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Abstract

Extended chain-of-thought (CoT) traces im-
prove LLM reasoning but incur substantial
computational and memory costs. While ex-
isting CoT compression methods mitigate this
by condensing thought steps into compact rep-
resentations via memory tokens and retaining
only these representations at inference time,
the loss of fine-grained information makes sub-
sequent steps more error-prone. To alleviate
this, we propose HybridThinker, where in
addition to preserving these representations,
thought steps are also temporarily retained to
provide fine-grained details. However, we ob-
serve that naively keeping thought steps ac-
cessible to subsequent steps during training
lets the model bypass memory tokens by re-
trieving information directly from these steps,
leaving the model’s ability to compress and
retrieve information through memory tokens
insufficiently trained. We therefore introduce
a hybrid training scheme, in which only some
thought steps are directly accessible through
attention to subsequent steps, while the other
thought steps are masked, forcing the model
to use memory tokens for compression and re-
trieval. Across four reasoning benchmarks, Hy-
bridThinker matches Vanilla on Qwen2.5-7B
and approaches it on Llama3.1-8B, improving
over LightThinker by 5.8 and 2.7 points, respec-
tively, with similar inference time. Ablation
studies confirm that both temporary thought-
step retention and the hybrid training scheme
contribute to these gains. !

1 Introduction

Recent advances in large language model reason-
ing have increasingly relied on extended chain of
thoughts (CoTs), which have been shown to be
effective across arithmetic, common sense, and
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knowledge-intensive tasks (Wei et al., 2023; Ko-
jima et al., 2023; Yao et al., 2023; Guo et al., 2025;
Yang et al., 2024). However, as illustrated in Fig-
ure 1(a), these extended CoT traces introduce sub-
stantial inference overhead, as the self-attention
computation scales quadratically and the KV cache
grows linearly with the sequence length, hindering
the broader deployment of reasoning models.

To alleviate this, two main approaches have been
proposed: KV cache pruning, and CoT compres-
sion. KV cache pruning reduces memory (Zhang
et al., 2023; Chen et al., 2025) usage by selec-
tively retaining important portions of the KV cache
while discarding less critical ones during inference,
but discarded information is irrecoverable without
full regeneration. CoT compression (Zhang et al.,
2025a; Kontonis et al., 2026; Liu et al., 2026b; Zhu
et al., 2026; Kong et al., 2026) condenses lengthy
thought steps into compact representations, after
which the original thought steps are discarded im-
mediately as we illustrate in Figure 1(b). Unfortu-
nately, this premature discarding renders the imme-
diately following step more error-prone: key details
such as exact numerical values, strict constraints,
and intermediate conclusions may be obscured or
lost in the compact representations (Zhang et al.,
2025b; Shen et al., 2026). As shown in the Light-
Thinker case study in Figure 5, such local retrieval
errors can propagate along the chain of thought in
multi-step reasoning scenarios.

To enable efficient reasoning in LLMs, we pro-
pose HybridThinker, a CoT compression method
that mitigates the loss of fine-grained local informa-
tion caused by the immediate discarding of thought
steps in existing CoT compression methods. Sim-
ilar to existing CoT compression approaches, Hy-
bridThinker compresses lengthy thought steps into
compact representations via memory tokens and re-
tains those representations after each thought step
is completed. However, the thought steps are not
immediately discarded in HybridThinker; instead,
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Figure 1: Comparison of three reasoning paradigms in terms of KV cache management. (a) Standard reasoning
retains the KV cache of all original thought steps throughout decoding, achieving high accuracy at the cost of
efficiency. (b) Existing CoT compression methods discard the KV cache of original thought steps immediately
after compression, reducing memory usage but losing fine-grained local information. (c¢) HybridThinker (ours)
temporarily retains the KV cache of each original thought step to serve several subsequent steps before discarding it,
achieving both high accuracy and high efficiency. In this example, the KV cache of the third thought step S5 is
retained to serve several subsequent steps until Sg has been compressed.

they are temporarily retained and remain accessi-
ble to several subsequent steps. We illustrate the
HybridThinker inference in Figure 1(c).

To train HybridThinker, we observe that naively
applying the same attention pattern during training
as at inference is suboptimal (see Section 4.3 for de-
tails) due to shortcut learning: when both memory
tokens and thought steps are visible to subsequent
steps, the model over-relies on the more readable
plain-text thoughts, leaving its ability to compress
and retrieve information through memory tokens
undertrained. We therefore propose Hybrid Atten-
tion for training, combining two complementary
mechanisms: Bottleneck Attention, which hides
each thought step from subsequent steps, forcing
the model to access prior reasoning exclusively
through memory tokens; and Shortcut Attention,
which keeps each thought step visible to the im-
mediately following few steps before discarding it,
adapting the model to the inference-time setting.

Experiments demonstrate that HybridThinker
achieves an average accuracy improvement of 5.8
points over existing CoT compression methods,
matching the uncompressed baseline on Qwen2.5-
7B and approaching it on Llama3.1-8B. Ablation
studies further confirm the effectiveness of Hybrid

Attention as a training strategy, showing that it out-
performs training with pure Bottleneck Attention
or pure Shortcut Attention alone. To summarize
our contributions: (1) We propose HybridThinker,
in which thought steps are temporarily retained and
kept visible to several subsequent steps alongside
compact representations during inference, allevi-
ating the loss of fine-grained information. (2) We
propose Hybrid Attention for training, which re-
solves the shortcut learning problem that arises
in naive HybridThinker training. (3) We demon-
strate that HybridThinker achieves substantial per-
formance improvements over existing CoT com-
pression methods, establishing a new state-of-the-
art performance in CoT compression.

2 Related Work

We organize related work into two categories: KV
cache pruning, which reduces memory by directly
discarding less important KV cache entries, and
compression techniques, which also discards the
original KV cache but first compresses the dis-
carded information into compact representations.
Compression techniques can be further divided into
prompt compression, a well-established research
area, and CoT compression, an emerging direction.
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KV Cache Pruning. KV cache pruning reduces
memory footprint by discarding less important KV
cache entries, with methods differing primarily in
how importance is estimated. HoO (Zhang et al.,
2023) uses accumulated attention weights as the
importance criterion. StreamingL.LM (Xiao et al.,
2024) treats the first token and the most recent
tokens as important due to the attention sink phe-
nomenon. SepLLM (Chen et al., 2025) extends
StreamingLLLM by additionally retaining delimiter
tokens, which implicitly compress contextual in-
formation. However, these methods face inherent
limitations: low cache budgets have been shown
to paradoxically lengthen CoT outputs (Liu et al.,
2025), and discarded cache becomes inaccessible.

Compression Techniques. Existing prompt com-
pression methods (Chang et al., 2024; Li et al.,
2024a; Jiang et al., 2023; Mu et al., 2024; Ge et al.,
2024; Li et al., 2024b; Wang et al., 2024; Tang
et al., 2025, 2026a,b,c; Zhao et al., 2025, 2026a,b;
Liu et al., 2026a) focus on compressing model in-
puts, which are fully accessible ahead of time. CoT
reasoning, however, is generated incrementally and
cannot be accessed in its entirety beforehand, ne-
cessitating step-wise compression and rendering
most prompt compression techniques directly in-
applicable. To fill this gap, several dedicated CoT
compression methods have been proposed. Light-
Thinker (Zhang et al., 2025a) compresses each
completed thought step into the KV cache of a
small set of memory tokens and immediately dis-
cards the thought step’s KV cache, retaining only
the memory tokens. MEMENTO (Kontonis et al.,
2026) instead compresses thought steps into shorter
text sequences. MemoSight (Liu et al., 2026b) im-
proves upon LightThinker’s compression mecha-
nism and further incorporates multi-token predic-
tion. However, all of these CoT compression meth-
ods discard thought steps immediately upon com-
pression, losing fine-grained local information.

3 Method

In this section, we introduce HybridThinker. We
first define the key notation in Section 3.1. Then,
in Section 3.2, we describe the inference procedure
of HybridThinker from a KV cache management
perspective. In Section 3.3, we present the train-
ing scheme of HybridThinker, which addresses the
shortcut learning problem from directly applying
the inference-time attention pattern during training.

3.1 Notation

We introduce the key notation used in Section 3.2
and Section 3.3. Weuset = 1,2,...,k to index
thought steps. w is the temporary retention dura-
tion of a thought step. For example, w = 4 in
Figure 1(c) as S5 is accessible to Ss, Sy, S5, S¢.

Input and Output. The model receives a request
( that requires CoT reasoning and generates a CoT
Y =51,95,...,Sk consisting of k thought steps.
The answer is contained in Y. Each thought step
S; is a token sequence terminated by a delimiter.”

Memory Tokens. HybridThinker maintains a
fixed sequence of L learnable special tokens M =
(mq,...,mp), called memory tokens. After gener-
ating S, the model performs a forward pass over
M to produce the KV cache M, which serves as
a compressed summary of S;. A fresh copy of M
is used at each thought step to capture the thought
step semantics; we write M; when we specifically
refer to the memory tokens inserted after .S;.

KV Cache Container. We use C; to denote the
KV cache container that the model attends to when
generating step S;. We introduce three types of
KV cache notation used throughout: (1) Q: the KV
cache of the question (), computed once during pre-
fill and retained throughout. (2) Mt: the KV cache
of memory tokens M; produced by compressing S;.
3) 5}: the KV cache of the raw thought step S; that
is retained temporarily through a few subsequent
thought steps in HybridThinker.

3.2 HybridThinker Inference

HybridThinker generates CoT Y by repeating the
following three steps for each thought step indexed
byt=1,2,...,k.

Step 1: Generate S;. The LLM parameterized
by 0 generates thought step S; autoregressively,
conditioning on the KV cache container C;:

Sp~ Py(- | Cy). 6]

Initially, C; is set to {Q}, i.e., the KV cache of
the question (). As a by-product of autoregressive
decoding, the KV cache S; of S is stored.

Step 2: Compress S;.  Once S; is complete, the
model compresses its content via memory tokens
M; by performing a forward pass:

M, = LLMy(M; | Gy, Sy, 2)

Following Zhang et al. (2025a), we use “\n\n” as the
step delimiter in this work.
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Figure 2: Three attention masks in HybridThinker, where S; and M; denote the ¢-th thought step and the memory
tokens responsible for compressing it, respectively; S;..+ denotes Sy, Si41, ..., S¢—1. (a) Shortcut Attention
(HybridThinker inference): (bottom) Sy is visible to the following w — 1 steps (here w = 3), but during training
(top) this direct pathway becomes dominant and overshadows compression pathway through M. (b) Bottleneck
Attention: the direct pathway is masked, forcing subsequent steps to retrieve information exclusively through M.
(c) Hybrid Attention (HybridThinker training): Shortcut Attention is applied to a random subset of steps (here So
and S;) and Bottleneck Attention to the rest, training both pathways simultaneously. The question () is omitted.

where the model attends to both the currently re-
tained KV cache C; and the newly generated S; to
produce the compressed KV cache M. Intuitively,
]\th encodes the information in .Sy into a compact
representation that can be accessed by future steps.

Step 3: Update C;. After compression, we up-
date the KV cache container for the next step. The
question cache Q and all memory token caches
My, ..., M;are always retained, as in existing CoT
compression methods. Unlike existing methods,
HybridThinker also temporarily retains Sy, serving
the next w — 1 steps with fine-grained information:

CtU{St,Mt} ifl<t<w
Cit1 = (Ce\ {St—ws1}) o 3)
U {S¢, M} o

where \ denotes set difference. In other words, in
general (i.e. for ¢ > w), once a thought step is
completed with its associated memory tokens gen-
erated: 1) 5',5 and ]\7[t are pushed into the KV cache
container C; for the subsequent CoT generations
2) the thought step KV cache S”t,wﬂ that was gen-
erated w — 1 steps before is popped out from the
container C. Figure 1(c) illustrates the inference
procedure of HybridThinker.

3.3 HybridThinker Training

We fine-tune an LLM with CoT data to obtain a
model capable of the inference procedure above.
Following other CoT compression methods, our
approach requires only two modifications over stan-
dard LLM training: reconstructing the training data
and adjusting the attention mask.

Data Reconstruction. Each training instance is
a pair (@, Y). Following Zhang et al. (2025a), we
segment Y into k thought steps Si, . .., S using
“\n\n” as the delimiter, then insert a memory token
sequence M, after each intermediate step S; (t <
k) to form the training sequence:

X=Q®S10M SO M@ - DSy @
= (1’1, Ly v ,{L‘|X‘),
where @ denotes concatenation and x,, is the u-th
token of X. All My,..., My_; share the same
token content but occupy different positions.

Attention Mask Construction. The most nat-
ural way to construct the training attention mask
is to replicate the inference-time attention pattern
directly. At inference time, information in each
thought step S; reaches subsequent steps via two
pathways: (i) an compression pathway, in which
S passes coarse-grained information through the
memory tokens My; and (ii) a direct pathway, in
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Method GSMS8K MMLU GPQA BBH AVG.
Acc 1 Time | Peak | |Acc T Time | Peak ||Acc 1 Time | Peak | |Acc 1 Time | Peak | |Acc T Time | Peak |
Qwen2.5-7B Series
CoT 88.32  3.49 519 |70.01 3.88 676 |28.28 1.18 998 |71.31 1.27 582 | 64.48 246 694
Distill-R1 60.58 6.54 522 |31.26 15.38 1289 (2222 11.89 4383 |51.31 3.71 905 |41.34 938 1775
Vanilla 90.83 22.19 1559 [65.92 28.89 2241 |37.37 2450 7184 [81.01 10.59 2212 |68.78 21.54 3299
+H0 91.05 37.98 1024 |62.32 76.01 1024 |20.20 47.98 1024 |75.76 25.01 1024 |62.33 46.75 1024
+ SepLLM 91.28 49.03 1024 |59.20 66.76 1024 |12.63 40.89 1024 |[69.70 28.36 1024 |58.20 46.26 1024
LightThinker 87.26 23.05 684 |60.66 22.52 827 |37.37 1333 1969 |66.46 1091 980 |62.94 1745 1115
MemoSight 89.84 21.84 745 |63.49 23.11 900 [40.91 13.52 2102 |73.13 10.67 1059 |66.84 17.29 1202
+ SpecDec - 15.33 - - 19.57 - - 11.42 - - 9.40 - - 13.93 -
HybridThinker 90.60 20.85 864 | 63.39 23.07 1009 | 4798 14.84 2124 | 73.13 9.87 1058 | 68.78 17.15 1264

Llama3.1-8B Series

CoT 6452 3.63 497 |60.18 5.13 698 [24.75 4.58 2230 [53.13 139 596 [50.65 3.68 1005
Distill-R1 57.62 720 524 |2093 23.64 1611 |30.81 18.16 5640 [29.49 5.15 1146 [34.71 13.54 2230
Vanilla 89.31 27.89 1702 [71.08 42.86 2800 |37.37 24.72 6824 |78.18 13.81 2515 |68.99 27.32 3460
+HoO 89.31 48.08 1024 |69.52 90.18 1024 |23.23 5347 1024 |81.62 23.81 1024 (6592 53.89 1024
+ SepLLM 88.32 27.92 1024 | 64.85 49.03 1024 |15.66 23.69 1024 |72.32 1548 1024 |60.29 29.03 1024
LightThinker 85.82 2587 664 |60.86 3345 932 |37.37 1559 1933 |72.93 1358 999 |6425 22.12 1132
MemoSight 87.19 2590 750 [64.07 2890 933 |35.86 1593 1942 |78.38 10.04 866 |66.38 20.19 1123
+ SpecDec - 18.75 - - 27.16 - - 12.97 - - 8.75 - - 16.91 -
HybridThinker 87.34 25.50 878 |62.71 31.54 1053 |37.88 1455 1971 | 80.00 11.73 1031 |66.98 20.83 1233

Table 1: Main results on the Qwen2.5-7B and Llama3.1-8B models. Memory-efficient methods are highlighted
in blue, with bold and underlined values indicating the best and second-best results among the memory-efficient
methods. Peak and Time denote the average peak token count stored in the KV cache and the total inference time

over all samples, respectively.

which S; is directly attended to by the subsequent
w — 1 steps. Directly replicating this pattern during
training yields what we call Shortcut Attention:
as illustrated on the top of Figure 2(a), because the
direct pathway provides a much easier route for
the model to retrieve information about .Sy, training
with Shortcut Attention leads to a shortcut learn-
ing problem: the model over-relies on the direct
pathway and the compression pathway receives in-
sufficient training signal. We illustrate the Shortcut
Attention at the bottom of Figure 2(a) and use it in
our experiments as the natural baseline.

To remedy this, one could instead mask out the
direct pathway entirely, forcing all information to
pass through M; as the sole bottleneck. We call
this Bottleneck Attention. In Figure 2(b), we il-
lustrate its motivation (top) as well as its attention
implementations (bottom). While Bottleneck At-
tention effectively trains the compression pathway,
it provides no training signal for the direct path-
way that is active at inference time, leading to a
train—inference mismatch.

To address the limitations of both attention pat-
terns, we propose Hybrid Attention (Figure 2(c)),
which randomly assigns each thought step to either

Shortcut Attention or Bottleneck Attention within
the same training sequence. This ensures both path-
ways receive adequate training.

Concretely, we randomly partition the k£ thought
steps into two disjoint sets Sghortcut {S¢ |
t € I} and Spottleneck = {S¢ | t ¢ I}, where
Z C {1,...,k} is sampled uniformly at random.
The resulting attention mask A € {0, 1}X>IXT is
defined as:

1 ifz,€e@Q,v<u
1 ifzx, e My, v<u

1 if Ty € St7 St S 'Sbottleneck7
Ty €St UM, v<u

1 ifz, €5, S ? Sshortcut, U < U,
2y € UEY 1 (Sy U My)

0 otherwise.

)
Rows 1-2 ensure that () and all memory tokens are
globally visible. Row 3 implements Bottleneck At-
tention: S; is only visible within its own step and to
the immediately following M;. Row 4 implements
Shortcut Attention: S; is additionally visible to the
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next w — 1 steps and their memory tokens.

Training Objective. We minimise the standard
cross-entropy loss over the thought step tokens:

L£(0) = - Z log Py(zu | Xu), (6)

Ty €St

where X, = {z, | Ay, = 1, v < u} is the set of
tokens at positions strictly preceding « and visible
to position u. Tokens in ) and M; are excluded
from the loss.

4 Experiments

4.1 Experimental Setup

Baselines. We evaluate HybridThinker on two
backbone models, Qwen2.5-7B (Hui et al., 2024)
and Llama3.1-8B (Grattafiori et al., 2024), against
seven representative baselines organized into three
groups by methodology. (1) CoT methods: the
standard instruction model prompted with CoT,
and the distilled reasoning model Distill-R1 (Guo
etal., 2025). (2) Trained reasoning models: Vanilla,
LightThinker (Zhang et al., 2025a), and Memo-
Sight (Liu et al., 2026b), all initialized from Distill-
R1 and further instruction fine-tuned on Bespoke-
Stratos-17k under the same training configuration
as HybridThinker. (3) Training-free acceleration
techniques: H>O (Zhang et al., 2023) and Se-
pLLM (Chen et al., 2025) are two KV cache prun-
ing strategies applied directly on top of Vanilla.
Full configuration details for all baselines are pro-
vided in Appendix A.1.

Evaluation Metrics and Datasets. We evalu-
ate HybridThinker on four reasoning benchmarks:
GSMSK (Cobbe et al., 2021), MMLU (Hendrycks
et al., 2021), GPQA (Rein et al., 2023), and
BBH (Suzgun et al., 2022). These benchmarks
span mathematical reasoning, knowledge-intensive
question answering that demands extended reason-
ing chains, and multi-step complex reasoning, al-
lowing us to test the performance of compressed
reasoning under different reasoning demands. We
report accuracy (Acc) for task performance, total in-
ference time (Time), and peak token usage (Peak).
Together, these three metrics capture whether a
compression method can reduce deployment over-
head while preserving accuracy.

Implementation Details. All trainable methods
are trained for 5 epochs with a batch size of 64
and a maximum training sequence length of 4096

tokens. For HybridThinker, the number of memory
tokens L. = 9 (same as LightThinker), the tempo-
rary retention duration w = 4, and the number of
Shortcut Attention steps |Z| = 2. The maximum
output length during evaluation is set to 10240 to-
kens. Further training details are provided in Ap-
pendix A.2.

4.2 Main Results

Table 1 shows our main results. On Qwen2.5-
7B, HybridThinker matches the accuracy of the
uncompressed Vanilla baseline (68.78%) while re-
ducing peak token usage by 61.7% and inference
time by 20.3%. On Llama3.1-8B, HybridThinker
achieves 66.98% accuracy, closely approaching
Vanilla (68.99%). Compared with LightThinker,
HybridThinker improves average accuracy by 5.8
points on Qwen2.5-7B and 2.7 points on Llama3.1-
8B, while requiring only approximately 100-150
more peak tokens. Despite retaining more tokens,
HybridThinker maintains comparable or slightly
lower inference time than LightThinker, owing to
its shorter CoT sequences (see Section 5.2).

Compared with MemoSight, HybridThinker
improves average accuracy by 1.94 points on
Qwen2.5-7B and 0.60 points on Llama3.1-8B, with
only a modest increase in peak KV-cache usage.
Because speculative decoding is only applied to
MemoSight, we do not include it in the comparison
and instead compare HybridThinker with Mem-
oSight under the same non-speculative decoding
setting.

HybridThinker also substantially outperforms
KV-cache pruning methods such as HoO and Se-
pLLM in accuracy while generally requiring less
inference time. Overall, these results demonstrate
that temporarily retaining thought steps provides a
favorable accuracy—efficiency trade-off over exist-
ing CoT compression methods.

4.3 Ablation Results

We analyze the effects of temporarily retaining
thought steps and the hybrid training scheme and
show our results in Table 2.

Temporarily retaining thought steps during in-
ference improves reasoning accuracy. When
thought steps are temporarily retained during infer-
ence (i.e. Shortcut Attention inference), the method
naively trained with the Shortcut Attention achieves
an average accuracy of 66.87%; HybridThinker
with a carefully designed training method trained
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GSMSK MMLU

GPQA BBH AVG.

Training attention

Acc T Time | Peak | |Acc 1 Time | Peak ||Acc 1 Time | Peak | |Acc T Time | Peak | |Acc 1 Time | Peak |

Shortcut attention inference (Temporarily retain thought steps during inference)

Hybrid (HybridThinker)  90.60 20.85 864 |63.39 23.07 1009
Shortcut 90.52 29.79 971 |63.10 35.18 1360
Bottleneck 80.52 20.78 880 |[52.97 2429 1036

4798 14.84 2124 | 7313 9.87 1058 |68.78 17.15 1264
43.94 19.50 3420 [69.90 16.10 1595 |66.87 25.14 1836
3434 1633 2269 |62.83 10.59 1109 |57.67 18.00 1324

Bottleneck attention inference (Immediately discard thought steps during inference)

Bottleneck (LightThinker) 87.26 23.05 684 |60.66 22.52 827
60.56 23.02 828

Hybrid 87.79 2282 667

37.37
3586 15.07 2312

13.33 1969 [66.46 1091 980 |6294 1745 1115
68.89 11.70 1025 |63.28 18.15 1208

Table 2: Ablation study on training attentions and inference strategies (Qwen2.5-7B). The upper and lower sections
correspond to temporarily retaining and immediately discarding thought steps during inference, respectively. Within
each section, we ablate the training attention type across rows.

with the Hybrid Attention improves the average
accuracy further to 68.78%. Comparatively, Light-
Thinker which discards thought steps immediately
during inference (i.e. Bottleneck Attention infer-
ence) achieves significant lower average accuracy
at 62.94%. This confirms that having each com-
plete thought step serve only a few subsequent steps
already yields a significant accuracy improvement.

Training with Hybrid Attention achieves the
best accuracy—efficiency trade-off. With short-
cut inference, shortcut-only training reaches rea-
sonable accuracy (66.87%) but suffers from much
higher inference time (25.14 vs. 17.15) and peak
token usage (1836 vs. 1264). We hypothesize that
unrestricted direct access during training prevents
the model from learning to rely on compressed
memory, causing redundant reasoning and a longer
chain (see Section 5.3). Hybrid training avoids
this shortcut learning by jointly training both the
direct and compression pathways, resulting in the
highest accuracy (68.78%) together with the low-
est latency and peak memory among temporary
retention settings. Even under bottleneck infer-
ence, hybrid training performs slightly better than
bottleneck-only training (63.28% vs. 62.94%), in-
dicating that the hybrid pattern does not harm com-
pression ability.

Overall, the results show that temporarily retain-
ing thought steps is critical for accuracy, and the
hybrid training scheme effectively optimizes both
information pathways for superior performance.

4.4 Generalization to a Stronger Model and
More Challenging Tasks

To evaluate generalization to a stronger backbone
and more challenging reasoning tasks, we further
test HybridThinker on Qwen3-8B using MATH-
500 and AIME 2026. As shown in Table 3, Hybrid-

MATH-500 ‘ AIME 2026

Acc T Time | Peak | Output ] ‘ Acc T Time | Peak | Output |

LightThinker 64.47 39.08 1210 3747 1333 742 2468 9451
MemoSight 71.80 3149 1403 3881 2333 432 3259 11311
HybridThinker 73.60 3836 1396 3154 2333 605 2471 8078

Table 3: Results on the stronger Qwen3-8B model and
two challenging long-chain reasoning benchmarks.

Thinker achieves 73.60% accuracy on MATH-500,
outperforming MemoSight and LightThinker by
1.80 and 9.13 points, respectively. On AIME 2026,
it matches MemoSight at 23.33% accuracy and
outperforms LightThinker by 10.00 points. Hybrid-
Thinker also produces the shortest outputs on both
benchmarks, demonstrating its effectiveness on a
stronger model and longer reasoning chains. De-
tailed results on all six benchmarks are provided in
Appendix A.4.

5 Analysis

5.1 Hyperparameter Analysis

Effect of Memory Token Count (L). As shown
in Figure 3(a), the number of memory tokens deter-
mines the compression capacity for each thought
step. Experiments show that average accuracy in-
creases from 60.86% to 68.78% as L grows from
1 to 9, reaching parity with the uncompressed base-
line Vanilla at L = 9, which indicates that 9 mem-
ory tokens is sufficient to carry the information
of one step. We remark that HybridThinker sur-
passes LightThinker accuracy with less peak token
usage at . = 3. Further increasing L leads to accu-
racy degradation while peak token usage continues
to rise, suggesting that additional memory tokens
introduce redundant representations and context
overhead rather than useful information.
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Figure 3: Hyperparameter sensitivity analysis on Qwen2.5-7B. Each subplot varies one hyperparameter while

keeping the others at their defaults (L = 9, w = 4,

7| = 2): (a) memory token count L, (b) temporary retention

duration w, and (c) number of Shortcut Attention steps |Z|.

Effect of Temporary Retention Duration (w).
As shown in Figure 3(b), starting from no thought
step retention (w = 1), a short retention duration
(w = 2) improves average accuracy but is still sub-
optimal to keep fine-grained information, yielding
only 64.45% accuracy. Extending the duration to
the default setting (w = 4) preserves sufficient fine-
grained information and raises accuracy to 68.78%.
Further prolonging the retention duration makes
such information arguably increasingly redundant,
even noisy, causing accuracy to drop to 67.14% and
65.55%, while peak token usage keeps growing.

Effect of the Number of Shortcut Attention
Steps (|Z|). As shown in Figure 3(c), |Z| controls
how many thought steps per training instance fol-
low the Shortcut Attention pattern. When |Z| = 0
(pure Bottleneck Attention training), average accu-
racy drops to 57.67%, reflecting the mismatch with
the shortcut inference pattern. Increasing |Z| from
2 to 4 results in a slight decrease in average accu-
racy (68.78% vs. 68.18%), suggesting even a few
shortcut steps suffice for the model to adapt to the
Shortcut Attention pattern at inference time. Train-
ing with only Shortcut Attention (|Z| = full) leads
to worse average accuracy of 66.87%, and also in-
curs significantly higher peak token usage. This is
because the memory tokens are under-trained for
compression and retrieval, causing the model to re-
peatedly re-read the question instead of continuing
reasoning, as detailed in Section 5.3.

5.2 Output Length Analysis

Figure 4 compares the average number of generated
tokens across different methods. HybridThinker
produces the shortest outputs on both Qwen2.5-7B
and Llama3.1-8B, with 2,518 and 2,559 tokens re-
spectively, which are lower than those of Vanilla,
H»O, and LightThinker. This indicates that Hybrid-
Thinker alleviates redundant reasoning. In contrast,

[}
=} Vanilla LightThinker
S & 3863 H,0 = HybridThinker
S 3705
1
3
© 3.5k
=
)
=
g 3095 3034
o 3k 2934
1=
& 2714
g 2
E 2518 559
2.5k —_—
Qwen2.5-7B Llama3.1-8B

Figure 4: Average number of generated tokens on
Qwen2.5-7B and Llama3.1-8B. HybridThinker consis-
tently produces shorter outputs than Vanilla, H,O, and
LightThinker.

H>O produces the longest average output length,
consistent with prior findings that KV cache prun-
ing strategies at low budgets can paradoxically pro-
duce longer reasoning traces (Liu et al., 2025), sug-
gesting that KV cache pruning strategies lead to
redundant reasoning.

5.3 Case Study

Question: David and Dasha went to the carnival, where there are 9 rides. Each
ride costs 2 ride tickets at $2 per ticket. You can also buy a ride bracelet for
$30 which gives you 9 rides. If David buys a ride bracelet and Dasha buys
tickets, and they ride all 9 rides, how much money does David save?

Solution: (1) 2 tickets/ride x $2/ticket = $4/ride; (2) $4/ride x 9 rides = $36;
(3) $36 — $30 = $6

HybridThinker
(Shortcut Training)

HybridThinker  LightThinker

# Thought 9 v/ 15 V (correct 31 (repetitive
computation: $4/ride)  problem parsing)
# Solution 4 6 X (incorrect 6V
retrieval: $8/ride)
Output $6 $42 X $6 v

Figure 5: A case study comparing HybridThinker, Light-
Thinker, and HybridThinker (Shortcut Training) on a
mathematical problem. # Thought and # Solution denote
the number of steps in the thinking and solution stages,
respectively. Due to the length of the full model outputs,
complete responses are provided in Appendix B.

Figure 5 presents a case study on a mathemat-
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ical problem. HybridThinker, through rigorous
reasoning, completes the correct reasoning in just
13 steps. In contrast, LightThinker correctly com-
putes the per-ride cost ($4/ride) during the think-
ing stage, yet erroneously retrieves it as $8/ride
from its compressed memory during the solution
stage, ultimately yielding an incorrect final answer
of $42. Although the HybridThinker trained with
Shortcut Attention also produces the correct an-
swer, it requires as many as 37 steps, including
20 ‘wait’ tokens, repeatedly parsing the problem
statement rather than building on its compressed
memory. This happens because Shortcut Attention
training leaves the memory tokens’ compression
and retrieval insufficiently trained; at inference, the
model therefore falls back to re-reading the ques-
tion instead of trusting the compact representations
to continue reasoning. By contrast, the Hybrid-
Thinker trained with Hybrid Attention needs to
parse the problem only once, demonstrating that
Hybrid Attention training effectively mitigates re-
dundant reasoning.

5.4 Retrieval-Error Analysis

To complement the qualitative case study, we quan-
tify a conservative class of confirmed retrieval er-
rors, where an arithmetic expression computed cor-
rectly in an earlier reasoning step is incorrectly
recalled when the same expression reappears later.
Among erroneous outputs, 54 of 574 LightThinker
outputs (9.41%) contain such errors, compared
with 30 of 455 HybridThinker outputs (6.59%), cor-
responding to a 29.9% relative reduction. Across
all evaluated outputs, the rates are 1.51% and
0.84%, respectively. A two-sided Fisher’s exact
test gives p = 0.109; therefore, we present these
results as quantitative support for the case study
rather than claiming statistical significance.

6 Conclusion

We propose HybridThinker, which akin to CoT
compression condenses thought steps into mem-
ory tokens but temporarily retains thought steps
to supply fine-grained information together with
memory tokens for inference. We discover that
while such inference process is effective generally,
training the model that aligns training and inference
is suboptimal due to shortcut learning. To address
this, we propose a hybrid training scheme mixing
shortcut and bottleneck learning in attention. Ex-
periments on four benchmarks show a 5.8-point

average accuracy gain over existing CoT compres-
sion methods, matching the uncompressed baseline
on Qwen2.5-7B while closely approaching it on
Llama3.1-8B, with 61.7% lower peak token usage
and 20.3% lower inference time. Compared to ex-
isting CoT compression methods, HybridThinker
achieves higher average accuracy with similar infer-
ence time and slightly more peak memory usage.

Limitations

Temporarily retaining thought steps slightly in-
creases peak KV cache usage compared to methods
that discard steps immediately. As shown in Fig-
ure 3(a), this can be effectively mitigated by reduc-
ing the number of memory tokens L: with L = 3,
HybridThinker already achieves lower peak usage
than LightThinker while maintaining a 2.5 point
accuracy advantage. Our approach also assumes
explicit step delimiters; extending it to support free-
form reasoning without clear boundaries is left for
future work.
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A Experimental Details

A.1 Baseline Details

During evaluation, we employ greedy decoding
with a maximum output length of 10,240 tokens
for all models. We compare HybridThinker against
the following baselines:

e CoT: A Dbaseline that applies few-shot
Chain-of-Thought (CoT) prompting to the
Qwen2.5-7B (Hui et al., 2024) and Llama-3.1-
8B (Grattafiori et al., 2024) models without
additional training.

Distill-R1 (Guo et al., 2025): A reasoning
model distilled from DeepSeek-R1’s response
data, built upon the Qwen and Llama architec-
tures.

Vanilla: A standard full-parameter instruction-
tuned model. Operating without any compres-
sion or acceleration mechanisms, it serves as the
empirical upper bound for reasoning accuracy.

* HyO (Zhang et al., 2023): A training-free KV
cache eviction strategy that retains "Heavy Hit-
ter" tokens and a local window. We apply HoO
to the Vanilla model using a sliding window of
1024 and a heavy-hitter budget of 512 tokens.

SepLLM (Chen et al., 2025): A training-free
framework that preserves KV caches for initial
tokens, separators, and a local window. We con-
figure SepLLM with an initial cache size of 384,
a separator budget of 64, and a local window of
256, maintaining a total cache capacity of 1024.

LightThinker (Zhang et al., 2025a): A post-
training method that compresses each reasoning
step into a fixed number of memory tokens. Upon
reaching a step boundary, the model generates
memory tokens to summarize the context, after
which the original reasoning tokens are evicted
from the KV cache. The training data and most
hyperparameter settings follow those of Hybrid-
Thinker, with the exception that LightThinker
uses L = 9, w = 1, and |Z| = 0, while all re-
maining hyperparameters are kept identical to
HybridThinker.

MemoSight (Liu et al., 2026b): A post-training
CoT compression method that improves the
memory-token compression pathway through
adaptive memory allocation, uniform position
layout, and multi-token prediction supervision.
We follow the configuration described in the orig-

inal paper, using 300 memory tokens and a com-
pression ratio of 5, while keeping the remain-
ing training and evaluation settings aligned with
those of HybridThinker.

A.2 Training Details

The Vanilla baseline, LightThinker and Hy-
bridThinker are initialized from DeepSeek-R1-
Distill (Guo et al., 2025) and trained on the
Bespoke-Stratos-17k (BS17K) dataset for 5 epochs.
Experiments are conducted on 8 H200 GPUs using
DeepSpeed ZeRO-3 offload. We use a micro-batch
size of 2 and 4 gradient accumulation steps, yield-
ing a global batch size of 64. We employ a cosine
learning rate schedule with a 0.05 warmup ratio.
The peak learning rate for Vanilla is set to le-5,
while for the other models, it is set to 2e-5. All
the CoT token length (including memory tokens)
has been set to 4096. For HybridThinker, we use 9
memory tokens, a retention horizon of w = 4, and
a shortcut set size of |Z| = 2.

A.3 Evaluation Details

During inference, we evaluate all models using
greedy decoding with a repetition penalty of 1.1.
Prompt configurations for Table 1 are as follows:
Vanilla, HoO, SepLLM, LightThinker, and Hy-
bridThinker share the same system prompt (Fig-
ure 9) and task prompts (Figure 10). Distill-
R1 uses these task prompts but omits the sys-
tem prompt. The CoT baseline uses a few-shot
system prompt (Figure 7) alongside task-specific
prompts for different benchmarks (Figure 8). For
MMLU (Hendrycks et al., 2021) and GPQA (Rein
et al., 2023), multiple-choice options are random-
ized to prevent positional bias.

A.4 Detailed Results on Qwen3-8B

Table 4 reports the complete results on Qwen3-
8B. HybridThinker achieves the highest average
accuracy of 69.14%, outperforming MemoSight
and LightThinker by 0.68 and 4.52 points, respec-
tively. It obtains the best accuracy on MMLU,
BBH, and MATH-500, while matching the best-
performing baseline on GPQA and AIME 2026.
The improvement is particularly pronounced on
MATH-500, where HybridThinker surpasses Mem-
oSight by 1.80 points and LightThinker by 9.13
points. HybridThinker also produces the shortest
outputs on four of the six benchmarks and reduces
the average output length by 5.9% relative to Light-
Thinker and 20.6% relative to MemoSight. Al-
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though its average inference time is slightly higher
than both baselines, it achieves the best overall
accuracy—output-length trade-off, with lower peak
KV-cache usage than MemoSight.

A.5 Metric Definitions and Inference Setup

We report accuracy (Acc), accumulated inference
time (Time), average peak KV-cache usage (Peak),
and average output length (Output). For a bench-
mark with NV evaluation examples, let C; ; denote
all token entries stored in the KV cache for ex-
ample ¢ at decoding step ¢, including the question
tokens, compressed memory tokens, and temporar-
ily retained thought tokens. We define average peak
KV-cache usage as:

N
1
Peak = N Z; max |Ci ] @)

Thus, Peak is the average of the per-example max-
ima, rather than the maximum over the entire
benchmark. Output is the average number of gen-
erated tokens per example, excluding the input
prompt.

Time is the sum of the end-to-end inference la-
tency over all examples, reported in hours:

N
Time = Y (t;“nd - tf.tart) )

i=1

It includes question prefill, all memory-token com-
pression forward passes, and autoregressive decod-
ing. All inference evaluations are distributed over
8 NVIDIA H200 GPUs with a per-GPU batch size
of 1, so there are no within-GPU batching effects.
We use greedy decoding, a repetition penalty of
1.1, and a maximum generation length of 10,240
tokens for all methods.

B Case Study

B.1 HybridThinker: Clear and Faithful
Reasoning

As shown in Case B.4, HybridThinker reasons in
a clear, linear fashion. After framing the task
as a cost comparison (Steps 1-2), it computes
ticket cost at $4 per ride and Dasha’s total at $36
(Steps 3-6), then directly concludes $36 - $30
= $6 with a brief cross-verification (Steps 7-9).
The solution phase faithfully mirrors this deriva-
tion (Steps 11-13). Brief self-corrections appear
but are quickly resolved, leaving no redundant re-
derivation. This coherent reasoning is enabled by

HybridThinker’s temporary retention of thought
steps, which supplies subsequent steps with the
fine-grained local details needed for accurate re-
trieval and computation.

B.2 LightThinker: Retrieval Error from
Compressed Memory

As shown in Case B.5, LightThinker correctly iden-
tifies the per-ride cost as $4 during the thinking
stage (Steps 3-5), resolves the ambiguity of ride
splitting (Steps 8—10), and confidently concludes
$36 - $30 = $6 with repeated verification (Steps 11—
15). However, when transitioning to the solution
stage, the model erroneously retrieves the per-ride
cost as $8 from its compressed memory (Step 17),
computing 9 x $8 = $72 and ultimately outputting
$42 (Step 20), directly contradicting its own prior
reasoning. This is consistent with the known limita-
tion of existing CoT compression methods: imme-
diately discarding thought steps after compression
causes fine-grained details to be obscured or lost
in the compact representations, making subsequent
steps more error-prone.

B.3 HybridThinker (shortcut): Redundant
Reasoning Loop

As shown in Case B.6, this model arrives at the
correct answer but at significant token cost. After
correctly computing the $6 saving in Steps 1-5, the
model immediately derails into an extended loop
(Steps 6-25) over the irrelevant question of how
David and Dasha split the 9 rides—repeatedly re-
reading the problem, self-contradicting, and failing
to escape despite having already reached the cor-
rect conclusion. Throughout this loop, the token
"wait" appears dozens of times in rapid succession
as areflexive filler that restarts rather than advances
reasoning (highlighted in the original trace). The
model only breaks free in Steps 26-30 by essen-
tially ignoring the self-imposed ambiguity and re-
confirming $36 - $30 = $6, followed by a clean
solution phase (Steps 32—35). This behavior is con-
sistent with the shortcut learning problem described
in our paper: when thought steps remain directly
accessible during training, the model over-relies on
plain-text thoughts rather than learning to compress
and retrieve information through memory tokens,
leaving the memory token mechanism undertrained
and ultimately degrading reasoning coherence.
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B.4 Matched-Budget Pareto Analysis

Figure 6 provides a matched-budget Pareto com-
parison between HybridThinker and direct CoT-
compression baselines on Qwen2.5-7B. We vary
the number of memory tokens L for HybridThinker
while keeping the remaining configuration un-
changed, and compare the resulting average accu-
racy, total inference time, and peak K'V-cache usage
against LightThinker and MemoSight. This allows
us to examine whether the accuracy improvement
of HybridThinker is obtained only by using a sub-
stantially larger efficiency budget.

The results show that HybridThinker forms
a clear Pareto trend as L increases. With a
small memory-token budget, HybridThinker al-
ready achieves competitive latency and peak mem-
ory usage. As L increases, accuracy improves
steadily up to the default setting L. = 9, which
achieves the highest average accuracy among all
compared methods. Notably, HybridThinker with
L = 3 already surpasses LightThinker in accuracy
while using both lower inference time and lower
peak KV-cache usage. With L = 9, HybridThinker
further outperforms MemoSight in accuracy, while
maintaining comparable latency and only moder-
ately higher peak KV-cache usage.

These results indicate that HybridThinker’s
gains are not simply caused by allocating more
memory. Instead, temporarily retaining thought
steps provides a better accuracy—efficiency trade-
off across different memory-token budgets, sup-
porting its effectiveness as a CoT compression
strategy under matched latency and memory con-
straints.

B.5 Per-Task Hyperparameter Sensitivity

Table 5 provides a per-task breakdown of the sensi-
tivity to L, w, and |Z|. The main insight is that the
effect of each hyperparameter is task-dependent.
GSMSK is relatively stable across most configura-
tions, suggesting that shorter and more determin-
istic arithmetic reasoning is less affected by the
choice of memory budget and retention duration.
In contrast, GPQA shows much stronger sensitivity,
especially to L and w, indicating that knowledge-
intensive and long-chain reasoning tasks benefit
more from preserving sufficient local reasoning
context.

For BBH and MMLU, the trends are more mod-
erate: increasing the retention duration or memory-
token count can improve accuracy in some settings,

but overly large values do not consistently help and
may introduce additional context overhead. Across
the shortcut-attention sweep, performance remains
comparatively stable, with |Z| = 2 providing the
best overall trade-off. These per-task results sug-
gest that HybridThinker is robust under a range
of hyperparameter choices, while the default con-
figuration (L = 9, w = 4, and |Z| = 2) offers a
strong balance across both stable and highly sensi-
tive benchmarks.
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Figure 6: Matched-budget Pareto comparison on Qwen2.5-7B. We compare HybridThinker under different memory-
token budgets with direct CoT-compression baselines, LightThinker and MemoSight. The left panel shows the
accuracy—memory trade-off, and the right panel shows the accuracy-latency trade-off. Higher accuracy and lower
budget are better.

Dataset LightThinker MemoSight HybridThinker

Acc 1 Time | Peak | Output | | Acc 1 Time | Peak | Output | | Acc 1 Time | Peak | Output |

Owen3-8B Series

GSMSK 9143 4434 633 1276 |93.18 2521 685 1186 |91.89 4024 910 1127
MMLU 8354 3891 763 1525 |84.81 32.51 874 1746 |85.59 44.61 1035 1566
GPQA 52.53 17.63 1443 3278 |5253 17.13 1788 4987 |52.53 24.89 1766 4280
BBH 8242 2093 801 1706 |86.46 11.78 838 1690 |87.88 2026 998 1541
MATH-500 64.47 39.08 1210 3747 |71.80 31.49 1403 3881 |73.60 38.36 1396 3154
AIME 2026 1333 742 2468 9451 |23.33 432 3259 11311 [23.33 605 2471 8078

AVG. 64.62 28.05 1220 3497 |68.46 27.39 1475 4143 ‘69.14 29.07 1429 3291

Table 4: Results on Qwen3-8B across six reasoning benchmarks. Bold and underlined values indicate the best and
second-best results, respectively. Acc denotes accuracy (%); Time denotes accumulated inference time over all
evaluation samples in hours; Peak denotes the average peak KV-cache token usage; and Output denotes the average
number of generated tokens. AVG. is the unweighted macro-average across the six benchmarks.

Method GSMSK MMLU GPQA BBH AVG.
Acc T Time | Peak | Output | ‘Acc 1 Time | Peak | Output | ‘ Acc 1 Time | Peak | Output | ‘ Acc 1 Time | Peak | Output | ‘ Acc T Time | Peak | Output |
Baselines
LightThinker 87.26 23.05 684 1419 | 60.66 22.52 827 1783 |37.37 1333 1969 5424 |66.46 1091 980 2231 6294 1745 1115 2714
MemoSight 89.84 21.84 745 1345 | 6349 23.11 900 1819 | 4091 1352 2102 5346 |73.13 10.67 1059 2204 |66.84 17.29 1202 2678

Temporary Retention Duration w

HybridThinker (w = 2) 90.14 20.84 720 1270 | 60.27 2437 904 1868 |37.88 14.51 1871 5905 |69.49 10.95 1011 2166 |64.45 17.67 1126 2802
HybridThinker (w = 4) 90.60 20.85 864 1205 |63.39 23.07 1009 1661 |47.98 14.84 2124 5320 |73.13 9.87 1058 1888 |68.78 17.15 1264 2518
HybridThinker (w = 6) 90.45 21.04 990 1178 | 64.07 23.70 1125 1634 |39.90 15.17 2206 5346 |74.14 1127 1223 1963 | 67.14 17.80 1386 2530
HybridThinker (w = 8) 90.37 21.79 1110 1174 | 61.64 2358 1229 1567 |36.87 14.63 2207 4787 |73.33 11.00 1276 1810 | 65.55 17.75 1455 2335

Memory Token Count L

HybridThinker (L = 1) 88.40 20.03 762 1200 |59.59 22.73 850 1734 | 30.81 14.49 1501 5941 |64.65 10.53 903 2072 |60.86 1695 1004 2737
HybridThinker (L = 3) 89.54 2045 782 1210 | 61.73 2230 858 1672 |38.38 14.30 1558 5666 |71.92 9.58 863 1866 | 6539 16.66 1015 2603

HybridThinker (L = 6) 90.30 20.57 822 1208 | 61.73 23.07 946 1703 14091 14.66 1747 5465 |71.11 1045 1008 2007 |66.01 17.19 1131 2596
HybridThinker (L = 9) 90.60 20.85 864 1205 |63.39 23.07 1009 1661 |47.98 14.84 2124 5320 |73.13 9.87 1058 1888 | 68.78 17.15 1264 2518
HybridThinker (L = 12) 90.52 21.56 911 1225 |62.80 2435 1080 1734 | 3434 1537 2333 5472 |7414 1135 1185 2011 |[6545 18.16 1377 2611

HybridThinker (L = 18) 91.36 21.92 1018 1218 6251 26.06 1337 1762 13990 18.10 3959 5752 | 68.08 11.50 1480 1925 |1 6546 19.40 1949 2664
HybridThinker (L = 36) 89.99 23.12 1303 1211 | 60.76 28.76 1784 1812 3535 21.12 4792 5957 | 68.08 14.26 2230 2182 |63.55 21.82 2527 2790

Shortcut Attention Step Count | I |

HybridThinker (|Z| = 1) 90.37 21.08 860 1216 |62.90 23.52 1010 1701 | 41.41 16.98 2501 5962 |75.76 10.57 1056 1886 |67.61 18.04 1357 2691
HybridThinker (|Z| = 2) 90.60 20.85 864 1205 |63.39 23.07 1009 1661 |47.98 14.84 2124 5320 |73.13 9.87 1058 1888 | 68.78 17.15 1264 2518
HybridThinker (|Z| = 3) 90.37 20.42 850 1184 |62.61 24.62 1044 1776 | 43.43 16.10 2258 5744 |73.13 11.03 1078 2003 |67.39 18.04 1308 2677
HybridThinker (|Z| = 4) 89.99 21.59 868 1238 | 64.46 23.15 988 1669 | 4293 1472 2111 5547 |7535 1049 1054 1930 | 68.18 17.49 1255 2596

Table 5: Per-task hyperparameter sensitivity results on Qwen2.5-7B. Each sweep varies one hyperparameter while
keeping the others at their default values, L = 9, w = 4, and |Z| = 2. Time denotes accumulated inference time
in hours, Peak denotes average peak KV-cache token usage, and Output denotes the average number of generated
tokens. The default configuration is highlighted in blue, and the best result within each group is shown in bold.
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System Prompt:
Below is a question. Please think through it step by step, and then provide the final answer. If options
are provided, please select the correct one.

## Output format:
Use “<THOUGHT>...</THOUGHT>" to outline your reasoning process, and enclose the final answer
in ‘\boxed{}’.

## Example 1:

Question:

What is 2 + 3?

Output:

<THOUGHT>First, I recognize that this is a simple addition problem. Adding 2 and 3 together gives
5.</THOUGHT>

Therefore, the final answer is \boxed{5}.

## Example 2:
Question:
What is 2 + 3?
A. 4

B.5

C. 10

Output:

<THOUGHT>First, I recognize that this is a simple addition problem. Adding 2 and 3 together gives
5.</THOUGHT>

Therefore, the final answer is \boxed{B}.

Figure 7: System prompt for Qwen2.5-7B-Instruct and Llama3.1-8B-Instruct.

GSMSK:
Return your final response within \boxed{ }. { Question}

MMLU:

Please select the option that best answers the question. Return your final response within \boxed{ }.
Here are the Question:

{Question}

GPQA:
Given a question, please select the option that best answers it. Return your final response within
\boxed{}. {Question}

BBH:
Return your final response within \boxed{ }. If options are provided, please select the correct one.
{Question}

Figure 8: Task prompt for Qwen2.5-7B-Instruct and Llama3.1-8B-Instruct.
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System Prompt:

Your role as an assistant involves thoroughly exploring questions through a systematic long think-
ing process before providing the final precise and accurate solutions. This requires engaging in a
comprehensive cycle of analysis, summarizing, exploration, reassessment, reflection, backtracking,
and iteration to develop well-considered thinking process. Please structure your response into two
main sections: Thought and Solution. In the Thought section, detail your reasoning process using the
specified format: <lbegin_of_thoughtl> {thought with steps separated with \n\n’} <lend_of_thought|>
Each step should include detailed considerations such as analyzing questions, summarizing relevant
findings, brainstorming new ideas, verifying the accuracy of the current steps, refining any errors,
and revisiting previous steps. In the Solution section, based on various attempts, explorations, and
reflections from the Thought section, systematically present the final solution that you deem correct.
The solution should remain a logical, accurate, concise expression style and detail necessary steps
needed to reach the conclusion, formatted as follows: <Ibegin_of_solutionl> {final formatted, precise,
and clear solution} <lend_of_solutionl> Now, try to solve the following question through the above
guidelines:

Figure 9: The shared system prompt applied to Vanilla, H,O, SepLLM, LightThinker, and HybridThinker across
the Qwen and Llama series.

GSMSK/MMLU/GPQA/BBH:
Return your final response within \boxed{ }. { Question}

Figure 10: The shared task prompt applied to Vanilla, H,O, SepLLM, LightThinker, and HybridThinker across the
Qwen and Llama series.
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B.4 Case: HybridThinker

Question:

David and Dasha went to the carnival, where there are 9 rides. Each ride costs 2 ride tickets at $2
per ticket. You can also buy a ride bracelet for $30 which gives you 9 rides. If David buys a ride
bracelet and Dasha buys tickets, and they ride all 9 rides, how much money does David save?

Model Output:

<|begin_of_thought|>

Okay, let’s see. So David and Dasha went to the carnival, right? There are 9 rides. Each ride
normally costs 2 ride tickets, and each ticket is $2. But then there’s this deal: a ride bracelet that
gives you 9 rides for $30. Hmm. So David buys the ride bracelet, and Dasha buys individual
tickets. They both ride all 9 rides. The question is asking how much money David saves compared
to if he had bought tickets instead.<Isplitter|>

Wait, actually, David buys the bracelet, so he gets all 9 rides covered by that. Dasha
buys tickets, so she has to pay for each ride separately. Since they’re riding all 9 rides, we need to
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calculate how much each of them spent and then find the difference in what David would have
spent on tickets versus the bracelet.<Isplitterl>

First, let me break down the costs. Let’s start with David. He buys the ride bracelet for
$30, which gives him 9 rides. So his total cost is $30. That part seems straightforward.<lIsplitter|>

Now, Dasha buys tickets. Each ride costs 2 tickets, and each ticket is $2. Wait, hold on.
So each ride requires 2 tickets, and each ticket is $2. So per ride, the cost is 2 * $2 = $4 per ride?
Wait, no, maybe I misread that. Let me check again.<Isplitter|>

The problem says: "Each ride costs 2 ride tickets at $2 per ticket." So, each ride needs 2
tickets, and each ticket is $2. Therefore, per ride, the cost is 2 tickets * $2 per ticket = $4 per ride.
So for one ride, Dasha pays $4. Since they take all 9 rides, but Dasha is buying individual tickets
for each ride. Wait, but wait, the problem states that David buys a ride bracelet and Dasha buys
tickets. The ride bracelet gives 9 rides for $30. So Dasha is buying tickets for each ride, but how
many tickets does she need?<Isplitter|>

Each ride requires 2 tickets, so for 9 rides, Dasha needs 9 rides * 2 tickets per ride = 18
tickets. At $2 per ticket, that’s 18 * $2 = $36. So Dasha spends $36 on tickets. Then David spends
$30 on the bracelet. Together, their total cost is $30 + $36 = $66. But the question is asking how
much David saves. So David’s saving would be the difference between what he would have spent
without the bracelet vs. what he actually spent. Wait, but David didn’t buy tickets; he bought
the bracelet. So perhaps we need to compare how much David saved by purchasing the bracelet
instead of individual tickets for all 9 rides.<lIsplitter|>

Wait, but David only took all 9 rides once. If he had bought individual tickets, how
much would he have paid? For 9 rides, each needing 2 tickets, so 18 tickets. 18 tickets * $2 per
ticket = $36. But David bought the bracelet for $30, which gives him 9 rides. So his saving is $36
- $30 = $6. Therefore, David saved $6 by buying the bracelet instead of individual tickets.<lIsplitter/>

But wait, let me confirm. The problem says "how much money does David save?" So
since David chose to buy the bracelet instead of individual tickets, his saving is the amount he
would have spent on tickets minus what he actually spent (the bracelet). So yes, $36 - $30 = $6.
Therefore, David saves $6.<Isplitterl>

Alternatively, another way to think about it: The bracelet is $30 for 9 rides. If David
were to buy individual tickets for those 9 rides, he would have to spend 9 rides * 2 tickets/ride *
$2/ticket = 9*2*2 = $36. By buying the bracelet, he only pays $30, so he saves $6. Hence, the
answer is $6.<Isplitter|>

I think that makes sense. Let me just make sure there’s no other angle here. The prob-
lem mentions that they ride all 9 rides. So both David and Dasha are riding all 9. But David uses
the bracelet, Dasha uses individual tickets. The question is specifically about how much David
saves. So yes, comparing David’s actual spending ($30) to what he would have spent on tickets
($36), the saving is $6. So the answer should be $6.<Isplitter|>

<|end_of_thought|>

<|begin_of_solution|>
David buys a ride bracelet for $30, granting him access to all 9 rides. Dasha purchases individual
ride tickets at $2 per ticket, requiring (9 x 2 = 18) tickets ((18 x $2 = $36)). <Isplitter|>
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To determine David’s savings:
* Cost if David bought individual tickets: (18 x $2 = $36)
* Actual cost: $30 (bracelet)

* Savings: ($36 - $30 = $6)<Isplitter>

Thus, David saves @ dollars.<lIsplitterl>
<|end_of_solution|>

<|answer|>
6
<|answer|>
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B.5 Case: LightThinker

Question:

David and Dasha went to the carnival, where there are 9 rides. Each ride costs 2 ride tickets at $2
per ticket. You can also buy a ride bracelet for $30 which gives you 9 rides. If David buys a ride
bracelet and Dasha buys tickets, and they ride all 9 rides, how much money does David save?

Model Output:

<|begin_of_thought|>

Okay, let’s see. So David and Dasha went to the carnival, right? There are 9 rides. Each ride
normally costs 2 ride tickets, and each ticket is $2. But then there’s this deal: a ride bracelet that
gives you 9 rides for $30. Now, David buys the bracelet, and Dasha buys tickets. They ride all 9
rides. We need to figure out how much money David saves compared to if he had bought tickets
instead.<Isplitter|>

Hmm, first I need to understand what exactly is being asked here. The question is about
how much David saves by buying the ride bracelet instead of individual tickets. So we need to
compare the cost of the bracelet to the cost if David had bought tickets for all 9 rides. <Isplitterl>

Let me break it down. Let’s start with David. He buys the ride bracelet. The bracelet
costs $30 and gives him 9 rides. Since they both end up riding all 9 rides, David doesn’t need to
buy individual tickets. So his total cost is just $30. <Isplitter>

Now, Dasha is buying tickets. Each ride costs 2 tickets, but wait, the tickets are sold in-
dividually at $2 each. Wait, hold on. Let me check the problem again. It says each ride costs
2 ride tickets at $2 per ticket. So each ride requires 2 tickets, and each ticket is $2. Wait,
that seems a bit confusing. Wait, maybe I misread that. Let me parse that sentence again. <Isplitter|>

Each ride costs 2 ride tickets at $2 per ticket. Hmm. So each ride requires 2 tickets,
and each ticket costs $2. Therefore, per ride, the cost would be 2 tickets * $2 per ticket = $4 per
ride. Is that right? So each ride is $4? <Isplitter|>

Wait, but then if they take the bracelet, it’s $30 for 9 rides. So let’s confirm the costs.
<Isplitterl>

If they don’t buy the bracelet, each ride costs 2 tickets at $2 each, so $4 per ride. For 9
rides, that would be 9 * $4 = $36. But Dasha is only buying tickets, so she might not need all 9
rides’ tickets? Wait, no. The problem states they ride all 9 rides. So both David and Dasha each
ride 4.5 rides? Wait, no, that can’t be. Wait, there are 9 rides total. So David and Dasha split the
rides? Or do they go on the rides together? <lIsplitter|>

Wait, the problem says "they ride all 9 rides". So between David and Dasha, they use
all 9 rides. But how are the rides divided? Are they splitting the rides, or is one of them riding all
9? The problem doesn’t specify. Hmm. That could affect the calculation. Wait, but the question is
about how much David saves by buying the bracelet. So perhaps the key is that David buys the
bracelet, which gives him 9 rides, and Dasha buys tickets for her own rides. But since they have 9
rides total, maybe David takes some number of rides and Dasha takes the rest? But the problem
doesn’t specify how many rides each takes. Wait, maybe the problem assumes that David uses the
bracelet, which gives him 9 rides, and Dasha uses tickets for her own rides, but since they have 9
rides total, maybe Dasha is riding some number of rides. Wait, this is unclear. <Isplitter/>
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Wait, perhaps the problem is that David buys the bracelet (which allows him to get 9
rides) and Dasha buys individual tickets for her rides. Then, since there are 9 rides total, David
takes some number of rides and Dasha takes the remaining. But the problem states they ride
all 9 rides. So maybe David takes x rides and Dasha takes (9 - x) rides. However, the problem
asks how much David saves by buying the bracelet. So David’s saving would be the difference
between the cost of the tickets he would have bought for his rides versus the bracelet. But
since David is part of a group (probably going together), maybe they split the rides. Wait,
but the problem doesn’t specify how the rides are split between David and Dasha. Hmm. <Isplitterl>

Wait, maybe the problem is intended to assume that David takes the bracelet, which
gives him 9 rides, and Dasha buys tickets for however many rides she needs. But since they have
to ride all 9 rides, perhaps David is taking the bracelet, which covers all 9 rides, and Dasha doesn’t
need to buy any tickets. But then why does the problem mention Dasha buying tickets? Maybe
there’s a misunderstanding here. <Isplitterl>

Alternatively, perhaps the problem is structured such that David buys the bracelet, which
allows him to ride all 9 rides, and Dasha buys individual tickets for all 9 rides. But that would
mean Dasha is buying 9 * 2 tickets (since each ride costs 2 tickets). Wait, but each ticket is $2,
so 2 tickets per ride would be 2 * $2 = $4 per ride. So 9 rides would cost Dasha 9 * $4 = $36.
Meanwhile, David paid $30 for the bracelet. So the total amount they spent would be $30 + $36 =
$66. But the question is asking how much David saves. Wait, David saved money by buying the
bracelet instead of individual tickets. How much would he have spent on tickets? If he were to buy
tickets for 9 rides, each ride costing 2 tickets at $2 each, so per ride it’s $4. So 9 rides would be 9 *
$4 = $36. But David didn’t buy tickets; he bought the bracelet for $30. So his saving is $36 - $30
= $6. Therefore, David saves $6. <lIsplitter|>

But wait, the problem says "how much money does David save?" So David bought the
bracelet, which costs $30, whereas if he had bought tickets for all 9 rides, he would have had to
spend 9 rides * | $4 per ride | = $36. Therefore, by buying the bracelet, he saved $36 - $30 = $6.

So David’s saving is $6. <Isplitterl>

But let me verify once more. The key point is that David chose to buy the bracelet in-
stead of individual tickets. Since the bracelet gives all 9 rides for $30, while buying individual
tickets would cost 9 rides * 2 tickets per ride * $2 per ticket = $36. Therefore, David’s saving is
$36 - $30 = $6. So yes, David saves $6 by purchasing the bracelet. <Isplitterl>

I think that makes sense. The key is that David chooses the bracelet, which covers all
the rides he and Dasha plan to take, thereby avoiding the cost of the individual tickets. Since the
bracelet is a fixed price regardless of the number of rides (as long as it’s 9), he saves the difference
between the total cost of individual tickets and the bracelet price. <Isplitter|>

So the answer should be $6, which is the amount David saved by purchasing the bracelet instead
of individual tickets for all 9 rides. <lIsplitter|>
<|end_of_thought|>

<|begin_of_solution|>

David purchases a ride bracelet for $30, which entitles him to all 9 rides. If he were to buy
individual tickets instead, each ride costs 2 tickets at $2 per ticket, [totaling $8 per ride] ($16 for 2
rides). For 9 rides, this would amount to (9 x $8 = $72).<Isplitter>
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By purchasing the bracelet, David avoids the cost of these individual tickets. The sav-
ings are calculated as:[$72 - $30 = $42] <Isplitter|>

However, upon re-evaluating the problem statement, it becomes clear that David and
Dasha share the rides. Since the bracelet covers all 9 rides, David’s saving specifically relates to
the tickets he would have used. If David rode all 9 rides individually, his total cost would have
been $72. By purchasing the bracelet, he only pays $30, resulting in a saving of:[$72 - $30 =
$42]<«lIsplitterl>

Thus, David saves dollars. <Isplitter|>
<|end_of_solution|>

<|answer|>
6
<|answer|>
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B.6 Case: HybridThinker (Shortcut Training)

Question:

David and Dasha went to the carnival, where there are 9 rides. Each ride costs 2 ride tickets at $2
per ticket. You can also buy a ride bracelet for $30 which gives you 9 rides. If David buys a ride
bracelet and Dasha buys tickets, and they ride all 9 rides, how much money does David save?

Model Output:

<|begin_of_thought|>

Okay, let’s see. So David and Dasha went to the carnival, right? There are 9 rides. Each ride
normally costs 2 ride tickets, and each ticket is $2. But they can also buy a ride bracelet for $30
that gives you 9 rides. Now, David buys the ride bracelet, and Dasha buys tickets. They ride all 9
rides. The question is asking how much money David saves compared to if he had bought tickets
instead.<Isplitter|>

First, I need to figure out how much David spent and how much he would have spent if
he didn’t buy the bracelet. Then, the difference between those two amounts is his sav-
ings.<Isplitter>

, actually, the | problem says | David buys a ride bracelet and Dasha buys tickets.

So David’s cost is the price of the bracelet, which is $30. But if he had bought individual tickets
instead, how much would he have paid?<Isplitterl>

, but each ride costs 2 tickets at $2 per ticket. So each ride is 2 tickets * $2 = $4
per ride. Since there are 9 rides total, but David and Dasha split the rides somehow? , no,

[the problem statesJ they ride all 9 rides. So both of them together ride all 9 rides. Hmm, but how
are the tickets split between David and Dasha?<lIsplitterl>

But , maybe not. Let me read again. "David buys a ride bracelet and Dasha buys
tickets." So David’s expense is the bracelet, which covers all 9 rides. Dasha’s expense is tickets for
some rides. But the problem doesn’t specify how many rides each of them takes. @, but it
says they ride all 9 rides. So combined, they use all 9 rides. But since David has the bracelet,
which gives him 9 rides, maybe Dasha doesn’t need to pay for any rides? That can’t be right
because [the problem says} Dasha buys tickets. Maybe they each buy their own tickets? ,

no. (Let me parse the problem again}<lsp1itterl>

wait ), [the problem says ]: "If David buys a ride bracelet and Dasha buys tickets, and
they ride all 9 rides, how much money does David save?"<lIsplitter|>

"Each ride costs 2 ride tickets at $2 per ticket." So each ride requires 2 tickets, each
ticket costing $2, so per ride, it’s $4. Alternatively, you can buy a bracelet for $30 that gives you 9
rides. So the bracelet is $30 for 9 rides, whereas buying individual tickets would be 9 rides * 2
tickets each * $2 per ticket. Let’s calculate that. 9 rides * 2 tickets = 18 tickets. Each ticket is $2,
so 18 * $2 = $36. So the total cost for 9 rides via tickets is $36, while the bracelet is $30. So
buying the bracelet is cheaper by $6., the key information:<Isplitter>

But in this scenario, David buys the bracelet, and Dasha buys tickets. How do they split
the cost? Or is the question about how much David saves by buying the bracelet instead of
individual tickets ?<Isplitter|>

31997




But [the problem states] that David buys the bracelet and Dasha buys tickets. Then they
ride all 9 rides. The question is how much David saves. So perhaps we need to compare how much
David would have spent if he bought tickets versus the bracelet.<Isplitterl>

, but David is buying the bracelet, so he spends $30. If he were to buy individual

tickets for the rides he took, how much would that be? , but how many rides did David
take? The problem doesn’t specify. It just says they ride all 9 rides. So maybe they split the rides
somehow? But the problem doesn’t mention splitting the rides; it just says they ride all 9. So
perhaps both David and Dasha take some rides, but the total is 9. However, the problem statement
isn’t clear on how the rides are divided between them. , maybe [the problem assumes} that
David uses the bracelet, which gives him 9 rides, and Dasha buys tickets to cover her own rides.
But since the total number of rides is 9, maybe David takes all 9 rides? But then why would Dasha
buy tickets? This part is confusing.<Isplitter|>

wait ), [perhaps the problem is] that David buys the bracelet (which allows him to ride 9
times) and Dasha buys individual tickets for herself. But since they only have 9 rides total, David
takes all 9 rides? But then Dasha wouldn’t need any tickets. Alternatively, maybe they each take
some rides, totaling 9. But the problem doesn’t specify how the rides are distributed between them.
This is ambiguous.<Isplitter|>

, maybe the problem is simpler. | Let’s re-read it |:<Isplitter|>

wait ), [the problem says ]: "If David buys a ride bracelet and Dasha buys tickets, and
they ride all 9 rides, how much money does David save?" So David buys the bracelet, Dasha buys
tickets. Together, they use the rides. The total rides used are 9. We need to find how much David
saved by buying the bracelet instead of tickets.<Isplitter|>

So David’s saving is the difference between what he would have spent on tickets versus
the bracelet. But how much would David have spent on tickets? If he was buying tickets for the
rides he took. But how many rides did he take? The problem doesn’t specify. Similarly, Dasha
took some rides. But without knowing how many rides each took, how can we compute the
saving ?<Isplitter|>

But maybe the problem assumes that David took all 9 rides, but that contradicts because
Dasha is buying tickets. , no. If David buys the bracelet, he gets 9 rides, but Dasha is
buying tickets. So Dasha might be taking some rides, but she needs tickets for each. But the total
rides are 9. So maybe all 9 rides are taken by David and Dasha together. But how is the cost
calculated ?<Isplitter]>

wait ), [perhaps the problem is] intended to be that David buys the bracelet, which cov-
ers all 9 rides, so he pays $30. Dasha buys tickets for the remaining rides? But there are no
remaining rides. All 9 rides are covered by the bracelet. Therefore, David saved the amount he
would have spent on 9 rides minus the bracelet cost.<Isplitter|>

, but David didn’t need tickets for any rides because he has the bracelet. So his
saving is the cost of the bracelet compared to the cost of the tickets he would have bought for the
same number of rides. But how many rides is that?<Isplitter/>

wait |, [maybe the problem is that] David could have bought 9/2 rides worth of tickets,
but that doesn’t make sense. Alternatively, maybe the problem is that David and Dasha split the
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cost of the rides. But [the problem statesJ that David buys the bracelet and Dasha buys tickets. So
David’s cost is $30, Dasha’s cost is tickets for some rides. But how much is that?<Isplitter|>

Alternatively, [maybe the problem isj that David wants to ride all 9 rides, but instead of
buying the bracelet himself, he’s buying tickets, but Dasha is also buying tickets. But
[the problem says] David buys a ride bracelet and Dasha buys tickets. So David’s saving is the
difference between the cost of 9 rides via tickets vs. the bracelet.<Isplitter|>

, perhaps the answer is simply the difference between the cost of 9 rides via tick-
ets (which is 9 rides * 2 tickets * $2 per ticket) versus the bracelet ($30). So 9*2*2=36. Bracelet is
$30. So David saves $6. Therefore, the answer is $6.<Isplitter>

Therefore, David’s saving is $36 - $30 = $6.<Isplitterl>

But let me check again. If David buys the bracelet, he pays $30 for 9 rides. If he bought tickets
instead, he would need 9 rides, each requiring 2 tickets, so 18 tickets. At $2 per ticket, 18*2 = $36.
So he saves $6. Therefore, David saves $6 by buying the bracelet instead of tickets.<Isplitter>

But [the problem says] David buys a bracelet and Dasha buys tickets. So Dasha is buy-
ing tickets for some rides. But the total rides are 9. So if David is already getting all 9 rides via the
bracelet, then Dasha doesn’t need to buy any tickets. But [the problem says] Dasha buys tickets.
Maybe there’s a misinterpretation here.<Isplitter|>

Alternatively, maybe David and Dasha each want to ride 4.5 times, which isn’t possible,
so one rides 4 and the other 5. But since you can’t split rides, maybe the problem expects us to
assume that David rides x times and Dasha rides (9 - X) times. Then, David’s cost would be the
cost of the bracelet plus the cost of x rides via tickets, but no, [the problem says] David buys
a bracelet and Dasha buys tickets. So David’s total cost is $30, Dasha’s cost is 2*(number of
tickets she buys). The total rides are 9, so the sum of David’s rides and Dasha’s rides is 9. But
David’s rides are covered by the bracelet, so David doesn’t need to buy any tickets. Therefore,
David’s cost is only $30, and Dasha’s cost is 2*tickets. But how many tickets does Dasha buy?
If all 9 rides are taken, then David’s rides via bracelet is 9, so Dasha doesn’t need any tickets.
[But the problem says] Dasha buys tickets. This is confusing.<Isplitter>

This suggests that maybe the problem is structured differently. Perhaps David decides to
go on some rides using the bracelet, and Dasha goes on the others using tickets. For example,
David buys the bracelet and chooses to ride 5 times, thereby paying $30, and Dasha buys tickets
for the remaining 4 rides. Then, Dasha would pay 4*2*2 = $16. But the problem doesn’t specify
how many rides each took. It just says they rode all 9 rides. So [maybe the problem is] that David
could have bought tickets for all 9 rides, which would cost $36, but instead he bought a bracelet
for $30, saving $6. Therefore, regardless of how the rides are split between David and Dasha,
David’s saving is $6. Because even though Dasha is buying tickets, David’s saving is independent
of how the rides are divided; he just saved $6 by choosing the bracelet over tickets.<Isplitter|>

, but if David buys the bracelet, he gets all 9 rides, so he doesn’t need to spend
anything else. Dasha buys tickets for some rides. But [the problem states] that they ride
all 9 rides. So perhaps the total cost for David is $30, and the total cost for Dasha is for
the remaining rides. But since [the problem asks) how much David saves, it’s only com-
paring David’s cost with what he would have spent if he didn’t buy the bracelet. But if
he bought tickets instead, he would have to pay for the number of rides he actually took.
But since the problem doesn’t specify how many rides David took, only that they rode all
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9, maybe the answer is that David saved the difference between the bracelet and the total
tickets he would have bought, assuming he took all 9. But that seems like an assumption.<Isplitter>

Alternatively, maybe |the problem is | intended to be straightforward: David saves the
cost of 9 rides via tickets instead of the bracelet. So 9 rides at 2 tickets each is 18 tickets, which is

$36. The bracelet is $30, so he saves $6. Therefore, the answer is $6.<lIsplitter|>

Yes, that must be it. | The problem is | likely testing the understanding that the bracelet is
a flat rate for all rides, whereas tickets are per ride. So by buying the bracelet, David saves the cost
of 9 rides” worth of tickets. Therefore, the saving is $36 - $30 = $6.<Isplitter|>

I think that’s the correct approach. So David saves @ dollars.<lIsplitterl> <|end_of_thought|>

<|begin_of_solution|>

To determine how much David saves by purchasing a ride bracelet instead of individual tickets, we
first calculate the total cost for 9 rides using tickets. Each ride requires 2 tickets at $2 per ticket, so
the cost per ride is (2 x 2 = $4). For 9 rides, the total cost would be (9 x 4 = $36).<Isplitterl>

David opts for a ride bracelet that costs $30, which provides all 9 rides. The difference
between the cost of individual tickets and the bracelet is:<Isplitter|>

By purchasing the bracelet, David avoids the full cost of 9 tickets. Therefore, his sav-
ings are calculated as:<lIsplitter|>

Savings = Cost of 9 tickets - Cost of bracelet = $36 - $30 = $6<Isplitterl>

Thus, David saves @ dollars.<lIsplitter>
<|end_of_solution|>

<|answer|>
6
<|answer|>

32000




