explain across model layers. In early lay-
ers, tp dominates (∼ 0.38 at layer 7, versus ∼ 0.1
for tG), confirming that early-layer truth probes
primarily capture sentence polarity, and that the
truth direction has not been computed by the model
yet. At layer 12, the layer analyzed by Bürger et al.
(2024), tp and tG explain similar fractions of truth-
related variance (∼ 0.33 each). However, by the
middle layers, tG takes over and tp decays, indi-
cating that the truth-direction disentangles from
the polarity direction as the processing evolves.
Therefore, the two-dimensional subspace reported
by Bürger et al. (2024) seems to reflect a stage of
transition in the model’s processing, rather than a
universal property of truth directions.

Figure 1c shows the geometric transition of truth
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directions across layers. For the factual tasks F0–
F3, probes show a sharp transition in middle layers:
while probes from early layers point in different di-
rections, late-layer probes are more similar to each
other. This indicates that the model is converg-
ing to a more stable truth direction (as supported
by generalization performance in Figure 1b). In
contrast, the probes for the tasks F4–F5 and arith-
metic tasks A1–A3 show a weaker convergence
pattern over layers.

These results imply that (i) the depth at which
truth becomes linearly separable depends on
whether truth can be determined solely using
factual retrieval or requires multi-step reason-
ing, and (ii) single-layer analyses can be mislead-
ing, since early-layer truth directions may reflect
surface features (e.g., sentence polarity) with lim-
ited cross-task generalization.

5 Model instructions change the geometry
of truth probes

We hypothesize that explicitly instructing the
model to evaluate the correctness of the given state-
ment may change the geometry of truth directions.
This is an example of how the choice of prompt can
significantly affect the performance of an LLM on
a task (Gonen et al., 2023), motivating the question
of “what is the effect of model instructions on truth
directions?” Schouten et al. (2025) studied how
in-context premises affect truth directions. Here,
we focus on instructing the model to assess cor-
rectness without additional in-context information.
To do so, we compare probes obtained under two
prompt templates:

Prompt templates for model instructions

Passive (no-prompt): The city of Paris
is in France.

Explicit evaluation (ask-correct): Is the
following correct?←↩ The city of Paris
is in France. Answer:

We focus on these two templates since they repre-
sent a clear contrast: passive statement processing
(by simply presenting a statement without any addi-
tional token) versus active correctness assessment
by asking the model whether the provided state-
ment is correct before presenting the statement.
The two templates differ in their final, and hence
the one being probed, token (“.” in no-prompt and
“:” in ask-correct). To verify this does not con-
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Figure 2: Cosine similarity between no-prompt and ask-
correct probes per layer.

found our analysis, we run a control experiment
replacing the colon with a period in the ask-correct
template and find that our results are consistent
with either last token in the layers where truth di-
rections emerge (see Appendix B.5.1). Here, we
keep the colon version since it is a more natural
evaluation template. We also report results for ad-
ditional template variations in Appendix B.3.

5.1 Truth directions are not universal across
prompt templates

We test whether truth directions are aligned across
prompt templates using both geometric and gener-
alization evaluations (see Section 3).

Geometric evaluation. We compute the cosine
similarity between probes trained on the same task
under different prompt templates across layers.
Figure 2 shows that the probes trained under no-
prompt have largely low cosine similarity with the
probes trained on ask-correct activations. Specif-
ically, the directions have low cosine similarity
across tasks in early and middle layers; for the fac-
tual retrieval tasks (F0–F2) probes become almost
orthogonal with model instructions. In contrast,
the tasks A1–A3 and F3–F5 show higher similarity
in the last layers. Interestingly, probes trained un-
der different model instructions are highly aligned
with each other (see detailed heatmaps in Figure 9),
despite different wording of the instructions. This
suggests that model instructions in the prompts sig-
nificantly influence the geometry of the learned
probe directions.

Generalization evaluation. Figure 3 shows the
performance drop when no-prompt probes are eval-
uated on their own test-set versus on ask-correct
activations. For arithmetic tasks, generalization
is degraded on ask-correct activations, but does
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Figure 3: Probes trained on no-prompt activations do not generalize consistently to ask-correct activations. Left:
probes for arithmetic tasks are more robust than factual tasks to this template. Right: factual tasks show significant
performance variations under the ask-correct instructions over layers.

not collapse: the largest drop is observed for A1
in layer 12, where the in-domain performance is
AUROC ≈ 0.65 and the truth probe has not con-
verged to its peak performance. For factual tasks,
model instructions cause sharp drops in generaliza-
tion in specific layers for F0 and F1, while F3–F5
consistently show a large generalization gap be-
tween the two prompts.

Together, these results show that truth probes are
not invariant to model instructions; even a simple
correctness evaluation instruction in the prompt can
affect the geometry and the generalization ability
of the learned truth directions.

5.2 Instructing for truth assessment changes
cross-task generalization

Given that model instructions change the geometry
of the probe directions, we ask whether the cross-
task generalization of probes is also affected. We
test this using the generalization evaluation method
outlined in Section 3.

Figure 4 shows the cross-task generalization
of truth directions across four templates (see Ap-
pendix A.3 for details). Under no-prompt (Figure 4
left), the arithmetic-trained probes partially gener-
alize to the factual retrieval tasks F0–F2: the A1-
trained probe generalizes very well (mean-AUROC
= 0.96 at layer 25), but A2 shows weak general-
ization. The pattern is different for prompts with
instructions (Figure 4 three rightmost heatmaps)
where higher generalization scores are more con-
centrated in F0–F2 tasks compared to no-prompt
where higher scores seem to be more spread out.
Further, the generalization of arithmetic probes
to F0–F2 is noticeably improved compared to
the no-prompt setting: mean-AUROC of A1→F0–

F2=1.0, A2→F0–F2=0.96 across all instructed
prompts. The same pattern is observed for A3-
trained probes across instruction prompts, except
ask-correct where also the in-domain test-set per-
formance of the probe is AUROC = 0.59.

To confirm that these effects are not caused by
confounding variables (e.g., extra tokens in the
prompt), we test two control prompt templates in
Appendix B.5.2.

Although explicit evaluation instructions may
partially align truth directions across tasks and im-
prove generalization in some cases, truth directions
fail to generalize to harder tasks because the acti-
vations themselves remain highly entangled (see
Section 6).

6 Truth directions across tasks of
increasing difficulty

Finally, we examine the effect of task difficulty by
varying the number of intermediate steps required
to assess correctness. The controlled design of
our set of tasks allows us to test how far from
pure factual recall a task can be before the gen-
eralization ability of truth directions degrades.

Probes fail to generalize on factual counting
tasks. Figure 4 shows that truth directions trained
on F0 generalize well to the factual retrieval tasks
F1–F2, but generalization drops significantly on
the factual counting tasks except the F3 which can
be solved similarly to F2 as discussed in Section 3.
Strikingly, training a probe on a more complex
source task does not resolve this: an F3-trained
probe achieves AUROC = 0.57 on F4, below the
F4-trained probe’s performance (AUROC = 0.82).
Since truth is linearly decodable in F4, the general-
ization failure cannot be attributed to the model’s
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A1 A2 A3 F0 F1 F2 F3 F4 F5

A1
A2
A3
F0
F1
F2
F3
F4
F5

0.92 0.69 0.61 0.93 0.94 1.00 0.35 0.43 0.48

0.79 0.73 0.62 0.72 0.55 0.56 0.31 0.52 0.51

0.76 0.67 0.64 0.93 0.87 0.94 0.32 0.51 0.48

0.55 0.48 0.49 1.00 0.99 1.00 0.73 0.56 0.48

0.57 0.49 0.50 1.00 1.00 1.00 0.57 0.51 0.50

0.60 0.56 0.52 0.99 1.00 1.00 0.78 0.48 0.49

0.43 0.47 0.47 0.86 0.45 0.96 0.99 0.57 0.48

0.54 0.54 0.53 0.56 0.51 0.15 0.56 0.82 0.68

0.49 0.53 0.52 0.40 0.48 0.44 0.29 0.67 0.77

no-prompt

A1 A2 A3 F0 F1 F2 F3 F4 F5

0.82 0.66 0.57 1.00 1.00 1.00 0.42 0.54 0.51

0.74 0.65 0.57 1.00 0.98 0.99 0.42 0.53 0.51

0.59 0.57 0.59 0.21 0.32 0.54 0.44 0.57 0.53

0.63 0.56 0.52 1.00 1.00 1.00 0.45 0.54 0.49

0.64 0.56 0.50 1.00 1.00 1.00 0.43 0.52 0.48

0.63 0.56 0.52 1.00 1.00 1.00 0.44 0.57 0.49

0.45 0.49 0.51 0.29 0.17 0.36 0.94 0.51 0.48

0.58 0.53 0.52 0.91 0.66 0.98 0.44 0.70 0.70

0.52 0.48 0.51 0.38 0.41 0.41 0.40 0.66 0.71

ask-correct

A1 A2 A3 F0 F1 F2 F3 F4 F5

0.80 0.58 0.56 1.00 1.00 1.00 0.67 0.55 0.54

0.67 0.59 0.56 0.86 0.87 0.98 0.35 0.51 0.52

0.61 0.56 0.56 0.99 0.98 0.99 0.32 0.48 0.52

0.63 0.51 0.54 1.00 1.00 1.00 0.58 0.54 0.51

0.62 0.53 0.54 1.00 1.00 1.00 0.39 0.49 0.49

0.63 0.52 0.55 1.00 1.00 1.00 0.53 0.52 0.49

0.57 0.50 0.48 0.97 0.37 0.90 0.92 0.51 0.52

0.56 0.51 0.47 0.99 0.49 0.98 0.55 0.67 0.69

0.55 0.51 0.50 0.86 0.62 0.79 0.41 0.65 0.71

ask-t/f

A1 A2 A3 F0 F1 F2 F3 F4 F5

0.78 0.64 0.57 1.00 1.00 1.00 0.59 0.53 0.49

0.65 0.63 0.58 1.00 0.99 1.00 0.44 0.53 0.52

0.56 0.57 0.58 0.99 0.97 1.00 0.37 0.55 0.48

0.60 0.55 0.54 1.00 1.00 1.00 0.44 0.55 0.48

0.59 0.56 0.55 1.00 1.00 1.00 0.36 0.52 0.47

0.59 0.56 0.55 1.00 1.00 1.00 0.42 0.53 0.44

0.53 0.53 0.47 0.20 0.08 0.14 0.97 0.50 0.51

0.56 0.48 0.53 0.99 0.71 0.99 0.42 0.67 0.70

0.48 0.48 0.51 0.49 0.45 0.33 0.35 0.66 0.73

ask-able
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Figure 4: Effect of model instructions on generalization of truth directions. Rows correspond to the task used for
probe training and columns to the task used for evaluation. Probes trained and evaluated on activations from layer
25.
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Figure 5: Two-dimensional projections of model ac-
tivations extracted from layer 25 on the learned truth
direction and on the direction of maximum variance in
the orthogonal space.

lack of capability to perform the task. We locate
the boundary at which the in-domain performance
of truth probes degrades, to counting over lists of
length 3 (see Appendix B.4).

Probes fail to generalize on multi-step arith-
metic tasks. Figure 4 shows a similar pattern
for arithmetic tasks, where truth directions de-
cay rapidly beyond single-operation expressions.
Specifically, probes trained on A1 show strong test-
set performance but degrade significantly when
evaluated on A2, and even more on A3. Again,
training a probe on a more complex source task
(A2) does not resolve this (AUROC < 0.65 on
A3).

Geometric evaluation. To visualize the degrada-
tion of truth directions across tasks of increasing
difficulty, we project activations onto the 2D sub-
space spanned by the learned probe direction, and
the direction of maximum variance in the orthog-

onal space (Figure 5; see Appendix B.6 for more
layers). The projection captures on average, across
tasks and the two dimensions, 34.39% of the to-
tal variance (see Appendix A.5 for the projection
methodology; Table 4 for the detailed variance val-
ues). From the arithmetic tasks, only A1 (at layer
25) shows separability of correct from incorrect
expressions; activations in A2 and A3 seem in-
creasingly intermixed. For factual retrieval tasks
(F0–F2), true and false statements form clearly sep-
arable clusters. However, as task complexity in-
creases, the activations of true/false statements get
more entangled. This is visible from F3, while acti-
vations of tasks F4–F5 are almost indistinguishable.
Since we operate in a high-dimensional space (here,
4096 dimensions), projecting activations in two di-
mensions only enables us to view the data from a
limited viewpoint. By definition though, this angle
is the one that best separates correct from incor-
rect statements, yet activations seem non-separable
for the more difficult tasks (A2–A3 and F4–F5).
These results provide a finer-grained explanation
for the generalization gap of truth directions ob-
served in Bao et al. (2025), suggesting task com-
plexity as a limiting factor for their generalization
ability.

7 Conclusion

In this work, we systematically investigate the lim-
its of linear truth directions in LLMs by varying the
probing layer, task type and difficulty, and includ-
ing model instructions for assessing correctness.
We show that factual truth emerges early but disen-
tangles from confounding features (e.g., sentence
polarity) only in mid layers of the model, whereas
arithmetic truth emerges continuously through late
layers. Introducing explicit instructions for truth as-
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sessment in the prompts shifts the geometry of the
learned truth probes and affects cross-task general-
ization. We identify a clear limitation of truth direc-
tions when truth assessment requires tracking inter-
mediate results: the need for counting over a list
of more than two elements within a known factual
domain can break generalization to random chance.
Our findings indicate that universality claims for
truth directions are more limited than previously
assumed; several choices can affect the geometry
of the learned probe directions including the task
type, model instructions, and layer of the model,
while the difficulty of the task is a clear limiting
factor.

Limitations

Our work has a number of limitations. Although
we can find linear truth directions in most tasks, we
probe only the final prompt token per layer, and we
cannot rule out that truth is encoded nonlinearly or
in a distributed manner within the network. In this
paper, we attempt to isolate the effect of difficulty
in our tasks. However, we cannot rule out the ef-
fect of surface features including statement length
which grows (by construction of our data) with diffi-
culty. Also, since features in language models may
be encoded in superposition (Elhage et al., 2022),
our probes may converge to task-specific features,
or in general, to features correlated with the truth
label. Our analysis in Section 4.2 demonstrates
one such case with the polarity of the statement.
Further, we do not analyze model output behavior;
relating truth directions to behavioral performance
of the model is left to future work. Finally, we only
tested models spanning 2B to 9B from the Llama
and Gemma families, so it is unclear whether the
same claims reproduce in larger models, different
families, and in reasoning models.
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A Experimental details

A.1 Dataset creation

Factual knowledge datasets. The datasets
cities, neg_cities, and cities_conj are
adopted from Marks and Tegmark (2024), con-
taining unambiguous, curated true/false statements.
We define six tasks of increasing intuitive difficulty
as follows:

• F0 (cities): Factual statements of the form
“The city of Paris is in France.”

• F1 (neg_cities): Negated variants of F0, e.g.,
“The city of Paris is not in Australia.”

• F2 (cities_conj): Conjunctions of two inde-
pendent factual statements, e.g., “It is the case
both that the city of Paris is in France and the
city of Dortmund is in Germany.”

• F3 (cities_same_country_quant): Counting
constraints over a list of 2 cities, e.g., “Exactly
2 of the following cities are in France: Paris,
Marseille.”

• F4 (cities_exact_k): Extends F3 by using a
list of N=5 cities, e.g., “Exactly 2 of the fol-
lowing cities are in Germany: Athens, Paris,
Munich, Beijing, Dortmund.” The true count
m of cities belonging to a randomly chosen
country is computed; true examples state the
correct m, false examples state k ̸= m. Bal-
anced across values of k.

• F5 (cities_exact_k1_k2): Extends F4 to two
countries simultaneously over a list of 6 cities,
e.g., “Exactly 2 of the following cities are in
Germany and 1 in Greece: . . . ”. True exam-
ples state the correct counts (m1,m2); false
examples use (k1, k2) ̸= (m1,m2).

Arithmetic datasets. Three arithmetic datasets
of increasing task complexity are generated. All
operands are integers sampled uniformly from
(0, 100). The four arithmetic operators used are
+,−,×, /; division is restricted to integer results.
False examples present results that are perturba-
tions of the correct result by a random offset in
[−10,−1] ∪ [1, 10], so that an incorrect answer is
not obvious.

• A1 (arith_1op): Single-operation expres-
sions, e.g., 37 + 15 = 52.

• A2 (arith_2ops): Two-operation expressions,
e.g., (37 + 15)− 4 = 48.

• A3 (arith_3ops): Three-operation expres-
sions, e.g., (37 + 15)/(12− 8) = 13.

Table 2 summarizes the number of examples per
dataset. All datasets are balanced with respect to
the class labels.

Task Dataset name Total examples Train / Test

F0 cities 1,594 1,116 / 478
F1 neg_cities 1,594 1,116 / 478
F2 cities_conj 1,594 1,116 / 478
F3 cities_same_country_quant 2,000 1,400 / 600
F4 cities_exact_k 2,000 1,400 / 600
F5 cities_exact_k1_k2 2,000 1,400 / 600

A1 arith_1op 1,000 700 / 300
A2 arith_2ops 1,000 700 / 300
A3 arith_3ops 1,000 700 / 300

Table 2: Dataset sizes and train/test splits. All datasets
are balanced with equal numbers of true and false exam-
ples.

A.2 Model details
We test whether our findings reproduce across mod-
els of different size and family. We select models of
two different scales from Llama (Grattafiori et al.,
2024) and Gemma (Gemma Team et al., 2024). We
use the instruction-tuned versions instead of the
base models since they are more likely to follow
instructions for truth evaluation when prompted.
The main paper focuses on Llama-3.1-8B-Instruct;
we provide results for the remaining three models
in Appendix C. Details of these models are shown
in Table 3.

Model nlayers nparameters dmodel

Llama-3.2-3B-Instruct 28 3.2B 3072
Llama-3.1-8B-Instruct 32 7.8B 4096
Gemma-2-2b-it 26 2.1B 2304
Gemma-2-9b-it 42 8.9B 3584

Table 3: Model specifications used in our experiments.

A.3 Prompt templates
We define several instruction prompt templates to
evaluate how truth directions in LLMs are affected
by explicit instructions to assess correctness. The
baseline is using no instruction as prefix to the
prompted statement, i.e., the no-prompt setting
which is common in prior work. We define the
following variations, including generic question
prompts such as ask-correct, and factual or arith-
metic specific ones such as ask-t/f, ask-able,
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and ask-arith respectively. We have two factual-
specific instruction prompts: ask-t/f asking for
a ’True/False’ answer and ask-able asking for a
’Yes/No’ answer. This allows us to test whether the
answer we ask to be generated is affecting how the
model operates to decide correctness of the input
statement and hence affects truth directions.

Prompt templates for model instructions

no-prompt: The city of Paris is in
France.

ask-correct: Is the following
correct?←↩ The city of Paris is
in France. Answer:

ask-t/f: Is the following statement
TRUE or FALSE?←↩ The city of Paris is
in France. Answer:

ask-able: Are you able to evaluate the
following statement according to its
truthfulness?←↩ The city of Paris is
in France. Answer:

ask-arith: Are you able to
evaluate the following arithmetic
expression according to its
correctness?←↩ 13+71=84. Answer:

A.4 Probe training details

We train logistic regression probes on activations
extracted from the final token at a given layer. We
mean-center activations and train a no-bias probe
so that we get a direction passing through the origin.
We train using the Adam optimizer (Kingma and
Ba, 2017) with learning rate 10−3 and weight decay
0.1 to minimize the binary cross-entropy loss over
1000 training steps. We split each dataset into 70%
train and 30% test sets.

A.5 Projection methodology and captured
variance

For a given task and layer ℓ, let h(ℓ)i ∈ Rdmodel

be the residual-stream activation at the final token
of example i, and let ŵ(ℓ) be the unit-normalized
truth direction and µ(ℓ) the mean of its training set.
We mean-center the activations, h̃(ℓ)i = h

(ℓ)
i − µ(ℓ).

The horizontal coordinate is the projection onto
the truth direction ŵ(ℓ),

a
(ℓ)
i = h̃

(ℓ)
i ŵ(ℓ),

Table 4: Fraction of variance in model activations (layer
25) captured by the 2D projection subspace used in
Figure 5, spanned by the truth probe direction and the
direction of maximum variance orthogonal to it.

Task Truth dir. Max-var dir. Cumulative

A1 1.01% 32.56% 33.57%
A2 0.67% 35.95% 36.62%
A3 0.49% 28.17% 28.66%
F0 17.01% 29.25% 46.26%
F1 13.62% 8.51% 22.13%
F2 29.30% 18.46% 47.76%
F3 3.28% 11.63% 14.92%
F4 1.12% 42.63% 43.74%
F5 1.06% 34.75% 35.82%

Mean 7.51% 26.88% 34.39%

We subtract this component to obtain the part of
the activation orthogonal to it,

r
(ℓ)
i = h̃

(ℓ)
i − a

(ℓ)
i ŵ(ℓ).

The vertical axis is the direction of maximum
variance in this orthogonal space, which we find
as follows. Let R(ℓ) ∈ Rn×dmodel , be the matrix
of the residual activations r

(ℓ)
i for all examples

i = 1, . . . , n at layer ℓ. We take v(ℓ) to be the
top eigenvector of R(ℓ)⊤R(ℓ). Then,

b
(ℓ)
i = r

(ℓ)
i v(ℓ).

is the coordinate for the vertical axis of the pro-
jection.

Each activation is shown as the pair
(
a
(ℓ)
i , b

(ℓ)
i

)
:

its position along the learned truth direction and
along the axis of largest variation in the orthogonal
space.

B Supplementary results

B.1 Layer selection with variance ratio
Prior work (Bürger et al., 2024; Bao et al., 2025)
selects the layer for probing activations by max-
imizing the ratio of between to within class vari-
ance of activations. For layer ℓ with class means
µ
(ℓ)
true, µ

(ℓ)
false, overall mean µ(ℓ), this ratio is defined

as follows:

R(ℓ) =
∥µ(ℓ)

true − µ(ℓ)∥2 + ∥µ(ℓ)
false − µ(ℓ)∥2

Var(h(ℓ)i : yi = 1) + Var(h(ℓ)i : yi = 0)

where ∥ · ∥2 is the mean squared difference across
dimensions. We compute this ratio for our datasets
across layers. Figure 6 shows that the ratio peaks at
different layers for different tasks, confirming that
no single layer is universally optimal for extracting
truth directions.
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Figure 6: Between- to within-class variance ratio R(ℓ)

across layers for each task.

B.2 Polarity truth direction over layers
Figure 7 shows the fraction of truth-related variance
explained by the directions tG and tP as analyzed
in Bürger et al. (2024). At layer 12 (the layer ana-
lyzed in their work), both directions explain similar
fractions (∼0.33 each), consistent with their two-
dimensional subspace finding. In early layers, tP
dominates, confirming that early-layer probes pri-
marily capture sentence polarity. By layer 16, tG
explains more variance and at the same time tP
decays, suggesting that the two-dimensional sub-
space is happening in this transitional phase of
model computation and is not a universal property
of truth directions in LLMs.
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Figure 7: Fraction of truth-related variance explained
by the polarity-invariant direction tG and the polarity-
dependent direction tP across layers.

B.3 Results across other prompt templates
In this subsection we report results for all the
prompt templates defined in Appendix A.3.

B.3.1 AUROC per layer across prompt
templates

Figure 8 shows the in-domain test-set AUROC
per layer for the five prompt templates we test.
Although truth directions emerge in all prompts,
model instructions affect truth direction emergence
patterns. Specifically, in some cases they delay

the emergence of truth directions (strongly for F3
across prompt templates) but also might result
in lower peak performance compared to the no-
prompt setting.
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Figure 8: In-domain test-set AUROC per layer across
all prompt templates.

B.3.2 Cosine similarity of truth probes across
prompt templates

Figure 9 shows the cosine similarity between truth
directions trained using all pairs of combinations
of the five prompts. The first two rows of heatmaps
show the cosine similarity of pairs between no-
prompt and all explicit instruction prompts, show-
ing mostly low cosine similarity. On the other
hand, any pair of explicit instruction prompt probes
shows high cosine similarity despite different word-
ing of the instructions.

B.3.3 Cross-task generalization of truth
probes across prompt templates

Figure 10 shows the generalization heatmaps across
all five prompt settings at a sample of layers. The
patterns we analyzed in the main paper hold across
all templates: pure factual to factual generalization
(F0–F2) is consistently high, arithmetic-trained
probes show in most cases higher generalization
to F0–F2 under instruction prompts, and general-
ization to the harder factual tasks (F3–F5) remains
low regardless of the prompt template used. The
ask-arith template shows weaker generalization to
F0–F2 compared to the other instruction prompts;
the specialized arithmetic instruction does not seem
to produce the same effect as a more general truth
assessment instruction.

B.4 Tasks of intermediate difficulty

Probes trained on F3 achieve AUROC ≈ 1.0,
whereas those trained on F4 drop to AUROC ≈ 0.8.
We want to understand what operation introduces
this difficulty. It might be the list length, or the need
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for counting itself. To investigate this, we create
intermediate variants of the task F4 where we vary
the list length from 3 cities, up to 5 (the original
task). Note that, when the list length is 2 the model
could exploit the shortcut of only checking whether
both cities belong to the stated country, as tested in
the task F2; the model successfully computes truth
for F3, which indicates that either it counts up to
two, or it exploits such a shortcut. Figure 11 shows
that the performance drop happens as soon as
we increase the list length to 3, and increasing
further to 4 and 5 we observe very little additional
degradation. This suggests that the need for gen-
uine counting how many (even, out of three) cities
satisfy the condition introduces the limitation.

B.5 Control experiments

B.5.1 Token control experiment

Since the probing token differs across
no-prompt, and ask-correct settings, we
measure to what extent the obtained truth direc-
tions change when we change the last token of
ask-correct to match the one in no-prompt. To
do so, we change the final token of ask-correct
to be a period token instead of a colon. Further, we
test whether the “Answer” cue in the prompt has
an effect on our results or is solely the instruction
prefix (i.e., “Is the following correct?”) that
matters. The two control prompt templates are as
follows.

ask-correct control templates

ask-correct-period: Is the following
correct?←↩ The city of Paris is in
France. Answer.

ask-correct-prefix: Is the following
correct?←↩ The city of Paris is in
France.

Figure 12 shows the cosine similar-
ity of no-prompt truth directions with
the ask-correct-prefix in orange,
ask-correct-period in solid blue, and the
ask-correct in light dashed blue. Across tasks
we observe the following. Truth directions trained
under ask-correct with either a period or a colon
as the last token show high cosine similarity with
each other (dotted gray lines), especially in the
later layers where truth directions emerge. This
indicates that the identity of the last token has

limited effect on the geometry of the learned truth
directions in our templates. Further, the two blue
lines are extremely close to each other across all
tasks and layers, indicating that the geometric
effect of ask-correct instructions on truth directions
compared to no-prompt, is not influenced by
whether the last token is a period or a colon.
Finally, we observe that omitting the “Answer”
suffix yields truth directions that are highly aligned
with the no-prompt setting, suggesting that the
instruction prefix alone does not suffice to produce
the effects we observe in the main paper.

B.5.2 Prompt template control experiment

The shift in the geometry of the learned truth probes
observed under explicit task framing raises the
question of whether this effect is caused solely from
the instruction for truth assessment, or by other vari-
ables such as the introduction of (possibly random)
extra tokens or the instruction-following context of
the prompt. To investigate this, we repeat our anal-
ysis with two additional prompt templates shown
below, with same token length as the ask-correct
prompt.

Figure 13 shows that under both control prompts
truth directions emerge consistently, similarly to
what we observe across all prompt templates we
test. Figure 14 compares each control prompt probe
with no-prompt probe direction per layer to mea-
sure to what extent these templates affect the ge-
ometry of the learned truth probes. Both control
templates yield directions with low cosine simi-
larity to the no-prompt directions in most layers;
however they show higher similarity compared to
what we observe for truth assessment instructions
in Figure 9. Therefore, the control templates seem
to change –although less so, compared to truth as-
sessment instructions– the geometry of the learned
truth probes. Finally, in Figure 15 we test how
cross-task generalization is affected. We observe
that the effect looks similar to no-prompt probes.
Although the introduction of these prefix tokens
can cause a shift in the geometry of truth probes,
they do not produce the same effect observed using
instructions for truth assessment.
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Prompt control templates

random-prompt: Green table running
bright.←↩ The city of Paris is in
France. Answer:

read-prompt: Read the following
sentence.←↩ The city of Paris is in
France. Answer:

B.6 Additional activation projections
In Figure 16 we show supplementary projections of
the activations over the two-dimensional subspace
defined in Section 6. We select a subset of model
layers as fractions of the model depth: 0.6, 0.7, 0.8,
0.9.

C Results for other models

Below we show results for the rest of the models
we tested. The difficulty boundary for truth direc-
tions identified in the main paper replicates across
all four models; generalization to harder factual
tasks (F3–F5) remains consistently low regardless
of model instructions, model size or model family.
Also, within-family factual generalization (F0–F2)
is consistently strong across all models and prompt
settings. The prompt effect on cross-task gener-
alization holds across both model families. How-
ever, the generalization improvement observed in
Llama models is observed from A1–A3 → F0–F2;
in Gemma models the effect is more pronounced
on F3–F5 → F0–F2. This suggests that the partic-
ular effect caused by model instructions may vary
across model families.

C.1 Llama-3.2-3B-Instruct
C.2 Gemma-2-2b-it
C.3 Gemma-2-9b-it
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for Llama-3.1-8B-Instruct.
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Figure 10: Cross-task generalization for all five prompts at layer depth fractions 0.6, 0.7, 0.8 and 0.9 for Llama-3.1-
8B-Instruct. Rows indicate training task, columns indicate test task.
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Figure 11: In-domain test AUROC per layer for factual tasks of intermediate difficulty. The tasks of intermediate
difficulty with varying list lengths are shown with emphasized lines.
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Figure 13: Test-set AUROC per layer for control prompts.
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Figure 14: Cosine similarities of control probes with no-prompt probes across layers.
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Figure 15: Cross-task generalization of probes trained with no-prompt and the control prompts.
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Figure 16: Activation projections for Llama-3.1-8B-Instruct.
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Figure 17: Layer dependence of truth directions for Llama-3.2-3B-Instruct. (a) In-domain test-set performance.
(b) F0-probe cross-task generalization. (c) Cosine similarity of probes across layer pairs.
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Figure 18: Cosine similarity of truth probes for Llama-3.2-3B-Instruct.
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Figure 19: Cross-task generalization heatmaps for Llama-3.2-3B-Instruct.
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Figure 20: Activation projections for Llama-3.2-3B-Instruct.
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(a) In-domain test AUROC across layers.
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(b) F0-trained probe cross-task generalization across
layers.

0

8

16

24

A1 A2 A3

0

8

16

24

La
ye

r i

F0 F1 F2

0 8 16 24

0

8

16

24

F3

0 8 16 24
Layer j

F4

0 8 16 24

F5

0.0

0.2

0.4

0.6

0.8

1.0

cos(w
i ,w

j )

(c) Cosine similarity of probes across all pairs of layers for each task.

Figure 21: Layer dependence of truth directions for Gemma-2-2b-it. (a) In-domain test-set performance. (b)
F0-probe cross-task generalization. (c) Cosine similarity of probes across layer pairs.
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Figure 22: Cosine similarity of truth probes for Gemma-2-2b-it.
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Figure 23: Cross-task generalization heatmaps for Gemma-2-2b-it.
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Figure 24: Activation projections for Gemma-2-2b-it.
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(a) In-domain test AUROC across layers.
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Figure 25: Layer dependence of truth directions for Gemma-2-9b-it. (a) In-domain test-set performance. (b)
F0-probe cross-task generalization. (c) Cosine similarity of probes across layer pairs.
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Figure 26: Cosine similarity of truth probes for Gemma-2-9b-it.
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Figure 27: Cross-task generalization heatmaps for Gemma-2-9b-it.
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Figure 28: Activation projections for Gemma-2-9b-it.
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