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Abstract

Neural networks over non-Euclidean manifolds
have attracted increasing attention across vari-
ous applications. A fundamental step in these
networks is to map Euclidean features onto
a target manifold. Existing methods mainly
use exponential maps and projections, operate
through tangent or ambient Euclidean spaces,
and may therefore distort intrinsic manifold ge-
ometry. On the other hand, point-to-hyperplane
distances have recently shown great success in
building manifold-valued networks. Based on
this, we propose the Point-to-Hyperplane Dis-
tance Map (PHDM), a parameter-free mapping
that extends Euclidean fully connected layers
to Euclidean-to-manifold transformations. Spe-
cially, the exponential map is recovered as a
pseudo-distance-based special case. We mani-
fest PHDM on the Lorentz, Poincaré, spherical,
and projected-spherical models, covering both
negative and positive curvature. Experiments
on arithmetic reasoning across four LLMs, im-
age classification, graph node classification,
and link prediction demonstrate consistent im-
provements over the corresponding baselines.
The code is available at this url.

1 Introduction

Neural networks over non-Euclidean manifolds
have achieved remarkable success in a wide range
of applications, including hierarchical representa-
tion learning, graph learning, computer vision, and
Natural Language Processing (NLP) (Nickel and
Kiela, 2017, 2018; Ganea et al., 2018; Chami et al.,
2019; Cohen et al., 2018; Gu et al., 2019; Bach-
mann et al., 2020; Skopek et al., 2020; Chen et al.,
2025a,c; Li et al., 2026). In NLP, non-Euclidean
representations have been applied to tasks such
as temporal relation extraction, keyphrase ranking,
and model unlearning (Tan et al., 2021; Song et al.,
2023; Wang et al., 2025). A common and funda-
mental step in these networks is to map Euclidean
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features onto a target manifold before subsequent
manifold operations.

This work focuses on this input mapping. Ex-
isting manifold neural networks often use an ex-
ponential map or a projection from the ambient
space into the target manifold to produce a valid
manifold point (Ganea et al., 2018; Chami et al.,
2019; Liu et al., 2019; Shimizu et al., 2021; Chen
et al., 2022). Meanwhile, recent work has estab-
lished point-to-hyperplane distances as an effective
method for constructing fully connected layers on
manifolds (Chen et al., 2025b; Shi et al., 2026). Be-
sides, the commonly used exponential map can also
be interpreted by a pseudo-distance-based point-to-
hyperplane formulation (Chen et al., 2024, 2025b).
Building on this perspective, we study the Point-to-
Hyperplane Distance Map (PHDM): a parameter-
free map that interprets each input component as
a signed distance to a canonical hyperplane and
constructs the output point by solving the corre-
sponding point-to-hyperplane distance equations
exactly. For an input distance vector v, the target
point y is defined by

dit (y,Hej\(/li)70> = v(x), k=1,...,n,
)
where H %) o 1s the manifold hyperplane through
the origin and orthogonal to the k-th basis direction,
d/j\[/[ is the signed point-to-hyperplane distance, and
vp(x) = (wk,x) — bp. We derive closed-form
instantiations of PHDM for four constant-curvature
manifolds, which are the Lorentz model, Poincaré
ball, sphere, and projected sphere.

We evaluate PHDM by replacing only the in-
put map in four experimental settings. As our
primary NLP evaluation, we compare PHDM
LoRA with the reported LoRA and HypLoRA rows
on MAWPS, SVAMP, GSMS8K, and AQuA un-
der matched parameter budgets (Hu et al., 2022;
Yang et al., 2025), across representative open-
weight LLMs, including Qwen (Qwen Team, 2024),
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LLaMA (Touvron et al., 2023; Grattafiori et al.,
2024), and Gemma (Gemma Team, 2024). In im-
age classification, the HCNN setting uses ResNet-
18 backbones and reports CIFAR-10, CIFAR-100,
and Tiny-ImageNet accuracies (Bdeir et al., 2024;
He et al., 2016; Krizhevsky, 2009; Deng et al.,
2009); this experiment evaluates both Poincaré and
Lorentz PHDM variants. In graph node classifica-
tion, the Hypformer replacement is a Lorentz-only
experiment and improves Hypformer on Airport,
Cora, Citeseer, and PubMed (Yang et al., 2024;
Vaswani et al., 2017; Sen et al., 2008; McCallum
et al., 2000). In Cora link prediction, the vari-
ants cover all four target geometries: Poincaré,
Lorentz, sphere, and projected sphere; the strongest
spherical variant reaches 93.09 ROC AUC, and the
Lorentz and projected-sphere PHDM rows improve
over their reproduced base counterparts (Katsman
et al., 2023; Fawcett, 2006). These results support
a conservative claim: in these settings, a local-
ized parameter-free change to the geometric input
map can improve the manifold architecture without
adding extra parameters.

2 Related Work

2.1 Manifold embeddings and
constant-curvature representations

Hyperbolic embeddings are widely used for hi-
erarchical representation learning, first through
the Poincaré model and then through the Lorentz
model (Nickel and Kiela, 2017, 2018). Hyper-
bolic neural networks extended this idea from
static embeddings to neural operations in curved
spaces (Ganea et al., 2018). Subsequent work ex-
plored graph convolutions and graph neural net-
works in hyperbolic space (Chami et al., 2019;
Liu et al., 2019), improved practical hyperbolic
layers (Shimizu et al., 2021), and pushed toward
fully hyperbolic architectures (Chen et al., 2022).
Other work studies constant-curvature choices
more broadly, including spherical CNNs, Rieman-
nian residual networks, and mixed-curvature repre-
sentations (Cohen et al., 2018; Katsman et al., 2023;
Bachmann et al., 2020; Skopek et al., 2020). Our
method is complementary to these architectures:
it does not replace their manifold operations, but
changes the input map that decodes Euclidean fea-
tures or logits into a manifold point. Many applica-
tions of Riemannian models to NLP, such as HGRU
(Tan et al., 2021), HyperRank (Song et al., 2023),
HypMix (Sawhney et al., 2021), and HyperUnlearn

(Wang et al., 2025), follow a common pipeline
comprising a Euclidean encoder, a Euclidean-to-
manifold map, and subsequent manifold compu-
tation, but prior work has largely focused on the
encoder or manifold network rather than the map-
ping interface, which PHDM directly addresses
through a unified formulation for both hyperbolic
and spherical manifolds.

2.2 Projection and optimization in manifold
neural networks

Manifold neural networks must keep intermediate
representations inside the chosen geometry. Ex-
isting hyperbolic and constant-curvature models
therefore rely on origin exponential maps, loga-
rithmic maps, stereographic projections, model-
specific retractions, and numerical projection op-
erators to move between Euclidean tangent vec-
tors and valid manifold points (Ganea et al., 2018;
Chami et al., 2019; Liu et al., 2019; Shimizu et al.,
2021; Bachmann et al., 2020; Skopek et al., 2020;
Chen et al., 2022). Recent architecture families use
these ingredients inside convolutional, graph, resid-
val, Transformer, continuous-time, and parameter-
efficient fine-tuning models (Bdeir et al., 2024;
Katsman et al., 2023; Yang et al., 2024; Lou et al.,
2020; Yang et al., 2025). Riemannian optimiza-
tion methods provide a complementary component
by adapting parameter updates to curved spaces
(Bonnabel, 2013; Bécigneul and Ganea, 2019).
These tools are usually designed for geomet-
ric validity, local tangent-space parameterization,
or training stability. PHDM targets a different
property: component-wise signed-distance preser-
vation with respect to canonical hyperplanes. A
projection operator can repair an invalid point,
but it does not generally preserve the signed dis-

tances df/t (y, HM An origin exponential

e®) o))"
map follows the radial geodesic determined by a
tangent vector, but it does not generally solve the
component-wise distance equations introduced be-
low. This distinction matters because PHDM gives
each scalar v an explicit geometric meaning as a
signed distance rather than treating it as an uncon-
strained tangent-vector component.

2.3 Point-to-hyperplane semantics versus
learned hyperplanes

The point-to-hyperplane view has appeared mainly
in hyperbolic classifiers and transformation layers.
HNN formulates multinomial logistic regression
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through learned Poincaré hyperplanes, where class
scores are signed margins to geodesic decision
boundaries (Ganea et al., 2018). HNN++ further
uses this interpretation to build Poincaré fully con-
nected layers: a Euclidean FC output is treated as
a signed distance to an output hyperplane, and the
layer reconstructs a Poincaré point whose distances
match those scores (Shimizu et al., 2021). These
works use hyperplanes as trainable classifiers or
transformation-layer objects. PHDM instead fixes
the output-side hyperplanes canonically and uses
the point-to-hyperplane equations as a parameter-
free input map from Euclidean scores into the tar-
get manifold. This makes PHDM complementary
to the systems used in our experiments, including
HypLoRA (Yang et al., 2025), HCNN-style image-
classification baselines (Bdeir et al., 2024), Hyp-
former (Yang et al., 2024), and RResNet (Katsman
et al., 2023), which provide the surrounding task
model while PHDM changes only the input map.

3 Preliminaries

We organize the target spaces through two constant-
curvature model families rather than four unrelated
model names. The radius model MY, unifies the
Lorentz hyperboloid L’ for K < 0 and the ambi-
ent sphere S%- for K > 0 (Bachmann et al., 2020;
Skopek et al., 2020). The stereographic model
st unifies the Poincaré ball P’ for K < 0 and
the projected sphere DY for K > 0. We write
x = [z, x5] for radius-model points, where x is
the time coordinate and zs € R™ is the spatial part.
The two model families are defined as

={z eR"™ | (z,2)x =1/K}. (2)
sth = {z e R" | —K||z|2 < 1},

2 3)
g¥ = (AP, AE =

L+ K3

Here, g = (-,-) denotes the standard Euclidean
metric. For K < 0, M’ denotes the future sheet
with g > 0. The curvature-aware functions and
inner product are

. sinh(t), K <0, cosh(t), K <0,
sing (t) = ¢ . cosk (t) =
sin(t), K >0, cos(t), K >0,
tanh(t), K <0, u, vy, K <0,
tang (t) = ®) (u,v) g = {u,v)e
tan(t), K >0, (u,v), K >0.

For stereographic models, u = (—z)®ky, and B
is the standard signed-curvature Mobius addition
(Skopek et al., 2020; Ganea et al., 2018; Nickel and
Kiela, 2018).

4 Methodology

This section derives PHDM from the transforma-
tion view of fully connected layers, using true
point-to-hyperplane distances. We first revisit the
Euclidean score and its point-to-hyperplane in-
terpretation, then using the same principle, we
define PHDM as a parameter-free Euclidean-to-
manifold input map that preserves signed distances
to canonical output hyperplanes. We then express
the construction through the two model families
defined above: the radius model M’ and the stere-
ographic model st7%. In each case, we first define
the canonical hyperplanes and their signed point-
to-hyperplane distances, and then solve the result-
ing distance constraints to obtain a closed-form
PHDM. Furthermore, as detailed in the Appendix
(Appendix E), the commonly used origin exponen-
tial map can be interpreted as a pseudo-distance-
based construction because it reconstructs tangent-
space pseudo-distances (Chen et al., 2024, 2025b).
In contrast, PHDM reconstructs manifold points
from true signed point-to-hyperplane distances.

4.1 Euclidean and Riemannian
transformations

The Euclidean fully connected layer is defined as
y = Wax+bwith W € R"™%and b € R". Shimizu
et al. (Shimizu et al., 2021, Sec. 3.2) interpret Eu-
clidean FC layers through signed distances: we
write each output component as vy (x) = (wg, ) —
by, and view it as the signed distance from y to the
axis-aligned hyperplane

Hyw = {y € R" | (), y) =0},
sign ((®,)) d (y, How ) = vel@).

where e(%) is the kth standard basis vector. The
left-hand side of Equation (4) is exactly the kth
output component.

Equation (4) shows that a Euclidean FC layer
can be read as a set of signed-distance constraints,
one constraint for each output component. PHDM
keeps the scalar scores vy (x) from this Euclidean
layer but changes the space in which the constraints
are satisfied. Instead of reconstructing a Euclidean
vector whose kth coordinate equals vy (z), PHDM
reconstructs a manifold point Y € M whose
signed distance to the canonical manifold hyper-
plane H %>70 equals the same scalar:

“

k=1,...,n.
)

ax (Y HA o) = ve@),
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Table 1: Two constant-curvature model families used in this paper. The stereographic model st gives the Poincaré
ball for K < 0 and the projected sphere for K > 0. The radius model M7, gives the Lorentz hyperboloid for

K < 0 and the ambient sphere for K > 0.

Distance
d(z,y)

Exponential map
exp, (v)

Logarithmic map
log,, ()

VIEIAS [vll2

st itam?( |Kmuu2) v o (tan
NS 2

i 24 *1< Tl H> u
an w2 _
VIE]|[v]l2 VIKDE TF [l 2

My K llvll ) +

sing (/| K ||v|K)

COS;(l (K{z,y)K)

COS;(I (K{z,y)K) cosk (

1
VIK]

VIElvl

(y — K(z,y)x )
sing (cos}_{1 (K(:c,y)z()) "

(a) Euclidean

(b) Poincaré-ball
HY:y =0

Figure 1: Two-dimensional illustration of PHDM in
the Poincaré ball. The Euclidean components v; and
vo become signed geodesic distances from Y to the
canonical hyperplanes H(") and H(?).

Thus the Euclidean scores are not treated as tangent-
vector coordinates. They are prescribed signed
distances to fixed output hyperplanes, and the out-
put point is obtained by solving the corresponding
n point-to-hyperplane equations. Figure 1 illus-
trates this construction in two dimensions for the
Poincaré ball.

The closed forms below share the same scalar
inversion step. For curvature K < 0, define 7 (v)
elementwise by

rr(v) = (—K)*l/2 sinh(vV—Kwv). 6)

For curvature K > 0, define 7 (v) elementwise
by
K~Y2sin(VEKv). (7)

The remaining step is model-family reconstruction:
radius models recover the missing time coordinate,
while stereographic models apply the correspond-
ing stereographic reconstruction.

ri(v) =

4.2 PHDM on the radius model

In the radius model, the canonical hyperplanes are
ambient coordinate hyperplanes. We first detail
the Lorentz case. For K < 0, M is the Lorentz
hyperboloid L% . Following Bdeir et al. (2024), a
Lorentz hyperplane passing through p € L and

perpendicular to w € T,ILY% is the intersection of
the hyperboloid with an ambient linear hyperplane:

Hyk ={z e Li | (w,z)s =0}. (8

Under the Euclidean reparameterization used by
Bdeir et al. (2024), the corresponding point-to-
hyperplane distance for the reparameterized hy-
perplane Hgg, with z = [z4,24] € L%, z € R,

and ¢ € R, can be written as

arsinh \/7 cosh(vV=Ka)(z,xs)—sinh(vV—Ka)||z|| 22+ .
VIl cosh(v=Ra)z||3— (sinh(v=Ka)z]l2)

PHDM uses the fixed canonical special case rather
than learned hyperplanes. For the k-th spatial axis,

the canonical hyperplane is
L
Hp o ={y e Li | ("

and following Bdeir et al. (2024), its signed point-

to-hyperplane distance is
di{ ( arsinh(v—Kuyz).
(10)

Theorem 1 (Lorentz PHDM) For any v € R"
and K < 0, the unique future-sheet point satis-

Sfring d]fK (y,Hg‘(f) 0) =uwvpforallk =1,...,n

[\/ - +lIre@)I3, 7"K(v)]

(1D
Theorem 2 (Spherical hyperplane distance)

y)K = 0}7 (9)

1
L _
Hi0) = 7

PHDM_,,. (v

For K > 0, MY is the ambient sphere S%.. For
the k-th ambient axis, deﬁne
HE  ={y ek [ (.y)x =0} (12)

On the principal branch,
hyperplane distance is

dE, (

its signed point-to-

HSK

1 :
o 0) = T arcsin(vV Kyy).

(13)
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Theorem 3 (Sphere PHDM) For K > 0, if v
satisfies the positive-curvature feasibility con-
ditions, the north-hemisphere point satisfying

dsiK (?J, Hf(l'g),o) =wvgforallk=1,... ,nis
1 2
PHDMs,(v) = |1/ — (@), &(v)
(14)

Here, the feasibility conditions are in Ap-
pendix Equation (58). The radius-model formula
therefore has the same structure in both curvature
regimes: invert the signed distance into the spatial
vector rk (v), then recover the remaining coordi-
nate from the constraint of M.

4.3 PHDM on the stereographic model

In the stereographic model, the canonical hyper-
planes are coordinate hyperplanes. For K < 0,
st7 is the Poincaré ball ;.. For the k-th axis, the
canonical hyperplane is

HY = {y € P | (®,y) =0}, (15)

Following Shimizu et al. (2021), its signed point-
to-hyperplane distance is

dEEK (y’Hgl’C(),O)
1 [ 2V—Kuy (16)
= Nae arsinh <1+K!yH§> .
Theorem 4 (Poincaré PHDM) For any v €
R™ and K < 0, the point satisfying
df[fK (y,Hif,f)’O) =wvpforallk=1,...,nis

K (v)
PHDMp, (v) = . (17
" 1+ V1 - K|re()l
Theorem 5 (Projected-sphere distance) For
K > 0, st} is the projected sphere D%,. For axis

k in this model, define
D
He(f),o ={y e D%

e®,y)y=0}. (18

On the principal branch, its signed point-to-
hyperplane distance is

1 2VK
. Di \ ) Yk
5 (y, Hem,o) T K resm <1+Kuy|yg> '

Theorem 6 (Projected-sphere PHDM) For
K > 0, if v satisfies the positive-curvature feasibil-
ity conditions, the north-branch projected-sphere

point satisfying dﬁK (y, HEQO) = vy for all
k=1,...,nis
_ ri(v)

1+ 1= Klrx ()3

(19

PHDM)p, (v)

4.4 Unified view

Parameterization. PHDM separates trainable
score generation from geometric decoding. The
score vector v(z) can be produced by any Eu-
clidean module, such as a fully connected layer
v(x) = Wax + b or a parameter-efficient update
inside a larger architecture. These trainable param-
eters belong to the upstream model. Given v(z),
PHDM fixes the target curvature K and the canoni-
cal hyperplanes H e%) 0 and reconstructs the man-
ifold point by solving Eq. (5). Therefore, PHDM
introduces no learned hyperplane normal, offset, or
bias, and replacing an input map with PHDM does
not change the trainable parameter count.

Table 2 places the four constructions in the same
signed-distance template but groups them by model
family. This view separates PHDM from three com-
mon operations. A projection operator enforces
domain membership but does not preserve signed
point-to-hyperplane distances. An origin exponen-
tial map follows a radial geodesic and therefore
does not generally solve Eq. (5). A learned hy-
perplane classifier changes the normal or offset of
the hyperplane, whereas PHDM fixes H %)7 o and
treats the point-to-hyperplane equations themselves
as the definition of the output point.

Comparison to HNN++. Both HNN++ and
PHDM reconstruct a manifold point from signed
distances to hyperplanes, but this reconstruction
serves a different role in each method. HNN++
uses it within a learned Poincaré-to-Poincaré
transformation, P% — P%, whose MLR and
fully connected parameters define the transforma-
tion (Shimizu et al., 2021). PHDM instead fixes the
canonical hyperplanes and provides a parameter-
free input map from Euclidean scores, namely
R" — P%, R" — L%, R" — S%, or R" — D%
In our experiments, PHDM replaces only the origi-
nal origin exponential map or architecture-specific
input projection while leaving the surrounding en-
coder and manifold architecture unchanged. Our
contribution is therefore the Euclidean-to-manifold
input interface rather than a new Poincaré fully
connected or MLR layer.

5 Experiments

5.1 Numerical stability

Following Chen et al. (2026), we compare PHDM
with the standard origin exponential/logarithmic
round trip. The benchmark samples 4096 vectors
in dimension 16, uses signed curvature K = —1
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Table 2: Signed point-to-hyperplane distances and PHDM formulas under the two unified constant-curvature model

families. Here rx = rg (v), with rg (v) =
for K > 0, and sgn(K') denotes the sign of K.

(—K)~Y/?sinh(y/=Kwv) for K < 0 and rg (v) =

K~'2sin(vVKv)

Family  Curvature Instance Point-to-hyperplane distance PHDM formula
K <0 Lorentz
M7 sin g ( yk) [\/ — sgn(K)||r T ]
K K >0 Sphere \/I VIK] K] en(K)|rxll3, rx
s K <0 Poincaré 1 . —1 { 2/TKlyy Tk
sin VI Tk
K K >0 Projected sphere  /IK[ K \ 1+Kllyl3 1+\/1-Klrg 113

or K = +1, and measures whether the input value
is recovered after mapping to the manifold and
back. For negative curvature, random-radius sam-
pling is appropriate because the Lorentz/Poincaré
PHDM variants are globally defined up to floating-
point overflow. For positive curvature, arbitrary-
radius tangent sampling is not a valid PHDM
stress test: the spherical signed-distance values
are only defined on the compact feasible set
S sin?(VEKwvg) < 1and [VEwvg| < 7/2 for all
k. We therefore sample positive-curvature PHDM
by controlling p = || sin(v/Kv)||2, where p < 1 is
feasible and p — 1 approaches the boundary.

Table 3 shows that Lorentz PHDM preserves
signed-distance values to FP32 precision through
the medium-radius regime, whereas the imple-
mented Exp / Log remains finite but no longer pre-
serves the input tangent component because the
implementation clips large tangent norms. The
Poincaré ball becomes ill-conditioned near its
boundary for both PHDM and the Exp / Log. The
Poincaré failures in the table are therefore numeri-
cal boundary or overflow failures at the large-radius
test, not mathematical violations of the negative-
curvature PHDM domain. For positive curvature,
feasible-domain sampling is the appropriate stabil-
ity test: at p = 0.99, both spherical PHDM variants
remain feasible for all samples and recover signed-
distance values to FP32 relative error around 1078,
By contrast, random radius-2 samples in dimen-
sion 16 are outside the joint feasible domain, so
they evaluate mathematical domain coverage rather
than numerical stability.

5.2 Comparative experiment

All comparative experiments evaluate the same lo-
calized intervention: replace the original origin ex-
ponential map or architecture-specific input projec-
tion with the PHDM, while keeping the remaining
architecture fixed. PHDM is not a learned layer and
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does not introduce any extra parameters. Results
are reported as means and standard deviations over
five runs. LLM arithmetic reasoning and image
classification use accuracy, graph node classifica-
tion uses F1-score or accuracy depending on the
dataset, and Cora link prediction uses ROC AUC.
All experiments are conducted on A100 64G GPUs.

Image classification. Following the HCNN set-
ting (Bdeir et al., 2024) on CIFAR-10, CIFAR-100,
and Tiny-ImageNet (Bdeir et al., 2024; He et al.,
2016; Krizhevsky, 2009; Deng et al., 2009), we re-
place only the origin exponential-map input map in
Hybrid Poincaré and Hybrid Lorentz with PHDM.
Table 4 shows consistent gains across all datasets:
Poincaré PHDM improves by +0.42, +1.77, and
+1.24 points, while Lorentz PHDM improves by
+0.46, +0.52, and +0.58. The PHDM rows also
achieve the best mean accuracy on every dataset
and reduce standard deviation in five of the six
replacements.

Graph node classification. The graph node-
classification experiment uses the Hypformer set-
ting (Yang et al.,, 2024; Vaswani et al., 2017).
Table 5 adds the original Hypformer benchmark
rows and our controlled replacement, which keeps
Hypformer fixed and replaces only the Lorentz
Euclidean-to-manifold input map with PHDM. In
our controlled replacement experiments, PHDM
improves Hypformer by +1.03, 40.68, +1.10,
and +1.22 points on Airport, Cora, Citeseer, and
PubMed, respectively. Its standard deviation is
lower on Airport, Cora, and Citeseer and compara-
ble on PubMed.

Cora link prediction. The Cora link-prediction
experiments use Riemannian residual baselines
(Katsman et al., 2023; Sen et al., 2008; McCallum
et al., 2000). Table 6 reports ROC AUC in percent.
PHDM improves every paired row, with gains of
0.99-3.07 points for RResNet and 0.54-1.60 for
RResNet Graph. The sphere gives the best AUC
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Table 3: FP32 operator stability for PHDM and Exp, / Log, maps. Bad results are in red. The last column
distinguishes numerical failures in negative curvature from mathematical domain violations in positive curvature.

Map Geometry Sampling Rel. error Numerical failure / domain violation
PHDM Lorentz random r = 10/50  6.02 x 107° 0.00%

Exp, /Log, Lorentz random 7 = 10/50 5.39 x 107" 0.00%

PHDM Poincaré random r = 10/50  1.94 x 107° 54.10%

Exp, /Log, Poincaré random r = 10/50  1.36 x 10~* 65.41%

PHDM Sphere feasible p = 0.99  1.46 x 1078 0.00%

Exp, /Log, Sphere feasible p = 0.99 6.28 x 1078 0.00%

PHDM Projected sphere  feasible p = 0.99 4.85 x 1078 0.00%

Exp, /Log, Projected sphere  feasible p = 0.99 5.50 x 1078 0.00%

Table 4: Classification accuracy in percent of ResNet-18 models. We estimate the mean and standard deviation from

five runs. The best performance is highlighted in bold (higher is better). §,.; denotes hyperbolicity

CIFAR-10 CIFAR-100  Tiny-ImageNet

(0rer = 0.26)  (0rer =0.23)  (drer = 0.20)
Euclidean (He et al., 2016) 95.1440.12 77.7210.15 65.1940.12
Poincaré ResNet (van Spengler et al., 2023) 94.5140.15 76.60+0.32 62.0110.56
HECNN Lorentz (Bdeir et al., 2024) 95.16+0.11 78.76+0.24 65.9640.18
HCNN Lorentz (Bdeir et al., 2024) 95.14+0.08 78.07+0.17 65.7140.13
Hybrid Poincaré (Guo et al., 2022) 95.04+0.13 77.19+0.50 64.9310.38
Hybrid Poincaré + PHDM (Ours) 95.46+0.11 78.96+0.14 66.1710.00
Hybrid Lorentz (Bdeir et al., 2024) 94.98+0.12 78.03+0.21 65.63+0.10
Hybrid Lorentz + PHDM (Ours) 95.44 1 ¢.07 78.55+0.05 66.2140.20

(a) PHDM (b) ExpMap0 (c) Separation &

1 0 1 2

®0apple ®1fish ®2 baby ® 3 bear ® 4 beaver ® 5 bed ® 6 bee ® 7 beetle ® 8 bike ® 9 bottle

Figure 2: Lorentz CIFAR-100 test embeddings for
ten fine classes. Figure (a) and (b) show PHDM and
ExpMap0 embeddings under the same PCA-UMAP vi-
sualization basis (Pearson, 1901; Mclnnes et al., 2018).
The figure reports the per-class high-dimensional sep-
aration change A, = sDHPM _ gExpMap0 where s, is
the nearest class-center distance divided by the mean
within-class radius. Positive values favor PHDM.

(93.09 £ 0.44), and the projected sphere gives the
largest paired gain.

LLMs. In the LoRA adapter, PHDM maps
Euclidean features to the manifold, while the
manifold output y is mapped back to the Eu-
clidean residual stream via the MLR point-to-

hyperplane scores v9"* = d (y, H ﬁ) 0) (Chen
et al., 2024). Table 7 evaluates whethér PHDM
can be used for large-scale models. We follow the
LoRA/HypLoRA arithmetic-reasoning setup (Hu

et al., 2022; Yang et al., 2025) and report PHDM

LoRA under the same parameter budgets as the cor-
responding LoRA and HypLoRA rows. Across the
four active model groups, PHDM LoRA obtains
the best average in every group, improving over
HypLoRA by +1.29, +4.57, +0.26, and +1.21
points on LLaMA-13B, Gemma-7B, LLaMA3-
8B, and Qwen2.5-7B, respectively. At the dataset
level, PHDM LoRA is best in 12 of 16 cells.
The strongest gain appears on Gemma-7B, where
PHDM LoRA improves SVAMP, GSMSK, and es-
pecially AQuA, with a +-23.99 point AQuA gain
over HypLoRA. Qwen2.5-7B is the most consis-
tent case: PHDM LoRA is best on all four datasets,
supporting the effectiveness of PHDM.

Visualization. Figure 2 complements the accu-
racy comparison by checking whether the Lorentz
PHDM gain is reflected in embedding geometry.
The UMAP visualization (Mclnnes et al., 2018)
shown in Figure 2 (a) and (b) provides a shared
two-dimensional view for the selected CIFAR-100
classes, while the quantitative results shown in
Figure 2 (c) are computed in the original 512-
dimensional tangent feature space and are indepen-
dent of the UMAP projection. PHDM has higher
CIFAR-100 test accuracy than ExpMap0 by 4-0.74
points, improves the average separation ratio on
these classes by +0.36, and improves 5-NN (Cover
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Table 5: Graph node classification: F1-score for Airport and accuracy for Cora, Citeseer, and PubMed. Baselines
are from Hypformer. PHDM replaces only the Euclidean-to-manifold input map.

Model Airport Cora Citeseer PubMed
HGCN (Chami et al., 2019) 89.311'2 76.510,6 68.010,6 78.011‘0
HGAT (Zhang et al., 2021) 89.611_0 77.410,7 68.610,3 78.311‘4
HAN (Gulcehre et al., 2019) 92.9406 83.1405 7244105 79.010.6
HNN++ (Shimizu et al., 2021)  92.340.3 82.840.6 71.5413 79.940.4
F-HNN (Chen et al., 2022) 93.040.7 81.040.7 71.240.4 77.5408
SGFormer (Wu et al., 2023) 92.9405 83.240.9 722103 80.0+0.8
Hypformer (Yang et al., 2024)  95.0405 85.040.3 73.340.4 81.34023

Hypformer + PHDM (Ours) 96.03.1 .34 85.68 1 ¢.19 74.4010.20 82.521¢.33

Table 6: Cora link-prediction ROC AUC in percent, following RResNet. PHDM replaces only the Euclidean-to-
manifold input map, while the RResNet/RResNet Graph architectures and evaluation protocol are kept fixed.

Model Lorentz Poincaré Sphere Projected sphere
RResNet 90.68:“),88 88.90i0_20 90.70i1,00 86.63i3_37
RResNet+PHDM 91.67:|:0.15 91.42:|:0.45 93.09:|:0.44 89.70:|:0.52
RResNet Graph 90.12:|:1A09 87.60:|:0,90 91.70:{:0,40 86.89:|:0,92
RResNet Graph+PHDM 91.32i0.75 88.67:{:1.29 92.24:|:0.29 88.49:{:0.50

CIFAR-10

CIFAR-100
2.5% fast %

Tiny-ImageNet
3.5% faster o

3.4% faster

15.00

15.0
14.75
T 148
14,50
146
14.25

Epoch time

144
14.00
142
13.75
14.0
13.50

PHOM ExpMap0 PHOM ExpMap0 PHOM

ExpMap0

Figure 3: Per-epoch runtime comparison for the Lorentz
image-classification replacement. PHDM replaces the
origin exponential-map input map while keeping the
surrounding model fixed.

and Hart, 1967) accuracy after PCA-50 by +1.30
points. The per-class bars show that the improve-
ment is heterogeneous rather than universal: sev-
eral classes gain substantially, while a small num-
ber favor ExpMap0.

5.3 Speed comparison

Figure 3 shows that the closed-form PHDM
has lower per-epoch runtime than the origin
exponential-map input map in the Lorentz image-
classification setting. PHDM reduces per-epoch
time from 14.67 to 14.31 seconds on CIFAR-10,
from 14.57 to 14.05 seconds on CIFAR-100, and
from 47.92 to 46.30 seconds on Tiny-ImageNet,
corresponding to 2.5%, 3.5%, and 3.4% speedups.
Thus the accuracy gains in Table 4 do not incur ad-
ditional runtime cost, and replacing the input map
also modestly improves training throughput.

6 Discussion

Effect of PHDM. The main benefit of PHDM is not
additional capacity, but a change in input semantics.
Each scalar component of the input to PHDM is
interpreted as a signed distance to a hyperplane,
and the output point is reconstructed to satisfy that
interpretation. This makes the input map auditable:
within the PHDM feasible domain, one can directly
check Eq. (5). The empirical pattern suggests that
this local geometric change can matter even when
the larger architecture is unchanged.

PHDM-domain constraints. PHDM has dif-
ferent feasible domains in negative and positive
curvature. Lorentz and Poincaré PHDM variants
are globally defined for finite signed-distance val-
ues, with numerical care needed only for very large
v/—Kuw values in the sinh computation when K <
0. Thus the Poincaré failures in Table 3 should
be read as finite-precision boundary failures rather
than violations of the mathematical PHDM domain.
Sphere and projected-sphere PHDM variants sat-
isfy the point-to-hyperplane equations only on the
principal feasible branch satisfying the component-
wise and joint feasibility conditions. In practice,
clipping or radial scaling (Guo et al., 2022) pro-
vides a practical mechanism for controlling numer-
ical stability when PHDM inputs approach or leave
this feasible branch.
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Table 7: Arithmetic reasoning accuracy of large language models. LoRA/HypLoRA results are reported by
HypLoRA (Hu et al., 2022; Yang et al., 2025). Base model references are LLaMA (Touvron et al., 2023),
Gemma (Gemma Team, 2024), Llama 3 (Grattafiori et al., 2024), and Qwen2.5 (Qwen Team, 2024). The benchmarks
are MAWPS, SVAMP, GSMS8K, and AQuA (Koncel-Kedziorski et al., 2016; Patel et al., 2021; Cobbe et al., 2021;
Ling et al., 2017). M.AVG denotes micro-average accuracy because the datasets are imbalanced.

Base model PEFT method Params (%) MAWPS (8.5%) SVAMP (35.6%) GSMS8K (46.9%) AQuA (9.0%) M.AVG
LLaMA-13B LoRA 0.67 83.5 54.7 48.5 18.5 51.0
LLaMA-13B HypLoRA 0.67 83.2 54.8 49.0 21.5 51.5
LLaMA-13B PHDM LoRA 0.67 84.45 61.80 46.02 22.83 52.79
Gemma-7B  LoRA 0.79 91.6 76.2 66.3 28.9 68.6
Gemma-7B  HypLoRA 0.79 89.5 78.7 69.5 32.7 71.2
Gemma-7B  PHDM LoRA 0.79 90.34 79.00 74.37 56.69 75.77
LLaMA3-8B LoRA 0.70 92.7 78.9 70.8 30.4 71.9
LLaMA3-8B HypLoRA 0.70 91.6 80.5 74.0 34.2 74.2
LLaMA3-8B PHDM LoRA 0.70 91.60 78.00 76.35 34.65 74.46
Qwen2.5-7B  LoRA 0.71 90.8 84.4 78.6 68.1 80.8
Qwen2.5-7B  HypLoRA 0.71 91.2 92.2 87.9 71.6 88.3
Qwen2.5-7B PHDM LoRA 0.71 92.86 93.50 88.78 74.41 89.51

7 Conclusion

We proposed the Point-to-Hyperplane Distance
Map (PHDM) for manifold embedding. The
method interprets input components as canonical
signed distances and reconstructs target manifold
points by solving point-to-hyperplane equations,
yielding closed forms for Lorentz, Poincaré, sphere,
and projected sphere geometries. In the experi-
ments, this parameter-free input-map replacement
improves several large language model, image,
graph, and link-prediction baselines without adding
learned PHDM parameters. The next empirical step
is to extend the same controlled replacement to
broader, large-scale settings in more specific areas.

8 Limitations

PHDM is an input-map replacement rather than a
full architecture. The current evidence is limited to
controlled replacement experiments on large lan-
guage model arithmetic reasoning, image classifi-
cation, graph node classification, and Cora link pre-
diction. Positive-curvature variants are exact only
on the principal feasible domain, and engineering
safeguards such as clipping or radial scaling do not
preserve exact signed distances.

PHDM does not introduce new data collection,
user-facing decision systems, or task-specific de-
ployment mechanisms. Its broader impact is there-
fore mainly methodological: it may help make man-
ifold input maps more interpretable and easier to
audit. Any downstream risks depend on the sur-
rounding model and dataset. Practitioners should
follow feasibility, handling, preprocessing, seeds,

and evaluation protocols when using PHDM in ap-
plied settings.
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A Notation

Table 8 summarizes the notation used throughout the paper, including the input variables, geometric
models, inner products, and PHDM-specific quantities.

Table 8: Summary of notation used throughout the paper.

Notation

Description

General notation and Euclidean score generation

d,n
ke{l,...,n}
K
sgn(K)
c=|K|
R™,0
z € R4
I/V7 wk,b, bk
v(z), vi(z),v
Yy, Y
(k)
(u, ), [lull2
g, 1

Dimensions of the Euclidean input and manifold output, respectively

Coordinate or canonical-hyperplane index

Constant sectional curvature, with i < 0 for hyperbolic models and K > 0 for spherical models

Sign of the curvature, equal to —1 for K’ < Oand +1 for K > 0

Positive curvature magnitude used when the hyperbolic curvature is written as K = —c

n-dimensional Euclidean space and its zero vector

Euclidean feature supplied to the score layer; elsewhere, = denotes a manifold point when its domain is stated
Euclidean weight matrix, its k-th row, bias vector, and k-th bias

Euclidean score vector, its k-th component vy (z) = (wy, ) — by, and the resulting signed-distance vector
Reconstructed target-manifold point

k-th standard basis vector

Standard Euclidean inner product and norm, where (u, v) = >, u;v;

Standard Euclidean metric gE = (-, -) and its identity-matrix representation

Riemannian geometry and constant-curvature models

M, Ty M
gk AE
di/y(w’y)
dM (y, H)
exp, (v), log, (y)
M

(u,v)z, vl 2

(u,v) i, IVl &
sing, cosk, tang
arcsin, arsinh

rOK Y
u=(—x)Br Yy
P (@)

Riemannian manifold and its tangent space at =

Stereographic metric at & and its conformal factor, with g& = (\%)2g¥

Geodesic distance between x and y on M

Signed geodesic distance from y to hyperplane H

Riemannian exponential and logarithmic maps at

Geodesic hyperplane on M with normal w and base point p

Canonical hyperplane through the origin and orthogonal to e(®)

Radius-model family, equal to L7y for K < 0 and S for K > 0

Stereographic-model family, equal to P for K < 0 and D% for K > 0

Lorentz hyperboloid and ambient sphere of curvature K

Poincaré ball and projected-sphere models of curvature K

Pole or time coordinate x¢ and spatial component z; € R™ of a radius-model point

Lorentz inner product —uovo + Zle w;v; and its induced tangent norm; subscript L denotes the same quantities
in the appendix

Curvature-aware inner product and tangent norm for the radius-model family

Curvature-aware trigonometric functions, using hyperbolic functions for K < 0 and circular functions for K > 0
Inverse functions of sin and sinh, respectively. We use the single-valued principal branch arcsin : [—1,1] —
[—7/2, 7 /2]. In the signed-distance formulas, they convert scaled spatial coordinates into spherical and hyperbolic
distances

Signed-curvature Mobius addition in a stereographic model

Mobius displacement from x to y

Inverse stereographic projection from D% to S

PHDM and appendix derivations
i (v)

PHDM »q(v)
S,y vt
p
p,w,z,a
Acy De, Ak, Dk
Up, Np, Dp, 6p
qK,Ms, 0
F(x; Z, ), w(v)

Elementwise inverse-distance vector, using (—K)~!/2 sinh(v/—Kv) for K < 0 and K~ '/2 sin(v/Kv) for
K>0

Parameter-free reconstruction of a point on M from canonical signed distances v

s = ||k (v)]|3, the stereographic ray coefficient, and the two quadratic roots used in the uniqueness proof
Positive-curvature feasibility statistic || sin(+v/K v)]||2 used in the stability experiment

Hyperplane base point and normal, together with the Euclidean parameters used in the Lorentz reparameterization
Numerators and denominators of the negative- and positive-curvature Mobius additions

Poincaré displacement and intermediate quantities in its signed point-to-hyperplane distance

Projected-sphere lift denominator, spherical exponential-map scale, and spherical angular distance

HNN-++ Poincaré fully connected map with learned parameters (Z, r) and its inverse-distance reconstruction vector
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B Preliminaries

After the notation summary, this appendix provides
tutorial background on hyperbolic neural networks
and collects the constant-curvature operations used
in the main text. We write the negative curvature as
K = —c with ¢ > 0 when following the Poincaré-
ball notation of HNN++ (Shimizu et al., 2021).
Equivalently, ¢ = |K]|, and positive-curvature
sphere operations use the signed-curvature nota-
tion K > 0.

B.1 Hyperbolic neural networks

Hyperbolic neural networks (HNNSs) are a broad
family of models that represent features or perform
neural operations on hyperbolic manifolds, rather
than a single architecture (Ganea et al., 2018; Peng
et al., 2021). Their motivation comes from hyper-
bolic geometry, where the volume of metric balls
grows exponentially with radius, allowing tree-like
and hierarchical structures to be embedded with
less distortion than in Euclidean space (Nickel and
Kiela, 2017, 2018). This property is relevant to
NLP because language representations can contain
latent hierarchies and asymmetric relations (Tan
et al., 2021; Chen et al., 2022). Hyperbolic geom-
etry provides a useful inductive bias when such
structures are present.

B.2 Poincaré ball operations

The n-dimensional Poincaré ball of curvature —c
is
P, = {x eR™ | ¢|jz]3 < 1},
2 20
o2 (20)
1 —cllz[3
Its metric is conformal to the Euclidean metric,
g5 = (X¢)21. The Mobius addition used to move
vectors inside the ball is

Ac(z,y)
T Doy = —221,
D.(z,y)
Ac(z,y) = (1+ 2¢(z,y) +cl|ly]3) =
+ (1= cllz]3) v,

De(z,y) = 1+ 2¢(z,y) + |z ]3]1yl3-

2n

With v = (—z) &, y, the geodesic distance is

2
dp_.(z,y) = 7 artanh(v/c||ull2). (22)
The exponential and logarithmic maps are
exps(v) = & B 25 (v),
(23)

0 (Y2511

2 vellvll2’

c 2 u
109;93(9):\@)\@ aftanh(ﬁ”“\b)mv o4)

u=(—x)By.

Zero-norm cases are interpreted by continuity.
A Poincaré hyperplane with base point p € P™
and normal a € T,P" . can be written as (Ganea

et al., 2018; Shimizu et al., 2021)
HS, ={z P, |{a,(—p) @) =0}. (25)

The corresponding signed point-to-hyperplane dis-
tance is

up<x) = <_p) De T,
_ Np(ff)
p(x) = Dp(w)’

Np(x) = 2vVe{a, up(z)), (26)
Dy(x) = (1 = cllup(@)[13)llall2.

~ 1
d]ic(x, Hg,) = % arsinh (0p(z)) .

For the output hyperplane through the origin and
orthogonal to the k-th axis, p = 0 and a = ey, this
reduces to

2\/5%
h _ _2VYIk
e = T oyl

T 1
dE (y, Hy) = —arsinh (b (), )

—e \/E
= {y P, |y = 0}.

B.3 Sphere model operations

For positive curvature K > 0, the ambient sphere
model is

no__ n+1 :1}
k={eermiipa -2 o
TSk ={v | (v,x) =0}.

For z,y € S} and v € T,S%, with |jv]js =

V/ (v, v), the distance is

ds (2,1) = —— arccos (K (x, ).

VK

The exponential and principal logarithmic maps are

ns = VE|l2,

(29)

i 30
expEK (U) = COS(nS)x + Sln(ng)v, (30)
US
P

0 = arccos (K {(z,y)) .
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The logarithmic map is interpreted on the principal
branch away from the antipodal point. The canon-
ical spherical hyperplane associated with the k-th
spatial axis is

H; ={y €Sk |y = 0}. 32)

Its signed point-to-hyperplane distance is

dSiK(y,FIE) = \/17( arcsin (\/Eyk) . (33

B.4 Projected-sphere operations

For positive curvature K > 0, the projected-sphere
model uses a stereographic parameterization

D} = R",

K 2

(34)
M-
L+ K||z||3

The point x € D7 corresponds to the ambient
sphere point

ax(z) =1+ K||z]3,

10 = 1-K|z3 2=
pic (@) = <\/l7q1<(96) ’ QK($)> '

(35)

Its metric is conformal to the Euclidean metric,
g% = (M5)2]. The positive-curvature Mobius
addition is (Skopek et al., 2020)

Ak (z,y)

Dk (z,y)’

Ag(z,y) = (1 - 2K (z,y) — K|ly|l3) =
+(1+ K|z[3) y,

Di(z,y) =1-2K(z,y) + K2||~”U||g||y||§(-36

rTPK Y=

With u = (—z) @k v, the geodesic distance is

2
dp, (z,y) = TR arctan (\/EHZLH2> . (37

The exponential and logarithmic maps are

exp,* (v) = 2 B 2 (v),

() = tan (ﬂ?xf ||vu2> v

2 VE|vl2'
(38)
2 U
Dy
log, % (y) = \/[?)\5 arctan (\/I?HUHQ) Talla’
u=(—x) Bk y.
(39)

Zero-norm cases are interpreted by continuity. For
the canonical projected-sphere hyperplane

HY ={y €Dk |y =0},  (40)
the signed point-to-hyperplane distance used by
PHDM is

VK 1+ Klly[3

(41)

_ 1
dﬁK (y, HY) = —= arcsin (

2V Ky, >

B.5 Lorentz model operations

Let (x,y)r, = —ZoYo + Y_p—; TkYk- The Lorentz
model of curvature —c is

L?, = {2z e R"" | L.(z) = —1/c, mg > 0},
le(x) = (z,2) 1,
T,L", = {v| (x,v)r =0}.
(42)

For z,y € L” , the distance is

—c

dr,_ (z,y) = 1 arcosh(—c(x,y)r).  (43)

NG

For v € T,L" . with ||v|| = v/(v,v)L, the expo-
nential and logarithmic maps are

nL = Vellv||L,
inh 44
expk(v) = cosh(np )z + Mv, (44)
nL
logk(y) =
0g; (y) = 7 (y + clw, y) ), )

0 = arcosh(—c(x,y)r).
The canonical Lorentz hyperplane associated with
the k-th spatial axis is

HE ={yel”, |y =0}, (46)

and its signed point-to-hyperplane distance is

_ 1 .
di (y, Hjy) = —=arsinh(veyr). (47

Ve
B.6 Poincaré fully connected layers in HNN++

HNN++ reformulates a Euclidean fully connected
layer by interpreting each output scalar as a signed
distance to a hyperplane and then replacing the
Euclidean output hyperplanes with Poincaré hy-
perplanes (Shimizu et al., 2021). Given an input
x € P" ., HNN++ first computes generalized scalar
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scores vy () using its Poincaré MLR parameteriza-
tion. The Poincaré FC layer then sets

w(v) = (7% sinh(v/cv1 (2)), . . .,

48
¢ 12 sinh(v/evp (2))). (*9)

It returns

Fe(x; Z,r) = w(v)

14+ /1 + cfJw@)]2

By Eq. (27), the signed distance from F°(x; Z, r)
to the k-th Poincaré output hyperplane through
the origin equals vi(z). This is the same
inverse-distance reconstruction used by PHDM
for the Poincaré model, with X = —¢ and
rg(v) = ¢ /?sinh(y/cv). HNN++ contrasts
this construction with the tangent-space alternative
exp((Alogg(z)) @ b: after a nonzero Mobius bias,
the resulting level sets are generally not Poincaré
hyperplanes.

(49)

C PHDM formula derivations

This section gives the algebra behind the four
closed-form PHDM maps in the main text. The
construction starts from the signed-distance con-
straints

dt, (y,H%>70> — s, k=1,....n, (50)
and solves them for the target point y.

Radius models. For the Lorentz model with
K < 0, the signed distance is

de (y, Hgiﬁ,o) = \/i? arsinh (\/jyk) .
(51)

Setting this equal to vy and applying sinh to both
sides gives

e = (—K)~"Y2sinh (\/—Kvk> )

Writing y = [yo, 7k (v)] and using the hyperboloid
constraint (y,y)s = 1/K gives

1

—p + Ir ()13 = —-

% (33)

The future-sheet condition selects the positive root,
yielding

1
R

This proves the Lorentz PHDM formula.

For the sphere with K > 0, the principal signed
distance is

dSiK (y,HeS{,j)’O) = \/1? arcsin (\/Eyk) . (55)

On the principal branch, the same inversion gives

ur = K~V/2sin (\/?vk) = rp (56)
Writing y = [0, 7k (v)] and using ||y||3 = 1/K
gives
1 2
W=z lk@B 6D
The north-hemisphere branch chooses the positive
root. Exact reconstruction requires

‘\/Evk) < g, zn:siDQ (\/Evk) < 1. (58)
k=1

The first condition makes the elementwise inverse
single-valued, and the second condition makes the
remaining sphere entry real.

Stereographic models. For the Poincaré model
with K < 0, the canonical signed distance has the
form

+ P
d]pK (y,He(I]f)’())
1 , h<
= arsin
v—K

Solving the signed-distance equation gives

29 _ (—K)~'/?sinh (\/jvk>

2/ —Kuys > (59)
1+ Kyl3

1+ Klly|3 (60)
= TK,]C'
In vector form,
2y
—— =rg(v). (61)
L+ Kllyl3

The solution lies on the ray spanned by 7 (v), so
write y = arg (v). With s = ||rx (v)||3, the scalar
equation becomes

Ksa? —2a+1=0. (62)

The branch satisfying y = 0 when 7 (v) = 0 is

1

1+v1—-Ks (63)

o =

Therefore,

_ ri(v) .
L+ /1 - Klri )l

Yy (64)
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For K < 0, the quantity under the square root is
larger than one for finite v, so the construction is
globally defined up to floating-point overflow in the
sinh computation. For the projected sphere with
K > 0, the principal signed distance is

1 2vK
d$ (y,H]sz) ) = —— arcsin 7%2 .
” <) VK 1+ K|lyllz

(65)
The same algebra gives
2y ()
———— =K (v),
1+ Kllyl3 (66)
TRk = K~2sin (\/?Uk) .
Solving y = ark (v) again yields
y 230 (67)

L+ /1= Klrx@)I3

For K > 0, this is the principal branch and
requires 1 — K |7 (v)||2 > 0, which is equivalent
to the joint feasibility condition above.

D Existence, uniqueness, and injectivity
of PHDM

The preceding derivations construct a point whose
signed distances to the canonical hyperplanes equal
v. We now show that this point is the unique solu-
tion on each stated branch.

Radius models. For the Lorentz model, substi-
tuting the constructed spatial coordinates into the
signed-distance formula gives

arsinh (sinh (\/jvk)) =wvg. (68)

1

V-K
Thus the constructed point satisfies every signed-
distance equation, which proves existence. Since
arsinh is strictly increasing, each spatial coordi-
nate yx is uniquely determined, and the future-sheet
constraint uniquely fixes the positive value of yyg.
For the sphere, Eq. (58) keeps the elementwise
inverse on the principal branch and makes the re-
maining coordinate real. Substitution again proves
existence, while the strict monotonicity of arcsin
on its principal branch uniquely fixes each y; and
the north-hemisphere constraint uniquely fixes the
nonnegative value of yg.

Stereographic models. For both the Poincaré
and projected-sphere models, direct inversion of all
signed-distance equations gives

2y

— = (69)
L+ Kllyl3

ri(v).

The denominator is positive on both model do-
mains. Hence, if rx(v) = 0, then y = 0. Oth-
erwise, every solution is a positive scalar mul-
tiple of rx(v), so the ray property follows di-
rectly from the signed-distance equations rather
than being assumed. Substituting the ray form and
s = |lrx(v)||% used in the preceding derivation
gives

Ksa2—2a—|—1:(),

1
o = ——————,
1++v1—-Ks (70)
1

« = -
T V1—Ks

For K < 0, a4 is negative, so c._ is the only root
compatible with the positive scalar multiple above.
For K > 0 with K||rk(v)||3 < 1, both roots are
positive, but they represent the north and south
sphere branches, and the principal north branch
selects a_. At the boundary K||rg(v)|3 = 1,
the roots coincide at 1, giving the unique equator
point. This proves existence and uniqueness for
both stereographic models on their stated branches.

Injectivity. Two points on the same stated
branch with identical signed distances have the
same uniquely determined spatial coordinates in
the radius models. In the stereographic models,
they have the same 7 (v) and the same unique ad-
missible branch root, so they also coincide. There-
fore, the canonical signed distances determine at
most one point on each stated branch. The substi-
tutions above also show that applying the signed-
distance equations to PHDM(v) returns v through-
out the feasible score domain. Conversely, recon-
structing a point from its canonical signed distances
returns that point on the stated branch. Hence
PHDM and the canonical signed-distance opera-
tion are mutually inverse bijections between the
feasible score domain and each stated branch.

E True geodesic distance preservation

True geodesic distance. Let H'! be a geodesic

hyperplane with base point p and normal a. RMLR
defines the intrinsic point-to-hyperplane distance
as follows (Chen et al., 2024, Eq. (6)):

inf dy(y,2). (71)

z€HM,

da (y, HY) =
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On a branch where the orientation induced by a is
well defined, its signed counterpart is

@ (y, H2p) = s ((log, (1) ,a), )
- d (y, H(%) .

Computing this infimum can be difficult because it
generally requires a non-convex optimization over
a curved manifold. RMLR therefore starts from
the following Euclidean identity (Chen et al., 2024,

Eq. (7)):
dg (y, Hap) = sin (Lypz*) dg (y,p) ,

where z* is the Euclidean projection of y onto the
hyperplane. RMLR then extends this construction
through the logarithmic map, yielding (Chen et al.,
2024, Eq. (10))

(72)

(73)

dm (y, HY) = p‘. (74)
This quantity is exactly the distance from log,, (y)
to the corresponding linear hyperplane in 7, M.
For signed output coordinates, we use its oriented
counterpart

d (y, HYY) = L (75)
whose absolute value equals d M. However, the
logarithmic map is not generally an isometry be-
tween arbitrary pairs of manifold points, so this
tangent-space pseudo-distance need not attain the
intrinsic infimum above. For example, on the
unit sphere, let © = (é(l) + 6(2)) /2 for orthonor-
mal tangent vectors é) and é®. For Y =
Exp, (u), the first signed pseudo-distance is 1/2,
whereas the corresponding true signed distance is
arcsin (sin (1/v2) /V2) # 1/2.

ExpMap reconstructs pseudo-distances. Let
{e(1n_ be the canonical tangent basis at o nor-
malized with respect to g,, so that <é(j ), é(k)>0 =
d;%. For the stereographic models, ME = 2, and
hence &%) = e(k)/2 when e(*) denotes the Eu-
clidean standard basis. This normalization does
not change the associated hyperplane. Rieman-
nian Transformation Layers use signed pseudo-
distances as the output-coordinate constraints of
their fully connected layer (Chen et al., 2025b, Def-
inition 4.1). If

(76)

u = Z vké(k)
k=1

lies in a normal neighborhood of o on which log,,
and Exp,, are inverse, their canonical-basis solution
is (Chen et al., 2025b, Theorem 4.2)

Y = Exp, (u). (77)
It then satisfies
dy (Y» H%),o) = <10go (Y) 7é(k)>o = .
(78)

Accordingly, the Euclidean-to-manifold embed-
ding can be written as (Chen et al., 2025b, Proposi-
tion 7.1)

Y = EXpo (U(.T)) )

n

u(z) = (Az +b), e®.

k=1

(79)

For the negative-curvature models considered here,
the origin exponential map is globally injective.
For the positive-curvature models, the reconstruc-
tion statement requires |u(x)||, < 7/v/K, which
excludes the spherical cut locus. Thus, ExpMap
reconstructs a point whose signed tangent-space
pseudo-distances, rather than necessarily its true
signed geodesic distances, equal the input scores.

PHDM reconstructs true distances. PHDM
instead derives each canonical point-to-hyperplane
distance by directly minimizing the manifold two-
point distance over the hyperplane, and then inverts
these intrinsic signed distances. On every stated
feasible branch, the preceding results give

n 2
3 (dj\i[ (PHDMM (v) ,Hé\(ﬁw) - uk> —0.
k=1

(80)
Thus, the origin exponential map is the pseudo-
distance-based special case of the same reconstruc-
tion framework, whereas PHDM denotes the true-
distance construction. This identity guarantees ex-
act reconstruction in the canonical true-distance
coordinates on the stated feasible branches.

F Implementation and experimental
details

Controlled replacement. Across all comparative
experiments, PHDM changes only the Euclidean-
to-manifold input map. The upstream encoder,
downstream manifold layers, loss, optimizer, sched-
uler, data preprocessing, and trainable parameter
budget are kept identical to the corresponding base-
line row. Thus any trainable parameters remain in
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the surrounding model, while PHDM itself adds no
learned normal, offset, or bias.

PHDM LoRA implementation. For the
arithmetic-reasoning experiment, PHDM LoRA
follows the LoRA/HypLoRA adapter placement
and parameter budgets used by the corresponding
reported rows. A standard LoRA adapter adds a
low-rank Euclidean residual update to a frozen lin-
ear transformation (Hu et al., 2022). HypLoRA
inserts a hyperbolic adapter by mapping the low-
rank Euclidean adapter feature into the hyperbolic
space, applying the hyperbolic transformation, and
mapping the result back to the Euclidean residual
stream (Yang et al., 2025). PHDM LoRA keeps that
surrounding adapter structure, curvature setting,
trainable low-rank matrices, and Euclidean output
residual path fixed, but replaces the Euclidean-to-
hyperbolic input map inside the adapter with the
negative-curvature PHDM map. Concretely, for
the adapter feature z produced by the low-rank
LoRA branch, PHDM LoRA interprets zj as the
signed distance to the k-th canonical hyperplane,
applies the PHDM construction with the same hy-
perbolic curvature as the matched HypLoRA row.
Therefore the “PHDM LoRA” rows test only the
geometric input-map substitution and do not add
learned PHDM parameters, additional hyperplane
normals, or extra adapter rank.

Numerical stability benchmark. The stability
experiment uses FP32 arithmetic, signed curvature
K = —1or K = +1, and 4096 samples in di-
mension 16. For negative curvature, vectors are
sampled by random directions and controlled ra-
dius. We report the relative recovery error at radius
10 and the failure rate at radius 50. For positive
curvature, samples are drawn inside the feasible
signed-distance domain by controlling

p=|sin (VEv) 5,

with p = 0.99 in the table. This probes the bound-
ary of the exact PHDM domain rather than testing
arbitrary tangent vectors outside the domain.

Positive-curvature feasibility. For sphere and
projected-sphere PHDM, exact signed-distance
preservation requires both the principal component-
wise constraint and the joint constraint

1)

‘\/Evk‘ < g 3 sin? (\/Evk) <1. (82)
k=1

When an implementation receives infeasible
positive-curvature inputs, clipping or radial scaling

can restore manifold validity. These safeguards
are useful engineering choices, but they no longer
preserve the signed-distance equations exactly for
the modified components.

Comparative experiments. Image-
classification experiments follow the ResNet-18
HCNN setting on CIFAR-10, CIFAR-100, and
Tiny-ImageNet, replacing the original input map in
the Hybrid Poincaré and Hybrid Lorentz variants.
Graph node-classification experiments follow
Hypformer and replace only its Lorentz input
map. Cora link-prediction experiments follow
the RResNet and RResNet Graph settings and
evaluate all four target geometries. LLM arithmetic
experiments use MAWPS, SVAMP, GSM8K, and
AQuA (Koncel-Kedziorski et al., 2016; Patel et al.,
2021; Cobbe et al., 2021; Ling et al., 2017) and
report PHDM LoRA under the same parameter
budgets as the corresponding LoRA and HypLoRA
rows. Unless stated otherwise, results are reported
as means and standard deviations over five runs,
and all training experiments are conducted on
A100 64G GPUs.

Runtime and visualization. The runtime com-
parison uses the same Lorentz image-classification
replacement as the accuracy experiment and reports
average per-epoch wall-clock time. The embedding
visualization uses the same held-out CIFAR-100
test features for PHDM and ExpMap0, applies a
shared PCA-UMAP visualization basis, and com-
putes the class-separation scores in the original
high-dimensional feature space rather than in the
two-dimensional UMAP display.

G More Experiments

Additional Hypformer geometries. Table 9 ex-
tends the controlled Hypformer replacement to
Poincaré, spherical, and projected-sphere input
maps. PHDM improves over the matched ExpMap
baseline in all 12 additional settings. The Poincaré
ExpMap baseline remains collapsed on Airport in
the expanded five-run evaluation, with an F1-score
of 55.3445 31, whereas PHDM reaches 97.33+0.40.
Across the other 11 settings, the gains range from
+1.00 to +2.46 points.

Curvature sensitivity. Table 10 evalu-
ates PHDM over curvature magnitudes |K| €
{0.5,1, 2,4, 10} while keeping the remaining Cora
link-prediction settings. Performance varies by
less than one ROC-AUC point for every geome-
try, with spans of 0.85, 0.70, 0.48, and 0.83 for
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Table 9: Additional Hypformer input-map replacements
beyond the Lorentz setting in the main text. Airport
reports F1, while Cora, Citeseer, and PubMed report
accuracy, all in percent. Results are means and standard
deviations over five runs. A is PHDM minus ExpMap.

Manifold ExpMap PHDM A
Airport (F1)

Poincaré 55.3448.31 97.3340.40 +41.99
Sphere 96.2940.208 97.86410.16 +1.57
Projected sphere 95.2940.201 97.7540.16 +2.46
Cora (accuracy)

Poincaré 82.4841.47 84.3241.21 +1.84
Sphere 83.5611.72 84.644158 +1.08
Projected sphere 83.68+1.80 84.96441.32 +1.28
Citeseer (accuracy)

Poincaré 68.6440.85 70.0840.46 +1.44
Sphere 69.2840.84 70.2849.50 +1.00
Projected sphere 69.60+0.55 70.6440.54 +1.04
PubMed (accuracy)

Poincaré 78.5242.18 79.6041 92 +1.08
Sphere 78.3242.55 79.3242.41 +1.00
Projected sphere 78.2042.37 79.2445 35 +1.04

Table 10: Curvature sensitivity of PHDM on Cora link
prediction. Results are ROC AUC in percent, reported
as mean and standard deviation over five runs. Span
is the difference between the maximum and minimum
mean across the evaluated curvature magnitudes.

Projected

Poincaré
sphere

Lorentz Sphere

5 91.33+0.31 91.28 £0.60 93.34 £0.12 90.53 + 1.01
91.67 +0.15 91.42+0.45 93.09 +0.44 89.70 + 0.52
91.08 +0.39 91.69 £ 0.43 92.86 +0.24 90.43 + 0.77
90.82 +0.71 91.51 +£0.33 92.88 £ 0.65 90.47 £+ 0.23

0 91.27+£0.39 90.99 £0.75 93.16 £ 0.30 89.99 £0.35

[l =)

Span 0.85 0.70 0.48 0.83

Lorentz, Poincaré, sphere, and projected sphere, re-
spectively. The sphere has the smallest span, while
all four geometries remain stable throughout the
evaluated range.

Table 11: Fine-grained computational overhead and
throughput in the LLM setting on an A100 64G GPU.
Throughput is measured in tokens per second, and peak
memory is reported for training and inference in GiB.

Metric LoRA HypLoRA PHDM LoRA
54,132,736 54,133,016 54,132,876
Trainable parameters 0.7058% 0.7058% 0.7058%

Train step (ms) 717.7 784.6 777.4
Train throughput (tok/s) 2853.5 2451.6 2634.3
Prefill throughput (tok/s) 8886.1 8867.1 8927.0
Generation throughput (tok/s) 32.60 21.25 21.80
Peak memory, train/infer (GiB) 43.89/14.49 45.07/14.48 44.34/14.49

LLM efficiency. Table 11 reports fine-grained
training and inference efficiency under essentially
identical trainable parameter budgets. Compared
with HypLoRA, PHDM LoRA reduces the train-
step time from 784.6 to 777.4 ms and improves
training, prefill, and generation throughput by

7.5%, 0.7%, and 2.6%, respectively. It also reduces
peak training memory by 0.73 GiB, while peak in-
ference memory remains effectively unchanged at
14.49 GiB. These results show that replacing Hy-
pLoRA’s input map with PHDM reduces its com-
putational overhead without materially changing
the parameter budget.

H Use of large language models

We use large language models to aid or polish writ-
ing.
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