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Abstract
Linear attention reduces the quadratic cost of
softmax attention by maintaining a recurrent
fast-weight state, but it consistently lags on
in-context retrieval and long-context tasks. Ex-
isting remedies act on the write side of memory
through gating, delta updates, or kernel feature
maps, but the read step is left unchanged: every
past key contributes additively to the output, so
useful targets are diluted by the bulk of stored
vectors. We borrow one specific piece of soft-
max’s geometry to construct a cheap read-time
contraction of the query. A second-order Taylor
expansion of the softmax log-partition at the
isotropic-attention point gives a local quadratic
model whose curvature coincides with the run-
ning key covariance, a quantity that can be
maintained with the same recurrent/chunkwise
mechanism as the linear-attention state. The
associated linear operator contracts the query
along the high-variance directions of memory
before it reads the state. We call this mech-
anism Curvature-Conditioned Query (CCQ).
CCQ modifies only the read step and is com-
posable with any linear-attention backbone. At-
tached to GLA and Gated DeltaNet, it improves
perplexity, zero-shot downstream accuracy, S-
NIAH retrieval at and beyond the training con-
text, length-extrapolation perplexity from 4K
to 20K, and LongBench accuracy.

1 Introduction

The Transformer architecture (Vaswani et al., 2017)
has become the default choice for sequence mod-
elling, but its softmax attention scales quadratically
with sequence length, which makes long-context
training and inference expensive. To mitigate this,
linear attention (Katharopoulos et al., 2020) re-
places the softmax inner product with a kernelized
dot product, reframing the read as a linear RNN
with a matrix-valued state and reducing the cost to
linear time and constant cache.

*Corresponding author.
†Code: https://github.com/ledong0110/ccq.

Early linear-attention variants underperformed
standard Transformers on language modelling, but
recent enhancements have closed much of this gap.
Data-dependent gating, used by GLA (Yang et al.,
2024a), RetNet (Sun et al., 2023), RWKV (Peng
et al., 2023), Mamba (Gu and Dao, 2024), and
Mamba2 (Dao and Gu, 2024), lets the state for-
get old entries adaptively. The delta rule, revived
by Schlag et al. (2021) and parallelized in Yang
et al. (2024b), replaces the additive write with a
soft overwrite of the closest stored key, and Gated
DeltaNet combines the two (Yang et al., 2025). De-
spite this progress, linear-attention models still trail
softmax on in-context retrieval and long-context
tasks (Arora et al., 2024a,b; Hsieh et al., 2024),
where the ability to single out one stored item mat-
ters most.

We argue that this gap is not only about what
is written into memory but also about how it is
read. Softmax attention couples two operations in
one expression: a key–query inner product, and a
log-sum-exp normalizer that allocates a fixed prob-
ability budget across the matches. Linear attention
preserves the inner product but discards the nor-
malizer. In the vanilla additive recurrence, past
contributions accumulate without explicit compe-
tition at read time, so useful targets can be diluted
by the bulk of stored vectors. The remedies above
act on the write side, deciding more carefully what
enters the recurrent state. These methods cannot
adapt the read to the distribution of keys observed
before the query arrives.

We propose a cheap read-time correction in-
spired by the local curvature of the missing nor-
malizer. Once the keys are fixed, the log-sum-exp
competition term depends only on the query, and
a second-order Taylor expansion at the isotropic-
attention point shows that its curvature is the run-
ning sample covariance of the keys. Applying the
associated linear contraction to the query yields a
cleaned query that has been pulled away from the

26439

https://github.com/ledong0110/ccq


dominant covariance directions of memory before
it multiplies the linear-attention state. We call this
mechanism Curvature-Conditioned Query (CCQ).
The contributions of this paper are as follows:

• We identify the read step as a distinct, under-
explored lever for closing the softmax–linear
gap, complementary to the write-side reme-
dies that dominate prior work.

• We propose CCQ, a curvature-aware linear
contraction built from a single Taylor expan-
sion of softmax’s log-partition, that composes
additively with any linear-attention write rule.

• Attached without modification to GLA and
Gated DeltaNet, CCQ yields improvements
in perplexity, zero-shot downstream accuracy,
S-NIAH retrieval, and length-extrapolation
perplexity at 500M and 1.3B parameters, and
in LongBench accuracy at 1.3B.

2 Preliminary

2.1 Softmax Attention
Given a sequence of d-dimensional input vectors
x1, . . . , xT , a single-head Transformer (Vaswani
et al., 2017) forms queries, keys, and values by
linear projections

qt = WQxt, kt = WKxt, vt = WV xt, (1)

with WQ,WK ,WV ∈ Rd×d, and reads from the
past via causal softmax attention:

ati =
exp(k⊤i qt)∑
j≤t exp(k

⊤
j qt)

, ot =
∑

i≤t

ati vi.

(2)
Equivalently,

log ati = k⊤i qt − log
∑

j≤t

exp(k⊤j qt). (3)

This form separates the raw key–query score from
the log-partition term, exposing softmax as an
inner-product score followed by a data-dependent
normalizer. We will use this view in Section 3 to
motivate CCQ as a lightweight read-time correc-
tion inspired by the local curvature of the second
term.

2.2 Linear Attention
Linear attention (Katharopoulos et al., 2020) re-
places the exponential kernel exp(k⊤i qt) in (2)

with the dot product of a feature map ϕ(ki)
⊤ϕ(qt),

where ϕ : Rd → Rn. Dropping the denominator
and taking ϕ to be the identity (the simplest and
most common choice in modern variants) factors
the read into the recurrent form

St = St−1 + vtk
⊤
t ∈ Rdv×dk , ot = St qt.

(4)
The matrix St acts as a fast-weight mem-
ory (Schmidhuber, 1992; Schlag et al., 2021): ev-
ery past key–value pair is written into it once via
an outer product and read once per query through
a single matrix-vector product. This swaps the
O(T 2) cost and O(T ) KV cache of softmax for
O(T ) training cost and anO(1) cache of fixed size
dvdk, at the price of a finite-rank approximation of
the full attention matrix.

The recurrence (4) is the additive baseline; the
backbone is the choice of write update that replaces
it. Gated variants such as GLA (Yang et al., 2024a),
RetNet (Sun et al., 2023), and Mamba2 (Dao
and Gu, 2024) insert a data-dependent decay be-
fore the outer product; delta-rule variants such as
DeltaNet (Schlag et al., 2021; Yang et al., 2024b)
and Gated DeltaNet (Yang et al., 2025) replace
the additive write with a soft overwrite of the
closest stored key. Throughout this paper we
treat the backbone as a black box: CCQ modi-
fies only how the state is read and is therefore
compatible with any update of the form St =
Update(St−1; kt, vt, . . . ).

3 Method

3.1 Motivation: the missing competition of
linear attention

Softmax attention (Vaswani et al., 2017) couples
two operations in a single closed-form expression:
a key–query inner product k⊤j qt that scores each
past key, and a log-partition

At(qt) = log
∑

m≤t

exp(k⊤mqt) (5)

that normalizes those scores into a probability sim-
plex. The second piece imposes competition for a
fixed total probability mass. For a fixed query, At

shifts every log-score equally and does not change
their ranking; rather, it normalizes the aggregate
mass, while its curvature records how the stored
keys vary across query directions.

Linear attention (Katharopoulos et al., 2020)
drops the normalizer to gain linear time and con-
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stant cache. Its recurrent fast-weight form (Schmid-
huber, 1992; Schlag et al., 2021)

St =
∑

j≤t

vjk
⊤
j , ot = Stqt (6)

preserves the inner-product score but discards the
competition: in this vanilla recurrence, past con-
tributions accumulate without explicit competition
at read time. Contributions along dominant co-
variance directions therefore accumulate as a con-
stant background that the query cannot escape, and
useful needles drown in the bulk of stored vec-
tors (Arora et al., 2024a,b; Hsieh et al., 2024). Re-
building At exactly would cost the full attention
matrix and erase the linear efficiency. The ques-
tion is whether the geometric information in its
local curvature, namely the variation of stored keys
across query directions, can be captured cheaply
enough to fit inside a linear recurrence.

3.2 From competition to a query-side
correction

The key observation is that the competition term
At is a function of qt alone once the keys are fixed.
Its curvature provides a geometric summary of how
the stored keys vary across query directions. Two
ideas follow.

Idea 1: replace At with its local quadratic shape.
Expanding At to second order around q=0 gives
(see Appendix A.2 for the derivation)

At(q) = log t+ µ⊤
t q

+ 1
2 q

⊤(C̄t − µtµ
⊤
t

)
q +O(∥q∥3),

(7)
with µt =

1
t

∑
j≤t kj , the running second moment

C̄t = 1
t

∑
j≤t kjk

⊤
j , and the running sample co-

variance

Σt ≜ C̄t − µtµ
⊤
t = Cov≤t[k]. (8)

The constant log t and the linear term µ⊤
t q shift

every score uniformly and play no role in differen-
tiating one key from another. The quadratic Hes-
sian Σt has eigendirections aligned with directions
of high key spread: top eigenvectors point where
stored keys vary the most around their mean.

Idea 2: contract the query along the local curva-
ture, then read. A natural way to use this knowl-
edge is to contract the query along the directions
in which At rises before letting it interact with
the linear memory. The Hessian Σt furnishes a

curvature-aware linear operator on the query space,
and applying I−λtΣt to qt gives the cleaned query

qcleant = (I − λtΣt) qt = qt − λtΣt qt,

λt = σ
(
Wλqt + bλ

)
.

(9)

Equivalently, for the quadratic curvature penalty
Rt(q) = 1

2q
⊤Σtq, this is one gradient step qt −

λt∇qRt(qt). The scalar λt ∈ (0, 1) is a query-
conditioned gate that controls how aggressively to
contract. The Hessian determines the contraction
geometry rather than a unique finite-step operator.
We use the direct gradient step because it requires
only one Σtqt product and preserves the simple
recurrent implementation. The matrix Σt is main-
tainable by the same recurrent/chunkwise mecha-
nism as the backbone state through two running
statistics: C̄t has the form of (6) with the value
stream replaced by the key stream and no decay,
and µt is a running sum of keys. Together they cost
one additional dk×dk matrix and one dk-vector per
head (see Appendix B).

The linear-attention read is then performed un-
changed, but with the cleaned query:

ot = St q
clean
t = Stqt − λt StΣt qt. (10)

The first term is the original linear-attention output.
The second is a structured, context-conditioned cor-
rection that subtracts a read along the high-variance
directions of memory, weighted by λt. Because St

is never modified, CCQ slots onto a backbone’s
read without changing its write rule; we instantiate
this with GLA and Gated DeltaNet in Sec. 4.1.

What the correction actually penalizes. Substi-
tuting (9) into the bilinear score reveals the selec-
tion pattern in score space:

sCCQ
tj = k⊤j qt − λt k

⊤
j Σt qt. (11)

The first term is the original inner-product score;
the second penalizes a candidate key by the amount
that kj and qt co-vary in the empirical distri-
bution of past keys. Equivalently, k⊤j Σtqt =

Cov≤t[k
⊤
j k, k

⊤qt], so a key is penalized only
when its alignment with a typical stored key cor-
relates with that stored key’s alignment with the
query. Keys whose alignment with memory is un-
correlated with the query’s read direction are left
untouched. CCQ therefore biases the read toward
directions that are less represented in the running
key covariance, favouring targets that lie off the
dominant covariance directions. The strength of
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this bias is set per-token by the bounded gate λt, so
the model can dial the correction up where it helps
and down where the standard inner-product score
is already sufficient.

When does CCQ help retrieval? On a toy re-
trieval model with Σt ≈ ρuu⊤ dominated by a sin-
gle high-variance direction u, the CCQ-corrected
margin between a target key k⋆ (alignment α =
⟨k⋆, u⟩) and a distractor kd (alignment β) gains the
term λρ(β − α)(u⊤q) relative to the un-cleaned
margin (Eq. (26), derived in Appendix H). CCQ
therefore widens the target margin whenever the
target lies off the high-variance direction and the
query overlaps with that direction, and reduces to
identity in the boundary cases (target collinear with
u, or query orthogonal to u). The diagnostic in Ap-
pendix I is consistent with the favourable regime
in the cases we probe: needle keys sit off the high-
variance subspace, putting the cleaning operator on
the configuration it was designed for.

3.3 Properties of the construction
We now make precise the local link between CCQ
and softmax that the rest of the paper relies on.
Restricted to the isotropic-attention point q = 0,
the Hessian of At is the sample covariance of the
keys,

∇2
qAt(0) = Σt = Cov≤t[k], (12)

which is the classical exponential-family identity
that the Hessian of the log-partition equals the
covariance of the sufficient statistic (Wainwright
and Jordan, 2008); the proof is reproduced in
Appendix A.2. The cleaning operator I − λtΣt

in (9) is therefore a curvature-aware contraction
of the query along the local softmax geometry:
an eigendirection with covariance eigenvalue σi
is shrunk by a factor 1− λtσi, while directions or-
thogonal to memory are passed through unchanged.
Where softmax uses the full nonlinear At at ev-
ery query, CCQ uses only its second-order Tay-
lor expansion at a single fixed point (q = 0)
through running statistics that fit into the same
recurrent/chunkwise mechanism as the backbone
state (at the cost of one dk×dk matrix and one
dk-vector per head).

The identity is exact at q = 0; using the resulting
marginal covariance at trained queries is a heuristic
geometric extension, not a claim that the Taylor
remainder is small. When attention concentrates
on a few keys, the exact query-weighted covariance

can differ from this global statistic. We test the
assumption on trained representations below and
discuss this case further in the appendix.

This Hessian–covariance correspondence has
three immediate consequences. First, the construc-
tion is adaptive: both the suppression direction
Σtqt and its strength λt are query-dependent, so
CCQ produces a different cleaning geometry at ev-
ery token and every head while using only a pair
of shared running statistics per head. Second, it
is local to the keys: the correction is built from
second-order statistics of the keys, not from the
query distribution, so Σt literally records how mem-
ory is filling up irrespective of where the next query
lands. Third, it is decoupled from the write rule:
the cleaning acts on qt only, so the state recurrence
St = Update(St−1; kt, vt, . . .) is untouched. This
makes the construction architecturally compatible
with any linear-attention write rule; we evaluate it
on GLA and Gated DeltaNet.

Empirical check on the underlying assumption.
The construction rests on the assumption that
retrieval-relevant keys live off the high-variance
directions of memory, while distractor keys cluster
inside them. We test this directly on pretrained
models by planting a unique needle sentence in a
packed context of ∼120 filler sentences and mea-
suring, for the keys captured at every layer, the
fraction of each key’s centred energy that lives in
the top-16 eigenvector subspace of the running key
covariance Σ. To avoid single-prompt artefacts
we average across several distinct needle scenarios
(different novel tokens, sentences, and queries); see
Appendix I for the full setup. On both Qwen3-4B-
Instruct1 (softmax) and a Gated DeltaNet 500M
(linear attention), needle keys project less onto
the top-16 subspace than distractor keys at 100%
of layers in both models. The effect is consis-
tent across prompts (per-layer standard deviation
∼0.02) and stronger in the linear-attention model
(∆̄µ = −0.209 vs − 0.111, Fig. 1). Pooling to-
kens across every layer and every prompt (Fig. 2)
gives a direct view of the underlying distributions:
the unique-needle histogram sits clearly to the left
of the distractor histogram in both models, so the
per-layer ∆µ in Fig. 1 is not a thin mean-of-means
artefact but reflects a genuine population-level shift
of the needle keys away from the high-variance
subspace.

1https://huggingface.co/Qwen/
Qwen3-4B-Instruct-2507
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Figure 1: Layer-by-layer geometric separation, aggre-
gated over a collection of needle-in-a-haystack prompts
(Appendix I). Each curve plots ∆µ = needle align −
distractor align on the top-16 eigenvector subspace of
the centred key covariance Σ, head-averaged. The
solid line is the prompt-wise mean and the shaded band
is ± one prompt-wise standard deviation; the dashed
line uses all 17 needle-span tokens (including com-
mon words like “the”, “is”) as a control. The unique-
token ∆ is negative at every layer of both models, with
no prompt-wise sign flip (σ ≈ 0.02). The effect is
strongest in early layers and weakens with depth, but
never crosses zero. The linear-attention model shows
roughly 2× the separation of the softmax model at every
depth; we report this as a single-pair observation and do
not claim a causal interpretation, since the two models
differ in scale, training data, and head dimension as well
as in attention type.

Stability. With unit-norm keys and the sigmoid-
gated λt ∈ (0, 1), the cleaning operator I − λtΣt

has spectrum in [1 − λt, 1] ⊂ (0, 1] at every posi-
tion, independent of sequence length, and acts as
a soft anisotropic contraction in the eigenbasis of
Σt that attenuates magnitude along high-variance
directions without annihilating any direction of qt.
The operator-norm bound and spectrum argument
are in Appendix G.

4 Experiments

4.1 Experimental Setup

Training. We pretrain all models from scratch
as autoregressive language models on the same
FineWeb-Edu (Penedo et al., 2024) subset, with the
same tokenizer (32K BPE), context length (4K),
optimizer, and token budget within each scale. We
use AdamW with β1=0.9, β2=0.95, weight de-
cay 0.1, peak learning rate 10−3, 1024-step linear
warmup, and cosine decay to zero. Mixed precision
is bfloat16. The global batch size is 524,288 tokens
per step at the 1.3B scale and 262,144 tokens per
step at the 500M scale. We report two scales: at
500M every model is trained for 15B tokens and
at 1.3B for 40B tokens. The training objective is
standard next-token cross entropy with the fused
norm and fused cross-entropy kernels. Per-model
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Figure 2: Per-token distribution of top-16 alignment
values pooled over all layers and prompts. Distractor
tokens (purple) form a continuous distribution; the truly
unique needle tokens (red vertical bars) are shifted to
the left of the distractor mean. The pooled mean gaps
are −0.111 (Qwen3) and −0.207 (Gated DeltaNet).

layer counts, hidden sizes, and token budgets are
listed in Table 1; the full optimizer settings are
reproduced in Table 6 of Appendix D.

Scale Model Layers Hidden Tokens

500M Transformer 35 1024 15B
500M Mamba2 65 1024 15B
500M GLA 21 1024 15B
500M GLA-Hedgehog 21 1024 15B
500M Gated DeltaNet 21 1024 15B
500M CCQ-GLA 21 1024 15B
500M CCQ-Gated DeltaNet 21 1024 15B

1.3B Transformer 24 2048 40B
1.3B Mamba2 48 2048 40B
1.3B GLA 21 2048 40B
1.3B GLA-Hedgehog 21 2048 40B
1.3B Gated DeltaNet 21 2048 40B
1.3B CCQ-GLA 21 2048 40B
1.3B CCQ-Gated DeltaNet 21 2048 40B

Table 1: Per-model layer counts, hidden sizes, and token
budgets at the 500M and 1.3B scales.

Baselines. We compare CCQ to five backbones
spanning softmax attention, state-space, and linear-
attention families: a Llama-style Transformer,
Mamba2 (Dao and Gu, 2024), gated linear
attention (GLA (Yang et al., 2024a)), GLA-
Hedgehog (GLA with the Hedgehog learned-
feature map (Zhang et al., 2024)), and Gated
DeltaNet (Yang et al., 2025). CCQ is attached
on top of GLA and Gated DeltaNet, giving CCQ-
GLA and CCQ-Gated DeltaNet; CCQ is applied at
the read step. All variants share SwiGLU MLPs,
RMSNorm, untied input/output embeddings.

Evaluation. We probe four axes of model qual-
ity: (i) common-sense reasoning and language
modelling (lm-evaluation-harness (Gao et al.,
2021), seven zero-shot common-sense reasoning
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tasks plus LAMBADA and WikiText); (ii) syn-
thetic in-context retrieval (three single-needle tasks
from the RULER evaluation suite (Hsieh et al.,
2024) at 4K and 8K); (iii) length-extrapolation per-
plexity from 4K to 20K on six long-context cor-
pora; and (iv) long-context understanding (14-task
English LongBench (Bai et al., 2024), zero-shot).
The per-family task selection, context lengths, met-
rics, and batch sizes are listed in Appendix F.

4.2 Language Modelling and Downstream
Accuracy

Table 2 reports the language-modelling and zero-
shot downstream-accuracy numbers. At 500M,
CCQ-Gated DeltaNet attains the best WikiText per-
plexity (25.59) and the best 7-task Avg (49.87%)
among the recurrent models, improving over its
backbone by −0.74 Wiki PPL and +0.89 Avg;
CCQ-GLA improves over GLA on LAMBADA
accuracy (+2.72) and Wiki PPL (−1.10). At 1.3B,
CCQ-GLA attains the best WikiText perplexity
(16.92), LAMBADA perplexity (11.39), LAM-
BADA accuracy (47.82), and HellaSwag (59.14),
improving on its GLA backbone by −1.88 Wiki
PPL, −0.92 LMB PPL, and +3.70 HellaSwag.
CCQ-Gated DeltaNet attains the best 7-task Avg
(56.24) and best SIQA (41.71), improving on its
Gated DeltaNet backbone by +0.60 Avg, with
CCQ-GLA a close second on Avg (56.10).

4.3 Synthetic Needle-in-a-Haystack
Table 3 resolves the single-needle tasks by context
length: S-NIAH-1 (pass-key), S-NIAH-2 (number),
and S-NIAH-3 (uuid). 1K/2K is in-distribution, 8K
is pure length extrapolation; S-NIAH-3 collapses
past 4K for every model. Difficulty grows from S-
NIAH-1 to S-NIAH-3 as the needle overlaps more
with distractor tokens, and within each task as con-
text grows.

CCQ rescues both backbones at the lengths
where they fail. At 500M, GLA collapses on
S-NIAH-1 past 1K but CCQ-GLA recovers to
97.6/56.4/20.6 at 2K/4K/8K, and CCQ-Gated
DeltaNet takes the best 8K columns on S-NIAH-
2 (+26 over backbone) and S-NIAH-3 4K. At
1.3B the gains sharpen: CCQ-GLA adds +49.0
on S-NIAH-1 4K, +29.4 on S-NIAH-2 8K, and
+35.6 on S-NIAH-3 4K; CCQ-Gated DeltaNet
adds +40.6 on S-NIAH-3 4K, and CCQ-GLA wins
S-NIAH-2 4K/8K and S-NIAH-3 1K across all
seven models. The kernel-feature-map baseline
GLA-Hedgehog improves GLA on S-NIAH-1 at
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Figure 3: Length-extrapolation PPL at 500M over six
corpora and nine lengths (4K–20K in 2K steps). Lower
is better. Five recurrent models shown (Mamba2, GLA,
Gated DeltaNet, CCQ-GLA, CCQ-Gated DeltaNet);
the Transformer and GLA-Hedgehog are off-range and
omitted. Y-axes are per-panel auto-scaled to the shown
curves.

2K/4K but degrades most other cells, showing that
a generic inner-product change does not reproduce
CCQ’s pattern of gains. The Transformer leads
in-distribution S-NIAH-3 at 1.3B but collapses to
0 at 8K, where the recurrent CCQ variants retain a
substantial fraction of in-distribution accuracy.

4.4 Length Extrapolation
We compute token-level perplexity on a 4K-to-
20K sweep in 2K steps (nine points) over six
long-context corpora (GovReport, QMSum, Nar-
rativeQA, Qasper, PG19, CodeParrot); since all
models are trained at 4K, the 6K–20K points are
pure extrapolation (Appendix F).

At 500M (Fig. 3), CCQ-Gated DeltaNet attains
the lowest PPL on every dataset at every length,
with the margin over its backbone widening as
context grows; CCQ-GLA sits well below GLA,
closing most of the gap to the stronger recurrent
baselines. The Transformer (4K-only training)
and GLA-Hedgehog (steeply rising curves) are off-
range and not plotted.

At 1.3B (Fig. 4) the two CCQ variants split
the panels at 20K: CCQ-GLA wins GovReport,
QMSum, Qasper, and CodeParrot; CCQ-Gated
DeltaNet wins NarrativeQA and PG19. Each CCQ
variant beats its own backbone on every panel by 1–
2.5 PPL at 20K. The Transformer 1.3B is off-range
(CodeParrot 20K >1700).

4.5 Long-Context Understanding
Table 4 reports zero-shot accuracy on the 14 En-
glish LongBench tasks. We only report at the
1.3B scale (Appendix F). CCQ-GLA attains the
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Scale Model Wiki LMB LMB PIQA Hella. Wino. ARC-e ARC-c SIQA BoolQ Avg.
PPL↓ PPL↓ acc↑ acc acc_n acc acc_n acc_n acc acc acc

500M parameters / 15B tokens
Recurrent models

500M Mamba2 26.22 29.37 34.62 67.30 44.15 52.57 55.13 29.27 39.92 55.84 49.17
500M GLA 27.27 32.11 34.02 66.38 41.93 52.57 52.23 28.58 38.43 59.66 48.54
500M GLA-Hedgehog 32.47 43.74 29.50 66.21 40.48 51.85 53.37 28.33 39.41 61.71 48.77
500M Gated DeltaNet 26.33 29.10 33.88 67.85 43.48 53.67 55.56 28.67 39.41 54.19 48.98
500M CCQ-GLA 26.17 25.77 36.74 68.01 43.45 53.35 56.82 29.78 39.87 56.85 49.73
500M CCQ-Gated DeltaNet 25.59 22.93 38.19 68.28 44.61 53.35 56.14 30.55 40.23 55.96 49.87
Attention models

500M Transformer 331.69 30.47 34.04 67.03 43.12 54.93 54.80 30.12 38.08 58.01 49.44

1.3B parameters / 40B tokens
Recurrent models

1.3B Mamba2 18.17 13.55 45.55 72.58 57.00 56.91 64.60 36.52 41.61 56.97 55.17
1.3B GLA 18.80 12.31 47.02 72.52 55.44 59.67 66.54 38.91 39.15 58.01 55.75
1.3B GLA-Hedgehog 19.07 15.17 43.08 72.91 55.90 56.43 67.76 38.65 40.69 59.17 55.93
1.3B Gated DeltaNet 17.98 13.11 45.57 71.27 56.66 57.22 65.91 36.35 41.45 60.58 55.64
1.3B CCQ-GLA 16.92 11.39 47.82 72.03 59.14 59.43 64.23 36.95 41.20 59.69 56.10
1.3B CCQ-Gated DeltaNet 18.01 12.52 46.13 71.33 56.82 58.17 66.46 38.82 41.71 60.37 56.24
Attention models

1.3B Transformer 41.55 14.31 45.02 71.22 53.44 56.27 61.49 36.01 42.58 61.16 54.60

Table 2: Language modelling perplexity and zero-shot common-sense reasoning accuracy. Hella.: HellaSwag;
Wino.: WinoGrande. acc_n denotes normalized accuracy where applicable. The Avg column is the unweighted
mean over PIQA, Hella., Wino., ARC-e, ARC-c, SIQA, BoolQ (seven tasks); rows missing any task are reported as
—. Bold marks the best recurrent number per scale. Cells marked — were not evaluated.
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Figure 4: Length-extrapolation PPL at 1.3B on the same
six corpora and nine lengths as Fig. 3. Five recurrent
models shown; Transformer and GLA-Hedgehog are
off-range and omitted.

best 14-task Avg (15.77) among the recurrent
models, improving over its GLA backbone by
+1.70 Avg, with CCQ-Gated DeltaNet a close sec-
ond (14.78, +0.98 over its own backbone) and
ahead of Mamba2 by +2.64. CCQ-GLA leads
the QA columns (Qasper, MFQ, 2WM) and the
GovReport/TREC/RepoBench-P axes; CCQ-Gated
DeltaNet leads MultiNews, TriviaQA, and SAM-
Sum. Both CCQ variants improve on their respec-
tive backbones across the longer-output tasks (Gov-
Report, MultiNews, SAMSum) and on the few-
shot TREC/TriviaQA columns by 4–14 points. The
Transformer baseline collapses on every long-input
column (Avg 4.80) because its 4,096-token train-
ing window is much shorter than the LongBench
inputs.

5 Related Works

Linear attention (Katharopoulos et al., 2020) re-
places the O(T 2) pairwise softmax of the Trans-
former (Vaswani et al., 2017) with a recurrent fast-
weight memory (Schmidhuber, 1992; Schlag et al.,
2021), yielding O(T ) training and O(1) cache in-
ference. The Hopfield perspective (Ramsauer et al.,
2021) makes the limitation visible: vanilla linear
attention writes with a Hebbian rule whose capacity
is bounded, which shows up as a recall gap against
softmax (Arora et al., 2024a,b; Hsieh et al., 2024).
Existing remedies group by which part of the read
or write pipeline they modify.

Data-dependent gating. GLA (Yang et al.,
2024a) adds a learned per-key forget gate; Ret-
Net (Sun et al., 2023) uses fixed exponential decay;
RWKV (Peng et al., 2023) interleaves a time mix-
ing decay with a channel-mixing MLP; Mamba (Gu
and Dao, 2024) and Mamba2 (Dao and Gu, 2024)
cast the decay as a selective state-space model con-
ditioned on the input; xLSTM (Beck et al., 2024) re-
visits LSTM gating with matrix-valued cells. These
methods control what stays in the state, but the read
remains a single matrix–vector product.

Delta rule and its gated extension. A second
line replaces the additive write with a soft over-
write of the matched key. The delta rule was re-
vived by Schlag et al. (2021) and parallelised across
sequence length by Yang et al. (2024b). Gated
DeltaNet (Yang et al., 2025) combines a forget
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S-NIAH-1 (pass-key) S-NIAH-2 (number) S-NIAH-3 (uuid)

Scale Model 1K 2K 4K 8K 1K 2K 4K 8K 1K 2K 4K

500M Mamba2 100.0 100.0 97.6 68.4 100.0 100.0 97.6 45.2 68.6 54.8 28.8
500M GLA 88.0 26.2 11.0 5.2 99.8 94.8 41.6 13.8 39.8 16.0 4.2
500M GLA-Hedgehog 76.6 55.8 36.6 0.0 93.8 85.6 16.4 0.0 11.8 3.4 0.4
500M Gated DeltaNet 100.0 100.0 100.0 100.0 100.0 100.0 84.6 24.8 56.2 54.2 30.2
500M CCQ-GLA 100.0 97.6 56.4 20.6 99.8 100.0 93.6 27.8 11.0 41.4 3.6
500M CCQ-Gated DeltaNet 100.0 100.0 100.0 99.6 100.0 99.0 87.0 50.8 67.6 53.4 33.6
500M Transformer 100.0 100.0 97.8 0.0 40.2 98.2 91.2 0.0 12.2 7.2 12.6

1.3B Mamba2 99.8 100.0 100.0 99.2 100.0 100.0 79.6 55.8 69.4 47.6 27.4
1.3B GLA 100.0 86.4 47.8 13.0 100.0 99.4 93.6 31.2 66.0 51.6 29.2
1.3B GLA-Hedgehog 92.4 96.0 75.0 6.2 99.8 98.4 62.4 3.6 49.2 23.8 1.8
1.3B Gated DeltaNet 100.0 99.8 100.0 99.8 100.0 100.0 83.4 56.6 64.4 56.0 6.0
1.3B CCQ-GLA 100.0 100.0 96.8 42.6 100.0 100.0 99.4 60.6 94.4 90.4 64.8
1.3B CCQ-Gated DeltaNet 100.0 99.8 100.0 98.2 100.0 100.0 86.0 58.4 66.4 59.2 46.6
1.3B Transformer 100.0 100.0 99.8 0.0 99.8 100.0 99.0 0.0 93.0 94.4 82.2

Table 3: Synthetic needle-in-a-haystack accuracy as a function of context length, on the 500M and 1.3B checkpoints.
S-NIAH-1: pass-key retrieval. S-NIAH-2: number in haystack. S-NIAH-3: uuid in haystack (reported up to 4K;
uuid retrieval collapses past that for every model we tested). All values are percentages. Bold marks the best
per column at each scale. The 8K columns probe pure length extrapolation past the 4K training window; the
Transformer’s collapse at 8K is expected since its training context is only 4K.

Single-Doc QA Multi-Doc QA Summarization Few-shot Code

Scale Model NQA QQA MFQ HQA 2WM Mus GvR QMS MNs TRC TQA SSM LCC RBP Avg.

1.3B parameters / 40B tokens
Recurrent models

1.3B Mamba2 2.29 5.75 13.30 6.03 7.51 2.90 7.39 18.13 11.10 36.00 22.25 8.52 19.25 23.33 13.13
1.3B GLA 2.20 4.78 13.51 4.94 9.32 3.32 7.46 16.63 11.20 24.75 22.85 23.88 25.26 26.81 14.07
1.3B GLA-Hedgehog 1.08 3.47 9.95 3.91 4.70 2.22 7.03 11.06 9.03 8.00 19.31 7.88 18.52 18.96 8.94
1.3B Gated DeltaNet 2.12 5.28 13.43 5.77 7.78 3.12 7.11 17.39 11.33 23.00 21.01 25.68 24.62 25.60 13.80
1.3B CCQ-GLA 2.08 6.10 14.81 5.18 9.90 3.27 9.11 18.10 12.28 39.50 26.09 24.79 23.26 26.37 15.77
1.3B CCQ-Gated DeltaNet 2.24 3.91 13.26 3.39 4.63 2.51 8.76 17.99 12.76 36.50 28.28 27.75 23.68 21.29 14.78

Attention models
1.3B Transformer 0.28 2.58 6.61 0.66 1.55 0.00 3.47 3.65 7.54 6.50 3.92 2.56 14.41 13.41 4.80

Table 4: LongBench accuracy on 14 English tasks, grouped by task family, at the 1.3B scale. The 500M models are
omitted because at that scale the per-task standard error is comparable to the spread between models and the ranking
is dominated by noise. The Avg column is the unweighted mean over the 14 tasks. NQA: NarrativeQA. QQA:
Qasper. MFQ: MultiField QA. HQA: HotpotQA. 2WM: 2WikiMultiQA. Mus: MuSiQue. GvR: GovReport. QMS:
QMSum. MNs: MultiNews. TRC: TREC. TQA: TriviaQA. SSM: SAMSum. LCC: LCC. RBP: RepoBench-P. All
values are percentages; bold marks the best recurrent number.

gate with the delta update and closes most of the
recall–retention gap. The delta family has stronger
capacity than Hebbian writes but still reads through
the unmodified inner product.

Online-learning view of the write. A recent line
interprets the recurrent state as the solution to a
small online learning problem and refines the write
accordingly: MesaNet (von Oswald et al., 2026)
solves an online least-squares problem at each step,
TTT (Sun et al., 2025) parameterises the state by
a small nonlinear predictor updated at test time,
and Titans (Behrouz et al., 2025) adds a long-term
memory module trained at inference. These deliver
sharper writes at the cost of nonlinear updates or
per-token inner-loop work, and again leave the read
step unchanged.

Kernel feature maps. A third group changes
the similarity function before any write: Per-
former (Choromanski et al., 2021) uses ran-
dom features to approximate the softmax kernel;
RFA (Peng et al., 2021) applies a similar idea with
explicit normalisation; T2R (Kasai et al., 2021) con-
verts a pretrained Transformer into a linear RNN
by learning a feature map; Hedgehog (Zhang et al.,
2024) learns an MLP feature map that mimics the
softmax similarity to recover the spiky kernel lin-
ear attention typically loses. These reshape how
keys and queries are compared but still use a single
inner-product read against the state.

Softmax expansions and higher-order states.
Mongaras and Larson (2025) derive a recurrent
form of softmax attention from its Taylor expan-
sion and show that linear attention corresponds
to its first-order term. Building on this view,
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2Mamba2Furious introduces a second-order hid-
den state and a modified A-mask for Mamba-
2 (Mongaras and Larson, 2026). CCQ instead
leaves the backbone state update unchanged and
uses second-order key statistics to modify the query
at read time.

Position of CCQ. CCQ acts only at the read step.
The write recurrence is left exactly as the chosen
backbone defines it, and only the query used to read
from memory is modified, using both the current
query and the running second-order statistics of
the stored keys. The cleaning is therefore memory-
aware in a way that input-only query projections
cannot be. Because it touches only the read, CCQ
composes additively with any of the write-side
mechanisms above; in our experiments we attach it
without modification to GLA and Gated DeltaNet.

6 Conclusion

We introduced CCQ, a read-side correction that
contracts the query along the dominant covariance
directions of memory using the running key covari-
ance, read off the local Hessian of softmax’s log-
partition at the isotropic-attention point. Attached
without modification to GLA and Gated DeltaNet,
CCQ achieves gains in perplexity, downstream ac-
curacy, S-NIAH 8K, and length-extrapolation PPL
at 500M and 1.3B, and in LongBench at 1.3B.

Limitations

We evaluated CCQ only at 500M and 1.3B param-
eters with up to 40B training tokens, only on two
chunkwise linear-attention backbones (GLA and
Gated DeltaNet), and only on perplexity, S-NIAH,
length-extrapolation PPL, and LongBench; be-
haviour at 7B+ scale, on Mamba/Mamba2-style se-
lective state-space layers, with RWKV-style chan-
nel mixing, or on agentic and multi-turn bench-
marks is not characterised.

CCQ assumes that retrieval-relevant keys lie out-
side the high-variance directions of memory. If a
useful target itself lies along such a direction, as
may occur for frequent patterns, aggregation tasks,
or templated targets, the correction can suppress
useful signal. Moreover, CCQ uses an undecayed
covariance even though GLA and Gated DeltaNet
can forget or overwrite past information, so Σt

need not match the backbone’s effective memory.
We leave query-dependent, decay-aligned, and low-
rank variants to future work; Appendix J discusses
these modelling choices.

The current implementation reduces training
throughput by about 16%, adds 8–10% prefill la-
tency and about 35% decode throughput loss, and
increases recurrent state by 50%.
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Appendix

A Derivations

This appendix collects the calculations referenced
in Section 3. The notation matches the main text:
qt ∈ Rd is the query at step t, {km}m≤t are the
stored keys, and At(q) = log

∑
m≤t exp(k

⊤
mq) is

the softmax log-partition.

A.1 Why curvature?
The word curvature in the title refers to the Hessian
∇2

qAt(q) of the softmax log-partition. For a twice
differentiable function f : Rd → R, the gradient
∇f captures the local slope and the Hessian∇2f
the local quadratic shape: directions where ∇2f is
large are directions in which f rises steeply.

For At, this curvature has a concrete meaning:
its Hessian is the softmax-weighted covariance of
the keys, so high-curvature directions are directions
of high key variation under the current attention dis-
tribution. At q = 0, this reduces to the unweighted
running key covariance. CCQ borrows only this
local geometric signal and uses it to contract the
query at read time, without evaluating exp.

A.2 Taylor expansion of At

Expanding At to second order around q = 0 gives

At(q) = At(0) +∇At(0)
⊤q

+ 1
2 q

⊤∇2At(0) q +O(∥q∥3).
(13)

A direct computation of∇At(0) and∇2At(0) pro-
ceeds as follows. Define the softmax distribution

pm(q) =
exp(k⊤mq)∑
j≤t exp(k

⊤
j q)

, m ≤ t, (14)

so that At(q) is the log-normalizer of p. The
standard exponential family identities for the log-
partition function (Wainwright and Jordan, 2008)
give

∇At(q) = Ep[k] =
∑

m≤t

pm(q) km, (15)

∇2At(q) = Covp[k]

=
∑

m≤t

pm(q) kmk⊤m − Ep[k]Ep[k]
⊤.

(16)

At the isotropic-attention point q = 0, every key
receives equal weight pm(0) = 1/t, so

∇At(0) = µt = 1
t

∑

m≤t

km, (17)

∇2At(0) = C̄t − µtµ
⊤
t = Cov≤t[k], (18)

which is Eq. (12) in the main text. The two-term
Hessian is exactly the running sample covariance
Σt ≜ C̄t − µtµ

⊤
t used by the cleaning operator

throughout the paper.

A.3 Derivation of the cleaning operator
The Hessian identity∇2

qAt(0) = Σt supplies a pos-
itive semidefinite operator whose eigendirections
are precisely the dominant covariance directions
of memory. We use it to define a linear cleaning
operator on the query space:

qcleant ≜ (I − λtΣt) qt = qt − λtΣt qt, (19)

with a data-dependent gate λt = σ(Wλqt + bλ) ∈
(0, 1). Equivalently, defining Rt(q) = 1

2q
⊤Σtq

gives qcleant = qt − λt∇qRt(qt): CCQ is one gra-
dient step on the quadratic curvature term. Along
each eigendirection of Σt with eigenvalue σi, the
operator multiplies the query component by 1 −
λtσi, so high-curvature directions of At are con-
tracted more strongly than low-curvature ones, with
λt setting the overall strength. The form I − λtΣt

realizes this anisotropic contraction in the Hessian
eigenbasis with a single scalar of freedom and is the
simplest first-order spectral contraction of this form.
Other spectral contractions, such as (I + λtΣt)

−1

and e−λtΣt , are also possible and have I − λtΣt
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as their first-order form, but generally require a
linear solve or additional matrix–vector products.
With unit-norm keys, ∥Σt∥2 ≤ ∥C̄t∥2 ≤ 1, so
the cleaning operator I − λtΣt has spectrum in
[1− λt, 1] ⊂ (0, 1]. No query direction is annihi-
lated. Since Σt is symmetric positive semidefinite,
I − λtΣt is itself symmetric and the cleaning is
a soft anisotropic contraction in the eigenbasis of
Σt; it rescales eigen-directions but does not rotate
them. This is why the cleaning is stable at every
position and at every sequence length, and why
CCQ behaves well even when λt approaches 1.

This interpretation is local: the Hessian identity
is exact at q = 0, while applying the marginal Σt

at trained queries is a heuristic use of its eigendi-
rections. Query/key normalization bounds the cor-
rection but not the Taylor remainder. In particular,
when the true attention distribution concentrates on
a few keys, its exact query-weighted covariance can
become low-rank and differ from the global statis-
tic used by CCQ; the learned gate can attenuate,
but does not eliminate, this mismatch.

A.4 Score-space form of the correction
Substituting qcleant = qt − λtΣtqt into the bilinear
score stj = k⊤j q

clean
t and expanding Σt = C̄t −

µtµ
⊤
t ,

sCCQ
tj = k⊤j qt − λt k

⊤
j Σt qt

= k⊤j qt − λt
t

∑

i≤t

(k⊤j ki)(k
⊤
i qt)

+ λt (k
⊤
j µt)(µ

⊤
t qt). (20)

This is Eq. (11) in the main text. The first term is
the standard inner-product score. The second term
penalizes a candidate key kj when it aligns with a
stored direction ki and the query already activates
that direction; the third term adds back the rank-
one contribution of the mean direction µt, so that
only the spread around µt (not the mean itself) is
suppressed.

B Chunkwise computation of the running
covariance

CCQ needs Σtqt = C̄tqt − µt(µ
⊤
t qt) at every po-

sition t. We compute the two terms by chunkwise
scans that share the same structure as the back-
bone’s chunkwise update.

Second-moment term C̄tqt. For training in the
chunkwise mode of Yang et al. (2024b,a), partition
the sequence into chunks [1:C], [C+1:2C], . . . of

fixed length C. For a query at position t in chunk
r,

C̄t qt = 1
t

(
Sprev
r + I intra[r,t]

)
qt, (21)

where Sprev
r =

∑
j≤rC kjk

⊤
j is the chunk-prefix

sum and I intra[r,t] =
∑

rC<j≤t kjk
⊤
j is the intra-

chunk contribution. Sprev
r has the form of the

linear-attention state for the kernel feature map
ϕ(k) = k and the value stream taken to be the key
stream; we maintain it as a separate dk×dk running
matrix alongside the backbone state. The intra-
chunk term is the dense Q[r] (K

⊤
[r]K[r] ⊙M)-style

block of Yang et al. (2024a). Length normalization
by 1/t is applied after the product.

Mean term µt(µ
⊤
t qt). The same chunk decom-

position applies to the running mean: Mprev
r =∑

j≤rC kj is carried as a dk-vector alongside
Sprev
r , and the intra-chunk prefix sum I intra,1[r,t] =∑
rC<j≤t kj is computed by a single cumulative

sum within the chunk. Letting M̃[r,t] ≜ Mprev
r +

I intra,1[r,t] denote the running key sum at position t,
the mean correction reduces to one inner product
and one outer product per position:

µt(µ
⊤
t qt) = 1

t2
M̃[r,t]

(
M̃⊤

[r,t]qt
)
. (22)

In practice both terms fuse with the backbone’s
existing chunkwise kernel: one extra reduction per
chunk materializes Sprev

r and Mprev
r , and within

the chunk we add one cumulative sum, one inner
product, and one outer product per query position.
Training throughput remains close to the underly-
ing backbone.

C Algorithms

Algorithm 1 gives the chunkwise forward pass used
during training. The CCQ-specific lines are high-
lighted; the rest of the loop is the backbone’s chunk-
wise update and is left as an opaque BACKBONE-
UPDATE so the same procedure applies to GLA and
Gated DeltaNet. Algorithm 2 gives the per-token
recurrent version used at inference time, with C̄t

maintained as a second recurrent state alongside
the backbone state St.

In Alg. 1, the colour-highlighted lines are the
CCQ additions to the backbone forward pass; pro-
jections, BACKBONEUPDATE, and output compu-
tation follow the chosen backbone. In Alg. 2, the
cache at inference time is the triple (St, C̄t, µt): the
backbone state, the running key second moment,
and the running key mean. They have sizes dvdk,
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Algorithm 1 CCQ chunkwise forward pass (train-
ing)

Require: sequence {xt}Tt=1, chunk size C, back-
bone state S0 = 0, key second-moment state
SK
0 =0, key mean state M0=0, position t←0

1: for each chunk r = 0, 1, . . . of length C do
2: Q[r],K[r], V[r] ← project
{xrC+1, . . . , x(r+1)C}

3: Q̄[r] ← ℓ2-normalize Q[r]

4: K̄[r] ← ℓ2-normalize K[r]

5: // CCQ read-side cleaning
6: P prev ← SK

r Q̄⊤
[r] ▷ inter-chunk: prefix

sum of kk⊤ times queries
7: P intra ← (Q̄[r]K̄

⊤
[r] ⊙M) K̄[r] ▷

intra-chunk dense block
8: CumK[r] ←Mr + CUMSUM(K̄[r]) ▷

running key sum at every position
9: D ← diag(1/(t+ 1), . . . , 1/(t+ C)) ▷

length normalization
10: MeanCorr[r] ← D2 ⊙

CumK[r] (CumK⊤
[r]Q̄[r]) ▷ µt(µ

⊤
t qt), fused

11: Λ← σ(Q[r]W
⊤
λ + bλ) ▷ per-token,

per-head gates from pre-normalized queries
12: Qclean

[r] ← Q̄[r]−Λ⊙
(
D (P prev+P intra)−

MeanCorr[r]
)

13: O[r], Sr+1 ←
BACKBONEUPDATE(Qclean

[r] , K̄[r], V[r], Sr)

14: SK
r+1 ← SK

r + K̄⊤
[r]K̄[r] ▷ update

second-moment state
15: Mr+1 ←Mr +

∑
j K̄[r],j ▷ update mean

state
16: t← t+ C
17: end for
18: return {O[r]}

d2k, and dk respectively, so the total cache remains
O(1) in sequence length.

Wall-clock overhead. Table 5 reports the per-
step wall-clock time of a single attention/recurrent
layer for each backbone and its CCQ variant,
measured on one H200 at the 1.3B layer shape
(H = 2048). We report forward + backward
at the 4K training context (training-step cost)
and forward-only at both the 4K training con-
text and 8K extrapolated context (inference-step
cost). Each entry is the mean ± standard deviation
across 40 repetitions after 5 warm-up iterations, us-
ing torch.cuda.synchronize around every step.
The CCQ overhead is ∼1.2ms on top of GLA and

Algorithm 2 CCQ recurrent inference (one token)
Require: input xt, backbone state St−1, second-

moment state C̄t−1, mean state µt−1, position
t

1: qt, kt, vt ← project xt
2: q̄t ← qt/∥qt∥2
3: k̄t ← kt/∥kt∥2
4: C̄t ← C̄t−1 +

1
t (k̄tk̄

⊤
t − C̄t−1) ▷

running-mean update of kk⊤

5: µt ← µt−1 +
1
t (k̄t − µt−1) ▷ running-mean

update of k
6: Σt ← C̄t − µtµ

⊤
t ▷ centred covariance /

Hessian at q=0
7: λt ← σ(Wλqt + bλ)
8: qcleant ← q̄t − λtΣtq̄t
9: ot, St ← BACKBONEUPDATE

(
qcleant , k̄t, vt, St−1

)

10: return ot, new state (St, C̄t, µt)

Model fwd+bwd forward only

4K 4K 8K

GLA 2.28±0.02 0.75±0.02 0.96±0.01
CCQ-GLA 3.50±0.03 1.20±0.02 1.37±0.01
Gated DeltaNet 6.26±0.02 1.95±0.01 2.98±0.03
CCQ-Gated DeltaNet 8.06±0.03 2.24±0.01 3.67±0.03

Table 5: Per-layer wall-clock time (milliseconds) on one
H200 at the 1.3B layer shape (batch 1, hidden 2048).
fwd+bwd 4K is the training-step cost at the 4K context;
forward only is the inference cost at the 4K training
length and the 8K extrapolated length. Each cell is
mean ± standard deviation across 40 repetitions after
5 warm-up steps. CCQ adds ∼1–2ms per 4K training
step; forward overhead is reported at both lengths.

∼1.8ms on top of Gated DeltaNet for a 4K training
step, an additive cost dominated by the extra dk×dk
statistic and the cleaning projection. End-to-end
measurements are reported below.

End-to-end efficiency. Figure 5 reports the con-
trolled training throughput sweep. Over the full
1.3B / 40B-token runs, median throughput changes
from 41.6k to 34.8k tokens/s/GPU for GLA and
from 45.1k to 37.8k for Gated DeltaNet (about
16%), while peak training memory rises from 87.5
to 99.9 GiB and from 81.5 to 93.6 GiB, respec-
tively. On one H200 with batch size 8, 4K prefill
latency changes from 198 to 217 ms for GLA and
from 189 to 204 ms for Gated DeltaNet; decode
throughput changes from 454 to 298 and from 457
to 297 tokens/s. The current decode path launches
several additional small kernels per layer; we do
not assume an unimplemented fused CCQ decode
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Setting Value

Corpus FineWeb-Edu (subset)
Tokenizer 32K BPE
Context length 4096
Precision bfloat16
Optimizer AdamW
(β1, β2) (0.9, 0.95)
Weight decay 0.1
Peak learning rate 10−3

Warmup steps 1024
Schedule cosine decay to 0

Table 6: Training hyperparameters shared across all
models.

kernel.

D Training Hyperparameters

Table 6 reports the training hyperparameters used
across all runs. All variants share a 4K training
context, SwiGLU MLPs, RMSNorm, untied in-
put/output embeddings, and the chunkwise train-
ing mode; CCQ adds the read-side cleaning oper-
ator of Sec. 3.2 on top of its backbone. We use
key/query head dimension 256 and value head di-
mension 512 for GLA and Gated DeltaNet at both
scales. Queries and keys are ℓ2-normalized per
head in the CCQ variants. We inherit the remain-
ing optimizer settings of Yang et al. (2025). The
CCQ-specific projection Wλ is a single linear layer
producing one scalar gate per head. Its weights are
initialized to zero and its bias so that the initial gate
is approximately 0.01. Per-model layer counts and
token budgets are listed in Table 1 of the main text.

Hardware. All models are trained on a single
node with 8× NVIDIA H200 GPUs using FSDP
with mixed-precision bfloat16 and the chunkwise
training kernel of Sec. B. The same node is used for
all evaluations (Sec. F): CSR/LM, S-NIAH, length-
extrap PPL, and LongBench. The CCQ-specific
Σtqt correction adds one dk×dk matrix and one
dk-vector per head to the backbone state. This in-
creases the recurrent state by approximately 50%
(64 to 96 MiB per sequence in the fp32 implementa-
tion), while remaining constant in sequence length.

E Covariance and Gate Ablations

We isolate covariance centring and the learned gate
using the same 1.3B / 40B-token Gated DeltaNet
recipe as the main experiments.

Both covariance constructions improve over the
backbone on several metrics, showing that the gains
do not depend on centring. The uncentred variant is

strongest on WikiText and S3-4K, while the centred
variant is stronger on number retrieval and the 8K
cells; LAMBADA and the downstream average
remain similar. A fixed gate recovers part of the
gain but trails the learned gate most clearly on S3-
4K.

What the learned gate captures. The current
gate is a linear projection of the pre-split query and
does not observe the covariance directly. From an
initial value of approximately 0.01, the sigmoid of
its learned bias reaches 0.35–0.45 when averaged
across layers. The realized per-token gate averages
approximately 0.29 on ordinary text and rises to
0.40 at retrieval-query positions in single-needle
prompts, averaged over heads and layers. This
input sensitivity is consistent with the gate applying
a stronger correction at retrieval queries, but does
not isolate why it helps. A more theory-aligned
gate could use the exposure q⊤t Σtqt directly, while
a retention-aligned variant could couple its strength
to the backbone’s forget gate; we leave matched
comparisons of these designs to future work.

Inference-time intervention. For the trained
CCQ-Gated DeltaNet checkpoint, disabling CCQ
at inference changes pass-key accuracy by at most
2.2 points from 4K to 100K and number/UUID re-
trieval by at most 1.6 points from 4K to 16K. Thus,
for this checkpoint, the gain over the separately
trained backbone persists without the correction
at inference. This intervention does not by itself
identify the cause of the training improvement.

F Evaluation Details

This appendix expands the four evaluation families
referenced in Sec. 4.1.

(i) Common-sense reasoning and language mod-
elling. We use lm-evaluation-harness (Gao
et al., 2021) for the zero-shot tasks (no few-
shot prompting, no in-context examples). Re-
ported tasks and metrics: PIQA (acc), Hel-
laSwag (acc_norm), WinoGrande (acc), ARC-Easy
(acc_norm), ARC-Challenge (acc_norm), BoolQ
(acc), SocialIQA (acc), LAMBADA OpenAI (per-
plexity and acc), and WikiText word perplexity.
The 7-task Avg column of Table 2 is the un-
weighted mean of PIQA, HellaSwag, WinoGrande,
ARC-Easy, ARC-Challenge, SIQA, and BoolQ.

(ii) Synthetic in-context retrieval. Single-
needle NIAH tasks of Hsieh et al. (2024), with
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Figure 5: Training throughput on one H200 at a constant 32K tokens per step while varying sequence length and
batch size. CCQ overhead is approximately constant across sequence lengths; the Transformer throughput falls as
sequences grow.

Variant Wiki LMB Avg. S1-4K S1-8K S2-4K S2-8K S3-4K
PPL↓ PPL↓ acc↑ acc acc acc acc acc

Gated DeltaNet (no CCQ) 17.98 13.11 55.64 100.0 99.8 83.4 56.6 6.0
CCQ, centred Σt (learned gate) 18.01 12.52 56.24 100.0 98.2 86.0 58.4 46.6
CCQ, uncentred C̄t (learned gate) 17.30 12.55 56.20 100.0 97.6 84.8 56.2 55.6
CCQ, centred Σt (fixed λ = 0.1) 17.99 12.91 55.85 100.0 99.2 84.3 57.2 20.0

Table 7: Covariance and gate ablations at 1.3B / 40B tokens. S1–S3 denote the three S-NIAH tasks in Table 3; Avg.
is the seven-task downstream average in Table 2.

max_length= 8,192, batch size 8 at 1.3B and 32
at 500M. Table 3 resolves the three single-needle
tasks at 1K, 2K, 4K, and 8K (S-NIAH-1 pass-key,
S-NIAH-2 number, S-NIAH-3 uuid; S-NIAH-3
stops at 4K because uuid retrieval collapses past
that for every model we tested).

(iii) Length-extrapolation perplexity. For each
(dataset, length L) the dataset’s text is tokenized
into a single stream, reshaped into non-overlapping
windows of L tokens, and PPL is reported as
the exponential of the token-weighted mean cross-
entropy across windows. Nine evaluation lengths
from 4K to 20K in 2K steps on six long-context cor-
pora (GovReport, QMSum, NarrativeQA, Qasper,
PG19, CodeParrot). All models are trained at
L=4K, so the 6K–20K points are pure extrapola-
tion. The figure in the main text (Fig. 3) shows the
five recurrent models whose perplexity is within
a comparable range; the Transformer and GLA-
Hedgehog curves are off-range on every panel and
are not shown.

(iv) Long-context understanding (LongBench).
The 14 English tasks of LongBench (Bai et al.,

2024): NarrativeQA, Qasper, MultiField QA, Hot-
potQA, 2WikiMultiQA, MuSiQue (multi-doc QA);
GovReport, QMSum, MultiNews (summarisation);
TREC (few-shot classification); TriviaQA, SAM-
Sum (single-doc QA, dialogue); LCC, RepoBench-
P (code completion). Each task uses its official
metric (F1 for QA, ROUGE-L for summarisation,
classification accuracy for TREC, code-edit simi-
larity for the code tasks). The 14-task Avg is the
unweighted mean over the per-task scores. We only
place the 1.3B block in the main text because at the
500M scale the per-task standard error is compara-
ble to the between-model spread.

G Additional details on stability

The cleaning operator q 7→ (I − λtΣt)q is only
well behaved when both Σt and λt are bounded.
The two design choices in Eq. (9) guarantee this
independently of sequence length.

Operator-norm bound on Σt. For unit-norm
keys, the raw second moment Ct =

∑
j≤t kjk

⊤
j

has trace t, so its operator norm grows linearly
in t. The sample second moment C̄t = Ct/t has
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operator norm bounded by 1, since

∥C̄t∥2 = sup
∥x∥=1

1
t

∑

j≤t

(k⊤j x)
2

≤ sup
∥x∥=1

1
t

∑

j≤t

∥kj∥2∥x∥2 = 1. (23)

The centred covariance is dominated by the second
moment: Σt = C̄t − µtµ

⊤
t ⪯ C̄t, so ∥Σt∥2 ≤

∥C̄t∥2 ≤ 1.
Spectrum of the cleaning operator. With λt ∈

(0, 1) and ∥Σt∥2 ≤ 1, the operator I − λtΣt has
spectrum in [1−λt, 1] ⊂ (0, 1]. Hence ∥qcleant ∥2 ≤
∥qt∥2 and no direction is annihilated. Bypassing
either bound (using Ct instead of C̄t, or λt without
the sigmoid) breaks this guarantee and we observed
training instabilities on long sequences in early
ablations.

H Derivation of the retrieval-margin
proposition

This appendix derives the retrieval-margin shift
quoted in Sec. 3.2 as Eq. (26), and spells out the
three interpretable regimes referenced in the body.

Setup. Suppose the running key covariance is
dominated by a single high-variance direction u ∈
Rd, so that Σt ≈ ρ uu⊤ for some ρ ∈ (0, 1]. Let
k⋆ be a target key with α = ⟨k⋆, u⟩, let kd be a
distractor key with β = ⟨kd, u⟩, and let q be the
current query.

Score difference. The CCQ-corrected scores are

sCCQ
⋆ = k⊤⋆ q − λ k⊤⋆ Σt q

≈ k⊤⋆ q − λρ (k⊤⋆ u)(u
⊤q)

= k⊤⋆ q − λρα (u⊤q), (24)

sCCQ
d = k⊤d q − λ k⊤d Σt q

≈ k⊤d q − λρβ (u⊤q). (25)

Subtracting gives the margin shift

sCCQ
⋆ − sCCQ

d = (s⋆ − sd) + λρ (β − α) (u⊤q).
(26)

Tight-cluster specialization. If distractors lie
tightly along u, then β ≈ 1 and the margin shift
simplifies to λρ (1− α) (u⊤q).

Decomposing the query. Writing q = k⋆ + ϵ for
a query that aims at the target plus some perturba-
tion ϵ, we have u⊤q = α+u⊤ϵ, so the margin shift
becomes

∆ = λρ (1− α) (α+ u⊤ϵ). (27)

The three regimes referenced in the body follow
directly:

(i) If α < 1 and α+ u⊤ϵ > 0, then ∆ > 0 and
CCQ widens the target margin. Concretely, this
happens when the target is not collinear with the
high-variance direction and the query has a positive
overlap with it.

(ii) If α→1, the factor (1−α) vanishes and ∆→
0: the target lies along the high-variance direction,
so CCQ contracts target and distractors equally and
the margin is unchanged.

(iii) If u⊤q≈0, then ∆≈0 regardless of α: the
query has no projection along u, so the cleaning
operator has nothing to suppress in the first place.

Remarks. The analysis is first-order in ρ and
ignores sub-leading contributions from other eigen-
vectors of Σt and from distractors not collinear
with u. Including those terms preserves the qualita-
tive picture: ∆ has the same sign as (β − α)(u⊤q)
and vanishes at the same boundary cases.

I Empirical validation of the alignment
assumption

The CCQ derivation assumes that retrieval-relevant
keys live off the high-variance directions of mem-
ory, while distractor keys cluster inside them. This
appendix documents the diagnostic that checks this
assumption directly on pretrained models, as refer-
enced in Sec. 3.3 and Fig. 1.

Prompts. To avoid drawing conclusions from a
single phrasing we use a collection of distinct nee-
dle scenarios that share the same structural template
but differ in the novel token, the carrying sentence,
and the query template (passwords, access codes,
magic words, courier phrases, parcel identifiers).
Each prompt concatenates ≈ 120 filler sentences
drawn from a fixed pool of generic English sen-
tences, inserts the needle in the middle, and ends
with a question targeting the novel token. The dis-
tractor pool is rotated between variants so each
prompt sees a different filler arrangement. After
tokenization, each prompt is 1500–1700 tokens and
the needle span itself is 17–19 tokens.

A representative excerpt (with most distractors
elided) is shown below; bold marks the needle
sentence and italic marks the trailing query:

The cat sat on the mat and watched the rain
through the window. On Tuesday morning the
conference room was unusually quiet. She poured
the coffee slowly, careful not to wake the dog. ⟨. . .
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∼ 60 more filler sentences . . . ⟩ Please remem-
ber this very carefully: the secret password is
FLAMINGO47. ⟨. . . ∼60 more filler sentences
. . . ⟩ The librarian stamped the books and slid
them across the counter. Q: What is the secret
password? A: The secret password is

Unique-token filter. The needle span necessarily
includes generic tokens (e.g. “the”, “is”, “Please”)
that also appear all over the distractor context. Re-
porting the alignment over the full needle span
therefore mixes truly novel signal with generic
backbone tokens. We filter the needle set to token-
ids that appear at most twice in the full prompt,
which keeps only the genuinely novel sub-words
(the FLAMINGO47, QUARTZ-2199 etc. pieces
and a few rare punctuation tokens). Fig. 1 plots
both the unique-token mean (solid) and the raw
all-needle mean (dashed) so the effect of this filter
is visible.

Targets. Two models are probed. Qwen3-4B-
Instruct-2507 (softmax attention; 36 layers) is
loaded in bfloat16. Gated DeltaNet 500M (lin-
ear attention; 21 layers) is the checkpoint we used
as a baseline in Sec. 4.1. For each model we sweep
every layer, since different layers play different
roles (Geva et al., 2021) (early = lexicon / syn-
tax, middle = semantic content, late = task-specific
routing) and a single-layer report would not be rep-
resentative of the whole network.

Capture procedure. A forward hook is attached
to the selected layer’s WK projection. After one
forward pass over the needle-in-a-haystack prompt,
the captured tensor is reshaped to (T,H, dk) where
T is the token length and H is the number of key
heads (with grouped-query attention, H is the num-
ber of kv heads). Each per-head key vector is then
ℓ2-normalized to match CCQ’s standing assump-
tion on the key magnitudes.

Alignment measure. For each head we compute
the centred covariance Σ(h) = 1

T−1

∑
t(k

(h)
t −

k̄(h))(k
(h)
t − k̄(h))⊤ and its top-16 eigenvectors

U (h) ∈ Rdk×16 (by eigh on a symmetric dk×dk
matrix, dk ∈ {128, 256} for our targets). For every
token t, the head-averaged top-16 alignment is

a
(h)
t =

∥U (h)⊤(k(h)t − k̄(h))∥2

∥k(h)t − k̄(h)∥2
, (28)

the fraction of the centred key’s energy that sits
in the high-variance subspace. We then average
a
(h)
t separately over (i) the tokens that fall inside

the needle sentence and (ii) the remaining context
tokens (excluding the trailing query tokens), ob-
taining the needle mean µneedle and distractor mean
µdistractor for that head and layer. The alignment
gap reported throughout this section is their signed
difference,

∆µ ≜ µneedle − µdistractor, (29)

so ∆µ < 0 means needle tokens project less onto
the top-16 high-variance subspace than distractor
tokens do — the geometric configuration CCQ as-
sumes. |∆µ|measures how strongly the two groups
are separated, and the sign indicates which group
lives off the high-variance axes. The per-layer val-
ues plotted in Fig. 1 are ∆µ averaged across heads.

Results. Fig. 1 shows ∆µ for every layer of each
model, averaged over the prompt collection. The
unique-token ∆µ is negative at every single layer
of both models (36/36 for Qwen3, 21/21 for Gated
DeltaNet) with a per-layer prompt-wise standard
deviation around 0.02. The overall depth-averaged
separation is ∆̄µ = −0.111 for Qwen3-4B-Instruct
and ∆̄µ = −0.209 for Gated DeltaNet, roughly 2×
larger in the linear-attention model. Both curves
share the same depth shape: strongest in the earli-
est layers, weakest near the middle, and partially
recovering in the later layers, without ever crossing
zero.

The depth shape needs a careful reading be-
cause the three regions have different mechanisms
behind them, consistent with known transformer-
layer specialization (Geva et al., 2021). At early
layers keys are still close to token embeddings,
so a rare token like FLAMINGO47 occupies its own
near-orthogonal direction simply by virtue of being
rare — and any rare token would do the same. The
strong negative ∆µ at depth 0–3 is therefore partly
a lexical-rarity signal and is not by itself strong
evidence for the CCQ premise. The middle layers
are the more demanding test: there each key has
been integrated with its sentence context, so token
identity has been smeared into shared semantic di-
rections and the early-layer rarity artefact is gone.
Despite that smearing, ∆µ is still negative in the
middle (≈−0.05 for Qwen3, ≈−0.20 for Gated
DeltaNet); the needle key continues to sit off the
high-variance subspace of memory even when it
shares semantic content with the surrounding sen-
tences. This is the regime CCQ is designed to act
on. The partial recovery of |∆µ| in the late layers is
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consistent with task-specific features re-separating
the novel token at the answer position.

Fig. 2 additionally plots the per-token distribu-
tion of alignment values, pooled over every layer
and prompt. The distractor and unique-needle his-
tograms are clearly separated in both models, pro-
viding a direct geometric visualization of the statis-
tic that Fig. 1 resolves by depth.

Per-(layer, head) breakdown. Figures 6 and 7
resolve the same statistic at the finest granularity
available: one cell per (layer, head) pair, with
no averaging across layers. Each heatmap has
rows indexing layers (top = deepest, bottom =
shallowest) and columns indexing attention heads.
The cell colour and annotated value report ∆µ

(unique-needle mean minus distractor mean) for
that specific (layer, head) pair, pooled across all
prompts. Blue cells (the dominant colour in both
models) indicate the configuration CCQ assumes;
red cells indicate the opposite. The pooled-across-
cells distribution shape itself is shown in Fig. 2, so
the heatmap focuses exclusively on the separation
statistic.

The geometric premise — needle keys sit off
the high-variance subspace of memory — holds at
the cell level, not just on average. Almost every
(ℓ, h) cell in both models shows ∆µ < 0; the few
cells with ∆µ ≳ 0 are isolated and concentrated in
the small handful of mid-network layers where the
depth-averaged separation in Fig. 1 is at its weakest.
The linear-attention model continues to show a uni-
formly larger separation than the softmax model,
head by head and layer by layer. This per-cell con-
sistency is the strongest evidence we can offer for
the claim short of training a new model.

Interpretation. The signal is in the right direc-
tion at all probed layers of both architectures. The
fact that linear-attention keys show a stronger sep-
aration matches the intuition that linear attention
has no softmax denominator to lean on and must
learn this distinction in the key space itself. The
diagnostic does not by itself prove that CCQ im-
proves retrieval (only the language-modelling, S-
NIAH, length-extrapolation, and LongBench tables
in Sec. 4.2, 4.3, 4.4, and 4.5 can do that), but it
shows that the underlying geometric premise of the
derivation in Sec. 3.3 is realized in trained models
rather than only in the toy retrieval analysis.

J Modelling choices and limitations

We collect here the modelling choices that simplify
CCQ’s local quadratic model, and the limitations
they imply.

Why we use the unweighted covariance. The
exact softmax Hessian away from q=0 is the p(q)-
weighted covariance Covp(q)[k], which re-weights
keys by their current attention mass. CCQ approxi-
mates this q-dependent operator by the unweighted
running covariance Σt, gaining a pair of shared
running statistics per head and avoiding any exp(·)
evaluation. The cost is that variance is measured
over the marginal distribution of past keys, not over
the conditional distribution induced by the current
query; we view this as a coarse but cheap surro-
gate, and the empirical results suggest it is faithful
enough for retrieval-heavy tasks. A q-dependent
extension (e.g. a low-rank local reweighting of Σt

toward Covp(q)[k]) is a natural follow-up.

Interaction with decayed backbones. When
the backbone forgets, the effective memory read
from St is not exactly

∑
vjk

⊤
j but a decayed sum∑

γj,tvjk
⊤
j for some per-key factor γj,t ∈ (0, 1].

CCQ uses an undecayed covariance Σt, which can
over-penalize directions that the backbone has al-
ready forgotten. We did not observe a systematic
degradation at our scales: CCQ-Gated DeltaNet
improves WikiText perplexity at 500M and aver-
age downstream accuracy at both scales, while its
1.3B WikiText perplexity is essentially unchanged
(18.01 vs. 17.98). A decay-aligned covariance Σγ

t

computed from γ-weighted running statistics is a
principled variant and a useful direction for future
work, particularly for backbones with aggressive
forgetting.
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Figure 6: Per-(layer, head) ∆µ heatmap for Qwen3-4B-Instruct (36 layers × 8 key heads). Each cell is ∆µ =
µunique-needle − µdistractor on top-16 alignment, pooled across all prompts. Diverging colormap centred at zero; blue =
negative (matches the CCQ premise), red = positive. Annotated value is ∆µ for that cell.
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Figure 7: Per-(layer, head) ∆µ heatmap for Gated DeltaNet 500M (21 layers × 6 heads). Same colormap and
pooling convention as Fig. 6. The separation is visibly larger and more uniform than in the softmax model: every
(layer, head) cell is strongly negative.
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