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Abstract

Understanding how Large Language Models
(LLMs) perform logical reasoning internally
remains a fundamental challenge. While prior
mechanistic studies focus on identifying task-
specific circuits, they leave open the question
of what computational strategies LLMs em-
ploy for propositional reasoning. We address
this gap with a causal mechanistic analysis on
PropLogic-MI, a controlled benchmark of 11
propositional rules across one- and two-hop
tasks, applied to three model families (Qwen3,
Llama-3.1, Mistral). Rather than asking which
components are necessary, we ask how the rea-
soning process is organized, and identify four
interlocking mechanisms: Staged Computation,
where early, middle, and late layers take on
distinct functional roles; Information Trans-
mission, where semantic content aggregates at
boundary tokens; Fact Retrospection, where
fact tokens stay causally active as binding
lookup in middle layers and as sustained access
in late layers under hard reasoning loads; and
Specialized Attention Heads that structurally
implement these patterns. A prompt-order con-
trol that places the query before the facts con-
firms that this organization is model-internal
rather than input-layout-induced. These find-
ings show that pretrained LLMs solve propo-
sitional reasoning through a structured, layer-
organized process that recurs across models,
rule categories, and reasoning hops. 1

1 Introduction

The capability of Large Language Models (LLMs)
to execute complex logical reasoning has improved
significantly (Cheng et al., 2025; El-Kishky, 2024;
DeepSeek-AI et al., 2025). State-of-the-art evalu-
ations demonstrated this trend: GPT-5.2 achieves
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†Corresponding Author.
1Code is available at https://github.com/yanqiyao1/

Propo-MI.

92% accuracy on GPQA-Diamond and Gemini-3-
Pro reaches 76% on SimpleBench. However, the
underlying computational mechanisms behind such
high empirical performance remain poorly under-
stood. This gap in understanding raises a funda-
mental question: are these models simply sophisti-
cated pattern matchers relying on surface statistics
(Bender et al., 2021; Dziri et al., 2023), or have
they internalized robust algorithms that mirror log-
ical deduction (Li et al., 2023; Nanda et al., 2023)?
To address this ambiguity, the emerging field of
Mechanistic Interpretability (MI) (Sharkey et al.,
2025) has begun to reverse-engineer transformers
to causally uncover the mechanisms underlying
model behaviors. Recent efforts have applied MI
to reasoning domains including arithmetic (Kan-
tamneni and Tegmark, 2025; Stolfo et al., 2023; Yu
and Ananiadou, 2024), syllogistic inference (Kim
et al., 2024), and multi-hop composition (Ye et al.,
2025; Xia et al., 2024). Their findings suggest that
LLMs may employ structured, interpretable strate-
gies when processing logical reasoning, rather than
relying solely on opaque pattern matching.

Propositional logical reasoning, i.e., the capac-
ity to manipulate boolean operators and chain in-
ference rules, represents a cornerstone of formal
deduction that underpins more complex reasoning
tasks. Despite its foundational role, this domain re-
mains largely unexplored in MI. Behavioral studies
reveal that model accuracy degrades significantly
with increased proof depth (Dziri et al., 2023), yet
the internal computational mechanisms responsible
for these failures remain opaque. A prior mechanis-
tic work, Hong et al. (2024), provides circuit-level
analysis identifying four attention head families
in Mistral-7B, Gemma-2-9B, and Gemma-2-27B.
While they demonstrate that similar circuits emerge
across these models, their study is constrained to a
single operator structure (i.e., implication chains)
using simplified one-hop problems. Broader propo-
sitional rules, including De Morgan’s Laws, Dis-
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tributivity, and Commutativity, as well as applying
multiple different rules in a multi-step reasoning
process, remain mechanistically unexplored. More-
over, their circuit-discovery paradigm focuses on
identifying which specific components are neces-
sary for a given model-task pair, rather than char-
acterizing how the reasoning process in compu-
tational strategies that may transfer across model
architectures and logical structures.

In this paper, we address this gap with a more
comprehensive analysis. First, we shift analytical
focus from model-specific circuit identification to
generalizable mechanistic principles. As shown
in Figure 1, this perspective reveals four interlock-
ing mechanisms: (1) Staged Computation, where
fact premises, logical expressions and query com-
pute mainly at early, middle, and late layers; (2)
Information Transmission, where semantic infor-
mation aggregates at semantic boundary tokens,
i.e., positions that close or anchor a meaningful seg-
ment such as a factual clause, logical expression, or
query suffix; (3) Fact Retrospection, in which fact
tokens remain causally active beyond early-layer
encoding — as a middle-layer binding lookup and,
under hard reasoning loads, as a sustained late-
layer signal; and (4) Specialized Attention Heads,
where heads specialize into Splitting, Transmis-
sion, and Fact-Retrieval roles, respectively marking
segment boundaries, routing information within a
logical block, and looking up bound fact values.
Second, we expand the scope of analysis to 11
propositional logic rule categories across one- and
two-hop reasoning on four models (i.e., Qwen3-8B,
Qwen3-14B, Llama-3.1-8B-Instruct, and Mistral-
7B-Instruct), and find the same four mechanisms
generalize across these axes. Third, we run every
analysis under two prompt orderings, one where
the facts precede the query and one where they
follow it, to test whether the staged organization
tracks the surface prompt layout or the underlying
logical content. The same staged template emerges
in both orderings across all models, indicating that
the organization is model-internal rather than input-
order-induced. These analyses provide a more com-
plete and generalizable picture of the mechanisms
of propositional logical reasoning.

2 Related Work

A common three-level abstraction in Mechanis-
tic Interpretability (MI) distinguishes features, cir-
cuits, and the algorithms they implement (Bereska

and Gavves, 2024). Building on this view, we or-
ganize prior work on LLM reasoning along two
complementary axes. A component-level lens asks
which heads or layers implement a given sub-
computation, while a strategy-level lens asks how
those components are orchestrated into a network-
wide reasoning pattern.

Component-Level MI. MI has identified specific
components responsible for individual computa-
tional primitives: induction heads for in-context
learning (Olsson et al., 2022), MLP layers that
store factual associations (Meng et al., 2022; Geva
et al., 2023; Ferrando and Voita, 2024), and binding
ID vectors through which attention heads link enti-
ties to their attributes (Feng and Steinhardt, 2024;
Wang et al., 2023b). Causal mediation analysis
(Vig et al., 2020; Hase et al., 2023; Zhang and
Nanda, 2024; Heimersheim and Nanda, 2024) and
circuit-based methods (Elhage et al., 2021; Wang
et al., 2023a) extend this by identifying minimal
subgraphs causally necessary for specific tasks. For
reasoning specifically, Kim et al. (2024) decom-
pose syllogistic inference into modular circuits
with premise-retrieval and conclusion-assembly
components. These studies provide fine-grained
causal evidence at the level of individual heads and
layers.

However, as Tigges et al. (2024) observe, the
specific attention heads realizing a functional com-
ponent may shift across training and scale, yet the
overarching algorithm they implement remains sta-
ble. Our work contributes primarily on the strategy-
level axis while drawing its primitives from the
component-level literature.

Strategy-Level MI. This line of research fo-
cuses on how individual components organize into
network-wide reasoning strategies. Dutta et al.
(2024) trace how chain-of-thought (CoT) prompt-
ing restructures internal information flow, showing
that explicit intermediate tokens serve as anchor
points for staged computation. Those tokens, how-
ever, are generated and re-enter the context as exter-
nalized working memory, so the organization built
around them may belong to the scaffold instead
of LLM itself. Moreover, the verbalized rationale
itself need not faithfully reflect the computation
that produces the answer (Turpin et al., 2023; Lan-
ham et al., 2023; Paul et al., 2024). Therefore, we
remove the scaffold and ask whether a similar or-
ganization appears when LLMs have to do all the
reasoning implicitly. We find that models still stage
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Figure 1: Four interlocking mechanisms of propositional-logic reasoning. (a) Staged Computation: early,
middle, and late layers take on distinct functional roles. (b) Information Transmission: information aggregates at
semantic boundary tokens. (c) Fact Retrospection: fact tokens used for middle-layer binding lookup and late-layer
access under hard reasoning loads. (d) Specialized Attention Heads: Splitting, Transmission, and Fact-Retrieval
heads implement the three patterns above.

the computation temporally across layers and spa-
tially across token positions, anchored by boundary
tokens instead of generated ones.

A strategy-level view also recasts primitives
identified at the component level. Prior component-
level studies show that attention heads link entities
to attributes through binding ID vectors (Feng and
Steinhardt, 2024) and that MLPs localize single-
fact retrieval to specific layers (Meng et al., 2022).
In the propositional setting, both observations resur-
face as part of a single Fact Retrospection pattern,
in which fact tokens remain causally active be-
yond their initial encoding: middle layers carry
a binding-flow lookup, and under hard reason-
ing loads (e.g., two-hop reasoning) an additional
sustained-access signal appears at late layers.

Mechanistic Studies of Propositional Logic. To
the best of our knowledge, the only mechanistic
study on propositional logic is Hong et al. (2024),
which decomposes implication reasoning into four
functional head types (locating, mover, processing,
and decision heads) in Mistral-7B and Gemma-
2, pinpointing the heads responsible for rule re-
trieval, information movement, and answer selec-
tion. Building on this head-level decomposition,

we characterize network-wide computational pat-
terns along three complementary axes: temporal
computation across depth, spatial information rout-
ing across token positions, and the underlying com-
putational operators. Combined with broader rule
coverage and multi-hop scenarios, this strategy-
level perspective reveals organizational principles
that generalize across diverse logical structures, in-
ference chain lengths, model scales and families.

3 PropLogic-MI: Task and Dataset

3.1 Task Formulation

We formulate propositional reasoning as next-token
prediction over a logical instance I = (F,E,Q),
where F is a set of factual assignments, E is a set
of logical expressions, Q is the queried expression,
and the gold label y ∈ {True, False} is deter-
mined by I . We study two prompt ordering, i.e.,
πFF listing F before E, and πEF placing E first.
Both preserve the same logical contents and the
same answer, so differences between them reflect
input order. The model is required to emit the truth
value immediately after the query for analyzing the
hidden computation that precedes the answer.
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3.2 Dataset Construction
PropLogic-MI. PropLogic-MI is a controlled
corpus for mechanistic analysis. It spans 11 propo-
sitional rule categories and two reasoning depths:
(1) one-hop questions can be answered directly
from the stated facts, and (2) two-hop reason-
ing, where an intermediate assignment M = e1
must first be derived before predicting the final
answer. Each logical sample is instantiated under
both prompt orderings (i.e., πFF and πEF) with
matched clean/corrupted pairs, shared labels, and
randomized variable remapping. Full rule defini-
tions, prompt templates, and data generation details
can be seen at Appendix A.

Data Statistics. Each prompt ordering contains
20,000 clean/corrupted pairs (9,523 one-hop and
10,477 two-hop), with near-balanced rule coverage;
Table 1 summarizes clean accuracy and the dual-
correct rate, namely the fraction of prompts that
a model answers correctly on both the clean and
corrupted runs. This dual-correct subset defines the
sample pool for experiments. Qwen3 yields larger
pools than Llama and Mistral, and the same four
mechanisms recur across families and analysis is re-
stricted to these matched pools. Therefore, we only
claim the strategy-level mechanism is shared condi-
tionally on successful reasoning; how a model fails,
and whether failure mechanisms coincide across
models, is not addressed by this pool.

πFF πEF

Model Clean Dual Clean Dual Pool (πFF/πEF)

Qwen3-8B 87.0 75.4 74.2 53.9 15,087 / 10,778
Qwen3-14B 87.4 76.6 74.4 52.8 15,310 / 10,562
Llama-3.1-8B 63.9 38.4 60.3 37.0 7,674 / 7,403
Mistral-7B 65.1 35.1 66.7 40.0 7,022 / 7,995

Table 1: Data Statistics of PropLogic-MI. Each prompt
ordering contains 20,000 prompts. Clean = clean accu-
racy (%). Dual = dual-correct rate (%), i.e., accuracy
on both the clean and corrupted runs. The right col-
umn gives the pool size used for mechanistic analysis.
Hop-wise and model-family breakdowns are deferred
to Appendix C (including the cross-family summary in
Table 7).

4 Methodology

Causal Interventions. We use two complemen-
tary intervention primitives. The intervention’s ex-
act scope (which layers, which token positions,
which to average) varies per experiment and is de-
scribed with experiments in §5. (1) Activation

patching. Following Vig et al. (2020); Meng et al.
(2022), we form a clean prompt xclean with gold
label y and a minimally corrupted (e.g., flipping the
assignment of a fact) prompt xcorr whose predic-
tion flips. We cache an internal activation from the
clean run at a chosen layer and token and restore
it into the corrupted run, measuring how much the
corrupted output moves back toward y. (2) Mean
ablation. We replace a targeted output by a de-
fined mean value computed over a clean reference
set. The exact scope of the mean differs across
experiments.

Analytical Metrics. Let wy denote the token for
the correct label y ∈ {True, False} and w¬y its
opposite. We define Probability Difference as

PD(x, y) = P(wy | x)− P(w¬y | x), (1)

where P(w | x) is the model probability at the
answer position. Larger PD means stronger support
for the correct answer. For an intervention x̃, we
report Probability Difference Shift as

dPD = PD(x̃, y)− PD(xbaseline, y), (2)

where xbaseline is the input of the unintervened run
(the corrupted prompt for activation patching; the
clean prompt for mean ablation). A positive dPD
indicates that the intervention restores the model
toward the correct answer.

Semantic Aggregation. To localize computation
along the prompt, we take two semantically ag-
gregated granularities (Figure 2): (1) Coarse log-
ical blocks partition each prompt into three con-
tiguous, role-defined spans — the Fact Block
(e.g., A is True, B is False), the Expression
Block (e.g., C = (¬A or ¬B)), and the Query
Block (e.g., C is) — and are intervened on as
a whole (used in §5.1). (2) Fine structural cat-
egories further subdivide each block into syntac-
tically meaningful token classes — the boundary
tokens fact_value, expr_last, and query_last
that close each block, vs. interior tokens such as
fact_var_ref or operator — and are scored at
the token level (used in §5.2). Both granularities
share a single per-layer aggregation. Let Tc denote
the units belonging to category c; the mean dPD at
layer l is

dPD
(l)
c =

1

|Tc|
∑

t∈Tc
dPD(l)(t), (3)
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where the unit t is set by the granularity: under (1),
t is an entire logical block and |Tc| = 1, so dPD

(l)
c

reduces to the block-level dPD; under (2), t ranges
over token positions inside structural category c
and |Tc| is the number of such tokens.

Figure 2: Two token-categorization granularities.
Coarse logical blocks (Fact, Expression, Query) nest
the fine structural categories; arrows mark the boundary
tokens (fact_value, expr_last, query_last). Two-
hop prompts additionally introduce new_var_decl and
new_val_ref inside the Expression Block.

5 Experiments

We analyze propositional reasoning using coarse-
to-fine intervention granularity. We first use mean
ablation on MLP and Attention (§5.1) to when each
logical block (i.e., Facts, Expression, Query) is pro-
cessed temporally. Next we zoom in to the struc-
tural categories and ask how information routes
(§5.2). We finally identify which attention heads
implement the above patterns as discrete compu-
tational operators (Wang et al., 2023a) (§5.3.1).
We run the full pipeline on four LLMs: Qwen3-
8B/14B, Llama-3.1-8B-Instruct, and Mistral-7B-
Instruct. Main-text figures mainly use Qwen3 as
representative cases.

5.1 Coarse-grained Analysis: Staged
Computation

We begin with a fundamental question: whether
LLMs organize propositional reasoning into com-
putational stages given different logical blocks?
Therefore, we mean-ablate each logical block with
the token-wise mean computed over the input
prompt at every layer in three complementary
pathways (MLP, Attention, and the joint Atten-
tion+MLP) to remove that block’s information
without injecting any outlier signal and isolate the
layers at which the block carries necessity load.

The same staged pattern appears across all three
ablation pathways. Figure 3 shows the representa-

tive Qwen3-8B joint ablation. Fact_Block concen-
trates in the early layers, while Expression_Block
dominates in the middle layers and Query_Block
in the late layers. Notably, few early layers carry
significant effects for all logical blocks simulta-
neously, so we concentrated distributions rather
than peaks, and the meaningful signal is the rela-
tive order of the three distributions instead of ab-
solute layer cutoff. Concretely, the Expression
distribution lies after the Fact distribution, and the
Query lies after the Expression; two-hop reason-
ing broadens the later computation but preserves
this computational ordering. Results of MLP abla-
tion and Attention ablation are in (Figure 17, 24;
Appendix D.3).

The same ordering survives prompt-order rever-
sal and model change. Under πEF the three distri-
butions keep the same order as under πFF, but the
staging is more compact: the Fact concentration
arrives roughly one to two layers later, while the
Expression and Query concentrations move few
layers earlier, so the three stages occupy a narrower
depth window (Appendix D.1; compare Figures 7
and 8). Scaling to Qwen3-14B reproduces the same
template (Figure 9; Appendix D). The ordering also
holds across model families, with two coexisting
family differences: Llama-3.1-8B and Mistral-7B
place the Fact and Expression stages at earlier
layers than Qwen3, while devoting more overall
mass to the Query block and keeping a broader late-
integration tail (Figures 11, 13; Appendix D.1).

5.2 Fine-grained Analysis: Information
Routing

This section investigates how information routes
between computational stages through fine-grained
activation patching on residual stream, as it serves
as the primary information pathway and accumu-
lates representations across layers, By patching
residual stream activations at specific token posi-
tions, we can trace where stage-relevant informa-
tion resides as it propagates through the network.

For each item we build a clean/corrupt pair that
flips the label. The clean prompt is, e.g., A is
True, B is False, C = (¬A or ¬B). C is
(answer True); the corrupt is A is True, B is
True, C = (¬A or ¬B). C is” (answer False).
We use metric 3 to aggregate token-wise causal in-
fluence with each structural categories (Figure 4a).
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(a) Facts (One-hop) (b) Expression (One-hop) (c) Query (One-hop)

(d) Facts (Two-hop) (e) Expression (Two-hop) (f) Query (Two-hop)

Figure 3: Joint Attention+MLP mean ablation on Qwen3-8B under πFF. Per-layer dPD when the activations of
each logical block (Facts/Expression/Query) are mean-replaced. Facts effects concentrate in early layers, Expression
in middle layers, and Query in late layers; two-hop preserves the ordering while broadening the Query(§5.1).

5.2.1 Information Converges at Boundary
Tokens

Figure 4a shows the representative Qwen3-8B run
under πFF. The three boundary-token structural
categories dominate their respective computational
stages: fact_value in early layers, expr_last
in middle layers, and query_last in late layers,
while the remaining categories (fact_var_ref,
operator, others) stay negligible. Causal influ-
ence concentrates on a small set of boundary tokens
that close or anchor each logical block, rather than
spreading uniformly across the block. The token-
level transport runs Fact → Expression → Query
through these positions, mirroring the layer-level
staging in Figure 3.

Under πEF, the clean and corrupt prompts dif-
fer only at the fact_value position (the flipped
truth assignment) and the model is autoregressive,
so patching the clean residual of any expression
token (e.g., expr_last) into the corrupt forward
pass transfers no information and produces no dPD
by construction. The other two boundary tokens
continue to dominate their respective layers un-
der πEF (Figure 4b, Appendix E), confirming that
boundary-token convergence generalizes across dif-
ferent prompt orderings.

The same boundary-token rule survives two-hop
reasoning and replication across all four models.
The relative weight of each boundary differs by
family: Qwen3 keeps the strongest fact-side sig-
nal, Llama hands off to query tokens earliest, and
Mistral lies in between. Details are in Appendix E.

5.2.2 Fact Retrospection

The query_last in late layers peak visually com-
presses what happens in the later layers. To reveal
the information flow during expression processing,
where expression-variable tokens bind to fact val-
ues, we exploit the autoregressive suppression of
expr_last under πEF and zoom in middle and late
layers with query_last excluded.

As shown in figure 4c, fact_value and
fact_var_ref exchange dynamically across the
middle layers: as the layer index advances,
fact_value’s dPD declines from its early-layer
peak while fact_var_ref rises to a middle-layer
peak within the same layer range. This indi-
cates information routing during fact binding: at
these depths, attention heads use fact_var_ref
as the query position and copy the truth value
from fact_value, shifting causal effects from
fact_value to fact_var_ref across middle lay-
ers. The exchange between fact_value and
fact_var_ref generalizes across reasoning hop,
prompt order, and models, although magnitude dif-
fers. Qwen3 shows the clearest middle-layer ex-
change, Llama-3.1 is weaker, and Mistral is negligi-
ble (Appendix E). A complementary yet counterin-
tuitive pattern emerges as tasks get harder: factual
influence outlasts the binding step. Specifically,
in the late layers, fact_value stays well above
the other structural categories excepts query_last,
and is markedly significant under two-hop com-
pared to one-hop for the same model and prompt
order (Appendix E). We call the pattern as Fact
Retrospection that LLMs keep attending back to
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(a) Qwen3-8B, πFF, one-hop (b) Qwen3-14B, πEF, two-hop (c) Qwen3-14B, πEF, two-hop (zoom)

Figure 4: Per-token mean dPD by structural category. Residual-stream activation-patching effects averaged per
token within each category; shading marks Early/Middle/Late layers. (a) Under πFF, boundary tokens dominate
their respective layers—fact_value early, expr_last in middle, query_last late—while the remaining categories
stay near zero. (b) Under πEF, expr_last is pinned to zero by autoregressive construction, but fact_value and
query_last still dominate the early and late layers, confirming that boundary-token convergence persists under
prompt reordering. (c) Zoom of (b) into middle and late layers with query_last excluded: the binding-flow
signature during expression process between fact_value and fact_var_ref.
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Figure 5: Harder tasks show stronger Fact Retrospec-
tion. Each point is one rule × hop group, colored by
model and plotted against its difficulty relative to other
rules at the same hop. Both axes are rescaled separately
for each model and prompt order. The dashed line is the
mean trend.

fact_value positions even after most information
has already routed forward to query_last.

To quantify the relationship between task diffi-
culty and fact retrospection, we group tasks by hop
and logical rule within each model and prompt or-
der. A group’s difficulty is one minus the average
of its clean and corrupted accuracy, centered within
hop so that each group is scored against other rules
at the same depth. Late Fact Restoration (LFR) is
the mean dPD from patching clean fact_value
activations into the paired corrupted run, averaged
over the fact-value positions and over the late layers
of each model. Using 1,000 patching examples per
model and prompt order, difficulty is positively as-
sociated with LFR (Figure 5; r̄ = 0.449 over the 8
model × prompt-order conditions, stratified permu-
tation p = 0.0004). Therefore, Fact Retrospection
strengthens as tasks get harder.

5.3 Computational Operaters Analysis:
Specialized Attention Heads

5.3.1 Head Taxonomy

Figure 6: Layer-wise distribution of the three head
roles in Qwen3-8B under πFF. Counts of heads clas-
sified as Splitting, Transmission, and Fact-Retrieval at
each layer. Splitting Heads concentrate in early layers,
Transmission Heads in middle layers, and Fact-Retrieval
Heads peak from the middle into late layers. Scale,
prompt-order, and cross-family extensions are in Ap-
pendix F.

With the macroscopic computational patterns
characterized in the preceding sections, the last
core question remains: which attention heads im-
plement these patterns as computational operators?
Analyzing the attention patterns, We find Special-
ized Attention Heads, i.e., a consistent, layer-wise
division of labor in which heads at different layers
assume specialized, stable functional roles. We
group these heads into three main categories, each
corresponding to a macroscopic mechanism iden-
tified earlier. Detailed attention patterns of these
heads could refer to figure 38. We further compute
the layer-wise distribution of these heads (Figure 6).
The depth ranges where each role concentrates mir-
ror the macroscopic staging of §5.1–§5.2.2.
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Qwen3 Llama-3.1-8B Mistral-7B

8B-FF 8B-EF 14B-FF 14B-EF FF EF FF EF

k Role Acc dPD Acc dPD Acc dPD Acc dPD Acc dPD Acc dPD Acc dPD Acc dPD

– Baselines 96.6 – 92.8 – 94.8 – 97.6 – 60.2 – 69.2 – 99.4 – 99.8 –

8

Fact-Retrieval 74.6 −0.40 77.4 −0.26 83.2 −0.24 86.0 −0.23 55.2 −0.16 58.4 −0.20 41.6 −0.21 65.4 −0.13
Transmission 80.4 −0.29 78.0 −0.26 76.8 −0.34 79.8 −0.33 55.2 −0.17 58.4 −0.19 45.2 −0.14 77.6 −0.10
Splitting 84.6 −0.21 81.2 −0.19 90.4 −0.09 93.4 −0.09 55.2 −0.18 58.4 −0.24 47.0 −0.11 50.4 −0.19
Mixed-All 74.6 −0.40 77.6 −0.27 74.2 −0.39 81.6 −0.34 55.2 −0.18 58.4 −0.22 41.6 −0.23 47.4 −0.24
Random-Outside 97.1 +0.01 94.7 +0.02 96.5 +0.02 98.0 +0.00 62.4 +0.03 72.6 +0.03 95.9 +0.02 94.5 +0.02

16

Fact-Retrieval 67.4 −0.55 70.0 −0.41 76.8 −0.37 81.4 −0.31 55.2 −0.16 58.4 −0.22 41.2 −0.24 44.6 −0.21
Transmission 69.4 −0.51 75.0 −0.32 72.2 −0.43 76.0 −0.44 55.2 −0.18 58.4 −0.20 41.6 −0.19 56.4 −0.14
Splitting 83.4 −0.23 78.2 −0.25 88.2 −0.14 90.6 −0.14 55.0 −0.19 58.4 −0.23 42.2 −0.15 43.6 −0.24
Mixed-All 68.4 −0.54 71.2 −0.40 65.8 −0.53 76.2 −0.43 55.2 −0.17 58.4 −0.22 41.4 −0.25 43.4 −0.27
Random-Outside 97.4 +0.02 95.0 +0.01 96.9 +0.03 97.9 +0.00 65.5 +0.07 74.1 +0.05 92.8 +0.04 90.7 +0.04

32

Fact-Retrieval 57.0 −0.74 63.2 −0.54 63.8 −0.58 77.2 −0.42 55.2 −0.16 58.4 −0.21 41.2 −0.28 43.8 −0.25
Transmission 69.2 −0.52 73.2 −0.36 69.2 −0.51 76.6 −0.44 55.2 −0.18 58.4 −0.21 41.2 −0.23 44.8 −0.19
Splitting 80.4 −0.30 73.2 −0.36 84.8 −0.21 86.8 −0.23 55.2 −0.19 58.4 −0.25 41.4 −0.18 43.2 −0.26
Mixed-All 62.0 −0.66 67.4 −0.48 61.4 −0.62 62.0 −0.68 55.2 −0.17 58.4 −0.22 41.2 −0.28 43.2 −0.31
Random-Outside 97.2 +0.02 92.5 −0.02 98.3 +0.05 98.1 +0.01 72.0 +0.12 79.2 +0.09 88.4 +0.07 85.2 +0.07

64

Fact-Retrieval 50.6 −0.88 58.4 −0.61 57.2 −0.74 78.0 −0.41 55.2 −0.16 58.4 −0.22 41.2 −0.29 43.2 −0.30
Transmission 62.6 −0.65 60.0 −0.62 57.4 −0.72 69.4 −0.56 55.2 −0.17 58.4 −0.22 41.2 −0.28 43.2 −0.24
Splitting 70.4 −0.48 69.2 −0.43 75.2 −0.39 64.0 −0.66 55.2 −0.20 58.4 −0.23 41.2 −0.23 43.2 −0.31
Mixed-All 52.2 −0.83 57.4 −0.67 53.0 −0.81 56.8 −0.85 55.2 −0.16 58.4 −0.21 41.2 −0.31 43.2 −0.33
Random-Outside 91.1 −0.09 86.7 −0.11 97.1 +0.04 98.3 +0.01 78.9 +0.16 84.4 +0.17 79.5 +0.14 77.6 +0.12

Table 2: Post-ablation accuracy and mean dPD shift after top-k head ablation, across four models and both
prompt orders. For each setting we report Acc, the post-ablation top-1 accuracy on held-out clean prompts (%),
and dPD, the mean shift in the two-answer probability difference PDTrue − PDFalse relative to the unintervened
baseline (more negative = stronger push away from the correct answer). FF = πFF, EF = πEF. Mixed-All ablates
the union of the top heads of all three roles; Random-Outside control is sampled from heads not assigned to any role.

Splitting Heads. In early layers, these heads con-
centrate on comma tokens (Figure 38a), which
act as boundary markers between logical blocks.
They materialize Staged Computation: by mark-
ing clause boundaries, they separate the factual
premises from the expression to be solved.

Transmission Heads. These heads aggregate in-
formation within a logical block and route it to-
ward the block’s terminal token. Their attention
maps form lower-triangular blocks inside the Facts
and Expression blocks (Figure 38b), matching the
boundary-token convergence pattern of §5.2.1.

Fact-Retrieval Heads. These heads route atten-
tion from the query token or expression tokens
back toward truth-value tokens (True/False) (Fig-
ure 38c), and they concentrate in middle-to-late
layers (Figure 6). This is the head-level counter-
part of the information routing in §5.2.2: the same
depth range where fact-value tokens remain above
zero is occupied by heads which retrieve those fact
tokens.

5.3.2 Ablation Study
To verify whether the head taxonomy genuinely
implements the above mechanisms, we perform tar-

geted mean-ablation of the top-k heads of each role
and compare them with a Random-Outside control
sampled from heads not assigned to any role (Ap-
pendix B.4). We report the model’s post-ablation
accuracy on held-out clean prompts together with
the mean dPD shift, the change in the two-answer
probability difference PDTrue − PDFalse relative
to the unintervened baseline.

Table 2 reports both metrics across k ∈
{8, 16, 32, 64} for all models and both prompt or-
ders. In Qwen3, role-targeted ablations consistently
drop accuracy well below the Random-Outside con-
trol, with the ordering Fact-Retrieval ≥ Transmis-
sion > Splitting robust across sizes and prompt
orders; the cross-family rows show two distinct
failure modes, with Llama3.1 saturating by k = 8
(roles not cleanly separated) and Mistral degrad-
ing sharply under both role-targeted and Random-
Outside ablations (globally sensitive).

6 Discussion

The most consequential finding concerns Fact
Retrospection: how the model keeps fact tokens
causally active beyond their initial encoding, in
two sub-patterns. (1) A binding-flow lookup in
middle layers that transfers from fact_value
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to expression-side variable references, with Fact-
Retrieval heads routing from query and expression
positions to the bound truth-value tokens. This
sub-pattern is universal across our models and
hops, and is the propositional-logic counterpart
of the binding-ID mechanism of Feng and Stein-
hardt (2024). (2) A sustained late-layer access that
emerges only as the task nears the model’s capacity
limit (e.g., on two-hop setting), where fact_value
stays causally active in parallel with forward rout-
ing toward the answer, showing the model holding
onto premise tokens when it cannot fully compress
them into a single forward path.

The cross-family pattern further ties this mecha-
nism to model capacity. The staged template recurs
without exception across families, but how cleanly
the three head roles separate from the Random-
Outside control varies considerably: Qwen3 shows
the cleanest separation, Mistral is globally sensitive
(both role-targeted and random ablations damage
accuracy), and Llama saturates at small k. The
same weaker models also produce the strongest
late-layer sub-pattern of Fact Retrospection on
multi-hop. Combined, we suppose that the mecha-
nism we describe runs in all four models, but it is
implemented more cleanly in models with capac-
ity headroom for the task. While the link between
the mechanism and task difficulty is established in
§5.2.2, a more fine-grained analysis remains neces-
sary, particularly regarding individual logical rules.

7 Conclusion

In this paper, we present a mechanistic analysis
of propositional logical reasoning and adopt a top-
down analytical strategy from macroscopic patterns
to microscopic implementations. Our investigation
uncovers a coherent computational architecture:
these LLMs organizes reasoning into temporally
distinct phases, routes information through seman-
tic boundary tokens, maintains active fact retrieval,
and implements these strategies through special-
ized attention heads. These four phenomena form
an interlocking system where each mechanism sup-
ports and validates the others. Furthermore, these
mechanisms generalize across models, rule cat-
egories, and reasoning hops, indicating a robust
property of LLM propositional reasoning rather
than model- or task-specific artifacts. By char-
acterizing how models reason rather than which
components are necessary, we contribute a strategy-
level mechanistic understanding of propositional

reasoning in LLMs.

Limitations

Our analysis has three main limitations. First, while
we causally validate attention-head specialization
in detail, the internal computations within MLP
layers remain largely uncharacterized. Our MLP
patching reveals when MLPs are causally impor-
tant, but not what transformation they implement at
each stage — whether they encode fact values, exe-
cute rule-specific Boolean operations, or integrate
bound truth values at the answer position — nor
how these transformations emerge during training.

Second, the task setting is deliberately con-
trolled: prompts are short, symbolic, and lim-
ited to propositional rules with one- and two-
hop chains; our four models span three families
(Qwen3, Llama-3.1, Mistral). Whether the same
staged organization persists with longer chains,
natural-language phrasings, richer logical systems,
or explicit intermediate-step formats remains an
open empirical question, and generality to other
LLM families remains to be established.

Third, all mechanistic analyses are restricted to
the dual-correct pool, namely prompts that each
model answers correctly on both the clean and cor-
rupted runs. Retention rates differ across families
(about 75% for Qwen3 versus 35–40% for Llama-
3.1 and Mistral), so our claims describe the com-
putation underlying successful propositional rea-
soning on these matched pools, not failure-case
behavior or absolute cross-family difficulty.
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Appendix Roadmap

The appendix supplies (i) full dataset specification
and prompt templates (§A), (ii) implementation
details for the causal probes (§B), (iii) hop-wise
and rule-wise behavioral baselines (§C), and three
results sections that supplement the body experi-
ments along the same backbone: staged computa-
tion (§D), information routing (§E), and specialized
attention heads (§F). Each results section pools all
models, prompt orders, and hops; the model-by-
model comparison summary is in Table 7.

A Dataset Details

PropLogic-MI is released in two prompt-order vari-
ants (πFF and πEF) generated from the same seed
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and the same underlying logical rows. Each file
contains 20,000 unique clean/corrupted pairs and
ends with the answer suffix "Answer with one
word only: True or False." Table 3 lists the
eleven rule categories and Table 4 illustrates the
one-hop and two-hop prompt templates.

Generation, corruption, and filtering. For one-
hop rows, we instantiate a symbolic rule template,
randomly remap the template variables to fresh up-
percase symbols (excluding F/T), sample a Boolean
assignment, and evaluate the resulting expression.
For two-hop rows, we additionally introduce an
intermediate variable M = e1 and a gate variable
G, with the final query being either M ∧ G or
M ∨ G. The generation budget targets a 50/50
hop split, but the uniqueness constraint under our
corruption semantics yields a final 9,523 one-hop
/ 10,477 two-hop allocation that is deterministic
across the two prompt-order variants. Corruption
performs an exact label-flipping search over the
factual variables only (19,808/20,000 rows); the
remaining 192 one-hop rows whose expressions
are constant under the available facts fall back to
a label-flipping expression substitution. The raw
dataset is not filtered by model behavior. Each
mechanistic experiment uses the model-specific
dual-correct subset, namely rows that the model
answers correctly on both the clean and corrupted
runs (Table 1). All rows carry rule, hop, prompt-
order, and corruption metadata so that subsets can
be reproduced from the released JSONL.

B Methodology and Implementation
Details

B.1 Hardware and Software

All experiments run on NVIDIA H100 GPUs
with 96 GB memory, using PyTorch 2.0 with
CUDA 11.8. Causal probes are implemented with
the TransformerLens library (Nanda and Bloom,
2022). All forward passes use torch.no_grad()
with float16 weights and activations. A single
residual-stream token-by-layer patching pass takes
about 30 s on Qwen3-8B (36 layers ×≈16 token
positions); a single head-by-layer mean-ablation
pass takes about 2min (36 layers ×32 heads). The
full paper-scale pipeline (all four models, both
prompt orders, all interventions) takes roughly
50 GPU-hours, excluding replotting from saved
CSV/JSON/PKL artifacts.

B.2 Probability-Difference Metric
All three intervention branches score with the same
probability-difference metric introduced in §4. For
an answer label y ∈ {True, False} and a softmax
restricted to those two answer tokens, we define

PD(x) = pθ(True | x)− pθ(False | x), (4)

and its label-aligned form PDlabel(x, y) = PD(x)
if y = True, else −PD(x), so larger values always
indicate stronger support for the correct answer.
For an intervention producing x̃, the shift is

dPD = PDlabel(x̃, y)− PDlabel(xbaseline, y),
(5)

where xbaseline is the corrupted prompt for activa-
tion patching and the clean prompt for mean ab-
lation. Throughout the paper, we report this shift
rather than raw logit differences.

B.3 Layer Partition and Sample Budgets
For Early/Middle/Late summaries we use fixed
token-level boundaries Early = [0, 13], Middle
= [14, 23], Late = [24, L− 1] for the Qwen3 fam-
ily and Mistral-7B (with L ∈ {36, 40, 32}). For
Llama-3.1-8B (L = 32), whose staged computa-
tion peaks earlier in depth, we use Early = [0, 8],
Middle = [9, 15], Late = [16, L − 1] so that the
labels remain aligned with the model’s empirical
phases. The logical-block analyses split the full
depth into three approximately equal contiguous
spans with numpy.array_split. Sample budgets
per setting are: 3000 rows for logical-block abla-
tion, 1000 rows for token patching, 2000 rows for
head discovery / classification, 1000 rows for the
head-validation dPD curves, and 500 rows for the
head-validation accuracy tables.

B.4 Intervention Scopes
Logical-block ablation (MLP / At-
tention / Joint). For a logical block
R ∈ {Facts,Expression,Query} and layer l,
the MLP block ablation runs the clean prompt
and replaces mlp_out for all positions i ∈ R with
the within-sequence mean MLP vector at that
layer:

m̃
(l)
i =

1

T

T∑

j=1

m
(l)
j , i ∈ R, (6)

where T is the sequence length. The attention
block ablation applies the same within-sequence
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Category Formal Definitions Example Prompt Templates (One-Hop)

Identity P ∧ ⊤ ≡ P, P ∨ ⊥ ≡ P "A is T, A and T is", "A is F, A or F is"
Domination P ∧ ⊥ ≡ ⊥, P ∨ ⊤ ≡ ⊤ "A is T, A and F is", "A is F, A or T is"
Idempotent P ∧ P ≡ P, P ∨ P ≡ P "A is T, A and A is", "A is F, A or A is"

Dbl. Negation ¬(¬P ) ≡ P "A is T, (¬(¬A)) is"
Excluded Mid. P ∨ ¬P ≡ ⊤ "A is T, A or ¬A is"
Contradiction P ∧ ¬P ≡ ⊥ "A is F, A and ¬A is"

Commutative P ∧Q ≡ Q ∧ P "A is T, B is F, A and B is"
Associative (P ∧Q) ∧R ≡ P ∧ (Q ∧R) "A is T, B is T, C is F, (A and B) and C is"
Distributive P ∧ (Q ∨R) ≡ (P ∧Q) ∨ (P ∧R) "A is T, B is F, C is T, A and (B or C) is"
De Morgan ¬(P ∧Q) ≡ ¬P ∨ ¬Q "A is T, B is F, (¬A or ¬B) is"
Absorption P ∧ (P ∨Q) ≡ P "A is T, B is F, A and (A or B) is"

Table 3: Rule coverage. The 11 rule categories in PropLogic-MI, each with its formal Boolean-algebra definition
and an illustrative one-hop template. Placeholder letters {A,B,C} are compact stand-ins; in the actual corpus,
variables are randomly remapped to fresh uppercase symbols (excluding T/F).

Depth Prompt Template & Reasoning Process

One-Hop
"A is True, B is False, (A and B) is"
↪→ Logic: A ∧B

"A is True, (¬(¬A)) is"
↪→ Logic: ¬(¬A) ≡ A

"A is True, B is False, (¬A or ¬B) is"
↪→ Logic: De Morgan (¬A ∨ ¬B)

Two-Hop

"A is T, B is A and T, C is F, B and C
is"
↪→ Chain: (A ∧ ⊤) → B; (B ∧ C) → Ans
"A is T, B is F, C is ¬(A and B), D is
T, C or D is"
↪→ Chain: NAND(A,B) → C; (C ∨ D) →
Ans
"A is T, B is F, C is A and B, D is T, C
or D is"
↪→ Chain: (A ∧B) → C; (C ∨D) → Ans

Table 4: Probing prompts across reasoning depths.
One-hop queries apply a rule directly; two-hop queries
require an inline intermediate assignment M = e1.
Each logical row is realized under both πFF and πEF.

mean replacement to attn_out instead. The joint
attention+MLP block ablation replaces both
attn_out and mlp_out inside R during one for-
ward pass. All three branches reuse the same
three-block parser (logical blocks are defined by
character-span alignment and then mapped back to
token indices) and the same dPD scoring.

Token-wise residual patching. For each
clean/corrupted pair we patch resid_pre one
layer and one token at a time from the clean
prompt into the corrupted prompt, recording the
layer×token matrix dPDl,i. Raw prompt positions
are first aligned to model-input positions using
tokenizer offset mappings; when offset-based
alignment fails, the implementation falls back
to a contiguous body-span mapping inside the

model input. Tokens are then assigned to a
prompt-order-sensitive taxonomy: fact_value,
fact_var_ref, query_last, operator,
expr_last, new_var_decl, new_val_ref,
others. The classifier is prompt-order-sensitive
because the same lexical token plays different
structural roles under πFF vs. πEF (e.g., the
query token is the first is in πEF and the last
is in πFF). For each category c and stage
s ∈ {Early,Middle,Late}, the per-token causal
density reported in figures is

M (s)
c =

1

|c|
∑

i∈c

1

|s|
∑

l∈s
|dPDl,i|, (7)

averaged across samples. The |c| normalization
controls for category size, so frequent token classes
do not dominate merely because they occupy more
positions.

Attention-head mean ablation and role classi-
fication. We replace the output zl,h of head h
at layer l by its dataset mean computed over a
balanced clean sample set, at all token positions.
Heads are ranked by

Sel(l, h) = −E[dPDlabel(l, h)], (8)

so larger values correspond to heads whose ablation
most strongly reduces correct-answer support. We
first run a small probe over all heads, keep the
top candidates globally together with the top heads
from each layer, and then re-evaluate the candidate
pool on a larger balanced set.

Retained heads are classified into Splitting (SP),
Transmission (TR), and Fact-Retrieval (FR) using
six attention-pattern statistics measured on clean
prompts: fact-focus ratio f , boundary-focus ratio
b, intra-clause ratio i, attention entropy e, top-1

28720



mass t, and split-half stability s. After feature
standardization, each head receives a rule-based
score for each role,

ScoreFR = f − 0.20 i− 0.15 b+ 0.20 t

− 0.10 e+ 0.08 s,
(9)

ScoreSP = b− 0.15 i− 0.10 f + 0.15 t

− 0.08 e+ 0.10 s,
(10)

ScoreTR = i− 0.20 b− 0.10 f + 0.18 t

− 0.08 e+ 0.12 s,
(11)

and the winning label is assigned. The Splitting
/ Transmission / Fact-Retrieval taxonomy used
throughout the paper is the output of this classi-
fier.

For validation, we mean-ablate the top-k heads
of each role on held-out clean prompts and report
both post-ablation accuracy and the mean dPD
shift. The Random-Outside control samples heads
from layers used in the validation stage but outside
the selected head pool; Mixed-All ablates the union
of the top heads from all three roles.

B.5 Reproducibility
Dataset construction is handled by
src.data.generate_dataset; infer-
ence, dual-correct filtering, and met-
rics by src.eval; block ablations by
src.mlp_analysis, src.attn_analysis,
and src.attn_mlp_analysis; token patching
by src.token_analysis; head discovery and
validation by src.heads_analysis. Wrapper
scripts in scripts/ run the per-model pipelines,
while scripts/replot_all_figures.sh regen-
erates figures from saved report files. All dataset
generation and sampling entry points expose
a –seed argument with default 42. Generated
datasets, predictions, filtered pools, reports, figures,
and logs are written to ignored output directories.
Reproducing the Llama-3.1 runs requires the usual
Hugging Face access to the gated model weights.

C Behavioral Performance on
PropLogic-MI

Table 5 reports overall clean and corrupted accu-
racy, dual-correct rate, and hop-wise clean accuracy
for the two Qwen3 models that anchor the main
text. Table 6 breaks down clean accuracy by rule.
The same statistics for Llama-3.1-8B-Instruct and
Mistral-7B-Instruct are reported alongside their
mechanistic profile in Table 7.

D Supplementary Results: Staged
Computation

This section supplements §5.1 along the three abla-
tion pathways used in the body. Within each path-
way we show all available model, prompt-order,
and hop conditions so that the staged template can
be read off the same pathway across settings, rather
than per family.

D.1 MLP-Block Ablation

Figures 7–14 show MLP-block mean-ablation
dPD for all four models under both prompt or-
ders, following the body figure template (Figure 3
in §5.1). The early-Facts / middle-Expression /
middle-to-late-Query order persists across scales,
prompt orders, reasoning depths, and model fam-
ilies. Qwen3 produces the sharpest stage bound-
aries; Llama and Mistral preserve the same coarse
ordering while allocating a heavier Query Block
throughout depth.

D.2 Attention-Block Ablation

Figures 15–22 show attention-block mean-ablation
dPD in the same format. Compared with the MLP
branch, the attention branch shifts more mass into
middle-layer Expression and later Query integra-
tion, consistent with attention’s role in cross-token
routing. The coarse staged ordering is preserved
across all (model, prompt-order) cells.

D.3 Joint Attention+MLP Block Ablation

Figures 23–29 show the joint attention+MLP-block
mean-ablation dPD in the same format. The body
Figure 3 is the Qwen3-8B πFF cell of this grid.
The joint branch preserves the same coarse staged
ordering as the MLP branch while sharpening early-
Facts dominance.

E Supplementary Results: Information
Routing

This section supplements §5.2 with the full cross-
model per-token causal-density panels. All fig-
ures use the per-token aggregation M

(s)
c defined in

Eq. 7; layers are partitioned into Early/Middle/Late
per family as in §B.3. Two robust points emerge.

Boundary-token convergence generalizes. Fig-
ures 30–31 (under πFF) and Figures 34–35 (under
πEF) show the same boundary-token transport in
all four families: fact_value dominates the early
layers, expr_last (where present) dominates the
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Model Prompt Order Clean Corrupted Dual-Correct Rate One-Hop Two-Hop

Qwen3-8B πFF 86.98 88.17 75.44% (15087/20000) 86.35 87.55
Qwen3-14B πFF 87.42 89.11 76.55% (15310/20000) 92.64 82.68
Qwen3-8B πEF 74.22 79.25 53.89% (10777/20000) 79.09 69.79
Qwen3-14B πEF 74.39 77.91 52.80% (10561/20000) 88.34 61.72

Table 5: Overall zero-shot performance of Qwen3 on PropLogic-MI. All values except the dual-correct column
are accuracies (%). The dual-correct subset defines the candidate pool for the mechanistic analyses.

Figure 7: MLP-block mean ablation on Qwen3-8B under πFF. Per-layer dPD when each logical block is
mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 8: MLP-block mean ablation on Qwen3-8B under πEF. Per-layer dPD when each logical block is
mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.
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Figure 9: MLP-block mean ablation on Qwen3-14B under πFF. Per-layer dPD when each logical block is
mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 10: MLP-block mean ablation on Qwen3-14B under πEF. Per-layer dPD when each logical block is
mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 11: MLP-block mean ablation on Llama-3.1-8B-Instruct under πFF. Per-layer dPD when each logical
block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.
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Figure 12: MLP-block mean ablation on Llama-3.1-8B-Instruct under πEF. Per-layer dPD when each logical
block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 13: MLP-block mean ablation on Mistral-7B-Instruct under πFF. Per-layer dPD when each logical block
is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 14: MLP-block mean ablation on Mistral-7B-Instruct under πEF. Per-layer dPD when each logical block
is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.
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Figure 15: Attention-block mean ablation on Qwen3-8B under πFF. Per-layer dPD when each logical block is
mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 16: Attention-block mean ablation on Qwen3-8B under πEF. Per-layer dPD when each logical block is
mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 17: Attention-block mean ablation on Qwen3-14B under πFF. Per-layer dPD when each logical block is
mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.
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Figure 18: Attention-block mean ablation on Qwen3-14B under πEF. Per-layer dPD when each logical block is
mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 19: Attention-block mean ablation on Llama-3.1-8B-Instruct under πFF. Per-layer dPD when each
logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 20: Attention-block mean ablation on Llama-3.1-8B-Instruct under πEF. Per-layer dPD when each
logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.
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Figure 21: Attention-block mean ablation on Mistral-7B-Instruct under πFF. Per-layer dPD when each logical
block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 22: Attention-block mean ablation on Mistral-7B-Instruct under πEF. Per-layer dPD when each logical
block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 23: Joint attention+MLP-block mean ablation on Qwen3-8B under πEF. Per-layer dPD when each
logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.
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Figure 24: Joint attention+MLP-block mean ablation on Qwen3-14B under πFF. Per-layer dPD when each
logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 25: Joint attention+MLP-block mean ablation on Qwen3-14B under πEF. Per-layer dPD when each
logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 26: Joint attention+MLP-block mean ablation on Llama-3.1-8B-Instruct under πFF. Per-layer dPD
when each logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression /
Query.
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Figure 27: Joint attention+MLP-block mean ablation on Llama-3.1-8B-Instruct under πEF. Per-layer dPD
when each logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression /
Query.

Figure 28: Joint attention+MLP-block mean ablation on Mistral-7B-Instruct under πFF. Per-layer dPD when
each logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.

Figure 29: Joint attention+MLP-block mean ablation on Mistral-7B-Instruct under πEF. Per-layer dPD when
each logical block is mean-ablated. Top row: one-hop. Bottom row: two-hop. Columns: Facts / Expression / Query.
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Rule 8B FF 14B FF 8B EF 14B EF

Absorption 84.8 95.0 84.4 85.4
Associative 92.1 99.0 61.8 76.0
Commutative 99.8 98.1 92.0 94.4
Contradiction 64.0 54.1 49.4 48.1
De Morgan 80.4 100.0 80.9 100.0
Distributive 72.8 71.5 76.8 88.8
Domination 95.9 88.6 62.5 50.3
Double Negation 84.8 87.1 72.7 70.3
Excluded Middle 98.7 86.1 72.9 51.4
Idempotent 92.1 85.6 83.5 76.5
Identity 91.4 96.7 79.4 77.2

Table 6: Rule-wise clean accuracy (%) of Qwen3
on PropLogic-MI. Prompt order has a large impact
on several rules (Associative, Domination, Excluded
Middle), while Commutative remains consistently easy
and Contradiction consistently difficult.

middle layers, and query_last dominates the late
layers. Under πEF, expr_last is pinned to zero
by autoregressive construction, so the middle-layer
carrier shifts to fact_value; the early-fact and
late-query dominance survive across families.

Middle-layer binding flow. The zoom views in
Figures 32–33 and Figures 36–37 (query_last ex-
cluded) make the middle-layer exchange between
fact_value and fact_var_ref visible. The sig-
nal is strongest under πEF two-hop: Qwen3-14B
reaches a fact_var_ref middle-layer peak around
dPD≈ 0.41 that overtakes fact_value; Qwen3-
8B shows a smaller but clearly above-floor peak
(≈ 0.15); Llama-3.1 and Mistral retain the same
shape with weaker magnitudes. The complemen-
tary late-layer fact_value persistence is most visi-
ble in the harder hop × family conditions (two-hop
in Llama-3.1 and Mistral), consistent with the late-
layer sub-pattern reported in §5.2.2.

F Supplementary Results: Specialized
Attention Heads

This section supplements §5.3.1. We first show the
representative attention patterns of the three head
roles (Figure 38), then per-model 4-panel layouts
of the layer-wise role distributions and validation
curves under both prompt orders (Figures 39–42).
Numerical role counts: under πFF, 66/129/175
(Splitting/Transmission/Fact-Retrieval) in Qwen3-
8B and 87/169/217 in Qwen3-14B; under πEF,
116/114/167 and 170/142/200. Llama yields
323 classified heads under πFF (119/106/98)
and 377 under πEF (139/146/92); Mistral yields
314 under πFF (118/99/97) and 307 under πEF
(123/109/75). The Splitting / Transmission / Fact-

Retrieval taxonomy is recoverable in every cell; the
family-level differences lie in the sharpness of the
validation curves, not in the existence of the roles.
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Model FF Clean/Dual EF Clean/Dual Token-level profile Head-ablation regime

Qwen3-8B 87.0 / 75.4 74.2 / 53.9 Most fact-centered at 8B scale:
fact_value competitive with or
above query_last in the per-token
mean view.

Cleanly selective: role-targeted ab-
lations are strongly harmful while
Random-Outside stays near baseline
through moderate k.

Qwen3-14B 87.4 / 76.6 74.4 / 52.8 Preserves the Qwen3 fact-centered
profile with cleaner middle-layer
binding-flow exchange under πEF

two-hop.

Cleanly selective; the strongest Fact-
Retrieval + Transmission coupling
under πEF two-hop.

Llama-3.1-8B 63.9 / 38.4 60.3 / 37.0 More query-centered and dif-
fuse; query_last dominates
fact_value under both prompt
orders.

Weakly selective: role labels recover-
able, but role-targeted ablations col-
lapse to a common accuracy floor by
moderate k.

Mistral-7B 65.1 / 35.1 66.7 / 40.0 Intermediate between Qwen3 and
Llama; less fact-centered than
Qwen3 but not as uniformly query-
dominant as Llama.

Globally sensitive: role-targeted ab-
lations are severe, but Random-
Outside is also substantially damag-
ing.

Table 7: Cross-family summary. Clean/Dual columns report clean accuracy and dual-correct rate (%) under πFF

(FF) and πEF (EF). The mechanistic columns are detailed in §D–§F.

Figure 30: Per-token mean dPD, πFF, one-hop, full view. Top-left: Qwen3-8B; top-right: Qwen3-14B; bottom-
left: Llama-3.1-8B-Instruct; bottom-right: Mistral-7B-Instruct.
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Figure 31: Per-token mean dPD, πFF, two-hop, full view. Top-left: Qwen3-8B; top-right: Qwen3-14B; bottom-
left: Llama-3.1-8B-Instruct; bottom-right: Mistral-7B-Instruct.

Figure 32: Per-token mean dPD, πFF, one-hop, query_last excluded. Top-left: Qwen3-8B; top-right: Qwen3-
14B; bottom-left: Llama-3.1-8B-Instruct; bottom-right: Mistral-7B-Instruct.
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Figure 33: Per-token mean dPD, πFF, two-hop, query_last excluded. Top-left: Qwen3-8B; top-right: Qwen3-
14B; bottom-left: Llama-3.1-8B-Instruct; bottom-right: Mistral-7B-Instruct.

Figure 34: Per-token mean dPD, πEF, one-hop, full view. Top-left: Qwen3-8B; top-right: Qwen3-14B; bottom-
left: Llama-3.1-8B-Instruct; bottom-right: Mistral-7B-Instruct.
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Figure 35: Per-token mean dPD, πEF, two-hop, full view. Top-left: Qwen3-8B; top-right: Qwen3-14B; bottom-
left: Llama-3.1-8B-Instruct; bottom-right: Mistral-7B-Instruct.

Figure 36: Per-token mean dPD, πEF, one-hop, query_last excluded. Top-left: Qwen3-8B; top-right: Qwen3-
14B; bottom-left: Llama-3.1-8B-Instruct; bottom-right: Mistral-7B-Instruct.
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Figure 37: Per-token mean dPD, πEF, two-hop, query_last excluded. Top-left: Qwen3-8B; top-right: Qwen3-
14B; bottom-left: Llama-3.1-8B-Instruct; bottom-right: Mistral-7B-Instruct.

(0, 25) (1, 13) (1, 18)

(a) Splitting heads

(7, 27) (8, 11) (9, 1)

(b) Transmission heads

(26, 4) (27, 19) (31, 31)

(c) Fact-Retrieval heads

Figure 38: Representative attention maps for the
three head roles in Qwen3-8B. The prompt is A is
True, B is False, (¬A or ¬B) is; (x, y) denotes
the y-th head in the x-th layer.
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Figure 39: Qwen3-8B: head roles under two prompt orders. Top row: layer-wise role distributions (left: πFF,
right: πEF). Bottom row: dPD/PDclean validation curves under the same prompt orders.

Figure 40: Qwen3-14B: head roles under two prompt orders. Top row: layer-wise role distributions (left: πFF,
right: πEF). Bottom row: dPD/PDclean validation curves under the same prompt orders.
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Figure 41: Llama-3.1-8B-Instruct: head roles under two prompt orders. Top row: layer-wise role distributions
(left: πFF, right: πEF). Bottom row: dPD/PDclean validation curves under the same prompt orders.

Figure 42: Mistral-7B-Instruct: head roles under two prompt orders. Top row: layer-wise role distributions (left:
πFF, right: πEF). Bottom row: dPD/PDclean validation curves under the same prompt orders.
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