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Abstract
While Transformer models can learn algorith-
mic tasks and generalize reliably to unseen,
in-distribution data, they often fail catastrophi-
cally when required to extrapolate to sequence
lengths beyond their training regime. Using
AttentionSpan, a suite of synthetic diagnostic
tasks designed to enable inspection of internal
model computations, we analyze the model’s
behavior on length extrapolation. Our findings
indicate that this failure is not fully explained
by an inability to induce general rules for the
task. Instead, we identify inconsistent attention
patterns as a major contributing factor: infor-
mation retrieval strategies learned by individual
attention heads, which fail to remain stable as
sequence length increases. Reinforcing a ref-
erence attention pattern at inference time, us-
ing no out-of-distribution data, largely recovers
accuracy on String Reversal and partially on
Value Assignment, while leaving multi-digit
arithmetic unresolved. We also study length
adaptation, how a model trained on one length
adjusts to another by fine-tuning its Key and
Query parameters, and find that a single dimen-
sion in every attention head is enough, across 4
algorithmic tasks and the RULER benchmark.
Adaptation does not carry past the fine-tuned
lengths, and our interventions are diagnostic
rather than a proposed remedy. We make our
benchmark and code publicly available.

1 Introduction

As Transformer models become more popular and
are applied to complex, assistant-like tasks, there
is a growing interest in their reasoning capabilities.
We focus on algorithmic reasoning, which isolates
specific skills a general reasoner should have, such
as arithmetic or sorting. This controlled setting
allows us to study the fundamental limitations of
the Transformer architecture, particularly its ability
to extrapolate beyond the data it was trained on.

While Transformers achieve high accuracy on
tasks within their training distribution, their per-

formance often collapses on longer sequences not
seen during training. This raises a fundamental
question: what is the underlying cause of this fail-
ure, and can it be repaired? To answer this, we
move beyond black-box evaluations to investigate
the model’s internal computations. We hypothesize
that the self-attention mechanism, the component
responsible for mixing and combining information,
is a principal source of the problem. Specifically,
our main hypothesis is that these generalization
failures happen because the model learns attention
patterns that are not consistent across different in-
put lengths.

To investigate this, we test our hypothesis by
introducing a methodology to diagnose and repair
these attention patterns. Our contributions are as
follows:

• We introduce AttentionSpan, a suite of syn-
thetic diagnostic tasks with interpretability
scaffolding with reference attention patterns
and a methodology for evaluating attention
pattern consistency in models.

• We show that models trained on algorith-
mic tasks fail to generalize to longer, out-
of-distribution sequences, despite high in-
distribution accuracy.

• We identify inconsistent attention pat-
terns—arising from the Key (WK) and Query
(WQ) projection matrices—as a major source
of length-extrapolation failure. Our strongest,
data-free causal evidence covers two tasks,
one positional and one content-based;
separately, we show that fine-tuning just a
small subset of parameters in these matrices
for all attention heads on longer sequences
adapts the model to those new input sequence
lengths.

• We evaluate this minimal repair across four
diverse algorithmic tasks from AttentionSpan
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and tasks from the RULER benchmark (Hsieh
et al., 2024).

2 Related Work

A number of recent benchmarks have been devel-
oped to systematically evaluate the algorithmic rea-
soning and length generalization abilities of neural
models. CRLS-Text (Markeeva et al., 2024) im-
plements traditional algorithms for training and
evaluating LLMs, and we extend its methodology
by introducing reference attention masks for in-
terpretability. McLeish et al. benchmark Chat-
GPT on the CLRS suite, finding that it outper-
forms specialist GNNs by leveraging Python code
execution, raising questions about the nature of
out-of-distribution generalization in LLMs. BIG-
Bench (Srivastava et al., 2023) offers a wide range
of algorithmic tasks, but as a fixed test set, it is
less suitable for robust extrapolation evaluation;
we address this by creating configurable generators
to avoid data contamination. Flip-Flop Language
Modeling (Liu et al., 2023) is a synthetic task for
analyzing attention glitches, which we extend to a
broader set of algorithmic tasks. Other benchmarks
such as GSM-Symbolic (Mirzadeh et al., 2025)
and the DeepMind mathematics suite (Saxton et al.,
2019) further highlight the fragility and limitations
of current models in systematic mathematical rea-
soning.

Many works have proposed architectural
changes or new positional encoding schemes to
improve length generalization. Threshold Relative
Attention (TRA) (Opper et al., 2025) introduces
selective sparsity and contextualized relative dis-
tance in attention, while PRISM (Lee, 2025) and
Abacus (McLeish et al., 2024a) propose special-
ized positional embeddings for arithmetic tasks.
Jelassi et al. show that relative position embed-
dings enable generalization for addition, but not for
multiplication, and introduce "train set priming" as
a remedy. Shen et al. demonstrate that modifying
positional encodings or task representations can
dramatically improve arithmetic performance and
length generalization.

Despite these advances, none of the above meth-
ods explain why standard Transformers fail to learn
generalizable attention patterns or positional logic
from data alone. (Dziri et al., 2023) highlights
that even state-of-the-art models struggle with ba-
sic algorithmic tasks like addition and multiplica-
tion, suggesting a persistent and fundamental prob-

lem. Veličković et al. shows that softmax attention
leads to dispersed, high-entropy attention at longer
lengths, but our findings show that extrapolation
failures can occur even with attention remaining
sharp (low-entropy) but misallocated (Section 5.3).
Behrens et al. show that Transformers can learn
fundamentally different algorithms for the same
task depending on random initialization, motivat-
ing our learned interventions to stabilize internal
solutions. Zhou et al. demonstrate that length gen-
eralization is possible but fragile, with large vari-
ance across seeds and data order. Schwarzschild
et al. show that recurrent networks can generalize
algorithmic reasoning by increasing recurrent steps,
motivating the search for similar scalable reasoning
in Transformers.

Several empirical studies have explored the im-
pact of data and training strategies on length gener-
alization. Lee et al. show that small Transformers
can efficiently learn arithmetic operations with care-
fully formatted or chain-of-thought data, but still
face challenges in length generalization. Yang et al.
demonstrate that, with sufficient targeted data, lan-
guage models can achieve near-perfect accuracy on
multi-digit arithmetic tasks, surpassing even GPT-4
in some cases.

While prior work has focused on architectural
changes, engineered embeddings, or data-centric
solutions, few directly diagnose the root cause of
extrapolation failures in attention. Our work differs
by showing that minimal, targeted interventions
can restore out-of-distribution performance: rein-
forcing a reference attention pattern at inference
time, or fine-tuning just a single column of the key
and query projection matrices. This suggests that
there might be a systematic issue within attention
that could be alleviated by an architectural change.

3 Methodology

To systematically investigate length extrapolation
failures, we introduce AttentionSpan, a suite of syn-
thetic algorithmic tasks for controlled evaluation.
Each task is procedurally generated, which allows
us to create distinct in-distribution (ID) training
sets and out-of-distribution (OOD) test sets. This
setup enables a rigorous assessment of how models
extrapolate learned algorithms to novel scenarios,
such as longer sequence lengths, which is the pri-
mary focus of this study.

The benchmark includes a diverse set of algorith-
mic challenges: String Reversal, Long Addition,
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Long Multiplication, Flip-Flop Language Model-
ing (FFLM) (Liu et al., 2023), and Value Assign-
ment. These tasks are designed to probe fundamen-
tal reasoning capabilities, from positional lookups
(String Reversal) to content-based retrieval (Value
Assignment) and multi-step arithmetic computa-
tion (Addition and Multiplication). Example inputs
and outputs for each task are provided in Table 1,
with detailed descriptions available in Appendix A.

Our core experimental methodology relies on
the distinction between in-distribution and out-of-
distribution data. For each task, we train models
on an ID dataset characterized by a constrained set
of parameters, such as sequences of length 1-10
for String Reversal. We then evaluate the trained
models on an OOD dataset where a key parameter
is shifted beyond the training range, for instance,
testing on sequences of length 11-50. This sharp
split allows us to precisely measure the model’s
ability to generalize the learned algorithm versus
simply memorizing samples from the training data.
The specific ID/OOD configurations for each task
are detailed in Appendix G.

Throughout this work, we use the term atten-
tion patterns to refer to the specific information
retrieval strategies, i.e. algorithms learned by indi-
vidual attention heads. Each pattern can be under-
stood as a specialized sub-task, such as a positional
lookup (e.g., "always attend to the token two posi-
tions back") or a content-based lookup (e.g., "find
the key token that has a specific property related
to the current query"). For a model to generalize
an algorithm, we posit that these learned patterns
must be consistent—the underlying logic of the
retrieval strategy must remain stable as sequence
length increases. We describe a pattern as inconsis-
tent when it fails to maintain its retrieval strategy at
novel lengths, which we hypothesize is a primary
cause of failures in algorithmic reasoning.

4 Analyzing Generalization Failures in
Attention

We fine-tune models on each algorithmic task using
only in-distribution (ID) data, training until they
achieve near-perfect (> 0.99) accuracy on the ID
test set. (Table 2). This confirms that the models
can successfully acquire a robust in-distribution
heuristic within the training distribution. However,
their performance collapses when evaluated on out-
of-distribution (OOD) sequences of novel lengths.
This failure is not absolute; the models still exhibit

some limited extrapolation ability, suggesting they
have acquired a robust in-distribution heuristic but
are hindered in executing it reliably at scale. This
gap between partial understanding and complete
failure motivates our deeper investigation into what
limits models’ length extrapolation.

5 Inconsistent Attention Patterns

To diagnose whether a model’s learned attention
patterns are consistent across different sequence
lengths, we introduce the concept of a reference at-
tention pattern. These masks are created manually
and represent our expectation of the ideal atten-
tion pattern a model should implement to robustly
solve a given task. For simple tasks, the required
pattern is often provably necessary. For example,
to correctly solve String Reversal, the model must
execute a specific retrieval algorithm: to predict the
first output character, it must attend to the last input
character; to predict the second, it must attend to
the second-to-last, and so on. This creates a distinct
diagonal attention pattern where the query at each
output position ‘i‘ looks back to the input position
‘N-i‘, where ‘N‘ is the input length.

Formally, the reference attention pattern is a dis-
crete matrix, i.e. a boolean mask. For each target
token to be predicted, it identifies the critical (ref-
erence) past tokens that the model should attend
to. An element in the matrix is set to 1 if the corre-
sponding past token carries information essential
for predicting the target token; otherwise, it is 0. In
Figure 1, these reference masks are visualized as
red overlays on the model’s aggregated attention
maps, providing a clear ground truth to identify mis-
alignments between the expected and the learned
patterns.

We use the reference attention patterns to track
which tokens the model considers at each reasoning
step. We rely on attention rollout (Abnar and
Zuidema, 2020), a standard method for aggregating
attention across heads and layers. This allows us
to assess whether the model acquired the expected
attention patterns in a generalized fashion. The
attention rollout is expressed as a recursive product
of attention scores across layers:

R =
L∏

l=1

(
1

H

H∑

h=1

Al,h + I

)
(1)

where R is the final attention rollout matrix, L is
the total number of self-attention layers, H is the
number of attention heads in each layer, Al,h is the
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Task Example Input Corresponding Output
String Reversal d h 1 3 h 8 2 h j 2 8 3 j 2 3 H = H 3 2 j 3 8 2 j h 2 8 h 3 1 h d
Long Addition 1240 + 4335 + 3440 = 8916
Long Multiplication 9900 * 9900 = 1980 + 0198 + 0000 + 0000 = 1089
FFLM w 1 1 i 1 1 f 1 0 r 1 0 f 1 0 r 1 1
Value Assignment B1 E0 D1 A1 C0 ABBEDACABCD 11101101101

Table 1: Example instances of our tasks. The spacing is adjusted for clarity and does not denote a separator of
tokens. Digits in Long Addition and Long Multiplication are written least-significant first, so the carry propagates
left to right (Appendix A): row 2 reads 421+5334+443 = 6198 and row 3 99× 99 = 9801. How the tasks handle
tokenization is described in greater detail in Appendix E.

Model Task ID Acc. OOD
Acc.

OOD
Token-
level
Acc.

Ll
am

a-
3.

2-
1B

-I
ns

tr
uc

t

String Reversal 99.85 64.00 97.70
Long Addition 100.00 15.00 79.53
Long Multiplication 100.00 83.00 99.84
FFLM 100.00 99.20 99.79
Value Assignment 96.87 1.04 71.00

Q
w

en
2.

5-
1.

5B
-I

ns
tr

uc
t

String Reversal 93.75 17.70 72.74
Long Addition 96.87 22.91 88.83
Long Multiplication 97.00 0.00 80.88
FFLM 100.00 88.50 96.71
Value Assignment 91.66 3.125 88.31

ge
m

m
a-

3-
1b

-i
t String Reversal 100.00 14.00 39.52

Long Addition 100.00 2.62 67.85
Long Multiplication 97.91 0.00 76.65
FFLM 100.00 90.12 96.71
Value Assignment 98.95 0.00 19.35

Table 2: Exact match accuracy of finetuned models on
AttentionSpan tasks with consistent in-distribution and
out-of-distribution splits. Token-level accuracy denotes
the ratio of correct tokens to total target tokens. De-
spite a sharp decline in OOD Accuracy in almost all
cases, OOD Token-level Accuracy reveals that models
correctly predict a large proportion of target tokens, in-
dicating some extrapolation abilities are present.

(post-softmax) attention score matrix for head h in
layer l and I is the identity matrix, which accounts
for the residual connections.

What rollout does and does not measure. Roll-
out is a proxy for information flow rather than a
measurement of it, and Equation (1) averages uni-
formly over heads, so a few heads implementing
the reference pattern can be washed out by the rest.
This is one reason the absolute AttnScore values
in Table 3 are low. We therefore treat rollout as
a coarse, population-level diagnostic and rely on
per-head analyses for claims about specific mecha-
nisms (Section 6.1); see Limitations.

Quantitatively, we leverage our dataset’s ref-
erence attention masks and aggregated attention

scores to calculate the proportion of attention
scores assigned to tokens identified as essential for
correct prediction, which we refer to as Attn Score
in Table 3 (see Appendix D for details). Formally,
Attn Score is defined as:

Attn Score=
1

N

N∑

i=1


 1

|Ti|

|Ti|∑

j=1


∑

k∈Si

ai,j,k




 (2)

where N is the total number of samples in the
dataset, Ti is the sequence of target (output) to-
kens for sample i, and |Ti| is its length, Si is the
set of indices corresponding to the reference input
tokens for sample i, ai,j,k is the normalized atten-
tion score aggregated in R (1) from the j-th output
token to the k-th input token in sample i. We will
represent Attn Score as percentages.

Through the lens of Attn Score, we explore dif-
ferences in models’ behavior on correct and incor-
rect (token-level) predictions to identify systematic
attention patterns associated with errors. For String
Reversal, Value Assignment and Multiplication,
and for all three models, incorrect token predic-
tions are associated with the model allocating less
attention to the necessary input tokens (Table 3),
providing initial evidence that misallocated atten-
tion could be a key failure mode. Addition is a
consistent exception: there the effect is significant
but runs in the opposite direction for every model.
We do not fold this into the general trend, and dis-
cuss it separately in Section 5.2.

5.1 Inconsistent Patterns are Associated with
Prediction Errors

Our analyses indicate that for String Reversal and
Value Assignment, out-of-distribution (OOD) er-
rors are linked to reduced attention on reference to-
kens (Table 3). The appearance of this phenomenon
in these specific tasks is significant, as they are
representative of copying tasks, a recently high-
lighted benchmark class (Arjovsky et al., 2016;
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Task Llama Qwen Gemma

Corr. Err. Corr. Err. Corr. Err.

Addition 30.12 44.54 34.35 40.27 42.57 70.57
Multiplication 1.90 0.42 3.02 1.02 2.92 1.85
String Reversal 4.55 2.36 3.07 2.17 3.97 2.30
Value Assignment 3.33 1.26 1.27 1.20 5.04 4.91

Table 3: Mean AttnScore (%) on reference tokens, for
correct and erroneous target-token predictions. All
differences are statistically significant (Welch’s t-test).
Attention shifts away from reference tokens on errors for
every task except Addition, where the effect reverses for
all three models (bold; Section 5.2). AttnScore is com-
puted from attention rollout, which averages uniformly
over heads and ignores the OV pathway, so absolute
values are low and should be read as a coarse diagnostic.
Models are the instruction-tuned variants.

Jelassi et al., 2024), and embody two distinct, fun-
damental retrieval modes: positional (e.g., sorting,
reordering) and content-based (e.g., using variables
or a knowledge base). This pattern suggests that in-
sufficient attention to reference tokens contributes
to faulty predictions. We also identified minimal
necessary subpatterns for the more complex arith-
metic tasks. For Multiplication the effect matches
the retrieval tasks. For Addition it does not: the dif-
ference is significant but reversed, which we take
up in Section 5.2. The association therefore holds
across three pre-trained models and architectures
on three of our four tasks (Table 3), indicating a
problem that emerges commonly, though not uni-
versally.

To better understand the nature of these OOD
failures, we visualize the attention patterns of indi-
vidual heads that specialize in the required lookup
algorithm. Figure 1 demonstrates how attention
scores scatter away from the reference diagonal as
input sequence length increases. Table 3 quantifies
this, showing that prediction errors occur precisely
when attention deviates from the reference diago-
nal. Interestingly, we observe that attention does
not simply diffuse across neighboring tokens in
OOD scenarios. Instead, it remains sharp (Fig-
ure 1) but incorrectly shifts to a distant, irrelevant
token. This suggests a potential failure in how po-
sitional embeddings like RoPE (Su et al., 2023)
generalize to long-range positional relationships
not seen during training. We investigate the role
of RoPE in length extrapolation in more detail in
Appendix B.1, but find no conclusive evidence as
we find only limited reliance of the model on tasks
with extrapolation failures.

5.2 A Systematic Reversal on Addition

For Addition the AttnScore difference is significant
but runs in the opposite direction to our hypoth-
esis, and it does so for all three models: 44.54
vs. 30.12 (Llama), 40.27 vs. 34.35 (Qwen) and
70.57 vs. 42.57 (Gemma) on erroneous vs. correct
predictions. Being consistent in sign across three
architectures, the effect is unlikely to be noise, and
we exclude Addition from the association reported
above. We did not investigate it further, and report
two candidate explanations without adjudicating
between them. The measurement may be at fault:
Addition is the one task whose reference tokens lie
close to the query, which makes AttnScore hard to
separate from ordinary locality. Alternatively our
reference mask may be too coarse, since it marks
the operand digits and the result but not carry prop-
agation, which a model may implement by holding
state across generated tokens rather than re-reading
the input. Consistent with the latter, reference-
pattern reinforcement (Section 6.1), which also pre-
supposes a well-specified mask, is the intervention
that fails on Addition.

5.3 Sharp but Misallocated Attention

Even on OOD sequences, the model often confi-
dently (sharply) attends to incorrect tokens. This is
illustrated in Figure 1, where attention in a string
reversal task remains highly concentrated but tar-
gets the wrong positions. Quantitatively, as shown
in Table 4, mean attention entropy stays low for
OOD data, confirming that the dispersion of at-
tention scores on longer sequences as shown by
(Veličković et al., 2025) is not a key issue in our
case.

This is supported quantitatively by the mean at-
tention entropy in Table 4, which stays low for
OOD data (1.90 for 60-digit addition vs. 1.80 in-
distribution), even as accuracy drops. After our
minimal Key/Query adjustment, both accuracy and
entropy return to near in-distribution levels, which
is consistent with the attention pattern being retar-
geted rather than merely sharpened. As noted in
Section 6.5, entropy characterises the spread of at-
tention and not the computation performed on the
attended values.

6 Intervening on Attention Recovers
Out-of-Distribution Performance

Our analyses so far reveal an association between
inconsistent attention patterns and length extrapola-
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Figure 1: Attention from a single head for String Reversal, identified as performing our reference diagonal lookup
algorithm. As sequence length increases from in-distribution (left) to out-of-distribution (right), attention scatters
away from the correct diagonal. Red overlays mark the reference positions the head should attend to; the scattered
mass outside them coincides with prediction errors.
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Figure 2: Effect of reinforcing the reference attention pattern at inference time. For Llama-3.2-1B-Instruct and
Qwen2.5-1.5B-Instruct, we adjust post-softmax attention scores in a small set of selected heads so that reference
positions receive additional weight. This substantially improves accuracy at out-of-distribution lengths relative to
the unmodified models, and it does so without any out-of-distribution training data, which implicates the attention
mechanism in the extrapolation failure on these two tasks. The same intervention does not recover performance on
multi-digit addition or multiplication, for which no single reference pattern is well defined (Section 5.2). Dotted
vertical lines indicate the maximum input sequence length seen during fine-tuning.

tion failures, and an association is not a cause. We
therefore intervene on attention directly. Our first
intervention, inference-time reinforcement, adds
a constant to post-softmax attention scores at ref-
erence positions and uses no out-of-distribution
data; where it succeeds, attention placement was
the binding constraint. It works for String Rever-
sal, partially for Value Assignment, and not at all
for multi-digit arithmetic, so our cleanest causal
evidence covers those two tasks. We do not claim
that fixing attention inconsistency is sufficient for
length extrapolation in general.

6.1 Attention Reinforcement using Reference
Patterns

Having established reference attention patterns
for each task, we leverage them to directly inter-
vene in the model’s attention mechanism and test

whether reinforcing these patterns can adapt to out-
of-distribution (OOD) lengths. Our approach is
designed to causally link attention deficits to OOD
failures by selectively amplifying attention to refer-
ence tokens in a minimal set of attention heads.

We begin by identifying the attention heads most
responsible for implementing the desired reference
pattern. For each head h, we compute the sum of its
post-softmax attention scores on reference tokens
given in-distribution (ID) sample of length L as
measured by the total attention scores allocated to
the set of reference token indices R:

score(h) =
L∑

i=1

∑

j∈R
A

(h)
ij . (3)

This score is averaged across multiple input sam-
ples. Heads are ranked by this score, and we select
the top N heads for intervention, where N is cho-
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Setting Acc. Entropy Std Min Max

5-digit (ID) 1.00 1.80 0.52 0.53 3.65
60-digit (base) 0.18 1.90 0.67 0.57 4.26
60-digit (adapted) 0.87 1.68 0.79 0.69 4.31

Table 4: Accuracy and mean attention entropy
for 5-digit (in-distribution, ID) and 60-digit (out-of-
distribution, OOD) addition tasks using Llama-3.2-1B-
Instruct (512 heads). Both 60-digit rows are out-of-
distribution: “base” is trained only on ID data, while
“adapted” is further fine-tuned on OOD data by updat-
ing a single dimension in each WQ and WK projection
matrix. The results show that attention entropy remains
low for OOD data, even as accuracy drops, and that the
intervention adapts both accuracy and entropy.

sen to maximize end-to-end task performance after
intervention. For String Reversal, we identified that
intervening on a minimal set of 3 attention heads
was sufficient. For Value Assignment we identified
40 such attention heads (out of 512 heads across all
layers in Llama-3.2-1B-Instruct).

During OOD inference, we apply our interven-
tion only to these selected heads. For simple tasks
like String Reversal, we add a constant value δ > 0
to the post-softmax attention scores at reference
token positions, effectively reinforcing the ideal
pattern. The value of δ is manually optimized for
each task to maximize performance and applied
uniformly across samples. This direct modification
leads to dramatic improvements in OOD accuracy,
as shown in Figure 2.

For more complex tasks such as Value Assign-
ment, the reference pattern is distributed across
multiple heads, and a global reinforcement of the
whole reference pattern in each head is not effective.
Here, we use a conditional strategy: the constant δ
is added only if the original attention score at a ref-
erence token position exceeds a threshold C, rein-
forcing existing sub-patterns rather than imposing
the full reference pattern. While this improves per-
formance, the accuracy boost is sometimes lower,
as weak activations below the threshold are not
reinforced.

An attention score A(h)
ij of head h at the i-th row

and j-th column is modified as follows:

A
′(h)
ij =

{
A

(h)
ij + δ if A(h)

ij > C

A
(h)
ij otherwise

(4)

where C is a threshold optimized for maximal
performance in Value Assignment, or set to 0 for
String Reversal, in which case the attention score
is always modified.

As shown in Figure 2, this intervention leads
to an absolute increase in accuracy on OOD sam-
ples of approximately 90 % across all input lengths
for String Reversal, with a weaker improvement
for Value Assignment oscillating around 40–50 %.
Because the intervention uses no OOD training
data and touches nothing but post-softmax attention
scores in the small set of selected heads identified
above, this provides causal evidence that insuffi-
cient attention to reference tokens is a principal
cause of extrapolation failure on these two tasks.
We are explicit about the scope of that claim: it
covers String Reversal strongly and Value Assign-
ment partially, and, as we discuss next, it does not
transfer to multi-digit arithmetic.

While this intervention by a reference attention
pattern is effective for simple tasks like String Re-
versal and Value Assignment, it does not extend to
more complex algorithms such as multi-digit addi-
tion or multiplication. We hypothesize two main
reasons for this limitation. First, the algorithmic
logic for these tasks is often distributed across mul-
tiple attention heads, with each head specializing
in a different sub-task. Second, there is no unique,
ground-truth attention pattern for these tasks. In
multi-digit addition, for instance, the model might
learn several valid strategies for handling the carry
operation. To address this, in Appendix B, we intro-
duce an approach that learns, rather than prescribes,
the attention correction. On every evaluated task
and model we find a bias B(h) that adapts the model
to novel, longer sequence lengths. This bias is itself
trained on OOD samples, so the result demonstrates
that a sufficient correction exists within the atten-
tion scores alone, rather than demonstrating length
extrapolation. That localisation is itself non-trivial.

6.2 Minimal Parameter Adjustments for
Length Adaptation

Building on the learned attention interventions de-
tailed in Appendix B, we investigated which spe-
cific parameters govern length adaptation. We find
that fine-tuning a minimal subset of Key and Query
parameters is sufficient to adapt the model to novel
input lengths.

Concretely, for a per-head key or query pro-
jection W ∈ Rdmodel×dhead we unfreeze a single
column W:,c ∈ Rdmodel and freeze the remaining
dhead − 1 columns, training one of the coordinates
along which queries and keys are compared in-
side each head. This is neither a one-dimensional
subspace of the weight matrix in isolation nor a
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Figure 3: Accuracy evolution of the original model
versus its version with a fine-tuned minimal subset of
Key/Query parameters. Results are shown for Llama-
3.2-1B-Instruct; full evaluations for Qwen2.5-1.5B-
Instruct and Gemma-3-1B-IT across two length distri-
butions (600–1000 and 1500–1750 tokens) are provided
in Appendix I. Most configurations exhibit near-perfect
adaptation within the adapted range, though Gemma-
3-1b-it consistently fails to adapt as successfully as the
other models (Section 6.3).

low-rank adapter. The same coordinate is trained
in every head of every layer, with the rest of the
model frozen; for Llama-3.2-1B (dmodel = 2048,
dhead = 64) this is 2048 parameters per head per
projection. We take c = dhead, the slowest-rotating
RoPE component, but do not claim it is privileged:
in preliminary experiments every coordinate we
tried adapted the model, some more readily than
others (see Limitations).

Experiments We evaluate the effect of minimal
Key and Query updates by examining model perfor-
mance across sequence lengths up to 2,000 tokens,
comparing the original task-adapted models against
versions with a fine-tuned subset of attention pa-
rameters. Using Llama-3.2-1B-Instruct, Qwen2.5-
1.5B-Instruct, and Gemma-3-1B-IT, we tested two
adaptation regimes—600–1,000 and 1,500–1,750
tokens—requiring the latter to interpolate across a
significant gap from the initial 600-token training
cap.

As shown in Figure 3, minimal adaptation of a
single head dimension allows Llama-3 to achieve
near-perfect task accuracy across the adapted
length range. In contrast, while the intervention pre-
vents total collapse in Gemma-3-1b-it, this model
fails to reach the same performance parity and ex-
hibits inconsistent accuracy as length increases. We
report this in Section 6.3 rather than setting it aside,
since it delimits the generality of the method. Be-
cause the adjustment is trained on sequences of the

target length, the gains are confined to the adapted
range: this is length adaptation rather than extrapo-
lation.

6.3 Failure to Adapt on Gemma-3

Gemma-3-1b-it is the one model in our study
for which the single-column WK/WQ adjustment
does not restore performance, and it fails con-
sistently across every task and both adaptation
regimes. We did not investigate why, so we report
it as a limitation on the generality of the method
rather than as something we can explain. The most
likely reason is that Gemma-3 interleaves local
and global attention layers, whereas our procedure
adapts the same coordinate in every head of ev-
ery layer and so implicitly treats all layers alike.
Whatever the cause, the result shows that the in-
tervention is not architecture-independent, and we
describe it as effective on the models we tested
rather than in general.

6.4 Generalization to Natural Language Tasks

To evaluate our findings beyond synthetic tasks, we
assess our methodology on RULER (Hsieh et al.,
2024), which probes the effective context window
of language models through 13 tasks across four
categories (Retrieval, Multi-hop Tracing, Aggrega-
tion, and Question Answering) and shows that most
models collapse well before their claimed context
limits. Our algorithmic experiments required an
initial supervised fine-tuning (SFT) phase to accom-
modate specialised input formats, which introduces
potential distribution bias. Applying the minimal
WK/WQ adjustment directly to pretrained models,
with no task-specific SFT stage, lets us test whether
the attention instability we identified is an artifact
of that regime. The same adjustment helps here
too, which suggests that it is not.

We evaluated all 13 tasks; Figure 4 presents one
representative task from each category, with the
full evaluation in Appendix J. The intervention tar-
gets the attention drift seen in retrieval-heavy tasks
such as Multi-needle NIAH and Variable Tracking,
where performance degrades sharply as sequence
length increases. It is sufficient to reach near-
perfect accuracy on several of these tasks where the
baseline fails, narrowing the gap between claimed
and effective context windows. As in the algorith-
mic setting, the gains are confined to the adapted
length range.
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Figure 4: Performance comparison on RULER tasks
of a Llama-3.2-1B-Instruct as baseline compare to the
same model with minimal Key/Query adjustment. Mini-
mal WK/WQ adaptation restores near-perfect retrieval
accuracy.

6.5 Key/Query Adjustments Restore
Attention Patterns

Qualitative analysis of the attention maps shows
that the adjustment does not merely sharpen a dif-
fuse signal. In the baseline OOD failure mode
the attention maxima do not dissolve into noise;
instead, as seen in Figure 5, the model’s focus
flips from the reversed diagonal that String Rever-
sal requires to a local autoregressive diagonal, at-
tending only to the most recently generated tokens.
The model appears to fall back on a generic local-
copying mechanism once its learned global index-
ing breaks down at novel lengths. Fine-tuning WK

and WQ relocates the highest attention weights
from these local tokens back to the distant, task-
correct ones identified during in-distribution train-
ing, which indicates that the adjustment moves at-
tention mass rather than suppressing entropy or
noise. We do not read more into it than that: at-
tention maps describe where the model reads, not
what it computes with what it reads, so restored
placement is consistent with restored computation
without demonstrating it (see Limitations). We ana-
lyze this further using effective rank in Appendix C.

7 Conclusion

We investigated why Transformers fail to general-
ize learned algorithms to out-of-distribution inputs,
and introduced a methodology to diagnose the fail-
ure and intervene on it. Our evidence supports two
claims of different strength. On String Reversal
and Value Assignment, reinforcing a reference at-
tention pattern at inference time, using no OOD
data, recovers much of the lost accuracy, which

Figure 5: Restoration of attention patterns in String Re-
versal. The baseline OOD model (left) defaults to a local
autoregressive diagonal, whereas the Key/Query adjust-
ment restores the reversed diagonal maxima (right) con-
sistent with the in-distribution behavior.

causally implicates attention placement for those
tasks. Separately, fine-tuning a single column of
the key and query projections adapts the model to
longer sequences on three of four algorithmic tasks
and on RULER, for two of the three architectures
tested; this bounds how much of the network must
change rather than showing that the underlying al-
gorithm was intact. Our interventions are post-hoc
repairs rather than a practical remedy. The question
motivating the analysis is whether this instability
is avoidable by design, and we offer the diagnosis
in the hope of making that answerable.

Limitations

Task coverage. AttentionSpan consists of syn-
thetic tasks, chosen so that a reference attention pat-
tern can be specified by hand. That design bounds
what we can test. Of our tasks, only String Rever-
sal and Value Assignment have a reference pattern
specific enough for the inference-time intervention
to work, and our causal evidence rests on those
two. Addition and multiplication admit no single
correct pattern, and our masks for them are coarse
enough that we cannot interpret the AttnScore re-
sults (Section 5.2). Whether the account holds for
tasks outside this suite is untested.

The minimal fine-tuning experiment measures
adaptation, not extrapolation. Beyond those
two tasks, our results come from fine-tuning Key
and Query parameters on sequences of the target
length. That experiment is designed to show how a
model adapts to a new length rather than to make
it extrapolate, and accuracy does not improve past
the fine-tuned range. It also means we cannot dis-
tinguish an algorithm that was intact and merely
starved of the right inputs from one that had to
learn new long-range positional behaviour. Ap-
pendix B.1 leans towards the second reading, since
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the learned WQ/WK dot product overfits to the ab-
solute positions seen during training, and we leave
the tension unresolved.

We measure attention, not information flow.
AttnScore is computed from attention rollout,
which aggregates post-softmax weights, averages
uniformly across heads, and ignores the OV path-
way, the MLPs, and the magnitudes of the values
being mixed. It tells us where attention mass sits,
not what the model does with it, and the low abso-
lute values in Table 3 partly reflect head averaging
rather than weak effects. Activation patching along
the output-relevant pathway would close this gap,
and we have not done it.

“Minimal” is a claim about parameter count.
Our result is that a single-column WK/WQ up-
date suffices for length adaptation, which upper-
bounds the amount of change required. It does not
yet establish that this particular parameterisation
is privileged, and we flag three controls we have
not run. First, we have no full-model fine-tuning
or LoRA baseline trained on the same OOD data,
so we cannot quantify how much of the gain is
attributable to the specific parameters chosen as
opposed to any small update on longer sequences.
Second, we have not ablated which column matters:
comparing the last (slowest-rotating) RoPE coordi-
nate against a randomly chosen coordinate would
test our positional interpretation directly. Third,
we have not tried the matched-budget update to
WV , which would test whether the key/query path-
way is specifically implicated rather than attention
parameters generally. Until those controls are run,
“minimal single-column WK/WQ adaptation is suf-
ficient” should be read as a statement about suffi-
ciency and parameter count, not as a claim that no
comparably small alternative would work.

Model scale and architecture. We test three
models between 1B and 1.5B parameters. Larger
models see far more data during pretraining and
may have learned quite different internal dynamics,
so we do not know whether any of this transfers
to them. Even among our three, the intervention
works on two and fails consistently on Gemma-3-
1b-it (Section 6.3), which we did not investigate.
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A Task Descriptions

A.1 String Reversal

This task requires the model to generate the input
sequence in the reverse order. The task generator
can be configured by the character set and the range
of the input length.

A.2 Long Multiplication

Long multiplication is parametrized by the digit
length of two operands and optional padding. The
solution contains a sequence of intermediate prod-
ucts, which are then summed together into the final
result. The digit ordering is consistent with the
long addition task.

A.3 Long Addition

This task consists of adding several multi-digit
numbers. The digits are ordered from the least sig-
nificant to the most significant. The ordering of the
digits is given by the standard addition algorithm
where we compute the lower order digits first in or-
der to be able to propagate the carry to the topmost
digit. The problem generator can be parametrized
by the number of operands, their length in digits,
and whether short numbers are padded with zeros.
As a subtask of long multiplication, it provides fur-
ther insight into the inner functioning of models on
these arithmetic tasks.

A.4 Value Assignment

In this task, the problem specifies a translation table
from an input alphabet to an output alphabet. The
model is then required to translate an input string,
symbol by symbol. The character sets, and the
string length can be configured. Value assignment
is a subtask of many algorithmic tasks where we
work with symbolic representations.

A.5 Flip Flop Language Modeling

Flip Flop Language Modeling, as introduced by
(Liu et al., 2023) represents a simulation of mem-
ory composed of a single one-bit registers. We
extend this into multiple registers problem, adding
a new flip command that flips the value of the spe-
cific register. The input is a sequence of read, write,
ignore, and flip instructions, each with the register
index specified as a first operand. The sequence
ends with a read instruction, and the solution is the
bit value currently stored at the selected register.
The parameters of the task can specify how many
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registers are used, the length of the instruction se-
quence, and whether flip commands are used.

B Learned Interventions to Attention
Scores

In this approach, we freeze the entire fine-tuned
model and for each attention head h, we insert a
small, trainable component that computes a bias
B(h)(x) as a function of the layer input x. The
original pre-softmax attention logits Z(h)(x), also
a function of x, are kept frozen, and only B(h)(x)
is learned. The corrected attention scores for a
given head h are then given by:

A
(h)
fix = softmax(Z(h)(x) +B(h)(x)). (5)

Learned Intervention Architectures We experi-
mented with several architectures for this trainable
component. (1) Trainable bias: we learn a single
bias matrix for each attention head:

B
(h)
bias ∈ Rdseq_len×dseq_len (6)

which is added to the pre-softmax attention log-
its Z(h)(x) for head h. Notably, this approach
requires training a separate bias matrix for each
sequence length. It is effective for tasks with
input-independent patterns, such as the diagonal
pattern in String Reversal, but fails on tasks that re-
quire content-based lookups like Value Assignment
which requires to find the correct output symbol by
association with the specific input symbol.

(2) Auxiliary Multi-Head Attention (MHA)
module: To allow capturing more complex,
content-dependent patterns, we learn new key and
query projection matrices:

Q′ = xW
(h)′

Q K ′ = xW
(h)′

K (7)

where W
(h)′

Q ,W
(h)′

K ∈ Rdmodel×dhead and x is the
layer input. The queries and keys are then rotated
using a rotation matrix RΘ,m, RΘ,n (see Su et al.
(2023) for details), and the attention logits are com-
puted as:

B
(h)
MHA = softmax(

RΘ,mQ′RΘ,nK
′⊤

√
dhead

). (8)

The resulting bias B(x) is added to the original
attention logits. This auxiliary MHA module is
trained exclusively on OOD samples and success-
fully adapts the model across all algorithmic tasks
we evaluated. Because it is trained on OOD sam-
ples, it shows that a sufficient correction exists
within the attention scores alone; it is not evidence
of extrapolation.

B.1 The role of RoPE in Length Extrapolation

A common hypothesis for length extrapolation fail-
ures points to the limitations of positional encoding
schemes like Rotary Position Embeddings (RoPE).
To investigate this, we conducted a case study on
a model fine-tuned for the String Reversal task.
We performed a series of ablation experiments, in-
cluding removing RoPE entirely during inference.
Surprisingly, these interventions had no negative
impact on the model’s in-distribution performance,
indicating that for this specific task, the model had
learned to bypass RoPE and develop its own in-
ternal mechanism for positional awareness. Cru-
cially, despite not using RoPE, the model still suf-
fers from the same extrapolation failures on longer
sequences.

How can a model learn positional logic without
relying on RoPE?
A possible reason could be that the input to an
attention block at layer ℓ, denoted as x

(ℓ)
m , is the

output of the preceding layer. This vector has al-
ready accumulated information from all previous
computations, which can implicitly encode abso-
lute position. For example, early-layer MLPs or
attention heads might learn to create features that
correspond to a token’s distance from the begin-
ning or end of the sequence. Another reason could
be that the model can learn WQ and WK matrices
that are specifically tuned to leverage these implicit
positional signals. Instead of relying on RoPE’s
explicit rotations, the attention mechanism learns
to directly compute attention scores based on ab-
solute positions. For a task like String Reversal of
length L, the model learns projections such that the
raw dot product (xmWQ)

⊤(xnWK) is maximized
when n = L − 1 −m. This creates an “absolute
position” bias for the attention head.

The reason this learned mechanism still fails
to extrapolate is that it becomes overfitted to the
distribution of positions seen during training. The
features and projection weights are optimized for a
specific range of absolute positions (e.g., 0 to 512).
When presented with a longer sequence, like 600,
the learned function produces unpredictable and
uncalibrated attention logits, causing the softmax
output to break down.

In conclusion, our findings show that the model
can learn a brittle, implicit form of positional rea-
soning directly within its attention parameters. The
failure to extrapolate is therefore not simply a fail-
ure of the positional encoding scheme, but a more
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fundamental failure of the learned WQ and WK

matrices to generalize beyond their training distri-
bution. This reinforces our central thesis that the
attention parameters themselves are the primary
focus of these OOD failures.

C Effective rank analysis

To quantitatively bridge the qualitative shift to the
model’s global behavior, we analyze the effective
rank of the softmaxed attention scores across all
heads as sequence length increases. We find that
the effective rank "explodes" in OOD scenarios
(Figure 6), signaling a transition from a low-rank,
structured retrieval manifold to a disorganized state
where queries attend to a high-diversity set of to-
kens. Importantly, while entropy measures the
"spread" of focus, effective rank captures the "di-
versity" of misallocated attention targets; even if
attention remains sharp (low entropy), a high ef-
fective rank indicates that the model is effectively
"scattering" its focus across multiple irrelevant po-
sitions.

Our surgical adjustment suppresses this rank ex-
plosion, forcing the model to converge back to
the low-rank manifold required for the task. As
shown in Figure 6, the effective rank of the mod-
ified model stays near in-distribution levels even
as sequence length reaches 2,000 tokens. This re-
duction in rank co-occurs with the restoration of
the reversed diagonal pattern. We report it as a
correlation: effective rank is computed from the
same attention matrices whose structure we are de-
scribing, so it characterises what the intervention
does to attention rather than providing independent
evidence that low-rank attention is a prerequisite
for length generalization.

While attention entropy remains low OOD (at-
tention stays sharp), we can see a marked increase
in the effective rank of attention matrices, suggest-
ing that attention becomes globally less structured
and relies on a larger number of modes. After
our minimal WQ/WK repair, effective rank returns
near ID levels, suggesting the intervention restores
a low-dimensional, consistent retrieval mechanism.

D Attention Score on Reference Tokens

The proportion attention score attributed to refer-
ence tokens is computed per each row of the ag-
gregated attention, that is for each predicted token,
separately. This attributes to the need to investigate
the proportion of information that has influenced
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Figure 6: Evolution of the effective rank of attention
scores across increasing input lengths on String Reversal
task. Per each input length ranks are averaged across
layers, heads and multiple samples. The baseline model
shows a sharp increase in rank (scattering), whereas our
WK/WQ adjustment maintains a low-rank structure
consistent with in-distribution behavior.

a given output representation or output token. The
result is then averaged across the whole sample or
the whole batch to get an idea of how the model
attributes attentions score on a given distribution of
data.

E Tokenization of training and evaluation
samples

With the exclusion of the instruction prompt, we
tokenize the few-shot examples and the data points
themselves into single character-level tokens. This
is important to prepare the reference attention
masks. Without tokenizing like this it would be
possible to evaluate the attention patterns because
different tokenization schemes wildly change the
nature of the task and distribution of critical infor-
mation between tokens. However, the fine-tuned
models were able to parse this representation and
fit the task as can be seen in the resulting accuracies
after training.

F Training Hyperparameters

The following configuration summarizes the setup
used for fine-tuning (or training from scratch) of
our models.

Model:

• Name: meta-llama/Llama-3.2-1B-Instruct

• Architecture Configuration:

– Attention Dropout Probability: 0.0
– Hidden Dropout Probability: 0.0
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Training Hyperparameters:

• Epochs: 1

• Batch Size: 4

• Optimizer: AdamW

• Optimizer Parameters:

– Learning Rate: 5× 10−6

– β1: 0.95

– β2: 0.999

– Weight Decay: 0.2

These hyperparameters are chosen on the basis
of a hyperparameter search that was executed on
String Reversal and Addition tasks, the results of
the search was averaged over these two tasks. The
hyperparameter search can be reproduced by run-
ning the prepared script in our codebase.

The conclusion of the hyperparameter search
was that, for both tasks, smaller batch size, smaller
learning and weight decay were effective in in-
creasing accuracy in OOD. The effect of using
dropout in attention or hidden layers was highly
task-dependent and inconclusive, so we decided
not to use it.

All our experiments were run on a single Nvidia
A100 GPU card and required less than 12 hours to
converge. As we document in our codebase, our
experiments employ HuggingFace Transformers
library (Wolf et al., 2020) v4.48.1 and PyTorch
v2.5.1.

G OOD Evaluation

G.1 Long Addition Task Evaluation
Parameters

The following configuration details the evaluation
setup for the Long Addition task.

In-distribution:

• 2 operands

• Each number is 1-4 digits long

Out-of-distribution:

• 2 operands

• Each number is 5-10 digits long

G.2 FFLM Task Evaluation Parameters
The following configuration details the evaluation
setup for the FFLM task.

In-distribution:

• Use the flip command

• Each string is composed of 10 commands

• Each instance works with 2 different registers

Out-of-distribution:

• Use the flip command

• Each string is composed of 11-100 commands

• Each instance works with 2 different registers

G.3 Long Multiplication Task Evaluation
Parameters

The following configuration details the evaluation
setup for the Long Multiplication task.

In-distribution:

• Each number is 1-3 digits long

Out-of-distribution:

• Each number is 4-6 digits long

G.4 String Reversal Task Evaluation
Parameters

The following configuration details the evaluation
setup for the String Reversal task.

In-distribution:

• Each string is 1-10 characters long

• The character set is composed of at least 50
unique characters

Out-of-distribution:

• Each string is 11-50 characters long

• The character set is composed of at least 50
unique characters

G.5 Value Assignment Evaluation Parameters
The following configuration details the evaluation
setup for the Value Assignment task.

In-distribution:

• The number of unique tuples in the translation
table is 5

• The length of the string to be translated is 5
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Model Task ID Acc. OOD Acc.

Fr
om

Sc
ra

tc
h String Reversal 5.21 0.0578

Long Addition 9.37 0.1713
Long Multiplication 18 0.1302
FFLM 68.75 0.0129
Value Assignment 4.17 0.3060

Table 5: Performance of models trained from random
initialization. As mentioned in the main paper, we initi-
ated experiments training models from scratch to eval-
uate performance without the benefit of pre-training.
The results show that while the models could achieve
some accuracy on the in-distribution (ID) data, they con-
sistently failed to generalize, with out-of-distribution
(OOD) accuracy remaining near-zero across all tasks.
Due to this poor generalization performance, we did not
pursue this line of research further.

Out-of-distribution:

• The number of unique tuples in the translation
table is 10-50

• The length of the string to be translated is
10-20

H Training models from random
initialization

All experiments in the main paper start from pre-
trained checkpoints. To check whether our findings
depend on pretraining, we also trained models of
the same architecture from random initialization
on each task, using the hyperparameters of Ap-
pendix F. As Table 5 shows, these models did not
reach usable in-distribution accuracy, so they could
not serve as a baseline for the length-extrapolation
analysis: a model that has not learned the task in-
distribution cannot inform us about why a learned
algorithm fails to extend to longer inputs. We there-
fore restrict our analysis to pretrained models and
note this as a scope condition: our conclusions
concern algorithms acquired by fine-tuning a pre-
trained Transformer, not algorithms learned from
scratch.

I Minimal Key/Query Updates on All
Tasks and Models

This appendix reports the complete set of mini-
mal WK/WQ adaptation results referenced in Sec-
tion 6.2. For each of the three models we show
both adaptation regimes: fine-tuning on sequences
of 600–1,000 tokens (Figures 7, 9 and 11) and on
1,500–1,750 tokens (Figures 8, 10 and 12), the
latter requiring the model to interpolate across a

gap from its original 600-token training cap. Each
plot compares the task-adapted baseline against the
same model with a single adapted WK/WQ col-
umn, evaluated across input lengths up to 2,000
tokens.

Two patterns are consistent across the figures.
First, for Llama-3.2-1B-Instruct and Qwen2.5-
1.5B-Instruct, the adaptation restores accuracy
across the adapted range on most tasks, and ac-
curacy falls off outside it. The behaviour is length
adaptation, not extrapolation. Second, Gemma-3-
1b-it does not reach parity in either regime on any
task (Section 6.3).

J Full RULER Evaluation

Figure 13 reports the complete evaluation across all
13 RULER tasks for Llama-3.2-1B-Instruct, com-
paring the unmodified pretrained baseline against
the same model after the minimal WK/WQ col-
umn adjustment. Section 6.4 presents four repre-
sentative tasks, one from each RULER category;
the remaining tasks are shown here. The gains
are largest on the retrieval-heavy categories and
smaller on aggregation, and in all cases they are
confined to the length range on which the adjust-
ment was fine-tuned.
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Figure 7: Llama-3.2-1B-Instruct, adaptation range 600–1,000 tokens.

Figure 8: Llama-3.2-1B-Instruct, adaptation range 1,500–1,750 tokens.
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Figure 9: Qwen2.5-1.5B-Instruct, adaptation range 600–1,000 tokens.

Figure 10: Qwen2.5-1.5B-Instruct, adaptation range 1,500–1,750 tokens.
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Figure 11: Gemma-3-1b-it, adaptation range 600–1,000 tokens. The adaptation prevents collapse but does not reach
parity; see Section 6.3.

Figure 12: Gemma-3-1b-it, adaptation range 1,500–1,750 tokens.
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Figure 13: Full RULER evaluation across all 13 tasks for Llama-3.2-1B-Instruct, baseline versus minimal WK/WQ

column adjustment.

725


