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Abstract

We propose a method that represents language
models by log-likelihood vectors over prompt-
response pairs and constructs model maps for
comparing their conditional distributions. In
this space, squared Euclidean distances be-
tween models are approximately proportional
to the KL divergence between the correspond-
ing conditional distributions. Experiments on a
large collection of publicly available language
models show that the maps capture meaning-
ful global structure, including relationships to
model attributes and task performance. The
representation also captures systematic shifts
induced by prompt modifications and their ap-
proximate additive compositionality; we use
the vectors to predict downstream task scores
and leverage their additive structure to approx-
imate the effects of composite prompt oper-
ations without directly observing the corre-
sponding log-likelihood vectors. We further
introduce PMI vectors to reduce the influence
of unconditional distributions; in some cases,
PMI-based model maps better reflect training-
data-related differences. Overall, the frame-
work supports the analysis and prediction of
input-dependent model behavior.

1 Introduction

Large language models (LLMs) are becoming in-
creasingly diverse, creating a growing need for
frameworks that systematically compare the be-
haviors of different models (Zhu et al., 2025; Yax
et al., 2025; Zhuang et al., 2025; Horwitz et al.,
2025; Jiang et al., 2025). Quantifying distances
between models provides a foundation for a wide
range of applications, including model selection,
performance prediction, and the analysis of distil-
lation and evolution.

A log-likelihood vector (Oyama et al., 2025b)
is a feature representation that characterizes a lan-
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Figure 1: Map of 552 language models. Each model
is represented by a conditional log-likelihood vector
over prompt-response pairs from the Tulu3 text set and
visualized using t-SNE. Top: points are colored by ar-
chitecture type. Bottom: points are colored by model
performance, based on the average score on Open LLM
Leaderboard v2. See Section 3 for details.

guage model by its log-likelihoods log p(y) over
a predefined set of texts y. In this representation,
each language model is embedded as a point in a
Euclidean space. The squared Euclidean distance
in this space is approximately proportional to the
Kullback-Leibler (KL) divergence between mod-
els, making distances between models interpretable.
Dimensionality reduction of these vectors yields a
model map that reflects relationships among prob-
ability models and enables model behavior to be
analyzed from various perspectives.

However, large language models behave as con-
ditional probability models that define a response
distribution p(y|x) conditioned on an input prompt
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x, in contrast to the unconditional distribution
p(y) used above. Major tasks such as dialogue
and question answering are naturally formulated
as conditional generation, and model behavior is
likewise governed by p(y|z). The term prompt-
response distribution refers to a distribution over
prompt-response pairs (z,y), such as the joint
p(x,y) or the conditional p(y|z). Extending the
log-likelihood vector framework to conditional dis-
tributions is therefore important for broadening its
applicability.

Jiang et al. (2025) proposed a method for mea-
suring differences between language models based
on distances in the embedding space of response
texts generated by the models for a given input.
Although this approach directly addresses the prac-
tical setting of conditional generation, it can be
affected by the randomness of text generation and
the variability of embedding representations.

In this work, we propose a method for com-
paring a large number of language models in the
practical setting of conditional generation, with-
out using texts generated by the models them-
selves. Specifically, for a set of text pairs D =
{(zs,ys)}Y_;, we characterize each model by the
vector {log p(ys|zs)}Y_;, which we call a condi-
tional log-likelihood vector. This representation
directly evaluates the response distribution condi-
tioned on the input and thus naturally fits the set-
ting of conditional generation. We further show
that the squared distance between these vectors ap-
proximates the KL divergence between conditional
distributions averaged over the input distribution.

Furthermore, to remove the contribution of the
unconditional distribution, we introduce a represen-
tation based on the difference between the condi-
tional and unconditional log-likelihoods, namely
log p(y|z) — log p(y). This quantity takes the form
of pointwise mutual information (PMI) and can be
interpreted as a measure of the strength of the rela-
tionship between the input and the response. As we
show later, model maps based on PMI vectors can
in some cases reflect training-data-related differ-
ences more clearly than conditional model maps.

The contributions of this paper are as follows.

1. We propose a framework for model maps
based on conditional log-likelihood vectors
over prompt-response text pairs, and show that
distances in this space approximate the KL
divergence between conditional distributions
averaged over the input distribution.

2. We show that the proposed shared space cap-
tures changes in model position induced by
prompt modifications (Prompt Shift) and that
these shifts exhibit approximate additive com-
positionality across composite prompt opera-
tions.

3. Leveraging this geometric regularity, we
demonstrate that conditional log-likelihood
vectors can be used to predict downstream
task performance, and that the effect of an
unobserved composite prompt can be approx-
imated by combining the shift vectors of its
components.

The rest of this paper is organized as follows.
Section 2 introduces our framework for mapping
conditional distributions. Section 3 presents the
constructed model maps and analyzes prompt shifts.
Sections 4 and 5 provide downstream task predic-
tions and empirical validations, respectively. De-
tailed discussions of related work and experimental
settings are deferred to Appendices A and B.

2  Our Method: Mapping Conditional
Probability Distributions

In this section, we introduce a method for compar-
ing the conditional probability distributions of au-
toregressive language models based on conditional
log-likelihoods. Figure 2 shows the overall setting
considered in this study, and Table 1 summarizes
the three representations.

2.1 Autoregressive language models

For a language model p;, we consider the condi-
tional probability distribution p;(y|z), where x de-
notes a prompt and y denotes a response. In an
autoregressive language model, p;(y|x) is factor-
ized as

]

pi(ylr) = [ [ pi(zlz, 2<t). (1)
t=1

Here, |y| denotes the number of tokens in the re-
sponse, and we write y = (21, ..., 2|y|). In addi-
tion, z<4y = (z1,...,2¢—1) denotes the sequence
of tokens preceding position ¢. In the usual use of
a language model, the response y is generated by
sampling. In contrast, our main use in this paper
is to fix the response ¥ in advance and compute its
conditional probability using (1).
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Conditional Log-Likelihood (Our Setting)
[BOS] What is the capital of Japan? The capital is Tokyo. [EOS]

log p(z)

log p(y | @)

[BOS] The capital is Tokyo. [EOS]

Unconditional Log-Likelihood log p(@)

Figure 2: Conditional and unconditional log-likelihoods. Top: a prompt z (red) and a response y (blue) are given
to a language model as a single sequence, and the log-likelihood of the sequence decomposes into log p(x) over
the prompt tokens and log p(y|z) over the response tokens; this paper uses log p(y|z). Bottom: given the response
alone, the model yields the unconditional log-likelihood log p(y), which is what Oyama et al. (2025b) used. Both
settings evaluate the same response y and differ only in whether the prompt is given.

Method

Prompt Formulation

Unconditional Log-Likelihood Vector (Oyama et al., 2025b) X

Conditional Log-Likelihood Vector (Ours)
PMI Vector (Ours)

log p(y)
v logp(ylx)
v logp(ylz) —logp(y)

Table 1: The three vector representations compared in this paper. The Prompt column indicates whether each

component takes the input prompt z into account.

2.2 Conditional log-likelihood vector

We consider a pre-defined dataset consisting of N
prompt-response pairs,

D = {(z1,11),---,(zN,yn)}-

As a vector representation of a language model
p; based on this dataset D, we define the log-
likelihood vector #; as

‘gi = (€i17"'7£iN)T € RN?

where /;, is a log-likelihood associated with the
pair (xs,ys). In our method, ¢;5 is the log-
likelihood assigned to the response y; by the con-
ditional probability distribution p;( - |z4) given the
input prompt x5, computed using (1) as

lis = log pi(ys|xs). (2)

We call £; with these components the conditional
log-likelihood vector. Furthermore, by subtracting
the mean log-likelihood

1
b= N Z is
s=1
from each component, we define the centered log-
likelihood vector
&= (&, &n) " €RY,

is = lis — ;.

In contrast, the log-likelihood vectors introduced
in Oyama et al. (2025b) take the same form, but
with the components defined by

lis = log pi(ys), 3)

the log-likelihood assigned to ys by the uncondi-
tional probability distribution p;(y). We refer to
these as unconditional log-likelihood vectors in this
paper, although Oyama et al. (2025b) simply called
them log-likelihood vectors. In general, the un-
conditional definition (3) is appropriate when y; is
a text chunk without preceding context, whereas
the conditional definition in (2) is more appropri-
ate when we are interested in the response y; to a
prompt z. Figure 2 illustrates the two settings.

2.3 Kullback-Leibler divergence

First, for a given prompt x, we measure the dif-
ference between the conditional probability distri-
butions of two language models p; and p; by the
conditional KL divergence

og
y~pi(y|z) [ Pj(y|$)

We assume that the unknown data-generating dis-
tribution underlying the dataset D is given by

(z,y) ~ po(z,y) = polylx)po(x). We refer to
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po as the reference distribution and, in particular,
to pp(x) as the reference prompt distribution. Then,
we consider the average of this conditional KL di-
vergence over the prompt distribution = ~ po(x):

KL(ps,p;) = E

x~po(x)

[KL(pip; | 2)]

o Pi(yfm)} (5)

(x,y>~pi<y|x>po<x>[ pi(ylz)

Here p;(y|z)po(x) is the prompt-response distri-
bution of model p;, that is, its joint distribution
over (x,y); the prompt distribution py(z) is com-
mon to all models. Furthermore, assuming that
both p;(y|z) and p;(y|x) are sufficiently close to
po(y|z), we can apply the argument of Oyama et al.
(2025b) to the joint distribution over (z, y), so that
this KL divergence is approximated by

pi(y\x)] . (6)

1
KL(p;, p;i) ~ = Var lo
(pi> p;) 2 (2 (x,y)[ ® pi(ylz)

)~Po
Details of the derivation are given in Appendix C.
Approximating this variance by the empirical vari-
ance on the dataset D, we obtain

1
KL(pi,pj) = ﬁHEz‘—ﬁjHZ (7)

using the centered log-likelihood vectors &;. There-
fore, the squared Euclidean distance between cen-
tered log-likelihood vectors can be interpreted as
a quantity that approximates the difference be-
tween the conditional probability distributions of
language models. Appendix D compares the popu-
lation quantities obtained without centering, with
global centering, and with per-prompt centering,
while Appendix E gives their empirical coordi-
nate representations and discusses sampling and
the practical role of centering.

2.4 PMI vector

Recall the conditional log-likelihood vector £; de-
fined in Section 2.2. Our definition is based on
the conditional probability distribution p;(y|x),
whereas Oyama et al. (2025b) used the uncondi-
tional probability distribution p;(y). The difference
between the two is whether the association between
the prompt z and the response ¥ is taken into ac-
count. We consider the difference between these
two log-likelihood vectors and, because it is closely
related to pointwise mutual information, refer to it
as the PMI vector for convenience:

Al; = (Agil’ ceey A&N)T S RN,

where each component is the increase in log-
likelihood obtained by taking x into account:

Alis = log pi(ys|ws) —logpi(ys).  (8)
We also define the centered vector
) ThN)T € RN

by subtracting the mean Al; = + Zi\f: L Al
from each component, where 7;s = Al;s — Al;.
Table 1 compares the three representations.

To interpret A€;, we rewrite the right-hand side
of (8) as

i = (i1, - -

pi(ys ’xs)pO(xs) .

AEZ‘S =1lo
s Pi(ys)po(Ts)

For the denominator to be the product of the
marginals of the prompt-response distribution
pi(y|z)po(x) in the numerator, its response term
must be

p£6f (3/5) = E

z~po(z

[piCys|2)]- ©

We call (9) the reference marginal because it aver-
ages over the reference prompt distribution po(z).
Thus, if p;(ys) in (8) were given by (9), A¢;s would
be the PMI between = and .

On the other hand, if we consider the joint dis-
tribution p;(y|x)p;(x) based on the model’s own
prompt distribution, its response marginal is

POy, = B

x~pi(x

[piysle)]. - A0)
We call (10) the model marginal. In our experi-
ments, the probability obtained from the language
model using the empty-prompt evaluation serves
as a practical proxy for this model marginal and is
used as p;(ys). Appendix F examines this substitu-
tion by comparing the resulting MI estimates with
those obtained from shuffled-prompt Monte Carlo
estimation of the reference marginal. The PMI vec-
tor is a representation obtained by subtracting the
contribution of the unconditional distribution from
the conditional log-likelihood vector, and it can be
regarded as a feature that more strongly empha-
sizes information about the dependency structure
between prompts and responses.

2.5 Mutual information

The extent to which a language model p; captures
the association between a prompt = and a response
y can be quantified by mutual information (MI),
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Language Models in Conditional Log-Likelihood Space
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Figure 3: Visualization of “prompt shift” on the model map constructed from the Tulu3 text set. For each model,
we compute conditional log-likelihood vectors for the original prompt x (base), the prompt with an added CoT
phrase To () (cot), the repeated prompt T, () (repeat), and the prompt with both transformations applied
Trep+cot () (repeat+cot). These vectors are projected onto the linear subspace spanned by the mean shift vectors
for  — Toop(x) and © — Trep(x), and visualized by PCA within that subspace. Gray points indicate the base
positions, with model names omitted. Systematic shifts induced by prompt transformations and their approximate

additive compositionality are clearly observed.

which is the average of pointwise mutual infor-
mation. In the theoretical definition below, p;(y)
denotes the reference marginal in (9):

MI(p;)

pi(y|x)
% i) ] (v

(z.y)~pi(ylz)po (@)

Replacing the reference marginal p;(y) in (11)
with the model marginal in (10), we approximate
MI as

MI(p;) ~ A (12)

This approximation also replaces the expectation
with respect to (z,y) ~ pi(y|z)po(x) in (11) by
the empirical average based on (x,y) ~ po(x,y).

As a side remark, using the same replacement
and by analogy with (7), MI may be heuristically
approximated by

1
MI(pi) ~ S lImill*, (13)

which in turn gives an interpretation of the centered

PMI vector m;: the longer this vector, the more

mutual information the model captures'.

'When p;(y) is the reference marginal in (9), MI is the
KL divergence between the joint distribution p;(y|z)po(x)
and the product of marginals p;(y)po(x). Therefore, under
the same local assumptions, the variance approximation used
for (6) applies here as well. However, Appendix F finds
only a weak positive correlation between the MI estimates in
Eqgs. (12) and (13), indicating that Eq. (13) should be regarded
only as a rough proxy for MI.

3 Model Maps for Conditional
Distributions

Model maps (Oyama et al., 2025b) provide a repre-
sentation of relationships among language models
based on log-likelihood vectors. This representa-
tion can be used not only for visualization but also
for approximating distances between models and
predicting task performance. In this section, we
introduce two extensions of model maps to con-
ditional distributions: the conditional model map
defined by conditional log-likelihood vectors and
the PMI model map defined by PMI vectors. For
each experiment, the detailed settings are described
in Appendix G.

3.1 Model attributes

Figure 1 shows a conditional model map obtained
by visualizing conditional log-likelihood vectors?
£; computed on the Tulu3 text set using t-SNE. The
top panel shows that models of the same type, such
as the Qwen, Mistral, and Llama families, form
coherent regions on the map. In the bottom panel,
models located close to each other exhibit similar

>The KL approximation in Section 2.3 is expressed using
the centered vectors &; in (7), while Appendices D and E
show, respectively, that the uncentered representation gives
the same second-order approximation at the population level
and the same leading accuracy as a finite-sample estimator.
We visualize the uncentered vectors £; in all figures, following
Oyama et al. (2025b). As shown in Eq. (4) of that paper, the
squared distance is decomposed as ||€; — £;|*> = ||& — &; > +
N (€; — £;)*. Hence, the £-space reflects both the variation
captured by &; and the variation in ¢;.
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Figure 4: Comparison of the PMI model map and the conditional model map. Maps are constructed from PMI
vectors (left) and conditional log-likelihood vectors £; (right) on Tulu3 and Infinity-Instruct. Colors indicate the
mean PMI A/; in the PMI maps and the mean conditional log-likelihood /; in the conditional maps. Models trained
on Tulu3 or Infinity-Instruct are marked with stars, and their corresponding base models are marked with circles.
The figure qualitatively illustrates that the PMI model map tends to reflect more clearly the correspondence between

the training data and the text set used for visualization.

MI log p(y|x) A MI Alogp(y|z)
Stage Model Tulu3  Infinity Tulu3  Infinity  Tulu3  Infinity Tulu3  Infinity
Base allenai/Llama-3.1-Tulu-3-8B-SFT 97.3 45.3 —125.7 —85.0
Trained (Tulu3) allenai/Llama-3.1-Tulu-3-8B-DPO 99.6 38.1 —149.7 —-117.0 +2.4 —7.2 —24.0 —32.1
Base HuggingFaceTB/SmolLM2-1.7B-Instruct 78.2 50.3 —246.4 —86.3
Trained (Tulu3) SultanR/SmolTulu-1.7b-Instruct 112.4 46.5 —138.0 —120.8 +34.3 —-3.8 +108.4 —34.5
Base Qwen/Qwen2.5-7B 78.5 52.9 —188.5 —54.6
Trained (Tulu3) allura-org/Teleut-7b 84.3 46.7 —145.2 —64.5 +5.7 —6.2 +43.3 -9.9
Base Qwen/Qwen2-7B 70.1 46.9 —195.6 —60.7
Trained (Infinity) BAAI/Infinity-Instruct-3M-0625-Qwen2-7B 68.5 47.3  —190.5 —55.3 —1.6 +0.4 +5.1 +5.4

Table 2: Mean PMI A/; and mean conditional log-likelihood /; of selected models on Tulu3 and Infinity-Instruct.
For each model pair, the post-trained row additionally reports the improvement over the corresponding base model.

behavior, and their spatial arrangement shows a
certain correspondence with model performance.

3.2 Prompt shift

Unlike the unconditional setting of Oyama et al.
(2025b), conditional log-likelihood vectors allow
us to directly examine how the generation distribu-
tion of each language model changes on the model
map in response to changes in the input prompt.
Let T'(x) denote an operation that transforms an
input z. In our framework, p(-|z) and p(:|T(z))
can be compared in the same space as distinct con-
ditional probability models. We refer to the sys-
tematic movement of the conditional probability
distribution in response to a change in the prompt
as prompt shift.

To investigate prompt shift, we consider three
prompt transformations obtained by concatenat-
ing text to the original input x: Teot(x) = = + ¢,
Trep(z) = x + 2, and Treptcot(z) = 2+ + ¢
Here, cis the CoT-inducing phrase “Let’s think step
by step.” (Kojima et al., 2022). The transformation
Trep corresponds to repeating the prompt twice,
which has recently been reported to improve the

performance of non-reasoning models (Leviathan
et al., 2025). In the following, we denote the
base setting and the settings corresponding to these
transformations by BASE, COT, REPEAT, and RE-
PEAT+COT, respectively.

For each setting, we construct the corresponding
dataset {(T'(zs), ys) Y, from {(zs,ys)}; and
compute the conditional log-likelihood vector for
each model. The conditional log-likelihood vectors
for model p; under the four settings are denoted
by Zbase,i’ Zcot,ia grep,i’ and Erep—&—cot,is respectively.
We also define three shift vectors veot,i = £eot,i —
Ebase,i’ Urep,i = erep,i - Ebase,i’ and Urep+cot,i —
erep—i—cot,i - ’ebase,i-

3.3 Additive compositionality of prompt shift

Figure 3 visualizes the conditional log-likelihood
vectors £; under these four settings. Specifically,
for each model, we project the vectors onto the
linear subspace spanned by the mean shift vectors
Ucot and Uyep, and then apply PCA within that sub-
space to obtain a two-dimensional visualization.
Note that the PCA in this projection centers the
projected coordinates in the usual sense of PCA;
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the log-likelihood vectors themselves are not cen-
tered. The black and gray points both represent
BASE models, with model names shown only for
the black ones; the gray ones are placed in the back-
ground. The red, blue, and yellow points represent
COT, REPEAT, and REPEAT+COT, respectively, and
are connected by line segments to the correspond-
ing BASE models. This figure shows systematic
position changes in response to the prompt trans-
formations, indicating prompt shift.

From the positional relationships among these
points, an additive compositionality of the shifts in-
duced by COT and REPEAT is suggested, analogous
to the additive compositionality observed in word
embeddings (Mikolov et al., 2013). That is,

(14)

VUrep-tcot,i ~ Vcot,i + Urep,i

holds. Indeed, the median and mean of the relative
prediction error

||’vcot,i + 'Urep,i - 'Ureercot,iH/Hvrep+c0t,i + cz”

are 0.062 and 0.081, respectively, indicating small
errors>. When £ is replaced by &, the corresponding
median and mean are 0.074 and 0.095.

Additive compositionality is also observed in the
mean conditional log-likelihood #;. Specifically,
let dcot, Orep, and dreprcot denote the changes in
¢; from BASE to COT, REPEAT, and REPEAT+COT,
respectively. Then, the Pearson correlation coef-
ficient between dreptcot and deot + Orep 18 0.987
(bootstrap 95% confidence interval [0.959, 0.995]).

These results suggest that the effects of prompt
transformations are composed approximately ad-
ditively in the conditional log-likelihood vector
space”, which opens the possibility of predicting
the effect of a composite prompt operation as the
sum of the shifts induced by its individual opera-
tions. Furthermore, by transferring a prompt-shift
vector obtained from one model to another, it may
be possible to predict the effect of an unobserved
prompt transformation, as well as the resulting
change in task performance.

3.4 PMI model map and mutual information

Table 2 reports the mean PMI and the mean con-
ditional log-likelihood ¢ for Tulu3 and Infinity-

B 3As in Oyama et al. (2025b), we introduce ¢; = £€pase,i —
£yasc in the denominator in order to evaluate the prediction.
For the centered version, we use ¢; = Epase,i — Ebase iN the
doubly centered model-coordinate space.

“If the change induced by T'(z) is approximated by lin-
earization in the £ space, this property can be understood as a
natural consequence of that approximation.

Instruct.’ For the mean PMI, a relatively clear
tendency is observed: the values increase when
the training data and the evaluation text set match,
and decrease when they do not. In contrast, such a
tendency is not clear for /. Using models trained
on Tulu3 or Infinity-Instruct, we then compare the
conditional model map and the PMI model map.
Figure 4 suggests that, compared with the condi-
tional model map, the PMI model map tends to re-
flect more clearly the correspondence between the
training data and the text set used for visualization.
In particular, when the text set used for visualiza-
tion matches the training data, models trained on
that data tend to be located relatively close to one
another, whereas when they do not match, such
clustering tends to weaken and the configurations
become more dispersed.

4 Task Performance Prediction

In Section 3.3, we demonstrated the additive com-
positionality of prompt shifts in the log-likelihood
vector space. In this section, we investigate whether
this structural property transfers to the prediction
of downstream task performance.

4.1 Experimental setup

See Appendix B for the text sets, the language
models, and the computation of the log-likelihood.

Evaluation. We measure task performance with
the Im-evaluation-harness on five tasks: ARC-
Challenge, ARC-Easy, OpenBookQA, PIQA,
and TruthfulQA. All evaluations are conducted
in a zero-shot setting (num_fewshot=0) with
apply_chat_template=True.

Regression model. For each setting 7' €
{base, cot, rep, rep+cot }, we collect the centered
log-likelihood vectors into the matrix Er =
[£T71,...,£T7K]T e REXN_ We concatenate
{Er} and the corresponding score matrices row-
wise, and train a ridge regression model f , which
maps &7; to the five task scores (RidgeCV, o €
[1073,10°], 5-fold CV), using an 8:2 model-wise
train-test split (Kipain = 388, Kiest = 97). The
optimal « is 28,072. The analysis is conducted
on the K = 485 models that successfully com-
pleted task evaluations across all four conditions.
Confidence intervals are 95% percentile bootstrap

SLlama-3.1-Tulu-3-8B-DPO  was  trained  on
allenai/llama-3.1-tulu-3-8b-preference-mixture,
but we treat it as part of the Tulu3 family for simplicity.
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Task
ARC-Challenge

Pearson r

0.829 [0.783, 0.867]

Spearman p

0.821 [0.765, 0.869]

ARC-Easy 0.841[0.803, 0.872] 0.824 [0.778, 0.863]
OpenBookQA  0.586 [0.363, 0.807]  0.797 [0.728, 0.854]
PIQA 0.906 [0.881, 0.931]  0.945 [0.926, 0.960]
Truthful QA 0.842[0.790, 0.890]  0.869 [0.820, 0.906]

Table 3: Correlation between predicted and true task
scores on the test set, using Ridge regression based on
conditional log-likelihood vectors. The input is con-
catenated across the four prompt conditions, with an
8:2 model-wise split. Brackets denote bootstrap 95%
confidence intervals.

intervals obtained by resampling the held-out test
models with replacement (B=2,000) and recom-
puting the correlations, keeping the fitted regres-
sion model fixed; for the additivity correlation in
Section 3.3, all K=552 models are resampled in-
stead.

4.2 Experimental results

Additive compositionality at the score level.
First, without using a regression model, we check
if the task score changes themselves exhibit ad-
ditive properties. For each model p;, we com-
pare the sum of individual score changes Ascot,; +
Asyep; With the actual score change induced by
REPEAT+COT, ASreptcot,i- Across K = 485 mod-
els, the Pearson correlation coefficients range from
0.837 (TruthfulQA) to 0.923 (ARC-Easy), indi-
cating that the additive compositionality observed
in the log-likelihood space (Section 3.3) directly
translates to task score changes.

Task score prediction. Next, we examine
whether the centered conditional log-likelihood
vectors £ can predict task scores. As shown in
Table 3, they are reliable predictors of downstream
task performance, achieving both r and p of at least
0.82 for all tasks except OpenBookQA (r = 0.586,
p = 0.797). We also observed that the condi-
tional log-likelihood vector performed slightly bet-
ter than predictions based on the unconditional log-
likelihood vector. The gain is small, however, and
the main merit of the conditional representation lies
in enabling analyses of prompt-induced changes,
such as the prompt shifts in Section 3.2. See Ap-
pendix I for details.

Predicting score changes via shift vectors. We
further investigate whether the regression model
can predict the score changes induced by prompt
transformations. We use the difference between the

Pearson r

Task Acot
ARC-Challenge 0.694 [0.541, 0.827]

AREPEAT+COT
0.588 [0.366, 0.778]

AREPEAT
0.678 [0.567, 0.773]

ARC-Easy 0.728 [0.625,0.817]  0.359 [0.155, 0.540]  0.603 [0.448, 0.735]
OpenBookQA  0.595[0.459,0.701]  0.250 [-0.021, 0.500]  0.501 [0.323, 0.662]
PIQA 0.678 [0.529,0.794]  0.408 [0.135,0.610]  0.518 [0.290, 0.702]
Truthful QA 0.486 [0.327,0.648]  0.557[0.405,0.691]  0.721 [0.624, 0.799]

Table 4: Correlation (Pearson r) between predicted and
true score changes induced by each prompt transfor-
mation on the test set. Brackets denote bootstrap 95%
confidence intervals.

predicted score for condition 7" and the predicted
score for the BASE condition, f(ETﬂ-) - f(ﬁbase’i),
as the predicted score change. As shown in Table 4,
the prediction performance varies depending on the
condition and task (r = 0.25 to 0.73), and the boot-
strap 95% confidence intervals exclude zero for all
but one condition-task pair. These results suggest
that prompt shifts in the log-likelihood space retain
information about both the direction and magnitude
of performance changes.

Predicting the effect of composed prompts. Fi-
nally, leveraging the additive compositionality in
Eq. (14), we examine whether we can predict
the task score for the REPEAT+COT condition
without directly observing its corresponding log-
likelihoods. We compute the synthetic centered
log-likelihood vector Erep—i—cot,i = Scot,i + grep,i -
&base,i and feed it into our trained regression model
as a proxy for REPEAT+COT. Test-set Pearson cor-
relations are high (0.819-0.913) for all tasks ex-
cept OpenBookQA (0.418), for which the Spear-
man rank correlation nevertheless remains strong
at 0.703. These results demonstrate that additive
compositionality in the log-likelihood space can
be leveraged to approximately predict the perfor-
mance impact of composite prompt operations. We
also conducted experiments using log-likelihood
vectors obtained from two additional datasets and
observed consistent results. See Appendix H for
details.

S Empirical Validation

In this section, we empirically examine whether
distances based on log-likelihood vectors provide
a useful approximation to model differences. Our
main comparisons use K’ = 8 instruction-tuned
language models and N = 10,000 prompts sam-
pled from the Tulu3 dataset. For the comparison
with Monte Carlo estimates of KL divergence, we
additionally conduct an experiment with K’ = 24
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Figure 5: Empirical comparisons of model distances.

models and N = 1,000 prompts, as reported in Ap-
pendix K. See Appendix J for the list of the eight
models and other details of the main experiments.

5.1 Comparison with Monte Carlo estimates
of KL divergence

For each prompt x5, we generate one response 4/’ ~
pi(+]zs) from each model p;. Using these generated
responses, we estimate KL(p;, p;) defined in (5)
by the Monte Carlo approximation

NZI

We then compare this Monte Carlo estimate with
the KL estimate based on Eq. (7), which is symmet-
ric in the two models. Because the Monte Carlo
estimate is directional, we symmetrize it before the
comparison shown in Figure 5a; see Appendix J
for the definition.

Di ys!ms)

KL(pi.pj) = NCAESN
S

Results. The left panel of Figure 5 shows a strong
rank correlation between the two estimates (Spear-
man’s p = 0.94), providing empirical support
for the log-likelihood-vector-based approximation.
The 24-model experiment in Appendix K yields a
lower but still substantial rank correlation (Spear-
man’s p = 0.83).

5.2 Comparison with semantic distance

We next compare the KL divergence estimated
from log-likelihood vectors with an embedding-
based semantic distance. For each prompt x5 and
each model p;, we generate M = 10 responses.
Following Jiang et al. (2025), we average pair-
wise cosine similarities between responses from

two models and define the semantic distance as the
complement of this average; see Appendix J for de-
tails. The right panel of Figure 5 plots the semantic
distance against the KL divergence estimated from
log-likelihood vectors. The two quantities show a
positive association. Bootstrap confidence intervals
also indicate that the log-likelihood-vector-based
estimate is at least comparable in stability to the
embedding-based semantic distance.

6 Conclusion

We proposed a framework for constructing model
maps for prompt-response distributions using con-
ditional log-likelihood vectors. In the resulting
vector space, squared Euclidean distances between
models approximate the KL divergence between
their conditional distributions averaged over the
reference prompt distribution, extending previous
log-likelihood-vector-based model maps to condi-
tional settings. We also introduced PMI vectors to
reduce the contribution of the response marginal;
in some cases, the resulting maps more clearly re-
flect training-data-related differences. We further
showed that prompt modifications induce system-
atic shifts in model positions and that these shifts
exhibit approximate additive compositionality. We
also used the vectors to predict downstream task
performance and leveraged their additive structure
to approximate the effects of composite prompt op-
erations without directly observing the correspond-
ing log-likelihoods. The resulting distance esti-
mates showed strong rank correlations with Monte
Carlo KL estimates and a positive association with
embedding-based semantic distance. Overall, the
framework supports the comparison, analysis, and
prediction of input-dependent behavior across lan-
guage models.

Limitations

* This study focuses on models whose weights
are publicly available, and extending the
method to closed models remains future work.

* The experiments are conducted mainly on
instruction-style prompt-response datasets
such as Tulu3 and Infinity-Instruct. It remains
unclear to what extent the proposed frame-
work generalizes to other settings, such as
non-instructional text, multilingual data, code
generation, or longer and more complex inter-
actions.
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* The effectiveness of PMI-based quantities is
not uniform across all analyses. Although
PMI vectors can in some cases reflect training-
data-related differences more clearly than con-
ditional log-likelihood vectors, this tendency
is not consistently observed, and the practi-
cal advantage of PMI-based model maps may
depend on the dataset and models being com-
pared.

The prompt-shift analysis is limited to a small
number of prompt transformations, namely
appending a CoT suffix and repeating the
prompt. It remains an open question whether
similar geometric regularities and approxi-
mate additive compositionality hold for a
broader class of prompt edits.

The visualizations in this paper rely on low-
dimensional projections such as t-SNE and
PCA. While these are useful for qualitative
inspection, they do not fully preserve the ge-
ometry of the original high-dimensional space,
so apparent proximity or clustering in two di-
mensions should be interpreted with caution.

The empirical validation is conducted on lim-
ited sets of language models: eight models
in the main comparisons in Section 5 and
24 models in the additional comparison with
Monte Carlo estimates of KL divergence in
Appendix K. Although the observed correla-
tions support the proposed approximation, the
robustness of these findings across a broader
range of models, decoding settings, and evalu-
ation prompts remains to be investigated.

The proposed framework depends on specific
formatting choices for prompt-response pairs,
including prompt templates and prompt trans-
formations. Such implementation details may
affect the resulting log-likelihood vectors and
model positions, and disentangling these ef-
fects from more intrinsic behavioral differ-
ences remains future work.

For all KL estimates derived from log-
likelihood vectors, we apply global center-
ing, whereas the model maps in Figures 1,
3, and 4 visualize uncentered vectors; per-
prompt centering is not used in any of our
experiments. We therefore do not empirically
compare the representations obtained without
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centering, with global centering, and with per-
prompt centering. Empirically assessing how
the corresponding retained or removed com-
ponents affect the resulting model distances
remains future work.

The KL-divergence approximation in (7) and
the second-order equivalence among the rep-
resentations obtained without centering, with
global centering, and with per-prompt center-
ing in Appendices D and E rely on a local
approximation around pg. The variance de-
compositions themselves remain exact, but
when the models are not sufficiently close to
po, the O(A\3) terms need not be negligible
and the three representations are not guaran-
teed to approximate KL divergence accurately.

Each component A/;; of the PMI vector rep-
resents the relationship between the prompt
and the response, but interpreting it as PMI re-
quires the reference marginal in (9). The main
experiments instead use an empty-prompt es-
timate of the model marginal in (10). Ap-
pendix F compares the resulting MI esti-
mates with those obtained using a reference-
marginal estimate based on C' = 10 shuffled-
prompt permutations for a subset of 26 mod-
els on Tulu3. Although the resulting positive
correlations support the empty-prompt esti-
mate as a practical substitute for model-level
comparison, this limited experiment does not
imply that the two marginals agree or that the
same relationship holds for other model sets,
text sets, or larger values of C'.

For (13) to be a good approximation, both
piyl)po(x) and pi(y)po(), where pi(y) is
the reference marginal in (9), must be suf-
ficiently close to po(y|x)po(x). When re-
sponses depend strongly on prompts, these
two distributions are generally not close, so
this assumption may fail. Thus, (13) should
be regarded only as a rough proxy for MI.

The estimated mutual information MI(p;)
measures the strength of association between
the prompt x and the response y. However, a
strong association between x and y does not
necessarily imply that the response is appro-
priate.
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A Related Work

Existing studies comparing a large number of lan-
guage models can be broadly categorized, accord-
ing to the type of information they use, into ap-
proaches based on model internals, generated texts,
and log-likelihood vectors.

Comparison based on model internals. Com-
parisons based on model weights and intermediate
representations can directly examine similarities in
internal structure. For example, Zhu et al. (2025)
analyzed relationships among models based on sta-
tistical similarities of their parameters, and Horwitz
et al. (2025) compared the weights of many models
on Hugging Face to reveal relationships that are not
easily visible from publicly available information
alone. In addition, Zhou et al. (2025) measured
similarities among models using changes in activa-
tions induced by linguistic minimal pairs. While
these approaches are useful for analyzing model
internals, they do not readily provide a common
basis for comparison across models with different
architectures or representation spaces.

Comparison based on generated texts. Com-
parisons based on generated texts can directly ad-
dress the practical setting of conditional generation.
Jiang et al. (2025) mapped generated responses into
a text embedding space and measured differences
among models based on distances in that space.
In addition, Yax et al. (2025) introduced a similar-
ity measure based on conditional probabilities and
estimated phylogenetic distances among language
models. However, such approaches can be affected
by the randomness of the generation process and
by the choice of embedding-based representations
for generated outputs.

Comparison based on log-likelihood vectors.
Methods that represent models as vectors based
on their log-likelihoods on a pre-defined set of
texts (Oyama et al., 2025b,a; Kishino et al., 2026)
are useful in that they enable many models to be
compared in a shared space without relying on
generation, and they also allow distances between
vectors to be interpreted in relation to the KL diver-
gence between probability distributions. However,
existing methods mainly focus on unconditional
distributions and do not directly address the setting
of conditional generation.

Our study aims to fill this gap. Specifically,
we introduce comparisons based on conditional
log-likelihood vectors and use PMI-vector repre-
sentations that subtract unconditional components,
thereby providing a framework for comparing the
conditional probability distributions of many lan-
guage models.

B Experimental Settings

In this section, we describe the text sets used in
our experiments, the language models selected for
analysis, and the procedure for computing the log-
likelihood vectors.

B.1 Selection of text data

In the main experiments, we use two text sets,
each denoted by D = {(ws,ys)} ;. The
first consists of N = 10,000 prompt-response
pairs extracted from tulu-3-sft-mixture (Lam-
bert et al., 2025)°. The second consists of
N = 10,000 prompt-response pairs extracted from
Infinity-Instruct-7M (Li et al., 2025)’. For
each of these two text sets, we construct a model
map and conduct experiments on mutual informa-
tion in order to analyze how the observed tenden-
cies differ across text sets. Appendix H additionally
evaluates robustness to the choice of text set using
N = 5,000 prompt-response pairs from each of
Tulu3, Infinity-Instruct, and UltraChat (Ding et al.,
2023).

B.2 Selection of language models

To construct the model maps, we consider text gen-
eration models listed on Open LLLM Leaderboard
v2. Among them, we restrict our analysis to mod-
els with at least 1,000 downloads and an available

6https://huggingface.co/datasets/allenai/tulu
-3-sft-mixture

7https://huggingface.co/datasets/BAAI/Infinit
y-Instruct
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chat_template. We also restrict the model size to
no larger than 70B due to computational resource
constraints. In addition, for each model, we at-
tempt to compute log-likelihoods and retain only
those for which the computation is numerically
stable, without overflow or related issues. The
resulting number of models differs across experi-
ments; specifically, we use K = 552 models for
the conditional model map and prompt-shift anal-
yses, K = 481 models for the PMI model map
analysis, and K = 485 models for the task score
prediction in Section 4. The empirical validation
in Section 5 uses K’ = 8 instruction-tuned models,
and the additional experiments in Appendices F, H,
I, and K use K’ = 26, K = 100, K = 438, and
K’ = 24 models, respectively.

B.3 Computation of the log-likelihood

For each language model, we compute the con-
ditional log-likelihood log p(y|z) and the uncon-
ditional log-likelihood log p(y) for each text pair
(z,y). To compute logp(y|z), we feed each
prompt-response pair into the model using the cor-
responding chat_template. We obtain log p(y),
the empty-prompt estimate of the model marginal
in Eq. (10), using the same chat_template with
the user input left empty. All computations are
performed using bfloat16 precision. In addition,
to reduce the influence of extremely small log-
likelihood values, we apply clipping separately to
log p(y|z) and log p(y) using the lower 2% thresh-
old computed from all model-text combinations.

C Details of the Variance Representation
of KL Divergence

In this section, we derive the variance representa-
tion of KL divergence in (6) and the corresponding
approximation in (7). First, we transform the right-
hand side of (5) as follows:

KL(pi, pj)

pi(ylw)]
pj(ylr)

pz’(y|l‘)p0($)}
pj(ylz)po(z)

E o)
(z,y)~pi(ylz)po(z) [ 8

E o |
(z,y)~pi(y|z)po(z)

This expression represents the KL divergence be-
tween the joint distributions p;(y|xz)po(z) and
pj(ylx)po(x) over (x,y). We assume that both
pi(y|lz) and p;(y|z) are sufficiently close to
po(y|z). Then, the corresponding joint distribu-
tions p;(y|x)po(x) and p;(y|z)po(x) can also be

regarded as sufficiently close to po(y|z)po(z) =
po(x,y). Therefore, we can apply Eq. (2) of
Oyama et al. (2025b) to the joint distribution over
(x,y), obtaining

2KL(ps, pj) = Var {1

(@,y)~po(x

pi(ylz)po (ﬂf)]
pj(ylz)po(x)
= Var [l E ” ﬂ (C.1)

(z,y)~po(x,y)

This yields (6). To approximate this variance from
the dataset D, we use the empirical variance:

N
1
2KL(p;, pj) = N Z [log

o—1 pj (y |xs
N 2
1 pz(ys/|$s’):|
— log
N 5/2221 pj(ys|zs)
N
1 2
:N Z (5@5 g]s)
s=1
1 2
=y & =&l (C.2)
This yields (7).

D Quadratic Approximations of
Conditional KL Divergence

Equation (6), derived in Appendix C, uses a glob-
ally centered variance, whereas the model maps
visualize uncentered log-likelihood vectors. Ap-
pendix E considers the more general response-
sampling setup in (E.1), in which M conditionally
independent responses are drawn for each prompt.
In this setting, the conditional variance at each
prompt can be estimated, motivating per-prompt
centering. We derive exact population relations
among these three centering schemes and show
their second-order equivalence; Appendix E gives
their sample coordinates. For notational conve-
nience, we work on the scale of twice the KL diver-
gence throughout Appendices D and E.

D.1 Three quadratic quantities

Unless otherwise stated, expectations and variances
in this appendix are taken with respect to

(z,9)

We consider the log-likelihood ratio

~ po(,y) = po(y|w)po(z).

rij(z,y) = log pi(y|z) — log pj(y|z).
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Define the conditional and overall expectations of
the log-likelihood ratio by
pij(w) = R
y~po(y|z)

= E
Hia (z,y)~po(z,y)

[rij (=, )],
[rij (=, y)],

and let
Vij = Var (uij(z)).

z~po(z)
The three centering schemes give the following
population quadratic quantities:

Auncentered 1= E [Tij ((IJ ) y)2]7
(z,y)~po(z,y)
Agiobat :=  Var  [ryj(2, )],
(xvy)Np0($vy)
Aper—prompt = E Var [Tij (LE ) y)] .

x~po(x) | y~po(ylz)
(D.1)

The global quantity Aggha is the variance on
the last line of (C.1), so Appendix C gives
2KL(pi,p;) ~ Agoba. The uncentered quan-
tity Auncentered 1S the population counterpart of
the squared distance between uncentered log-
likelihood vectors used in model maps (Shimodaira,
1993; Shimodaira and Cao, 1998). The per-prompt
quantity Aperprompt arises when the local KL ar-
gument of Oyama et al. (2025b) is applied to the
conditional response distribution y ~ po(y|z) at
each prompt x and then averaged over x ~ po(x).

D.2 Exact relations among the three
quantities

For brevity, hereafter we omit explicit distribu-
tions from expectation and variance subscripts
whenever they are implied by (z,y) ~ po(z,y);
for example, E,[-], Var,(-), and E[-|z] denote
Eonpo(@)[]: Vatompy(@) (1), and Eypyyla[]. re-
spectively. With this notation, the second-moment
decomposition and the law of total variance give

2
Auncentered = Aglobal + Hij
Aglobal = Aper—prompt + V;j )

Auncentered = -Aper-prompt + IE[M@] (.%' )2] . (D.2)

These identities are exact and do not require the
models to be close to pg. In particular,

Auncentered > Aglobal > Aper-prompt-

The first gap in (D.2), 43}, is the squared overall
mean of the pairwise log-likelihood ratio. The sec-
ond gap, V;;, is the variation across prompts in its

conditional mean. Thus, global centering removes
the overall mean component, whereas per-prompt
centering additionally removes the between-prompt
variation in the conditional mean.

D.3 Local equivalence to conditional KL
divergence

We now relate the exact decomposition above to
conditional KL divergence using the local setting
of Oyama et al. (2025b) around pg. For k = i, j,
let

di(z,y) := log p(y|x) — log po(y|z),

so that 7;; = d; — d;. We assume common support

and
di(X,Y) = Op(N),

(X,Y)Np()’ A—0.

We also assume sufficient conditional moment
bounds so that the Taylor remainders are Op(\?)
and the stochastic orders below may be squared
and averaged over X.

Because py(-|X) is normalized for every X,

E [edk(XY) | X} ~ 1.
Expanding the exponential therefore gives

E[di(X, V)|X] = — 3 E[d(X, Y)?X]
+0,(N*) = 0,()\?). (D.3)
Consequently,?
pij(X) = Eld; — d;|X] = 0,()?).
Under the stated moment conditions,
Vij = O\, pi; =00\,

while each quantity in (D.1) is O(\?). Thus, the
three quantities are approximately equal to leading
second order, with differences only of order O(\*):

-Auncentered ~ Aglobal ~ Aper—prompt'

Applying the local expansion of Oyama et al.
(2025b), including its O(A3) remainder, to the joint
distributions used in Appendix C gives

QKL(pi,pj) = Aglobal + O()‘s)

¥The O, (A\?) conclusion in (D.3) can alternatively be ob-
tained from the identity E[d (X, Y)|X] = — KL(po, pr|X).
Since conditional KL divergence is locally quadratic in the
same setting, this identity gives E[dx (X, Y)|X] = Op(A\?).
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Combining this result with the exact gaps in (D.2)
yields

2 KL(pivpj) = Auncentered + O()\S),
QKL(plapj) = -Aglobal + O()\?’),
2KL(pi, pj) = Aper-prompt + O()\S). (D.4)

Thus, although the three quantities are not exactly
equal, their differences are only O(\*). This fourth-
order discrepancy lies beyond the O(\3) error of
the local KL approximation. Hence, they share the
same leading O()\?) term.

E Empirical Coordinates, Sampling, and
Centering

Appendix D showed that the three population quan-
tities differ only by O(A*). We now construct their
empirical counterparts, connect them to (7) and the
uncentered vectors used in our figures, and discuss
sampling and centering.

E.1 Empirical coordinate representations

For positive integers N and M, draw

ii.d.
LTlyeery TN pO(lU),

and, conditional on these prompts, independently
draw M responses for each s:

i.i.d.
Ysty - Ysm =~ po(ylzs). (E.1)

Responses drawn for the same prompt are condi-
tionally independent but are generally dependent
marginally because they share x,. The dataset D
used in this paper has M = 1, but we retain gen-
eral M to make the three empirical representations
explicit.

Fix models ¢ and j. For k € {4, j}, let

Eksm = Ingk(ysm‘xs)y T'sm = gism - gjsm-

Thus, rs, = 7ij(2s, Ysm) in the notation of Ap-
pendix D. For each k € {3, j}, the globally cen-
tered coordinates are

g(g = Z Z Eksma

s=1m=1
5ksm = gksm - g.gig)

The corresponding coordinates obtained with per-
prompt centering are

Z(p) . M Z gksma

& = o — 52)-

The empirical counterparts of (D.1) are as follows;
the per-prompt estimator requires M > 2:

M

N
1
Auncentered - NM E sm7
s=1m=1

~

-Aglobal =

1 XN
NMZ

s=1

(-

M:

1

3
I

Aperprompt -
N M ») 9
N 2 (60 )
s=1m=

The uncentered estimator is unbiased for Ayncentered
in finite samples. The globally centered estimator
is generally downward-biased in finite samples but
is consistent for Agjopa as N — oo with fixed M.
The per-prompt estimator is the average of the usual
unbiased within-prompt sample variances and is
therefore unbiased for Aper-prompt When M > 2.

For the dataset D, where M = 1, identifying
ys1 with y, gives £9) = &, 50 Agoba in (E.2) is
exactly the final expression in (C.2). Thus, (C.2),
equlvalently (7), can be written as 2 KL(p;, p;) =
Aglobal Moreover, Auncentered = ||£ f || / N,
the pairwise squared distance between the log-
likelihood vectors visualized in our figures, divided
by N. In contrast, ./Zl\per_prompt is not available be-
cause a within-prompt variance cannot be estimated
from one response.

(E.2)

E.2 Finite-sample comparison of uncentered
and global estimators

We next compare the uncentered and globally cen-
tered estimators on the same finite sample and
ask whether their difference affects the leading
accuracy of the KL approximation. Define the
prompt-level and overall means of the observed
log-likelihood ratios by

1 Y 1
:Merm, F::NZFS
m=1 s=1

The uncentered and globally centered quantities in
(E.2) satisfy the exact Pythagorean identity

~

T =2
Auncentered — -Aglobal =Tr. (E.3)
To evaluate this gap, we account for the dependence

among responses that share a prompt. Conditional
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on s,
ElFslas] = paj(@s),
1
Var(7s|xs) = i Var(rij(zs, y)|xs)-

The first identity and the law of total expectation
give E[7] = E[rs] = E[E[Fs|zs]] = ps5. Similarly,
substituting the two conditional identities above
into the law of total variance gives Var(7s) =
Varg (pij(s)) + Eaz[Var(rij(zs, y)|zs)] /M =
Vij + Aper-prompt/M . Independence across s then
gives

Var(r) = Vi 4 Averpomn g )

N NM
Taking expectations in (E.3), using the unbiased-
ness of Auncentered> E[T] = f1i5, and the first identity
in (D.2), gives the exact bias

IE[-Aglobal] - -Aglobal
=2
= Auncentered - E[T } - Aglobal

2 _
— »Auncentered - Aglobal - ,Uij — Var(r )

Vii g
= — Var(7) = —ﬁ — 7Ap§\;§\r}mpt.

This explains the downward finite-sample bias
noted above and shows that the bias vanishes as
N — oo with fixed M.

We next determine the asymptotic order of the
empirical centering gap in (E.3). Under the lo-
cal conditions of Appendix D, V;; = O(\*) and
Aper-prompt = O(\?). Substituting these orders into
(E.4) gives

_ A2
Var(r) = O (N + NM) .
Since E[7] = p;5, the standard deviation of 7 gives
the fluctuation order

P =" \UN T VNM )
Together with p;; = O()?), this implies 7 =
Op(A\? + X\/V/ N M). Squaring this order and using
the exact identity (E.3) yields
)\2
). (E.5)

NM

~ R A
Auncentered - -Aglobal = Op ()\ —+

E.3 Sampling variance of the uncentered
estimator

We now derive the exact sampling variance of the
uncentered estimator. Let

9(z,y) = rij(z, )

and define its between-prompt and average within-
prompt variance components by

Vbetween 1= anr (]E[g(x, y)|l’]) >
Viwithin = IxE [Var(g(z,y)|z)] .

Writing gs = M1 2%21 9(Zs, Ysm), we have
Auncentered = N1 Zivz 1 Gs- As in the derivation
of (E.4), the law of total variance gives

Var(gs) = Vgr (E[gs|zs]) + IE [Var(gs|zs)]

W Vivithin
= Vbetween + M .

Averaging over the independent prompt clusters
then gives

Viithin
. (E.6
~ + N (E.6)

E.4 Leading accuracy of the uncentered and
globally centered estimators

N ‘/between
Var (-Auncentered> =

We first derive the leading accuracy of the uncen-
tered estimator and then use the empirical centering
gap in (E.5) to obtain the corresponding result for
the globally centered estimator. Under the local
conditions of Appendix D, r;;(x,y) = Op(A). To-
gether with suitable fourth-moment bounds, this
gives Vietween = O(A?) and Viignin = O(A*). Sub-
stituting these orders into (E.6) yields

~ )\4 )\4
Var (.Auncentered) =0 (N + W)

(%)

Because Ayncentered 1S unbiased for Ayncentered, itS
standard deviation therefore gives

~ )\2
-Auncentered - Auncentered - Op (\/N) .

Together with (D.4), this gives

Auncentered — 2 KL(pi,pj) = Op ()\3 + m) .

(B.7)

When A — 0 and N — oo with fixed M, the
terms in (E.5) are of lower order than those in (E.7).
Therefore,

—~ 3 22

Aglobal - QKL(piapj) = Op ()\ + m) s
and the globally centered estimator has the same
leading accuracy as the uncentered estimator.

34548



E.5 Optimization under a fixed response
budget

As a simple practical consequence of the variance
formula in (E.6), consider how to allocate a fixed
response budget between the number NV of prompts
and the number M of responses per prompt. We
use an idealized setting in which the total number
of responses

T=NM

is fixed, additional independent prompts are avail-
able, and prompt acquisition does not incur a sep-
arate cost in this budget. Since N = T'/M, (E.6)
becomes

N Mveween Vwi in
) _ bet + Vwith (ES)

Var <-Auncentered T

For fixed T, only the term M Vietween/T depends
on M. If Vietween > 0, this variance is minimized
at M = 1 among integer allocations satisfying
NM = T. Thus, under this simple response-
budget model, the optimal allocation uses one re-
sponse per prompt and includes as many indepen-
dent prompts as the budget allows, rather than col-
lecting multiple responses for fewer prompts.

For the globally centered estimator, (E.5) and
T = NM give

2
Auncentered - Aglobal = Op <)\4 + )\T> .
Here, the \* term is lower order than the O()\?)
approximation error, while \?/T" = o(A\?/v/N)
for fixed M and is independent of the allocation at
fixed T'. Thus, the centering gap does not change
the leading-order allocation criterion in (E.8), and
M =1 also minimizes the leading-order sampling
variance of the globally centered estimator.

E.6 Practical role of centering

Although centering is not required for the second-
order KL approximation, it changes which additive
components are retained in the representation. A
common practical motivation for global centering
is to remove a model-specific additive offset from
log-likelihood vectors, as discussed in Appendix C
of Oyama et al. (2025b).

To make these invariances explicit, consider
transformed log-likelihoods

ggsm = Lism + a; + bis,

where a; is a model-specific constant and b;5 is
an offset specific to model ¢+ and prompt x,, but

common to all M responses for that prompt. Let

_ 1 X
bz‘ = N;bw

The corresponding centered coordinates satisfy

§0 = €0+ bis = bi
g(P)/ — é-(p)

ism ism”

(E.9)

Thus, uncentered coordinates retain both a; and
bis. Global centering removes a;, but generally
retains the prompt-varying component b;5 — b;. Per-
prompt centering removes the entire offset a; + b;
separately for each prompt.

Equation (D.2) quantifies exactly what the two
centering operations remove:

2
Auncentered — Aglobal = Hij»

Aglobal - Aper—prompt = V;]

Thus, global centering removes the squared over-
all mean log-likelihood difference ,u?j but retains
the across-prompt variation V;; in the conditional
mean p;;(x). Per-prompt centering removes both
components.

Under the local conditions of Appendix D, u?j
and V;; are both O(\*), so removing them does not
affect the second-order KL approximation. Away
from the local regime, however, these terms can
change pairwise model distances. Our visualiza-
tions use uncentered vectors and therefore retain
both components. Global or per-prompt centering
is appropriate when invariance to the correspond-
ing additive offsets is desired; in particular, global
centering can remove a meaningful overall mean
difference as well as a nuisance constant offset.

F Comparison of MI Estimates Using
Model and Reference Marginals

Section 2.4 distinguishes two response marginals.
The reference marginal in (9) is induced by the
prompt-response distribution p;(y|x)po(z) and is
required for the PMI interpretation of (8). The
model marginal in (10) is induced by the model’s
own prompt distribution. In practice, we do not
directly evaluate either expectation. We use empty-
prompt evaluation to estimate the model marginal
in the main experiments, and use shuffled-prompt
Monte Carlo estimation to estimate the reference
marginal in this comparison. Because the two
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marginals average over different prompt distribu-
tions, we do not expect their estimates to agree nu-
merically. Instead, we examine whether the empty-
prompt estimate provides a useful practical substi-
tute for the reference marginal when comparing the
model-level MI estimates in (12) and (13).

F.1 Marginal Estimators

Let zy denote the input obtained by leaving the
user-input field empty under the same chat template
as in the main experiments. We write the empty-
prompt estimate of the model marginal as

PN (ys) = pilyslag)-
The hat emphasizes that we do not compute the
expectation over p;(z) in (10).

Let o1,...,0¢c be independent uniformly
random permutations of {1,..., N} satisfying
oc(s) # s for every s. We define the shuffled-
prompt Monte Carlo estimate of the reference
marginal by

C

“Je 1

P (ys) = 5 D piluslTo.(s)-
c=1

This estimator averages probabilities, rather than
log probabilities, over C prompts paired with the
fixed response ys;. Conditional on the observed
prompt set, its expectation over these permutations
is the leave-one-out average

IUE [ﬁgef(ys)} = ﬁ ;pi(y8|xt)v
t#s

which approximates (9) under the empirical refer-
ence prompt distribution.

To distinguish the two treatments of the marginal,
define

Z/)\;nodel (ys ),

Aﬂggf = logpi(ys|$s) - 1Ogﬁ§ef(ys)'

AEES‘Odel = log pi(ys|zs) — log

We use the same superscripts for the derived means

. ——model
and centered vectors, denoting them by AE?O “,

——ref
Agze ’ ,rhr'nodel’ and ,rlyef

IS
F.2 Experimental Setup

We use the same C' = 10 shuffled-prompt sets for
all models. Starting with 10,000 prompt-response
pairs from the Tulu3 text set, we exclude 309
pairs containing at least one log-likelihood flagged
as invalid during likelihood computation, leaving

N = 9,691. For the shuffled-prompt estimate,
we average in probability space before taking the
logarithm. We then separately clip each of the
conditional, empty-prompt, and shuffled-prompt
log-likelihood matrices at its 2nd percentile.

Language models. In this experiment we use the

following K’ = 26 language models:

* 01-ai/Yi-1.5-9B-Chat

* 01-ai/Yi-1.5-9B-Chat-16K

BAAI/Infinity-Instruct-3M-0625-Qwen2-7

B

BAAI/Infinity-Instruct-3M-0625-Yi-1.5

-9B

* Qwen/Qwen2-7B

* Qwen/Qwen2-7B-Instruct

e allenai/Llama-3.1-Tulu-3-8B

e allenai/Llama-3.1-Tulu-3-8B-DPO

e allenai/Llama-3.1-Tulu-3-8B-SFT

e meta-1llama/Llama-3.1-8B-Instruct

* meta-1llama/Meta-Llama-3-8B-Instruct

* princeton-nlp/Llama-3-Base-8B-SFT

* princeton-nlp/Llama-3-Base-8B-SFT-CPO

* princeton-nlp/Llama-3-Base-8B-SFT-DPO

* princeton-nlp/Llama-3-Base-8B-SFT-KTO

* princeton-nlp/Llama-3-Base-8B-SFT-0RPO

* princeton-nlp/Llama-3-Base-8B-SFT-RDPO

* princeton-nlp/Llama-3-Base-8B-SFT-RRHF

* princeton-nlp/Llama-3-Base-8B-SFT-SL1i
C-HF

* princeton-nlp/Llama-3-Instruct-8B-CPO

* princeton-nlp/Llama-3-Instruct-8B-DPO

e princeton-nlp/Llama-3-Instruct-8B-KTO

* princeton-nlp/Llama-3-Instruct-8B-0RPO

* princeton-nlp/Llama-3-Instruct-8B-RDPO

* princeton-nlp/Llama-3-Instruct-8B-RRHF

* princeton-nlp/Llama-3-Instruct-8B-SLi
C-HF

F.3 Results

Figure 6 reports the results. For the sample-mean
estimate of MI in (12), the estimates based on
the empty-prompt estimate of the model marginal
and the shuffled-prompt estimate of the reference
marginal have Pearson correlation » = 0.806 and
Spearman correlation p = 0.690, as shown in Fig-
ure 6(a). The two marginals need not yield the
same numerical values; these positive correlations
instead suggest that the empty-prompt evaluation
retains useful information for model-level compari-
son.

Figure 6(b) shows stronger corresponding cor-
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01-ai/Yi-1.5-9B-Chat
01-ai/Yi-1.5-9B-Chat-16K
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BAAI/Infinity-Instruct-3M-0625-Yi-1.5-9B
BAAI/Infinity-Instruct-3M-0625-Yi-1.5-9B
Qwen/Qwen2-7B
Qwen/Qwen2-7B-Instruct
allenai/Llama-3.1-Tulu-3-8B
allenai/Llama-3.1-Tulu-3-8B-DPO
allenai/Llama-3.1-Tulu-3-8B-SFT
meta-llama/Llama-3.1-8B-Instruct
meta-llama/Meta-Llama-3-8B-Instruct
princeton-nlp/Llama-3-Base-8B-SFT
princeton-nlp/Llama-3-Base-8B-SFT-CPO
princeton-nlp/Llama-3-Base-8B-SFT-DPO
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princeton-nlp/Llama-3-Base-8B-SFT-SLiC-HF
princeton-nlp/Llama-3-Instruct-8B-CPO
princeton-nlp/Llama-3-Instruct-8B-DPO
princeton-nlp/Llama-3-Instruct-8B-KTO
princeton-nlp/Llama-3-Instruct-8B-ORPO
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Figure 6: Comparison of MI estimates using the model and reference marginals. We use K’ = 26 models, C' = 10
shuffled-prompt permutations, and N = 9,691 prompt-response pairs; r and p denote Pearson and Spearman
correlations across the 26 models. In (a) and (b), the horizontal axis uses shuffled-prompt Monte Carlo estimation of
the reference marginal, whereas the vertical axis uses the empty-prompt estimate of the model marginal; the dotted
line is the diagonal. Panel (a) shows the sample-mean estimate of MI in (12), and panel (b) shows the squared-norm
estimate of MI in (13). Panel (c) compares the two estimates when both use the shuffled-prompt estimate of the

reference marginal.

relations for the squared-norm estimate of MI in
(13): r = 0.955 and p = 0.945. On this restricted
model set and text set, the result supports using the
empty-prompt estimate as a practical substitute for
the reference marginal in the analyses reported in
this paper.

Finally, Figure 6(c) compares the two MI esti-
mates while using the same shuffled-prompt es-
timate of the reference marginal for both. Their
correlation is positive but weak (r = 0.151 and
p = 0.175). This weak correlation is consistent
with the status of (13) as only a rough proxy for MI:
even when the same reference-marginal estimate is
used, (13) additionally relies on the local variance
approximation whose closeness assumptions are re-
strictive when a model’s responses depend strongly
on its prompts.

G Details of Experiments in Section 3

See Appendix B for the text sets, the language
models, and the computation of the log-likelihood.

Conditional model map. For the visualization
of the conditional model map in Figure 1 and
the prompt-shift visualizations in Figure 3, cor-
responding to Section 3.1, Section 3.2, and Sec-
tion 3.3, we use K = 552 language models and
N = 10,000 prompt-response pairs sampled from
Tulu3. For the conditional log-likelihood matrix
L = [ty,...,£5]" € REXN entries in the bot-
tom 2% are clipped to the 2%-percentile value.

Prompts used for prompt-shift experiments. In
the experiments in Section 3.2 and Section 3.3, we
use the following three prompt variants in addition
to the original prompt x:

* Teot(z): The suffix “Let’s think step by step.”
is appended to the original prompt, separated
by a newline (z'\n Let’s think step by step.).

* Tiep(x): The original prompt is repeated
twice, separated by two newlines (z\n\n z).

* Treptcot(z):  The CoT suffix is fur-
ther appended to the repeated prompt
(x\n\n z\n Let’s think step by step.).

PMI model map and mutual information. For
the visualizations of the PMI model map and the
conditional model map in Section 3.4, we use K =
481 language models. We use two text sets: N =
10,000 prompt-response pairs sampled from Tulu3
and NV = 10,000 prompt-response pairs sampled
from Infinity-Instruct. Based on these two text
sets, we compute Ly, € REXN and Liyfinity €
RAEXN respectively. For each matrix, entries in the
bottom 2% are clipped to the 2%-percentile value.

H Results on Additional Text Sets

Most analyses in the main text are based on the
Tulu3 text set. To examine the dependence of
our findings on this choice, we conduct the main
analyses on two additional text sets. The first set
contains N = 5,000 prompt-response pairs ex-
tracted from Infinity-Instruct and the second set
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Relative error in £

Relative error in §

Text set K N Median Mean Median Mean Pearson r of ¢

Tulu3 552 10,000 0.062 [0.058, 0.066] 0.081 [0.075, 0.088] 0.074 [0.070, 0.080] 0.095 [0.088, 0.102]  0.987 [0.959, 0.995]
Tulu3 100 5,000 0.064 [0.054,0.070] 0.070[0.062,0.079] 0.070 [0.064, 0.081] 0.083 [0.074, 0.094] 0.984 [0.970, 0.992]
Infinity-Instruct 100 5,000 0.083 [0.073,0.102] 0.097 [0.086, 0.109] 0.100 [0.090, 0.109] 0.116 [0.104, 0.129] 0.986 [0.974, 0.993]
UltraChat 100 5,000 0.061[0.048,0.081] 0.084[0.072,0.098] 0.087 [0.074,0.111] 0.109 [0.095, 0.122]  0.975 [0.964, 0.990]

Table 5: Additive compositionality of prompt shifts on the three text sets. The first four numeric columns report the
relative prediction error of Eq. (14) in the £ and £ spaces; the last column reports the Pearson correlation between
Oreptcot aNd Ocot + Orep. Brackets denote bootstrap 95% confidence intervals.

Text set ARC-Challenge ARC-Easy OpenBookQA PIQA Truthful QA Mean

Tulu3 (K=485) 0.829[0.783,0.867] 0.841[0.803, 0.872] 0.586 [0.363, 0.807] 0.906 [0.881, 0.931] 0.842[0.790, 0.890]  0.801

Pearson r Tulu3 (K=100) 0.892[0.849,0.924] 0.784 [0.700, 0.850] 0.805 [0.724, 0.864] 0.910 [0.867,0.941] 0.766 [0.647,0.861]  0.831
Infinity-Instruct  0.905 [0.862, 0.937] 0.739 [0.638, 0.830] 0.766 [0.644, 0.866] 0.879 [0.805, 0.932] 0.832[0.733,0.893] 0.824

UltraChat 0.775[0.687, 0.844] 0.588 [0.443,0.704] 0.779 [0.700, 0.843] 0.868 [0.741,0.940] 0.822[0.740, 0.885]  0.766

Tulu3 (K=485) 0.821[0.765,0.869] 0.824[0.778,0.863] 0.797 [0.728, 0.854] 0.945[0.926, 0.960] 0.869 [0.820, 0.906] 0.851

Spearman Tulu3 (K=100) 0.880[0.802,0.927] 0.765 [0.643, 0.845] 0.805 [0.696, 0.873] 0.899 [0.825, 0.938] 0.796 [0.662, 0.887]  0.829
pearman p Infinity-Instruct  0.904 [0.836, 0.942] 0.739 [0.605, 0.833] 0.735[0.571, 0.847] 0.851 [0.739,0.922] 0.763 [0.621, 0.866]  0.798
UltraChat 0.799 [0.688, 0.869] 0.638 [0.475,0.761] 0.758 [0.639, 0.840] 0.850 [0.709, 0.941] 0.841 [0.740, 0.907]  0.777

Table 6: Correlation between predicted and true task scores on the test set for the three text sets, corresponding to
Table 3. Tulu3 (K'=100), Infinity-Instruct, and UltraChat use the matched setting (/=100 models, N=5,000 texts).
Brackets denote bootstrap 95% confidence intervals. The mean value across five tasks is shown in the right column.

contains N = 5,000 pairs extracted from Ultra-
Chat (Ding et al., 2023)°. For these experiments,
we use K = 100 models randomly selected from
the 552 models in Section 3, and compute the
conditional log-likelihood vectors under the four
prompt settings for each text set. As a reference,
we also report the results on Tulu3. Confidence
intervals are computed in the same way as in Sec-
tion 4, with 20 held-out test models in the X = 100
settings.

Additive compositionality of prompt shifts. Ta-
ble 5 shows the relative prediction errors of the
additive compositionality in Section 3.3 and the
correlation between Orep+cot and deot + Orep. Both
are at comparable levels across the three text sets.

Task score prediction. Table 6 shows the cor-
relation between predicted and true task scores,
corresponding to Table 3. The mean value of the
Pearson r is within a range of 0.77 to 0.83 across
the three text sets, indicating that the prediction per-
formance is comparable regardless of the choice of
text set.

Predicting score changes via shift vectors. Ta-
ble 7 shows the predicted score changes corre-
sponding to Table 4. With K=100 models, the
mean value of the Pearson r is within a range of
0.41 to 0.60 for Acor, 0.20 to 0.30 for AREPEAT,

9https://huggingface.co/datasets/HuggingFaceH
4/ultrachat_200k

and 0.46 to 0.49 for AREPEAT+COT, indicating
that the overall trends are comparable regardless of
the choice of text set.

I Comparison with the Unconditional
Baseline

We compare conditional log-likelihood vectors and
unconditional log-likelihood vectors (Oyama et al.,
2025b) as features for task score prediction. We
use the Tulu3 text set (N = 10,000) and the
K = 438 models for which the conditional log-
likelihoods, the unconditional log-likelihoods, and
the task scores are available. Unlike Section 4,
each representation is used as a single feature ma-
trix without concatenating prompt conditions, and
the conditional log-likelihoods are computed un-
der the BASE setting; the values are therefore not
directly comparable to those in Table 3. We train
RidgeCV models with an 8:2 model-wise split, and
confidence intervals are 95% percentile bootstrap
intervals obtained by resampling the 88 held-out
test models with replacement (B=2,000), keeping
the fitted regression models fixed. Table 8 shows
that the two representations achieve comparable
prediction performance on all five tasks. On av-
erage, the conditional representation is higher by
just 1.7 points in Pearson r and by 0.8 points in
Spearman p. The gain is small, and we regard
the main merit of the conditional representation as
enabling analyses that the unconditional represen-
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Text set ARC-Challenge ARC-Easy OpenBookQA PIQA Truthful QA Mean
Tulu3 (K=485)  0.694 [0.541, 0.827] 0.728 [0.625, 0.817] 0.595 [0.459, 0.701] 0.678 [0.529, 0.794] 0.486 [0.327, 0.648] 0.636
Acor Tulu3 (K=100)  0.674 [0.407, 0.845] 0.615 [0.269, 0.872] 0.491 [—0.148, 0.839] 0.140 [—0.283,0.747]  0.262 [—0.255,0.677]  0.436
Infinity-Instruct ~ 0.551 [0.171, 0.805] 0.679 [0.457, 0.857] 0.636 [0.233, 0.847] 0.627 [0.372, 0.850] 0.481[0.112,0.717] 0.595
UltraChat 0.452[0.061,0.732]  0.331 [—0.221, 0.800] 0.567 [0.070, 0.839] 0.398 [—0.056, 0.772] ~ 0.301 [—0.255, 0.667]  0.410
Tulu3 (K=485)  0.678 [0.567, 0.773] 0.359 [0.155, 0.540] 0.250 [—0.021, 0.500] 0.408 [0.135, 0.610] 0.557 [0.405, 0.691] 0.450
AREPEAT Tulu3 (K=100)  0.635[0.213,0.836]  0.147 [—0.210,0.511]  0.254 [—0.361, 0.748] 0.337 [—0.060, 0.760] ~ 0.003 [—0.443, 0.595]  0.275
Infinity-Instruct ~ 0.369 [—0.091, 0.690]  0.385 [—0.193, 0.749] —0.009 [—0.565, 0.458] —0.236 [—0.610, 0.520]  0.513 [0.205, 0.786] 0.204
UltraChat 0.502 [0.205, 0.745]  0.388 [—0.044, 0.694]  0.144 [—0.376, 0.692] 0.001 [—0.477, 0.584] 0.473 [0.227, 0.765] 0.302
Tulu3 (K=485)  0.588 [0.366, 0.778] 0.603 [0.448, 0.735] 0.501 [0.323, 0.662] 0.518 [0.290, 0.702] 0.721 [0.624, 0.799] 0.586
AREPEAT+COT Tulu3 (K=100)  0.601 [0.298, 0.813] 0.578 [0.103, 0.866] 0.434 [—0.094, 0.824] 0.518 [0.080, 0.894] 0.164 [—0.313,0.756]  0.459
Infinity-Instruct ~ 0.440 [0.118, 0.724] 0.704 [0.429, 0.898] 0.409 [—0.115, 0.871] 0.499 [0.111, 0.822] 0.394 [—0.002, 0.760]  0.489
UltraChat 0.584 [0.209, 0.808] 0.515 [0.083, 0.776] 0.366 [—0.146, 0.763] 0.669 [0.320, 0.838] 0.228 [—0.206, 0.638]  0.472

Table 7: Correlation (Pearson ) between predicted and true score changes induced by each prompt transformation
on the test set for the three text sets, corresponding to Table 4. Tulu3 (K'=100), Infinity-Instruct, and UltraChat use
the matched setting (K =100 models, N=5,000 texts). Brackets denote bootstrap 95% confidence intervals. The
mean value across five tasks is shown in the right column.

Pearson r

Spearman p

Task

Conditional

Unconditional

Conditional

Unconditional

ARC-Challenge

0.914 [0.864, 0.950]

0.914 [0.868, 0.950]

0.895 [0.821, 0.939]
0.861[0.773, 0.917]
0.858 [0.769, 0.914]
0.942[0.901, 0.967]
0.901 [0.828, 0.942]

0.897 [0.826, 0.938]
0.856 [0.779, 0.910]
0.848 [0.746, 0.913]
0.943 [0.899, 0.962]
0.873 [0.776, 0.935]

ARC-Easy 0.864 [0.791, 0.914]  0.839[0.757, 0.901]
OpenBookQA  0.879[0.819,0.929] 0.862 [0.733, 0.943]
PIQA 0.945[0.904, 0.972]  0.920 [0.867, 0.965]
Truthful QA 0.902 [0.830, 0.950] 0.884 [0.808, 0.935]
Mean 0.901 0.884

0.891

0.883

Table 8: Correlation between predicted and true task scores for conditional (log p(y|x)) and unconditional (log p(y))
log-likelihood vectors, on the K'=438 models for which both representations are available. Brackets denote
bootstrap 95% confidence intervals. The mean value across five tasks is shown in the bottom row.

tation cannot support, such as the prompt shifts in
Section 3.2 and the prediction of prompt-induced
score changes in Section 4.

J Details of Experiments in Section 5

See Appendix B for the text sets, the language
models, and the computation of the log-likelihood.

Language models. In the experiment in Sec-
tion 5, we use the following K’ = 8 instruction-
tuned language models:

* Qwen/Qwen2-7B-Instruct

* Qwen/Qwen2.5-7B-Instruct

e google/gemma-2-9b-it

e meta-1lama/Llama-3.1-8B-Instruct

e meta-1lama/Llama-3.2-3B-Instruct

* meta-1llama/Meta-Llama-3-8B-Instruct
* microsoft/Phi-3-mini-128k-instruct
e mistralai/Mistral-7B-Instruct-vo.3

Prompts. We sample N = 10,000 prompts
x1,...,xn from tulu-3-sft-mixture (Lambert
et al., 2025) and use only the prompts for genera-
tion.

Generation settings. In both Section 5.1 and
Section 5.2, responses are generated using
vLLM (Kwon et al., 2023) with bfloat16 precision.
The sampling hyperparameters are summarized in
Table 9.

Parameter Value
Temperature (sampling) 1.0
Top-p (nucleus sampling)  0.95
Top-k 50
Max. response tokens 768

Table 9: Hyperparameters for text generation.

Monte Carlo estimate of KL divergence. For
the experiment in Section 5.1, we generate one re-
sponse 4. ~ p;(-|xs) for each prompt x5 and each
model p;. For each ordered model pair (p;, p;), we
compute the log-likelihood log p; (y!|zs) of texts
generated by model p;, and estimate KL(p;, p;) by
the Monte Carlo approximation corresponding to
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Qwen/Qwen2-7B-Instruct
Qwen/Qwen2.5-7B-Instruct
google/gemma-2-9b-it
meta-llama/Llama-3.1-8B-Instruct
meta-llama/Llama-3.2-3B-Instruct
meta-llama/Meta-Llama-3-8B-Instruct
microsoft/Phi-3-mini-128k-instruct
mistralai/Mistral-7B-Instruct-v0.3

Eq. (5):

pi(y!:r)}

KL(pi, pj) = E, ~p; (y|z)po(z |:10g
(Pi ps) (@,y)~pi(y|z)po(x) p;(ylz)

NZI

The estimate based on log-likelihood vectors in
(7) is symmetric in the two models. To compare
quantities of the same kind, we symmetrize the
Monte Carlo estimate as

pi(yiles)
ys"rs

1
g(KL(Pian) + KL(pj, pi)),

where both directions are estimated by the corre-
sponding Monte Carlo approximations above, and
we plot this symmetrized quantity in Figure Sa.

KL divergence based on log-likelihood vectors.
For the comparison in Section 5.1, each of the K’
models generates one response for each of the N
prompts, yielding K’ N prompt-response pairs in
total. For each model p;, we compute the con-
ditional log-likelihood log p; (y¢|x) for all these
pairs and use the resulting values as components of
a log-likelihood vector. We center each vector glob-
ally as in Section 2.2, and estimate pairwise KL
divergence from the squared Euclidean distance
between the centered vectors following (7).

Generated texts for semantic distance. For the
experiment in Section 5.2, we generate M = 10
responses

Yirs - Yinr ~ pil-|zs),

for each prompt x5 and each model p;.

Text embedding model. In Section 5.2,
we compute embeddings of generated texts
using the  Sentence-Transformer  model
all-MinilM-L6-v2 (Reimers and Gurevych,
2019), which produces 384-dimensional dense
vectors.

Semantic distance. For the comparison in Sec-
tion 5.2, we compute a semantic distance based
on pairwise cosine similarities between generated-
response embeddings. Let emb(y) € R¢ denote
the normalized embedding of text y. For each
prompt xs and model p;, we define the mean em-
bedding vector

M:

ysm
m:

We then define the semantic distance by

N
SemDist(pi,py) = - > (1~ (&, 29))
s=1

where (-, -) denotes the inner product.
To aid interpretation, write e’,, := emb(y,,).
Expanding the mean embeddings gives

SemDist(p;, p;)

, NojM M
:]‘_WZ<Z_ €oms Z e]smf>
B NM2 Z Z < Csm € >

s=1m,m'=1

1 LM S
=1- NI Z Z cos(eém,eim/> :

s=1m,m/=1

The first equality substitutes the definitions of the
mean embeddings, the second uses bilinearity of
the inner product, and the third uses the normal-
ization of each embedding. Thus, the semantic
distance is one minus the average, over prompts, of
the mean pairwise cosine similarity across the /2
response pairs from the two models. This average
pairwise cosine similarity is computed as in Jiang
et al. (2025); taking its complement makes larger
values indicate greater model dissimilarity.

Bootstrap confidence intervals. Bootstrap re-
sampling is performed over the N prompts. For
KL divergence, we resample prompt-level units and
recompute pairwise KL estimates. For semantic
distance, we likewise resample prompts and re-
compute SemDist(p;, p;) using the corresponding
mean embeddings for each resampled prompt.

K Results on Additional Language
Models

In Section 5.1, we compared the log-likelihood-
vector-based KL estimate with a Monte Carlo es-
timate using K’ = 8 models. Here, we repeat the
comparison with a broader set of K’ = 24 models.

Language models. We use the following K’ =
24 instruction-tuned language models of various
sizes and architectures, selected from the set of
K = 552 models described in Appendix B:

* 01-ai/Yi-1.5-9B-Chat-16K

* BramVanroy/fietje-2-instruct

* IlyaGusev/gemma-2-2b-it-abliterated
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01-ai/Yi-1.5-9B-Chat-16K
BramVanroy/fietje-2-instruct
IlyaGusev/gemma-2-2b-it-abliterated

* MaziyarPanahi/calme-3.2-instruct-3b

* MaziyarPanahi/calme-3.3-instruct-3b

* Qwen/Qwen1.5-0.5B-Chat

* Qwen/Qwen2-0.5B-Instruct

* Qwen/Qwen2-7B-Instruct

* Qwen/Qwen2.5-7B-Instruct

* Qwen/Qwen2.5-7B-Instruct-1M

* Qwen/Qwen2.5-Coder-14B-Instruct

* google/gemma-2-9b-it

e google/gemma-2b-it

e grimjim/Llama-3-Instruct-8B-SPPO-1I
ter3-SimPO-merge

e Imsys/vicuna-7b-v1.5

e lordjia/Llama-3-Cantonese-8B-Instr
uct

* meta-llama/Llama-3.1-8B-Instruct

e meta-1lama/Llama-3.2-3B-Instruct

e meta-1lama/Meta-Llama-3-8B-Instruct

* microsoft/Phi-3.5-mini-instruct

e mistralai/Mistral-7B-Instruct-vo.3

* princeton-nlp/Mistral-7B-Instruct-C
PO

e speakleash/Bielik-11B-v2.3-Instruct

* vQ00000/Qwen2.5-14B-Gutenberg-Instr
uct-Slerpeno

Prompts. We sample N = 1,000 prompts
x1,...,xn from tulu-3-sft-mixture (Lambert
et al., 2025) and use only the prompts for genera-
tion.

Estimation of KL divergence. The two KL
estimates are computed in the same way as in
Appendix J. As in Section 5.1, we symmetrize
the Monte Carlo estimate as 5(KL(p;,p;) +
KL(pj, p;)) and compute Spearman’s p and Pear-
son’s r over all 276 = 24 x 23/2 unordered
model pairs. For reference, we also compute
the correlations without symmetrization over all
552 = 24 x 23 ordered model pairs, excluding
the diagonal. In the latter comparison, the log-
likelihood-vector-based estimate is identical for the
two directions of each model pair, whereas the di-
rectional Monte Carlo estimates can differ.

Results. The symmetrized estimates are strongly
correlated (Spearman’s p = 0.834; Pearson’s
r = 0.786). Although lower than the p = 0.94
observed with eight models in Section 5.1, the
rank correlation remains substantial. Without sym-
metrization, the correlations decrease to p = 0.710
and r = 0.659, consistent with the directional mis-
match described above.

KL Model pairs #pairs Spearman p Pearson r

Symmetrized All 276 0.834 0.786
Same family 58 0.908 0.909
Different families 218 0.781 0.732
w/o Symmetrization ~All 552 0.710 0.659
Same family 116 0.865 0.830
Different families 436 0.617 0.577

Table 10: Correlation between the Monte Carlo esti-
mate of KL divergence and the estimate based on log-
likelihood vectors for the K’ = 24 models.

Effect of model diversity. Table 10 shows the
correlations grouped by whether the two models
in each pair belong to the same family. The 24
models are grouped into six families according
to their base models: Qwen (9 models), Llama
(6), Gemma (3), Mistral (3), Phi (2), and Yi (1),
which yields 58 same-family and 218 different-
family unordered pairs. Under both conventions,
the correlation is higher for same-family pairs (sym-
metrized: p = 0.908, » = 0.909) than for different-
family pairs (symmetrized: p = 0.781, r = 0.732).
This is consistent with the assumption underlying
the variance approximation in Section 2.3, namely
that the models are sufficiently close to the data-
generating distribution. It also suggests that the
lower correlation compared to Section 5.1 reflects
the greater diversity of the present model set.

L Estimation of CO2 Emissions

We estimate the COo emissions associated with
computing the log-likelihood vectors using Car-
bonTracker v2.4.5 (Anthony et al., 2020). We mea-
sure the GPU energy consumption for a representa-
tive sample of models on a single NVIDIA A6000
GPU; the measured cost is approximately 115 Wh
per model per 10,000 texts. Scaling this to 552
models and 5 prompt settings gives approximately
317 kWh in total. Converting this energy using the
average grid carbon intensity of Japan, where the
experiments are conducted, yields approximately
153 kgCOseq.'?

''We use 482.32 gCO2eq/kWh, the 2024 country-average
carbon intensity for Japan bundled with CarbonTracker.
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