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Abstract
Low-bit quantization is crucial for deploying
Large Language Models (LLMs) on resource-
constrained hardware. However, existing Post-
Training Quantization (PTQ) methods adopt
a monolithic view of outliers, overlooking
their global spatial patterns within LLM ar-
chitectures and weights that are quantization-
sensitive but not numerically large. To over-
come these challenges, we introduce MOAQ, a
novel finetuning-free weight-only PTQ frame-
work based on a new perspective for outlier
analysis. MOAQ holistically addresses the
outlier problem by three core components:
(1) Spatial Calibration (SC) uses a clustering-
optimized Hadamard matrix to reorganize disor-
dered outliers into both discrete and clustered
patterns. (2) Local Awareness and Suppres-
sion (LAS) adopts a dual strategy guided by
our outlier metric. It assigns higher bit-widths
to clustered outliers via Clustered Outlier Bit
Search (COBS), enabling flexible fractional-
bit quantization, while further refining quan-
tization parameters for local discrete outliers
through Local Outlierness-Aware Calibration
(LOAC). (3) Global Feedback and Denoising
(GFD) introduces a dynamic correction mech-
anism informed by our outlier metric to mit-
igate the progressive cross-layer enrichment
of outliers. Extensive experiments show that
MOAQ achieves state-of-the-art performance,
outperforming both finetuning-free and many
finetuning-based methods with substantially
lower computational cost.

1 Introduction

Recent advances in artificial intelligence have
driven rapid progress in model architectures and
learning methodologies (Ye et al., 2025; Li et al.,
2024a; Loshchilov et al., 2025; Li et al., 2024b).
Meanwhile, these models have demonstrated in-
creasingly strong adaptability and general capabili-
ties across diverse tasks (Behrouz et al., 2026; Li
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et al., 2025a; Snell et al., 2025; Li et al., 2026a).
These advances, however, are accompanied by
growing computational demands.

Due to the limited memory capacity of consumer-
grade devices, the community has an urgent de-
mand for more aggressive low-bit quantization
methods. However, under such configurations, the
performance of quantized models degrades signifi-
cantly (Frantar et al., 2022; Lin et al., 2024b). The
widespread presence of outliers in weight matrices
is a major factor constraining quantization perfor-
mance (Zhang et al., 2024a). To address outliers, re-
cent research (Lee et al., 2024; Huang et al., 2024a)
has primarily drawn inspiration from the pruning
methods (Frantar and Alistarh, 2023), identifying
and mitigating outliers based on sensitivity scores
of weights.

As artificial intelligence models become increas-
ingly capable, recent studies have pursued greater
computational efficiency (Bian et al., 2026; Li et al.,
2026b) and more reliable evaluation across diverse
application settings (Li et al., 2025c,b; Wang et al.,
2026). Against this broader drive, low-bit quantiza-
tion provides an important route to efficient model
deployment, yet widespread outliers in weight ma-
trices remain a key bottleneck to model perfor-
mance (Zhang et al., 2024a). Although existing
methods show promise in improving quantization
performance, they still face three key challenges
in handling outliers from local and global perspec-
tives: 1) Local Outlier Misidentification. Some
methods (Shao et al., 2023) narrowly define outliers
as large magnitude values, overlooking elements
with normal magnitudes but high quantization sen-
sitivity. Other methods (Lee et al., 2024; Huang
et al., 2024a) adopt sensitivity metrics inspired by
pruning (Frantar and Alistarh, 2023), combining
weight magnitudes with Hessian information to
identify outliers. However, these metrics do not
explicitly model the difference between weight re-
moval in pruning and weight replacement in quan-
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Figure 1: (a) Ideal regular local outlier distribution, where discrete and clustered outliers are reflected by the local
and global terms of the outlierness score So. In practice, local outlier layouts are not always regular and can also
appear spatially disordered; empirical examples of regular and disordered cases are provided in Fig. 5. (b) Overview
of the multi-scale analytical perspective in MOAQ, covering the local plane and the global stereoscopic space across
Transformer blocks. (c) Global enrichment effect of outlierness, where quantization errors become more pronounced
in deeper layers. MHSA and FFN are the abbreviations of Multi-Head Self-Attention layer and Feed-Forward
Network layer.

tization. 2) Local Inefficient Bit-Width Alloca-
tion for Identified Outliers. Current structured
mixed-precision methods (Lee et al., 2024; Huang
et al., 2024b) employ rigid, coarse-grained strate-
gies. They assign a uniform bit-width like fixed 1
or 3 bit to entire regions containing outliers. This
“one-size-fits-all” approach prevents fine-grained,
importance-aware bit allocation, resulting in a sub-
optimal trade-off between accuracy and resource
efficiency. 3) Myopic Optimization That Ignores
Global Factors. Most methods (Sun et al., 2024;
Guo et al., 2024) optimize quantization at the single
layer level, making this localized strategy overlook
the global factor like the dynamic amplification of
quantization errors.

To address these challenges, we revisit the out-
lier problem from a novel multi-scale analytical
perspective based on our outlierness metric, reveal-
ing two key findings (detailed proofs in Appendix
B): 1) Duality in Planar Space: From a planar
perspective (tensor level), the spatial distribution
of outliers exhibits a clear duality. Although Fig.
1(a) illustrates an ideal regular local distribution
for clarity, real linear layers are not always in this
ideal state: outliers in some layers are spatially
disordered, whereas those in others form regular
discrete and clustered patterns. Empirical examples
of both cases are provided in Appendix 5. This find-
ing indicates that single-pattern strategies are likely
suboptimal, as they cannot efficiently handle both
disordered and regularized outlier distributions. 2)

Cumulative Effect in Stereoscopic Space: From
a global layer-wise perspective, outlierness is af-
fected not only by local Hessian-related weight
perturbations but also by the global dynamics of
the quantization process, as theoretically derived in
Appendix B. Dynamic outlierness inherited from
preceding layers can be transformed and enriched
by the current layer, causing abnormality to be-
come progressively stronger with depth, as shown
in Fig. 1(c).

Based on these findings, we propose a finetuning-
free weight-only PTQ framework MOAQ. It con-
sists of Spatial Calibration (SC), Local Awareness
and Suppression (LAS), and Global Feedback and
Denoising (GFD). Firstly, to address Challenge
1, we propose a novel outlier metric that accounts
for the fundamental differences between quantiza-
tion and pruning, as well as the global dynamics of
the quantization process. To address Challenge 2,
we develop the SC and LAS modules inspired by
the local duality of spatial distributions (Finding
1). SC reorganizes disordered outliers into discrete
and clustered patterns, transforming the original
dual outlier distributions into regularized forms,
and LAS jointly optimizes bit-width allocation and
quantization parameters for discrete and clustered
outliers in local linear layers. To address Chal-
lenge 3, we create the GFD module. Inspired by
the global enrichment effect of outlierness (Find-
ing 2), it introduces a dynamic correction mecha-
nism based on our new metric to effectively address
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the problem of local myopia in existing methods.
Through the coordinated operation of these three
modules, MOAQ provides a comprehensive solu-
tion to outlier-related challenges in PTQ, achieving
significant improvements in both quantization ac-
curacy and efficiency. Our contributions can be
summarized as follows:

• We systematically diagnose the limitations of
existing PTQ methods by pinpointing three
critical challenges from both local and global
perspectives: local outlier misidentification,
inefficient bit-width allocation for identified
outliers, and the neglect of global optimization
factors.

• We introduce a novel analysis of outliers, re-
vealing two critical findings: the duality of
outlier distributions at the local level and the
global cumulative effect of outlierness.

• We propose a finetuning-free weight-only
PTQ framework that addresses outliers by
three core modules: the SC module reorga-
nizes disordered outliers into discrete and clus-
tered patterns, the LAS module enables flexi-
ble bit allocation and local parameter refine-
ment, and the GFD module mitigates progres-
sive enrichment of outlierness via dynamic
correction.

2 Related Work

2.1 Post-Training Quantization of LLMs
Due to the presence of outliers, post-training quan-
tization (PTQ) of large language models (LLMs) is
a challenging task (Ma et al., 2024b). Existing PTQ
methods for LLMs can be categorized into weight-
only quantization (Lin et al., 2024b; Park et al.,
2022) and weight-activation quantization (Lin et al.,
2024a; Ma et al., 2024a; Liu et al., 2023) based
on whether activations are quantized. For weight-
only quantization, some methods (Guo et al., 2024;
Zhang et al., 2024a; Chee et al., 2023) attempt to
mitigate numerical outliers by iterative optimiza-
tion and linear transformations. Others (Zhang
et al., 2024b; Yu et al., 2025) have employed low-
rank decomposition to compensate for quantiza-
tion errors of weight matrix. Unlike weight-only
quantization, weight-activation quantization needs
to address outliers in both the weight matrix and
activation matrix. Current weight-activation quan-
tization methods primarily rely on finetuning-free

online transformation (Ashkboos et al., 2024; Yi
et al., 2024) and finetuning-based offline transfor-
mation (Liu et al., 2024; Hu et al., 2025) to mitigate
outliers. Given the massive scale of LLMs, mem-
ory access becomes a key bottleneck for deploying.
Weight-only quantization can effectively overcome
this issue by compressing the weight matrix to low-
bit representations. Therefore, our work primarily
focuses on low-bit weight-only quantization.

2.2 Fractional-Bit Quantization
Fractional-bit quantization provides finer control
over model size and can improve the utilization of
a fixed storage budget (Adepu et al., 2024). Cur-
rently, some mixed-precision quantization methods
indirectly achieve fractional-bit quantization by iso-
lating outliers in the weight matrix and storing them
in high precision. For example, SqueezeLLM (Kim
et al., 2023) and SpQR (Dettmers et al., 2023) iden-
tify elements sensitive to quantization error and
store them in full-precision format, achieving a
quantization bit-width of 4.27 bits. In binariza-
tion scenarios, PB-LLM (Shang et al., 2023) and
BiLLM (Huang et al., 2024a) store high-error ele-
ments in INT8, achieving 1.7-bit and 1.08-bit quan-
tization respectively. However, these element-wise
unstructured methods neglect the clustered distri-
bution of outliers in the weight matrix and are un-
friendly to hardware. Considering these factors, our
approach utilizes a structured block-level greedy al-
gorithm to adaptively adjust each block’s bit-width
based on its numerical fluctuations and intrinsic
attributes within a given target bit-width.

3 Methods

In this section, we provide an overview of MOAQ.
The overall framework is shown in Fig. 2. Specifi-
cally, in Sec. 3.2, we reorganize disordered outliers
into regular discrete and clustered patterns by in-
troducing the Spatial Calibration module. Subse-
quently, in Sec. 3.3, we propose the Local Aware-
ness and Suppression module to jointly handle
clustered outliers and discrete outliers. Finally, in
Sec. 3.4, for the global enrichment effect of out-
lierness, we introduce the Global Feedback and
Denoising module to denoise during the quantiza-
tion process.

3.1 Outlierness Score Metric
Existing quantization methods mainly identify out-
liers using two restricted criteria. The first cate-
gory narrowly defines outliers as large-magnitude
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Figure 2: Overview of MOAQ. Given the FP16 weights as input, Spatial Calibration (SC) first reorganizes disordered
outliers into regular discrete and clustered patterns. Local Awareness and Suppression (LAS) then allocates flexible
bit-widths to clustered outliers through Clustered Outlier Bit Search (COBS) and refines quantization parameters
for local discrete outliers through Local Outlierness-Aware Calibration (LOAC). Finally, Global Feedback and
Denoising (GFD) mitigates cross-layer enrichment of outlierness through local and global dynamic correction,
ultimately producing the quantized weights.

weights (Shao et al., 2023; Zhang et al., 2024a).
This criterion is based on the intuition that weights
with larger magnitudes may induce larger numer-
ical deviations after quantization. The second
category is inspired by element saliency metrics
in pruning and estimates the importance of each
weight element using both the weight norm and
Hessian information (Frantar and Alistarh, 2022,
2023). These two types of metrics can be written
as follows:

Smag(i, j) = w2
i,j , Spru(i, j) =

w2
i,j[

H−1
ℓ

]2
j,j

. (1)

Here, Smag denotes the magnitude-based out-
lier score, and Spru denotes the pruning-inspired
Hessian-aware score. The former ignores the effect
of quantization-induced activation perturbations on
output errors, while the latter simplifies quantiza-
tion replacement as weight removal, overlooking
the fundamental difference between pruning and
quantization in their perturbation forms. To address
these limitations, we propose a new outlierness
score metric So. For the ℓ-th linear layer, MOAQ
defines this metric as:

So(i, j) =
(wi,j−Q(wi,j))

2

[H−1
ℓ ]

j,j

+
∥∥∥wi,j

(
Xℓ,j − X̂ℓ,j

)∥∥∥
2

2
. (2)

Here, Q(wi,j) denotes the quantized value of

wi,j , and Hℓ denotes the Hessian matrix of the ℓ-
th layer. The first term measures the local error
caused by the weight quantization residual, while
the second term measures the global influence of
preceding-layer quantization errors on the current
activation. Thus, So integrates local weight pertur-
bation and preceding-layer-induced global activa-
tion discrepancy into a unified outlierness metric.
The detailed derivation is provided in Appendix A.

3.2 Spatial Calibration

Outliers in weight matrices exhibit disordered spa-
tial layouts in some linear layers, while forming
relatively regular discrete or clustered patterns in
others. Directly applying quantization to such het-
erogeneous layouts can disturb the subsequent op-
timization process. SC performs this reorganiza-
tion with a clustering-optimized Hadamard trans-
form (Ashkboos et al., 2024). Firstly, SC extracts
structural features from each Hadamard basis vec-
tor, including local pattern coherence, positive-
negative balance, and pattern complexity. Basis
vectors with similar structures are grouped by local
K-means clustering. SC then sorts basis vectors
within each cluster by their distance to the cluster
centroid and orders clusters by their average pattern
complexity, yielding the optimized Hadamard ma-
trix. Given a weight matrix W and input activation
X , this transformation process can be expressed
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as:

Y = WX = (WH)(H−1X) (3)

where H denotes the optimized Hadamard trans-
form matrix. Since the transform and its inverse are
applied to the weight and activation sides, respec-
tively, the original computation remains unchanged.
Orthogonal mixing redistributes concentrated large-
magnitude outliers across transformed dimensions,
while the clustering-based basis order preserves
more coherent local structures. After SC, the out-
lier layout becomes more regular and is passed to
LAS for local processing. The theoretical support
for this reorganization is provided in Appendix B,
and more implementation details of the SC module
are provided in Appendix D.

3.3 Local Awareness and Suppression
3.3.1 Clustered Outlier Bit Search
For clustered outliers, Clustered Outlier Bit
Search(COBS) partitions the weight matrix
into blocks with m columns and computes a
quantization-sensitivity score for each block based
on the outlierness score matrix So:

B =
∑n

i=1

∑m

j=1
So(i, j) (4)

where So(i, j) denotes the outlierness score at
row i and column j of the current block, and n
and m denote the block size. Block importance B
reflects the accumulated outlierness of each weight
block and its sensitivity to quantization error. The
COBS module uses this block outlierness score to
weight the quantization error in the greedy opti-
mization target, ensuring that each optimization
step prioritizes weight blocks with larger accumu-
lated outlierness and higher quantization sensitivity.
The greedy optimization target and constraints in
the COBS module are defined as follows:

Obj : argmin
b1,...,bn

∑n

i=1
(Bi)

α · ||Wi − quantbi (Wi) ||22 (5)

Constraint :
1

n

∑n

i=1
bi ≤ target_bit (6)

where Wi, Bi, and bi denote the weight matrix,
block outlierness score, and bit-width of the i-th
block, respectively. The coefficient α controls the
weight of block outlierness in the greedy process,
and we set it to 2. COBS repeats three steps un-
til the average bit-width reaches the preset target.
1) Initialization: all weight blocks are assigned
the same low bit-width, typically 1 or 2 bits. 2)

Greedy optimization: COBS tentatively increases
each block by 1 bit and computes the reduction
in weighted quantization loss based on Eq. 5. 3)
Greedy selection: the block with the largest loss
reduction receives the actual bit-width update.

It is worth noting that in the COBS module, the
preset target bit-width can be either integer or frac-
tional. This unique advantage enables users to flex-
ibly adjust the quantization bit-width such as 2.1-
bit based on the actual storage space of hardware
devices, so as to maximize the storage space utiliza-
tion and the performance of the quantized model.

3.3.2 Local Outlierness-Aware Calibration
Local Outlierness-Aware Calibration (LOAC) uses
outlierness score So to weight the quantization er-
ror when searching for the scaling factor and zero
point. Given the original weight W and quantized
weight Ŵ , LOAC computes the outlierness-aware
weighted error matrix as:

L = SP
o ⊙

(
quant

(
Ŵ , s, z

)
−W

)2
(7)

where P controls the sharpness of the outlierness
weighting. The scaling factor and zero point are
denoted by s and z. LOAC applies the 3-σ rule
to L and obtains masks Mo and Mu for outliers
and normal elements, which are used to compute
weighted errors for the two regions separately.

To avoid the time and memory cost of gradient-
based optimization, LOAC searches for s and z
over a constrained grid:

argmin
s,z

λ1Lu(s, z) + λ2Lo(s, z) (8)

s =
αt(max(W )−min(W ))

2b − 1
(9)

z = −
[
αt min(W )

s

]
(10)

where Lu (s, z) and Lo (s, z) are obtained by
multiplying L with Mu and Mo, respectively. The
coefficients λ1 and λ2 balance the normal and out-
lier regions, and we set them to 1 and 1.2. The
grid coefficient αt = l + tR

T controls the candidate
scaling range at step t, where R, l, and T denote
the search range, left endpoint, and grid resolution.
We set them to 0.8, 0.2 and 100.

3.4 Global Feedback and Denoising
SC and LAS regularize local outliers within each
layer, but they remain focused on layer-local distri-
butions and quantization parameters rather than the
cross-layer enrichment phenomenon. In sequential
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quantization, the error inherited from preceding lay-
ers can be amplified by high-outlierness weights in
the current layer, causing outlierness to be progres-
sively enriched with depth. Global Feedback and
Denoising (GFD) addresses this enrichment path
through a dynamic correction mechanism guided
by our outlier metric.

For the ℓ-th layer, let Wℓ and Xℓ be the full-
precision weight matrix and input activation, and
let Ŵℓ and X̂ℓ be their quantized counterparts.
GFD defines an outlierness-aware correction objec-
tive using the score matrix So:

argmin
Ŵℓ

||(So ⊙Wℓ)Xℓ − (So ⊙ Ŵℓ)X̂ℓ||22 (11)

This objective uses So to reweight output dis-
crepancies, allowing GFD to focus on deviations at
high-outlierness positions rather than treating layer
residuals without explicit outlierness weighting, as
in prior layer-wise error-compensation methods (Li
et al., 2025d; Arai and Ichikawa, 2025). We further
derive the final denoising correction δi for the i-th
weight column using the Lagrangian function.

δlocali =
So,i(quant(wi)− wi)

H−1
i,i

H−1
:,i (12)

δglobali = (So ⊙W row
ℓ )∆XℓX̂

⊤
ℓ H−1

−i (13)

δi = δlocali + αℓδ
global
i (14)

where δlocali corrects the local perturbation from
quantizing wi, and δglobali provides the global feed-
back for the cross-layer enrichment path. The fi-
nal denoising correction δi injects δglobali through
the global correction factor αℓ, allowing GFD to
correct both local quantization error and the cross-
layer enrichment path. We define αℓ using the
inter-block change of quantized activation error,
with the ℓ-th block error computed as:

Dℓ =
1

NL

N,L∑

n,l

||X(n,l)
ℓ − X̂

(n,l)
ℓ ||2 (15)

where N and L denote the number of samples
and the sequence length, respectively. Dℓ measures
the deviation between the full-precision input acti-
vation and the quantized input activation of the ℓ-th
block. The first Transformer block has no inher-
ited error from preceding quantized blocks. We set
α1 = 0.2 and initialize the first nontrivial feedback
factor as α2 = 0.2. For each block after the second,
GFD derives the global correction factor from the
relative change of quantized activation error across
adjacent blocks:

αℓ =
Dℓ

Dℓ−1
αℓ−1, ℓ > 2 (16)

This mechanism adjusts the feedback strength
according to the relative change of quantized acti-
vation error across adjacent blocks. Thus, GFD
responds to how the inherited error is enriched
along depth, rather than using a uniform correc-
tion coefficient for all blocks. As the quantiza-
tion proceeds layer by layer, each corrected layer
provides a less perturbed quantized input for the
following layer. This progressively weakens the
chain in which quantization errors are repeatedly
transformed by high-outlierness weights and accu-
mulated with depth.

4 Experiments

4.1 Experimental Setup

Models and Baselines. We apply MOAQ to pre-
trained LLMs including LLaMA (Touvron et al.,
2023a), LLaMA-2 (Touvron et al., 2023b) and
LLaMA-3 (Dubey et al., 2024) family. These
models are representative open-source LLMs,
enabling research across diverse model scales
and architectures. We compared our method
against both finetuning-free and finetuning-based
weight-only PTQ methods. For finetuning-free
PTQ methods, we compare MOAQ with Round-
To-Nearest(RTN), GPTQ (Frantar et al., 2022),
AWQ (Lin et al., 2024b), LeanQuant (Zhang
and Shrivastava, 2024), SliM-LLM (Huang et al.,
2024b), QuIP (Chee et al., 2023), PB-LLM (Shang
et al., 2023). For finetuning-based PTQ methods,
we compare MOAQ with OmniQuant (Shao et al.,
2023), AffineQuant (Ma et al., 2024a) and decou-
pleQ (Guo et al., 2024).

Datasets and Evaluation. First, we evalu-
ate the language modeling capabilities of quan-
tized models on language generation tasks based
on the WikiText2 datasets (Merity et al., 2016).
Then we conduct experiments on zero-shot eval-
uation tasks including WinoGrande (Sakaguchi
et al., 2021), PIQA (Bisk et al., 2020), ARC-
Challenge and ARC-Easy (Clark et al., 2018), and
HellaSwag (Zellers et al., 2019).

Experimental Details. We implement MOAQ
based on Hugging Face (Wolf et al., 2019) and
PyTorch (Paszke et al., 2019). All experiments
were conducted on NVIDIA A800 80GB GPUs.
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WikiText2 perplexity ↓ Zero-shot avg. acc. ↑
Bits Method Tuning-free 7B 13B 30B 65B 2-7B 2-13B 2-70B 3-8B 3-70B 7B 13B 30B 2-7B 2-13B 3-8B 3-70B

16 FP16 - 5.68 5.09 4.10 3.53 5.47 4.88 3.31 5.75 2.9 68.6 70.96 74.52 69.18 71.75 72.87 79.94

3.0 RTN ✓ 7.01 5.88 4.87 4.24 6.66 5.51 3.97 29.91 11.84 47.99 45.99 51.77 62.06 65.77 58.72 65.29
3.0 GPTQ ✓ 6.55 5.62 4.80 4.17 6.29 5.42 3.85 8.19 5.22 39.65 54.63 57.76 62.48 66.18 60.58 71.28
3.0 AWQ ✓ 6.46 5.51 4.63 3.99 6.24 5.32 3.74 8.22 4.81 32.26 35.44 35.07 62.82 66.14 64.82 73.65
3.0 SliM-LLM ✓ 6.40 5.48 4.61 3.99 6.24 5.26 3.67 7.16 4.08 48.36 59.02 64.21 66.42 65.10 65.25 73.35
3.0 LeanQuant ✓ 6.62 5.76 4.72 4.10 6.61 5.66 3.91 7.88 5.02 63.85 64.88 63.14 61.06 65.18 54.54 72.20
3.0 OmniQuant ✗ 6.15 5.44 4.56 3.94 6.03 5.28 3.78 7.12 4.77 63.89 67.91 72.04 62.42 66.18 64.09 71.90
3.0 AffineQuant ✗ 6.14 5.45 4.59 4.01 6.08 5.28 3.85 7.20 4.74 63.82 67.58 72.45 64.02 67.68 60.26 72.61
3.0 decoupleQ ✗ 6.38 5.60 4.67 6.05 6.22 5.72 3.84 7.22 4.51 62.85 66.72 70.02 63.17 66.82 58.20 69.04
3.0 MOAQ ✓ 5.97 5.34 4.43 3.77 5.78 5.11 3.60 6.99 3.99 66.65 69.09 73.20 67.26 69.76 70.27 78.58

2.0 RTN ✓ 1.9e3 781.2 68.04 15.08 4.2e3 122.08 27.27 1.9e3 4.6e5 35.97 35.12 35.98 35.60 35.56 35.87 39.14
2.0 GPTQ ✓ 152.31 20.44 13.01 9.51 60.45 28.14 8.78 210 11.9 36.88 55.24 56.90 46.31 40.49 40.12 45.42
2.0 AWQ ✓ 2.6e5 2.8e5 2.4e5 7.4e4 2.2e5 1.2e5 4.6e4 1.7e6 1.7e6 32.47 36.35 35.28 37.30 34.89 35.62 44.11
2.0 QuIP ✓ 29.74 12.48 11.57 7.83 39.73 13.48 6.64 84.97 13.03 36.12 47.37 54.15 45.24 49.73 43.06 49.43
2.0 PB-LLM ✓ 24.61 17.73 12.65 7.85 25.37 49.81 NAN 44.12 11.68 39.06 44.23 52.19 44.12 43.16 48.75 50.18
2.0 SliM-LLM ✓ 14.58 8.87 7.33 5.90 16.01 9.41 6.28 39.66 9.46 41.14 56.45 59.25 46.71 52.80 48.02 53.77
2.0 LeanQuant ✓ 18.53 14.42 12.68 8.84 25.59 24.43 7.92 41.78 10.32 49.86 53.38 58.70 42.43 48.00 38.98 48.21
2.0 OmniQuant ✗ 9.71 7.93 7.12 5.95 11.06 8.26 6.55 31.40 9.02 47.32 56.68 59.87 46.98 53.56 52.66 60.06
2.0 AffineQuant ✗ 13.51 7.22 6.49 5.88 10.87 7.64 6.62 37.27 9.13 48.55 52.56 62.00 37.20 49.50 36.03 58.87
2.0 decoupleQ ✗ 9.49 7.86 6.37 5.59 9.74 13.03 5.23 35.32 9.18 48.20 55.41 63.29 47.69 54.62 53.86 62.75
2.0 MOAQ ✓ 7.52 6.51 5.63 4.86 7.40 6.30 4.93 10.76 7.35 57.94 62.15 67.64 57.69 62.29 54.58 71.61
2.1 MOAQ ✓ 7.24 6.28 5.44 4.75 7.08 6.10 4.66 9.91 6.98 58.44 63.82 68.69 58.95 63.47 58.24 73.68

Table 1: Main results of evaluation experiment. We report the perplexity and zero-shot accuracy. The best score is
bolded.

SC COBS LOAC GFD
WikiText2 perplexity ↓

1-7B 1-13B 2-7B 2-13B

✗ ✓ ✓ ✓ 9.75 8.84 10.08 8.37
✓ ✗ ✓ ✓ 9.32 7.25 8.56 7.44
✓ ✓ ✗ ✓ 9.09 8.67 8.84 8.68
✓ ✓ ✓ ✗ 9.98 7.83 9.67 8.33
✓ ✓ ✓ ✓ 7.52 6.51 7.40 6.30

Table 2: Ablation study of main components in MOAQ.
The evaluation was conducted by removing individual
components and measuring the WikiText2 perplexity.

Method
2-7B 2-13B 2-70B

Time Mem Time Mem Time Mem

OmniQuant 7.27 14.35 10.68 19.91 24.88 39.69
AffineQuant 7.11 23.49 11.17 30.60 23.92 130.26

Ours 0.65 11.27 1.11 14.67 5.26 33.23
Ours(2.1bit) 0.68 11.32 1.16 14.69 5.81 33.24

Table 3: Comparison of quantization time (hours) and
memory cost (GB) with finetuning-based PTQ methods.
Our approach consistently achieves the lowest compu-
tational cost.

4.2 Main Results

We firstly test the performance of MOAQ on the
LLaMA family. As shown in Table 1, our method
consistently outperforms previous state-of-the-art
(SOTA) methods across all configurations and mod-
els. Specifically, in language generation tasks, com-
pared with the best baseline method, our method
achieves average perplexity reductions of 3.38 and
0.14 points under 2-bit and 3-bit quantization con-
figurations, respectively. On the most challeng-
ing LLaMA-3-8B model, MOAQ reduces perplex-
ity by 20.64 points compared with the best base-
line method under the 2-bit quantization config-

Method Bits 1-7B 1-13B 1-30B 1-65B

OWQ 3.1 6.41 5.56 4.63 4.09
SliM-LLM 3.0 6.40 5.48 4.61 3.99

COBS 3.0 6.23 5.45 4.54 3.92

Table 4: Perplexity performance on WikiText2 datasets
of different structured bit allocation strategies on
LLaMA model families.

Method
Qwen1.5-7B Qwen2-7B Qwen2.5-7B

2-bit 3-bit 2-bit 3-bit 2-bit 3-bit

GPTQ 37.34 9.28 23.61 7.85 25.8 7.98
OmniQuant 29.02 9.18 14.39 7.96 14.73 7.87

Ours 11.04 8.44 9.28 7.48 9.46 7.35

Table 5: Perplexity on WikiText2 datasets of Qwen
model families when quantized to 2-bit and 3-bit by
different methods.

uration. In zero-shot tasks, our method achieves
average accuracy improvements of 6.45 and 2.51
percentage points under 2-bit and 3-bit quantiza-
tion configurations, respectively, compared with
the best baseline method. These significant perfor-
mance improvements demonstrate the effectiveness
of our method. It is worth noting that MOAQ is a
finetuning-free PTQ method, which requires fewer
computational resources to achieve better quanti-
zation performance compared with the finetuning-
based PTQ methods in Table 1.

Furthermore, we found that in low-bit quanti-
zation scenarios, for quantized models, a slight
increase in the quantization bit-width can further
improve their performance. For example, the 2.1-
bit quantized LLaMA-3-70B version of MOAQ
reduces perplexity by 5.0% and improves zero-shot
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Figure 3: GPT-4 evaluation on the Vicuna. Figure 4: Inference speed comparison.

accuracy by 2.07 percentage points compared with
its 2-bit quantized version. This indicates that in
low-bit quantization deployment scenarios, if hard-
ware devices have available storage capacity, appro-
priately increasing the bit-width of the quantized
model using MOAQ can enhance the model perfor-
mance.

4.3 Ablation Study
Effectiveness of Individual Components. In this
section, we conduct a detailed ablation study to
evaluate the impact of each component on the per-
formance of MOAQ. As shown in Table 2, we
observe that when removing the SC, COBS, and
LOAC modules, the perplexity of our method on
different LLMs increases by 2.07-2.68 points, 0.74-
1.80 points, and 1.44-2.38 points respectively. This
indicates that effectively focusing on the spatial dis-
tribution patterns and intrinsic attributes of outliers
can enhance quantization performance. Meanwhile,
we note that when the GFD module is removed, the
perplexity of our method rises by 1.32-2.46 points.
This further demonstrates the significance of ad-
dressing cross-layer enrichment of quantization er-
rors from a global perspective.
Results of Instruction-Following Models. To
evaluate its instruction-following capability, we
quantized the LLaMA-3-8B-Chat model and eval-
uated its performance using the Vicuna bench-
mark (Chiang et al., 2023) and GPT-4 evalua-
tion protocol (Chiang et al., 2023). Previous
study (Zheng et al., 2023) has identified an order
bias in GPT-4 scoring, where models presented first
tend to receive higher ratings. To mitigate this bias
in the GPT-4-based evaluation protocol, we con-
duct 160 pairwise comparisons using two permuta-
tion orders and aggregate the results. As shown in
Fig. 3, under 2-bit quantization scenarios, MOAQ
achieved win-tie rates of 92.5%, 80.6% and 82.5%
against GPTQ, OmniQuant and AffineQuant, re-
spectively. These results demonstrate that MOAQ
exhibits strong capability in quantizing instruction-
finetuned LLMs.
Results of Different Structured Bit Allocation

Strategies. We compared two sensitivity-based
structured bit allocation algorithms with the COBS
module on the LLaMA model, using the GPTQ
quantization framework. As shown in Table 4,
COBS consistently achieves optimal performance.
This can be attributed to two key factors: 1) It com-
prehensively considers both outlierness scores and
dynamic quantization errors during bit-width allo-
cation. 2) It adaptively assigns the most suitable
bit-width to each region, without being constrained
by predefined bit-widths.

4.4 Efficiency and Generalization Analysis
Quantization Speed and Peak Memory. One of
the significant advantages of MOAQ is that it is a
finetuning-free method, which requires less com-
putational resources compared to finetuning-based
methods. To further demonstrate this advantage,
we compare the quantization time and peak mem-
ory between MOAQ and existing finetuning-based
quantization methods in Table 3. Combined with
results from Table 1, we can conclude that MOAQ
can achieve superior quantization performance at
the cost of lower resource overhead.
Results of Inference Efficiency. Due to the po-
tential inference latency that may be introduced
by the mixed-precision quantization method in
MOAQ, we compared the inference speed differ-
ences among MOAQ, GPTQ, and the full-precision
model in Fig. 4. The results show that the inference
speeds of the 2-bit LLaMA-2-7B and LLaMA-2-
13B models quantized by MOAQ are 1.31x and
3.27x those of the full-precision models. Moreover,
the inference speeds of our method on these two
models are only 4.4% and 2.4% slower than those
of the lighter GPTQ method. In addition, we also
tested the inference speed of MOAQ in the 2.1-bit
quantization scenario, and the results show that the
additionally allocated fractional-level bit-widths
have nearly negligible impact on the inference per-
formance.
Results of Other Model Families. To evaluate the
effectiveness of MOAQ in quantizing other model
families, we selected the Qwen series of LLMs
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as new quantization targets. Table 5 presents the
performance of Qwen1.5-7B (Bai et al., 2023),
Qwen2-7B (Yang et al., 2024a), and Qwen2.5-
7B (Yang et al., 2024b) after being quantized by
MOAQ. These results indicate that the quantization
capability of MOAQ is not limited to LLMs with a
specific architecture.

5 Conclusion
In this paper, we propose MOAQ, a finetuning-free
weight-only PTQ framework for low-bit quantiza-
tion of LLMs. MOAQ addresses the outlier bottle-
neck by translating a multi-scale understanding of
outliers into a unified framework with local cali-
bration and global feedback. Specifically, the SC
module reorganizes disordered outliers into regu-
lar discrete and clustered patterns. LAS module
uses an outlier-aware strategy to allocate flexible
bit-widths to clustered outliers and refine quanti-
zation parameters for local discrete outliers. Ad-
ditionally, GFD module mitigates the progressive
enrichment of outliers through dynamic correction.
Extensive experiments demonstrate that MOAQ
achieves state-of-the-art performance, outperform-
ing finetuning-free methods and many finetuning-
based methods with substantially lower computa-
tional cost.

Limitations

Although MOAQ demonstrates strong performance
on representative open-source LLM families, its
evaluation is still constrained by the availability
of model weights and internal activations. Recent
frontier proprietary LLMs, such as the Claude and
GPT series, are typically accessible only through
restricted interfaces rather than publicly released
full-precision weights. Therefore, MOAQ cannot
be directly applied to these highly capable closed-
weight models to examine whether the observed
quantization benefits transfer to the most advanced
industrial-scale systems. This limitation stems
from the current accessibility boundary of propri-
etary LLMs and leaves broader validation on future
open frontier models as an important direction.
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A Derivation of the Outlierness Score
Metric

For the ℓ-th linear layer, let Wℓ and Ŵℓ denote
the full-precision and quantized weight matrices,
and let Xℓ and X̂ℓ denote the corresponding full-
precision and quantized-state input activations. The
full-precision output and quantized output are

Yℓ = WℓXℓ, Ŷℓ = ŴℓX̂ℓ. (17)

Their output discrepancy can be decomposed as

Yℓ − Ŷℓ = Wℓ

(
Xℓ − X̂ℓ

)
+

(
Wℓ − Ŵℓ

)
X̂ℓ. (18)

The first term corresponds to activation pertur-
bations inherited from preceding quantized layers,
while the second term is introduced by quantizing
the current-layer weights.

We first derive the local cost of the current
weight perturbation. For the i-th row, define

di =
(
Wℓ,i: − Ŵℓ,i:

)⊤
. (19)

With X̂ℓ fixed, consider the regularized mean re-
construction objective

Lw
i (di) =

1

2N

∥∥∥d⊤i X̂ℓ

∥∥∥
2

2
+

λℓ

2
∥di∥22

=
1

2
d⊤i

(
1

N
X̂ℓX̂

⊤
ℓ + λℓI

)
di.

(20)

where N denotes the number of calibration to-
kens or samples and λℓ ≥ 0 is the damping coef-
ficient in the normalized curvature. To put both
components of the final score on the same unnor-
malized calibration scale, define

Hℓ = N

(
1

N
X̂ℓX̂

⊤
ℓ + λℓI

)

= X̂ℓX̂
⊤
ℓ +NλℓI.

(21)

We assume either λℓ > 0 or X̂ℓ has full row
rank. The rescaled local objective is then

Lw
i (di) = NLw

i (di) =
1

2
d⊤i Hℓdi. (22)

For a single element wi,j , its quantization resid-
ual is

ri,j = wi,j −Q(wi,j). (23)

When this residual is fixed and the remaining el-
ements in the same row are allowed to compensate
locally, the constrained optimization problem is

min
di

1

2
d⊤i Hℓdi, s.t. e⊤j di = ri,j , (24)

where ej is the one-hot vector at position j. The
Lagrangian is

J (di, µ) =
1

2
d⊤i Hℓdi + µ

(
e⊤j di − ri,j

)
. (25)

Setting ∂J
∂di

= 0 gives

Hℓdi + µej = 0, di = −µH−1
ℓ ej . (26)

Substituting this solution into the constraint
yields

d⋆i =
ri,j[

H−1
ℓ

]
j,j

H−1
ℓ ej . (27)

The corresponding minimum local cost is

εwi,j =
1

2

(wi,j −Q(wi,j))
2

[
H−1

ℓ

]
j,j

. (28)

Both error sources below use the same rescaling by
N . Removing their common factor 1/2, we obtain
the local quantization term:

swi,j =
(wi,j −Q(wi,j))

2

[
H−1

ℓ

]
j,j

. (29)

Next, we consider the activation perturbation
term in Eq. 18. This term is not caused by the
current weight residual, but by the discrepancy be-
tween Xℓ and X̂ℓ inherited from preceding quan-
tized layers. Under a diagonal attribution over input
dimensions, its mean-square contribution is

εai,j =
1

2N

∥∥∥wi,j

(
Xℓ,j − X̂ℓ,j

)∥∥∥
2

2
. (30)

Multiplying by the same factor N used in Eq. 22
gives εai,j = Nεai,j . Removing the same factor 1/2
as in the local term yields

sai,j =
∥∥∥wi,j

(
Xℓ,j − X̂ℓ,j

)∥∥∥
2

2
. (31)

Combining the local weight quantization term
and the global activation perturbation term gives
the final outlierness score:

So(i, j) =
(wi,j −Q(wi,j))

2

[
H−1

ℓ

]
j,j

+
∥∥∥wi,j

(
Xℓ,j − X̂ℓ,j

)∥∥∥
2

2
.

(32)

This unnormalized convention is equivalent to
averaging both components over calibration sam-
ples. In particular, if every calibration sample is
repeated c times, then N ′ = cN , H ′

ℓ = cHℓ, and
the inherited squared norm is also multiplied by c.
Consequently,

S′
o(i, j) = cSo(i, j), (33)

so calibration-set replication changes neither the
relative weighting of the two components nor the
element ranking.
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This formulation supports the outlier definition
used in MOAQ. The first term uses the actual quan-
tization residual, so it measures the perturbation
caused by quantization replacement rather than
pruning removal. The second term incorporates
the preceding-layer-induced activation discrepancy,
allowing the score to account for global effects dur-
ing sequential quantization. Therefore, So identi-
fies abnormal weights according to the actual PTQ
trajectory, where local weight perturbations and
global activation discrepancies jointly determine
outlierness.

B Spatial Distribution and Enrichment of
Outlierness

Theorem 1 (Two-Scale Support Characteriza-
tion of Outlierness). For an LLM linear layer,
write the score in Eq. 2 as

So(i, j) =
qi,j
hj

+ w2
i,jaj , (34)

where qi,j = (wi,j −Q(wi,j))
2, hj =

[
H−1

ℓ

]
j,j

, and aj =
∥∥∥Xℓ,j − X̂ℓ,j

∥∥∥
2

2
. By Eq. 21,

for every nonzero vector v,

v⊤Hℓv =
∥∥∥X̂⊤

ℓ v
∥∥∥
2

2
+Nλℓ ∥v∥22 > 0, (35)

where strict positivity follows from either λℓ > 0
or the full-row-rank condition on X̂ℓ. Hence
Hℓ ≻ 0, H−1

ℓ ≻ 0, and hj > 0. The two com-
ponents of So have different deterministic spatial
responses: increasing one local residual statistic
qi,j affects only the score at (i, j), whereas increas-
ing one inherited-discrepancy statistic aj changes
the scores along column j.

Proof 1. Fix Wℓ and Hℓ. If qi,j is increased
by any u ≥ 0 while all other quantities are fixed,
direct substitution into Eq. 34 gives

∆qSo(m,n) =

{
u/hj , (m,n) = (i, j),

0, otherwise.
(36)

Thus, a local quantization-residual elevation has
point support. If aj is increased by any v ≥ 0, then

∆aSo(m,n) =

{
vw2

m,j , n = j,

0, n ̸= j.
(37)

Hence, an inherited activation-discrepancy eleva-
tion forms a column-confined carrier for clustered
support and raises every nonzero-weight score in
that column. We next make the resulting two-scale
support statement explicit. Let

Li,j =
qi,j
hj

, Ai,j = w2
i,jaj ,

Ωτ (Z) = {(i, j) : Zi,j > τ}.
(38)

Because L and A are nonnegative, for every ρ >
0 and θ ∈ (0, 1),

Ωρ(L)∪Ωρ(A) ⊆ Ωρ(So) ⊆ Ωθρ(L)∪Ω(1−θ)ρ(A). (39)

The second inclusion follows because Li,j ≤ θρ
and Ai,j ≤ (1 − θ)ρ together imply So(i, j) ≤ ρ.
If Mw = maxi,j |wi,j | is zero, then A = 0 and the
inherited-support claim is immediate. Otherwise,
Mw > 0; define Ja(τ) = {j : aj > τ}. Then

Ω(1−θ)ρ(A) ⊆
{
(i, j) : j ∈ Ja

(
(1− θ)ρ

M2
w

)}
. (40)

If dout is the number of weight rows, Eqs. 39–40
further give

|Ωρ(So)| ≤ |Ωθρ(L)|+ dout

∣∣∣∣Ja

(
(1− θ)ρ

M2
w

)∣∣∣∣ . (41)

Thus, whenever the local superlevel set is sparse
and only a small number of inherited-discrepancy
columns cross the indicated threshold, the high-
outlierness set is confined to sparse coordinate-
level positions together with a bounded collection
of column carriers. This establishes the claimed co-
existence of discrete pointwise support and column-
confined clustered support under explicit, verifiable
conditions.

Theoretical Justification of Spatial Calibra-
tion. Let H0 = [b1, . . . , bd] be the Hadamard ma-
trix before SC’s two-level ordering, and let ϕ(bj)
be the seven-dimensional structural feature vector
used by the method. K-means partitions the basis
indices into K nonempty sets C1, . . . , CK , with la-
bel zj = k for j ∈ Ck. Let πSC(1), . . . , πSC(d) be
the returned order, let PπSC place basis bπSC(t) at
coordinate t, and write HSC = H0PπSC .

For a threshold ρ > 0, define the high-
outlierness mask after SC by

MSC
ρ,i,t = 1

[
SSC
o (i, t) > ρ

]
. (42)

For each weight row i and structural cluster k,
let pρ,i,k be the binary cluster representative that
minimizes disagreement with this mask. Its cluster
projection and total mismatch are

pρ,i,k ∈ arg min
a∈{0,1}

∑

t:πSC(t)∈Ck

∣∣∣MSC
ρ,i,t − a

∣∣∣ ,

M
SC
ρ,i,t = pρ,i,zπSC(t)

, Dρ =
∑

i,t

∣∣∣MSC
ρ,i,t −M

SC
ρ,i,t

∣∣∣ .

(43)
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(a) Disordered local distribution. (b) Regular local distribution.

Figure 5: Empirical examples of local outlier distributions from 4096-dimensional projection matrices in LLaMA-2-
7B. The disordered case shows high-outlierness elements scattered over the weight plane, while the regular case
shows structured column-wise concentration. These examples complement the idealized regular illustration in
Fig. 1(a) and motivate MOAQ to handle both disordered and regular local layouts.

For a binary mask M , measure its column-wise
fragmentation by

F(M) =

dout∑

i=1

d−1∑

t=1

|Mi,t+1 −Mi,t| . (44)

Then SC produces a K-block cluster projection
of the actual outlierness mask and gives the deter-
ministic regularity bound

F
(
MSC

ρ

)
≤ dout(K − 1) + 2Dρ. (45)

Proof. Because the two-level sorting lists all
members of one K-means cluster before moving to
the next cluster, there is a contiguous interval Ik
such that

{t : πSC(t) ∈ Ck} = Ik. (46)

Consequently, MSC
ρ,i,t is constant on every Ik.

Each row of this projected mask can change only at
the K − 1 boundaries between consecutive cluster
intervals, and hence

F
(
M

SC
ρ

)
≤ dout(K − 1). (47)

For every row i and adjacent pair (t, t+ 1), the
triangle inequality gives

∣∣∣MSC
ρ,i,t+1 −MSC

ρ,i,t

∣∣∣ ≤
∣∣∣MSC

ρ,i,t+1 −M
SC
ρ,i,t

∣∣∣

+
∣∣∣MSC

ρ,i,t+1 −M
SC
ρ,i,t+1

∣∣∣

+
∣∣∣MSC

ρ,i,t −M
SC
ρ,i,t

∣∣∣ .

(48)

Summing over all rows and adjacent columns
counts every mismatch at most twice. Combining
the result with Eq. 47 proves Eq. 45. The within-
cluster sorting further gives

∥∥ϕ(bπSC(t))− µk

∥∥
2
≤

∥∥ϕ(bπSC(t+1))− µk

∥∥
2

(49)

whenever the two adjacent indices are in cluster
k, where µk is its centroid.

For any ordering π, define the number of
structural-cluster transitions by

T (π) =

d−1∑

t=1

1
[
zπ(t) ̸= zπ(t+1)

]
. (50)

An ordering that visits all K nonempty clusters
must contain at least K − 1 transitions. Since SC
represents every cluster by exactly one contiguous
block, it attains this lower bound:

T (πSC) = K − 1 = min
π

T (π). (51)

Finally, since PπSCP
⊤
πSC

= I ,

(WHSC)
(
H−1

SCX
)
= (WH0PπSC)

(
P⊤
πSC

H−1
0 X

)

= WX.
(52)

Equations 46–45 establish the regularity ten-
dency induced by SC: the cluster-explainable com-
ponent of the actual high-outlierness mask oc-
cupies at most K contiguous structural carriers,
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while within-cluster deviations contribute addi-
tively through Dρ. Equations 51 and 52 further
show that this organization attains the minimum
structural transition count and preserves the full-
precision layer function. The resulting layout is
aligned with the contiguous blocks used by COBS
and the local calibration performed by LOAC.

Theorem 2 (Cross-Layer Enrichment Ten-
dency of Outlierness Exposure). For the l-th layer,
let δl = Xl − X̂l and define

Al =
∑

i,j

∥wl,i,jδl,j∥22

=
∑

j

cl,j ∥δl,j∥22 , cl,j =
∑

i

w2
l,i,j .

(53)

Thus, Al is exactly the global component of
the aggregate score Ol =

∑
i,j So,l(i, j). Let

Cl = diag(cl,1, . . . , cl,d). At a fixed target layer,
let e1, . . . , ek denote perturbations introduced by
k preceding quantized layers, and let Jl,r be the
Jacobian mapping er to its first-order contribution
to δl. Define the first-order inherited discrepancy
and its outlierness-weighted unit-budget envelope
as

δ
(1)
l,k (e) =

k∑

r=1

Jl,rer,

El,k = sup∑k
r=1 ∥er∥2F≤1

∥∥∥C1/2
l δ

(1)
l,k (e)

∥∥∥
2

F
.

(54)

To index the same accumulation directly by net-
work depth, define the prefix exposure through
layer L as

CL = sup
∑L−1

r=1 ∥er∥2F≤1

L∑

l=2

∥∥∥∥∥C
1/2
l

l−1∑

r=1

Jl,rer

∥∥∥∥∥

2

F

. (55)

As the preceding-layer path is extended from k
to k+1 sources, both the maximum attainable first-
order global outlierness El,k and its total directional
exposure are monotone non-decreasing. Across
network prefixes, CL is likewise monotone non-
decreasing in depth L.

Proof 2. Suppressing the identity factor over
calibration tokens, Eq. 53 is

Al =
∥∥∥C1/2

l δl

∥∥∥
2

F
. (56)

After vectorizing the calibration-token dimen-
sions, define the block sensitivity operator and its
Gramian by

Bl,k =
[
C

1/2
l Jl,1, . . . , C

1/2
l Jl,k

]
,

Gl,k = Bl,kB
⊤
l,k =

k∑

r=1

(
C

1/2
l Jl,r

)(
C

1/2
l Jl,r

)⊤
.

(57)

The variational characterization of the largest
singular value yields

El,k = ∥Bl,k∥22 = λmax(Gl,k) . (58)

Every summand in Eq. 57 is positive semidefi-
nite. Adding the (k + 1)-st preceding quantization
source therefore gives

Gl,k+1 − Gl,k =
(
C

1/2
l Jl,k+1

)(
C

1/2
l Jl,k+1

)⊤

⪰ 0.
(59)

Eigenvalue monotonicity under the Loewner or-
der and the trace identity now give

El,k+1 ≥ El,k,

tr(Gl,k+1) = tr(Gl,k) +
∥∥∥C1/2

l Jl,k+1

∥∥∥
2

F

≥ tr(Gl,k) .

(60)

It remains to verify the depth-indexed statement.
Write Dl,r = C

1/2
l Jl,r and define the block lower-

triangular prefix operator BL by

(BLe)l =

l−1∑

r=1

Dl,rer, l = 2, . . . , L. (61)

Equation 55 gives CL = ∥BL∥22. For any unit-
budget prefix perturbation e = (e1, . . . , eL−1), em-
bed it into depth L + 1 as ẽ = (e1, . . . , eL−1, 0).
Then

∥BL+1ẽ∥2F = ∥BLe∥2F +

∥∥∥∥∥
L−1∑

r=1

DL+1,rer

∥∥∥∥∥

2

F

≥ ∥BLe∥2F .

(62)

Taking the supremum yields CL+1 ≥ CL. The
corresponding total directional exposure obeys

∥BL+1∥2F = ∥BL∥2F +
L∑

r=1

∥DL+1,r∥2F ≥ ∥BL∥2F . (63)

Therefore, extending a fixed target’s preceding-
layer path cannot decrease either its strongest attain-
able outlierness response or its total sensitivity, and
extending the network prefix cannot decrease the
cumulative response across depths. These mono-
tone quantities formally characterize the cross-
layer enrichment tendency of outlierness.
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Implication for MOAQ. The cross-layer term
used by GFD follows directly from the exact
weighted reconstruction discrepancy. With So fixed
during a correction step,

(So ⊙Wl)Xl − (So ⊙ Ŵl)X̂l

=
(
So ⊙ (Wl − Ŵl)

)
X̂l + (So ⊙Wl)(Xl − X̂l).

(64)

The first term is the current-layer weight resid-
ual, and the second is the inherited activation dis-
crepancy. GFD addresses these two error sources
through its local and global corrections, respec-
tively.

C Additional Experiments

C.1 Detailed Zero-Shot Results

Table 6 reports detailed zero-shot performance of
MOAQ across model families and bit-width set-
tings, complementing the main results in Table 1.

C.2 MMLU Reasoning Experiment

Table 7 reports reasoning results for Qwen3-
8B (Yang et al., 2025) under 2-bit quantization
on the MMLU benchmark (Hendrycks et al., 2020).
Our method consistently outperforms GPTQ and
AffineQuant across all MMLU categories, demon-
strating stronger reasoning ability after quantiza-
tion.

C.3 Additional Ablation Experiments

Table 8 and Table 9 provide additional ablation
experiments for two key designs in MOAQ. As dis-
cussed in the Introduction, existing PTQ methods
often suffer from two limitations when handling
outliers. First, they usually process outliers from
a single local pattern, making it difficult to simul-
taneously accommodate spatially disordered out-
liers and regular clustered outliers. Second, many
methods optimize only the current layer and ignore
the global effect that activation perturbations and
outlierness can be inherited, transformed, and pro-
gressively enriched across layers during sequential
quantization.

Table 8 ablates the design of SC by comparing it
with QuaRot (Ashkboos et al., 2024). QuaRot uses
Hadamard transformation to mix weight dimen-
sions and suppress outliers, but it does not explic-
itly organize the local structural relations among
Hadamard basis vectors. When high-outlierness
elements are spatially disordered in the original

weight layout, subsequent block-level bit-width al-
location and local parameter calibration may still be
unstable. In contrast, SC follows the planar-space
duality motivation introduced in the Introduction.
It uses a clustering-optimized Hadamard transform
to reorganize the weight space, converting disor-
dered high-outlierness elements into more regular
discrete and clustered patterns. This produces a
more structured layout for LAS, where COBS per-
forms block-level bit-width search and LOAC re-
fines local quantization parameters. The results
show that SC consistently improves MMLU aver-
age accuracy and reduces WikiText2 perplexity on
both LLaMA-7B and LLaMA-13B. This supports
the effectiveness of using outlier spatial structure
to improve extreme low-bit quantization.

Table 9 ablates the design of GFD by com-
paring it with GPTAQ (Li et al., 2025d). GP-
TAQ mainly optimizes quantization from a lo-
cal error-compensation perspective. However, the
stereoscopic-space cumulative effect discussed in
the Introduction indicates that activation perturba-
tions introduced by previous quantized layers can
be inherited by later layers and further amplified
during forward propagation. Therefore, optimizing
only the current-layer weight residual is insufficient
for suppressing the global error trajectory. GFD
addresses this issue by introducing global feedback
and denoising based on our outlierness metric, so
that the correction process considers both current-
layer perturbations and preceding-layer-induced ac-
tivation discrepancies. The results show that GFD
consistently outperforms GPTAQ on LLaMA-7B
and LLaMA-13B in terms of both MMLU aver-
age accuracy and WikiText2 perplexity, validating
the importance of global feedback and denoising
for maintaining model performance under extreme
quantization.

D Design and Implementation Details of
the SC Module

As described in the main text, the SC module is
designed according to the local duality of outlier
distributions. High-outlierness elements are spa-
tially disordered in some linear layers, whereas
they form more regular discrete and clustered pat-
terns in others. If local quantization is directly per-
formed on the original weight layout, LAS needs
to handle isolated peaks and continuous clustered
regions at the same time, which makes block-level
bit-width allocation and local parameter calibration
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Model Method Bits WikiText2 ↓ PIQA HellaSwag ARC-c ARC-e WinoGrande Avg.

LLaMA-7B
MOAQ 2.0 7.52 71.87 60.86 34.30 59.68 62.98 57.94
MOAQ 2.1 7.24 72.74 63.00 35.07 59.05 62.35 58.44
MOAQ 3.0 5.97 77.97 73.10 42.06 70.96 69.14 66.65

LLaMA-13B
MOAQ 2.0 6.51 75.73 67.30 37.46 61.57 68.67 62.15
MOAQ 2.1 6.28 75.19 68.87 38.23 67.30 69.53 63.82
MOAQ 3.0 5.34 79.16 76.68 46.67 71.42 71.51 69.09

LLaMA-30B
MOAQ 2.0 5.63 77.26 73.34 44.11 72.31 71.19 67.64
MOAQ 2.1 5.44 77.80 74.47 46.25 73.40 71.51 68.69
MOAQ 3.0 4.43 81.18 80.98 51.54 76.98 75.30 73.20

LLaMA-2-7B
MOAQ 2.0 7.40 72.25 59.45 32.59 60.77 63.38 57.69
MOAQ 2.1 7.08 73.07 61.84 34.47 61.45 63.93 58.95
MOAQ 3.0 5.78 78.78 73.31 43.69 72.47 68.03 67.26

LLaMA-2-13B
MOAQ 2.0 6.30 73.94 65.87 38.91 66.75 65.98 62.29
MOAQ 2.1 6.10 75.41 68.42 39.16 66.41 67.96 63.47
MOAQ 3.0 5.11 78.89 76.83 46.84 74.03 72.22 69.76

LLaMA-3-8B
MOAQ 2.0 10.76 68.28 56.22 33.53 52.69 62.19 54.58
MOAQ 2.1 9.91 71.60 60.55 34.13 59.81 65.11 58.24
MOAQ 3.0 6.99 78.40 75.37 49.74 75.72 72.14 70.27

LLaMA-3-70B
MOAQ 2.0 7.35 79.71 75.46 50.00 76.94 75.93 71.61
MOAQ 2.1 6.98 80.52 76.89 54.27 80.47 76.24 73.68
MOAQ 3.0 3.99 83.19 83.17 62.97 84.43 79.16 78.58

Table 6: WikiText2 perplexity and zero-shot performance of MOAQ on five common tasks.

Bit Model Method MMLU_STEM MMLU_SOCIAL_SCIENCES MMLU_HUMANITIES MMLU_OTHER

2-bit Qwen3-8B GPTQ 32.1 40.7 34.6 40.4
2-bit Qwen3-8B AffineQuant 34.0 41.8 36.2 42.2
2-bit Qwen3-8B Ours 42.4 51.8 41.3 49.9

Table 7: MMLU reasoning results on Qwen3-8B under 2-bit quantization.

Bits Model Method MMLU Avg. WikiText2 perplexity

2-bit LLaMA-7B QuaRot 23.76 18.07
2-bit LLaMA-7B SC 25.61 13.28

2-bit LLaMA-13B QuaRot 23.94 16.15
2-bit LLaMA-13B SC 26.12 11.79

Table 8: Comparison of QuaRot and SC on LLaMA-7B
and LLaMA-13B.

Bits Model Method MMLU Avg. WikiText2 perplexity

2-bit LLaMA-7B GPTAQ 22.76 12.91
2-bit LLaMA-7B GFD 24.53 11.49

2-bit LLaMA-13B GPTAQ 23.08 10.81
2-bit LLaMA-13B GFD 25.97 10.24

Table 9: Comparison of GPTAQ and GFD on LLaMA-
7B and LLaMA-13B.

less stable. Therefore, SC is placed before LAS
to reorganize the weight space with a clustering-
optimized Hadamard transform, so that subsequent
local optimization is applied to a more regular out-
lier layout.

Hadamard transforms have been widely used in
quantization to suppress outliers in weights (Ashk-
boos et al., 2024; Liu et al., 2024). Existing
Hadamard transforms mainly rely on recursive or
random constructions and focus on orthogonal mix-

ing, but they do not explicitly organize the local
structural relations among Hadamard basis vectors.
To make the transformed dimensions more suitable
for block-level search and local calibration, SC re-
organizes the Hadamard basis vectors according
to their sign patterns. SC consists of three main
components, namely feature engineering, local K-
means clustering, and two-level sorting.

1) Feature Engineering: In this stage, we
construct a 7-dimensional feature vector for each
Hadamard basis vector to describe its structural
pattern. The seven features are summarized in Ta-
ble 10.

2) Local K-Means Clustering: Based on the
feature vectors constructed above, all basis vec-
tors are grouped using K-means clustering. The
algorithm partitions them into different clusters by
iteratively minimizing within-cluster variance, so
that basis vectors with similar sign structures are
assigned to the same cluster.

3) Two-Level Sorting: In this stage, we generate
the final ordering of basis vectors using a two-level
strategy that proceeds from local to global organi-
zation. We first perform fine-grained optimization
within each cluster by sorting the basis vectors in as-
cending order according to the Euclidean distance
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Feature Definition

Global Pattern Complexity The total number of sign transitions between adjacent elements.
Maximum Coherence Length The length of the longest consecutive same-sign segment.
Average Coherence Length The mean length of all same-sign segments.
Spatial Coherence The variance of pattern complexity across several equal-length subsegments.
Sign Balance The proportion of positive elements.
Prefix Local Complexity The pattern complexity within the first quarter of the vector.
Suffix Local Complexity The pattern complexity within the last quarter of the vector.

Table 10: Structural features used in the SC module for Hadamard basis vector reorganization.

between their feature vectors and the corresponding
cluster center. Next, at the inter-cluster level, we
apply coarse-grained sorting based on the average
pattern complexity of each cluster. The original
Hadamard matrix is then reorganized according to
the resulting two-stage ordering.

After SC, originally disordered outliers are re-
organized into more regular discrete and clustered
patterns. This provides a more structured input for
LAS, where COBS performs block-level bit-width
allocation and LOAC calibrates local quantization
parameters.

E Efficient Implementation Details of the
GFD Module

E.1 Grouped Activation Storage

Using full-precision activations for quantization-
error compensation requires accessing the corre-
sponding activation tensors for each Transformer
layer. Storing all of these activations of a layer
on the GPU at once is prohibitively expensive for
ordinary users due to the large memory footprint.
An intuitive alternative is to move them to the CPU
and send them back to the GPU on demand, but this
leads to a substantial increase in runtime because
of frequent CPU–GPU data transfers. Each Trans-
former layer consists of seven linear layers, and
due to their structural properties, several of these
linear layers share identical input activations. As
shown in Table 11, this fact motivates us to group
the seven linear layers into four distinct groups,
where each group shares the same full-precision
activations for calibration. This grouping reduces
the activation-storage overhead to some extent.

E.2 Sliding-Window Prefetching

Additionally, since current quantization algorithms
process groups sequentially, we further observe two
key properties: 1) Temporal Separation of Access
Patterns: different groups require activation access
at clearly different time points during quantization.

2) A Deterministic Gap Between Computation
and Transfer: the time required for quantization
computation is significantly longer than the corre-
sponding CPU–GPU transfer time. These observa-
tions motivate the design of a pipeline-coordinated
sliding-window mechanism. The mechanism keeps
only a limited number of activation groups on
the GPU and asynchronously prefetches the next
group during the quantization of the current one.
Because the transfer time is fully hidden behind
computation, this approach achieves nearly negli-
gible time overhead while greatly reducing GPU
memory usage. Specifically, during the quantiza-
tion phase, we maintain a sliding window of size
two, ensuring that at most two activation groups
reside on the GPU at any moment. The window
simultaneously covers the group currently being
quantized and the next group in the processing
order. When quantizing the current group, the al-
gorithm initiates an asynchronous prefetch of the
next group using an independent CUDA stream,
enabling full overlap between data transfer and
computation. Since quantization time far exceeds
transfer time, the prefetched group is always ready
by the time the window advances, ensuring seam-
less switching. As the window slides forward, pro-
cessed groups are immediately evicted from GPU
memory and replaced by newly prefetched ones,
forming a pipeline-style data flow. Table 12 ablates
this activation-management strategy. Compared
with keeping all activation groups on GPU, GFD
w/ SWP substantially reduces GPU memory. Com-
pared with naive CPU offloading, it avoids most
transfer overhead by overlapping CPU–GPU trans-
fer with quantization computation. This verifies
that sliding-window prefetching tightly constrains
the activation memory cost while maintaining com-
parable quantization time.
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Linear layer self_attn.q_proj self_attn.k_proj self_attn.v_proj self_attn.o_proj mlp.up_proj mlp.gate_proj mlp.down_proj

Group domain g1 g1 g1 g2 g3 g3 g4

Table 11: Grouping scheme for activation storage in GFD.

Method LLaMA-3-8B Time LLaMA-3-8B Memory LLaMA-3-70B Time LLaMA-3-70B Memory

GFD w/o SWP (ALL_ON_GPU) 45.9s 25.86GB 140.2s 63.13GB
GFD w/o SWP (ALL_TO_CPU) 55.58s 12.38GB 170.4s 35.28GB

GFD w/ SWP 46.5s 10.54GB 141.4s 30.85GB

Table 12: Ablation of sliding-window prefetching (SWP) on GPU memory and per-layer quantization time for
LLaMA-3-8B and LLaMA-3-70B.
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