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Abstract

Multi-agent systems improve complex reason-
ing but create a critical cost and effectiveness
dilemma: API costs grow with each additional
agent interaction, while long shared contexts
can amplify errors and dilute useful evidence ,
thereby degrading task performance. This pa-
per proposes an evaluator-guided clause-level
pruning and early halting method for lower-cost
multi-agent systems named HALT, which im-
plements a macro-to-micro intervention. At the
macro-level, a difficulty aware router classifies
query complexity, bypassing redundant multi-
agent systems overhead for simple tasks. At the
micro-level, a lightweight hindsight evaluator
monitors generation in real time for complex
reasoning, driving a dual-axis intervention pol-
icy: spatial pruning removes erroneous clauses,
while temporal halting stops interaction when
the retained clauses indicate sufficient answer
confidence. The extensive experiments across
three different datasets demonstrate the outper-
formance of HALT over the baselines, achiev-
ing the 97.98%, 90.82%, 87.14% in GSM8K,
MMLU, MMLU-Pro in accuracy while drasti-
cally mitigating computational overhead, with
a maximum reduction of 94.3% in prompt to-
kens and an unprecedented reduction of 98.9%
in completion tokens, which validate the effec-
tiveness of HALT. Additional HotpotQA results
show that the evaluator generalizes to relatively
open task and consistently reduces inference
cost across backbones and MAS topologies.
Code is available at URL.

1 Introduction

With Kahneman theory, while large language mod-
els (LLMs) excel at intuitive "System-1" heuristic
generation, they often struggle with complex, de-
liberative "System-2" reasoning (Lin et al., 2023).
Multi-agent systems (MAS) have emerged to
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Figure 1: Comparison of MAS intervention paradigms.
(a) represents that incorrect clauses made by agents will
trigger context degradation, (b) represents the pruning
MAS topology, (c) represents using HALT to save API
costs and even improve task accuracy.

bridge this gap, attracting widespread research in-
terest for their pivotal role in applications such as
software engineering (Lee et al., 2025; Zhang et al.,
2025c¢), mathematical deduction (Zhou et al., 2025;
Yuan and Xie, 2025), and scientific discovery (Su
et al., 2025). Using collective intelligence through
iterative collaboration, MAS effectively marginal-
ize individual cognitive biases to improve perfor-
mance on these complex reasoning tasks (Qian
et al., 2024; Liang et al., 2024a).

However, a counter-intuitive phenomenon con-
sistently emerges in empirical studies (Bai et al.,
2026): increasing the interaction turns among
agents does not proportionally improve task per-
formance and can even degrade it, despite the
accompanying surge in API costs. Most strik-
ingly, (Fu et al., 2025) observes that the accuracy
of reasoning can even decrease below the base-
lines of a single agent due to incorrect viewpoints
amplified during interaction. As illustrated by the
framework shown in Figure 1(a), we identify this
phenomenon as the context degradation paradox:
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as interaction rounds increase, API costs grow ex-
ponentially while the density of valid information
decays relative to noise, exacerbating attention di-
lution in transformers (Liu et al., 2024b; Xiao et al.,
2024). Within the degraded context, localized er-
rors, which we term toxic anchors, are seman-
tically flawed reasoning units that propagate and
amplify through auto-regressive generation, trig-
gering compounding errors and logical cascading
(Peng et al., 2024; Liang et al., 2024a; Bao et al.,
2025; Xie et al., 2026).

Therefore, as shown in Figure 1(b), state-of-
the-art methods utilize macro-level topology op-
timization, pruning communication edges or re-
moving agents to optimize the topology (Zhang
et al., 2025a,b; Wang et al., 2025c; Li et al., 2025).
However, direct topology optimization approaches
suffer from a granularity mismatch: treating agent
outputs as indivisible units forces a suboptimal
trade-off, where pruning nodes causes information
loss, while retaining them leads to context degra-
dation. Furthermore, these methods exhibit archi-
tectural rigidity: once the communication topology
is learned during training, it becomes computation-
ally intractable to dynamically reconfigure agent
connections or scale node participation for varying
task complexities (Gui and Ji, 2025).

To enable multi-agent collaboration without
framework specific redesign, this paper presents
HALT, that dynamically calibrates agent participa-
tion across different MAS architectures by unifying
macroscopic routing with causality-driven micro-
scopic intervention. Specifically, HALT introduces
a two-stage intervention pipeline that aggressively
reduces API expenditure while preserving task ac-
curacy. Stage 1 employs a difficulty aware router to
dispatch trivial queries to lightweight single agent
paths, eliminating redundant token overhead at the
entry point. Stage 2 targets complex queries routed
into MAS loops: a lightweight evaluator performs
dual-axis reasoning regulation: (i) clause-level spa-
tial pruning to neutralize harmful cognitive anchors,
and (ii) purity-gated temporal halting to detect and
terminate spurious consensus formation. Notably,
beyond operational cost control via pruning and
early stopping, the evaluator operationalizes the
autonomous cessation of MAS interactions. In
summary, our contributions are as follows:

e Theoretical Formulation. @ We propose
HALT, formally cast multi-agent reasoning
as a truncatable causal attribution process, de-

composing the global objective into macro-
level routing decisions and micro-level inter-
vention policies.

* Practical Solution. We design an adap-
tive difficulty aware router coupled with a
lightweight causal evaluator, achieving sub-
stantial reduction in aggregate input and out-
put token costs without compromising reason-
ing accuracy and even enhancing it.

* Experimental Validation. Across GSMSK,
MMLU, MMLU-Pro, and HotpotQA with
three LLMs, HALT achieves state-of-the-art
or competitive accuracy on the main reasoning
benchmarks (97.98%, 90.82%, and 87.14%)
while reducing prompt/completion tokens by
up to 94.32%/99.45%; its HotpotQA results
further show evaluator transfer without Hot-
potQA training samples, reducing runtime by
46.39% on average.

2 Related Work

2.1 MAS

MAS mitigate individual cognitive biases through
distributed collaboration and adversarial interac-
tions. Different MAS employ different collabora-
tive topological optimization methods. MetaGPT
(Hong et al., 2024) uses DAGs to prevent rea-
soning divergence, Chain-of-Agents (Zhang et al.,
2024) partitions long contexts, and hierarchical
paradigms enable parallel processing (Ning et al.,
2024). Existing efforts frame MAS optimization as
joint policy (Wang et al., 2024a; Tang et al., 2026)
or reduce costs by role-based aggregation (Wang
et al., 2025b). Though adversarial interactions im-
prove factual accuracy (Du et al., 2024), the homo-
geneous agents risk is also upgrade (Xiong et al.,
2023). MAD frameworks address this through
tit-for-tat strategies (Liang et al., 2024b), cross
examination (Cohen et al., 2023), and stance di-
versified initialization (Wang et al., 2024c). Self-
reflection loops (Shinn et al., 2023) and symbolic
solvers (Pan et al., 2023) enhance logical rigor,
while game-theoretic formulations ensure consen-
sus (Yi et al., 2025). While effective at macro-level
pruning, topology-based methods suffer from gran-
ularity mismatch, treating agent outputs as atomic
blocks. Therefore, HALT try to utilize the pathway
to micro semantic resolution to solve the granular-
ity mismatch problem.
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2.2 MAS Optimization

The efficient inference of LLMs has attracted the in-
terest of reserachers due to the prohibitive costs of
querying proprietary. The MAS optimization can
be classified into static methods, and dynamic meth-
ods two categories. Static approaches constrain
computation through input compression (Jiang
et al., 2023b; Li et al., 2023; Chuang et al., 2024;
Jiang et al., 2024) or feature attribution (Packer
et al., 2023; Raiyan et al., 2025), but may re-
move critical reasoning. Topology interventions
limit communication overhead yet suffer granular-
ity mismatches (Zhang et al., 2023, 2025a; Wang
et al.,, 2025a). Alternative strategies exploit the
heterogeneity of the model by distilling knowl-
edge (Shridhar et al., 2023) and static ensemble
voting (Wang et al., 2023), while system opti-
mizations reduce overhead through the reuse and
quantification of attention (Li et al., 2024; Gim
et al., 2024; Kim et al., 2024). Dynamic meth-
ods adapt resource allocation following long-tail
distributions. Frugal GPT (Raiyan et al., 2025) pio-
neered model cascading; subsequent work employs
learned difficulty embeddings (Sakota et al., 2024)
for improved routing. Dynamic topology orches-
tration reduces participants by graph autoencoders
(Zhang et al., 2025b) and contribution-based prun-
ing (Wang et al., 2025c). Adaptive termination
mechanisms halt debates upon consensus detection
(Chen et al., 2024) or via learned policies (Jiang
et al., 2023a), while early-exit architectures enable
token-level skipping (Elhoushi et al., 2024). Static
compression and dynamic halting, respectively, dis-
rupt reasoning content and multi-turn dependencies.
HALT bridges this gap through a unified frame-
work coupling macro-level difficulty aware routing
with micro-level intra-turn content control.

3 Method

To rigorously articulate the challenges addressed
by HALT, this paper first describes a mathemat-
ical formulation of the problem and the HALT
framework, illustrated in Figure 2. The HALT com-
prises three core components: a difficulty aware
router, a hindsight-guided evaluator, and a dual-
axis intervention policy. Firstly, HALT employs
the router to predict query complexity and bypass
redundant MAS overhead for simple tasks. Then,
our method utilizes the lightweight evaluator to per-
form real-time spatial pruning, surgically removing
erroneous clauses. Finally, the system terminates

deliberation upon reaching a high-confidence con-
sensus through purity-aware temporal halting, sub-
stantially reducing API costs while improving rea-
soning accuracy. The detailed algorithm of HALT
has been described in Appendix A.

3.1 Problem Formulation

This paper assumes that an MAS includes N LLM-
based agents V = {V1,...,Vn}. Given an input
query z € X and ground truth answer y € ), the
MAS engage in T-turn interaction to generate a
trajectory of States S = (s1, ..., sT), where each
State s; encapsulates the dialogue history and in-
termediate reasoning. The target of MAS is to
produce a final generation to accurately answer the
query x.

Let cgingle denote the inference cost of a single
agent call and cyas = 7' N - Cgingle denote the cost
of full MAS interaction. Given a budget constraint
B, HALT aims to minimize task error D;, while
reducing computational resources:

min B, )op, [{y" # y}] st.c(x) < B (1)

where y* is the answer of MAS and ¢(x) is the
realized cost for query .

3.2 Difficulty Aware Router

The macro policy Tmacro determines which queries
require MAS. In HALT, the difficulty aware router
is formulated as H, : X — {0,1}, where 1 indi-
cates that « should be routed to the MAS.
Self-consistency calibration. Training H,
requires difficulty labels without heuristic bias.
HALT employs the base model Myp,s, generat-
ing k = 3 responses {y7,...,y;} at temperature
T = 0.7. A query « is labeled difficult (yhaq = 1)
if majority voting among the k generations con-
tradicts ground truth y; otherwise, it is labeled

easy (Ynara = 0). This yields the routing dataset

Droute = {(xza y}(lgrd) ij\il'

Cost sensitive objective. Unlike traditional rout-
ing mechanisms that impose a rigid global budget
constraint, the difficulty aware router 4 achieves
computational efficiency intrinsically through ac-
curate difficulty classification. The router H is
applied to minimize the expected cost-sensitive
risk over the routing dataset Dyoyte:

min ]E(xvyhard)NDroute [‘CCS (qu(fﬁ), yhard)} (2)

where H 4 () outputs the predicted probability of
the query being hard. To prevent the irreversible
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Figure 2: Schematic diagram of the HALT workflow.

accuracy degradation caused by false negatives,
HALT introduces an asymmetric weighting scheme
into the objective function:

Les(H (), Yhard) = —A - Ynara log(He (7))
—(1 — Yhara) log(1 — Hqﬁ(l‘))

By adopting above formulation, the system does
not require an explicit computational budget con-
straint. Instead, cost reduction emerges naturally as
a byproduct of accurate classification: queries cor-
rectly identified as simple are inherently bypassed
to a single agent, implicitly optimizing the global
API expenditure while maximizing the safety mar-
gin for complex reasoning tasks.

Architecture. The router employs dual-modal
feature extraction: the semantic channel encodes z
using a pre-trained text encoder, producing feem €
R'024; the structural channel extracts normal-
ized query length and lexical diversity to produce
fstruet € R2. The fused feature f = [fsem; fstruet] €
R1026 i5 processed by a gradient boosting classifier
outputting probability Tyoue(x) € [0,1]. By de-
coupling the probability estimation from the final
discrete classification step, we gain the mathemat-
ical flexibility to calibrate the decision boundary
according to our cost-sensitive objective. During
inference, rather than adopting the default neutral
threshold, HALT deliberately applies a conserva-
tive, risk-averse threshold 7oy () > 0.45}.

3)

3.3 Hindsight-Guided Evaluator

When a hard query enters the MAS, agents engage
in multi-turn interaction. To fundamentally eradi-
cate context bloat, we propose a hindsight-guided

evaluator that identifies toxic anchors for targeted
pruning while preserving semantic coherence of
the remaining context.

Clause level State decomposition. At turn ¢,
we segment the generated content into clauses
& = {e1,e2,...,em,} using punctuation-based
segmentation, where each clause e; represents a
minimal evaluable unit and m; = |&|.

Evaluation scoring. To address the credit as-
signment problem in long-chain reasoning, specif-
ically, identifying which intermediate clauses are
causally responsible for the final outcome, HALT
introduces a distillation-based valuation mecha-
nism, which process distinguishes between an of-
fline scorer and a deployable evaluator. During the
data collection phase, HALT uses a high-capability
LLM My, as a scorer. Crucially, the scorer is
granted hindsight knowledge, evaluating the MAS
transcript with access to both the query x and the
ground truth y. The inclusion of y is not to let
the model copy the answer, but the scorer identi-
fies which clauses logically align with the verified
solution path and which ones constitute toxic an-
chors or hallucinations that lead to divergence. The
high-capability LLM M}, scores each clause on a 5-
point ordinal scale S = {0.0,0.25,0.5,0.75,1.0}
based on three criteria: internal consistency of rea-
soning, novelty of contribution to the solution, and
relevance to the query and ground truth, and de-
tailed prompts are shown in Appendix B.

Objective of distillation. To bridge the gap
between offline supervision and real-time deploy-
ment, the HALT distills knowledge of M}, into a
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lightweight evaluator Hy. It is imperative to note
that the evaluator never sees the ground truth during
training and inference. The training of evaluator
Hp is regarded as a regression task, with the aim of
minimizing the discrepancy between the predicted
value of the evaluator and the hindsight label of the
scorer. Formally, for a problem context x and a set
of m, reasoning clauses {e1, ea,..., ey, } gener-
ated in turn ¢, the distillation loss is defined as:

1 & 2
Leval = - ; (Ho(ej | ) — 25) 4)
where z; € [0, 1] is the scalar score assigned by the
scorer. By optimizing this objective, Hy learns to
approximate the latent logic-value mapping with-
out requiring ground truth answers during infer-
ence.

Toxic recall criterion. In MAS contexts, failing
to identify low-quality clauses is more harmful than
misscoring high-quality clauses. Therefore, this
paper defines critical recall as a decisive training
metric for HALT:

B Zj I{s; <0.25,Hg(ej | ) < Teric}
N > {s; <0.25}
where 7.t = 0.35 ensures numerical stability, en-

suring the evaluator reliably identifies clauses that
should be pruned.

CR

&)

3.4 Runtime Dual-Axis Intervention

The micro policy Tmicro = (Tprune, Thatt) is imple-
mented for the runtime intervention conditioned on
evaluator scores.

Spatial intervention 7prype: At each round ¢,
the spatial policy selects clauses to retain:

0t = Tprune () = T{Hy(e; | ) > Tyrune} (6)

where Tprune = 0.45 is the pruning threshold. The
state transition under spatial intervention is:

st+1 = Concat (s¢, {Ho(e; | ) > Tprune})  (7)

where Concat(-) denotes concatenation to the dia-
logue history. This update enforces context sparsity,
retaining only clauses the evaluator deems informa-
tive.

Temporal intervention 7y, The temporal pol-
icy terminates MAS by checking three conditions
simultaneously. First, the agents must produce a
parseable answer. Second, at least one clause must

achieve a maximum quality threshold e,,4, of 0.85
or above, indicating a strong reasoning step. Third,
all clauses must meet a minimum quality threshold
emin Of 0.45, ensuring no toxic or erroneous con-
tent is output. The system halts deliberation and
outputs the answer only when all three conditions
are satisfied, preventing both premature termina-
tion and redundant deliberation.

4 Experiments

This paper conducts a comprehensive evaluation
of HALT to address four research questions: RQ1:
Does HALT achieve a superior accuracy and cost
trade-off compared to baselines? RQ2: What are
the individual contributions of the router, evalua-
tor, pruning, and halting modules? RQ3: Can a
142M-parameter local evaluator effectively super-
vise billion-scale LLMs? RQ4: How well does
HALT’s hindsight-guided evaluator transfer to a
relatively open task without task-specific evaluator
training? RQS5: How sensitive is HALT to varia-
tions in the purity thresholds (Troute, Tprunes €maz-

emm)?

4.1 Experimental Settings

Datasets and Metrics. We evaluate HALT
on three benchmarks of increasing difficulty:
GSMBSK (Cobbe et al., 2021) for multi-step mathe-
matical reasoning, MMLU (Hendrycks et al., 2021)
for knowledge assessment across 57 subjects, and
MMLU-Pro (Wang et al., 2024b) for complex logi-
cal inference. To evaluate cross-task effectiveness
and evaluator generalization, we further introduce
HotpotQA (Yang et al., 2018), a relatively open
multi-hop question answering benchmark with ver-
ifiable answers. We measure task quality by final
answer accuracy, runtime by wall-clock time, and
cost by prompt tokens (PT) and completion tokens
(CD).

Baselines. We compare against three categories
of methods: (1) single agent chain of thought
reasoning (SCoT); (2) Fully Connected network
(FC) with 6 heterogeneous agents, representing up-
per bound of performance but high cost; and (3)
State-of-the-art MAS optimizers: AP (Zhang et al.,
2025a), AD (Wang et al., 2025¢), and GD (Zhang
et al., 2025b). To isolate component contributions,
we additionally construct three ablation variants:
w/or, w/op, and w/op. All MAS methods use
the same agent set, interaction rounds, and prompt
configuration, shown in Appendix B for details.
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Table 1: The task accuracy on GSM8K, MMLU, and MMLU-pro with different LLMs.

Methods GPT-40-mini DeepSeek-v3 Qwen3-14b
GSMS8K MMLU MMLU-Pro GSM8K MMLU MMLU-Pro GSMS8K MMLU MMLU-Pro
SCOT 89.16 73.86 55.71 79.10 86.94 77.14 95.98 78.25 57.14
FC 89.53 83.16 65.71 90.45 87.69 78.57 93.14 81.40 75.71
AP 94.19 79.74 73.91 96.35 90.25 82.86 94.41 83.80 79.71
AD 93.45 78.43 68.10 96.23 91.54 85.71 94.82 83.66 76.81
GD 93.55 83.01 73.91 96.21 91.15 86.96 95.91 82.35 75.36
w/oy 92.75 82.14 62.86 94.41 88.17 80.00 94.95 82.34 72.60
w/op 93.78 81.12 68.57 93.71 86.46 81.43 93.93 83.39 73.61
w/op, 91.92 80.35 70.00 94.95 87.72 84.29 90.91 83.16 72.86
Ours 96.07 83.40 72.86 97.98 90.82 87.14 96.97 84.21 75.71

Implementation Details. We evaluate across
three LLM backbones: GPT-40-mini (OpenAl,
2024), DeepSeek-v3 (Liu et al., 2024a), and
Qwen3-14b (Yang et al., 2025). For evaluator train-
ing, test sets are strictly isolated and Gemini-3-
Pro (Google DeepMind, 2025) (temperature = 0)
serves as hindsight scorer to provide dense reward
signals. The router H, uses BGE-Large embed-
dings with a HistGradientBoosting classifier (Pe-
dregosa et al., 2011) (A = 3.0, Troute = 0.5). The
evaluator Hy is based on DeBERTa-v3-Small (He
et al., 2021) with task-specific 7prune, €maz, and
€min- To maximise reproducibility, all experiments
are conducted with temperature = 0, yielding deter-
ministic outputs; reported results are from a single
run. All experiments run on six NVIDIA A100-
80GB GPUs.

4.2 Performance Analysis

Accuracy analysis: We first evaluate HALT’s im-
pact on task accuracy to address RQ1. The results
across three benchmarks and three LLM backbones
are demonstared/shown in Table 1. In GSMS8K,
HALT achieves the highest accuracy across all
models: 96.07% with GPT-40-mini, 97.98% with
DeepSeek-v3, and 96.97% with Qwen3-14b, out-
performing the strongest FC baseline by 6.54%,
7.53%, and 3.83%, respectively. In MMLU,
HALT attains top performance with GPT-40-mini
at 83.40% and Qwen3-14b at 84.21%, while re-
maining competitive with DeepSeek-v3 at 90.82%,
marginally below AD at 91.54%. For MMLU-Pro,
HALT achieves the best result with DeepSeek-v3 at
87.14%, though it is slightly surpassed by AP and
GD on GPT-40-mini and trails AP In Qwen3-14b.
These results demonstrate that HALT excels partic-
ularly in structured mathematical reasoning while
maintaining strong performance on broad knowl-

edge benchmarks. Moreover, HALT provides an ex-
ample how clause-level pruning achieves a 46.4%
compression ratio without compromising reasoning
correctness in the Appendix C.

Cost analysis: Table 2 reveals the token effi-
ciency gains of HALT. HALT consistently deliv-
ers substantial reductions in both prompt tokens
and completion tokens across all configurations.
Notably, on GSM8K with Qwen3-14b, HALT re-
duces prompt tokens by 92.87% from 3,212 to 229
and completion tokens by 99.45% from 18,817 to
103. Similarly, on MMLU-Pro with DeepSeek-v3,
HALT achieves an 83.52% reduction in prompt
tokens and a 96.43% reduction in completion to-
kens. These gains scale robustly to larger and
more complex tasks, confirming the effectiveness
of HALT’s selective reasoning mechanism in sig-
nificantly lowering inference overhead. Detailed
cost breakdowns are provided in Appendix D. Ap-
pendix E also provides a detailed demonstration of
the effectiveness of HALT in MAS with varying
numbers and structures of agents.

4.3 Comparison Analysis

Table 1 and Table 2 reveal a consistent pattern: ex-
isting MAS optimizers improve efficiency at the
expense of either accuracy or stability, whereas
HALT achieves both objectives simultaneously. In
GSMS8K with GPT-40-mini, GD reduces PT by
46.61% but attains only 93.55% accuracy. HALT
surpasses it on both dimensions, cutting PT by
83.13% while reaching 96.07% accuracy, a 2.52
absolute percentage point improvement with nearly
half the prompt overhead. The gap widens fur-
ther with DeepSeek-v3: HALT reduces PT and CT
by 88.96% and 98.88%, respectively, compared
with 40.04% and 41.42% for AP, while also out-
performing AP in accuracy by 1.63 points. In the
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Table 2: The average task tokens on GSMSK, MMLU, and MMLU-pro with different LLMs.

Method GSM8K MMLU MMLU-pro
PT CT PT CT PT CT
GPT-40-mini
FC 3924 22017 5511 31059 5838 33715
AP 3790 3.41% 17053 99559, 2751 50.08% 10447 66.36%  0552412.03% 24108 98 49%
AD 412815009 18064 17.95% 3633 13508% 1109964269 473018.08% 15607 53719
GD  2095.4661% 9051y58.80% 2265 58.90% 7026 75.45% 0802416519 28178 16.40%
w/or 32821636 183521 16.65% 183066709 10186 67.00% 262455050, 1505555 35%
wfop  120181.65%  12159448% 3511 ;36.20% 1340956830 4443 2300% 17866 47.01%
w/op 986 74879 3547 8380% 123077689 6566 7386% 1628 70119 870374199
Ours 66253137, 1181 9564 879 84.05% 3140189509 1488 7451% 7353 78.19%
DeepSeek-v3
FC 4401 24771 7409 40291 7450 44912
AP 2639 40.04% 14510 41409 3908 47059 13197 67059 9627199000, 3274697 09%
AD 29473304 13996 4350% 4413 140.44% 13008 67.71% 6759 908 21050 53.13%
GD 156264 51% 8231y66.77% 3088 583205 9025 7611% 9438106687 39083 12.98%
w/or 93278809  179419076%  538190.74%  2846,9291%, 4312149199, 2474244019
wfop 132869837 4469 81.06% 5667 2350% 23661 41070, 4832 3514% 17957 60.02%
w/op 35887300, 192190949  42319420% 2137 9s70%  2485,66.64% 10825 75 90%
Ours 48653967 277 9888%  421j9430% 1780195580, 122883500, 1603 96 43%
Qwen3-14b
FC 3212 18817 8656 45840 9094 50811
AP 2569 50.00% 1570216559 82654500 25655 44.03% 12410436.46% 43053 15.27%
AD 2271 9930% 12658 32735 5511 3633% 15179 66.80% 94281367 36409 28 34%
GD 3029¢5.7% 19796%.20% 8479&.04% 3 1734¢30.77% 1 1048@1'490'0 42521¢16.32%
wfor 268191669 15448 17.00% 4997 142207% 270609 40.05%  SO35,4463% 26858 47.14%
w/op 208335159 6895 6336% 6587 9390% 187765900 690412408 21109 58 46%
wfop 856 7335%  25458647% 3780156339 19171 5818% 376558600 18461 63679
Ours 229 199 87% 103¢99.45% 250271 10% 822 95 21% Mw?w% 18222 64 149

more challenging MMLU-Pro benchmark, the lim-
itations of single-dimension optimization become
pronounced. With GPT-40-mini, GD actually in-
creases PT consumption by 16.51% relative to the
FC baseline, and AD achieves merely an 18.98%
PT reduction while sacrificing accuracy to 68.10%.
In contrast, HALT reduces both PT and CT by
74.51% and 78.19% while maintaining a compet-
itive accuracy of 72.86%. A similar pattern holds
for DeepSeek-v3 on MMLU-Pro: HALT attains the
highest accuracy of 87.14% and the lowest token
consumption, whereas GD increases PT by 26.68%
and reduces CT by only 12.98%. These results
confirm that topology pruning and dynamic elimi-
nation alone are insufficient for long-context tasks;
HALT’s clause-level content filtering provides the
necessary granularity for effective cost control.

4.4 Ablation Analysis

The ablation experiments address RQ2 and RQ3
by isolating the contributions of the router, prun-
ing, and halting modules. Table 2 shows that each
component governs a distinct cost channel.

Effect of removing the router (w/o,). With-
out adaptive dispatch, the system defaults to MAS
processing for all queries, inflating PT On GSM8K
with DeepSeek-v3, w/o, consumes 932 prompt to-
kens, nearly twice the 486 tokens of the full HALT,
and suffers a 10-point accuracy drop on MMLU-
Pro with GPT-40-mini, from 72.86% to 62.86%.

Effect of removing pruning (w/o,). Retaining
agent decoupling but eliminating content pruning
yields low PT, 720 tokens versus 662 for HALT on
GSMSK with GPT-40-mini, because relevance data
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Figure 3: Sensitivity of temporal halting thresholds with
DeepSeek-v3 in MMLU-pro.

is no longer appended to the prompt. However, un-
filtered agent outputs accumulate across interaction
rounds, causing severe CT inflation: on GSM8K
with DeepSeek-v3, CT reaches 4,469, which is
16.1x the 277 tokens of the full system.

Effect of removing halting (w/op,). Eliminat-
ing early termination primarily affects CT through
unchecked over-generation. On GSM8K with
Qwen3-14b, CT rises from 103 to 2,545 tokens,
a 24.7x increase. Iterative context accumulation
also increases PT, from 229 to 856 on the same
configuration, degrading accuracy from 96.97% to
90.91%.

Collectively, the router controls whether to acti-
vate MAS, the pruning module filters what content
enters the context, and the halting module deter-
mines when to terminate. Removing any one com-
ponent disrupts this complementary design, leading
to suboptimal trade-offs.

4.5 Parameter Sensitivity Analysis

The experiments in this section answer RQ4 by
examining whether HALT is controlled by in-
terpretable validation-calibrated thresholds rather
than brittle test-time constants. The thresholds af-
fect different parts of the controller: T,y deter-
mines whether a query enters MAS, 7pyne con-
trols how much generated content is retained, and
(émins €maz ) determine when the retained context
is sufficiently clean and confident for early termi-
nation. Figures 3 and 4 focus on the micro-control

e
b e s 8883
g

Figure 4: Impact of pruning thresholds on LLMs Perfor-
mance in MMLU-pro.

thresholds, while additional backbone and dataset
level sweeps are reported in Appendix E.
Temporal halting thresholds. Figure 3 shows
that the temporal thresholds expose a controllable
accuracy and cost frontier on MMLU-Pro with
DeepSeek-v3. Across the tested grid, accuracy re-
mains between 80.00% and 88.57%, with most set-
tings falling in the 81-87% range; this indicates that
HALT is not dependent on a single isolated thresh-
old pair. The best observed accuracy is 88.57%
at e, = 0.35 and e;,q; = 0.55, while the op-
erating point e, = 0.25, eng; = 0.65 still
reaches 87.14%. The thresholds mainly change
how aggressively HALT terminates deliberation:
at e = 0.55, reducing e, from 0.45 to 0.05
increases the early-stopping ratio from 81.08% to
100%, and reduces max prompt and completion
tokens from 1958/1240 to 230/371, while accu-
racy decreases moderately from 84.29% to 81.43%.
Thus, lower bounds define latency-oriented operat-
ing points, whereas stricter bounds preserve longer
deliberation for accuracy-oriented settings.
Spatial pruning threshold. Figure 4 evalu-
ates Tprune by varying the retained-clause bound-
ary from 0.0 to 1.0 across three backbones. In-
creasing Tprune generally removes more low-scored
clauses before they enter the shared context, which
reduces prompt/completion tokens and often in-
creases the early-stopping ratio. The accuracy re-
sponse is model-dependent: DeepSeek-v3 remains
comparatively stable, staying in the 81-88% range
across the sweep and remaining competitive around
Tprune = 0.7; GPT-40-mini and Qwen3-14b show
wider variation, roughly spanning 45-73% and 55-
76%, respectively. This pattern supports the benefit
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Table 3: HotpotQA results across MAS topologies.

Method DeepSeek-v3 GPT-40-mini Qwen3-14b
Acc.T PT| CT| Time(s)J Acc.T™ PT| CT| Time(s)) Acc.T PT] CTJ] Time(s)|

FC 0.5450 7943 387 74.35 0.5495 7954 396 56.44 0.5495 13679 1125 50.63
FC+HALT 0.5766 3879 228 32.65 0.5405 3719 203 25.15 0.5586 3708 898 30.10
Net 0.5541 7688 384 75.37 0.5495 7737 407 42.40 0.5631 13369 1153 53.69
Net+HALT 0.5315 2630 172 23.27 0.5450 3692 206 23.47 0.5541 3787 969 31.89
Linear 0.5495 6582 411 77.41 0.5495 6539 389 39.11 0.5631 9743 1443 64.51
Linear+-HALT 0.5541 3633 249 36.27 0.5405 3533 205 22.03 0.5676 3911 992 43.73
Tree 0.5586 6682 386 75.91 0.5541 6672 377 49.28 0.5721 10807 1595 63.49
Tree+HALT  0.5676 3547 227 32.00 0.5450 3526 203 23.44 0.5676 3710 1009 46.81
Star 0.5541 6635 378 74.36 0.5676 6649 371 42.66 0.5631 10830 1620 60.84
Star+HALT 0.5631 3475 234 32.96 0.5586 3516 197 25.61 0.5495 3660 1148 43.70

of clause-level filtering over a broad middle range,
while also showing why overly aggressive prun-
ing should be avoided for weaker or less calibrated
backbones.

The sensitivity analysis shows that HALT’s pa-
rameters behave as interpretable deployment con-
trols. Troute Should be selected to avoid sending
genuinely hard queries to a single agent, Tp,une
should preserve the task’s necessary evidence
while removing redundant or harmful clauses, and
(€mins €maz ) should match the desired latency and
accuracy operating point. In deployment, these
thresholds are selected on held-out validation data
and then fixed before test inference. The advan-
tage is therefore not threshold-free operation, but
a stable and explainable calibration procedure that
yields useful cost reductions across a wide range
of reasonable operating points.

4.6 Cross-Task Analysis

To answer RQ5, we evaluate HALT on HotpotQA,
a relatively open multi-hop QA benchmark with
verifiable answers. The evaluator is not trained on
any HotpotQA samples, so this experiment tests
whether its query and clause scoring generalizes
to an unseen task format. As shown in Table 3,
we report answer accuracy, prompt tokens, comple-
tion tokens, and wall-clock runtime under the same
backbone and MAS topology.

Efficiency and Runtime. Table 3 shows that
the transferred evaluator provides stable efficiency
gains on HotpotQA across all tested backbones
and MAS topologies. Across the 15 matched
Base/+HALT pairs, HALT reduces prompt tokens
in every setting by 44.80%-72.89% (55.89% on
average), completion tokens by 15.96%-55.21%
(39.12% on average), and wall-clock runtime by
26.27%—69.13% (46.39% on average). Accuracy

is topology and backbone dependent rather than
uniformly improved: the largest gain is observed
for DeepSeek-v3 under FC, from 0.5450 to 0.5766,
while the largest drop is observed for DeepSeek-v3
under Net, from 0.5541 to 0.5315.

In response to RQS5, these results show that
HALT transfers to relatively open yet answer-
verifiable QA as a cost-control mechanism: even
without HotpotQA training samples, its evaluator
consistently reduces inference cost.

5 Conclusion

This paper presents HALT comprising three core
mechanisms: a difficulty aware router for adap-
tive query dispatch, a lightweight evaluator for
clause-level quality assessment and pruning, and a
confidence-based halting module for early termina-
tion. Extensive experiments in GSM8K, MMLU,
and MMLU-Pro demonstrate that HALT achieves
the highest accuracy among all evaluated methods
in GSM8K and MMLU-Pro, reaching 97.98% and
87.14%, respectively, and remains competitive in
MMLU at 90.82%, while cutting prompt tokens
by up to 94.32% and completion tokens by up to
99.45%. The HotpotQA cross-task study further
shows that the evaluator, without specific training
samples, can still guide cost-effective control on
relatively open task across multiple backbones and
MAS topologies. These results confirm that adap-
tive, quality-guided control of multi-agent inter-
actions is able to significantly reduce agent costs
without compromising task performance. Future
work will explore online threshold adaptation, mul-
timodal reasoning, and integration with comple-
mentary efficiency methods such as task memory
management.
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Limitations

Although HALT significantly reduced costs with-
out compromising the performance of the MAS
mission, indeed, it actually improved it. We recog-
nize several limitations that open up avenues for
future research:

Generalization of the lightweight evaluator:
The foundation of HALT hinges on a local evalu-
ator with 142 million parameters, responsible for
spatial pruning and temporal halting. Although
empirical evidence indicates its exceptional per-
formance on complex reasoning benchmarks (e.g.,
GSMS8K, MMLU-pro), its capacity is inherently
limited by its parameter size and training distribu-
tion. In highly specialized domains (e.g., advanced
medical diagnostics) or scenarios involving ultra-
long context reasoning that surpasses its receptive
field, the local evaluator’s ability to accurately al-
locate credit or identify logical fallacies may di-
minish, potentially resulting in premature halting
or incorrect spatial pruning.

Dependency on heuristic thresholds: As
elaborated in the parameter sensitivity analysis,
HALT’s performance is closely linked to the se-
lection of purity thresholds and halting bounds
(Troute, Tprune, €maz, €min)- Although the system
maintains stable performance within certain param-
eter ranges, deploying HALT on a completely novel
dataset currently necessitates a calibration phase
on a validation set to pinpoint the optimal best spot.
Developing an adaptive, parameter-free mechanism
for dynamically determining these thresholds dur-
ing inference remains an unresolved challenge.

Applicability to subjective and open-ended
tasks: The design of our temporal halting and spa-
tial pruning mechanisms implicitly presupposes the
presence of a convergent, objective ground truth
(e.g., a mathematical solution or a specific fac-
tual answer). For highly subjective, creative, or
divergent brainstorming tasks (e.g., creative writ-
ing, open-ended policy debate), where achieving
agent consensus is not necessarily the objective
and diverse "hallucinations" may be interpreted as
creativity, HALT s aggressive pruning and early
termination could inadvertently suppress the gener-
ative diversity of the MAS.

Ethical Statement

Data and model sources. We evaluate HALT in
GSMSK, MMLU, and MMLU-Pro which are pub-
licly available benchmarks released under MIT li-

censes. And HotpotQA is distributed under a CC
BY-SA 4.0 License. We use these datasets only
for evaluation and do not collect any new human-
subject data or personally identifiable information.
We access GPT-40-mini, DeepSeek-V3, Qwen3-
14B, and Gemini-3-Pro through their official pub-
lic APIs under the respective terms of service. The
router uses BGE-Large-en-v1.5, and the evaluator
1s based on DeBERTa-v3-Small; both are released
under MIT. We report the accuracy of the final
answer together with the counts of prompts and
completion tokens to measure both effectiveness
and cost.

Use of model-generated supervision. HALT
trains its lightweight evaluator using hindsight su-
pervision from an LLM conditioned on ground-
truth answers. This supervision is used only to
learn clause-level quality estimates for pruning and
early halting, rather than to generate new bench-
mark labels or alter test-set answers. Test sets
are strictly isolated from training data for both the
router and evaluator.

Potential risks and intended use. HALT is
designed to reduce the computational cost of multi-
agent reasoning by avoiding unnecessary agent in-
teractions and pruning low-quality clauses. While
this can improve efficiency, the framework may still
inherit factual errors, biases, or unsafe reasoning
patterns from the underlying LLMs. Our exper-
iments are limited to academic reasoning bench-
marks, and the method should not be deployed
in high-stakes settings without additional domain-
specific validation and safety checks.

Environmental and computational impact.
The motivation of HALT is to reduce token con-
sumption in multi-agent systems. We report prompt
and completion token counts alongside accuracy
to make the cost—quality trade-off explicit. Al-
though training the router and evaluator incurs ad-
ditional offline computation, these components are
lightweight compared with repeated multi-agent
LLM calls and are intended to amortize cost during
inference.

Al Disclosure: We used ChatGPT and Deepseek
for language polishing and grammatical correction.
All scientific content was authored and verified by
the authors.
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A Algorithm of HALT

This section presents the algorithmic flow of HALT,
as shown in Algorithm 1.

Algorithm 1 HALT

Input: Query z, Difficulty router H 4, Evaluator
Hp, Agents V), Max rounds T’

Parameters: 7.,y = 0.45, Tprune = 0.45,
emaz = 0.89, €pin = 0.45

Output: Final Answer y*

1: Troute(x) < He(x)

2: if Troute () < Troute then

3: return My, ()

4: end if

5. Sp < x

6: fort =1to T do

7: O, <+ Generate_Responses(V, s;_1)
8: & < SPMP_Pipeline(O;)

9: gretain — @

10: for each e; € &; do

11: zj + Hole; | x)

12: if 2; > Tprune then

13: Eretain < Eretain U {ej }
14: end if

15: end for

16: s < Concat(s;—1, Eretain)

17: U+ < Extract_Answer(s;)

18: Ceonf + max(zj) > eman
19: Coqual < min(z;) > emin
20: ifg; & Ceong & Cyyq then
21: break
22: end if
23: end for

24: return Extract_Answer(s;)

B Prompts

The prompts utilized in this paper for scoring the
LLM during training and evaluation are depicted
as shown in Figure 5(a), offering a comprehen-
sive overview of the task requirements, scoring
rationale, and illustrative examples. In Figure 5(b),
the identity role configurations employed by MAS,
along with the prompts associated with each role,
are presented.

Figure 6 presents two alternative prompt tem-
plates for constructing evaluator supervision under
different segmentation granularities. The sentence-
level template in Figure 6(a) treats each com-
plete sentence as a single scoring unit, while the
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You are an impartial, rigorous logic arbiter with "oracle/hindsight" knowledge.
Your task is to analyze a multi-turn Al interaction transcript at an EXTREMELY FINE-GRAINED (split by commas/periods) level.

[Evaluation Task]

(a) LLM scoring prompt for training evaluator

Knowing the ultimate Ground Truth, evaluate the logical value of EACH segmented clause.
You MUST assign strictly one of these five discrete scores (0.0, 0.25, 0.5, 0.75, 1.0):
- 1.0 (Crucial): Vital correct formula, decisive breakthrough, or fatal error correction.
- 0.75 (Helpful): A correct intermediate reasoning step or parameter extraction that advances the solution.

- 0.5 (Neutral): Transitional phrases (e.g., "Wait,", "Let's see,"), conversational fillers, or harmless restatements.

- 0.25 (Distracting): Irrelevant rambling or unnecessary complex hypotheses that clutter the context.

- 0.0 (Toxic/Fatal): Hallucinated physics, math calculation errors, or entirely wrong directions that contradict the Ground Truth.

[Few-Shot Examples for Calibration]

Problem: A 10kg block is on a frictionless surface. A SON force is applied. What is the acceleration? (Ground Truth: 5 m/s"2)

Transcript:

[T1 SO]: Let's break down this problem, -> Score: 0.5 (Rationale: Neutral transitional phrase)
[T1_S1]: we should use Newton's second law, -> Score: 0.75 (Rationale: Correct principle identified)
[T1_S2]: F = ma. -> Score: 1.0 (Rationale: Crucial formula stated)
[T1_S3]: However, -> Score: 0.5 (Rationale: Neutral conversational filler)
[T1_S4]: since there is friction, -> Score: 0.0 (Rationale: Toxic hallucination, contradicts "frictionless")
[T1_S5]: we need the coefficient first. -> Score: 0.0 (Rationale: Toxic continuation of the wrong assumption)
[T2_S0]: Wait, -> Score: 0.5 (Rationale: Neutral transition)
[T2_S1]: the problem explicitly states the surface is frictionless! -> Score: 1.0 (Rationale: Crucial correction of a fatal error)

|Role: Explorer
|
IRole prompt:
I'You are the E xplorer. Based on thel
Iproblem and current discussion,
propose  the initial  step-by-step
. |
reasoning. Break down the core
|principles and formulas. Do not jump to,
jconclusions hastily. |

:Role: Verifier :
I |
IRole prompt: |
I'You are the Verifier. Focus strictly on |
Imathematical execution, dimensional

analysis, and unit consistency. |
(Recalculate everything proposed by
|the previous agents step-by-step to |
|ensure absolute numerical precision. |

(b) Role prompts for MAS

- [
|Role: Critic |
I I
IRole prompt: |
I'You are the Critic. Your job is to |
Istrictly scrutinize the Explorer's :
I
I
|
|

reasoning. Find logical loopholes,
(hallucinated physics formulas, or
|missing conditions. Correct any errors
|aggressively.

|Role: Synthesizer :
I |
IRole prompt: |
I'You are the Synthesizer. Review all |
Iprevious arguments, conflicts, and I
calculations. Resolve any remaining :
(disagreements and push the derivation
|forward toward a unified, flawless, |
land undeniable truth. |

:Role: Lateral Thinker

IRole prompt: |
| You are the Lateral Thinker. Provide |
|an alternative perspective or a

|different method to solve the problem |
Ito cross-verify the previous steps. |
I(e.g., if they used kinematics, try [
Ienergy conservation; if algebra, try :

oG ]

:Role: Decider

:Role prompt:
|[Task]

|Provide an answer based on the
|question. |
|[Interaction History] |
I[Instruction] I
IPlease output ONLY the correct :

Figure 5: The prompts used in HALT.

semantic-proposition template in Figure 6(b) de-
composes a transcript into minimal, independently
verifiable claims. Both templates retain the same
hindsight setting, access to the verified answer dur-
ing offline labeling, a five-point ordinal scoring
scale, and the few-shot calibration structure as the
default scorer. These prompts provide guidelines
at various levels of detail for training optional eval-
uator criteria.

C Pruning Visualization Example

To illustrate the effect of our clause-level prun-
ing mechanism, we present a concrete example
from the MMLU-pro dataset. Table 4 shows a
side-by-side comparison of the raw agent output
and the pruned version after applying our evaluator
with threshold 7,oute = 0.5, Tprune = 0.6, €maz =
0.85, Spin = 0.45.
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[Evaluation Task]

[Few-Shot Examples for Calibration]

Transcript:

friction assumption that contradicts the problem.)

(a) Sentence-level segmentation prompt

You are an impartial, rigorous logic arbiter with "oracle/hindsight" knowledge.
Your task is to analyze a multi-turn Al interaction transcript at the SENTENCE level.

Knowing the ultimate Ground Truth, evaluate the logical value of EACH sentence level segment.

You MUST assign strictly one of these five discrete scores (0.0, 0.25, 0.5, 0.75, 1.0):

- 1.0 (Crucial): Vital correct formula, decisive breakthrough, final correct inference, or fatal error correction.

- 0.75 (Helpful): A correct intermediate reasoning step or parameter extraction that advances the solution.

- 0.5 (Neutral): Transitional phrases, harmless restatements, or procedural descriptions with little logical contribution.
- 0.25 (Distracting): Irrelevant rambling or unnecessary hypotheses that clutter the context.

- 0.0 (Toxic/Fatal): Hallucinated facts, math errors, or wrong directions that contradict the Ground Truth.

Problem: A 10kg block is on a frictionless surface. A SON force is applied. What is the acceleration? (Ground Truth: 5 m/s"2)
[T1_S0]: Let's break down this problem, we should use Newton's second law, F = ma. -> Score: 1.0 (Rationale: The sentence
contains the decisive correct formula, despite a neutral opening phrase.)

[T1_S1]: However, since there is friction, we need the coefficient first. -> Score: 0.0 (Rationale: The sentence introduces a false

[T2_S0]: Wait, the problem explicitly states the surface is frictionless! -> Score: 1.0 (Rationale: The sentence corrects a fatal error.)

[Evaluation Task]

[Few-Shot Examples for Calibration]

Transcript:

assumption.)

(b) Semantic-proposition segmentation prompt

You are an impartial, rigorous logic arbiter with "oracle/hindsight" knowledge.
Your task is to analyze a multi-turn Al interaction transcript at the SEMANTIC-PROPOSITION level.

Knowing the ultimate Ground Truth, evaluate the logical value of EACH segmented clause.

You MUST assign strictly one of these five discrete scores (0.0, 0.25, 0.5, 0.75, 1.0):

- 1.0 (Crucial): Vital correct formula, decisive breakthrough, or fatal error correction.

- 0.75 (Helpful): A correct intermediate reasoning step or parameter extraction that advances the solution.

- 0.5 (Neutral): Transitional phrases, harmless restatements, or procedural descriptions with little logical contribution.

- 0.25 (Distracting): Irrelevant rambling or unnecessary complex hypotheses that clutter the context.

- 0.0 (Toxic/Fatal): Hallucinated physics, math calculation errors, or entirely wrong directions that contradict the Ground Truth.

Problem: A 10kg block is on a frictionless surface. A SON force is applied. What is the acceleration? (Ground Truth: 5 m/s"2)

[T1_SO]: Let's break down this problem. -> Score: 0.5 (Rationale: Neutral procedural statement.)

[T1_S1]: We should use Newton's second law. -> Score: 0.75 (Rationale: Correct principle identified.)

[T1 _S2]: F = ma. -> Score: 1.0 (Rationale: Crucial formula for solving the problem.)

[T1_S3]: The surface has friction. -> Score: 0.0 (Rationale: False assumption contradicting the problem statement.)

[T1 _S4]: We need the coefficient of friction first. -> Score: 0.0 (Rationale: Wrong direction caused by the false friction assumption.)
[T2_S0]: The problem explicitly states the surface is frictionless. -> Score: 1.0 (Rationale: Crucial correction of the fatal

Figure 6: Alternative segmentation prompts for offline evaluator-supervision construction. (a) uses sentence-level
segmentation, whereas (b) uses semantic-proposition segmentation.

C.1 Analysis of Pruning Effects

Table 5 quantifies the compression achieved
through spatial pruning on this example.

C.2 Clause-Level Score Distribution

Tabel 5 summarizes the evaluator’s score distri-
bution across clauses in the raw output. Clauses
with scores below Tpune = 0.6 (shaded region) are
filtered out during pruning.

¢ Low-score clauses (< 0.6): Section head-
ers ("Step 1°, ’Step 2’), meta-commentary
(’ Alright, let’s break this down’), transitional

phrases ("Thus’, ’So’)

* High-score clauses (> 0.6): Mathematical
definitions, formal proofs, and concluding
statements

This example demonstrates that our clause-level
pruning effectively removes conversational filler
content while preserving the logical structure and
mathematical rigor of the reasoning process.

D Actual Cost

Offline supervision cost: Controller labels are con-
structed once before deployment, so we separately
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Table 4: Comparison of raw agent output (left) and pruned output (right) after applying clause-level filtering with
Troute = 0.5, Tprune = 0.6, €mae = 0.85, $inin = 0.45. Pruned content includes meta-commentary (’ Alright, let’s
break this down’), section headers (’Step X’), and redundant explanations.

Raw Output (Before Pruning)

| Pruned Output (After Pruning)

Question: Find the characteristic of the ring 2.

Alright, let’s break this down step by step.

Step 1: Understanding the question The question says: Find
the characteristic of the ring 27Z.

Here 27 means the set of even integers:

27 ={...,—4,-2,0,2,4,...}.

It is a ring under the usual addition and multiplication of
integers (but without multiplicative identity 1).
Step 2: Definition of characteristic For a ring R (with unity
1r), the characteristic is the smallest positive integer n such
that

n-1lgr =0g

if such n exists; otherwise, the characteristic is 0.

If the ring does not have a multiplicative identity (like 27),
we define the characteristic as the smallest positive integer n
such that n - @ = 0 for all @ € R. If no such n exists, the
characteristic is 0.

Step 3: Apply to 2Z Take any element a € 2Z, say a = 2m
for some m € Z.

We ask: Is there a positive integer n such that n - a = 0 for
all a € 227

That means:

n-(2m) =0 for all integers m.

But n - (2m) = 2mn. For this to be 0 for all m, we would
need 2n - m = 0 for all m, which is impossible unless 2n = 0
=n=0.

So no positive n works.

Thus, the characteristic is 0.

Step 4: Check possible confusion Sometimes students con-
fuse 2Z with Zs or Z /27, but 2Z is infinite and has no torsion
in its additive group except O itself.

The additive group (27, +) is isomorphic to Z, and Z has
characteristic 0.

Step 5: Conclusion The characteristic of 27 is 0.

Find the characteristic of the ring 2Z. Here 2Z means the
set of even integers: 2Z = {...,—4,-2,0,2,4,...}. Itisa
ring under the usual addition and multiplication of integers
(but without multiplicative identity 1). For a ring R (with
unity 1r), the characteristic is the smallest positive integer
n such that n - 1g = O if such n exists; the characteristic is
0. If the ring does not have a multiplicative identity (like 27Z),
we define the characteristic as the smallest positive integer n
such that n - a = 0 for all @ € R. the characteristic is 0. Take
any element a € 27Z, say a = 2m for some m € Z. We ask:
Is there a positive integer n such that n-a = 0 for all a € 277
n - (2m) = 0 for all integers m. But n - (2m) = 2mn. For
this to be O for all m, we would need 2n - m = 0 for all m,
which is impossible unless 2n = 0 = n = 0. So no positive
n works. the characteristic is 0. but 27 is infinite and has
no torsion in its additive group except 0 itself. The additive
group (2Z, +) is isomorphic to Z, and Z has characteristic 0.

The characteristic of 27Z is 0.

Table 5: Compression statistics for the pruning example
in Table 4.

Metric Raw Pruned
Character count 1,847 987
Token count 412 221
Compression ratio - 46.4%
Clauses removed - 12
Clauses retained 23 11

report their token cost instead of mixing this cost
with inference-time savings. Router label cost is
measured across GSM8K, MMLU, and MMLU-

Pro, while evaluator supervision cost is measured
from scored MAS trajectory records. Table 6 shows
that router label construction is lightweight, averag-
ing 155 prompt tokens and 104 completion tokens
per labeled example. Evaluator supervision is more
expensive because it is built from MAS trajectories,
averaging 25,301 prompt tokens and 3,959 comple-
tion tokens per example. This accounting makes
the data-construction overhead explicit while pre-
serving a clean distinction between offline calibra-
tion cost and online inference cost.

To complement the theoretical token reduction
analyzed in Section 4.2, this section bridges the
gap between empirical token counts and real-world
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Table 6: Offline token cost for constructing controller
supervision with GPT-40-mini.

Supervision Average PT  Average CT

Router 155 104
Evaluator 25301 3959

financial implications. The inclusion of diverse
pricing structures (Official and two third-party tiers,
as shown in Table 7, measured in USD) is crucial
to evaluating the robustness of the system, as the
LLM API costs are subject to significant market
volatility.

Disproportionate financial impact of CT: A
critical observation from Table 7 is that the pric-
ing for CT is consistently and strictly higher than
PT across all models—frequently by a multiplier
of 2 times to 4 times. Consequently, multi-agent
frameworks that fail to constrain agent generation
are heavily penalized economically. HALT’s tem-
poral halting mechanism directly targets this vul-
nerability. As detailed in Table 8, under Pricing
1 for GPT-40-mini on the GSM8K dataset, the
Fully-Connected (FC) baseline incurs a CT cost of
$17.42, whereas HALT aggressively reduces this
to a mere $0.93. By intercepting over-generation
early, HALT neutralizes the most expensive dimen-
sion of API billing.

Extreme cost mitigation in volatile markets:
Table 9 demonstrates that HALT acts as a robust
economic buffer against severe API price hikes.
Consider the DeepSeek-v3 model under the highly
inflated "Third-party price 3" tier on the GSM8K
dataset. The baseline FC network spirals out of con-
trol, accumulating a prohibitive CT cost of $98.02
and a PT cost of $11.61 (Total: $109.63 per bench-
mark run). In stark contrast, HALT intercepts this
runaway reasoning, maintaining a CT cost of only
$1.10 and a PT cost of $1.28 (Total: $2.38). This
represents a remarkable 97.8% reduction in ac-
tual financial expenditure, proving that unbounded
agent interactions are financially inviable in inflated
markets without HALT’s intervention.

Comparative economic superiority over MAS
optimizers: Even when benchmarked against com-
petitive multi-agent optimizers, HALT maintains
a definitive economic edge. As detailed in Table
10, examining the Qwen3-14b model under Pricing
3 on the MMLU dataset reveals that GD incurs a
total API cost of $38.60 ($2.42 PT + $36.18 CT).
HALT successfully executes the complex reason-

ing task for a fraction of the price, totaling only
$1.65 ($0.71 PT + $0.94 CT). This immense dis-
parity highlights that spatial-only or topology-only
optimizations (like GD and AP) still fall victim to
output token bloat. HALT’s integrated three-tier
approach is therefore uniquely positioned to enable
the deployment of sustainable, commercial-grade
MAS at scale.

Table 7: Different prices for per 1M tokens LLMs.

GPT-40-mini DeepSeek-v3 Qwen3-14b
Input Output Input Output Input Output
Official price  0.15 0.6 028 042 035 1.4

Model

Third-party 15 66 026 038 006 024
price 1

Third-party 09 036 2 3 1 4
price 2 ’ '

E Relevant Supplementary Experiments

E.1 Runtime and Controller Overhead

Token reduction does not automatically imply end-
to-end speedup, because the local router and evalua-
tor introduce additional computation. We therefore
measure wall-clock latency, API time, local con-
troller time, API calls, and token usage on MMLU-
Pro with GPT-40-mini under the Star topology. The
study is intended to characterize runtime overhead.

End-to-end runtime: Table 11 shows that
HALT’s token savings translate into practical la-
tency reduction in the measured setting. Compared
with full MAS execution, HALT reduces mean
wall-clock time from 166.31s to 34.20s per query,
while reducing API calls from 11.00 to 2.15. The
wall-clock reduction of 79.44% closely tracks the
80.06% API-time reduction, indicating that most
of the speedup comes from avoiding remote LLM
calls rather than from local post-processing arti-
facts.

Local controller overhead: The router and eval-
uator add 1.02s of local controller time per query,
which accounts for only 2.98% of HALT’s wall-
clock runtime and 0.61% of the FC wall-clock run-
time. This overhead is small relative to the latency
saved by reducing API calls, prompt tokens, and
completion tokens.

E.2 Cross-Dataset Router Adaptation

We further evaluate whether routing requires one
separate parameterization for every dataset. We
construct a class-balanced router dataset when-
ever possible: GSM8K, MMLU and MMLU-Pro.
Since the positive class denotes queries that require
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Table 8: Detailed API costs for different methods with
GPT-40-mini.

Prices Datasets GSMSK MMLU MMLU-pro
Method PT CT PT CT PT CT
FC 078 1742 024 531 0.06 142
Official AP 0.75 13,50 0.12 1.79 0.07 1.01
price AD 0.82 1430 0.16 190 0.05 0.66
GD 041 7.16 0.10 130 0.07 1.18
HALT 0.13 093 004 054 0.02 031
FC 0.78 1742 024 531 0.06 142
Third- AP 0.75 13.50 0.12 1.79 0.07 1.01
party 1 AD 0.82 1430 0.16 190 0.05 0.66
GD 041 7.16 0.10 130 0.07 1.18
HALT 0.13 093 0.04 054 0.02 0.31
FC 047 1045 0.14 3.19 0.04 0.85
Third- AP 045 810 0.07 1.07 0.04 0.61
AD 049 858 0.09 1.14 0.03 0.39

party 2

GD 025 430 006 0.78 0.04 0.71
HALT 0.08 056 0.02 032 0.01 0.19

Table 9: Detailed API costs for different methods with
DeepSeek-v3.

Prices Datasets GSMS8K MMLU MMLU-pro
Method  PT CT PT CT PT CT

FC 1.63 13.72 059 482 0.15 132

Official AP 097 804 031 158 0.19 0.96
price AD 1.09 775 035 156 0.13 0.62
GD 058 456 025 1.15 0.18 1.15

HALT 0.18 0.15 0.03 021 0.02 0.05

FC 1.51 1242 055 436 0.14 1.19

. AP 091 727 029 143 0.18 0.87

Third-

o AD 101 702 033 141 012 056
party GD 054 413 023 104 0.17 104
HALT 0.7 014 003 019 002 004

FC 11.61 98.02 4.22 3445 1.04 943
Third- AP 696 5742 223 1128 135 6.88
party 2 AD 777 5538 252 11.12 095 442
GD 412 3257 176 823 132 821

HALT 128 1.10 024 152 0.17 0.34

Table 10: Detailed API costs for different methods with
Qwen3-14b.

Datasets GSMBK MMLU MMLU-pro

Prices —ihod PT  CT  PT _CT _PT__ CT

FC 148 3475 086 1829 022 498

Official AP 1.19 29.00 0.82 1024 030 4.22
price AD 1.05 2337 055 6.06 023 357
GD 140 3656 0.85 12.66 027 4.17

HALT 0.11 019 025 033 0.09 179

FC 025 596 0.15 3.14 0.04 085

Third- AP 020 497 014 175 0.05 0.72
party 1 AD 0.18 401 0.09 1.04 0.04 0.6l
GD 024 627 0.14 217 005 0.71

HALT 002 0.03 0.04 006 002 031

FC 424 9928 247 5226 0.64 14.23

Third- AP 339 8284 236 2925 0.87 12.05
party 2 AD 3.00 6678 1.57 17.30 0.66 10.19
GD 4.00 10444 242 36.18 077 1191

HALT 030 054 071 094 027 5.10

MAS, we select operating points by validation F1.
Figure 7 shows that dataset-specific routers are

strongest on their own source datasets, as expected,
while the fused router reaches the best average F1
of 0.6776. This result supports a practical deploy-
ment claim: mixed validation data can provide a
shared router with nontrivial cross-dataset transfer,
although dataset-specific calibration remains useful
when sufficient validation data are available.

E.3 The Effectiveness of HALT in Different
MAS

E.3.1 Different Numbers of MAS

A central concern for any MAS optimization
method is whether its effectiveness is contingent
on a specific system scale. To verify that HALT
generalizes across different multi-agent configu-
rations, we evaluate HALT under varying agent
counts. If HALT were only effective at a particular
scale, its practical utility would be severely limited;
conversely, consistent effectiveness across scales
would demonstrate that the method captures scale-
invariant principles of multi-agent coordination.

Table 12 presents the full results. We analyze
the behavior of each HALT module under varying
system scales.

The router operates consistently regardless
of system scale. A well-designed routing mod-
ule should allocate queries based on inherent prob-
lem difficulty rather than the available agent pool.
Table 12 confirms this: the MAS proportion re-
mains strictly invariant across all agent counts for
every backbone and dataset pair. For example,
GPT-40-mini routes 79.80% of GSM8K queries
to MAS regardless of whether two agents or five
agents. This stability is by design, the router
evaluates query complexity before observing the
agent pool, and it ensures that the routing policy
generalizes without retraining when the system is
reconfigured. The cross-backbone variation fur-
ther validates the router’s discriminative ability:
on GSMS8K, DeepSeek-v3 routes only 43.35% to
MAS (correctly identifying that a strong backbone
needs less collaboration), while Qwen3-14b routes
87.19% (appropriately relying on multi-agent de-
liberation to compensate for weaker single-agent
reasoning).

The halting module adapts its trigger rate to
agent density, correctly identifying redundant
computation. As the number of agents increases,
the halting proportion generally rises, indicating
that the evaluator detects earlier convergence when
more agents participate. This is the expected behav-
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Table 11: End-to-end Wall-clock runtime and controller overhead on MMLU-Pro with GPT-40-mini under the Star

topology.
Method  Wall-clock runtime APItime Local controller time API calls PT CT
FC 166.31 166.30 0.00 11.00 15,773 5,466
HALT 34.20 33.17 1.02 2.15 987 858
Reduction 79.44% 80.06% - 80.45% 93.74% 84.30%
a Cross-dataset F1 b Mean across targets
Fused router @0.6776
GSMSK-specific 0.6829 0.6456 0.6245 - 070
— 0.69
— 0.68
MMLU-specific 0.6667 0.6914 0.6667 e MMLU-specific ®0,6745
o}
Ei - 0.66
~
— ~ 065
MMLU-Pro-specific 0.6400 0.6429 0.6984 MMLU-Pro-specific ©0.6604
- 0.64
- 0.63
Fused router 0.6667 0.6831 0.6829
- 062
GSMS8K-specific @0.6510
GSMSK MMLU MMLU-Pro 0.62 0.64 0.66 0.68
Target dataset Average F1

Figure 7: Routers trained on individual datasets and a fused router on GSM8K, MMLU, and MMLU-Pro. (a)
Heatmap of F1 scores on each target dataset; black boxes mark the in-domain evaluations of dataset-specific routers.

(b) Average F1 across the three target datasets.

ior: with a larger agent pool, individual proposals
are more likely to converge quickly through ma-
jority agreement, and the evaluator correctly iden-
tifies that further deliberation is unnecessary. For
instance, on DeepSeek-v3 in MMLU, the halting
proportion increases from 43.90% (two agents) to
73.17% (five agents); on Qwen3-14b in GSMSK, it
rises from 71.75% to 96.61%. Critically, this adap-
tive behavior occurs without any scale-specific re-
tuning of the evaluator’s thresholds, demonstrating
that the learned confidence representation general-
izes across system sizes. The halting module thus
provides increasing cost savings precisely when
they are most needed, in larger systems where the
raw token cost of full execution grows combinato-
rially.

HALT maintains competitive accuracy across
all scales, with the accuracy and cost trade-off
consistently favoring early halting. The key ques-
tion for scalability is not whether accuracy varies
with agent count, some variation is inevitable, but
whether HALT s optimization modules continue to
deliver meaningful cost reductions without degrad-
ing quality. Table 12 shows that HALT achieves

competitive accuracy across all |.A| values while
the halting module prevents the explosive cost
growth that would otherwise occur.

Backbone capability mediates the interac-
tion between scale and accuracy. While HALT
is effective across all backbones, the relation-
ship between agent count and accuracy is mod-
ulated by backbone capability. Strong backbones
(DeepSeek-v3) exhibit the most stable accuracy
across scales: on MMLU, accuracy varies only 1.91
points (88.04%—-89.95%), and on GSM8K it even
peaks at 96.55%. This indicates that high-quality
per-agent reasoning enables genuine complemen-
tarity in larger ensembles. For weaker backbones
(GPT-40-mini, Qwen3-14b), accuracy can decline
with more agents, most dramatically Qwen3-14b
on GSMS8K (92.12%—83.25% from two agents to
three agents). This is not a failure of HALT’s opti-
mization modules, but rather reflects a fundamental
limit of multi-agent coordination: when individual
agents produce unreliable reasoning chains, adding
more agents amplifies noise rather than reducing it.
Importantly, HALT’s halting module partially miti-
gates this effect by terminating deliberation early
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Table 12: HALT performance across varying agent counts.

Datasets GSMS8K MMLU MMLU-pro
Number Acc. PM. PH. PT CT Acc. PM. PH. PT CT Acc. PM. PH. PT CT
GPT-40-mini
2 9458 79.80 7840 280 495 81.82 3349 4571 407 1075 72.86 4143 4483 474 391
3 93.60 79.80 79.00 568 635 81.82 3349 4429 828 569 6857 4143 4828 1021 691
4 94.09 79.80 7840 1283 994 81.82 3349 47.14 1406 781 70.00 4143 44.83 1885 1028
5 93.10 79.80 83.33 1236 2377 81.34 33.49 5857 2089 952 67.14 4143 6552 1965 1005
DeepSeek-v3
2 95.57 4335 7273 236 290 88.04 3923 4390 413 366 83.86 52.86 48.65 568 496
3 95.07 4335 75.00 434 401 8947 3923 4390 914 688 8571 52.86 48.65 1278 2267
4 96.55 4335 81.82 167 492 88.04 39.23 64.63 1253 874 82.86 52.86 59.46 1693 1076
5 94.09 4335 92.05 710 518 89.95 3923 73.17 1390 908 81.43 52.86 75.68 2315 1255
Qwen3-14b
2 92.12 87.19 71.75 419 486 88.52 57.42 2583 770 789 7429 67.14 30.00 897 884
3 8325 87.19 6497 739 629 86.60 57.42 25.83 1975 1668 7143 67.14 3191 2375 1896
4 83.74 87.19 7345 1522 892 8532 57.42 4638 3375 2190 7143 67.14 51.06 3645 2350
5 84.73 87.19 96.61 1146 822 81.65 57.42 66.96 3604 2309 67.14 67.14 61.70 4865 2595
(a) Chain

Figure 8: Several representative types of MAS topologies.

before error amplification can compound, as evi-
denced by the high halting proportions observed
for weaker backbones at larger agent counts (e.g.,
96.61% for Qwen3-14b in GSME&K at five agents).

The scalability analysis demonstrates that HALT
operate effectively across multi-agent systems of
varying size, without requiring any scale-specific
reconfiguration. The router maintains stable query
allocation, the halting module adapts its trigger
rate to agent density, and the cost savings grow
precisely when they matter most. Although back-
bone capability mediates the accuracy and scale
relationship, HALT consistently delivers its core
value proposition: adaptive cost reduction without
accuracy degradation, regardless of the scale of the

system.

E.3.2 Different Topologies of MAS

A practical MAS optimization method must not be
tied to a specific communication topology. Real-
world deployments may adopt fully connected, hi-
erarchical, or hub-spoke architectures depending
on latency constraints, privacy requirements, or
organizational structure. This section evaluates
whether HALT remain effective when applied to
several classic MAS topologies as shown in Figure
8: Chain, Net, Star, and Tree. If HALT were only
effective on a particular topology, its applicability
would be narrow; consistent effectiveness across
topologies would confirm that the method cap-
tures topology-invariant principles of multi-agent
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cost optimization. And Table 13 presents the full
results under the same variables (7,oye = 0.5,
Tprune = 0.6, €maz = 0.8, emin = 0.45). We
emphasize that these unified configurations do not
represent the optimal performance for each individ-
ual topology, fine-tuning topology specific param-
eters could potentially yield better results. Rather,
this controlled setup isolates the contribution of
HALT itself from confounding variables, providing
a conservative estimate of its generalizability. The
complete results are presented in Table 13.

Token efficiency gains. HALT delivers dramatic
reductions in token consumption across all topolo-
gies, models, and datasets. On average, HALT
reduces prompt tokens by 92.4% (median: 93.7%,
ranging from 51.7% to 97.9%) and completion
tokens by 79.7% (median: 80.8%, ranging from
46.0% to 88.7%). Notably, the most substantial
PT reduction is observed for DeepSeek-v3 with
Star+HALT on GSM8K, which cuts PT by 97.9%
(from 8,566 to merely 183 tokens) while maintain-
ing strong accuracy (95.48%, within 0.5% of the
Star baseline). CT is consistently high across con-
figurations, typically exceeding 77%. These results
confirm that HALT’s early-stopping mechanism
effectively prevents redundant inter-agent commu-
nication, regardless of the underlying collaboration
structure.

Accuracy preservation and model specific be-
havior. The impact of HALT on accuracy exhibits
considerable variance across models, suggesting
that the backbone capability of LLM to perform
confident self-assessment under limited context is
critical to HALT’s success:

DeepSeek-v3 demonstrates the most favorable
accuracy—efficiency trade-off. Averaged across all
topologies and datasets, DeepSeek-v3 with HALT
achieves a near-zero accuracy change (+0.08%)
compared to its HALT-free counterparts, with 6
out of 12 topology, dataset combinations yielding
accuracy improvements. Particularly striking is
DeepSeek-v3 with Star + HALT on MMLU, which
matches the full Star baseline at 95.48% while
reducing PT by 94.5% and CT by 81.8%. The
strongest gains are observed for DeepSeek-v3 with
Net + HALT on GSMSK (+3.02%) and with Chain
+ HALT on MMLU-pro (+4.29%), suggesting that
HALT’s context truncation not only preserves but
occasionally enhances reasoning by filtering dis-
tracting inter-agent exchanges.

GPT-40-mini shows moderate sensitivity to
HALT, with an average accuracy drop of —1.73%

across configurations. Interestingly, HALT im-
proves accuracy on GSMS8K for three out of four
topologies (e.g., +1.01% Chain + HALT) and
yields a substantial +-2.70% gain for Net+HALT
on MMLU. However, performance degradation
is more pronounced on MMLU-pro, where all
HALT variants underperform (up to —7.14% for
Star+HALT). This pattern suggests that GPT-4o-
mini’s confidence calibration is less reliable for
complex, domain-diverse tasks compared to mathe-
matical reasoning.

Qwen3-14b exhibits the highest vulnerability to
aggressive context truncation, with an average ac-
curacy decline of —3.28% and no positive cases
across all 12 configurations. The degradation is
most severe for Star+HALT on GSM8K (—6.03%)
and MMLU (—6.16%), despite PT and CT reduc-
tions of 95.3%/78.5% and 92.1%/76.4%, respec-
tively. We hypothesize that Qwen3-14b’s relatively
smaller parameter scale (14B) limits its capacity
to maintain reasoning coherence under severely
compressed multi-agent contexts, indicating that
HALT’s effectiveness is model-capacity dependent.

Topology specific analysis. The relative effect
of HALT also varies with the MAS topologies:

Net+HALT, despite showing substantial token
reductions (e.g., 95.2% PT reduction for GPT-4o-
mini on GSM8K), suffers from accuracy instability,
particularly on MMLU-pro. The fully connected
topology’s high baseline cost makes it less suitable
for HALT optimization when model capacity is
limited.

Chain+HALT demonstrates strong token effi-
ciency (e.g., 95.0% PT reduction for GPT-40-mini
on MMLU, the lowest absolute PT among all
HALT configurations at 636 tokens) but incurs no-
table accuracy drops on knowledge-intensive tasks.

Tree+HALT provides the best accu-
racy—efficiency balance for GPT-40-mini (88.76%
average accuracy with 93.4% PT reduction and
81.9% CT reduction), while maintaining competi-
tive performance for DeepSeek-v3. Star+HALT
consistently achieves the lowest token consumption
across all models (e.g., average PT reduction of
94.5% for GPT-40-mini, 94.5% for DeepSeek-v3,
and 93.0% for Qwen3-14b), attributable to the
centralized hub-and-spoke architecture naturally
limiting communication paths. This makes Star
an ideal topology for cost-sensitive deployments
when paired with a robust backbone.

These results establish several key findings:
(1) HALT achieves consistent and substantial
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Table 13: The average accuracy and task tokens on GSM8K, MMLU, and MMLU-pro with different LLMs and

MAS topologies.

Datasets GSMSK MMLU MMLU-pro
Topologies Acc. PT CT Acc. PT CT  Acc. PT CT
GPT-40-mini

Net 93.47 20775 4000 85.59 30997 5982 77.14 15818 4907
Net+HALT 9397 1003 769 88.29 1981 1066 74.29 1062 919
Chain 9296 2299 4014 86.43 12754 4987 80.00 13324 1783
Chain+HALT 9397 1111 790 8090 636 665 7429 995 963
Tree 9548 11540 3934 87.44 14212 4770 87.14 13588 5261
Tree+HALT 9497 610 754  85.59 956 799 8571 1046 959
Star 9447 11338 3853 86.93 14496 4889 75.71 13528 5066
Star+HALT 9497 677 819 86.43 736 817 68.57 736 825
DeepSeek-v3
Net 90.45 17029 3318 89.95 13927 4618 85.71 16926 5185
Net+HALT 9347 439 388 9146 869 851 88.57 901 908
Chain 9347 8127 3140 91.46 13817 5526 80.00 14865 5802
Chain+HALT 9548 227 354 9045 932 941 8429 1250 1174
Tree 9548 9441 3114 9347 14668 5007 87.14 13440 5186
Tree+HALT 9598 389 455 87.44 879 884 8429 1028 1038
Star 9598 8566 2826 95.48 13467 4736 88.57 12532 4968
Star+HALT 9548 183 391 9548 744 862 8571 1114 1132
Qwen3-14b
Net 93.53 17529 3279 87.08 45459 9134 71.43 22454 7317
Net+HALT 87.79 833 632 8421 3106 1866 7143 2189 1934
Chain 9598 8264 3101 87.44 19996 8166 75.71 20783 8330
Chain+HALT 9548 508 620 8492 1764 1893 71.43 2141 2251
Tree 9246 11508 3950 89.45 21177 7471 78.57 19244 7541
Tree+HALT 89.24 608 747 87.11 1837 1827 7429 1935 2050
Star 96.48 9755 3218 90.45 20329 7281 75.71 18581 7409
Star+HALT 9045 455 691 8429 1601 1719 74.29 1585 1857

token reductions (averaging 92.4% for PT and
79.7% for CT) across all MAS topologies; (2)
the accuracy—efficiency trade-off is highly model-
dependent, with DeepSeek-v3 exhibiting near-
lossless compression (4+0.08%), GPT-4o0-mini
showing task-selective benefits, and Qwen3-14b
suffering from noticeable degradation (—3.28%);
and(3) Star and Tree topologies provide the most
favorable substrate for HALT optimization. These
findings underscore the importance of jointly se-
lecting the MAS topology, backbone model, and

halting strategy to optimize the cost-performance
Pareto frontier in practical deployments.

E.4 Halting Thresholds

This appendix complements the DeepSeek-v3 sen-
sitivity analysis in Section 4.5 by testing the same
temporal halting thresholds on Qwen3-14b and
GPT-40-mini. The goal is not to identify one
universal threshold pair, but to verify whether
(€min, €maz ) consistently acts as a calibration inter-
face across backbone capacities. Figures 10 and 9
report accuracy, early-stopping rate, prompt tokens,
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and completion tokens on MMLU-Pro.

GPT-40-mini. Figure 9 shows that GPT-40-mini
is more sensitive to aggressive temporal halting
than DeepSeek-v3. Permissive halting thresholds
reduce PT and CT substantially by stopping delib-
eration early, but they can also terminate before
weaker agents have accumulated enough corrective
evidence. Stricter thresholds delay the halt deci-
sion and recover accuracy, with the best observed
setting reaching 72.86% on MMLU-Pro. This re-
sult clarifies the role of temporal thresholds: for
smaller or less reliable backbones, HALT should
use a more conservative validation-selected oper-
ating point, trading some additional tokens for a
safer stopping decision.

Qwen3-14b. Figure 10 presents a less brittle
trade-off surface for Qwen3-14b. Moderate halting
bounds preserve a broad usable region in which
accuracy remains competitive while PT and CT
stay well below full deliberation. Very permis-
sive thresholds still favor latency, and overly strict
thresholds reduce the savings by allowing more
rounds to continue. The important observation is
that a middle range of validation-selected thresh-
olds provides consistent benefit: HALT removes
redundant deliberation without requiring the ex-
act same threshold pair used by DeepSeek-v3 or
GPT-40-mini.

100.00

8

Figure 9: Sensitivity of temporal halting thresholds with
GPT-40-mini in MMLU-pro.

E.5 Pruning Thresholds

This section extends the spatial pruning analy-
sis to GSM8K and MMLU, two tasks with dif-
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Figure 10: Sensitivity of temporal halting thresholds
with Qwen-14b in MMLU-pro.
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Figure 11: Impact of pruning thresholds on LL.Ms Per-
formance in GSM8K.

ferent evidence structures. GSM8K requires pre-
serving ordered mathematical derivations, whereas
MMLU often contains overlapping factual ratio-
nales and multiple-choice elimination cues. Fig-
ures 11 and 12 therefore test whether 7, pro-
vides robust context compression rather than a
dataset-specific pruning shortcut.

GSMBSK. Figure 11 shows that mathemati-
cal reasoning benefits most from conservative-to-
moderate pruning. In this range, HALT removes
conversational fillers, duplicated statements, and
low-value detours while retaining the equations and
intermediate quantities needed for later reasoning.
AS Tprune increases, token usage decreases, demon-
strating that the evaluator can compress MAS con-
text at the clause level. However, very high prun-
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Figure 12: Impact of pruning thresholds on LLMs Per-
formance in MMLU.

ing thresholds become risky because small mathe-
matical clauses may carry essential information;
removing them can break the derivation chain.
This behavior supports a practical calibration rule:
GSMS8K-like tasks should use pruning to reduce
redundancy, but should avoid thresholds that treat
short intermediate equations as expendable context.

MMLU. Figure 12 shows a wider usable prun-
ing region on knowledge-intensive multiple-choice
questions. Compared with GSM8K, MMLU rea-
soning often contains redundant factual expla-
nations and overlapping option-elimination argu-
ments, so moderate pruning can remove repeated
rationales without immediately discarding the de-
cisive evidence. This makes 7p,une an effective
density control for factual collaboration: increas-
ing it improves token efficiency, while validation
prevents the threshold from crossing into a regime
where useful evidence is lost. The result is con-
sistent with the main MMLU-Pro sweep: pruning
is beneficial over a broad calibrated range, but the
preferred operating point depends on task structure
and backbone reliability.

Task-adaptive context compression. Taken to-
gether, the GSM8K, MMLU, and MMLU-Pro sen-
sitivity curves show that spatial pruning should
be interpreted as task-adaptive context compres-
sion. The same threshold does not have identical
effects across datasets, because a short mathemat-
ical clause and a repeated factual rationale carry
different risks when removed. Nevertheless, af-
ter validation calibration, a broad middle range of
Tprune consistently reduces context size and sup-
ports earlier halting without collapsing task perfor-
mance. This is the intended advantage of HALT’s

micro-level intervention: it provides a controllable
mechanism for reducing MAS communication cost,
while making the accuracy and efficiency trade-off
visible before test deployment.
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