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Abstract

Large language models often succeed on one
formulation of a problem while failing on an
equivalent formulation. Whether these fail-
ures arise from distinct internal circuits or dif-
ferent activation states of a shared circuit re-
mains unknown. Recent mechanistic inter-
pretability studies suggest that arithmetic in
LLMs emerges from a “bag of heuristics,” en-
coded by a sparse set of MLP neurons that
represent distinct arithmetic strategies. We in-
vestigate whether arithmetic heuristic neurons
are form-invariant across symbolic arithmetic,
natural language word problems, and Python
code in three Llama-3 models. In each for-
mat, we identify arithmetic heuristic neurons
using a two-stage pipeline combining attribu-
tion patching and activation patching. A com-
pact set of neurons is shared across all three
formats, and targeted interventions show this
shared circuit is both necessary and sufficient
for late-layer arithmetic computation. Trans-
ferring the shared neurons’ activations from a
successful execution in one format to a failed
execution in another recovers most incorrect
predictions, exceeding 97% for addition and
subtraction, indicating that cross-format fail-
ures arise from activation states rather than
distinct circuits. Moreover, shared neurons
largely belong to the same heuristic fami-
lies across formats, indicating that arithmetic
computation in LLMs is substantially form-
invariant at the neuron level.

1 Introduction

Large language models (LLMs) have demon-
strated remarkable mathematical capabilities,
achieving impressive performance on challenging
arithmetic and mathematical reasoning bench-
marks (Cobbe et al., 2021; Hendrycks et al., 2021;
Wei et al., 2022). These advances have established
LLMs as powerful mathematical problem solvers,
capable of tackling problems ranging from ele-
mentary arithmetic to graduate-level mathematics.
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Figure 1: Three prompt formats used in our experi-
ments. Each expresses the same arithmetic computa-
tion as symbolic arithmetic, a natural language word
problem, or Python code. The answer is always gener-
ated as a single token at the final position.

Consequently, understanding how these models
internally represent and perform mathematical
computation has become an important research
direction, motivating a growing body of work in
mechanistic interpretability aimed at uncovering
the neural mechanisms underlying arithmetic
reasoning (Stolfo et al., 2023; Marjieh et al., 2025;
Nikankin et al., 2025).

Recent mechanistic interpretability studies have
begun identifying the internal neural circuits re-
sponsible for arithmetic computation in LLMs.
In particular, Nikankin et al. (2025) demonstrate
that LLMs solve arithmetic problems using a
“bag of heuristics,” where distinct neurons en-
code different arithmetic strategies and can be
causally manipulated to influence model predic-
tions. While these findings provide compelling
evidence that arithmetic behavior emerges from
identifiable neural mechanisms, they are derived
almost exclusively from canonical symbolic ex-
pressions (Baeumel et al., 2025; Du et al., 2025;
Nikankin et al., 2025). Consequently, it remains
unclear whether the same arithmetic neurons gen-
eralize across alternative representations of the
same computation or are specific to a particular in-
put format.

This question is particularly important because
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previous studies have shown that LLMs are highly
sensitive to the formulation of mathematical prob-
lems, where even small changes to a problem’s sur-
face form, such as paraphrasing, adding new state-
ments, or altering the presentation while preserv-
ing the underlying computation, can lead to sub-
stantial performance degradation (Li et al., 2024).
LLMs also exhibit noticeable variance in their per-
formance when responding to different instantia-
tions of the same problem (Mirzadeh et al., 2025).

From a mechanistic perspective, however, the
source of this sensitivity remains poorly under-
stood. While recent studies have shown that LLMs
separate problem abstraction (Cheng et al., 2025)
and operand routing (Mamidanna et al., 2025)
from the final computation, it remains unclear
whether the same neuron-level arithmetic heuris-
tics are recruited across fundamentally different
input formats, namely symbolic equations, word
problems, and code.

Motivated by this gap, we investigate the follow-
ing research questions:

• RQ1: Are arithmetic heuristic neurons
form-invariant? Do mathematically equiv-
alent problems expressed as symbolic equa-
tions, word problems, and code recruit the
same arithmetic heuristic neurons?

• RQ2: What causes cross-format failures?
Do performance differences across formats
arise from distinct arithmetic circuits or dif-
ferent activation states of a shared circuit?

Code and data for reproducing our experiments are
available.1

2 Related Work

2.1 Mechanistic Interpretability

Mechanistic interpretability (MI) aims to reverse-
engineer the internal mechanisms of language
models by analyzing their learned weights and
computational components. In transformer-based
LLMs, computations are often understood in
terms of circuits, small sets of interacting compo-
nents, such as MLP neurons and attention heads,
that collectively implement a specific function
(Baeumel et al., 2025; Gould et al., 2024). To
identify these circuits, mechanistic interpretabil-
ity relies heavily on causal mediation techniques

1https://github.com/SharathHN/
format-invariant-arithmetic

(Pearl, 2013), which localize model behavior
to specific internal components. Representative
methods include activation patching (Meng et al.,
2022; Zhang and Nanda, 2024), path patching
(Goldowsky-Dill et al., 2023; Wang et al., 2023),
attribution patching (Nanda, 2023; Syed et al.,
2024; Hanna et al., 2024), and lens-based decod-
ing (nostalgebraist, 2020; Belrose et al., 2023).

2.2 Arithmetic Reasoning Interpretability

Recent mechanistic interpretability studies have
begun to uncover how LLMs perform arithmetic
reasoning. Circuit analyses have identified spe-
cialized model components that play causal roles
in arithmetic computation (Stolfo et al., 2023;
Zhang et al., 2024), while subsequent work sug-
gests that arithmetic emerges from collections of
heuristic neurons (Nikankin et al., 2025) rather
than a single coherent algorithm (Nanda et al.,
2023; Zhong et al., 2023; Ding et al., 2024). Al-
ternative explanations propose that LLMs rely on
symbolic pattern matching (Deng et al., 2024),
dual-pathway computation separating coarse and
fine-grained numerical processing (Lindsey et al.,
2025), or geometric representations of numbers
that support arithmetic operations (Kantamneni
and Tegmark, 2025). More recently, Cheng et al.
(2025) showed that LLMs solve arithmetic word
problems through an abstract-then-compute mech-
anism, in which models first construct an abstract
representation of the underlying arithmetic oper-
ation before executing the computation. They
further showed that these abstract representations
are invariant to different natural language formula-
tions of the same problem. Relatedly, Mamidanna
et al. (2025) identified a sparse attention subgraph
that routes operands to the last token position for
direct arithmetic. However, they found this sub-
graph fails on word problems and code, suggest-
ing that while the core routing mechanism general-
izes across simple text prompts, complex formats
require additional computational components for
deeper semantic and syntactic parsing.

Building upon this line of work, we investigate
whether arithmetic heuristic neurons themselves
are form-invariant. Specifically, we systematically
identify and causally validate arithmetic heuristic
neurons to determine whether the same neurons
are recruited to perform equivalent computations
across different formats, namely symbolic arith-
metic, word problems, and code.
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Figure 2: Overview of the pipeline. (Left) We identify the top-k causal neurons independently for symbolic
arithmetic, word problems, and code, computing their layer-wise intersection to isolate the shared circuit. (Middle)
We evaluate whether these shared neurons are sufficient and necessary for arithmetic computation via Keep-Only
(retaining only shared activations) and Knockout (ablating only shared activations) interventions. (Right) We
transfer the activations of the shared neurons from a successful donor execution to a failed target execution, testing
whether cross-format failures stem from differences in activation states rather than distinct arithmetic circuits.

3 Background

3.1 MLPs as Key-Value Memories

Transformer layers consist of two primary compo-
nents: a multi-head self-attention module, which
routes information across tokens, and a Multi-
Layer Perceptron (MLP), which performs nonlin-
ear transformations independently at each token
position. Following the key-value memory inter-
pretation of Geva et al. (2021, 2022), the MLP can
be expressed as

y = σ(xK)V, (1)

where x ∈ Rd and y ∈ Rd denote the in-
put and output representations, K ∈ Rd×dmlp and
V ∈ Rdmlp×d are the up-projection and down-
projection weight matrices, respectively, and σ(·)
is a nonlinear activation function. Omitting the
bias terms, the MLP can be decomposed into in-
dividual neurons as

y =

dmlp∑

i=1

σ(x ·K:,i)Vi,: =

dmlp∑

i=1

HiVi,:, (2)

where

Hi = σ(x ·K:,i) (3)

denotes the activation of the i-th neuron. Under
this formulation, each neuron is represented by a
key vector K:,i and a corresponding value vector
Vi,:. The key vector determines the neuron’s ac-
tivation by measuring how well the input matches
its learned pattern, while the value vector specifies

the information written back to the residual stream.
Consequently, the MLP output is a weighted sum
of the value vectors of all activated neurons.

3.2 Arithmetic Neurons and Heuristics

Building upon the neuron interpretation of MLPs,
recent mechanistic interpretability studies have
identified a sparse subset of neurons that play a
causal role in arithmetic computation (Nikankin
et al., 2025; Du et al., 2025). These arithmetic
neurons are primarily located in the middle and
later layers of Transformer models and are selec-
tively activated during arithmetic reasoning. Let
M denote a language model and Sarith denote
the set of arithmetic neurons identified within the
model. Prior work shows that ablating these neu-
rons, producing a modified model M \ Sarith,
causes arithmetic performance to deteriorate dra-
matically while leaving many non-arithmetic ca-
pabilities comparatively unaffected.

Although arithmetic neurons collectively enable
numerical reasoning, they do not all perform the
same computation. Instead, Nikankin et al. (2025)
show that these neurons implement a diverse col-
lection of arithmetic heuristics, where individual
neurons respond to specific arithmetic patterns
and may participate in multiple heuristic strategies.
These heuristics operate over either the operands
or the expected result and include range (val-
ues within a numerical interval), modulo (specific
modular congruencies), pattern (digit patterns),
identical operands (op1 = op2), and multi-result
(promoting a small set of division outputs). They
describe arithmetic computation as emerging from
a “bag of heuristics,” in which many specialized
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neurons cooperate to produce the final prediction.

4 Experimental Setup

We conduct all experiments on three base Llama
models: Llama-3-8B, Llama-3.2-3B, and Llama-
3.2-1B. We select these models because their tok-
enizers represent every integer in the range [0, 999]
as a single token, enabling precise neuron-level
analysis without complications arising from multi-
token numerical representations. We present re-
sults for Llama-3-8B in the main paper; corre-
sponding results for Llama-3.2-3B and Llama-3.2-
1B exhibit the same qualitative trends and are pro-
vided in Appendix A. Figure 2 summarizes our
end-to-end experimental pipeline.

Prompt Formats. Following Nikankin et al.
(2025), we construct semantically equivalent arith-
metic problems in three input formats: symbolic
arithmetic, Python code, and natural language
word problems as shown in Figure 1. Each
prompt expresses the same underlying computa-
tion a op b over the four arithmetic operators
{+,−,×,÷}, where division follows Python’s in-
teger floor semantics.

Although the three formats differ substantially
in sequence length, every prompt is constructed
so that the numerical answer is generated as a sin-
gle token at the final position. Consequently, all
mechanistic analyses are performed on the resid-
ual stream and MLP activations at the final (an-
swer) token, providing a consistent basis for cross-
format comparison.

Dataset Construction. All prompts are zero-
shot and model-conditioned. Following prior
mechanistic interpretability studies (Wang et al.,
2023; Prakash et al., 2024; Nikankin et al., 2025),
we retain only operand pairs that the model an-
swers correctly, allowing subsequent analyses to
isolate the circuits responsible for successful arith-
metic computation. For each operator and input
format, operand pairs are sampled to maximize the
diversity of unique numerical answers, yielding
200 correctly solved prompts. These are split into
100 training prompts, used to estimate activation
statistics and neuron importance, and 100 evalua-
tion prompts, reserved exclusively for causal inter-
vention and faithfulness experiments.

Division is a special case because valid single-
token integer quotients are far less diverse than for
the other operators, causing the number of unique

0 4 8 12 16 20 24 28 31
layer

Arithmetic
Code
Word

0.0 0.2 0.4 0.6 0.8 1.0
probe test accuracy (answer value)

Figure 3: Linear probe accuracy across transformer
layers. Arithmetic answers become reliably linearly
decodable at a consistent layer across symbolic arith-
metic, code, and word problems, motivating our focus
on the final token and late-layer MLP neurons.

answers to saturate (approximately 96, 163, and
164 for arithmetic, code, and word problems, re-
spectively). We therefore interpret them with cau-
tion.

4.1 Layer Identification

To identify where arithmetic computation emerges,
we train a format-specific, operator-invariant lin-
ear probe on the residual stream (resid_post) at
every layer and token position to predict the nu-
merical answer. Each probe is trained on roughly
8,000-10,000 correctly answered prompts for each
model-format pair using an 80/20 train-test split
(see Appendix B for dataset statistics).

Across all formats, the answer first becomes re-
liably linearly decodable at the final input token, at
a layer that is identical across formats (Figure 3);
for Llama-3-8B, probe accuracy first exceeds 50%
at layer 19 (Table 5). We therefore restrict sub-
sequent neuron analyses to the final (answer) to-
ken and to the late layers of each model, starting
slightly before the onset layer (ℓ ≥ 16 for Llama-
3-8B), capturing both the emergence of arithmetic
computation and its execution.

4.2 Identifying Arithmetic Neurons

Having identified the computation-onset layers,
we next rank neurons according to their contri-
bution to arithmetic computation. Neuron impor-
tance can be estimated using either gradient-based
methods, such as attribution patching (Syed et al.,
2024; Hanna et al., 2024; Cheng et al., 2026), or
gradient-free methods, such as activation patching
(Wang et al., 2023; Conmy et al., 2023; Zhang
and Nanda, 2024). Gradient-based approaches
are computationally efficient but provide only first-
order approximations, whereas gradient-free meth-
ods estimate causal effects exactly but are substan-
tially more expensive.

To balance efficiency and accuracy, we adopt a
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two-stage ranking procedure. We first use attribu-
tion patching to identify the top 2000 candidate
neurons per layer, then rerank these candidates us-
ing exact activation patching. This substantially
reduces computational cost while preserving the
ranking quality of gradient-free interventions.

Stage 1: Attribution patching. Following
Stolfo et al. (2023) and Nikankin et al. (2025), neu-
ron importance is quantified using the indirect ef-
fect

IE =
1

2

(
P ∗(r′)− P (r′)

P (r′)
+

P (r)− P ∗(r)
P ∗(r)

)
,

(4)
where r and r′ are the answers to a clean prompt

p and a corrupt prompt p′, and P and P ∗ denote
the output probabilities on p before and after the
intervention. For each p, we sample p′ uniformly
from a held-out pool of prompts in the same for-
mat, spanning all operators, that match p in tok-
enized length and have a different answer (r′ ≠ r).
Length matching aligns clean and corrupt activa-
tions position-wise. Attribution patching approx-
imates this quantity using a first-order Taylor ex-
pansion,

IE ≈ (acorrupt − aclean) · ∂m
∂a

, (5)

where m denotes the indirect-effect objective
evaluated on the clean run. For each (model,
format, operator), importance scores are aver-
aged across the training prompts, and neurons are
ranked by µ + σ (mean plus one standard devia-
tion) to favor neurons with large effects on at least
a subset of prompts.

Stage 2: Activation patching. We then rerank
the top 2000 candidates per layer using exact
activation patching. For each candidate neu-
ron, its last-token activation is replaced with the
corresponding activation from a matched corrupt
prompt, and Eq. 4 is evaluated exactly using the
resulting output probabilities. Average indirect ef-
fects over the training prompts yield the final per-
layer ranking; circuits of size k consist of the top-
k neurons per layer, with k = 200 used for the
heuristic analyses.

4.3 Circuit Faithfulness Evaluation
We evaluate whether the identified circuit is both
necessary and sufficient for arithmetic computa-
tion using a faithfulness metric based on mean ab-

lation. Given a candidate circuit, every MLP neu-
ron outside the circuit is replaced, at every token
position, with its corresponding activation from a
precomputed mean cache. Attention heads and
all MLP neurons in layers preceding the analysis
range remain unmodified. We then measure how
much of the correct-answer signal is preserved un-
der this intervention.

Following Syed et al. (2024), we quantify per-
formance using the normalized logit

nl =
logit[r]

max(logit)
,

where r denotes the correct answer token. We eval-
uate three conditions: (i) the unmodified model
(good), (ii) complete mean ablation of all attention
heads and MLP neurons (bad), and (iii) mean abla-
tion of only the non-circuit MLP neurons (circuit).
Circuit faithfulness is defined as the fraction of the
performance gap recovered by the retained circuit:

Faithfulness =
nlcircuit − nlbad
nlgood − nlbad

. (6)

Mean Cache. Mean ablation requires a neutral
replacement activation for every model compo-
nent. We construct a mean cache from a large,
evaluation-disjoint set of operand pairs by averag-
ing MLP neuron and attention-head activations at
each token position. Because prompts differ in
length across formats, activations are aligned rel-
ative to the final (answer) token before averaging.
During ablation, the cached activations are applied
using the same alignment, ensuring that each to-
ken position is replaced with statistics computed
from comparable positions across prompts.

4.4 Cross-Format Activation Transfer

To investigate why mathematically equivalent
problems are sometimes solved correctly in one
format but not another, we perform cross-format
activation patching on the shared arithmetic heuris-
tic neurons. For each operator, we consider
two transfer directions, code→arithmetic and
word→arithmetic, and identify operand pairs that
are solved correctly in the donor format but incor-
rectly in the target format, evaluating up to 600
matched pairs per direction.

We replace the shared-neuron activations at the
final (answer) token in the failed target execu-
tion with those from the corresponding success-
ful donor execution, leaving all other activations
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unchanged. We compare two settings: matched,
where donor and target share the same operands,
and random, where an equally sized set of ran-
domly selected neurons is patched. We report the
fraction of corrected target predictions for each op-
erator and transfer direction.

4.5 Neuron Heuristic Families
To characterize what the identified neurons com-
pute, we apply the heuristic-classification frame-
work of Nikankin et al. (2025) to the shared neu-
rons. For each neuron, the method quantifies how
consistently its highest-activating inputs follow an
interpretable arithmetic pattern, such as operand
range, result modulus, or result value. Following
the original authors’ approach, we evaluate both
indirect and direct heuristics, identifying operand-
related features from raw activations and result-
related features from activations projected to the
vocabulary space. Unless otherwise stated, we use
the recommended matching threshold of 0.6.

For each arithmetic operator, we classify the
neurons in the three-way shared circuit indepen-
dently for the arithmetic, code, and word-problem
formats. This allows us to examine whether neu-
rons shared across formats also play consistent
functional roles by implementing the same heuris-
tic families. Over the shared neurons labeled in all
three formats, we quantify this agreement using
the mean pairwise and three-way Jaccard similar-
ities between heuristic-family sets, and the exact
family-match rate across formats. The distribution
of heuristic families is shown in Appendix D.

5 Results

We present evidence that arithmetic computation
is implemented by a shared set of form-invariant
heuristic neurons from four complementary per-
spectives. We first quantify the sparsity of the
shared circuit across symbolic arithmetic, code,
and word problems. We then establish its causal
role through necessity and sufficiency analyses.
Next, we investigate whether failures in one for-
mat can be repaired using activations from a suc-
cessful execution in another format. Finally, we
examine whether the shared neurons implement
consistent arithmetic heuristics across formats.

5.1 Sparsity: A compact arithmetic circuit is
shared across formats

We first ask how much overlap exists between the
arithmetic circuits identified independently from
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Figure 4: Three-way Jaccard overlap of the top-k neu-
rons across symbolic arithmetic, code, and word prob-
lems as a function of circuit size k.

symbolic arithmetic, code, and word problems. If
arithmetic relied on a large pool of generic neu-
rons, the overlap between the three formats would
be expected to increase monotonically as progres-
sively larger circuits are considered.

Instead, Figure 4 exhibits a consistent non-
monotonic pattern across all arithmetic operators.
The three-way Jaccard overlap peaks when approx-
imately 25–50 neurons per layer are retained, be-
fore gradually decreasing as additional neurons
are included. This suggests that the highest-ranked
neurons form a compact core circuit that is consis-
tently recruited across formats, whereas neurons
ranked lower become increasingly format-specific.
Although the absolute overlap varies by operator,
the same qualitative behavior is observed for addi-
tion, subtraction, multiplication, and division.

5.2 Causality: Shared neurons are necessary
and sufficient within the late-layer MLPs

Neuron overlap alone does not establish that the
shared neurons are responsible for arithmetic com-
putation. To evaluate their causal role, we com-
pute the three-way intersection of the top-k neu-
rons identified independently from the three for-
mats and perform two complementary interven-
tions.

In the keep-only experiment, all neurons out-
side the shared circuit are mean-ablated, testing
whether the shared circuit alone is sufficient for
arithmetic computation. Conversely, the knockout
experiment ablates only the shared circuit while
leaving the remainder of the network intact, test-
ing whether the shared neurons are necessary.

Sufficiency. Figure 5 shows that the shared cir-
cuit rapidly recovers model performance as the
circuit size increases. For addition and subtrac-
tion, faithfulness approaches the full-model ceil-
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ing with approximately 100–500 neurons per layer,
while multiplication and division exhibit a more
gradual increase. Across all operators and for-
mats, the shared circuit consistently outperforms
matched random-neuron controls, demonstrating
that a relatively small shared circuit is sufficient
to recover nearly all arithmetic performance.

Necessity. The complementary knockout exper-
iment (Figure 6) shows that removing only the
shared circuit causes a rapid degradation in faith-
fulness, whereas ablating an equally sized random
set of neurons has little effect.

Together, these interventions demonstrate that
the neurons shared across symbolic arithmetic,
code, and word problems are both causally nec-
essary and sufficient for arithmetic computation
within the late-layer MLPs, while keeping the at-
tention mechanism and earlier layers intact.

5.3 Cross-format activation transfer recovers
most incorrect predictions

The previous experiments establish that arithmetic
computation relies on a shared set of causal neu-
rons across formats. We next ask whether cross-
format failures arise from differences in activation
states rather than distinct arithmetic circuits.

Figures 7 and 8 show the recovery rates for
code→arithmetic and word→arithmetic transfer
across all four operators. Transferring activations
from matched donor executions substantially re-
covers previously incorrect predictions: addition
and subtraction exceed 97% recovery at approxi-
mately k = 50 neurons per layer, while multiplica-
tion recovers 80–85% of failures across both trans-
fer directions. Division also exhibits strong recov-
ery for word→arithmetic (∼90%) but more vari-
able behavior for code→arithmetic, with recov-
ery declining at larger values of k. This suggests
that larger intersections increasingly include neu-
rons with code-specific activation patterns that in-
terfere with arithmetic readout. In contrast, patch-
ing an equally sized set of randomly selected neu-
rons yields little recovery, remaining near zero at
small k and well below matched transfer at all cir-
cuit sizes, confirming that recovery is specific to
the shared heuristic neurons.

These results indicate that cross-format failures
primarily arise from differences in the activation
states of a shared arithmetic circuit rather than
from the recruitment of distinct circuits. Restor-
ing the shared-neuron activations is sufficient to

Operator Lab. (%) Exact (%) Pair J 3-way J

Addition 75.8 53.9 0.83 0.75
Subtraction 94.8 23.5 0.73 0.62
Multiplication 100.0 20.1 0.76 0.65
Division 55.2 24.8 0.67 0.54

Average 81.4 30.6 0.75 0.64

Table 1: Functional consistency of shared Llama-3-8B
arithmetic neurons across formats (k = 200 neurons
per layer). Lab. is the percentage of shared neurons
that receive a heuristic label in all three formats; the
remaining columns are computed over these neurons.
Exact is the percentage whose heuristic-family set is
identical across all three formats, and Pair and 3-way
are the mean pairwise and three-way Jaccard similari-
ties of heuristic-family sets.

recover most failed predictions.

5.4 Mechanistic consistency: Shared neurons
implement the same heuristics

Across formats, shared neurons largely implement
the same heuristic families, dominated by result-
pattern and result-modulo heuristics (Table 6). We
measure this agreement over the shared neurons
that receive a heuristic label in all three formats
(Table 1). Their heuristic-family sets have a mean
pairwise Jaccard similarity of 0.75 and a mean
three-way Jaccard similarity of 0.64, and per-
mutation tests confirm that family agreement ex-
ceeds chance for every operator (p < 10−4; Ap-
pendix E). The stricter exact match rate, the frac-
tion of these neurons whose family set is identical
in all three formats, averages 30.6% and exceeds
50% only for addition. Label coverage is high for
subtraction and multiplication, where 95–100% of
shared neurons are labeled in every format, but
lower for addition (76%) and division (55%).

6 Conclusion

We investigated whether arithmetic heuristic neu-
rons in LLMs are invariant to the surface form
of mathematically equivalent problems. Across
symbolic arithmetic, word problems, and code, we
found that arithmetic computation relies on a com-
pact set of shared neurons that are both neces-
sary and sufficient for correct computation. Cross-
format activation patching showed that restoring
their activation states recovers most failed predic-
tions, indicating that cross-format failures arise
mostly from differences in activation state rather
than distinct circuits. Heuristic-family analysis
further showed that these neurons largely preserve
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10 50 100 500 2000
neurons / layer (k)

0.0

0.2

0.4

0.6

0.8

1.0

fa
ith

fu
ln

es
s (

af
te

r k
no

ck
ou

t)

addition

10 50 100 500 2000
neurons / layer (k)

subtraction

10 50 100 500 2000
neurons / layer (k)

multiplication

10 50 100 500 2000
neurons / layer (k)

 full model

 ablate all

division

arithmetic code word random neurons

Figure 6: Necessity analysis using knockout interventions. Faithfulness is measured after ablating only the shared
circuit. Random-neuron controls are matched for circuit size.

10 20 50 100 200 500 1000
neurons patched per layer (k)

0.0

0.2

0.4

0.6

0.8

1.0

pr
om

pt
s r

ec
ov

er
ed

 (w
ro

ng
 

 c
or

re
ct

)   donor

addition subtraction multiplication divisionaddition subtraction multiplication division
matched donor random control
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predictions, while random-neuron controls remain well
below.

their functional roles across formats. Together,
these findings demonstrate that arithmetic com-
putation in LLMs is largely form-invariant at the
neuron level and mechanistic circuits identified in
one representation can generalize across input for-
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Figure 8: Cross-format activation transfer from word
problems to arithmetic using three-way shared neurons
for Llama-3-8B. Recovery remains high across opera-
tors, whereas random-neuron controls show little im-
provement.

mats. Future work may extend this analysis to
more complex reasoning, such as algebraic manip-
ulation and multi-step problem solving.
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Limitations

Our study focuses on elementary integer arith-
metic in base Llama models and three care-
fully controlled input formats. While this set-
ting enables precise causal analysis, it remains
unclear whether the observed form invariance ex-
tends to more complex mathematical reasoning,
instruction-tuned models, or broader language un-
derstanding tasks.

Our causal interventions and heuristic analyses
focus exclusively on MLP neurons at the final in-
put token. This focus is motivated by the key-
value memory interpretation of MLPs, which sug-
gests that they are the primary components respon-
sible for storing and retrieving arithmetic-related
representations. Although prior work suggests
that attention heads play a complementary role by
routing operand information to this position, we
leave investigating whether these routing mecha-
nisms also exhibit cross-format invariance to fu-
ture work.

Finally, we identify shared neurons using
prompts that are answered correctly by the model,
allowing us to isolate the circuits underlying suc-
cessful computation. While our cross-format acti-
vation transfer experiments examine cases where
this shared circuit succeeds in one format but fails
in another, extending this analysis to broader rea-
soning failures and more diverse, unconstrained
prompt distributions remains an important direc-
tion for future work.
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Figure 9: Layer-wise probe accuracy for Llama-3.2-
3B.

0 4 8 12 15
layer

Arithmetic
Code
Word

0.0 0.2 0.4 0.6 0.8 1.0
probe test accuracy (answer value)

Figure 10: Layer-wise probe accuracy for Llama-3.2-
1B.

A Additional Results on Llama Models

The main paper presents detailed analyses for
Llama-3-8B. This appendix reports the cor-
responding experiments for Llama-3.2-3B and
Llama-3.2-1B. Across all analyses, both models
exhibit the same qualitative trends as the primary
model, supporting the robustness of our findings
across model scales.

A.1 Layer Identification

Figures 9 and 10 show the layer-wise linear probe
accuracy for Llama-3.2-3B and Llama-3.2-1B, re-
spectively. Similar to Llama-3-8B, the answer be-
comes linearly decodable at a consistent late layer
across symbolic arithmetic, code, and word prob-
lems.

A.2 Shared Arithmetic Circuits

Figures 11a and 11b report the three-way Jac-
card overlap between arithmetic, code, and word-
problem circuits. Both models exhibit the
same non-monotonic overlap pattern observed for
Llama-3-8B.

A.3 Circuit Faithfulness

Figures 12–15 present the keep-only and knockout
interventions for the two additional models. Con-
sistent with the main paper, the shared circuit re-
mains both necessary and sufficient for arithmetic
computation.

A.4 Cross-Format Activation Transfer

Figures 16 and 17 present representative cross-
format activation transfer experiments for the two

additional models. As in Llama-3-8B, transferring
the shared heuristic-neuron activations from suc-
cessful donor executions substantially improves
accuracy on failed target executions.

B Dataset Statistics and Linear Probe
Evaluation

All prompts used for linear probing and circuit
identification were filtered to retain only instances
the models answered correctly. Table 2 provides
templates used for each format and Table 3 gives
an example for each operator and format. Table 4
reports the distribution of correct prompts avail-
able per model and format. While addition, sub-
traction, and division yielded large pools of cor-
rect executions (≥ 20,000), multiplication served
as the primary bottleneck for dataset size due to
the restricted pool of operand pairs yielding an an-
swer ≤ 999.

Table 5 details the results of the format-specific,
pooled-operator linear probes trained on the resid-
ual stream at the final token position. The compu-
tation onset layer (defined as the first layer where
probe test accuracy exceeds 50%) is strictly identi-
cal across all three formats within a given model.

583



10 50 100 500 2000
neurons / layer (k)

0.0

0.1

0.2

0.3

0.4

3-
wa

y 
Ja

cc
ar

d 
ov

er
la

p

addition subtraction multiplication division

(a) Llama-3.2-3B

10 50 100 500 2000
neurons / layer (k)

0.00

0.05

0.10

0.15

0.20

0.25

3-
wa

y 
Ja

cc
ar

d 
ov

er
la

p

addition subtraction multiplication division

(b) Llama-3.2-1B

Figure 11: Three-way Jaccard overlap of the top-k neurons across arithmetic, code, and word formats for the
additional Llama-3 models. Both models exhibit the same non-monotonic overlap pattern observed for Llama-3-
8B, with peak overlap occurring at relatively small circuit sizes.
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Figure 12: Knockout intervention for Llama-3.2-3B.
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Figure 13: Keep-only intervention for Llama-3.2-3B.
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Figure 14: Keep-only intervention for Llama-3.2-1B.
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Figure 15: Knockout intervention for Llama-3.2-1B.
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(b) Word → Arithmetic

Figure 16: Cross-format activation transfer for Llama-3.2-3B.
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(b) Word → Arithmetic

Figure 17: Cross-format activation transfer for Llama-3.2-1B.

585



Format Template (operands a, b; operator ⊙)

Arithmetic {a}{⊙}{b}=

Code a={a}\n b={b}\n print("Ans=",a{⊙}b)\n Output: Ans = ␣

Word (+) Tom has {a} apples and Alice gives him {b} apples. So he now has

Word (−) Tom has {a} apples and gives Alice {b} apples. So he now has

Word (×) There are {a} boxes and each box contains exactly {b} apples. The total number of apples is

Word (÷) Tom has {a} apples and shares them equally among {b} friends. So each friend gets

Table 2: Prompt templates for the three surface formats. In the code format the operator token is +, -, *, or // for
division.

Operator Format Sample input Target

Addition
(15 + 7)

Arithmetic 15+7= 22

Code a=15\n b=7\n
print("Ans=",a+b)\n Output: Ans =

22

Word Tom has 15 apples and Alice gives
him 7 apples. So he now has 22

Subtraction
(42− 13)

Arithmetic 42-13= 29

Code a=42\n b=13\n
print("Ans=",a-b)\n Output: Ans =

29

Word Tom has 42 apples and gives Alice
13 apples. So he now has 29

Multiplication
(8× 6)

Arithmetic 8*6= 48

Code a=8\n b=6\n
print("Ans=",a*b)\n Output: Ans =

48

Word
There are 8 boxes and each box
contains exactly 6 apples. The
total number of apples is

48

Division
(96÷ 4)

Arithmetic 96/4= 24

Code a=96\n b=4\n
print("Ans=",a//b)\n Output: Ans =

24

Word Tom has 96 apples and shares them equally
among 4 friends. So each friend gets 24

Table 3: Concrete sample inputs for each operator × format, with the single-token target the model must predict.
Division is floor division.
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Model Format Mul Correct / 2520 Mul Accuracy Add / Sub / Div Correct

Llama-3.2-1B Arithmetic 528 21.0% ≥ 20,000
Llama-3.2-1B Code 1846 73.3% ≥ 20,000
Llama-3.2-1B Word 1215 48.2% ≥ 20,000

Llama-3.2-3B Arithmetic 1637 65.0% ≥ 20,000
Llama-3.2-3B Code 2275 90.3% ≥ 20,000
Llama-3.2-3B Word 1236 49.0% ≥ 20,000

Llama-3-8B Arithmetic 1899 75.4% ≥ 20,000
Llama-3-8B Code 2442 96.9% ≥ 20,000
Llama-3-8B Word 1645 65.3% ≥ 20,000

Table 4: Correct-prompt census across models and formats for answers in the range [0, 999]. Multiplication is the
most constrained operator, as the prompt pool is exhausted at 2,520 valid pairs.

Model Format Total N Unique Ans Peak Acc Peak Layer Onset Layer

Llama-3.2-3B Arithmetic 9,139 988 0.891 L26 L18
Llama-3.2-3B Code 9,775 995 0.964 L27 L18
Llama-3.2-3B Word 8,736 994 0.900 L26 L18

Llama-3-8B Arithmetic 9,399 990 0.924 L29 L19
Llama-3-8B Code 9,943 995 0.967 L29 L19
Llama-3-8B Word 9,144 994 0.933 L29 L19

Llama-3.2-1B Arithmetic 8,028 931 0.733 L15 L14
Llama-3.2-1B Code 9,346 992 0.784 L15 L14
Llama-3.2-1B Word 8,712 979 0.695 L15 L14

Table 5: Linear probe evaluation across formats. The onset layer represents the first transformer layer where test
accuracy exceeds 0.50, demonstrating identical computation onset points across formats.
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Heuristic Family Arithmetic Code Word

Result Pattern 457 453 441
Result Modulo 285 284 271
Operand Pattern 132 130 161
Result Range 124 126 135
Operand Range 108 64 91
Both Range 53 53 49
Result Value 22 28 32
Both Modulo 21 31 36
Operand Modulo 9 5 9
Operand Value 0 1 3
Identical Operands 0 6 4

Table 6: Number of shared neurons assigned to each
heuristic family for Llama-3-8B (addition, k = 200
neurons per layer, |C| = 784). A neuron may be as-
signed multiple families, so columns can sum to more
than |C|.

C Additional Heuristic Consistency
Results

Table 9 reports the complete heuristic consis-
tency statistics for Llama-3-8B, Llama-3.2-3B and
Llama-3.2-1B. The trends observed in the main pa-
per are consistent across models: heuristic-family
agreement exceeds chance for every operator, al-
though exact family agreement is more stringent.
Division exhibits the lowest agreement, likely re-
flecting the smaller and less diverse set of valid
integer quotients.

D Distribution of Heuristic Families

To provide a granular understanding of the shared
circuit’s composition, we expand the broad heuris-
tic categories introduced in Section 3.2 into spe-
cific functional families. Following the algorith-
mic implementation of Nikankin et al. (2025), the
classification process evaluates neurons based on
both a specific scoring mechanism (range, mod-
ulo, pattern, or exact value) and a specific target
(a single operand, both operands, or the expected
result).

In our analysis, we group the parameterized
heuristic labels into distinct functional families
defined by the intersection of these targets and
scorers. This yields families such as operand
range, result range, both modulo, and result
value (which activates for exact, zero-padded tar-
get numbers). We additionally include the identi-
cal operands (op1 = op2) heuristics. Tables 6, 7,
and 8 summarize the distribution of these heuristic
families for the shared circuit.

Heuristic Family Arithmetic Code Word

Result Pattern 372 394 375
Result Modulo 247 276 256
Operand Pattern 107 96 145
Result Range 81 112 106
Operand Range 116 45 65
Both Range 44 45 47
Result Value 5 32 23
Both Modulo 15 20 22
Operand Modulo 5 5 7
Operand Value 0 0 0
Identical Operands 0 2 5

Table 7: Number of shared neurons assigned to each
heuristic family for Llama-3.2-3B (addition, k = 200
neurons per layer, |C| = 661). A neuron may be as-
signed multiple families, so columns can sum to more
than |C|.

Heuristic Family Arithmetic Code Word

Result Pattern 99 119 74
Result Modulo 79 84 89
Operand Pattern 100 106 147
Result Range 32 53 26
Operand Range 53 28 78
Both Range 19 28 12
Result Value 0 1 0
Both Modulo 16 15 17
Operand Modulo 17 7 16
Operand Value 0 3 7
Identical Operands 0 0 1

Table 8: Number of shared neurons assigned to each
heuristic family for Llama-3.2-1B (addition, k = 200
neurons per layer, |C| = 332). A neuron may be as-
signed multiple families, so columns can sum to more
than |C|.

E Statistical Significance of Heuristic
Agreement

To verify that the functional consistency of shared
neurons exceeds random chance, we established
a null distribution by randomly permuting the
heuristic family assignments within each format
independently. Table 10 reports the observed ex-
act family match rates and mean pairwise Jaccard
similarities against the null expectations. Across
all models and operators, the observed functional
agreement significantly exceeds the maximum val-
ues observed under the null distribution (p <
10−4).
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model operator |C| labeled 3-way common exact match Jaccard (pair) Jaccard (3-way)

Llama-3-8B addition 784 594 96.0% 53.9% 0.83 0.75
Llama-3-8B subtraction 803 761 96.8% 23.5% 0.73 0.62
Llama-3-8B multiplication 733 733 99.9% 20.1% 0.76 0.65
Llama-3-8B division 768 424 88.0% 24.8% 0.67 0.54

Llama-3.2-3B addition 661 492 94.5% 44.3% 0.79 0.70
Llama-3.2-3B subtraction 618 566 96.8% 14.5% 0.68 0.55
Llama-3.2-3B multiplication 573 573 99.8% 15.2% 0.74 0.63
Llama-3.2-3B division 574 286 75.5% 18.5% 0.59 0.44

Llama-3.2-1B addition 332 203 85.2% 36.0% 0.70 0.58
Llama-3.2-1B subtraction 372 354 96.6% 7.9% 0.64 0.50
Llama-3.2-1B multiplication 299 299 100.0% 16.7% 0.75 0.64
Llama-3.2-1B division 267 168 69.6% 6.0% 0.50 0.31

Table 9: Per-operator heuristic consistency statistics for all models (k = 200 neurons per layer). |C| is the size
of the three-way shared circuit, and labeled is the number of shared neurons that receive a heuristic label in all
three formats. All remaining columns are computed over these labeled neurons: 3-way common is the percentage
sharing at least one heuristic family across all three formats, Exact is the percentage whose family set is identical
across all three formats, and Pair/3-way are the mean pairwise and three-way Jaccard similarities of heuristic-
family sets.

exact family match mean pairwise Jaccard

model operator obs null null max p obs null null max p

Llama-3-8B addition 0.539 0.052 0.087 < 10−4 0.700 0.315 0.339 < 10−4

Llama-3-8B subtraction 0.235 0.009 0.021 < 10−4 0.707 0.405 0.421 < 10−4

Llama-3-8B multiplication 0.201 0.024 0.048 < 10−4 0.757 0.568 0.582 < 10−4

Llama-3-8B division 0.248 0.021 0.061 < 10−4 0.488 0.183 0.207 < 10−4

Llama-3.2-3B addition 0.443 0.048 0.089 < 10−4 0.658 0.298 0.319 < 10−4

Llama-3.2-3B subtraction 0.145 0.008 0.027 < 10−4 0.641 0.383 0.402 < 10−4

Llama-3.2-3B multiplication 0.152 0.018 0.042 < 10−4 0.743 0.567 0.581 < 10−4

Llama-3.2-3B division 0.185 0.017 0.054 < 10−4 0.414 0.151 0.179 < 10−4

Llama-3.2-1B addition 0.360 0.042 0.097 < 10−4 0.510 0.226 0.257 < 10−4

Llama-3.2-1B subtraction 0.079 0.014 0.040 < 10−4 0.623 0.409 0.431 < 10−4

Llama-3.2-1B multiplication 0.167 0.021 0.057 < 10−4 0.749 0.579 0.597 < 10−4

Llama-3.2-1B division 0.060 0.007 0.041 < 10−4 0.392 0.189 0.219 < 10−4

Table 10: Statistical significance of heuristic family agreement. Observed (obs) exact match rates and pairwise
Jaccard similarities are compared against a null distribution generated via random permutation of heuristic labels.
Across all settings, the observed agreement significantly exceeds chance (p < 10−4). Exact match rates are
computed over shared neurons labeled in all three formats, as in Tables 1 and 9; pairwise Jaccard similarities are
computed over all shared neurons, including those unlabeled in some format, and are therefore lower.
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