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Abstract

Large Language Models (LLMs) often strug-
gle with rigorous logical reasoning, suffering
from hallucinations and inconsistent deduction.
Chain-of-Thought (CoT) prompting relies heav-
ily on the frozen model’s inherent capabilities,
while neuro-symbolic approaches face a “trans-
lation reliability” bottleneck in which semantic
parsing errors mislead external solvers. Recent
work attempts to infuse symbolic capabilities
via fine-tuning, but typically mimics forward
reasoning, suffering from search-space explo-
sion and irrelevant intermediate facts that di-
lute attention. We propose SOLID (Symbolic
Oriented Logic Infusion via Dual-verification),
a framework that synthesizes high-quality su-
pervision through a Dual-Verification Mecha-
nism: bidirectional consistency checks filter
out hallucinated translations. Crucially, in-
stead of forward chaining, we execute validated
translations to generate backward reasoning
traces—verifying necessary premises from the
goal. By fine-tuning on these focused, goal-
oriented paths, SOLID infuses the model with
the efficient deduction process of a symbolic
engine. Experiments on PRONTOQA, LOGIC-
NLI, and PROOFWRITER demonstrate state-
of-the-art accuracy, significantly outperform-
ing CoT baselines, solver-based methods, and
forward-chaining variants. Code and data are
available at: https://github.com/ejie22/SOLID.

1 Introduction

Large Language Models (LLMs) have achieved re-
markable success across various natural language
processing tasks, exhibiting emergent abilities in
few-shot learning and instruction following (Brown
et al., 2020; Ouyang et al., 2022). However, despite
their fluency, LLMs continue to struggle with rig-
orous multi-step logical reasoning (Cheng et al.,
2025; Saparov and He, 2023). They are prone to
hallucinations and unfaithful reasoning processes,
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particularly in scenarios requiring strict adherence
to logical rules, such as mathematical proving or
legal reasoning (Ji et al., 2023; Turpin et al., 2023).

To bridge this gap, Chain-of-Thought (CoT)
prompting (Wei et al., 2022; Kojima et al., 2022)
has emerged as a popular technique to elicit rea-
soning, and now anchors a broad family of prompt-
engineering strategies (Liu et al., 2026). By en-
couraging the model to generate intermediate steps,
CoT significantly improves performance. However,
prompting strategies rely fundamentally on the
frozen model’s parametric knowledge. They lack
explicit alignment with symbolic logic, often lead-
ing to plausible-sounding but logically invalid de-
duction steps (Saparov and He, 2023; Turpin et al.,
2023). Furthermore, standard CoT typically suffers
from a lack of goal orientation, causing models
to lose track of the objective in complex search
spaces (Kazemi et al., 2023; Yao et al., 2023).

Alternatively, Neuro-Symbolic approaches seek
to combine LL.Ms with external deductive solvers
to guarantee correctness. In frameworks such
as Logic-LM (Pan et al., 2023) and Program of
Thoughts (Chen et al., 2023), the LLM acts as a
semantic parser, translating natural language into
formal logic (e.g., Prolog) for execution. While
theoretically rigorous, these systems face a crit-
ical ““translation reliability’’ bottleneck. As
noted by prior studies (Feng et al., 2024; Lyu
et al., 2023), if the LLM generates an incorrect
formal representation—such as misinterpreting a
quantifie—the external solver will inevitably pro-
duce a valid but factually wrong conclusion, or
simply fail to execute. Moreover, relying on exter-
nal tools restricts the model’s flexibility.

To address these dependencies, recent works
infuse symbolic capabilities into LLMs through
instruction tuning (Feng et al., 2024), part of
a wider effort to train compact models to rea-
son by fine-tuning them on traces produced by a
stronger source (Wang et al., 2026). However, these
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methods predominantly rely on Forward Chaining
(bottom-up reasoning), starting from known facts
and iteratively deriving new conclusions. Forward
reasoning suffers from search-space explosion in
complex multi-hop scenarios: by exhaustively gen-
erating all possible implications regardless of their
relevance to the goal, it produces irrelevant inter-
mediate facts that dilute the model’s attention as
the reasoning chain lengthens. Prior backward-
chaining strategies (Kazemi et al., 2023; Lee and
Hwang, 2025) alleviate such inefficiencies but re-
main confined to prompting or solver-augmented
paradigms, failing to achieve parameter-level infu-
sion.

In this paper, we propose SOLID (Symbolic
Oriented Logic Infusion via Dual-verification),
which aligns LLMs with a Horn-like fragment of
First-Order Logic (FOL) through verifiable back-
ward reasoning. By learning to reason recursively
from the conclusion back to necessary premises,
SOLID naturally prunes irrelevant branches and
maintains a focused, minimal reasoning path even
in deep deduction. Specifically, a teacher LLM
translates logical problems into formal specifica-
tions, and a Dual-Verification Mechanism uses an
automated solver to filter out translation errors via
bidirectional consistency. The solver then produces
backward reasoning traces from the validated spec-
ifications; fine-tuning on these goal-directed paths
infuses the student LLM with the solver’s deduc-
tive process while removing the need for external
tools at inference.

Our contributions are summarized as follows:

* We propose SOLID, the first framework to
fine-tune LLMs on full solver-generated back-
ward reasoning traces. By training on the en-
tire search history—including failed attempts
and dead ends—SOLID trains models to gen-
erate explicit failure-detection and backtrack-
ing steps, and addresses search-space explo-
sion.

* We develop a specialized backward solver for
a Horn-like FOL fragment, paired with a Dual-
Verification Mechanism that validates neuro-
symbolic translations via bidirectional con-
sistency. The resulting supervision consists
of label-consistent translations paired with
solver-verified, logically sound traces.

* We conduct extensive experiments on three
benchmarks: PRONTOQA (Saparov and He,

2023), LoGICNLI (Tian et al., 2021), and
PROOFWRITER (Tafjord et al., 2021), where
SOLID achieves state-of-the-art performance,
significantly outperforming existing baselines.

2 Preliminaries

2.1 Problem Formulation

We define the logical reasoning task as determin-
ing the semantic relationship between a context C
(comprising facts F and rules R) and a query S.
Adopting a unified provability schema, we classify
this relationship into four states—Entailment, Con-
tradiction, Neutral, and Self-Contradiction—based
on the joint provability of .S and =5 (see Figure 1).

To support rigorous deduction, natural language
inputs are mapped into First-Order Logic (FOL)—
specifically, the Horn-like fragment characterized
in Appendix A—where facts are represented as
ground atoms (e.g., Red(Apple)) and rules as log-
ical implications. To streamline resolution, we
normalize rules into standard forms depending on
whether the quantified variable appears free in the
consequent.

For rules where the consequent does not depend
on the quantified variable, we apply the following
standard FOL equivalence to convert existential an-
tecedents into universally quantified implications:

(Jz. P(z)) - Q = Vz.(P(z) > Q) (1)

This side-condition is essential: the equivalence
holds only when x does not occur free in (). For
rules where the consequent does contain = (e.g.,
“If someone i1s concerned and serious, then fe is
entire,” where () = Entire(x)), we directly use the
universally quantified form Vz. (P(z) — C(z))
without invoking the above rewriting. This case-
by-case treatment ensures semantic fidelity across
all rule types.

The purpose of the normalization is to give every
rule a single search interface. After rewriting, an
existential-antecedent rule carries one outermost V
over an implication, so it enters backward search
through the same goal-to-head unification path as
an ordinary universal rule and needs no dedicated
proof strategy. Because the rewriting is an exact
equivalence whenever its side condition holds, the
normalized theory is logically identical to the orig-
inal, and the solver’s soundness and completeness
over the supported fragment (Appendix A) carry
over unchanged.
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Figure 1: Classification by the joint provability of S
and —.S under context C. : provable from C; ¥: not
provable.

2.2 The Neuro-Symbolic Paradigm

Standard neuro-symbolic frameworks decouple rea-
soning into semantic parsing and symbolic execu-
tion. A neural parser Py translates input X into
a formal specification ®, which a deterministic
solver F executes to derive the answer y. However,
this pipeline suffers from a Translation Bottleneck:
unlike robust neural models, symbolic solvers are
brittle; even minor parsing errors cause execution
failure, leading to severe error cascading. This bot-
tleneck concerns what the solver executes; in our
pipeline it is addressed at data-synthesis time by
Dual-Verification (Section 3.2), and is moot at in-
ference, where the student runs no parse-then-solve
pipeline.

A separate question is how the solver searches.
Forward Chaining (data-driven) often suffers from
search space explosion by deriving irrelevant in-
termediate facts. In contrast, we adopt Backward
Chaining (goal-driven), which initiates search from
the query and recursively verifies only necessary
premises. This approach naturally prunes irrelevant
branches, yielding a focused and minimal reason-
ing trace essential for efficient question answering.

3 Methodology

The overall architecture of SOLID is illustrated in
Figure 2. Our three-stage pipeline synthesizes high-
quality supervision data: (1) Neural Semantic
Translation (Section 3.1), (2) Dual-Verification
Mechanism (Section 3.2), and (3) Backward
Trace Synthesis (Section 3.3), whose output is
used to fine-tune the Student LLM.

3.1 Neural Semantic Translation

The first step is to bridge the gap between informal
natural language and formal symbolic representa-
tion. We employ a powerful off-the-shelf LLM
(e.g., DeepSeek-V3) as the Semantic Parser, de-
noted as Mycqcher-

Given a dataset sample (X,y), where the in-
put X comprises a context C and a query state-
ment S, and y is the gold provability label drawn
from Entailment, Contradiction, Neutral, or Self-
Contradiction, we construct a few-shot prompt P
that instructs the model to: (1) decompose C into
Facts F and Rules R; and (2) parse F, R and S
into a symbolic format ®. The entire natural lan-
guage input is converted into a structured symbolic
specification ®, comprising the sets of normalized
facts Fy,, rules R,,, and the formal target statement
S

P = (-Fn, Rru Sn) — Mteacher(X; P) (2)

Driven by few-shot instructions, the output follows
standardized First-Order Logic formats, such as
Universal Rules and Ground Implications (details
in Appendix A). Note that while this format guaran-
tees syntactic executability for the solver, semantic
errors (e.g., hallucinations) may persist, necessitat-
ing the subsequent verification stage.

3.2 The Dual-Verification Mechanism

To safeguard against translation errors, we em-
ploy a Dual-Verification Mechanism that validates
the generated symbolic context against the ground
truth label y. Our Backward Solver performs Dual-
Branch Execution, attempting to construct proof
trees for both the statement S,, and its negation
—Sp.

A translated sample is retained if and only if the
solver’s execution outcomes strictly align with the
expected logical profile defined by y, as illustrated
in Figure 1. For instance, a label of Entailment re-
quires the solver to prove S, while failing to prove
—Sy,. This rigorous alignment effectively filters out
hallucinated translations that are syntactically valid
but semantically inconsistent with the original text.
Stages 2 and 3 share a single solver engine (Algo-
rithm 1, Appendix B): the same implementation
produces these verification verdicts and the training
traces of Section 3.3.

3.3 Backward Trace Synthesis

Once a symbolic specification ¢ passes the Dual-
Verification mechanism, it is deemed a high-quality

34854



Context(C):

Baird is concerned. Baird is serious. If
someone is concerned and serious, then
he is entire.

Raw Input

Label(y):Entail

Statement(S): Baird is entire.

s 3 Entailment

, Translation \‘I | S —— /
Classifying

i @ Teacher LLM 1 (Cn L Sn)
i Formalization |
A True
Backward Entailmen
Solver Filter
Formal Output (filter data)
Facts(F): False
Concerned(baird), Serious(baird)
Rules(R): (Cn L _‘Sn)
Vx: (Concerned(x) A Serious(x) -> Entire(x))
=S,: Not i
Statement(S,,): Entire(baird). ittt (bail‘ d)

Step 1l:Neural Semantic
Translation

Mechanism

Step 2:The Dual-Verification

/" Statement: Baird is entire.
{ Baird is entire is not a given fact.
Complete Proof Process:
Goal: baird is entire
Attempt 1: If someone is both concerned and
serious, then he is entire.
Substitution: {x': ‘baird'}
Subgoals. - —
1. baird is concerned Reasoning
2. baird is serious (positive statement) Test Data
Prove baird is concerned:
baird is concerned is a given fact.
Prove baird is serious:
baird is serious is a given fact.
\ Al subgoals proven -> baird is entire is true. | .
N Answer: True v Fine-
e g tuning Student
LLM
| Pass Backward Solver
(construct data)
positive
y statement
: ; Statement: Baird is not entire. negative
i1 Baird is not entire is not a given fact. i Statement
No applicable rules found for Baird is not — Reasonings
e Reasoning i Provability
Answer: False - |
9 (negative statement) |} l

Answer

Step 3:Backward Trace

Synthesis & Fine-tuning Stepd:Inference

Figure 2: Overview of the SOLID Framework. The pipeline is organized into two distinct phases: Training Data
Synthesis (Steps 1-3) and Inference (Step 4). During the training phase: (1) Neural Semantic Translation: A
Teacher LLM translates natural language into symbolic facts and rules; (2) The Dual-Verification Mechanism: To
filter translation errors, the Backward Solver verifies logical consistency for both the positive statement (.5,,) and
its negation (—.5,); (3) Backward Trace Synthesis & Fine-tuning: The solver generates goal-oriented reasoning
traces to supervise the Student LLM. Finally, in the Inference Phase: (4) Inference: The fine-tuned Student LLM
applies its infused symbolic capabilities to perform solver-free reasoning on unseen test data.

representation of the ground truth. The final objec-
tive is to convert the solver’s execution path into
a natural language Backward Chain-of-Thought
(CoT), denoted as Cp,,, which serves as the su-
pervision signal for the student model. Figure 3
illustrates the dual-branch traces produced by the
solver for a representative sample, with the five
trace components colour-coded.

3.3.1 Backward Solver Execution Process

Our solver executes a rigorous goal-directed search
to construct validity proofs. The complete execu-
tion procedure is formalized in Algorithm 1 (Ap-
pendix B). To address the efficiency bottlenecks
common in naive backward chaining (e.g., infi-
nite recursion or redundant search), we introduce a
Simplicity-First Strategy that dynamically priori-
tizes reasoning paths.

Simplicity-First Rule Selection. When multiple
rules can derive a goal G, random selection often
leads to suboptimal paths. Instead, we retrieve all
candidate rules €2 and rank them using a heuristic
scoring function Score(r) € {1,2,3}. Rules are
categorized into three levels based on the state of
their antecedents in the current knowledge base:

* Priority 3: Directly Grounded (Highest).
The rule’s antecedents are already explic-
itly satisfied by known facts (e.g., all sub-
conditions are in F). Applying this rule re-
quires no further search and is verified imme-
diately.

e Priority 2: Inferentially Plausible
(Medium). The antecedents are not facts,
but they appear as consequents in other
available rules. This indicates that a valid
deductive chain likely exists, warranting
further recursion.

Priority 1: Speculative (Lowest). The an-
tecedents are neither facts nor derivable from
other rules. While not definitively false, this
path represents the least promising search di-
rection.

By sorting {2 in descending order of priority,
the solver mimics human intuition: validating di-
rect facts first, then deducing likely consequences,
and minimizing speculative search. Ties are broken
deterministically: rules sharing a score retain their
order of appearance in the parsed knowledge base
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Input (Raw Data)

Facts:
- Nathalie is not blue.
- Gabriel is concerned.
- Nathalie is not concerned.
- Baird is concerned.
. (more facts here) ...

Rules: FOL
- If someone is concerned and serious, Backward
then he is entire, and vice versa.
Solver

- If Nathalie is not blue, then
Collier is entire.

- If there is someone who is either
not concerned or fresh, then John
is entire.

... (more rules here) ...

Statement:

Collier is concerned.

\.

Output (Dual-Branch Traces)

[Trace 1: Proving Statement S1]
Statement: Collier is concerned.
Collier is concerned is not a given fact.
Complete Proof Process:
Goal: collier is concerned
Attempt 1: If someone is concerned and serious,
then he is entire, and vice versa. (right-to-left)
Substitution: {’x’: ’collier’}
Subgoals: 1. collier is entire
Prove collier is entire:
Attempt 1: If Nathalie is not blue, then Collier is entire.
Subgoals: 1. nathalie is not blue
Prove nathalie is not blue:
nathalie is not blue is a given fact.
All subgoals proven -> collier is entire is true.
All subgoals proven -> collier is concerned is true.
Answer: True
[Trace 2: Proving Negation —S1]
Statement: Collier is not concerned.
collier is not concerned is not a given fact.
No applicable rules found for collier is not concerned.
Answer: False

J

Figure 3: Visualization of the Solver-Generated Data. Left: The raw data. Right: The solver generates traces for
both the statement (.S) and its negation (—.5). Top: A successful proof trace for S, annotated with: Rule Selection
(Red), Substitution (Blue), Subgoals (Purple), Fact Check (Teal), Verification (Green). Bottom: The solver

correctly returns False for —.5.

(we apply a stable sort), so trace generation is fully
reproducible.

Execution Constraints and Optimization. Be-
yond prioritization, the solver enforces strict exe-
cution constraints to ensure robustness (see Algo-
rithm 1 in Appendix B). We implement Memoiza-
tion (using a global cache M) to avoid redundant
computations for visited states. Crucially, Cycle
Detection is performed by maintaining a recursion
stack S; if the current goal GG appears in S, the
branch is terminated to prevent infinite loops. Fi-
nally, logical Short-Circuiting is applied, where
an AND-condition fails immediately upon the first
unproven sub-goal, and an OR-condition succeeds
as soon as a valid rule path is found.

3.3.2 Natural Language Trace Linearization

To train the student model, we serialize the hier-
archical execution log 7 into a structured natural
language format Cp,, using a Full Trace strategy.
Distinct from optimal-path-only methods, our lin-
earization preserves the entire search history,
including all failed attempts and dead ends ex-
plicitly (see Appendix E for a comparison). This
design is pivotal: as verified in our Ablation Study
(Section 4.4), exposing the model to such “trial-
and-error” processes is critical for robust reasoning.
To facilitate the infusion of backward chaining me-
chanics, we highlight five structural components in

the generated trace:

1. Rule Selection (Red): The trace logs the spe-
cific implication rule retrieved from the knowl-
edge base (e.g., “Attempt 1: If someone is
concerned...”), teaching the model to identify
relevant premises for the current goal.

2. Variable Substitution (Blue): We explicitly
state the unification binding o (e.g., “Substi-
tution: {‘x’: ‘collier’}”), forcing the model to
understand how abstract quantifiers apply to
specific entities.

3. Subgoals Decomposition (Purple): The
trace breaks down the antecedent of the se-
lected rule into a list of required sub-proofs
(e.g., “Subgoals: 1. collier is entire”’), demon-
strating the recursive nature of the problem.

4. Fact Check (Teal): When a goal matches the
known facts, the trace explicitly confirms it
(e.g., “nathalie is not blue is a given fact”),
grounding the reasoning in the provided con-
text.

5. Logical Verification (Green): The trace syn-
thesizes the results of subgoals to validate the
parent goal (e.g., “All subgoals proven — col-
lier is concerned is true”), ensuring logical
consistency.
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For every raw input entry, our framework exe-
cutes the solver on both the positive statement (.S;,)
and its logical negation (—.5,,), thereby generating
two distinct instruction-tuning samples from a
single context. This mechanism effectively doubles
the dataset scale.

3.4 Fine-tuning Open-source LL.Ms

The final phase is to infuse this symbolic reason-
ing capability into a student LLM, M gy gent- We
construct an instruction-tuning dataset Dy,qin =
{(X, Cyw) }}¥, consisting of the natural language
input, the solver-generated backward trace, and the
final answer. By training on these high-quality,
dual-verified traces, M ydent learns to simulate
the backward solver’s operation, achieving high-
accuracy logical reasoning without accessing exter-
nal tools during inference.

4 [Experiments

4.1 Experimental Setup

Datasets. We select three benchmarks represent-
ing a gradient of logical complexity. We begin
with ProntoQA (Saparov and He, 2023) (5-hop
subset) to evaluate standard deduction under the
Closed-World Assumption (CWA). Next, we em-
ploy ProofWriter (Tafjord et al., 2021) (Depth-
5) to assess reasoning under the Open-World As-
sumption (OWA), which involves handling nega-
tion and unknown facts. Finally, we include Log-
icNLI (Tian et al., 2021) to test the generaliza-
tion to complex logical connectors, such as bi-
conditionals. Detailed statistics and training set-
tings are provided in Appendix F.

Baselines. We evaluate SOLID against compre-
hensive state-of-the-art methods categorized into
three paradigms. (1) Prompt-based Methods: Us-
ing GPT-40 as the backbone, we compare with
Standard CoT (Wei et al., 2022), SymbCoT (Xu
et al.,, 2024), and LAMBADA (Kazemi et al.,
2023), which decomposes reasoning into modu-
lar backward-chaining sub-tasks. We also include
Aristotle (Xu et al., 2025), a recent SOTA method
utilizing a decompose-search-resolve architecture.
(2) Solver-based Methods: We compare against
Logic-LM (Pan et al., 2023) and VERUS-LM (Calle-
waert et al., 2026). Additionally, we evaluate
SymBa (Lee and Hwang, 2025), which integrates
an SLD Resolution solver to control the deduction
process, invoking LLLMs only for necessary infor-
mation retrieval. (3) Fine-tuning Methods: We

select LoGiPT (Feng et al., 2024), which fine-tunes
Llama models on solver-derived instruction data.
Additionally, we report SOLID (Forward), a variant
of our model trained on forward-chaining traces, to
explicitly verify the superiority of our backward-
chaining strategy. Detailed configurations for all
baselines are provided in Appendix G.

Implementation Details. We use Llama-2-7B
and Qwen-2.5-7B-Instruct as our base models.
Fine-tuning is performed using LoRA (Low-Rank
Adaptation) with 7 = 64 and o = 128. We train for
3 epochs with a learning rate of 5 x 107°. All ex-
periments are conducted on a single Nvidia A100-
40G GPU. The teacher model M ,cher used for
semantic translation is DeepSeek-V3 throughout.
To ensure reproducibility, all fine-tuning runs use
a fixed random seed (seed= 42), and inference
uses greedy decoding. Table 1 reports the seed-42
checkpoint; across three seeds the standard devia-
tion is at most 2.4 points, so the margins reported
below substantially exceed seed-induced variation
(Appendix D).

4.2 Main Results

Table 1 summarizes the performance of SOLID
compared to state-of-the-art baselines across three
logical reasoning benchmarks. The results demon-
strate that our framework achieves superior ac-
curacy, consistently outperforming both GPT-4o-
based methods and existing fine-tuning approaches.

Overall Performance. Our best model, SOLID
(Qwen-2.5-7B), establishes a new state-of-the-art
with an impressive average accuracy of 97.9%. It
achieves saturation on ProntoQA (100.0%) and
demonstrates remarkable robustness on the com-
plex LogicNLI dataset (96.0%). Even when using
the Llama-2-7B backbone, SOLID achieves an av-
erage accuracy of 94.8%, surpassing the strongest
baseline (Aristotle with GPT-40) by a substantial
margin of +9.3%.

Comparison with Prompt-based and Solver-
based Methods. A key finding is that SOLID,
despite utilizing significantly smaller open-source
models (7B parameters), consistently outperforms
methods relying on the powerful proprietary GPT-
4o.

* On the challenging LogicNLI benchmark,
which requires handling complex logical con-
nectors (e.g., “if and only if”’), prompt-based
methods struggle (CoT: 61.0%, Aristotle:
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Method Backbone ProntoQA  ProofWriter LogicNLI  Avg
Prompt-based Methods
Chain-of-Thought (CoT) GPT-40 98.0 77.2 61.0 78.7
SymbCoT (Xu et al., 2024) GPT-40 99.4 82.5 58.7 80.2
LAMBADA (Kazemi et al., 2023) GPT-4 Turbo 96.0 69.7 - -
Aristotle (Xu et al., 2025) GPT-40 99.0 88.7 68.7 85.5
Solver-based Methods
Logic-LM (Pan et al., 2023) GPT-40 83.2 73.0 53.2 69.8
VERUS-LM (Callewaert et al., 2026) GPT-40 95.8 93.8 - -
SymBa (Lee and Hwang, 2025) GPT-4 Turbo 96.3 79.8 - -
Fine-tuning Methods
LoGiPT (Feng et al., 2024) CodeLlama-13B 95.6 89.5 - -
SOLID (Forward) Llama-2-7B 99.8 70.7 31.7 67.4
SOLID (Ours) Llama-2-7B 99.8 92.7 92.0 94.8
SOLID (Ours) Qwen-2.5-7B 100.0 97.8 96.0 97.9
Improvement vs. Best Baseline - +0.6 +4.0 +27.3 +12.4

Table 1: Accuracy (%) comparison on ProntoQA, ProofWriter, and LogicNLI. Bold indicates the best overall
performance; underline indicates the best baseline performance (excluding SOLID). The last row shows the absolute
improvement of our best model over the strongest baseline. Results for LAMBADA and SymBa are sourced from
Lee and Hwang (2025) using GPT-4 Turbo. Entries marked “-” indicate that the original work did not report results

on the corresponding benchmark.

68.7%). In contrast, SOLID (Llama-2-7B)
achieves 92.0% accuracy. This indicates that
fine-tuning on high-quality, solver-generated
traces infuses the model with complex logical
rules more effectively than in-context learn-
ing.

* Compared to Solver-based methods like
Logic-LM (Avg 69.8%) and VERUS-LM,
SOLID avoids the brittleness of neuro-
symbolic translation errors. While VERUS-
LM performs well on ProofWriter (93.8%),
it is unable to handle LogicNLI. This is be-
cause its strict constraint inconsistency detec-
tion mechanism lacks the flexibility to resolve
the self-contradictory scenarios inherent in
this diagnostic benchmark.

Comparison with Fine-tuning Baselines. Com-
pared to LoGiPT (Feng et al., 2024), which
utilizes CodeLlama-13B, our SOLID (Llama-2-
7B) achieves higher accuracy on both ProntoQA
(+4.2%) and ProofWriter (+3.2%) despite using a
smaller model backbone. To remove the backbone
as a confound entirely, we additionally train SOLID
on LoGiPT’s exact backbone, Codel.lama-13B;
with the backbone held identical, supervision data
becomes the only variable and the margins widen
further (Appendix H). Both readings point the same
way: our Backward Solver generates higher-quality
supervision data than the traces used in LoGiPT.

Impact of Reasoning Direction. To explicitly
verify the effectiveness of our backward-chaining
strategy, we compare SOLID (Backward) against
a variant trained with Forward Solver traces. Both
variants use the same Full-Trace linearization (re-
taining failed attempts and dead ends) and the same
teacher model, isolating reasoning direction as the
only factor of variation. As shown in Table 1,
the backward-chaining model consistently outper-
forms the forward-chaining variant (Avg 94.8% vs.
67.4%).

Crucially, the performance gap correlates
strongly with task complexity: while identical on
ProntoQA, it widens drastically on the complex
LogicNLI (92.0% vs. 31.7%). Forward chaining
operates in a data-driven, bottom-up manner, ex-
haustively deriving all possible facts regardless of
their relevance to the query. In complex tasks re-
quiring deep reasoning, this process generates a
plethora of irrelevant intermediate facts. These re-
dundant thoughts clutter the context and dilute the
model’s attention, causing confusion and logical
incoherence as the sequence length increases. To
quantify this, we measured the average number of
intermediate conclusions per problem under each
strategy; the results are summarized in Table 2.

Forward chaining produces 7.3 x more intermedi-
ate conclusions than backward on ProntoQA, and
2.0x more on the harder LogicNLI. The ratio con-
firms that forward chaining produces substantially
more unfocused content, with the absolute volume
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Benchmark Forward Backward Ratio

ProntoQA 9.21 1.27 7.3x
LogicNLI 16.69 8.44 2.0x

Table 2: Average number of intermediate conclusions
per problem under forward and backward chaining.
The ratio (Forward/Backward) quantifies how much un-
focused content forward chaining produces; the gap
widens on the harder benchmark.

of spurious derivations growing on tasks where
many irrelevant facts are derivable. In contrast,
our goal-oriented backward reasoning naturally
prunes irrelevant branches, maintaining a minimal
and focused reasoning trace. This ensures that the
model remains aligned with the query even during
deep multi-hop inference, effectively mitigating the
chaos caused by search space explosion.

4.3 Validity of the Generated Traces

Answer accuracy alone cannot distinguish a model
that has internalized the solver’s procedure from
one that guesses an answer and then produces a
plausible-looking justification. Because our traces
follow a rigid, machine-generated grammar, stu-
dent outputs are mechanically parseable, and we
audit them under three increasingly strict criteria,
all computed over correctly-answered items. Step-
level validity scores individual assertions against
the natural-language context, with partial credit.
Branch-level validity is all-or-nothing per reason-
ing branch: a single flawed assertion invalidates the
whole branch. Fully sound proofs additionally re-
plays each branch through our solver, and accepts
it only when the reasoning is logically sound as
well as well-formed—every inference must be re-
derivable, so a branch that leans on a conclusion
it never established fails even if its narrative reads
correctly. The three criteria are nested; Appendix J
gives the definitions in full.

Benchmark Step-level Branch-level Fully sound

ProntoQA 100.00 100.00 100.00
ProofWriter ~ 99.42 98.10 97.64
LogicNLI 99.64 98.90 96.50

Table 3: Trace validity of SOLID (Llama-2-7B) over
correctly-answered items (%). Step-level: legal as-
sertions over all assertions. Branch-level: issue-free
branches over all branches. Fully sound: branches
that are issue-free and survive solver replay, over all
branches.

As Table 3 shows, step-level validity is 99.4—

Configuration ProntoQA ProofWriter LogicNLI

Full SOLID 99.8 92.7 92.0
w/o Dual-Ver.  100.0 +0.2)  92.0(-0.7) 87.0(-5.0)
w/o Full Traces 99.8 (0.0) 79.9(-12.8)  75.0(-17.0)
w/o S.F. 99.8 (0.0) 92.9 (+0.2) 90.3 (-1.7)

Table 4: Ablation results (accuracy %). Numbers in
parentheses show the absolute change A vs. full SOLID.
“w/o S.E” = remove Simplicity-First strategy.

100% and branch-level validity 98.1-100%, so cor-
rect answers are overwhelmingly accompanied by
derivations that survive an assertion-by-assertion
check; the student is not producing post-hoc ra-
tionalizations for guessed answers. The residual
gap to fully sound proofs, widest on LogicNLI
(98.90 — 96.50), consists of branches that pass ev-
ery assertion-level check yet contain an inference
the solver cannot re-derive.

4.4 Ablation Study

To verify the contribution of our key components,
we conduct ablation studies using the Llama-2-
7B backbone, investigating three critical aspects:
Dual-Verification Mechanism, Full Search Traces,
and Simplicity-First Strategy. Table 4 summarizes
the results.

Impact of Dual-Verification Mechanism. The
Dual-Verification module acts as a strict filter, cre-
ating a critical trade-off between data quantity and
data quality. Removing this module (“w/o Dual-
Ver.”) retains more training samples but inevitably
introduces noisy, invalid translations. The impact
diverges significantly based on task complexity:

* On ProntoQA, performance remains saturated
(100.0%). For simpler deductive tasks, the
model benefits primarily from the increased
volume of data, making it robust to minor
noise; the gain from observing diverse reason-
ing templates outweighs the harm caused by
occasional error entries.

* Conversely, on LogicNLI, performance drops
significantly (—5.0%). This dataset involves
intricate semantics where the connection be-
tween the natural language context and the
reasoning proof is highly specific. The noise
introduced by unfiltered data disrupts this del-
icate alignment, leading the model to halluci-
nate valid proofs for mismatched premises.
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Necessity of Full Search Traces. Removing
failed attempts and dead ends (‘“‘w/o Full Traces”)
leads to a catastrophic performance collapse on
LogicNLI (—17.0%) and ProofWriter (—12.8%).
This highlights that for complex problem spaces,
learning “what not to do”—specifically backtrack-
ing and error recognition—is just as critical as
learning the correct path. By exposing the model to
the solver’s trial-and-error process, SOLID effec-
tively teaches the model to navigate and prune the
search space, a capability that is lost when training
solely on sanitized optimal solutions.

Analysis of Simplicity-First Strategy. The
Simplicity-First strategy regulates the trade-off
between search efficiency and the richness of
the reasoning process. Removing this constraint
(“wlo S.E.) forces the solver to follow the default
retrieval order, leading to divergent outcomes:

* On ProntoQA, performance remains un-
changed (A = 0.0). Since the candidate rule
set for each step is typically singular in this
simple dataset, the heuristic ranking is indis-
tinguishable from the default order.

* On ProofWriter, we observe a counter-
intuitive improvement (A = +0.2%) with-
out S.F. The default order produces less opti-
mized, longer inference paths; the extended
traces provide richer supervision signals, act-
ing as a form of “process augmentation” that
enhances model robustness.

* Conversely, on LogicNLI, performance de-
clines (A = —1.7%). In this highly complex
domain, the unoptimized default order leads
to excessive path lengths and a proliferation
of useless branches, manifesting as distracting
noise rather than informative context.

5 Related Work

Chain-of-Thought and Backward Reasoning.
While Chain-of-Thought (CoT) (Wei et al., 2022)
enhances reasoning, it remains prone to hallucina-
tion and lacks goal-orientation. Advanced methods
like Tree-of-Thoughts (Yao et al., 2023) and LAM-
BADA (Kazemi et al., 2023) introduce structured
backward search to mitigate this, but they rely heav-
ily on complex prompting strategies that incur high
inference costs. In contrast, SOLID addresses these
limitations by fine-tuning to infuse the model with
rigorous backward chaining, effectively replacing

expensive runtime search with learned algorithmic
stability.

Neuro-Symbolic Reasoning. Neuro-Symbolic
Al typically combines neural parsers with exter-
nal solvers to ensure robustness (Pan et al., 2023;
Ye et al., 2023). Recent systems like SymBa (Lee
and Hwang, 2025) deepen this by using solvers
to explicitly control the reasoning process. How-
ever, these solver-dependent approaches introduce
significant runtime latency and deployment com-
plexity. SOLID proposes a philosophy of Infusion:
we utilize the symbolic solver solely during train-
ing to synthesize supervision, allowing the LLM to
absorb deductive logic directly into its parameters
for efficient, solver-free inference.

6 Conclusion

We presented SOLID, a novel framework that in-
fuses a Horn-like fragment of First-Order Logic
into LLMs by fine-tuning on solver-generated back-
ward reasoning traces. By integrating a goal-
oriented Backward Solver with a Dual-Verification
Mechanism, SOLID synthesizes label-consistent
training data whose reasoning traces are solver-
verified and logically sound. Experiments on Pron-
toQA, LogicNLI, and ProofWriter demonstrate that
our approach achieves state-of-the-art performance,
effectively handling complex reasoning without re-
lying on external solvers during inference. Future
work will extend this paradigm to broader mathe-
matical reasoning domains.

Limitations

Formal expressiveness. Our Backward Solver is
sound and complete only over the formula fragment
described in Appendix A—Horn-like clauses under
finite-domain Herbrand grounding with a Domain
Closure Assumption on the parsed constants—so
inputs requiring function symbols, infinite domains,
equality reasoning, or higher-order quantification
fall outside this fragment and cannot be used as
training supervision under our pipeline. The re-
striction is deliberate rather than incidental: full
first-order logic is undecidable, whereas reliable
trace synthesis requires a procedure that is sound,
complete and terminating. Extending SOLID to a
richer fragment is therefore a matter of extending
the solver, not of redesigning the framework.

Dependence on labelled data. SOLID operates
in the standard supervised fine-tuning setting. Dual-
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Verification consults each sample’s gold provability
label to decide whether a translation is retained, so
the pipeline converts existing labels into process-
level supervision rather than removing the need
for them. This requirement is shared with the
fine-tuning baselines we compare against, but it
does bound the settings in which SOLID applies.
Extending the filter to unlabelled corpora—for
instance by replacing the gold label with a con-
sensus over independently generated translations—
remains future work.

Evaluation scope. Our empirical evaluation is
confined to three English-language, synthetically
constructed logical reasoning benchmarks (Pron-
toQA, ProofWriter, LogicNLI), whose controlled
vocabularies and templated phrasings isolate deduc-
tive skill but do not reflect the full complexity of
naturally occurring reasoning text; generalization
to multilingual settings, real-world legal or math-
ematical proofs, and noisier domains is therefore
not established by our current experiments.

Deployment without a solver. Removing the ex-
ternal solver at inference is what makes the student
efficient, but it also means a trace is no longer
correct by construction: the model emits fluent,
well-formed derivations whether or not every step
is valid. In high-stakes settings such as legal analy-
sis, education, or mathematical proof, a confidently
presented yet subtly invalid derivation can mislead
more than an outright refusal, and fluency may
be read as a signal of reliability that our training
procedure does not license. We therefore do not
advocate deploying solver-free reasoning models
in such domains without a verification layer. Be-
cause our traces follow a rigid, machine-parseable
grammar, the same backward solver used to syn-
thesize supervision can be run as an independent
proof checker over the student’s output, restoring
an explicit correctness guarantee where one is re-
quired. We regard this solver-in-the-loop configu-
ration, rather than unguarded solver-free inference,
as the appropriate mode for sensitive applications.
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A Symbolic Logic Formats

As mentioned in the main text (Section 3.1), our Se-
mantic Parser translates natural language into three
standard First-Order Logic formats. And quanti-
fiers bind tightly: Vz. ¢ is parsed as Vx.(¢) where
o extends as far right as syntax permits. All in-
line rules are explicitly bracketed to avoid scope
ambiguity.
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* Universal Rules: The quantifier Vx scopes
over the entire implication, resolving into a
universal form in two distinct ways depending
on the consequent.

Direct Formulation: When both the an-
tecedent and the consequent contain z, the
rule is expressed as:

Va. (A(z) A B(z) — C(z))

This general form is handled directly by the
solver.

Existential Conversion. When the natural-
language premise has the original form
(3z. A(z)) — C(c)—i.e., an existential an-
tecedent paired with a ground (constant-only)
consequent—the side condition is satisfied.
The normalization stage applies Eq. (1) once
to rewrite the rule into the equivalent universal
form:

(Fz. A(x)) = C(c) = V. (A(x) = C(c))

Although both cases ultimately evaluate as
universally quantified rules, their semantic ori-
gins and application of Eq. (1) make them
operationally distinct.

¢ Quantified Antecedents: Rules where a uni-
versally quantified condition over the domain
constitutes the antecedent of an implication
whose consequent is a ground atom. Because
the antecedent is itself a universally quantified
statement, Eq. (1) does not apply. The solver
verifies this antecedent by checking whether
the condition holds for every instantiated con-
stant in the known domain.

(Vz. (A(z) V —B(z))) = C(c)

* Ground Implications: Direct implications
between ground atoms with no quantifiers.

A(Cl) — B(CQ)

Handling Quantified Antecedents via Herbrand
Grounding. A pure SLD-resolution procedure
cannot directly verify a premise of the form
(Vz.p(z)) — 1, because deciding whether
V. p(z) holds requires checking ¢ for every do-
main element, not unifying against the head of
a clause. Algorithm 1 (Appendix B) omits this

preprocessing step for brevity; in our actual im-
plementation, the 1load_problem routine performs
finite-domain Herbrand grounding before the
backward search begins. Concretely, let D =
{c1,...,cn} be the finite set of constants enumer-
ated in the parsed problem (constants field). For
each rule with a universally quantified antecedent,
we rewrite

(vo.p(@) =6 = (N ¢(0) = .

ceD

Under the Domain Closure Assumption (the parsed
constants list is exhaustive for the problem), this
rewriting is sound and complete. After ground-
ing, every clause becomes Horn-like over ground
atoms, falling within the completeness range of
SLD-resolution.

B Backward Chaining Algorithm

Algorithm 1 details the Backward Chaining solver
from Section 3.3. It uses a Simplicity-First rule
ordering, memoization, cycle detection, and short-
circuit evaluation to prevent infinite recursion and
redundant search.

Notations. Let the knowledge base be £ =
(F,R), comprising facts F and rules R. For a
rule 7 € R, Cons(r) and Ant(r) denote its con-
sequent (head) and antecedent (subgoals), respec-
tively. The function Unify (A, B) returns a logical
substitution o mapping A to B (or Fail if impos-
sible), which Apply(o, S) applies to subgoals S.
Finally, Score(r) computes a rule’s complexity to
prioritize structurally simpler rules.

C Filtered-Sample Case Studies

To make the role of Dual-Verification concrete, we
examine the samples that fail to pass the filter. They
split cleanly into two categories. The first reveals a
genuine teacher-LLM translation error; the second
reveals label noise in the source dataset, where
the solver’s rejection acts as an implicit denoising
mechanism.

Category (i): Teacher-LLM translation errors.
A representative failure on LogicNLI starts from
the natural-language premise:

“If there is nobody who is not not nice,
then Matthew is not long.”

The teacher LLM produced
Vz.(Nice(z) — —Long(Matthew)),
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Algorithm 1 Backward Chaining (Simplicity-First)

Require: Goal G, Knowledge Base K = (F,R),
Recursion stack S, Global memo M
Ensure: Boolean Validity (True/False)
1: procedure SOLVE(G,S)
2: if G € F or M[G] = True then

3: return True > Base fact or memo hit
4:  if G € S or M[G] = Fulse then
5: return False > Cycle detected or
memo fail
6: Qg « {r € R | Unify(Cons(r),G) #
Fail }
7: if Q¢ = () then
8: return False > No applicable rules
9: Qsorted < Sort (Q, Score, descending)
10: for each rule r € Qgorreq do
11: o < Unify(Cons(r), G)
12: Subgoals < Apply (o, Ant(r))
13: Success < True
14: for each ¢’ € Subgoals do
15: ok + SOLVE(¢’, SU{G})
16: if ok = False then
17: Success < False
18: break  © Short-circuit AND
19: if Success then
20 M|G] + True
21: return True > Short-circuit OR
22: MI|G] « False
23: return False

which both drops an outer negation (“nobody who
is not not nice” is equivalent to “nobody who is
nice”) and mis-scopes the quantifier (the antecedent
should be a top-level V-statement, not an internally
quantified rule body). The semantically faithful
translation is

(Vz. —Nice(z)) — —Long(Matthew).

Running the solver under both branches reveals the
discrepancy between the gold provability profile
and the buggy translation, so the sample is correctly
discarded.

Category (ii): Dataset label noise. Consider a
ProntoQA sample with facts {Zumpus(Sally)},
rule Vx.( Zumpus(z) — —Feisty(z)), and query
statement Feisty(Sally) labelled as Entailment.
Any sound solver derives —Feisty(Sally) from
these premises, and cannot derive Feisty(Sally);
the correct label is therefore Contradiction, not En-
tailment. Dual-Verification rejects this sample be-

cause the solver-derived four-state profile does not
match the (incorrect) gold label. As a side benefit,
this filtering quietly removes mislabelled examples
from the supervision corpus.

Soundness of the filter. Within the formula frag-
ment supported by our solver (Appendix A), the
backward chaining procedure is sound and com-
plete. It therefore never discards a sample whose
translation is semantically faithful and whose gold
label is correct: such samples always satisfy the
joint provability constraint by construction. All dis-
carded samples fall into one of the two categories
above.

D Pipeline Failure Handling and
Computational Cost

What happens when a sample fails
Dual-Verification? A  translated  sample
® = (Fn, Ry, Sy) fails Dual-Verification when
the joint solver outcome on .S, and —.5,, does not
match the four-state profile dictated by the gold
label y (Figure 1). Failed samples are simply
discarded—they are never repaired, never retried,
and never propagate to the fine-tuning corpus.
We deliberately favour discarding over repair
to avoid introducing translation noise into the
supervision signal: a sample whose symbolic
form contradicts its label is, by construction,
untrustworthy. Discard rates remain modest in
practice—ProntoQA 1.20%, ProofWriter 3.96 %,
LogicNLI 14.75% —leaving an ample volume of
high-quality training data after filtering (cf. Table 5
for the per-dataset retention figures).

Computational cost of dual-branch verification.
A common concern about dual-branch execution
is that running the solver twice (once for .S, once
for —.5,,) doubles the cost. We emphasize two facts
that make this overhead negligible in practice:

* One-time, offline. Dual-Verification is part of
training-data synthesis, executed exactly once
per dataset before any fine-tuning. It does not
run at inference time.

* Wall-clock cost is small. With a 40-process
parallel solver pool on commodity CPU hard-
ware, the total wall-clock time for the dual-
branch pass is 2.91s on ProntoQA, 7.43 s on
ProofWriter, and 21.84s on LogicNLI. The
cost is dwarfed by both the teacher-LLM trans-
lation cost and the subsequent LoRA fine-
tuning cost.
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Inference cost is unaffected: at test time the stu-
dent LLM produces backward traces directly with-
out invoking any solver, so deployment latency for
SOLID is identical to that of any plain fine-tuned
7B model.

E Detailed Comparison of Linearization
Strategies

In this section, we articulate the algorithmic differ-
ences between our Full Trace (SOLID) strategy
and the traditional Optimal-Path-Only baseline.
The core distinction lies in the termination con-
dition and the selection criteria of the reasoning
path.

E.1 Strategy Definitions

SOLID: Early Stopping with Full History. Our
approach aims to simulate the genuine cognitive
process of a solver facing an unseen problem. We
employ an Early Stopping mechanism: the solver
executes the search and terminates immediately
upon finding the first valid derivation path. Cru-
cially, the linearization preserves the chronolog-
ical sequence of all operations up to that point,
including failed attempts (dead ends) and circular
branches encountered before the successful path.
This exposes the student model to the necessary
“trial-and-error” logic required for inference-time
search.

Baseline: Optimal-Path Selection. The stan-
dard baseline focuses on data quality over process
fidelity. It performs an exhaustive search to iden-
tify all possible valid proof trees for a given query.
From this set, it selects the single “best” path based
on a heuristic scoring mechanism and discards all
failed attempts and suboptimal paths.

E.2 Heuristic Scoring Mechanism

To define the “Optimal Path” while strictly avoiding
redundant reasoning and unnecessary derivation
steps, the baseline employs a simplified scoring
function S(P). Instead of using multi-dimensional
structural heuristics that often introduce mutual in-
terference, this mechanism directly penalizes the
total number of inference steps (i.e., non-leaf inter-
nal nodes) within the proof tree.

S(P) = Base — A - Nips(P) 3)

Where the components and metrics are formally
defined as follows:

* Base Score (Base): A constant set to 100
points, serving as a baseline offset to ensure
that the final score remains positive for down-
stream ranking and selection.

* Inference Step Penalty (Nj¢(P)): Defined
as the total count of internal reasoning nodes
(non-leaf nodes) in the proof tree P, which
strictly represents the number of rule applica-
tions executed during the derivation:

Ning(P) = |{n € nodes(P) | —is_leaf(n)}|

“)
The parameter A\ (e.g., A = 5) represents
the penalty weight per inference step. This
penalty universally suppresses both overly
deep recursive chains and overly wide branch
expansions by directly targeting the overall
structural complexity of the proof.

The baseline selects the optimized path P* =
arg maxp S(P) as the definitive training target for
the student model.

E.3 Visual Comparison

Figure 4 illustrates the difference on a sample
query. The SOLID strategy (Left) reveals the
“struggle” (Attempts 1 & 2 failed) before the “suc-
cess” (Attempt 3), mimicking inference. The Base-
line (Right) presents only the sanitized, high-score
path (Attempt 3), hiding the search complexity.

F Dataset Details

We provide detailed statistics, construction proto-
cols, and dual-verification pass rates for the three
benchmarks used in our experiments.

ProntoQA. This synthetic dataset uses fictional
ontology (e.g., “wumpus”) to isolate reasoning
skills from commonsense priors under the Closed-
World Assumption (CWA).

* Training Set: We merged all available train-
ing subsets and filtered out syntax-invalid en-
tries, yielding 31,498 samples.

* Test Set: We utilized the standard 5-hop sub-
set (500 samples) to evaluate deep deductive
capabilities.

ProofWriter. Designed for multi-hop reasoning
under the Open-World Assumption (OWA), this
dataset requires the model to distinguish between
True, False, and Unknown.
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(a) SOLID: Early Stopping (Ours)
Stops at 1st success; retains preceding failures.

Goal: Garth is wild

Attempt 1: Someone being both wild and alive
is equivalent to being obedient. (right-to-left)
Substitution: {'x': 'Garth'}
Subgoals: 1. Garth is obedient

-> Failed: Cycle detected / cannot prove.

Attempt 2: If someone is not obedient and
angry, then he is both wild and not alive...
Substitution: {'x': 'Garth'}

-> Failed: cannot prove Garth is not obedient

Attempt 3: Someone who is either not angry
or electronic is always wild.
Substitution: {'x': 'Garth'}
Subgoals: 1. Garth is not angry,

2. Garth is electronic
Prove Garth is not angry:
. (Reasoning steps) ...
Premise satisfied (OR) ->
Garth is not angry is true.
Premise satisfied (OR) ->
Garth is wild is true.

Answer: True

(b) Baseline: Optimal Selection
Exhaustive search + Heuristic Filtering.

Goal: Garth is wild

Attempt 1: Someone who is either not angry
or electronic is always wild.
Substitution: {'x': 'Garth'}

Subgoals: 1. Garth is not angry,
2. Garth is electronic

Prove Garth is not angry:

Attempt 1: If someone is not wild or not
electronic, then he is not angry.
Substitution: {'x': 'Garth'}

Subgoals: 1. Garth is not wild...

Prove Garth is not wild:
Garth is not wild is a given fact.

Premise satisfied (OR) ->
Garth is not angry is true.

Premise satisfied (OR) ->
Garth is wild is true.

Answer: True

Selection Metric: The path above was selected because it
maximizes the heuristic score (High Fact Ratio, Low Depth).
Dead ends (Attempts 1 & 2) are removed, depriving the
model of negative supervision.

Figure 4: Impact of Linearization Strategies. Left: SOLID employs Early Stopping, capturing the trial-and-error
process (red text) leading up to the first valid proof. Right: The Optimal-Path method selects the highest-scoring
proof, presenting a sanitized view that lacks search logic training.

* Training Set: We combined examples across
all depths (0 to 5), resulting in a comprehen-
sive set of 79,582 examples.

* Test Set: Evaluation is performed on the offi-
cial OWA Depth-5 test set (600 samples) to
assess robustness in handling unknown facts
and negation.

LogicNLI. This diagnostic dataset focuses on in-
tricate logical connectors, including bi-conditionals
(“if and only if”’) and exclusive disjunctions.

* Training Set: We processed the original train-
ing data to construct a high-quality corpus of
27,280 samples.

* Test Set: Following the standard evaluation
protocol, we used a strict split of 300 test cases
featuring complex logical structures.

Dual-Verification Pass Rates. Table 5 reports
the fraction of translated samples that pass the Dual-
Verification filter for each dataset. A higher pass
rate indicates more reliable semantic parsing by the
teacher LLM; a lower rate reflects harder transla-
tion challenges but also a stricter quality guarantee
for retained samples.

ProntoQA ProofWriter LogicNLI

Raw samples 31,880 82,864 32,000
Verified samples 31,498 79,582 27,280
Pass rate (%) 98.80 96.04 85.25

Table 5: Dual-Verification pass rates per dataset. Re-
jected samples contain translations that are syntactically
valid but semantically inconsistent with the ground-truth
label.

G Baseline Details

We evaluate SOLID against a comprehensive set of
baselines categorized into three paradigms: prompt-
based reasoning, solver-based neuro-symbolic
methods, and fine-tuning approaches.

Prompt-based Methods. These methods utilize
GPT-40/GPT-4 Turbo as the backbone and rely
on in-context learning to elicit reasoning without
updating model parameters.

* Chain-of-Thought (CoT): The standard
prompting strategy that encourages the model
to generate intermediate natural language rea-
soning steps before deriving the final answer,
using the “Let’s think step by step” prompt
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structure.

SymbCoT: A symbolic chain-of-thought
method that prompts the LLM to translate nat-
ural language contexts into symbolic expres-
sions first, followed by step-by-step symbolic
deduction.

LAMBADA: A modular backward-chaining
framework that decomposes the reasoning
process into four sub-modules: Fact Check,
Rule Selection, Goal Decomposition, and Sign
Agreement, each implemented via few-shot
prompting.

Aristotle: A state-of-the-art framework em-
ploying a “decompose-search-resolve” archi-
tecture that integrates symbolic logic rules
to maintain logical consistency and reduce
search errors during complex deduction.

Solver-based Methods. These approaches use
LLMs primarily as semantic parsers, with reason-
ing offloaded to external deterministic solvers.

* Logic-LM: Translates natural language prob-
lems into symbolic programs (e.g., Python or
Prolog) and offloads reasoning to a determin-
istic solver.

* VERUS-LM: Introduces a self-refinement
loop that uses feedback from the reasoning
engine (e.g., syntax errors or execution fail-
ures) to iteratively correct the generated logic.

* SymBa: Integrates a symbolic SLD Resolu-
tion solver with an LLM, letting the solver
control the backward-chaining proof process
and invoking the LLM only for specific infor-
mation retrieval.

Fine-tuning Methods. These methods fine-tune
open-source models on specialized logical reason-
ing datasets.

* LoGiPT: Fine-tuned on instruction data de-
rived from the invisible reasoning processes
of deductive solvers, aiming to teach the LLM
to mimic strict solver execution logic.

e SOLID (Forward): An ablation variant of
our framework trained on forward-chaining
reasoning traces, allowing explicit compar-
ison to verify the superiority of our goal-
oriented backward-chaining strategy.

H Additional Student Backbones

We report two further student backbones, each an-
swering a different question, with all other set-
tings held fixed (LoRA r=64,a=128, 3 epochs,
Ir=5x 1072, seed 42, single A100-40G). Llama-
3.1-8B-Instruct asks whether SOLID’s gains trans-
fer to more recent open backbones rather than being
tied to Llama-2-7B. CodeLlama-13B is LoGiPT’s
own backbone, included so that the fine-tuning
comparison can be made with the backbone held
identical. Table 6 reports both.

Student ProntoQA ProofW. LogicNLI Avg
LoGiPT 95.6 89.5 - -
Llama-2-7B 99.8 92.7 92.0 94.8
Llama-3.1-8B 100.0 98.2 97.0 98.4
CodeLlama-13B 99.6 98.5 98.3 98.8

Table 6: SOLID under additional student backbones (ac-
curacy %). LoGiPT (Feng et al., 2024), which itself uses
CodeLlama-13B, is shown for reference. Llama-3.1-8B-
Instruct improves average accuracy by +3.6 points over
Llama-2-7B. CodeLlama-13B is LoGiPT’s own back-
bone: holding it fixed leaves supervision data as the
only variable.

A stronger student. The improvements of
Llama-3.1-8B-Instruct over the Llama-2-7B con-
figuration are consistent across all three datasets
and are most pronounced on LogicNLI (+5.0) and
ProofWriter (+5.5), the two harder benchmarks.
This indicates that SOLID’s supervision quality is
not bottlenecked by the student model: a stronger
student translates the same dual-verified backward
traces into stronger end-task accuracy. We there-
fore retain Llama-2-7B as our primary backbone
in the main paper for direct comparability with
LoGiPT, while reporting Llama-3.1-8B-Instruct
here as evidence that the pipeline transfers cleanly
to current-generation open backbones.

A controlled fine-tuning comparison. In Ta-
ble 1, SOLID and LoGiPT differ in both back-
bone and supervision data, so the comparison—
although conservative, since SOLID uses the
smaller model—does not isolate either factor.
Training SOLID on CodelLlama-13B removes
the confound: with the backbone identical to
LoGiPT’s, supervision data is the only remaining
variable, and SOLID improves on LoGiPT by +4.0
on ProntoQA and +9.0 on ProofWriter (LoGiPT re-
ports no LogicNLI result). The two readings agree.
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With a smaller backbone SOLID already outper-
forms LoGiPT (+4.2 / +3.2), and with the backbone
held fixed the margin widens rather than closes,
which is what one expects if the gain originates in
the supervision rather than in model capacity.

I Seed Variance

All results in the main paper use a single fixed seed
(seed = 42; Section 4.1). To confirm that the re-
ported margins are not an artifact of that choice,
we re-trained SOLID (Llama-2-7B) under two fur-
ther seeds, holding every other setting fixed, and
re-scored all three runs under a single unified de-
coding stack for comparability. Table 7 reports the
outcome.

Benchmark Mean + std (3 seeds)

ProntoQA 99.73 £ 0.12
ProofWriter 91.62 £ 2.12
LogicNLI 90.55 + 2.41

Table 7: Accuracy (%) of SOLID (Llama-2-7B) across
three random seeds. The seed-42 run is the checkpoint
reported in Table 1.

Variation is negligible on the saturated Pron-
toQA benchmark and reaches at most 2.41 points
on LogicNLI, the hardest of the three. The seed-42
checkpoint reported in Table 1 sits within one stan-
dard deviation of the mean on every benchmark.
For context, the improvements SOLID reports over
the strongest baseline are +27.3 on LogicNLI and
+4.0 on ProofWriter, an order of magnitude larger
than the seed-induced spread, so the central conclu-
sions do not depend on the particular seed.

J Trace Validity Checker

This appendix defines the three criteria reported
in Section 4.3. All are computed over correctly-
answered items; a trace that cannot be parsed
counts as invalid rather than being skipped.

Step-level validity (partial credit). The fraction
of legal assertions over all assertions in the trace.
Five kinds of assertion are counted, each checked
individually against the natural-language context:
rule citations, fact checks, subject-level substitution
checks, the answer self-consistency check, and the
non-degeneracy check.

Branch-level validity (all-or-nothing). The frac-
tion of branches in which the step-level checks re-
port no issue at all, over all branches. A single

flawed assertion invalidates the entire branch, so
branch-level validity never exceeds step-level va-
lidity.

Fully sound proofs (with solver replay). The
strictest criterion, and the only one that re-derives
the reasoning rather than inspecting it. A branch
is counted only if it is issue-free under the step-
level checks and survives replay through our
solver. Replay tests logical validity rather than
well-formedness: every attempt must genuinely
follow from the rule it cites under the binding it
reports, and no step may rest on a conclusion that
was never established earlier in the branch. A step
that is perfectly grammatical and cites a real rule
still fails if the inference does not hold. A branch
therefore counts as fully sound only when both its
form and its logic are without fault, so this criterion
never exceeds branch-level validity.

K Out-of-Distribution Evaluation

A natural concern is whether SOLID’s fine-tuned
student merely memorizes patterns specific to each
training distribution, or whether it acquires a trans-
ferable backward-reasoning procedure. To probe
this, we train SOLID (Qwen-2.5-7B-Instruct) ex-
clusively on LOGICNLI traces and evaluate zero-
shot on the PROOFWRITER Depth-5 OWA test set,
without exposing the model to any ProofWriter
sample during training. The two benchmarks differ
along all major axes: world assumption (Logic-
NLI uses an explicit closed-world style with bi-
conditionals; ProofWriter is open-world with ex-
plicit “unknown”), surface vocabulary, rule connec-
tor distribution, and chain depth.

Setting Train Test (ProofW.)
SOLID (in-distribution) ~ ProofWriter 97.8
LoGiPT (in-distribution) ProofWriter 89.5
SOLID (OOD, ours) LogicNLI 87.4

Table 8: Out-of-distribution transfer on ProofWriter
Depth-5 OWA (accuracy %). SOLID trained only on
LogicNLI nearly matches LoGiPT’s in-distribution per-
formance on ProofWriter, indicating the model acquires
a transferable backward reasoning procedure rather than
dataset-specific surface patterns.

As Table 8 shows, the LogicNLI-trained SOLID
achieves 87.4% on ProofWriter Depth-5, falling
only —10.4 points below its in-distribution coun-
terpart and—more strikingly—falling only —2.1
points below LoGiPT, which was fine-tuned on
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ProofWriter itself. The model has never seen a
ProofWriter sample yet still nearly matches a base-
line that was explicitly trained on the target dis-
tribution. We interpret this as evidence that the
dual-verified backward traces transmit a reason-
ing skill that generalizes across logical-reasoning
benchmarks, rather than a dataset-specific short-
cut. The remaining gap is plausibly attributable to
differences in surface phrasing (which the student
adapts to via in-distribution training in the standard
setting).
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