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Abstract

Mixture-of-Experts (MoE) has emerged as the
dominant paradigm for parameter-efficient scal-
ing and cost-effective deployment of Large Lan-
guage Models (LLMs). However, scaling laws
developed for dense models are fundamentally
inapplicable to MoE architectures, owing to
three critical challenges: the multiplicity of
governing factors, their intricate interdependen-
cies, and the non-monotonic nature of their ef-
fects on model performance. These challenges
collectively demand a rigorous and fine-grained
investigation into MoE-specific scaling laws. In
this work, we present a systematic decomposi-
tion of MoE configurations, identifying five key
factors that influence model performance from
both size and structural perspectives: data size
(D), total model size (IV), activated model size
(IV,), number of active experts (G), and ratio of
shared experts (S). We conduct 450 controlled
experiments to characterize the marginal effects
of each factor, culminating in a comprehensive
and precise joint MoE scaling law. Building
on this foundation, we derive the theoretically
optimal and practically efficiency-aware opti-
mal configurations for G, S and N,/N with
detailed analyses. Our findings reveal that the
optimal settings for G and S are invariant to
model and data size, while the optimal activa-
tion ratio N, /N grows sparser as IV increases.
Our proposed MoE scaling law provides ac-
curate and insightful guidance for future MoE
model design and training.

1 Introduction

Large Language Models (LLMs) have been broadly

adopted across diverse domains (Zhao et al.,

2026a), demonstrating strong capabilities language

understanding, long-context reasoning, and agen-

tic tasks (Xie et al., 2026; Xiao et al., 2026). A
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particularly striking observation is that LLMs can
continually extend their capability boundaries as
model size and training data scale up. Scaling
laws for LLMs (Kaplan et al., 2020; Hoffmann
et al., 2022; Sun et al., 2025; Tian et al., 2025),
which predict model loss as a function of key fac-
tors such as data and model size prior to training,
provide principled guidance for selecting appro-
priate model configurations and training settings,
and for maximizing model capability under given
computational budgets or resource constraints. Re-
cently, Mixture-of-Experts (MoE) has emerged as
one of the mainstream architectures widely adopted
in powerful industry-level LLMs (Liu et al., 2024,
2025; Qwen Team et al., 2025; OpenAl et al., 2025;
Zeng et al., 2026; DeepSeek-Al, 2026). Different
from dense architectures, which involve all param-
eters in the forward pass, employs multiple expert
modules alongside a router that dynamically se-
lects which experts to activate for each input to-
ken. This sparse activation mechanism allows MoE
models to substantially benefit from increased to-
tal model size while preserving efficient inference,
with additional acceleration from speculative de-
coding (Zhao et al., 2026b; Liu et al., 2026).
Driven by the pursuit of more efficient LLMs,
considerable efforts have been devoted to advanc-
ing MoE architectures. Shared experts have been
introduced to robustly capture general knowledge
(Dai et al., 2024; Sun et al., 2024), and a clear trend
toward larger numbers of both activated and total
experts has emerged in recent models (DeepSeek-
Al 2026; Team et al., 2026). However, existing
scaling laws, whether developed for dense models
(Kaplan et al., 2020; Hoffmann et al., 2022) or prior
MoE models (Krajewski et al., 2024; Wang et al.,
2024b; Abnar et al., 2025; Li et al., 2025a), fail to
accurately predict performance under these evolv-
ing MoE configurations. This gap underscores the
urgent need for a new MoE scaling law capable of
reliably guiding model design and training.

27994

Proceedings of the 2026 Conference on Empirical Methods in Natural Language Processing, pages 27994-28022
October 24-29, 2026 ©2026 Association for Computational Linguistics



To comprehensively characterize the key factors
governing MoE model performance, we begin with
the classical factors from dense scaling laws: data
size (D) and total model size (V). Beyond these,
the activated model size (/V,), which determines
the parameters engaged during the forward pass, is
an essential quantity unique to MoE models. From
the structural perspective, we identify the number
of activated experts () as another critical factor,
since N, and G jointly determine the per-expert
size. Furthermore, the ratio of shared experts
among activated experts (.5) is explicitly incorpo-
rated, as S and G together specify the exact counts
of shared and routed experts. Our MoE scaling law
is built upon these five factors. Constructing such
a scaling law faces three key challenges: (a) Our
MoE scaling law considers more comprehensive
factors D, N, N,, G, S compared to existing scal-
ing laws. (b) Preliminary experiments imply that
certain factors exhibit non-monotonic effects on
loss, making them considerably harder to model.
(c) These factors are mutually coupled, which sig-
nificantly compounds the difficulty of deriving a
unified joint scaling law.

To accomplish our MoE scaling law, we system-
atically identify five essential factors (D, N, Ng,
G, S) for MoE models, and conduct 450 controlled
experiments to record the corresponding validation
losses £. Based on these results, we first estab-
lish the base scaling law formulation with the fun-
damental factors D and N following (Hoffmann
et al., 2022). Building upon this, we characterize
the marginal effects of N,, G, and S individually.
By progressively investigating the relationships be-
tween each newly introduced factor and the hyper-
parameters of the joint scaling law, we ultimately
arrive at the joint MoE scaling law, as follows:

L(N,D,N,,G,S) = ®(G,S) - ¥(N,N,)

b ¢ ey

a
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Ne ' DB
where (G, S) = 6G+é +mS?+nsS is the struc-
tural term and (N, N,) = 5= + Nig + hie is
the scale term. Our scaling law could satisfactorily
predict MoE models’ losses with larger data/model
sizes (e.g., up to 30B N, 6.6B N, and 100B D) and
different MoE settings (e.g., up to 40 activated ex-
perts GG and 70% ratio of shared experts .S). There-
fore, we contribute a scientifically rigorous step-
by-step methodology for scaling law research, with
high transparency and reproducibility, fostering the

growth of the MoE scaling law community.

Based on our MoE scaling law, we conduct in-
depth analyses and derive the following implica-
tions: (a) The optimal number of activated experts
is around 7 for typical MoE configurations. (b)
The optimal activated parameter ratio N, /N be-
comes increasingly sparse as N scales up. The
theoretically optimal N, /N ranges from 33.16%
to 18.63% as N increases from 80B to 1.6T. Con-
sidering the cost, the practical efficiency-aware op-
timal ratios even narrow to 5%. (c¢) The presence
of shared experts is essential, with their impact
becoming increasingly pronounced as N scales
up. We believe that our proposed MoE scaling law
provides a more comprehensive understanding and
more accurate prediction across diverse MoE con-
figurations, and hope to facilitate LLM community
in future MoE model design and training.

2 Preliminary

2.1 MoE Architecture

The MoE architecture replaces the dense FFN lay-
ers in standard Transformers with multiple indepen-
dent experts, where only a small subset is activated
per token (Fedus et al., 2022; Zhou et al., 2022;
Jiang et al., 2024). This design enables model scal-
ing by increasing the number of experts while main-
taining nearly constant computational cost, making
MOoE an efficient and widely adopted framework
for training and deploying large-scale LLMs.

2.2 Existing Scaling Laws of LLMs

Scaling Laws of Dense LLM. Scaling laws de-
scribe the relationship between key factors such
as total model size N, data size D and the loss
L. Classical scaling laws include the Chinchilla
scaling law (Hoffmann et al., 2022), which states
that L follows a power-law dependence on N and
D, written as L(N, D) = a/N® +b/D? 4+ . It
consists of three terms: the first and second terms
capture the limitations imposed by finite model size
and finite data size, respectively. The last term, €,
represents the irreducible error that arises from the
inherent uncertainty in the training data.

Scaling Laws for MoE. Unlike dense models,
MoE introduces new structures with additional fac-
tors (e.g., Ng, G, S, etc), whose effects on model
loss are non-monotonic and often interdependent.
Existing scaling laws for dense models are insuf-
ficient to guide MoE’s model design, which moti-
vates the development of scaling laws tailored to
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MoE with these new-added factors. Recent studies
have investigated MoE scaling laws based on cer-
tain MoE-specific factors, including the granularity
of activated experts (Krajewski et al., 2024) and
the activated model size (Ludziejewski et al., 2025).
Different from them, our scaling law is more com-
prehensive and quantitatively defined with in-depth
correlations and insights among five factors. As a
result, our scaling law provides a more accurate fit
to the loss, as shown in Figure 5.

3 Experimental Setup

Key Factors. We systematically investigate five
key factors governing MoE training: D, N, N,, G,
S. To isolate their individual effects, we conduct
450 controlled experiments organized into several
groups, where each group varies a single target fac-
tor while keeping all others fixed. This controlled
setup enables a rigorous assessment of each factor’s
marginal effect on validation loss.

Formally, we define the number of shared ex-
perts as ng, the number of routed experts as n., the
number of activated routed experts as ng, the head
dimension as djeaq, the hidden dimension as dpidden,
the expert dimension as dexper, the number of heads
as ny, and the number of layers as [. Based on these
definitions, the following relationships hold:

G=nr+ns, S=ns/G 2)
No =~ (4dhead - nh + 3Gdexpert) + dhidden -1 (3)

N =~ (4dpead - 7h + 3dexpert(SG + ne))
* dhidden - ! 4)

Model and Training Configuration. An MoE
layer consists of multiple experts and a router that
assigns tokens, often using a Top- K routing strat-
egy with an auxiliary balance loss to ensure expert
utilization. Training typically adopts standard op-
timizers such as AdamW (Kingma and Ba, 2014)
with parallelism techniques (data, model and expert
parallelism) for scalability. We select the widely-
used classical MoE structures with architectural
details provided in Appendix B. All experiments
employ the Warmup-Stable-Decay (WSD) learning
rate scheduler (Hu et al., 2024). For studies in-
volving different values of D, we reused the same
warmup and stable phases across runs to avoid re-
dundant computation and reduce resource usage.
All models are trained on a subset of the Dolma
V1.7 dataset (Soldaini et al., 2024).

Fitting Details. To fit the correlations between
validation loss and five key factors, we system-

atically conduct experiments within controlled
ranges, with total model size N € [133M, 3.4B]
and training data sizes D € [10B,50B] tokens.
We additionally vary the activated model size
N, € [30M,2.2B], the number of activated ex-
perts G € (1,20] and the ratio of shared experts
S € [0.0,0.8]. For validation, we further extend
our experiments to larger model and data scales
as well as different MoE configurations, thereby
verifying the effectiveness and generalization ca-
pability of the proposed scaling laws. Specifically,
the validation data points cover both interpolation
and extrapolation, including G € (1,40], S €
[0.0,0.7], N, € [453M,6.6B], N € [2.4B,30B],
and D € [10B, 100B]. The complete experimental
configurations are provided in Appendix K.

Specifically, we extract data from the decay
phase of training logs, recording (D, L) pairs, and
apply a sliding window of size 10 for smooth-
ing before selecting the validation loss at the fi-
nal step. All factors are normalized to dimension-
less values. We then predefine the scaling law
formulation and perform least-squares fitting via
scipy.optimize.curve_fit. Initial values and
bounds are set following prior work and empirical
heuristics. We additionally conduct a grid search
to ensure that fitted parameters do not converge to
boundary values, and observe consistent conver-
gence across diverse initializations. Further details
are provided in Appendix C.

Therefore, we contribute a scientifically rigor-
ous, step-by-step methodology for scaling law re-
search, characterized by high transparency and re-
producibility. Our methodology encompasses ex-
tensive experiments and data collection, marginal-
effect analysis for functional form characterization,
hyperparameter independence analysis for deriving
the joint scaling law, final function fitting with em-
pirical verification, and the systematic derivation
of core insights. We hope our work serves as a
solid foundation for the broader MoE scaling law
research community.

4 Our Scaling Laws for MoE

MoE has gradually emerged as a primary solution
for the continuous scaling of model sizes and ef-
ficient deployment of LLMs. The core factors of
MoE models exhibit higher complexity and strong
inter-factor coupling compared to dense models
and such inherent complexity renders the classical
Chinchilla (Hoffmann et al., 2022) and OpenAl
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Figure 1: Marginal effects of validation loss with respect to N and D under the logarithmic coordinate system. Data

point sizes are directly proportional to D.

(Kaplan et al., 2020) scaling laws insufficient to
guide the design of MoE architectures.

We aim to build a comprehensive and accurate
MOoE scaling law through a systematic pipeline: ex-
tensive experiments and data collection, marginal-
effect analysis for functional form characterization,
hyperparameter independence analysis for deriving
the joint scaling law, and final function fitting with
empirical verification. Throughout this process,
we follow Occam’s Razor, favoring simpler for-
mulations with fewer hyperparameters while main-
taining strong fitting performance, ensuring the
validity and transferability of the resulting scaling
law. In the following, we sequentially elaborate
on each core factor on MoE model performance
via controlled-factor experiments, encompassing
N, D, N,, G, and S.

4.1 The Basic MoE Scaling law’s form with N
and D

Total model size N and data size D constitute
two primary factors influencing the performance of
LLMs. Leveraging the scaling laws of dense mod-
els as a foundation, we examine whether /N and D
in MoE still conform to a power-law relationship.
As illustrated in Figure 1, a distinct power-law rela-
tionship is observed between validation loss, total
model size N and data size D.

Specifically, we increase N with G, S, D and
N, unchanged. By performing logarithmic trans-
formations on both the validation loss and N, a lin-
ear relationship is observed across different ranges
of model sizes—this confirms a significant power-
law relationship between the loss and V. Similarly,
a significant power-law relationship also exists be-
tween the loss and D. Furthermore, in Figure 1,

we find that experimental groups with the same
model size but varying data sizes exhibit a transla-
tion along the y-axis, which implies that NV and D
are mutually independent. From these observations,
we conclude that the loss for MoE with respect to
the total model size /N and data size D is as:

a b
L(N,D):m+m+€ ©)
which has the same form of the Chinchilla scaling
law (Hoffmann et al., 2022). The specific fitting

results of Eq. 5 are provided in Appendix C.2.
4.2 TImpact of Activated Model Size N,

Activated model size N, is a critical factor specific
to MoE architectures that governs the balance be-
tween the model performance and efficiency. To
gain deeper insights into the scaling law with N, as
an independent factor, we conducted multiple con-
trolled experiments where [N, was the only varying
factor. The formula followed by the controlled
variable of IV, is detailed in Appendix H.

In Figure 2, the scaling of activated parameters
N, is achieved by increasing the expert dimension,
while the total model size N is maintained constant
through a corresponding reduction in the number
of routed experts. When the ratio of N, to N is
small, a power-law-like relationship is exhibited
between N, and validation loss. However, as this
ratio increases, the validation loss demonstrates a
tendency to rise gradually. An overall distribution
resembles a hook-like function, which is formal-
ized as follows:

o
o N

Next, we proceed to integrate the relationship in-
volving N, with those of data size D and total

L(N,) +hNg + ¢ (6)
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Figure 3: Marginal effects of validation loss with respect to G. (a), (b) and (c) illustrate the marginal relationship
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of G (e.g., G = 2.5) denote corresponds to 2 activated routed experts and 0.5 shared experts.

model size N. We performed hyperparameter fit-
ting under different configurations of D and N,
with the results presented in Figure 9. We observe
that ¢+ exhibits a negative correlation with both D
and N, following a power-law distribution. In con-
trast, ¢ and ~ exhibit oscillations with variations in
N and D, indicating that they bear no systematic
relationship to NV and D. Furthermore, h is neg-
atively correlated with IV, exhibiting an inversely
proportional relationship, while showing no depen-
dence on D. Therefore, the joint scaling law of NV,
D and N, is concluded as follows:

c N,
=—+h—+'L(N,D
N7 + i +(L(N, D)
L(N, D) denotes the basic scaling law sharing the
same form in Eq. 5. Notably, our fitting results
reveal that v =~ «.. Hence, the final scaling law that
governs L(N, D, N,) is formalized as follows:

b
DB

L(N, D, N,) (7

a
Na T

Cc

L(N7D7N(l): Na
a

N,
+ +hﬁ‘z+e (®)
We also explored alternative relationship forms

of L(N,), performed relevant comparative exper-

iments and derivations and ultimately established
the aforementioned formulas describing the scaling
law of N, D and N,.

Eq. 8 implies the existence of an optimal value
for N,. Intuitively, when N,/N exceeds a cer-
tain threshold while other factors remain fixed, the
per-expert size increases progressively as the num-
ber of experts decreases. This leads to a gradual
structural distortion in the MoE architecture, which
undermines the combinatorial activation advantage
of MoE and consequently degrades model perfor-
mance. We further validate that Eq. 8 generalizes
accurately to models with larger sizes. Further
discussions and detailed fitting procedures are pro-
vided in Appendices C.3 and F.

4.3 Impact of the Number of Activated
Experts G

G constitutes another critical factor, defined as the
number of activated experts (including activated
shared and routed experts). It reflects the granular-
ity of expert partitioning in MoE. When all other
factors are held fixed, scaling G is equivalent to
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details are in Appendix C.5.

adjusting the granularity of expert partitioning.

To investigate the scaling law with G as the inde-
pendent factor, a series of controlled experiments
were conducted with other factors constant, shown
in Figure 3. With the increase in G, the validation
loss exhibits a trend of first decreasing and then
increasing. It is hypothesized that the impact of
G better conforms to a hook function relationship,
expressed as follows:

:eG~|—i—|—T

L(G) =

(©))

It is noteworthy that the fitted exponent of G ap-
proaches 1. Therefore, following the Occam’s
Razor principle, the exponent term of GG is omit-
ted. Other functional forms are also attempted but
yielded inferior fits.

4.4 The Joint Scaling Law of N, D, N,, G

Building on Eq. 8 and Eq. 9, we examine how
the fitted hyperparameters a, «, b, 3, ¢, h, € vary
across different values of G. We observe that a,
¢, and h follow a hook-function trend with re-
spect to G, while the remaining hyperparameters
are largely insensitive to G and exhibit no dis-
cernible pattern, as shown in Figure 10. Accord-
ingly, we parameterize them as a = e;G + % + 71,
c=eyG+ % +79,and h = 63G+f—G3+7'3. Upon
re-parameterization, we further find that the pairs
(e1, f1), (€2, f2), and (es, f3) exhibit proportional
relationships, and that 75 ~ (0. The resulting scal-

ing law for L(N, D, N,, G) is thus as follows:

f
L) (N, N

PN R
Ne T DF T Ng

L(N,D,N.,G) = (eG +

(10)

Here, ys + % + € corresponds to the Chinchilla-
like base scaling law from Eq. 5. Since N, and N
exert similar effects on the loss to a certain extent,
the term Na + Dﬂ + Na + € can be interpreted as
characterizing the scahng behavior with respect to
both (activated and total) model size and data size.
The term eG + % captures the effect of G on loss
(reflecting the MoE expert structure), and this effect
is modulated by the scale term ¥(N, N,) = 7= +
Na +ha , Which exhibits non-monotonic behaV10r
with respect to N, as introduced in Eq. 8. Detailed
analyses of the hyperparameters and fitting results
for Eq. 10 are provided in Appendix C.4.

4.5 Extended Joint MoE Scaling Law with
Shared Expert Ratio S

Shared experts have been shown to be essential
in popular MoE architectures (Dai et al., 2024;
Zeng et al., 2026). We vary the shared expert ra-
tio S (S = ns/G, where ng denotes the number
of shared experts) as the sole varying factor and
conduct the corresponding experiments, with re-
sults shown in Figure 4. The results confirm that
MoE models with shared experts significantly out-
perform those without, validating the necessity of
shared expert isolation. Furthermore, the influence
of .S becomes increasingly pronounced as IV scales
up. As S increases, the loss first decreases and
then increases, exhibiting a clear non-monotonic
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Figure 5: Fitting results of existing and our joint scaling laws for MoE architectures. The average validation loss
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model sizes, larger data sizes and different MoE settings. Data point size is proportional to D. Detailed descriptions

of compared scaling laws are provided in Appendix I.

trend that closely follows a quadratic pattern. More-
over, the fitted curves across different settings are
approximately symmetric about the same axis of
symmetry. Based on these observations, we adopt
a quadratic function to characterize the marginal
effect of .S on the loss.
L(S) =mS® +nS + 1 (11)
Final Joint MoE Scaling Law. Following the
same approach as (5, we incorporate S as the sec-
ond structural factor into Eq. 10 to construct the
final joint MoE scaling law over all five factors.
To this end, we fit the hyperparameters of Eq. 11
across diverse configurations of N, D, N,, and
G, and analyze their relationships with each factor.
The results are presented in Figure 12, yielding the
following key findings: (1) m and n are indepen-
dent of D, indicating that S and D are mutually
decoupled; (2) m increases while n decreases as N
and N, grow; notably, the extremum of .S remains
invariant to changes in N and N,; (3) 1 exhibits a
clear power-law relationship with N, N, and D;
(4) since S is already correlated with G by defi-
nition (Eq. 4), its dependence on G is not further
modeled. To ensure compatibility with Eq. 10, the
final form of L(N, D, N,, G S) is expressed as
®(G,S) - U(N,Ny) + wa + D5+NQ+6 The
complete joint MoE scaling law over all “five factors
N, D, Ng, G, S is thus presented as follows:

L(N,D,N,,G,S) = <I>(G S) - \I/(N N.)

b (12)

+tyat s TN TE
Note that the structural factors S and G, which
jointly characterize the activated expert configu-

ration of the MoE architecture, are subsumed in

®(G, S). Specifically, = DB + NQ -+ € captures
the scaling behavior of model loss with respect to
model and data sizes. The structural term ®(G, .S)
and the size-related term ¥ (N, N,) are multiplica-
tively coupled, jointly governing the overall MoE
scaling law. Detailed hyperparameter analyses are
provided in Appendix C.5.
Fitting Results. To determine the hyperparameters
in Eq. 12, we utilize all 450 experiments spanning
diverse configurations of N, D, N,, GG, and S. The
fitted hyperparameter values are reported in Table 2
in Appendix C.1. We then evaluate the fitting per-
formance of our MoE scaling law in Figure 5. To
ensure a fair comparison, all baseline scaling laws
are re-fitted using the same set of data points be-
fore prediction, and our experimental data fully
subsumes those used by the baselines. The results
demonstrate that our scaling law achieves superior
fitting performance over existing alternatives. Fur-
thermore, we extend the evaluation to larger MoE
models (up to 30B N, 6.6B N, and 100B D) across
a broad range of structural settings (G € (1, 40]
and S € [0,0.7]). The consistently accurate pre-
dictions confirm that our scaling law generalizes
robustly to larger-scale MoE models across wide
ranges of configurations.

5 Key Implications for MoE Design

In this section, we discuss key insights derived from
our MoE scaling law, offering practical guidance
for effective MoE model design.

5.1 Implication-1: Optimal Number of
Activated Experts G

In light of Eq.
vated experts G can be expressed as Gopr =

12, the optimal number of acti-

Ve
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which shows that the optimal G is independent
of model size IV, activated model size N,, and
data size D, yielding a fixed optimal value of
Gopt =~ 6.78. Notably, this theoretically derived op-
timum aligns closely with popular configurations
adopted by mainstream MoE, including DeepSeek-
V4 (DeepSeek-Al, 2026), Kimi-K2.6 (Team et al.,
2026), and GLMS5.1 (Zeng et al., 2026), indirectly
implying the effectiveness of our implication.

5.2 TImplication-2: Optimal Ratio of shared
experts .S

Similarly, .S is independent of other factors and
also has an optimal value as follows:

Sopt = —n/2m. (13)
Eq. 13 shows that the optimal S ~ 0.31 is likewise
independent of all other factors. The presence of
shared experts yields substantial loss reduction. As
S increases further, the loss continues to decrease
marginally before rising sharply beyond the opti-
mal point, with this effect becoming increasingly
pronounced as N scales up. In summary, our find-
ings lead to the following recommendation: shared
experts are essential, and for the optimal activated
expert number G = 7, setting 1 or 2 shared experts
is advisable. This conclusion is almost consistent
with DeepSeek (DeepSeek-Al, 2026; Liu et al.,
2024). Further details are provided in Appendix E.

5.3 Implication-3: Optimal Activated
Parameter Ratio N, /N

Theoretical Analysis. Eq. 12 contains two types
of terms involving the activated model size N,:
one where N, appears in the denominator and one
where it appears in the numerator. These two terms
exert opposing effects on the model loss, imply-
ing the existence of an optimal NV, for any given
configuration of the remaining factors (e.g., total
model size N). Given N, the theoretically optimal
activation ratio (%)Opt is derived as follows (com-
prehensive derivation provided in Appendix F):

(%), - (s )™
_ <a-[k;-const+c]>ai1_

hN< - const

(14)

According to our Implications #1 and #2, G and S
have optimal values and thus ®(G, S) = eG + é +
mS? 4+ nS can be represented as a constant term

const under the optimal setting. Eq. 14 indicates
that the optimal (42 )¢, decreases as the model
size N increases. It indicates that with the increas-
ing total model sizes, the optimal MoE architecture
will be sparser with smaller NV, which is consistent
with the current trend of MoE models (Team et al.,
2026; OpenAl et al., 2025; DeepSeek-Al, 2026).
Practical Efficiency-aware Analysis. However,
the theoretically optimal activation ratio % de-
rived in Eq. 14, cannot be directly applied to prac-
tical MoE architecture design, as computational
efficiency is an equally critical consideration for
real-world LLM deployment. Specifically, as N,
approaches its theoretical optimum, performance
gains become increasingly marginal while the as-
sociated costs rise steadily, making it necessary
to identify a practical, efficiency-aware optimal
(%)Opte that balances performance gain against
efficiency cost.

Specifically, we define the loss gain threshold
as ALoss for the step size of AN, set as 0.01N.
As N, is incrementally scaled for each step size,
the marginal gain of loss reduction will ultimately
fall below the loss gain threshold ALoss, where we
suppose the model reaches the practical efficiency-
aware optimal (42 ), . Comprehensive derivation
and pseudo code are in Appendix F. Hence, for a
given model size N, our MoE scaling law yields
a practically applicable range for V,, spanning
the interval from the practical efficiency-aware op-
timal point to the theoretical optimal point, i.e.,
Na € [(B#)opte (5% )opt,]- To substantiate the va-
lidity of our conclusions, we conducted an anal-
ysis on the configurations of mainstream indus-
trial MoE models, with detailed specifications in
Table 4. It shows that the activated model sizes
of most mainstream MoE models are within our
recommended range above. Note that some re-
cent MoE models (e.g., Kimi-K2.6 (Team et al.,
2026)) employ a more aggressive sparser architec-
ture with % < 4%, primarily aiming to reduce the
training/inference costs in practice with larger .
Nevertheless, our implication still helps to quanti-
tatively measure the expected loss under different
N, balancing effectiveness and efficiency.

6 Conclusion and Future Work

In this work, we propose a comprehensive joint
MoE scaling law incorporating five key factors
(N, D, Ng, G, and 5), derived through system-
atic marginal effect analysis and hyperparameter
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independence analysis. Building on this, we further
derive closed-form expressions for the loss-optimal
configurations of the MoE-specific factors G, S,
and N, /N, and analyze their optima from both the-
oretical and practical perspectives, yielding several
actionable insights. We believe that our proposed
MOoE scaling law with its insights could facilitate
LLM community in future MoE model design and
training. In the future, we will further validate
our scaling law under larger scales and novel MoE
architectures.

Limitations

Our work has several limitations. In this work,
we mainly focus on the classical MoE architecture.
The analysis has not been validated at extremely
larger scales or with alternative MoE architectures /
training objectives due to the resource limit. In ad-
dition, we focus primarily on MoE-related factors
and do not examine other components of LLMs that
may also impact the performance of MoE, such as
the attention layers and their interactions. Since
our work primarily focuses on MoE-related factors,
we fix the batch size and learning rate to reason-
able values. In future work, we plan to incorporate
batch size and learning rate into a unified and com-
prehensive scaling law formulation.
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Appendix
A The Use of Large Language Models

In this paper, we leveraged LLMs to support and
refine the writing. Specifically, LLMs were used
for grammar and spelling correction, as well as
polishing linguistic expressions to enhance clarity
and readability. All other core components of the
work, including the development of ideas, design
and execution of experiments and derivation of
formulas, were completed manually by ourselves.

B Hyperparameter Details

We report serveral typical hyper-parameters used
for training our MoE models in Table 1. The table
includes only several typical MoE model config-
urations categorized by N. The models vary in
layers, hidden size and expert size across different
scales. All models are trained with AdamW and
cosine learning rate decay, using a sequence length
of 2048 and a batch size of 2M tokens. The detailed
hyper-parameters of our MoE models are given as
follows. In all of our experiments, the parameters
considered do not include those from the embed-
ding layer. For all experimental settings, refer to
Appendix K.

C Fitting Details of Our MoE Scaling
Laws

Our MoE scaling law precisely characterizes the
influence of three critical dimensions on model per-
formance: parameter scale, data size, and model
architecture. Specifically, ®(G,S) - U(N, N,)
captures the architectural contribution to loss
and its modulation by parameter scale, while
p(N,D,Ng) = & + % + NL‘? + € character-
izes the joint effect of parameter and data scale on
MOoE loss. By unifying all core governing factors
into a single coherent formulation, our scaling law
provides a principled and theoretically grounded
basis for MoE architecture design. Grounded in
the true marginal and joint relationships among the
five factors, we apply Occam’s Razor to eliminate
unnecessary hyperparameters wherever possible,
ensuring both accuracy and the simplicity and trans-
ferability of the resulting joint scaling law. Details
of the fitting procedure are presented below.
Fitting Details. We extract data from the decay
phase of training logs as (D, L) pairs, apply a slid-
ing window of size 10 for smoothing, and select the

validation loss at the final step. All factors and val-
idation losses are normalized to dimensionless val-
ues. Based on the processed data, we predefine the
scaling law formulations for both the baseline meth-
ods and our proposed law, and estimate the optimal
parameters using scipy.optimize.curve_fit, a
standard nonlinear least-squares fitting tool. Initial
values and parameter bounds are set following prior
work and empirical heuristics. To mitigate sensi-
tivity to initialization, we conduct a grid search
over the initial parameter space and enforce the
criterion that fitted parameters must not converge
to the predefined bounds. Across all reasonable
initializations, the optimized hyperparameters con-
sistently converge to similar values, confirming the
robustness of the fitting procedure. To facilitate
reproducibility, we release the fitting data, valida-
tion set (including N, N,, D, G, S, and validation
loss), and the corresponding Python scripts in the
supplementary materials.

Importantly, given properly specified initial val-
ues and parameter bounds, the fitting procedure is
highly robust: repeated experiments with different
random seeds yield consistently stable results, indi-
cating that additional uncertainty modeling for the
fitted hyperparameters is unnecessary.

Furthermore, the comprehensive incorporation
of relevant factors is a central objective of this work.
Extensive validation across diverse factor configu-
rations demonstrates that our joint scaling law con-
sistently outperforms existing MoE scaling laws,
underscoring the importance of accounting for a
broad set of factors. Throughout the fitting process,
we adhere to Occam’s razor by favoring parsimo-
nious functional forms over unnecessarily complex
alternatives.

C.1 Numberical Fits of Our Joint MoE
Scaling Law

Our joint MoE scaling law is formalized as:

L(N,D,N,,G,S) = ®(G,S)  ¥(N,N,)

L & b
Ne ' DB~ Ngo

+e (15)

where ®(G,S) = eG + % + mS? + nS is the
structural term and W(N, N,) = 5= + Nigf +hie
is the scale term.

The fitted constants derived from 450 experi-
ments across diverse model configurations are pre-
sented below. Of these, 268 experiments are used
for fitting, 92 for validation, and 90 small-scale
experiments for observing the marginal effect of
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Table 1: Typical model hyper-parameters for different sizes. The table includes only several typical MoE model
configurations categorized by N. The scaling law experiments corresponding to different factors are extended to
these typical model configurations. Details of the parameter configurations can be found in Appendix K.

Total model size 247TM  496M 907M 2.40B 3.96B
Activated model size 48M 99M 181M 476M 793M
# Layers 12 12 12 20 24
# Routed experts 32 32 32 32 32
# Activated routed experts 4 4 4 4

# Shared experts 1 1 1 1 1

# Attention heads 8 12 16 20 24
# Hidden size 512 768 1024 1280 1536
# Expert size 384 512 704 896 1024
# Attention head size 64 64 64 64 64
Optimizer AdamW

Adam (S1, 2) (0.9, 0.95)

Adam € 1x1078

Weight decay 0.1

Clip grad norm 1.0

Max Ir 3.0x 1074

Min Ir 0

Lr decay Cosine

Decay rate 10%

Sequence length 2048

Batch size (# tokens) 2M

Warmup steps 500

Normalization RMSNorm

Vocabulary size 128256

Positional encoding ROPE

(. For each factor, we systematically explore a
wide range of candidate functional forms and re-
tain those that best characterize its marginal effect
on validation loss.

It is worth noting that, due to the presence of a
constant term, none of the log-log curves presented
below exhibit perfectly linear behavior. Neverthe-
less, an approximately linear trend in log-log space
is sufficient to confirm a power-law relationship.

C.2 Fitting Results of the Scaling Law for
L(N,D)

Figure 6 presents the fitting performance of
L(N, D) (Eq. 5), which considers only total model
size¢ N and data size D. As shown, L(N, D)
yields only a coarse-grained fit to our experimental
data, with notably suboptimal accuracy on specific
configurations. This demonstrates that additional
MokE-specific factors must be taken into account to
achieve precise performance prediction.

Table 2: Fitted constants and their values in Eq. 15.

Value

0.1577
7.2446
5.1395
-3.2363
0.0013
0.0450
38.0510
0.2383
27129.0488
0.4694
31.0958
1.8182

Constant

mnoOHoR LTI IO

C.3 Fitting Results of the Scaling Law for
L(N,D,N,)

Figure 7 presents the fitting performance of
L(N, D, N,) (Eq. 8), which additionally incorpo-
rates the activated model size N,. The results
demonstrate that N, is a critical factor for MoE
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Figure 6: Fitting results of the scaling law of L(N, D).  Figure 8: Fitting results of the scaling law of

Average validation loss error: 0.0195.

scaling, and its inclusion yields a substantial im-

provement in fitting accuracy over L(N, D).
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Figure 7: Fitting results of the scaling law of
L(N, D, N,). Average validation loss error: 0.0143.

The process of incorporating N, into the scaling
law L(N, D, N,) (Eq. 8) is described as follows.
We first design and conduct a series of controlled
experiments on NV, following Eq. 36, and then per-
form hyperparameter fitting across diverse config-
urations of D and N. The associated results are
presented in Figure 9.

It can be observed that ¢ exhibits a linear re-
lationship with both N and D under logarithmic
transformation, indicating a power-law dependence
on each. The parameter h follows an inverse pro-
portional relationship with N across different data
volumes D. The remaining parameters ¢ and -y fluc-
tuate without displaying discernible correlations
with N or D, and are therefore treated as indepen-
dent of these factors. Notably, the fitted exponent
of N, in the term h% approaches 1, providing

L(N, D, N,,G). Average validation loss error: 0.0085.

justification for omitting the exponent term and
adopting h% in its current linear form.

C.4 Fitting Results of the Scaling Law for
L(N,D, No, G)

Figure 8 presents the fitting performance of
L(N, D, N,,G) (Eq. 10), which further incorpo-
rates the expert granularity G. As discussed in
Section 4.3, G characterizes the structural proper-
ties of MoE architectures and captures their impact
on model performance. The results demonstrate
that incorporating the structural factor G yields a
further improvement in fitting accuracy.

By analogy, to incorporate G into the scaling
law L(N, D, N,,G), we first designed and con-
ducted a series of controlled experiments where
G was treated as the sole factor of variation, with
all other factors held constant. Specifically, as G
increases, the counts of routed experts and shared
experts expand proportionally, whereas the corre-
sponding expert dimensions shrink proportionally.
Considering the marginal effect of G on loss and
its coupling with N and N,, we hypothesize that
the hyperparameters a, ¢, and h, which appear as
numerator, side coefficients—are correlated with
G. This is further supported by the observation that
D is independent of GG. The variation of the fitted
hyperparameters a, ¢, and h across different values
of G5 is presented in Figure 10.

C.5 Fitting Results of the Scaling Law for
L(N? D7 N(l? G? S)

Similarly, we incorporate the shared expert ratio .S
(i.e., the ratio of shared to activated experts) as the
final structural factor. The hyperparameter analysis
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Figure 11: Fitting results of our final scaling law
of L(N,D,N,,G,S). Average validation loss error:
0.0059. The fitting performance improves consistently
as additional factors are incorporated.

with respect to .S is presented in Figure 12, and the
fitting performance of the complete joint scaling
law L(N, D, N,, G, S) is illustrated in Figure 11.
The analysis of hyperparameters related to S is
presented in Figure 12. It can be observed: (1) m
and n are independent of D, indicating that D and
S are mutually decoupled; (2) m increases with the
growth of IV and N,, whereas n decreases with the
growth of V and N,. Notably, the extreme point of
S remains unchanged with variations in NV and Ng;
(3) 1 exhibits an obvious power-law relationship
with N, N, and D.

Furthermore, as stated in Section 4.5, the scaling
law of S becomes increasingly prominent with the
growth of model size. As shown in Figure 13.

D Derivation of Theoretical Optimal GG

First, we decompose L(N, D, N,,G,S) Eq. 15
into three components to isolate terms involving
G. This decomposition leverages the fact that most
variables (N, D, N,, S) are independent of G

Ly p.nN,s(G) = <eG + é +mS?+ nS)
A(G)
1 kN
Ne N N
B
o e
Na T Na T pB TS
C
=A(G)-B+C
(16)
Compute g—é and set to O:
oL f
EYal - =5 | B= 17
oG <e G2> 0 (17)

Since B # 0, we get e — % = 0. Therefore:

-t G:\/Z (G>0) (18)

e
The second derivative checks to confirm a mini-
mum.

0’L  2f

a2~ B0

(19)
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The extreme point (minimum) is:

CTyopt = \/Z

Substituting the optimized hyperparameters into
the above Eq. 20 yields Gop ~ 6.78.

To substantiate the validity of our conclusions,
we conducted an analysis on the configurations of
mainstream industrial MoE models, with detailed
specifications in Table 3.

Theoretically, the optimal granularity is G ~
6.78. In practice, however, G is typically con-
strained to infrastructure- and hardware-friendly
values. Building upon our joint MoE scaling law,
we derive practical ranges for G tailored to main-
stream MoE models, with the loss increase con-
strained to within 0.001.

As shown in Table 3, the practical ranges of
G predominantly fall within [4, 12] across diverse
model configurations. Notably, both the theoret-
ically optimal G ~ 7 and the derived practical
ranges align closely with configurations adopted by
mainstream MoE models at varying scales, provid-
ing implicit validation of our scaling law insights

(20)

regarding G.
E Derivation of Theoretical Optimal S

Analogous to the derivation of the optimal value
of (G, the isolation of S from other factors fol-
lowed by the computation of its first-order deriva-
tive g—g—with the derivative set to O:

oL
$—(2m5+n)-3—0

Since B # 0, we get 2m.S + n = 0. Therefore:

1)

n

Sopt i

o (22)

Likewise, the second-derivative test confirms that
Sopt corresponds to a minimum value. Substituting
the optimized hyperparameters into the above Eq.
22 yields Sop ~ 0.31.

The presence of shared experts yields substan-
tial loss reduction. As S increases further, the
loss continues to decrease marginally before rising
sharply beyond the optimal point, with this effect
becoming increasingly pronounced as N scales
up in Figure 13. In summary, our findings lead
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Figure 13: Illustration of the scaling law of .S becoming increasingly prominent with growing model size.

Table 3: Analyses of mainstream MoE models. Based on our scaling law, the theoretically optimal granularity
is G =~ 6.78, close with configurations adopted by industrial LLMs. The practical range indicates recommended
settings of G with negligible performance loss (< 0.001).

Model G (ns+TopK) G (Actual) G (Practical Range, Thr = 0.001)
Hunyuan-A13B 148 9 [4.99,9.21]
DeepSeek-V4-Flash (DeepSeek-Al, 2026) 1+6 7 [4.19,10.98]
Hy3 preview 148 9 [4.43,10.38]
Deepseek-V3 (Liu et al., 2024) 1+8 9 [4.20,10.93]
GLM-5.1 (Zeng et al., 2026) 1+38 9 [4.18,11.00]
Kimi-K2.6 (Team et al., 2026) 1+8 9 [3.85,11.95]
Ling-2.6-1T 1+8 9 [3.76,12.21]
DeepSeek-V4-Pro (DeepSeek-Al, 2026) 146 7 [3.85,11.95]
to the following recommendation: shared experts %bWz%ﬂM&%mmﬂﬂﬁMm&
are essential, and for the optimal activated expert
number G = 7, setting 1 or 2 shared experts is ad- Lyp,cs(r)= (eG + é +mS® + nS) :
visable. This conclusion is almost consistent with ~
DeepSeek (DeepSeek-Al, 2026; Liu et al., 2024). 1 i
=+ + hr) +
(N @ (rN)~ (23)
. . . . B(r)
F Derivation of Theoretical and Practical u . b
Optimal N, /N (7 bt )
c(r)
Theoretically Analysis. Eq. 12 contains two types . L
. . . . Compute first derivative %= and set to O:
of terms involving N,: one where N, appears in or
the denominator and one where it appears in the oL OB oC
numerator. Since these two terms exert opposing or A or T or 0 (24)
effects on the loss, an optimal N, exists for any . —
. . .. Calculate partial derivatives:
given configuration of the remaining factors (e.g.,
total model size N). This has been experimentally oB ak ‘h (25)
validated on both the Torchtitan (Liang et al., 2024) Or  Noapatl ’
and Megatron (Shoeybi et al., 2019) pre-training oCc _ ac 26)
frameworks. To derive the optimal ratio (%)Opt, or  Nopotl
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Substitute and simplify:
ak ac
A <_ Nocroz+1 + h) B Nozroc—i-l =0

Rearrange terms to isolate 7:

27)

_ o at1 _ a(Ak+c)
Thus: )
a(Ak +c) o+t
= —-" 29
" ( AhN® ) 29)
For o > 0, ?927% = % > 0, confirming
a minimum.

Therefore, the optimal point of (%)optt is:

N.\  (a-[k-®B(G,S)+d)
(%), (i s )

From the expression of (%)0 .» the theoretically
optimal activation ratio is jointly determined by G,
S, and N. As established in the foregoing analysis,
G (Appendix D) and S (Appendix E) each admit
independent optimal values, which remain fixed
regardless of model scale. Consequently, (%)Opt
decreases monotonically as /V increases, indicating
that the optimal MoE architecture becomes sparser
with larger total model size. This trend is consistent
with the design choices of current industry-level
MoE models (Team et al., 2026; Zeng et al., 2026;
DeepSeek-Al, 2026).

Practical Efficiency-aware Analysis. However,
the theoretically optimal activation ratio % derived
in Eq. 30 cannot be directly applied to real-world
MoE architecture design, as computational effi-
ciency is an equally critical consideration. Specif-
ically, as N, approaches its theoretical optimum,
performance gains become increasingly marginal
while the associated costs rise steadily. It is there-
fore necessary to identify a practical, efficiency-
aware optimal % that balances performance gain
against efficiency cost.

To this end, we define a loss gain threshold
ALoss with a step size of AN, = 0.01N. As
N, is incrementally increased by this step size,
the marginal loss reduction eventually falls below
ALoss, at which point we define the model as hav-
ing reached the practical efficiency-aware optimal
%. The detailed derivation proceeds as follows:

Hence, for a given model size N, our MoE scal-
ing law yields a practically applicable range for
N,, i.e., spanning the interval from the practical

Algorithm 1: Find Efficiency-aware Opti-
mal N,

1 Function FindEfficiencyAwareNa(N, D,
G, S, threshold):

2 step = 0.01 x N;
3 Nq_prev < step;
4 loss_prev <= L(N, D, Ng_prev, G, S);
5 iteration = 1;
6 max_iterations = n;
7 while iteration < max_iterations do
8 Na_current — Na_prev + step;
9 loss_current <
£(N, D, No_current, G, S)a
10 loss_reduction <+
loss_prev — loss_current;
11 if loss_reduction < threshold then
12 L return Ny_currents
13 Na,pre”u — Na?current;
14 loss_prev < loss_current;
15 iteration < iteration + 1;
16 return None;

efficiency-aware optimal point to the theoretically
optimal point, i.e., N, € [(%)Opte , (%)Optt].

To validate this conclusion, we analyze the con-
figurations of mainstream industry-level MoE mod-
els, with detailed specifications provided in Table 4.
The results show that the activated model sizes IV,
of most mainstream MoE models fall within our
recommended ranges, demonstrating that practical
MoE designs can benefit from our scaling law in

jointly optimizing both effectiveness and efficiency.

Discussion on the Optimal G and N,. We
clarify a potential misconception: the existence
of optimal values for G and N, in our MoE scal-
ing law may appear to conflict with the intuition
that larger G and N, generally lead to better per-
formance. This apparent contradiction, however,
dissolves upon closer inspection. In practice, the
most natural way to increase N, while keeping
N fixed is to increase GG simultaneously, causing
both IV, and G to grow in tandem. Under this cou-
pled adjustment, our scaling law correctly predicts
that the loss decreases monotonically, consistent
with the intuition that more activated parameters
improve performance. The non-monotonic behav-
ior emerges only when a single factor is varied in
isolation. When G alone is increased with all other
factors fixed, the number of routed experts grows

28011



Table 4: Theoretical and practical efficiency-aware optimal N, /N analysis for mainstream MoE models. Although
the theoretically optimal N, /N serves as an upper bound, a wide range of NV, values below it yield only marginal
loss gains, making the practical efficiency-aware optimal N, /N a more actionable guide for real-world MoE
design. Most mainstream models fall within our recommended practical range. A few recent models adopt notably
lower activation ratios, likely reflecting commercial deployment considerations and a deliberate trade-off between

efficiency and performance.

Model Nqo-N N./N N, /N Practical Opt
(Actual) Theoretical Opt (ALoss < 0.005)

Hunyuan-A13B 13B-80B 33.16% (26.5B) 6.00% (5.6B)
DeepSeek-V4-Flash (DeepSeek-Al, 2026) 13B-284B 25.99% (73.8B) 6.00% (17.0B)
Hy3 preview 21B-295B  25.80% (75.1B) 6.00% (17.7B)
Deepseek-V3.1 (Liu et al., 2024) 37B-671B  22.02% (147.8B) 5.00% (33.6B)
GLM-5.1 (Zeng et al., 2026) 40B-744B  21.59% (160.6B) 5.00% (37.2B)
Kimi-K?2.6 (Team et al., 2026) 32B-1T 20.40% (204.0B) 5.00% (50.0B)
Ling-2.6-1T 63B-1T 20.40% (204.0B) 5.00% (50.0B)
DeepSeek-V4-Pro (DeepSeek-Al, 2026) 49B-1.6T  18.63% (298.1B) 5.00% (80.0B)

while each expert’s dimension shrinks proportion-
ally. Although finer-grained expert partitioning can
enhance performance up to a point, exceeding the
optimal granularity eventually impairs model per-
formance. Similarly, when N, alone is increased
with other factors fixed, the expert dimensions grow
but the total number of experts decreases, under-
mining the sparsity advantage of MoE. This leads
to structural distortion in the MoE architecture, dis-
rupting the combinatorial activation mechanism
and degrading performance.

G Compute-Optimality with Fixed
Configurations

We controll the total computation cost C' = D - N,
and analyze the relationship between the optimal
loss and C. According to our Implications #1 and
#2, G and S have optimal values. Thus, the term
b =eG + é + mS? + nS can be expressed as
a constant term const under the optimal configu-
ration. When N is fixed, substituting D = C
into our joint MoE scaling law (Eq. 12) yields the
following result:

L(NoyC) = Co+ (@ +¢)
O-h bNY
N Mt G

where & = eG+ +mS?+nSand Cy = q>+“+s
To find the optlmal N, (denoted N) that mini-
mizes L(N,), we take the first derivative with re-
spect to NV, and set ddTLa =0:
bANG P! a(®k+¢)  ®h 32
cs Npotd N

Substituting /N into Eq. 31 yields the optimal loss
L*:

L*(C) = Cy + (P + c)(r + B) Nr-o
g N
bBNG'  a(®k+c)  ®h
S.t. Cﬁ = N;a+1 — W
(33)

To facilitate understanding, we conduct the deriva-
tion under the predefined fixed configuration: G =
7,5 = 031 and N = 1T. The expression for
L*(C) is provided as follows and illustrated in Fig-
ure 14:

L*(C) ~ 1.87 4 576 - ¢ 0158 (34)

Optimal Loss L*(C)

de+21 6e+21
Computation Cost C

Figure 14: Tllustration of L*(C') under the configuration
of N=1T,G =7and S = 0.31.
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H Derivation of the u-v Relationship For
Na

To isolate N, as the sole varying factor, we note
from Eq. 4 that with G and S fixed, IV, can be
controlled by jointly adjusting the expert dimension
and the number of routed experts. Specifically, we
scale the expert dimension by a factor of u and the
number of routed experts by a factor of v. To ensure
that N remains constant under this adjustment, the
following constraint must hold:

(4dhead “np + 3dexpert(SG + ne))dhidden -1
:(4dhead “np + 3dexpert : U(SG + Ne - U))dhidden -1
(35)

Through formula transformation, we can derive:

(I1—u)-S-G+ne

U - Ne

v = (36)
Thus, by setting the ratio of u to v according to the
aforementioned Eq. 36, the controlled variation of
N, can be achieved. For instance, when N = 2.4B,
G = 20 and S = 0.2, N, takes values in the
set {303,476, 819, 1507,2196} M, with the corre-
sponding dexpert being {112,224, 448,896, 1344}
and the respective n. being {260, 128, 62, 29, 18}.

I Related Work
I.1 MOoE Architecture

In language models, MoE enables experts to learn
diverse knowledge and combine their outputs (Ab-
din et al., 2024; Team et al., 2025; Zeng et al., 2025;
Lieber et al., 2024; Wang et al., 2025a). (Shazeer
et al., 2017) expanded upon this with the Sparsely-
Gated Mixture-of-Experts (SMoE) layer and Top-
K routing, which selects a fixed number of experts
for each token. This was further developed by
Gshard (Lepikhin et al., 2020) and SwitchTrans-
former (Fedus et al., 2022) by integrating MoE into
Transformer feedforward layers with Top-1 and
Top-2 routing. More recently, (Dai et al., 2024)
proposed modifying the MoE layer by subdivid-
ing experts into smaller experts and adding shared
experts into the architecture. These advancements
continue to enhance the efficiency and flexibility
of MoE.

Meanwhile, recent studies have scaled MoE to
larger model sizes and a greater number of experts,
as demonstrated by Kimi K2 (Kimi et al., 2025),
DeepSeek-V3 (Liu et al., 2024), and Mixture of
a Million Experts (He, 2024). In parallel, several

works have explored alternative routing strategies
and expert designs, including heterogeneous ex-
perts in HMoE (Wang et al., 2024a), autonomous
expert activation in AoE (Lv et al., 2025), prob-
abilistic Top-P routing (Zhou et al., 2022) and
elastic expert utilization in M-MoE (Wang et al.,
2025b). In this work, we adopt the classical Top-K
routing strategy as our main setting.

1.2 Scaling Laws of LLMs

Scaling laws for LLMs describe how model perfor-
mance depends on factors such as model size and
training data. In dense transformers, (Kaplan et al.,
2020) first studied scaling laws and showed that the
final model perplexity follows a power-law relation-
ship with both model size and data size. Building
on this, (Hoffmann et al., 2022) extended the anal-
ysis by incorporating variable cosine cycle lengths
and proposed a revised scaling formulation. Scal-
ing behavior has also been examined in alternative
architectures, particularly in MoE models. (Clark
et al., 2022) investigated MoE scaling laws under
a fixed dataset, focusing on the impact of model
size and the number of experts. (Krajewski et al.,
2024) studied how scaling changes with different
levels of expert granularity in MoE architectures.
(Abnar et al., 2025) analyzed scaling laws with re-
spect to total model size IV, dataset size D and the
fraction of inactive experts, while (Ludziejewski
et al., 2025) examined the joint effects of multiple
factors, including the activated model size N,, data
size D. Detailed comparison in Table 5.

Beyond architectures, Step Law (Li et al., 2025b)
and relevant studies (Shuai et al., 2024; Zhang
et al., 2024; McCandlish et al., 2018) provide prin-
ciples for learning rate, weight decay and batch
size, while Farseer (Li et al., 2025c¢) refines loss
scaling for accurate extrapolation. Other works
include parallel scaling (Chen et al., 2025) for im-
proving compute efficiency and SynthLLM (Qin
et al., 2025) for analyzing the scalability of syn-
thetic data. More recently, (Sun et al., 2025) pro-
posed a joint scaling law for floating point quan-
tization training, highlighting the influence of ex-
ponent and mantissa bits, the effect of critical data
size and the optimal precision range for efficient
LLM training. Overall, these works extend scal-
ing laws across optimizers, architectures and data,
providing guidance for LLM design and training.
Nevertheless, the community is urgent to build a
more comprehensive MoE scaling law.

We selected two related scaling laws for com-
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Table 5: Comparison with existing MoE scaling laws.

N Na D G S

Scaling Laws for Fine-Grained MoE (Krajewski et al., 2024) v X v v X
Parameters vs. FLOPs (Abnar et al., 2025) v v v X X
Joint MoE Scaling Laws (Ludziejewski et al., 2025) v O vovoXx X
Scaling Laws Across Architectures (Wang et al., 2024b) v o X v X X
Unified Routed LMs (Clark et al., 2022) v oo X X X X
Our MoE Scaling Law v v v v v

parison, each focusing on different aspects. Below,  scaling law is:

we briefly introduce their main ideas and describe

how we use them to compare with the scaling law L(N,D,S) = a + i + c

derived from our experiments. T Ne = DB (1-5)

d
1.2.1 Scaling Laws for Fine-Grained + A= 9PN +e (38)

Mixture-of-Experts

(Krajewski et al., 2024) introduced a granularity
factor into MoE scaling laws. They model the train-
ing loss £ as a function of the number of active
parameters /N, the dataset size D and the granu-
larity G:

1 b

L(N.D,G) = ¢ + (%m) = + o
(37

Here c is the irreducible loss. The term N ~¢ cap-
tures the effect of model size, adjusted by G finer
experts (larger GG) reduce this contribution. The
last term D~ reflects the improvement from more
data. Overall, the law indicates diminishing returns
from N and D, with better performance at higher
(. As shown in Figure 5, this fitted result is less
accurate than ours. The detailed fitted constants
and values in Eq. 37 are presented below in Table 6.

Table 6: Fitted constants and their values in Eq. 37.

Constant Value
a 81.9404
« 0.2380
b 3195.7723
153 0.3695
c 1.7709
g 0.0004
0% 0.0028

1.2.2 Scaling Laws for Optimal Sparsity in
MoE

(Abnar et al., 2025) analyzed the effect of sparsity
S, defined as the fraction of inactive experts. Their

The first two terms represent the standard effects
of model and data size. The third term penalizes
high sparsity, while the fourth couples sparsity with
model size. The constant e is an offset. This form
shows that both the level of sparsity and its interac-
tion with /V influence the loss. As shown in Figure
5, our method achieves a better fit than this result.
The detailed fitted constants and values in Eq. 38
are presented below in Table 7.

Table 7: Fitted constants and their values in Eq. 38.

Constant Value
a 43.2889
a 0.1948
b 8280.7176
I5] 0.4145
e 1.6351
c 0.0003
d 9.4982
A 1.8469
1 0.0802
¥ 14.0591

L1.2.3 Comparison Methodology

For a fair comparison, all baseline scaling laws
are fitted using the same dataset as ours, with pa-
rameters optimized on identical experimental re-
sults under the same settings, ensuring that any
performance differences arise solely from differ-
ences in functional form. We additionally fit other
MOoE scaling laws (Ludziejewski et al., 2025; Clark
et al., 2022), which likewise underperform relative
to ours. This is likely because our formulation en-
compasses a more comprehensive set of factors (D,
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N, N,, G, S) over a broader range of MoE config-
urations, while carefully characterizing marginal
effects and invoking Occam’s razor to keep both
the hyperparameters and functional forms parsimo-
nious.

J Variation of different factors

In our study, the core factors, including N,, N, G,
and S, are varied in strict adherence to the prin-
ciple of controlling variables. We have already
discussed the methods used to control these factors
during the experiments in Appendix C. To clarify
the experimental procedure, we provide a series
of illustrations in Figure 15 that demonstrate how
each variable is systematically adjusted:

K Detailed Settings of Experiments

We show the detailed configurations of our exper-
iments as follows. Precisely, the value ranges of
various factors in the experimental setup are as
follows: for fitting data points, G € (1,20], S €
[0.0,0.8], N, € [30M,2.2B], N € [133M, 3.4B]
and D € [10B, 50B]; for validation data points,
G € (1,40], S € [0.0,0.7], N, € [453M,6.6B],
N € [2.4B,30B] and D € [10B, 100B]. Notably,
to mitigate the impact of random seeds, our fitting
data points include experimental data points ob-
tained from identical configurations with different
random seeds. It is worth noting that none of the
validation data points are involved in hyperparam-
eter fitting or the selection of the optimal fitted
results. Instead, they are reserved exclusively for
validation to ensure an unbiased evaluation of the
scaling laws.

We should highlight that our joint MoE scaling
law is designed to accommodate practical experi-
mental configurations. Therefore, the MoE configu-
rations are more focused on the relatively practical
settings, with partial of extreme settings to reveal
the marginal effect of different factors. For the val-
idation data, we adopt larger model/data sizes and
broader ranges of factors to evaluate the effective-
ness of our scaling law. For some uncommon and
impractical experimental setups, such as those with
extremely large G and exceptionally high N,/N
ratios simultaneously (whose efficiency is unsatis-
factory in the view of MoE models), perfect fitting
is not pursued by our MoE scaling law. The de-
tailed configurations are in Table 8.
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Table 8: All configurations of experiments. The last column is Label, where v indicates that the data point is used
for validation and X indicates that the data point is used for fitting or for observing marginal patterns.

Na N D G S Label] Na N D G S Label

0 48M 247M 10B 25 0.2 48M 247M 10B 5 0.2

2 48M 247TM 10B 10 0.2 48M 247M 10B 15 0.2

4 48M 247TM 10B 20 0.2 48M 247M 20B 2.5 0.2

6 48M 247M 20B 5 0.2 48M 247M 20B 10 0.2

8 48M 247TM 20B 15 0.2 9 48M 247M 20B 20 0.2
10 48M 247M 50B 25 0.2 11 48M 247M 50B 5 0.2
12 48M 247M 50B 10 0.2 13 48M 247M 50B 15 0.2
14 48M 247M 50B 20 0.2 15 99M 496M 10B 2.5 0.2
16 9M 496M 10B 5 0.2 17 99M 496M 10B 10 0.2
18 99M  496M 10B 15 0.2 19 99M 496M 10B 20 0.2
20 99M  496M 20B 2.5 0.2 21 99M 496M 20B 5 0.2
22 9M  496M 20B 10 0.2 23 99M 496M 20B 15 0.2
24 99M  496M 20B 20 0.2 25 9M 496M 50B 2.5 0.2
26 99M  496M 50B 5 02 27 99M 496M 50B 10 0.2
28 99M  496M S50B 15 0.2 29 9M 496M 50B 20 0.2
30 181IM  907M 10B 25 0.2 31 181IM 907M 10B 5 0.2
32 181IM  907M 10B 10 0.2 33 18IM 907M 10B 15 0.2
34 181IM  907M 10B 20 0.2 35 181IM 907M 20B 2.5 0.2
36 18IM  907M 20B 5 02 37 181IM 907M 20B 10 0.2
38 181IM  907M 20B 15 0.2 39 181IM 907M 20B 20 0.2
40 181IM  907M 50B 2.5 0.2 41 18IM 907M 50B 5 0.2
42 181IM 907M 50B 10 0.2 43 181IM 907M 50B 15 0.2
44 181IM 907M 50B 20 0.2 45 48M 133M 10B 10 0.2
46 48M 247 10B 10 0.2 47 48M 473M 10B 10 0.2
48 48M  926M 10B 10 0.2 49 48M 133M 20B 10 0.2
50 48M 247M  20B 10 0.2 51 48M 473M 20B 10 0.2
52 48M  926M 20B 10 0.2 53 48M 133M 50B 10 0.2
54 48M  247M  50B 10 0.2 55 48M 473M 50B 10 0.2
56 48M  926M 50B 10 0.2 57 99M 269M 10B 10 0.2
58 99M  496M 10B 10 0.2 59 99M 949M 10B 10 0.2
60 99M 1855M 10B 10 0.2 61 99M 269M 20B 10 0.2
62 99M  496M 20B 10 0.2 63 99M 949M 20B 10 0.2
64 99M 1855M 20B 10 0.2 65 99M 269M 50B 10 0.2
66 99M  496M 50B 10 0.2 67 99M 949M 50B 10 0.2
68 99M 1855M 50B 10 0.2 69 181IM 492M 10B 10 0.2
70 18IM  907M 10B 10 0.2 71 181M 1738M 10B 10 0.2
72 181M 3399M 10B 10 0.2 73 181M 492M 20B 10 0.2
74 181IM 907M 20B 10 0.2 75 181M 1738M 20B 10 0.2
76 181IM  3399M 20B 10 0.2 77 181IM  492M 50B 10 0.2
78 181IM 907M 50B 10 0.2 79 181M 1738M 50B 10 0.2
80 18IM 3399M 50B 10 0.2 81 48M 247M 10B 10 0.0
82 48M 247M 10B 10 0.1 83 48M 247M 10B 10 0.2
84 48M 247TM 10B 10 04 & 48M 247M 20B 10 0.0
86 48M 247M 20B 10 0.1 87 48M 247M 20B 10 0.2
88 48M 247M 20B 10 04 890 48M 247M 50B 10 0.0
90 48M 247M 50B 10 0.1 91 48M 247M 50B 10 0.2

~N DN W=

;M J] ] A™X XX XXX XA ™R XXX X AR ARAX X XXX XXX ™R XX XXX XXX XXX XXX XXX XX
B A] BB X X X JXW AX A A AX XXX JXW A’ A AR X XXX XX AR XX XXX AR XXX XXX X XXX X XX

Continued on next page
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Table 8 continued from previous page

Na N D G S Label Na N D G S Label
92 48M 247M 50B 10 04 X 93 99M 496M 10B 10 0.0 X
94 99M  496M 10B 10 0.1 X 95 99M 496M 10B 10 02 X
96 99M 496M 10B 10 04 X 97 99M 496M 20B 10 0.0 X
98 99M  496M 20B 10 0.1 X 99 99M 496M 20B 10 02 X
100 99M  496M 20B 10 04 X 101 99M 496M 50B 10 0.0 X
102 99M  496M 50B 10 0.1 X 103 99M 496M 50B 10 0.2 X
104 99M  496M 50B 10 04 X 105 181IM 907M 10B 10 0.0 X
106 181IM 907M 10B 10 0.1 X 107 181IM 907M 10B 10 0.2 X
108 181IM 907M 10B 10 03 X 109 181IM 907M 10B 10 04 X
110 181IM 907M 10B 10 0.5 X 111 181IM 907M 10B 10 0.6 X
112 181IM 907M 10B 10 0.7 X 113 181IM 907M 20B 10 0.0 X
114 181IM 907M 20B 10 0.1 X 115 181IM 907M 20B 10 0.2 X
116 181IM 907M 20B 10 0.3 X 117 181IM 907M 20B 10 04 X
118 181IM 907M 20B 10 05 X 119 181IM 907M 20B 10 0.6 X
120 181IM  907M 20B 10 0.7 X 121 181IM 907M 50B 10 0.0 X
122 181IM  907M 50B 10 0.1 X 123 181IM 907M 50B 10 0.2 X
124 181IM  907M 50B 10 03 X 125 181IM 907M 50B 10 04 X
126 181IM 907M 50B 10 0.5 X 127 181IM 907M 50B 10 0.6 X
128 181IM 907M 50B 10 0.7 X 129 240M 1209M 10B 10 0.0 X
130 240M  1209M 10B 10 0.1 X 131 240M 1209M 10B 10 02 X
132 240M 1209M 10B 10 03 X 133 240M 1209M 10B 10 04 X
134 240M 1209M 10B 10 0.5 X 135 240M 1209M 10B 10 06 X
136 240M 1209M 10B 10 0.7 X 137 240M 1209M 20B 10 0.0 X
138 240M  1209M 20B 10 0.1 X 139 240M 1209M 20B 10 02 X
140 240M 1209M 20B 10 03 X 141 240M 1209M 20B 10 04 X
142 240M  1209M 20B 10 05 X 143 240M 1209M 20B 10 0.6 X
144 240M 1209M 20B 10 0.7 X 145 240M 1209M 50B 10 0.0 X
146 240M 1209M 50B 10 0.1 X 147 240M 1209M 50B 10 0.2 X
148 240M 1209M 50B 10 03 X 149 240M 1209M 50B 10 04 X
150 240M 1209M 50B 10 05 X 151 240M 1209M 50B 10 0.6 X
152 240M 1209M 50B 10 0.7 X 153 476M 2404M 10B 10 0.0 X
154 476M 2404M 10B 10 0.1 X 155 476M 2404M 10B 10 0.3 X
156 476M 2404M 10B 10 04 X 157 476M 2404M 10B 10 05 X
158 476M 2404M 10B 10 0.6 X 159 476M 2404M 10B 10 0.7 X
160 476M 2404M 20B 10 0.0 X 161 476M 2404M 20B 10 0.1 X
162 476M 2404M 20B 10 03 X 163 476M 2404M 20B 10 04 X
164 476M 2404M 20B 10 0.5 X 165 476M 2404M 20B 10 0.6 X
166 476M 2404M 20B 10 0.7 X 167 476M 2404M 50B 10 0.0 X
168 476M 2404M 50B 10 0.1 X 169 476M 2404M 50B 10 03 X
170 476M 2404M 50B 10 04 X 171 476M 2404M 50B 10 05 X
172 476M 2404M 50B 10 0.6 X 173 476M 2404M 50B 10 0.7 X
174 240M 1209M 10B 5 00 X 175 240M 1209M 10B 5 02 X
176 240M  1209M 10B 5 04 X 177 240M 1209M 10B 5 06 X
178 240M 1209M 10B 5 08 X 179 240M 1209M 20B 5 0.0 X
180 240M 1209M 20B 5 02 X 181 240M 1209M 20B 5 04 X
182 240M 1209M 20B 5 0.6 X 183 240M 1209M 20B 5 0.8 X
184 240M 1209M 50B 5 0.0 X 185 240M 1209M 50B 5 02 X
186 240M 1209M 50B 5 04 X 187 240M 1209M 50B 5 06 X
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Table 8 continued from previous page

Na N D G S Label Na N D G S Label
188 240M 1209M 50B 5 0.8 X 189 476M 2404M 10B 5 00 X
190 476M 2404M 10B 5 02 X 191 476M 2404M 10B 5 04 X
192 476M 2404M 10B 5 06 X 193 476M 2404M 10B 5 08 X
194 476M 2404M 20B 5 0.0 X 195 476M 2404M 20B 5 02 X
196 476M 2404M 20B 5 04 X 197 476M 2404M 20B 5 06 X
198 476M 2404M 20B 5 0.8 X 199 476M 2404M 50B 5 0.0 X
200 476M 2404M 50B 5 02 X 201 476M 2404M 50B 5 04 X
202 476M  2404M 50B 5 0.6 X 203 476M 2404M 50B 5 0.8 X
204 31IM  247M  10B 20 02 X 205 31IM  247M 20B 20 02 X
206 3IM  247M  30B 20 02 X 207 3IM  247M 50B 20 0.2 X
208 64M  496M 10B 20 02 X 209 99M  496M 10B 20 0.2 X
210 170M  496M 10B 20 02 X 211 312M  496M 10B 20 0.2 X
212 453M 496M 10B 20 02 X 213 64M  496M 20B 20 02 X
214 99M  496M 20B 20 02 X 215 170M  496M 20B 20 0.2 X
216 312M  496M 20B 20 02 X 217 453M 496M 20B 20 02 X
218 64M  496M 30B 20 02 X 219 99M  496M 30B 20 0.2 X
220 170M  496M 30B 20 02 X 221 312M  496M 30B 20 02 X
222 453M  496M 30B 20 02 X 223 64M  496M 50B 20 0.2 X
224 99M  496M 50B 20 02 X 225 170M 496M 50B 20 0.2 X
226 312M  496M 50B 20 02 X 227 453M 496M 50B 20 0.2 X
228 116M 907M 10B 20 0.2 X 229 181IM 907M 10B 20 0.2 X
230 310M 907M 10B 20 02 X 231 570M 907M 10B 20 02 X
232 829M 907M 10B 20 02 X 233 116M 907M 20B 20 0.2 X
234 181IM  907M 20B 20 02 X 235 310M 907M 20B 20 02 X
236 570M  907M 20B 20 02 X 237 829M 907M 20B 20 0.2 X
238 116M 907M 30B 20 02 X 239 181IM 907M 30B 20 02 X
240 310M  907M 30B 20 02 X 241 570M  907M 30B 20 0.2 X
242 829M 907M  30B 20 02 X 243 116M 907M 50B 20 0.2 X
244 181IM  907M 50B 20 02 X 245 310M 907M 50B 20 0.2 X
246 570M  907M 50B 20 02 X 247 829M 907M 50B 20 0.2 X
248 304M 2404M 10B 20 02 X 249 476M 2404M 10B 20 02 X
250 820M 2404M 10B 20 02 X 251 1508M 2404M 10B 20 0.2 X
252 2196M 2404M 10B 20 02 X 253 304M 2404M 20B 20 02 X
254 476M  2404M 20B 20 02 X 255 820M 2404M 20B 20 0.2 X
256 1508M 2404M 20B 20 02 X 257 2196M 2404M 20B 20 02 X
258 304M 2404M 30B 20 02 X 259 476M 2404M 30B 20 0.2 X
260 820M 2404M 30B 20 02 X 261 1508M 2404M 30B 20 02 X
262 2196M 2404M 30B 20 02 X 263 304M 2404M 50B 20 0.2 X
264 476M 2404M  50B 20 02 X 265 820M 2404M 50B 20 02 X
266 1508M 2404M 50B 20 02 X 267 2196M 2404M 50B 20 02 X
268 22M 12IM 10B 1 00 X 269 22M  121IM 10B 2 00 X
270 22M 12IM  10B 3 00 X 271 22M  121IM 10B 4 00 X
272 22M 12IM 10B 8 00 X 273 22M  12IM 10B 16 0.0 X
274  22M 12IM 20B 1 00 X 275 22M  121IM 20B 2 00 X
276 22M 12IM 20B 3 00 X 277 22M  12IM 20B 4 0.0 X
278 22M 12IM 20B 8 00 X 279 22M  121IM 20B 16 00 X
280 22M 12IM 50B 1 00 X 281 22M  12IM 50B 2 0.0 X
282 22M 12IM 50B 3 00 X 283 22M  121IM 50B 4 00 X
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Table 8 continued from previous page

Na N D G S Label Na N D G S Label
284 22M 12IM  50B 8 00 X 285 22M  12IM 50B 16 0.0 X
286 30M 93M 1I0B 1 00 X 287 30M 93M 10B 2 0.0 X
288 30M 93M 10B 3 00 X 280 30M 93M 10B 4 00 X
290 30M 93M 10B 8 00 X 201 30M 93M 10B 16 00 X
292 30M 93M 20B 1 00 X 293 30M 93M 20B 2 00 X
294 30M 93M 20B 3 00 X 205 30M 93M 20B 4 00 X
296 30M 93M 20B 8 00 X 297 30M 93M 20B 16 0.0 X
298 30M 93M 50B 1 00 X 299 30M 93M 50B 2 00 X
300 30M 93M 50B 3 00 X 301 30M 93M 50B 4 00 X
302 30M 93M 50B 8 00 X 303 30M 93M 50B 16 0.0 X
304 30M 175M 10B 1 00 X 305 30M 175M 10B 2 00 X
306 30M 175M  10B 3 0.0 X 307 30M  175M 10B 4 0.0 X
308 30M 175M  10B 8 00 X 309 30M 175M 10B 16 0.0 X
310 30M 175M 20B 1 00 X 311 30M 175M 20B 2 00 X
312 30M 175M 20B 3 00 X 313 30M 175M 20B 4 00 X
314 30M 175M  20B 8 00 X 315 30M 175M 20B 16 0.0 X
316 30M 175M 50B 1 00 X 317 30M 175M 50B 2 0.0 X
318 30M 175M 50B 3 00 X 319 30M 175M 50B 4 00 X
320 30M 175M  50B 8 00 X 321 30M 175M 50B 16 0.0 X
322 30M 340M 10B 1 00 X 323 30M 340M 10B 2 00 X
324 30M 340M 10B 3 00 X 325 30M  340M 10B 4 0.0 X
326 30M 340M 10B 8 00 X 327 30M 340M 10B 16 0.0 X
328 30M 340M 20B 1 0.0 X 329 30M  340M 20B 2 0.0 X
330 30M 340M 20B 3 00 X 331 30M 340M 20B 4 00 X
332 30M 340M 20B 8 00 X 333 30M 340M 20B 16 0.0 X
334 30M 340M 5S50B 1 00 X 335 30M 340M 50B 2 0.0 X
336 30M 340M 50B 3 00 X 337 30M 340M 50B 4 00 X
338 30M 340M 50B 8 0.0 X 339 30M 340M 50B 16 0.0 X
340 41IM  239M 10B 1 00 X 341 41M  239M 10B 2 00 X
342 41M  239M 10B 3 00 X 343 41M  239M 10B 4 00 X
344 41M  239M 10B 8 00 X 345 41M  239M 10B 16 00 X
36 41M  239M 20B 1 00 X 347 41M  239M 20B 2 0.0 X
348 41M  239M 20B 3 00 X 349 41M  239M 20B 4 00 X
350 41M  239M 20B 8 00 X 351 41IM  239M 20B 16 0.0 X
352 41IM  239M 50B 1 00 X 353 41M  239M 50B 2 00 X
354 41IM  239M 50B 3 0.0 X 355 41IM  239M 50B 4 0.0 X
356 41IM  239M 50B 8 00 X 357 41M  239M 50B 16 0.0 X
358 476M 1301M 10B 10 02 V 359 476M 2404M 10B 10 02 V
360 476M  4604M 10B 10 02 V 361 476M 9008M 10B 10 02 V
362 476M  1301M 20B 10 0.2 V 363 476M 2404M 20B 10 0.2 V
364 476M  4604M 20B 10 02 V 365 476M 9008M 20B 10 0.2 V
366 476M 1301IM 50B 10 0.2 V 367 476M 2404M 50B 10 0.2 V
368 476M 4604M 50B 10 02 V 369 476M 9008M 50B 10 0.2 V
370 793M  3964M 10B 10 0.0 Vv 371 793M 3964M 10B 10 0.1 V
372 793M 3964M 10B 10 02 V 373 793M 3964M 10B 10 03 V
374 793M 3964M 10B 10 04 V 375 793M 3964M 10B 10 0.5 V
376 793M 3964M 10B 10 06 V 377 793M 3964M 10B 10 0.7 V
378 793M  3964M 20B 10 0.0 Vv 379 793M 3964M 20B 10 0.1 V
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Table 8 continued from previous page

Na N D G S Label Na N D G S Label
380 793M  3964M 20B 10 02 V 381 793M 3964M 20B 10 03 V
382 793M  3964M 20B 10 04 V 383 793M 3964M 20B 10 0.5 V
384 793M 3964M 20B 10 06 V 385 793M 3964M 20B 10 0.7 V
386 793M  3964M 50B 10 00 V 387 793M 3964M 50B 10 0.1 V
388 793M  3964M 50B 10 0.2 V 389 793M 3964M 50B 10 0.3 V
390 793M  3964M 50B 10 04 V 391 793M 3964M 50B 10 05 V
392 793M  3964M 50B 10 0.6 V 393 793M 3964M 50B 10 0.7 V
394 1441M 7255M 10B 10 02 V 395 1960M 7255M 10B 10 0.2 V
396 2479M 7255M 10B 10 0.2 V 397 3517M 7255M 10B 10 0.2 V
398 6632M 7255M 10B 10 02 V 399 1441M 7255M 20B 10 0.2 V
400 1960M 7255M 20B 10 0.2 V 401 2479M 7255M 20B 10 02 V
402 3517M 7255M 20B 10 0.2 V 403 6632M 7255M 20B 10 0.2 V
404 1441M 7255M 50B 10 0.2 V 405 1960M 7255M 50B 10 0.2 V
406 2479M 7255M 50B 10 02 V 407 3517M 7255M 50B 10 0.2 V
408 6632M 7255M 50B 10 02 Vv 409 453M 3964M 10B 2 05 V
410 453M 3964M 10B 4 05 Vv 411 453M 3964M 10B 6 0.5 V
412 453M 3964M 10B 8 05 VvV 413 453M 3964M 10B 10 05 V
414 453M 3964M 10B 12 0.5 V 415 453M 3964M 20B 2 0.5 V
416 453M 3964M 20B 4 05 V 417 453M 3964M 20B 6 05 V
418 453M 3964M 20B 8 0.5 V 419 453M 3964M 20B 10 0.5 V
420 453M 3964M 20B 12 05 V 421 453M 3964M 50B 2 05 V
422 453M 3964M 50B 4 05 V 423 453M 3964M 50B 6 0.5 V
424 453M 3964M 50B 8 0.5 V 425 453M 3964M 50B 10 05 V
426 453M 3964M 50B 12 0.5 V 427 566M 3964M 10B 3 033 V
428 566M 3964M 10B 6 033 v 429 566M 3964M 10B 9 033 V
430 566M 3964M 10B 12 033 V 431 566M 3964M 20B 3 033 V
432 566M 3964M 20B 6 0.33 v 433 566M 3964M 20B 9 033 V
434 566M 3964M 20B 12 033 v 435 566M 3964M 50B 3 033 V
436 566M 3964M S50B 6 033 V 437 566M 3964M 50B 9 033 V
438 566M 3964M 50B 12 0.33 v 439 476M 2404M 10B 25 02 V
440 476M 2404M 20B 25 02 V 441 476M 2404M 50B 2.5 02 V
442 793M  3964M 100B 10 0.2 V 443 476M 2404M 10B 20 0.2 V
444 476M 2404M 20B 20 0.2 V 445 476M 2404M 50B 20 0.2 V
446 3070M 30249M 50B 20 0.2 V 447 181M 907M 10B 40 0.2 V
448 181IM  907M 20B 40 02 V 449 181IM 907M 50B 40 02 V
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Figure 16: Distribution histograms of N, N,, D, G, and S for fitting data and validation data.
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