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Abstract

Long-context reasoning has significantly em-
powered large language models to tackle com-
plex tasks, yet it introduces severe efficiency
bottlenecks due to the computational complex-
ity. Existing efficient approaches often rely on
complex additional training or external models
for compression, which limits scalability and
discards critical fine-grained information. In
this paper, we first propose VTC-R1, a new effi-
cient reasoning paradigm that integrates vision-
text compression into iterative reasoning. In-
stead of processing lengthy textual traces, VTC-
R1 renders intermediate reasoning segments
into compact images, which are iteratively fed
back into vision-language models as "optical
memory". We construct a training dataset
based on OpenR1-Math-220K achieving 3.4 x
token compression and fine-tune representative
VLMs—Glyph and Qwen3-VL. Extensive ex-
periments on benchmarks such as MATHS500,
AIME25, AMC23 and GPQA-D demonstrate
that VTC-R1 consistently outperforms stan-
dard long-context reasoning. And VTC-RI1
improves inference efficiency, achieving 2.7x
speedup in end-to-end latency, highlighting its
potential as a scalable solution for reasoning-
intensive applications. Our code is available at
https://github.com/w-yibo/VTC-R1.

1 Introduction

Reasoning capability (Li et al., 2025b; Lightman
et al., 2023; Yao et al., 2023; Huang and Chang,
2023; Yao et al., 2025) has emerged as a powerful
technique of large language models (LLMs), en-
abling them to tackle complex tasks such as mathe-
matical problem solving (Hendrycks et al., 2021;
Luo et al., 2025a; Hu et al., 2025) and code genera-
tion (Chen et al., 2021; Jiang et al., 2024). Recent
advancements, exemplified by OpenAl ol (Ope-
nAl, 2024) and DeepSeek-R1 (Guo et al., 2025),
leverage reinforcement learning to further scale
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Figure 1: Comparison between existing efficient
reasoning approaches and vision-text compression
(VTC). Existing methods either require additional train-
ing or sampling procedures, or rely on external strong
models. VTC leverages lightweight rendering to trans-
form long textual reasoning traces into compact visual
representations, enabling VLMs to encode information
with significantly fewer vision tokens (3-4x compres-
sion). This approach is both lightweight and model-free.

this capability to long-context reasoning, substan-
tially improving performance on challenging real-
world tasks. Despite recent progress, long-context
reasoning introduces severe efficiency bottlenecks.
The computational complexity of the transformer
architecture (Zaheer et al., 2020; Beltagy et al.,
2020; Kitaev et al., 2020; Wang et al., 2020) grows
quadratically with sequence length, causing both
computation and memory costs to increase rapidly
as the context expands. This leads to degraded
inference speed, reduced training efficiency, and
limited scalability, which significantly hinders real-
world deployment.

To mitigate these issues, several efficient
approaches are proposed (Chen et al., 2025;
Munkhbat et al., 2025; Lee et al., 2025; Liu et al.,
2024). Existing methods can be broadly cate-
gorized into two groups. i) Extra training or
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sampling stages beyond standard supervised fine-
tuning (SFT). For example, CoT-Valve (Ma et al.,
2025b) adopts a multi-stage training procedure to
obtain models specialized for different reasoning
lengths and O1-Pruner (Luo et al., 2025b) applies
offline reinforcement learning with multiple sam-
pled trajectories (16 responses per problem). These
approaches increase training and inference cost. ii)
External strong models to guide reasoning com-
pression. TokenSkip (Xia et al., 2025) requires
an additional model to estimate token importance,
while R1-Compress (Wang et al., 2025) and In-
ftyThink (Yan et al., 2025) depend on powerful
external summarization models (e.g., Llama-3.3-
70B-Instruct) to condense long reasoning traces.
Although both categories of methods are effective,
beyond the aforementioned costs and dependen-
cies, their efficiency gains are mainly obtained by
reducing or compressing the generated reasoning
content, which can restrict the model’s exploration
space and discard fine-grained intermediate infor-
mation critical for complex reasoning.

Without additional training or external
models, how can we achieve efficient
reasoning while preserving fine-grained
information?

Motivated by this, a promising yet under-
explored direction is vision-text compression
(VTC) (Wei et al., 2025; Cheng et al., 2025;
Xing et al., 2025b; Zhao et al., 2025; Xing et al.,
2025a). Rather than reducing fine-grained informa-
tion, VTC adopts an alternative representation by
transforming textual content into visual forms via
lightweight rendering, enabling vision-language
models (VLMs) to encode rich semantic informa-
tion using substantially fewer vision tokens. This
design is lightweight and model-free, as shown in
Figure 1, introducing no additional training stages
or reliance on external compression models. Prior
works such as DeepSeek-OCR (Wei et al., 2025)
and Glyph (Cheng et al., 2025) focus on text re-
construction or long-context understanding, show-
ing that long text sequences can be represented
with 3x—10x token compression while maintaining
high decoding precision. However, whether such
high-density visual representations can preserve
and support multi-step reasoning processes remains
unclear. Notably, mathematical reasoning, with
its symbolic structure and step-wise derivations,
is naturally amenable to visual rendering, making
it a suitable and principled testbed for studying
reasoning-oriented vision-text compression.

To bridge this gap, we propose VTC-R1, a new
efficient reasoning paradigm that iteratively inte-
grates vision—text compression into long-context
reasoning. VTC-R1 treats the reasoning process
as multiple processes, where the preceding pro-
cess are regarded as long-context and rendered
into compact images, and performs iterative rea-
soning (Yan et al., 2025) with VLMs. As illustrated
in Figure 2, the reasoning process is decomposed
into a sequence of reasoning steps. Upon the com-
pletion of each step, it is rendered into an image.
To proceed to the next step, the accumulated im-
ages of previous steps are fed back into the model
alongside the question, functioning as a form of
optical memory that compactly encodes previous
reasoning using vision tokens.

We construct a training dataset based on
OpenR1-Math-220K (Hugging Face, 2025), a
large-scale long-context reasoning corpus gener-
ated by DeepSeek-R1 (Guo et al., 2025). We seg-
ment each long reasoning trace into shorter rea-
soning segments and render the preceding seg-
ments into images, forming paired image—text rea-
soning data with up to 3.4x token compression
as shown in Table 1. We then fine-tune repre-
sentative VTC-VLM (i.e., Glyph (Cheng et al.,
2025)) and the state-of-the-art VLM (i.e., Qwen3-
VL (Bai et al., 2025)). Extensive experiments
on diverse mathematical reasoning benchmarks,
GSMSK (Cobbe et al., 2021), MATHS500 (Light-
man et al., 2023), AIME25 (Zhang and Math-
Al 2025), AMC23 (Math-Al, 2025) and GPQA-
Diamond (Rein et al., 2024), demonstrate that VTC-
R1 consistently outperforms standard long-context
reasoning. Moreover, VTC-R1 significantly im-
proves inference efficiency, achieving up to 2.7x
speedup in end-to-end reasoning latency, high-
lighting its practical advantages for scalable long-
context reasoning. The main contributions of this
paper are as follows:
¢ We introduce VTC-R1, the first efficient reason-

ing paradigm that reformulates reasoning as an

iterative process and integrates vision-text com-

pression to replace long text with compact vi-

sion tokens, without requiring additional training

stages or external strong models.

* We construct a training dataset by segmenting
reasoning traces and rendering preceding steps
into images, producing paired data with up to
3.4 x token compression.

» Extensive evaluation on major mathematical
and out-of-distribution benchmarks shows that
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VTC-R1 consistently outperforms standard long-
context reasoning and achieves up to a 2.7x
speedup in end-to-end inference latency.

2 Preliminaries

2.1 Problem Setup

We consider a reasoning task defined by an input
question ). Given a vision language model M,
the goal is to produce a final answer A. During
answer generation, a long sequence of intermediate
reasoning steps is also produced, which forms a
long-context reasoning.

2.2 Vision-Text Compression

Vision-text compression is defined as a procedure
where a given text is rendered into an image, en-
abling a VLM to encode the content using fewer
vision tokens. The pipeline used in our work is
summarized as follows.

Given an input text sequence 7, the text is ren-
dered into images through a pipeline before model
input. The rendering pipeline is parameterized by
a configuration vector (Cheng et al., 2025),

0= (dpi, page_size, font_family, font_size,
line_height, alignment, indent, spacing,
h_scale, colors, borders, . . . ),
ey

which controls the typography, layout, and visual
style of rendered pages. The details of render-
ing configuration are provided in Appendix B.1.
Through the rendering process, multiple PNG im-
ages I are produced. This process is defined as
I = Ry(T), where Ry(-) denotes the rendering
operator. The images I are processed by the image
processor and vision encoder of model M. For
simplicity, let Myision denote the vision tokenizer.
Given the images I, we obtain a sequence of vision
tokens V' = Myision(I), where V' = {vq,...,vr,}
and L, represents the sequence length.

The original text T is processed by the text
tokenizer M to produce a text token sequence
T = M (T), where T = {t1,...,tr,} and L,
denotes the number of text tokens.

Thus, the vision-text compression ratio is de-
fined as:

pP=7 2

In practice, p > 1, a larger p indicates a higher
compression efficiency, implying that fewer tokens
are required to encode the same content under the
vision tokenization scheme.

3 Methodology
3.1 Standard Long-Context Reasoning.

Standard long-context reasoning, as adopted
by OpenAl ol (OpenAl, 2024) and DeepSeek-
R1 (Guo et al., 2025), typically produces a long
sequence of intermediate reasoning steps. Such be-
havior incurs substantial computational and mem-
ory cost. This reasoning procedure is formulated
as a long-context reasoning process, denoted as
LR, where the input question is (). The standard
long-context reasoning can be represented as

(SsY|U| Q| A| (think) LR {/think) A,

where (Ss) denotes the standard system prompt,
such as “You are a helpful assistant.” The tokens
|U| and |A| indicate the start of user input and
model response, respectively. The special tokens
(think) and (/think) mark the beginning and end
of the reasoning process.

In practice, LR may reach 16k tokens or more.
During reasoning, the preceding steps could be re-
garded as context and vision-text compression can
therefore be introduced to encode these preceding
steps into a smaller number of effective vision
tokens, thereby mitigating the substantial cost of
long-context reasoning.

3.2 VTC-R1 Reasoning

Instead of generating a full textual reasoning trace,
VTC-RI first formulates long-context reasoning as
an iterative process to get the answer. The long-
context reasoning trace LR is decomposed into a
sequence of reasoning segments { LR, ..., LR, }
under a token-length threshold.

Iterative Reasoning. Concretely, iterative rea-
soning generates the reasoning process sequentially.
At iteration ¢, the model conditions on the question
and the previous segments:

LR; ~py(- | Q, LR<;), 3)
LR.; = (LRy,...,LR; 1).
And the complete trace is obtained by concatena-
tion LR = (LRy,...,LR,).

We next show that this iterative formulation is
equivalent to standard one-pass long-context gen-
eration under an autoregressive model. By the
chain rule, the joint distribution of the full trace
factorizes as

po(LR| Q) = [[ po(LR: | Q, LR:), (4)
=1
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Figure 2: Comparison between standard long-context reasoning and the proposed VTC-R1 reasoning paradigm. (a)
Standard long-context reasoning processes the entire reasoning trace as a single long sequence, leading to increasing
computational and memory costs as the context grows. (b) VTC-R1 reformulates long-context reasoning as an
iterative process. At each iteration, the current reasoning segment is generated and the preceding segments are
rendered into compact images, which are fed back to the model together with the original question. These rendered
images function as a form of optical memory, enabling efficient multi-step reasoning with reduced token usage.

which is exactly the distribution induced by sam-
pling LR;y,..., LR, sequentially with the same
conditionals. Consequently, for any answer extrac-
tion function A = M (LR), one-pass and iterative
generation yield the same answer distribution:
A=M(LR), LR~p(-|Q).
VTC-R1 Reasoning Paradigm. The first rea-

soning process is expressed as follows, where
n > 11is assumed:

(5,) [UQ|A| (think) LR, (/think),

where (S,) denotes the VTC-R1 system prompt.

VTC-R1 System Prompt (S,)

These images record your previous reasoning
process. Based on this reasoning, continue and
complete the final answer. Do not restart the
reasoning.

If no images are provided, start the reasoning
from scratch.

As described in Sec 2.2, the first reasoning
process LR; is rendered into multiple images,
I = Ry(LRy).

When the i-th reasoning process begins, i — 1 rea-
soning processes have been completed. At the end
of each process, the generated reasoning process
LR; is rendered into multiple images I; and stored.
As aresult, a set of rendered images {I1,...,[;_1}
is available. The reasoning process at the ¢-th itera-

tion is then expressed as

(So) [U|Q, I, ... Iy
| A| (think) LR; (/think).

At the final reasoning iteration n, the model pro-
duces the last reasoning segment and outputs the
final answer A. The complete generation at this
stage is expressed as

<S”U> ’ U | {Qvlla"' >In—1}
| A| (think) LR, (/think)A.

During inference, VTC-R1 iterates continuously
until the final answer A is produced. As shown
in Table 2, the method exhibits adaptive reasoning
behavior, where the number of reasoning iterations
is selected dynamically according to the problem
difficulty. To prevent unbounded generation, a max-
imum iteration limit, denoted as 7', is imposed.

VTC-R1 performs iterative reasoning by generat-
ing multiple reasoning segments in Algorithm 1. At
each iteration, the previously generated reasoning
segments LR;,..., LR;_; are rendered into im-
ages Iy, ..., I;_1. Therefore, these images provide
a compact and efficient representation of textual
reasoning through vision tokens, functioning analo-
gously to an optical memory. Under our rendering
configuration, the resulting compression ratio p
is approximately 3—4 as shown in Table 1, which
could mitigate the computational and memory cost
incurred by token growth in standard method.

Moreover, VTC-R1 requires a lightweight ren-
dering mechanism. No additional training, extra
sampling stages, or external models are introduced.
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Algorithm 1 VTC-R1 Reasoning Paradigm

Input: question (; vision language model M
system prompt (S,); rendering operator Rp;
maximum iteration 7'
Initialize: rendered image set Z < ()
fori =1toT do

Generate Vision-Language Model Output:

0; M(<SU>, Q,I)

if O; produces the final answer A then
return A
end if
Update Image Set via Rendering:
Extract reasoning progress L R; from O;
Render reasoning into images: [; <
Ry(LR;)
Update: Z <~ Z U {[;}
end for
if no final answer A then
Extract Answer when Reaching Iteration
Limit:
Extract final answer A from Op
end if
Output: final answer A

Metric Value
Rendered reasoning steps (elements) 45K
Rendered images 105K
Total text tokens 181M
Total vision tokens 54M
Compression ratio (text / vision) 3.4x

Table 1: Statistics of rendered prior reasoning seg-
ments. We report the number of reasoning segments
rendered as images, the total number of text and vision
tokens, and the compression ratio.

Batch Inference. To support batch inference in
frameworks such as vVLLM (Kwon et al., 2023), we
extend Algorithm 1 with independent request states
and a dynamic active set. This enables parallel
generation by batching only active samples and
updating their multimodal contexts at each iteration.
Details are given in Algorithm 2.

3.3 Training Data Construction

To train VTC-R1, a supervised fine-tuning dataset
is constructed to enable VLMs to learn the VTC-R1
reasoning paradigm. The dataset is organized as an
image—text paired corpus. We adopt OpenR1-Math-
Inf (Yan et al., 2025), which is a subset of OpenR1-
Math-220K (Hugging Face, 2025). OpenR1-Math-

Dataset Distribution of Index
61K

-]
o

g
=50
0
]
o
401
£ 0
[
:’_’ 30 30K
°
@
220
E 11K
2 104
4K
0 : : : : 246 3 3 2
o 1 2 3 4 5 6 7
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Figure 3: Distribution of data index. The index in-
dicates the order of a reasoning segment for a given
problem, where index 0 corresponds to the first segment.
Most samples terminate at early steps, while a small
fraction requires more than four iterations.

220K is generated by the DeepSeek-R1 (Guo et al.,
2025) model, where solutions are produced for
large-scale mathematical problems. OpenR1-Math-
Inf contains 61K question—answer pairs, and each
solution is partitioned into multiple reasoning seg-
ments { LRy, LRy, ..., LR,} according to prede-
fined thresholds.

Based on Sec 3.2, training data are constructed
according to the index of the reasoning process,
where different rules are applied at different itera-
tions. Rendered images are included as inputs. The
instance at iteration ¢ is defined as

<<SU>7Q7®7LR1)7 izl,
((S0), Q, {I;};<i, LR;),
(<SU>7Q7{Ij}j<i7LRn7A>, T =n.

D, = l<i1<n,

®)
106K instances are constructed based on Eq. 5,
which requires approximately 105K rendered im-
ages in PNG format. Figure 3 presents the segment
index distribution in the constructed training data.
Table 1 reports the token statistics after applying
vision-text compression. The original reasoning
traces contain 181M text tokens, which are reduced
to 54M vision tokens after rendering, achieving a
compression ratio of up to 3.4x. This dataset is
used for supervised fine-tuning. It is noted that the
number of images associated with each instance
is adaptive. Therefore, the training procedure re-
quires VLM architectures that support inputs with
a variable number and resolution of images, such
as Qwen3-VL (Bai et al., 2025), GLM-4.1V (Team
et al., 2025a), and Glyph (Cheng et al., 2025).
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Model | GSMSK MATHS500 AIME25 (Avg@16) AMC23 (Avg@16)

| ACCT TOK LAT| | ACCt TOK LAT| | ACCt TOK LAT| | ACCt TOK LAT|
Qwen3-VL-8B
SFT 88.1 1.79 3.04 85.4 4.17 5.36 3271 1746 29.85 75.00 820  11.08
VTC-R1 | 947759 1.09 0.46°° | 90.0*9 339 249°2 | 30,000>™ 1432 12,0279 | 77.970>°0 818 6.451 7
Glyph
Base SFT 86.1 2.35 1.38 79.6 5.51 2.77 24.17 19.94 14.48 61.56 1267 8.5
SFT 87.1 1.87 0.93 80.4 5.71 3.05 25.62 17.47 11.52 60.94 1165  6.85
TokenSkip |  86.4 225 1.32 80.6 6.11 3.05 23.75 17.82 11.85 59.53 12.81 8.41
VIC-R1 | 93.6°°% 1.09 0.34°79 | 860079 412 2190+ | 26256 1295 6.8107) | 64.38**) 881 430"

Table 2: Performance comparison across mathematical benchmarks. Accuracy (ACC) is higher-is-better (1),
latency (LAT) is lower-is-better (|.). Bold indicates the best performance. Superscript numbers denote accuracy
improvements and latency speedups relative to standard long-context reasoning.

4 Experiments

4.1 Experiment Settings

Dataset. For training, we use the OpenRI-
Math-Inf (Yan et al., 2025), where each solu-
tion is segmented into multiple reasoning seg-
ments with varying lengths (2K, 4K, and 6K to-
kens). it is a subset of OpenR1-Math-220K (Hug-
ging Face, 2025) dataset. Unless otherwise
specified, 4K is used as the default segmenta-
tion setting. For evaluation, we leverage four
widely used mathematical reasoning benchmarks.
GSMBS8K (Cobbe et al., 2021), MATH500 (Light-
man et al., 2023), AIME25 (Zhang and Math-
Al 2025) and AMC23 (Math-Al, 2025). And
GPQA-Diamond (GPQA-D) (Rein et al., 2024),
a science-domain benchmark that serves as an out-
of-distribution evaluation. See the Appendix C.2
for more details of benchmarks.

Baseline. For baselines, our proposed method
VTC-R1 is compared with standard long-context
reasoning (SFT). In the SFT setting, standard ques-
tion—answer pairs with full long-form reasoning
traces are used as the supervised fine-tuning dataset.
We then perform VTC-R1 and SFT on two repre-
sentative VLM architectures respectively for com-
parison. i) Glyph (Cheng et al., 2025), which serves
as a VT C-capable VLM. ii) Qwen3-VL-8B (Bai
et al., 2025), which represents a mainstream vi-
sion—language model. In addition, standard SFT
does not require optical character recognition capa-
bility. Therefore, the base model preceding Glyph,
GLM-4.1V-9B-Base (Team et al., 2025a) (Base
SFT), is also included as a baseline. The efficient
reasoning method TokenSkip (Xia et al., 2025) is
included as an additional baseline for comparison.

Metric. We employ the following three metrics
to evaluate the model’s performance.
¢ Accuracy (ACC): For GSM8K, MATH500, and

GPQA-Diamond, we report pass@1 accuracy.

For AIME25 and AMC23, due to their limited
dataset sizes, we generate 16 responses per prob-
lem and report avg@ 16 accuracy.

* Token (TOK): The average number of generated
response tokens, reported in thousands (K).

* Latency (LAT): We measure the average infer-
ence latency per generation, reported in seconds
(s). Given a dataset with m problems, where
each problem is generated n times (e.g., n = 16
for AIME25 and AMC23), let 1 and t5 denote
the wall-clock timestamps at the start and end of
the entire inference process, respectively. The
latency is computed as:

to — 11
mxn

LAT =

Implementation Details. For both SFT and
VTC-R1, the processed training datasets contain
106K instances and require approximately 105K
images. Both methods are trained with a learn-
ing rate of 1 x 10~ for one epoch using the
LlamaFactory library (Zheng et al., 2024). For
evaluation, a temperature of 0.6 and a top-p
value of 0.95 are adopted under the vLLM frame-
work (Kwon et al., 2023).

4.2 Main Results

Performance Gains. As shown in Table 2, VTC-
R1 consistently outperforms Base SFT, SFT and
TokenSkip baselines on the Glyph across all four
benchmarks. Notably, substantial improvements
are observed on the more challenging benchmarks,
with the gains of 5.6% on MATHS500 and 3.4% on
AMC23. On the Qwen3-VL architecture, VTC-
R1 also demonstrates consistent improvements or
achieves competitive accuracy compared to stan-
dard long-context reasoning.

Furthermore, as reported in Table 3, similar
trends are observed on the out-of-distribution
benchmark. Specifically, VTC-R1 yields accuracy
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| GPQA-Diamond

Model

\ ACC 7t TOK LAT|
Owen3-VL-8B
SFT 374 14.78 26.88
VTC-R1 48,50+ Y 9.77 9.57(>5)
Glyph
Base SFT 26.3 19.74 14.43
SFT 384 13.91 8.35
TokenSkip 35.9 15.45 9.93
VTC-R1 46.0C79 10.73 6.96"' >

Table 3: Performance on out-of-distribution benchmark.
Bold indicates the best performance.

improvements of 7.6% and 11.1%, indicating that
the proposed approach generalizes effectively be-
yond in-distribution mathematical benchmarks.

Efficient Inference. VTC-R1 achieves efficient
inference latency across model architectures. On
the Glyph architecture, a speedup of at least 1.4 x is
observed across all benchmarks, with larger gains
of 1.7x and 1.6 x on the more challenging bench-
marks. On the Qwen3-VL architecture, the infer-
ence speedup reaches up to 6.6 .

Although the proposed method is not explicitly
designed as an adaptive reasoning framework, adap-
tivity emerges from the data construction process,
where different problems are associated with differ-
ent numbers of reasoning iterations. Thus, bench-
marks of varying difficulty exhibit different effec-
tive token lengths. For instance, GSM8K requires
fewer tokens, while AIME25 involves longer token
sequences and more iteration epochs in Figure 4.

The latency speedup consistently exceeds the re-
duction in token count. For example, on the Glyph
for AMC23, the token count is reduced by approx-
imately 1.3x, whereas the latency improvement
reaches 1.6 x. This discrepancy indicates that the
introduction of vision-text compression provides
additional efficiency gains beyond token reduction.

Iteration Epochs. Figure 4 illustrates the ac-
curacy of the proposed method across four bench-

marks under different epoch budgets. The epoch
index denotes the maximum number of allowed rea-
soning iterations, where each iteration is a single
decoding pass in which the model autonomously
stops without emitting the final answer; this stop-
ping behavior is learned from partitioning training
reasoning traces under a token-length threshold.
As shown in the figure, the accuracy consistently
improves as the maximum epoch increases, demon-
strating the effectiveness of multi-iteration reason-
ing. Across most benchmarks, the rate of accu-
racy improvement gradually diminishes, and per-
formance begins to converge from approximately
the fifth epoch onward. This observation indicates
that the proposed method benefits from additional
reasoning iterations while exhibiting stable conver-
gence behavior.

Overcoming Training Context Limitations.
The gray dashed line in Figure 4 denotes the infer-
ence accuracy of standard long-context reasoning
when the maximum number of newly generated
tokens is set to 8,192, which also corresponds to
the maximum token length used during training for
our method. As the number of iteration epochs in-
creases, the accuracy of the proposed method grad-
ually surpasses the baseline across benchmarks.
This result indicates that the proposed method is
able to overcome the context length limitation im-
posed during training and achieve higher inference
accuracy beyond the fixed training window. At
the same time, efficient training is maintained, as
evidenced by the reduced training cost in Table 6.

4.3 Ablation Study

Segment Length. Table 4 reports the performance
across benchmarks when different segmentation
lengths (2K, 4K, and 6K) are used during train-
ing data construction, where 4K serves as the de-
fault setting. Across all four benchmarks, a seg-
mentation length of 4K achieves the best or highly
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GSMSK MATHS500 AIME2S AMC23
Segment Length
ACC 1 LAT | ACC 1 LAT | ACC 1t LAT | ACC 1 LAT |
2K 93.9 0.39 82.4 1.95 20.6 5.87 59.7 4.03
4K 93.6 0.34 86.0 2.19 26.2 6.81 64.3 4.30
6K 93.7 0.92 84.2 3.28 23.5 8.06 64.7 4.90

Table 4: Effect of segment length on accuracy (ACC) and latency (LAT) across benchmarks. Higher ACC and lower
LAT indicate better performance. Best results for each metric are highlighted in bold.

AIME25 AMC23 GPQA-D
Baseline 26.25 64.38 46.0
w/o Image 23.33(7'"1%) 59 53(~7:5%) 34 3(~25:4%)

Table 5: Performance comparison with and without
image input. - denotes the relative performance drop.

Method Training Time (h)

SFT 38.92
VTC-R1 18.93

Table 6: Training time across different methods.

competitive accuracy. In addition, on MATHS500,
AIME25, and AMC23, the latency (LAT) increases
as the segmentation length grows. This behavior is
expected, since larger segmentation lengths grad-
ually approach standard long-context reasoning,
which incurs higher inference cost due to longer
effective reasoning sequences.

Image Input. We further analyze the perfor-
mance of VTC-R1 when image inputs are removed
at each reasoning iteration. Three more challeng-
ing benchmarks AIME25, AMC23, and GPQA-D,
are selected for this analysis, which are more likely
to benefit from multi-step reasoning.

As shown in Table 5, removing image inputs
leads to accuracy drops of 11.1% and 7.5% on
AIME25 and AMC23, with a more substantial
degradation of 25.4% observed on GPQA-D. These
results indicate that VTC-R1 relies on rendered im-
ages as a form of memory for previous reasoning
steps during inference. At the same time, a non-
trivial level of accuracy is retained even without
image inputs. This can be attributed to the fact
that many problems can be solved within a single
reasoning iteration; in the absence of image con-
ditioning, the model restarts the reasoning process
from scratch and can still obtain correct answers.

System Prompt. We further examine the
sensitivity of VT'C-R1 to the phrasing of the sys-
tem prompt on MATH500, comparing the origi-
nal prompt, a minimal variant that only instructs
the model to continue its reasoning and to start
from scratch when no images are provided, and
a setting without any system prompt. As shown

Variant ACCT TOK LAT/|
original 86.0 4.08 2.19
minimal 84.8 4.11 2.38
no prompt 83.8 4.94 2.67

Table 7: Effect of system prompt phrasing.

in Table 7, performance remains stable across the
different wordings, with no significant difference
observed. This indicates that VT'C-R1 is not sensi-
tive to prompt phrasing.

4.4 Efficiency Analysis

Training Efficiency. Table 6 reports the training
time of VTC-R1 in comparison with Base SFT
and SFT. All training times are measured using
the L1amaFactory framework under same config-
uration. Although the proposed method adopts
a multi-iteration training paradigm and therefore
introduces more QA pairs as well as additional
images, the overall training time is reduced to ap-
proximately 48% of that required by the baseline
methods. This result demonstrates the training ef-
ficiency of VTC-R1. And the final performance
of VT'C-R1 is superior as shown in Table 2. The
reduction in training time is attributed to the stan-
dard long-context reasoning involves substantially
longer reasoning sequences, where training cost
increases rapidly as the reasoning length grows. In
contrast, VT'C-R1 constrains the reasoning length
within each iteration to a controlled range, which
leads to improved training efficiency.

Rendering Efficiency. Table 2 shows that VTC-
R1 significantly outperforms all baselines in terms
of end-to-end latency, where the reported metric
already accounts for the overhead of rendering and
image processing. We further provide fine-grained
statistics to validate that the introduced vision-text
compression mechanism is lightweight. Based on
an analysis of 100 samples from the dataset, we
observe that for an average of approximately 1,600
text tokens per image, the rendering process re-
quires only 0.12s on average, while image process-
ing takes merely 0.02s. Compared to the overall
model inference latency, this additional overhead
is negligible (4% of the total latency). Moreover,
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#Accumulated images 0 2 6 10 14
Mean prefill (s) 0.02 026 033 041 0.35

Table 8: Mean prefill latency versus the number of
accumulated images.

the average generated image size is around 0.1 MB,
which falls within a manageable range.

Caching Efficiency. Since the accumulated-
image prompt is a strict prefix extension, repeated
images are prefilled only once rather than in every
round, reused through vLLM’s multimodal proces-
sor cache and prefix KV caching. In Table 8, the
mean prefill latency stays nearly constant from 2 to
14 accumulated images, confirming that previous
images are reused rather than re-encoded, which
would otherwise grow the latency roughly linearly.

5 Related Work

Reasoning in Large Language Models. Reason-
ing capabilities (Li et al., 2025b; Lightman et al.,
2023; Huang and Chang, 2023; Yao et al., 2025)
constitute a cornerstone of modern LLMs, enabling
proficiency in rigorous domains like mathemat-
ics (Hendrycks et al., 2021; Luo et al., 2025a; Hu
et al., 2025) and code generation (Chen et al., 2021;
Jiang et al., 2024). While early strategies relied on
structured prompting (Yao et al., 2023, 2024), re-
cent advancements leverage reinforcement learning
to scale test-time compute. Models such as Ope-
nAl ol (OpenAl, 2024), DeepSeek-R1 (Guo et al.,
2025), and Kimi (Team et al., 2025b) generate ex-
tended chains of thought, achieving significant im-
provements on challenging real-world benchmarks.

Efficient Reasoning. Long-context reasoning
strategies exacerbate the computational bottlenecks
inherent in the quadratic complexity of Trans-
former architectures (Zaheer et al., 2020; Beltagy
et al., 2020; Kitaev et al., 2020; Wang et al., 2020).
Recent research has investigated various efficiency
mechanisms (Liu et al., 2025; Chen et al., 2025;
Munkhbat et al., 2025; Lee et al., 2025; Liu et al.,
2024; Yang et al., 2025c; Zhang et al., 2025; Hao
et al., 2024; Yang et al., 2025a; Pan et al., 2025;
Ma et al., 2025a; Qiao et al., 2025; Zhuang et al.,
2025; Yang et al., 2025b; Hou et al., 2025; Ning
et al., 2025; Li et al., 2025a; Gong et al., 2025),
though existing methods often incur significant
trade-offs. One category of approaches (Team
et al., 2025b), exemplified by CoT-Valve (Ma et al.,
2025b) and O1-Pruner (Luo et al., 2025b), relies on
complex multi-stage training procedures or exten-
sive offline sampling, which substantially increases

pre-deployment overhead. A second category lever-
ages external strong models (Kang et al., 2024) to
guide reasoning compression, as in TokenSkip (Xia
et al., 2025), R1-Compress (Wang et al., 2025), and
InftyThink (Yan et al., 2025), making the compres-
sion quality dependent on the capabilities of these
auxiliary models. Although effective in reducing
token counts, these approaches often constrain the
exploration space and risk discarding fine-grained
information that is critical for logical deduction.

Vision-Text Compression. Vision-text com-
pression (VTC) (Wei et al., 2025; Cheng et al.,
2025; Xing et al., 2025b; Zhao et al., 2025; Xing
et al., 2025a; Wang et al., 2024) has emerged as a
promising approach for reducing the cost of pro-
cessing long textual sequences by transforming text
into compact visual representations. DeepSeek-
OCR (Wei et al., 2025) demonstrates that long texts
can be compressed into visual tokens, achieving
a 3x-10x reduction in token count while main-
taining high decoding fidelity. Glyph (Cheng et al.,
2025) utilizes continuous pre-training and RL for
VTC to enhance long-context understanding capa-
bilities. VTCBench (Zhao et al., 2025) proposes a
benchmark to evaluate the spectrum of capabilities
in VTC. While prior work focuses on text under-
standing and reconstruction, and it remains unclear
whether such high-density visual representations
can faithfully preserve and support complex rea-
soning processes, particularly for mathematically
intensive and multi-step reasoning tasks.

Some concurrent works, AgentOCR (Feng et al.,
2026) utilizes VTC to compress the agent’s his-
tory derived from tool invocations into a compact
rendered image. RoT (Wang et al., 2026) focuses
on utilizing rendered visual tokens as latent tokens
for latent reasoning, but it does not explicitly ad-
dress long-context reasoning and lacks systematic
evaluation on challenging benchmarks.

6 Conclusion

We propose VTC-R1, first efficient long-context
reasoning that compresses previous reasoning seg-
ments into visual representations for iterative rea-
soning. This lightweight, model-free design re-
places long contexts with compact vision tokens.
Experiments show that VTC-R1 improves reason-
ing accuracy across benchmarks while achieving
3.4x token compression and 2.7x speedup. These
results demonstrate the potential of visual represen-
tations for scalable long-context reasoning.
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Limitations

While VTC-R1 demonstrates promising results in
long-context reasoning, several limitations warrant
discussion and suggest directions for future work.

VTC-R1 relies on off-the-shelf VLMs, such as
Glyph, which is trained for OCR-intensive tasks,
and the advanced VLM Qwen3-VL, GLM4.1-V.
Although our method is intended to be model-
agnostic, we have not yet evaluated it across a
broader range of architectures.
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A Usage of AI Assistant

We use ChatGPT solely for language refinement
of the manuscripts text. All conceptual content,
experimental design, analysis, and conclusions are
developed entirely by the authors. We carefully re-
view the Al-assisted edits to ensure that the mean-
ing and technical accuracy of the original text are
fully preserved.

B Image Rendering

B.1 Rendering Configuration

The rendering pipeline is parameterized by a con-
figuration vector. Following (Cheng et al., 2025),
a set of rendering configuration factors is adopted,
as summarized in Table 9. These factors determine
the final rendering properties, including layout, vi-
sual clarity, and typography.

The default configuration used in our experi-
ments is reported in Figure 5. This configura-
tion largely follows the default settings of Glyph.
However, since the default Glyph font may pro-
duce incorrect glyphs when rendering certain
mathematical symbols, the font is replaced with
DejaVuSans. ttf in our implementation.

B.2 Rendering Example

Figure 6 presents an example image rendered under
the default configuration specified in Figure 5.

B.3 Rendering-Hyperparameter Sensitivity

To assess the robustness of VTC-R1 to the render-
ing configuration, we take the VTC-R1 (Glyph)
and vary the inference-time rendering configura-
tion along three axes, namely DPI, font size, and
image resolution (page width). We report accuracy,
average generated tokens, and average latency on
MATHS00 and AIME25, while keeping the remain-
ing rendering factors fixed at their default values
(DPI 72, font size 9, and page width 595). The
results in Table 10 lead to three observations.
First, accuracy is robust to rendering hyperpa-
rameters overall. Across all 16 configurations,
MATHS00 stays within 82.6-86.2 and AIME25
within 21.5-28.1, with no collapse point along any
axis, indicating that VTC-R1 does not depend on
fine-grained rendering hyperparameters. Second,
overly small parameters consistently hurt perfor-
mance, which provides direct evidence for the read-
ability hypothesis: the lowest DPI (48) yields the
lowest accuracy on both datasets (82.8 / 21.5), and

the smallest font size (6) is likewise the worst set-
ting along its axis (82.6 / 21.9), confirming that
insufficient readability impairs the visual encoding
of previous reasoning and thereby degrades reason-
ing accuracy. Third, the compression mechanism is
preserved across all settings, as the generated token
counts remain stable (around 4K on MATH500 and
12-14K on AIME2S5) regardless of the rendering
configuration, so varying the configuration does
not break the vision-text compression of VITC-R1.

B.4 Information Preservation of Rendering

To examine what information survives the render-
to-encode step, we render 30 real reasoning traces
under different DPI and font settings, ask the model
to transcribe them, and measure token recall, i.e.,
the fraction of original tokens (as a multiset) re-
covered in the transcription, reported per token
type (digit, math-symbol, and word) in Table 11.
At the default setting, the round-trip preserves
the reasoning-critical tokens (90.2% digits, 85.6%
math-symbols, and 81.1% words), retaining a large
fraction of the information even under this strict
token-level measure and supporting the claim that
rendered images faithfully carry reasoning content.
The lost information is mostly words, which de-
grade first (down to 66.7% at DPI 48) along with
math-symbols (73.0% at DPI 48), whereas digits,
the token type most decisive for arithmetic correct-
ness, remain consistently well-preserved (> 83%)
across all settings. These recall trends further mir-
ror the accuracy trends in Sec. B.3, where a lower
DPI or a smaller font yields both lower recall and
lower accuracy, thereby closing the loop from in-
formation retention to task performance.

C Details about Experiments

C.1 Implementation Details.

Supervised fine-tuning is conducted using the
LlamaFactory library (Zheng et al., 2024). For all
methods and across all model architectures, a learn-
ing rate of 1 x 107 is used, with a warmup ratio
of 0.1 and a cosine learning rate schedule. Train-
ing is performed for one epoch with a batch size
of 64, the maximum sequence length is increased
to 32,768 tokens. All models are trained using 8
NVIDIA H20 GPUs with 96 GB of memory.

We adopt the official implementation of Token-
Skip (Xia et al., 2025), which supports compres-
sion ratios ranging from 0.6 to 0.9. We observe that
training becomes unstable and collapses when the
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Factor

Specification / Sampling Strategy

dpi

page_size

font_family

font_size
alignment
margins

Mixture of sets: lowest (45-59), low (60-71), medium (72—-119), normal ({72, 80, 96,
100, 110, 120, 144, 150, 300}), high (over 300); favor normal/medium with small
probability spikes to extremes.

(1) Fixed paper sizes (A4, Letter, Legal, A5, B5, A3, B4, Tabloid) with priors; (ii)
common aspect ratios (e.g., 1.414, 1.333, 1.5, 1.778); (iii) fully random aspect via
piecewise distribution (narrow — tall).

Pooled and deduplicated families across serif/sans/mono/pixel; italics sampled by
filename heuristics (suffixes, italic/oblique).

{7,7.5,8,9,9.5,10,11,12,14}; line_height tied as font_size + {0, ..., 3}.
LEFT/JUSTIFY (dominant) with small-prob. RIGHT/CENTER.

Three patterns: all-equal; vertical-larger; horizontal-larger; values in 10—40 pt ranges.

indent
spacing
h_scale
colors

Modes: none; first-line indent (=1-2.5 em); block/hanging with left/right indents.
space-before/space-after use a multi-mode prior (none, small, large).

Horizontal glyph scaling (0.75-1.0) with decaying probabilities.
Page/background/font palettes for light/dark themes; document/web/code styles inherit

coherent triplets (page, paragraph, font).

borders

newline_markup
structure.

auto_crop

Optional paragraph borders with width/padding; disabled by default.
With small probability, explicit markers (e.g., \n, tags, or tokens) inserted to preserve

Optional white-margin cropping and last-page trimming.

Table 9: Rendering configuration factors in the rendering pipeline and their sampling strategies.

MATHS500 AIME25
ACC1T TOK LAT| ACC+ TOK LAT]
(a) DPI (font=9, width=595)

Config

48 82.8 437 226 215 144 6.37

60 84.4 428 239 235 13,5 6.50

72" 86.0 4.12 219 263 130 6.81

96 86.2 4.10 2.73 281 12.1 8.57

120 84.8 459 347 279 12.1 11.69
144 852 446 4.04 27.1 125 15.84
(b) Font size (DPI=72, width=595)

6 82.6 446 247 219 145 6.76

7 84.0 437 236 225 142 6.87

8 83.8 430 239 23.1  13.0 6.20
9* 860 4.12 219 263 13.0 6.81

10 852 4.08 246 23.8 12.6 7.06
12 84.6 428 260 258 123 7.88

(c¢) Page width (DPI=72, font=9)

421 86.0 4.08 2.19 233 133 7.08

595* 86.0 4.12 219 263 13.0 6.81

842 83.4 425 251 23.1 129 724
1190 832 391 212 250 13.0 842

Table 10: Sensitivity to inference-time rendering hy-
perparameters. Bold indicates the best value along
each axis. The default configuration is marked with *.

ratio is set to 0.6; therefore, we use a compression
ratio of 0.8 in our experiments.

All evaluation experiments are conducted on a
single NVIDIA H20 GPU with 96 GB of memory.
Inference is performed using the vLLM framework,
with a temperature of 0.6 and a top-p value of 0.95.
For standard SFT, the maximum number of gen-
erated tokens (max_new_tokens) is set to 32,768.
For VTC-R1, the maximum number of generated
tokens per iteration is set to 8,192, and the maxi-

Config Digit Math-symbol Word
(a) DPI (font=9)

48 83.1 73.0 66.7
60 93.7 78.6 81.5
72* 90.2 85.6 81.1
96 88.8 84.0 82.7
120 95.4 92.5 91.7
144 94.8 94.1 92.0
(b) Font size (DP1=72)

6 91.8 78.5 76.8
9* 93.8 86.1 824
12 94.0 90.2 86.6

Table 11: Token recall through the render-to-encode
round-trip. The default configuration is marked with *.

mum number of iterations is set to 8.

C.2 Benchmark

GSMSK: A widely used benchmark for multi-step
reasoning, consisting of 8,500 grade school math
word problems, with a canonical test set of 1,319
problems.

MATHS00: A challenging math dataset com-
prising 500 problems from high school math com-
petitions.

AIME25: A benchmark dataset consisting of 30
challenging mathematical problems from the 2025
American Invitational Mathematics Examination.

AMC23: A challenging evaluation set compris-
ing 50 problems from the 2023 American Mathe-
matics Competitions, serving as a benchmark for
competition-level mathematical reasoning.

GPQA-Diamond: A high-quality subset of the
GPQA benchmark, with 198 complex graduate-
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Value

page-size 595 x 842

dpi 72

margin-x 10

margin-y 10

font-path DejaVuSans.ttf
font-size 9

line-height 10

font-color #000000
alignment LEFT
horizontal-scale 1.0
first-line-indent 0

left-indent
right-indent
space-before
space-after
border-width
border-padding
page-bg-color
para-bg-color #FFFFFF
auto-crop-width true
auto-crop-last-page true

Parameter

o eleoBoloNe]

#FFFFFF

Figure 5: Default rendering configuration used in our
experiments.

level multiple-choice questions across various sci-
entific domains. It serves as the out-of-distribution
benchmark in our evaluation.

C.3 Training Dataset

We use OpenR1-Math-Inf (Yan et al., 2025), which
is a subset of OpenR1-Math-220K (Hugging Face,
2025). The OpenR1-Math-220k dataset, a large-
scale benchmark for mathematical reasoning. It
consists of 220k math problems, each accompa-
nied by two to four reasoning traces generated by
DeepSeek R1 for problems sourced from Numina-
Math 1.5. All traces have been verified using Math
Verify.

We first perform data cleaning on the OpenR1-
Math-Inf dataset, resulting in 60,688 valid in-
stances. In OpenR1-Math-Inf, for each instance,
the original reasoning trace is partitioned into mul-
tiple segments based on a hyperparameter ), which
controls the maximum token length of each seg-
ment. Following the data construction procedure of
VTC-R1, this process yields a total of 106K train-
ing instances and approximately 105K rendered
images.

<think=Okay, 5o | need to figure out the order of the real numbers a, b, x:, and x: where a < b and x: < x.. The function
gvenisy = {x - ajix - b) - 112, and the equation we're looking at is {x - ajix - b) - 1/2 = 0. The answer chaices are (A} through
D), 2ach prapasing a different order. Let me think through tnis step by ster.
Firet: | recall thnt the quadratic function y = (x - alix - b} is 2 parabola that opens upwards because the coefficient of x? s
posttve (since when you expand (x - s)x - bl the x tem i= 177 The routs of this quadratic (withaut the -1/2} are st x = 2
nd x = b. Since a < b, the parabola crosses the x-axis at a and b, and since it opens upwards, the vertex is between a and
n and it's the minimum paint
N, the given equation is (x - )ix - bl - 1/2 = 0. S0, this is equivalent to shifting the original parabola down by 1/2 units.
The roots of this new equation, x: and x;, are the paints where the shifted parabola crosses the x-axls
Since we're subtracting 1/2 from the original function, the entire graph is shifted downward. The ariginal parabola had ts
wertex at the midpoint between a and b. Let's calculate the vertex coordinates. The vertex 6ccurs at x = (a + b2
y ~coordinate of the vertex for the ariginal parabala is found by plugging x = {a + b}/2 into the original function
=[((a+b)2-a)*{(a+b)2-b)l-L2
w.;\ no, the original function befare shifting is (x - al(x - b). So the vertex y-value is at x = {a + blj2:
y=[{(a+bl2-al*({a+bi2-b1] =[[(b-3k2)*(-(b-a)2) ] =-Ib-ah2 P
5o the vertex of the original parabola is at { (a + b)/2 , - ( (b - a)/2 )* ). Then, when we subtract 1/2, the new vertex
y-coordinate becomes - ( (b - 3)f2 )? - 1/2. Since this is a downward shift, the entire parabola is lower, so the minimum paint
is even lower. Thersfore, the shifted parabala will ross the -2 5% two Goints x: and ., Which are on sither side of the
original roots a an:
Wat, but the on g\ns\ parabala had ragts at 3 and b. When we snft t down by 12, the roots wil move, Since the parzbols
openis upwards, shifting it down would move the roats outward. That is, the new roots x: and x: should be outside the
interval [a, b]. But let me check this.
Alternatively, maybe | should sketch a graph. Let me visualize the original parabola crossing the x-axis at a and b. The
wertex is below the x-axis. If we shift it down l:ly' 1/2, the vertex is even lower, so the parabola will now cross the x-axis
further aut. Therefors, the new roots v and s, shoid be autside the ariginal interval (5, b, S0 x. would be Jass than 2. and
 would be greater than b. Therefare. the order would be 31 ., which is option (D). Hmm, but et me confirm this,
Wait, but maybe my initial reasoning is off. Let's think again. Eupp se we have a quadratic equation (x - alix - b] = 1/2. Sa
We can consider the ariginal parabota and the Ine y = 175, The Soiutions ta the quation are the points where the parabola
intersects the fine y = 1/2. Howeer, in our case, the equation is (x - a){x - b} - 1/2 = 0, which is equivalent. Since the
parabala opens upwards and the vertex is at y = - | (b - ah2 %, 50 the vertex is below tha x-axis. Then theline y = 1/2is
above the vertex. So, the parabola will intersect the line y = 172 at two points. Depending on the value of 172 relative to the
maximum/minimum, but in this case, since the parabola tends to infinity as x goes o +=, and the vertex is a minimum
oint, then if e shift down by 112, bt wat the orlginal squation is - 81 -B1 - 12 = 0. Walt, perhags | made 2 mistake

Vst the ariginal equation is x - a)(x - &) - 12 = 0, which can be rewritten as [x - al(x - b] = 1/2. S we have the parabala y
=[x~ a}(x - b) and the horizontal line y = 1/2. The points of intersection between the parabola and this line are the solutions
w1 and x:_Since the parabola ppens upwards, and the vertex is at y = - { [b- al/2 I, which is negative because (b - a) is
positive (since a < b). 50 the vertex is below the x-axis, and the line y = Li2 is above the x-axis. Therefore, the paratola
must intersect the line y = 1/2 at two points: ane to the left of a and one to the nght of b. Because between a and b, the
parabala is below the x-axis (since the vertex is the minimum and it's below the x-axis), 50 the parabola is below zero
between a ang b. Hence, when you Set it qual t0 112, which [s positive, the intersections must be outsids the interval [2, b]
Therefore, i < a and x: > b. Since % = x, this would mean s = a = b = x, which is option (D)
But walt et me canfirm this with a concree exampl. Lek's take specifc valuss for a and b. Sugpase » = 1 and b = 3. Then
the priginal quadatic s (x - 11{x - 3) = x> ax 4 3. The vertex iz atx = 2.y = 2. 12 3) = (1IC1) = -1 So the verlex = 2t
(2. -1). Then the equation (x - 1ijx- 3} - 1/2 = 0 is - dx + 3- 112
The discriminant is 16 - 10 = 6. 5o the roots are [4 = V6112 = 2 = (V6]/.
Therefore, the roots are approimately 2. 1.225 = 0775 and 2 + 1225 = 3.225. 50 xa = 0.775 and xa = 3.225. Comparing
=30 75 < a = 1,and xa = 3.225 > b = 3. Hence, in this case, 1 < a < b < xz, which matches

option \D
Theralore this suggests that option (D} is the correct answer. But let me try anather exsmp\e ta ensure. Let me take a = 0

= 2. Then the original guadratic is (x - 0)(x - 2) = x* - 2x. The vertex s at x = 1, y = (L){1 - 2) = -L. The equation
becomes 3 2 112 =0, 8o ving, siscrminant = 4 + 2 = 6, roots [2 = V812 = 1  (Y6N2. Again. V6 = 2.45, 5a rogls at 1 -
1.225 = -0.225 and 1 + 1.225 = 3.225. So 1 = -0.225 <@ = 0, and x: = 3.225 >
reinforces that option (D} is correct.
Alternatively, maybe using calculus. The function fix) = (x - al(x - b) - 1/2. Let's find where it crosses the x-axis. Th
derivative f{x) = 2x - (a + b). Setting derivative b2 gives < = [a + BIi2 which i 1 the verte: The function at the vertex is
fiia 4 BU2) = (1 1a & V2 -2 12 1 B2 BN 112 = It 1o a2 Wl (0 a2 - ((b-a)"2 4 - 112. Since this is
negative (because (b - a}~Z is positive and e by 4, then muktiplied by -1, 50 Hega(wa and then subtracting Li2 makes.
it even more negativel. Therefore, the vertex is below the x-axis, and the parabola opens upwards 50 the graph must cross
the x-axis twice, once to the left of 3 and ance to the right of b. Hence, x. < aand #2 > b, 5031 < a < b < xz. Therefore, the
answer is (D).
But let me check if there's any case where the roots could be between a and b. Suppose if instead of subtracting 112, we
added 172, then the parabala would be shifted upwards, and if the vertex was originally below the x-axis, shifting it up might
bring the roots closer or even between a and b. But in this problem, we are subtracting 1/2, wmm Inwsrs the parabola
further. Therefore, the roats must be outside the interval [a, b). Hence, the comect order is x. < 2. 50 optian (D).
Walt but why I this the €ase? Lev's think about the araph again. The original parabiola erosses the .2xis at a and b
Between a and b, it's below the x-axis (since it's a upward opening parabola). IF we shift it down by 172, the entire graph
maves down, 5o the part betwsen a and b is evan lower, but the arms of the parabola go to infinity. So the points where the
shifted parabola crosses the x-axis must be outside the ariginal roots because between a and b, it's even more negative
after shifing donn. Hence. to cruss the x-axis, it has to be outside a and b. Thus, x s 1eRt of & and xa i gt of b. Thersfors,

rder s . < 2 < b < i, which is option |
Thereiore after all this reasoning, the carrect answer should be (D}

inal Answert* \boxed{D} <fihink=<answer>0</answer><|user|>

B =2.56again, % < & < b < xa. Thi

Figure 6: Example rendered page.

For the final answer A, the special token se-
quence <answer> A </answer> is used to facil-
itate answer extraction and to explicitly indicate
the termination of the reasoning process. For in-
stances consisting of more than one reasoning step,
when step > 1, the intermediate supervision is
formatted as <think>Got it, let’s continue.
{step_text}</think>.

C.4 Batch Inference

The detailed batch inference procedure of VTC-R1
is given in Algorithm 2.

C.5 Comparison with Additional Baselines

Comparison with RoT. We further compare VTC-
R1 with Render of Thought (RoT) (Wang et al.,
2026), a representative latent-CoT method, under
the Qwen3-VL-4B backbone. As shown in Ta-
ble 12, VTC-R1 substantially outperforms RoT,
improving accuracy by 55.7% on GSMS8K and
52.6% on MATH500, which indicates that the la-
tent reasoning of RoT comes at a considerable cost
in reasoning performance. Although RoT uses far
fewer tokens, this reflects the different objectives
of the two approaches: latent-CoT methods such as
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Algorithm 2 VTC-R1 Batch Inference

Input: batch of questions Q = {Q1, ...

) QB}, initial images {Iilnitv N

. ,Zg“}; vision language model

M system prompt (S, ); rendering operator Ry; maximum iteration 7’

Initialize:
Active request set S < {1,..., B}
Current image sets 7y, < Z" forall k € {1,..., B}
Final answers A « {0}5_,
fort =1toT do
if S = () then
break
end if
Batch Generation via vLLM:
Construct batch prompts P < {((Sy), Qk,Zx) | kK € S}
Obtain batch outputs: {Of }res < M(P)
Update States and Render:
for each k € S do
if Oy, produces the final answer then
Ay + ExtractAnswer(Oy)
S + S\ {k} {Remove finished request from active set}
else
Extract reasoning progress L Ry, from Oy,
Render reasoning into images: Inew «— Rg(LRy)
Update image history: Zj, < Zj U {Ipew }

end if
end for
end for
if S # () then
Handle Time-out Requests:
for each k € S do
Ay, < ExtractAnswer(Oy,)
end for
end if
Output: set of final answers A = {44, ...

7AB}

GSMSK MATHS00
ACCt TOK ACCtT TOK

RoT (Wang et al., 2026) 37.8 32 33.2 64
VTC-R1 93.5 1362 85.8 4189

Method (Qwen3-VL-4B)

Table 12: Comparison with the latent-CoT method RoT.
ACC is higher-is-better (1); TOK denotes the average
number of generated tokens.

ROT primarily emphasize latent reasoning, whereas
VTC-R1 targets long-context reasoning with strong
task performance and is systematically evaluated
on challenging mathematical benchmarks.
Comparison with InftyThink. We also com-
pare VTC-R1 with InftyThink under the same back-
bone and evaluation settings. As reported in Ta-
ble 13, VTC-R1 achieves consistently higher ac-
curacy, with gains of 1.0, 8.1, and 0.3 percentage

points on MATH500, GPQA-D, and AMC23, re-
spectively, while using fewer tokens on all three
benchmarks (reductions of approximately 32.1%,
15.0%, and 32.0%). InftyThink is slightly faster
on MATHS500 and GPQA-D, whereas VTC-R1 is
faster on AMC23. More importantly, InftyThink
relies on an external strong model to summarize
previous reasoning, while VTC-R1 directly renders
the model’s own reasoning as optical memory with-
out any external summarizer, providing a stronger
overall trade-off among reasoning accuracy, token
efficiency, and model independence.

C.6 Case Study

We present four examples to qualitatively analyze
the behavior of VTC-R1. The gray-shaded regions
indicate reasoning steps that are performed by con-
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ACC t TOK LAT |

Benchmark

VTC-R1 InftyThink VTC-R1 InftyThink VTC-R1 InftyThink
MATHS500 86.0 85.0 4.12 6.07 2.19 2.12
GPQA-D 46.0 37.9 10.73 12.63 6.96 5.22
AMC23 64.4 64.1 8.81 12.95 4.30 5.70

Table 13: Comparison with InftyThink under the same backbone and evaluation settings. TOK is reported in
thousands (K) and LAT in seconds (s).

ditioning on images rendered from previous reason-
ing segments. Example 1 demonstrates further ver-
ification of a previously obtained solution. Exam-
ple 2 derives the final answer by summarizing com-
pleted prior reasoning. Example 3 performs error
correction and reflection based on contradictions
identified in earlier reasoning, eventually reach-
ing the correct answer. Example 4 continues the
reasoning process by building directly upon preced-
ing reasoning steps. Collectively, these examples
demonstrate that images rendered from previous
reasoning segments can be effectively leveraged as
optical memory to support multi-step reasoning.
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19 = 10°x,

think=Okay, o1 need to solv the equation 3°(2x) + Himm, et see. Frt | should probably ty o simpify
:37{(20) 419 = 10°x
t me try substituting
vanables here. Let's set y = 3~x. Then, 3~ (2x} ol bey°2 S0 substtutng into the cauaton, e gty 2+10= 10
1t 10~x is equal to (10~ x). Hmm, but 10 and 3
Atematively. maybe | canset t = 10%x. Then Since 37 (2x) is (3-X) 2. &nd 37 15 equalto (3- {1/x}) x, but that might
ings. Wait, if = 10°x, then x = log10(t). Then, 3~ (2x} would be 3*{2 1og10(t)}. Hmm, that seems a bit
ssy. Let me think again.
Aternatively, maybe | éan express both sides with the same base? But 3 and 10 are diffeent primes, s0 that's
stralghtforward.Maybe | can take logarthms of both sides? Let me see. I take the natura ogarith of bt Sides, | get
InG~(2x) 4 19) = In10"x). But that doesn' seem ~{2x) term. asum is not the
of logarithms, 5o that might not
‘Alternatively, maybe | can rearrange the Eguation. Let's subtract 10°x from both sdes: 3°(2x) - 10°x + 19 = 0. Hmm, but

this because P <e types of

eauations usually don' have solutions in terms y . 50 maybe | need Imetnort or

graphing to find an approximate solution.

But before jumping to mn, \el me check f there are any integer solutons. Maybe x i an nteger: Lets ty x = 1 37(2'1) +
equal.x = 2:3%4 + 19 = 81 + 19 = 100. Oh! That works! So x = 2 is

sattion I.e!mecheck X 3 T8 320 Yo' 746, 1073 - 1000 Not eaua. Sox < 3 i » soton. weye there's
anather sol

Waw.le(s:he:kxao 300419114192 20,1000 = 1 Not cqual. x = -1:3°2) +19 = 19 4 19 = 1911107 (1)

3162, Not equal x = 2.5: 3% (5) + 10 = 243 + 10 = 262,
mayt s the only integer solution. But could there be another solution’
or of the functions. Let f(x) = 3~ (2x) + 19 and g1x) = 10x. We need to ind x where f(x) =

First, f(x) is an exponential function with base it grows very quickly. g(x) is an exponential function with base

s Sulckly Dot ower tham 1) Snce 5.2 107 ek . 105 igkar than 9, 50 actually 10" grows faster

than 9~x. Wait, 3~ {2x) is 9, right? S0 9*x vs 10~x. Since 10 > 9, 10~ grows faster ~x. Therefore, as x

increases, x) il outpace fx). But 3t x = 0.f0) = 1+ 19 = 20, 01 = 1S3 T3 <tars hgher. Then. a5 x mresses. g(x)

starts to grow faster. Let's see where they

We already saw that ot x = 2 12) = 100, a2 = 100 Lets check x = 15:((15) = 9°(1.5) + 10 = (0°(1))* (9°405)) +

$,19.7146.900.9) = 10° (1) » 31,62 So fx) s st igher here. At 2. they cross. Lt check x =

8. 3) = 1000. S0 erer 3 e higher, 0 between % = 2 anin L 31 o) Sveriakes 1

e D 1 Sar S0 kAt terds antne crossing pont bkt * o 2 S0 X = 37 Walt, but at x

A

000 il aways 5 Pigher: But maybe belere x = 2 1) 2 hlghe, So the Squation ) = gm has exactly one solution at x

t et checkx = 1. Let's see (1) = 28, 1) = 10. So i) s igher 1 Then, for x = 2, glx) i higher.
Somaybe x = 21s the ony salulon Wak nunsmmanoss.n.mymnomusam jon?
Wait, et check x = 0.5. H0.5) = 00 9 9(0.5) = 10~{0.5} = 3.16. So f(x)is stll higher. At x

- -1,
o zx 9l 10. Y rm S H Miohar At = 3, ol T X o 3, o) 1s NGhar So ey e tnra's Oy ome sk St x
it let's chec) e confirm again: 3~{2+2} + 10'= 81 + 19 = 100, and 10~2 = 100. 50 yes, x = 2is a

fiion

B couid inere be anathr slution? Lets see et me checkx = 2 Les see 1 plugnx = 2 bt sdesare 100 Let me by

x=2.Let re's another crossing. Fo example suppose x = 1 Let me compute (1.8) = 97 (1.8} + 19 = it

2 %6.9015) = 31 sz Scﬂx) i st igher: & - 3 eatal. Then. S S 19 9s ohios) vio-

81%3 410 =243 (2,570 10~ (3.5) = S16.23. S here, dtx] 5 haher. 5o between x = 2.and x = 2.5 g

Olertakes 109, Butsince st x - 5 hey are e, and thes 310 Inre3Les 5L 30 maybe her's anoter rosing pOE!
it, but how?

Wait. actually, snce () is 9°x and gx)is 10", and 10.» . then 10°x growsfaster than 9°x for allx > 0. Therefore, ance
900 overtakes ) atx = 2 i wil tay above, %o the only seluion s x = 2 Wit = 05: f(x) is 22, gl is
e STt s migher A& x = 1: ey = 28, g0, = 10-SU1 0 Mgher AL = 27enual Sy s = 2 15 he orty ot

But let me check x = 2. Let's see, if we have another sol Sty x= see, f(1) = 28, g(1) =
10:So fx) s higher.x = 1. Lets check x = L Lets see. maybe x = 0. Let's check x = 0.10) =1+ 19 = 20,9(0) = 1. o fx)
is hig ly soluton i x = 2. But Wt ets check x = 2. Let me confirm once again. 3 (2'2) = 81, 8
19 100,102 » 100, Yes,that works. S0 x = 2s 3 soltion But coukdthere be another solt
Wat, let's suppose that there's another solution. Let's set up the equation again: 52 T0 . Lets rearrange it as
370540 100K 410 2 0. Let ma denote = 10° Then, 3~ (2} = (3x) 3. But since u = 10-x, may e we con relate

s sna. 3~ = (10 2 107 = AN, 0 /10w 207

Alternatively, maybe express 3 (2x} a ‘e equation becomes

+10=
0 = ~lag 250}

before x = 2. Let's try x =

w:m, let's check x = -1: y1 =
+19 = 0.0123 + 19 = 19.0123, y2 = 10~{-2} = 0.0L. Still y1 higher. So for x negative, y1 is always higher th;
Therefore, the only solution is x = 2. Wait, but let's confirm by testing another point. Let's try x = 2. Let's see, 3~ {22} + 19
=81+ 19 = 100, and 10~2 = 100. So that's correct. Is there another solution?
Alternatively, maybe we can use the Lambert W function. Let me recall that the Lambert W function is used to solve
equations of the form z = W(z) e” {W(z)}. But | need to mampulale the equation into that form. Let me try to rewrite lhe
equation 3~ {2x} + x, then 3°x = (3/10)*
10”x = (3/10)~x * y. Therefore, 3~ {2x} =
Alternatively. express 3 {2x} in term:
[(3/10)"x * y]*.
(5/100)x. But /106 is 0.09, 50 0

1.Atx=0,h(0)=1-1=

2 = 10.yL s higher. x = 0.5:

=37(-2) 410 = 1/9 + 19 = 19.111,y2 = 10~{-1} = 0.1. Soy1 is higher. x = -2: y1 =

19 = 10~x. Let me set y = 10~x. Then, 3*{2x} = (3"x)*2. Since y = 10°x
¥~2 % (3/10)~{2x} = y~2 * (3/10)~ {2x}. Wait, this seems complicated.
<oy Since y = 10~
2= ¥72 (310" {2x). But (3110)*(2x)} (3721 10°2)%x = (971001~
Hmm, this seems messy. Maybe this substitution isn't helpful </thikc>

<think>Got it, let's continue. Alternatively, let me consider the function h(x) = 3*{2x} -
10°x. We need to find when h(x) = -19. Let me analyze h(x). At x = 2, h(2) = 81 - 100 =
-19. So x = 2 is a solution. For x < 2, h(x) is positive (since 3*{2x} grows slower than
10”x but still positive?), and for x > 2, h(x) is negative. Wait, but at x =1, h(1) =9-10 =
0. Wait, h(0) = 0, h(1) = -1, h(2) = -19. Wait, that contradicts
my previous thought. Wait, no, hold on. Wait, h(x) = 3M2x} - 10x. At x =0, h(0) =1 -1
=0.
from x = 0 onwards? Wait, h(0) = 0, h(1)
as x increases beyond 2, h(x) becomes more negative. So the function h(x) = 3A{2x} -
10”x is decreasing for x > 0. Therefore, there's only one solution at x = 2. Because once
h(x) is negative, it continues to decrease, so no other crossing. Therefore, x = 2 is the

Atx=1,h(1)=9-10=-1.Atx = 2, h(2) =81 - 100 = -19. So h(x) is decreasing

-1, h(2)

ey o a S y = 3 thank o - 3. Threiar: 307 = 10° (123 only solution.\nTherefore, the answer is x = 2.\n**Final Answer** The solution is
Be(ause 107 (Icq 3iy)} = e ~(In{10) * Infy)} = Y"(InuD)/\nu)} =y~ {log_3(10)}. So. subsmuxmq back int ne equmon .
Rty 1605 chnssiar akiog ogarihms o bk ik, Wak Dot couaton s 3-3n3 4 19 x 10-5 it ke \\boxed{2}. </think><answer>2</answer>

the
oth sides. I becomes In(3~ (2x) + 19) = In{10°x) = X In(10). But this tll leaves the logarithm of a
‘Alternatively, maybe | can write 3~ {2x} as (3°x)~2 and let z = 3"x. Then, the equation Secpmes 2 2 19 10 8
~x can be written in terms of z. Since z = 3x, then x = log_3(z). Therefore, 10~x = 10~ {log_3(z)} = 2" {log_3(10)}. So
substituting back. we have 22 + 19 = 2 {log_3(10)). This ecfation s il transcendental it s s
braically. So perhaps we need to use numerical methods h

Atteratively, maybe | can graph bath functions y = 3 (3x) + 19 and y = 10°x and see where they ntersect Since we

=2 as a solution, let's see if there's another intersection point. Let's try x = 0:y1 = 1+ 19 = 20,y2 = 1.x
. y2 = 10. y1=81+19 o0 Ly 7302 1o % 74, y2'= 1000, 50 petwe
3,y2 overtakes yl. Let's check x = 25:y1 = 9~ (2.5} + 19 = 92+ 9~(0.5) + 19 = 81+ 3 + 10 = 243 + 19

Figure 7:

Stink»Okay, 20\ nead tofnd the smatest poskive etagerthas  multipeof 30 an can ooy be wrkten usieg the igs 0
m, iet's break this down stey
‘must be divisible by both 3 and 10, Let me verify that. Yeah, 30 is 3 times

Pl isty the divisbilty rules for 3-and 10. Since 10s. factor, mber must end with a
0.50 whatever nur /e come up with has to end with a 0. That's good to know. So the last digit has to be 0. That means.
the number wil be something ke -.0: where the other digits are 0 o 2,
Now, the divisibility by 3 rule is tha the sum of the digits must be a multiple of 3. So, for example, if the number is 20, the
sum'is snit a mutiple of 3. I i's 30, the sum is 3 4 0 =

that are two-digit numbers work because they have digits other than 0 or 2. 5o we need to look
S0he nextsep s T find the smallst number composed of s and 2 that ends with 20 and has a it sum o by 3.
Let's start checking numbers

The smallest amber with 03 and 26 enamq With0is 20, Sumis2 4 0 = 2. not dvsile by 3. Next £ 220, Sumis2 +2 4 0 =
4 not dsile by 3 Then 200. Sumis 2 + 0 +0 = 2 nope. 2020.2 4.0 2 + 0 = 4, sl not 2000: Sum s 2. nope. 2220,
sumis2 424 240 = 6. On. bs dusible by 3. 503220, Viat, 2220 o mlinie of 301 Lot eheck 3320 aimace by 30
220 is a multple of 30. But i 2220 e ot s nornoer

Walt, maybe there's a smaller number, Lat's see. Lets check numbers i three digits. The three it numbers poss

Wi g 6 a0 3 are 300, 320, 305, 2030 (wat. s four dighs). W gt 200, 220, 202, But momns aitn
0, sum is 2. 220 sum is 4. 302 e are dhrbte by 3 S o

digits. g

Four-digit numbers with and ending with 0. 5o th lst digt 50, the s gt an'tbe 0. S0 posibe rumbers
200020022020, 2022, 2300, 2302 3330, 3353, Lot check th

S2rnang ihese, 2022,2202, 2220 all have digitsums divsivle by 3. Now, which isthe smallst? Lt s them n order:

2000, 2002, 2020, 2022, 2200, 2202, 2220, 222

Sothe smaliest among these r i 2.2, Then 2002: sum 4, 2020: sum 4, 2022: sum 6, which s 2022, Then 2200
im 6, 2220 sum 6, 2222: sum 8. 50 the smallest four-digit number is 2022. But wait, 2022 is 2032. Is that

ut 2000's sum is 2. Then 2002 is 2002, which is smaller than 2022. 2002's sum is 4, which
isn't civisible by 3. Then 2020 is 2020, sum 4. Then 2023 1 2022. 50 2032 s the frst four-digit number with digits 0 and 2.
ending with 0. and sum diisbl by 3.
But watt maybe there s three-digt umberthat | missed. Wal,three-igit numbers wth digits 0 and 2 ending with 0. The
mbers would be 200, 220. 202. Nona of these have 3 igie sum dvisible by 3. 50 2022 s the frst candidate.
Wat,

y fo
e hetk 1 3053 s indeed divisble by 30. 202 divided by 30is 67.4. Wait, thats not an

. Wait 2022 diided by 2 s 1011, which s an nteger. 5o ¢ even.
2023 5 not divisible by 5. Therefore,its nat ivisible by 30. 50 1y mi
Sven thougn the digc s o, Which i dhyioie by 3. the rumber Veel S AiSiie by 5, 50 15 Rot kil by

s my previous reasoning was iawed, Because even fthe digi sum s divisble by 3, the number must also and
to be divisible by 10. 5o 2022 ends with 3. not 0, 50 i's not a multiple of 10. Therefore, even though it's a multiple

0. Therefore, the last digit is 0, 50 the number is 0. So, let's think again.
So. we need a number composed of Os and 25, ending with 0, and the sum of digits divisible by 3.
S0, the number s of the form .0, where the preceding digits are Os and 2s. Let's think about how to construct such a
number.
ider the possible numbe
ing with the smallest possible numbers.
need positive integers. So the next is 20. Sum 2 + 0 = 2, not divisible by 3.
2. But 02 s just 2, which is single-digit. So 20 Is the only two-digit number with digits 0 and 2. Sum 2, not

ree-diar: 200, 220, 202, 2200 ourdiai). Vot 200: sum 2. 220: sum 4, 202
Four.digit: Let's check fou’.digt numbers ending th 0. o, trie number s
5t Gilt can'tbe 0. S0 possibi numbers:
3000, 3005, 2020, 3085, 3300, 3203, 3350, 2035
Checktheir dgit sums:

sum 4. None u
o here the trs gt s 2 or 0. But since s

Example 1.

202: sum 4. 5
50 the next possible is four-digit numbers. The smallest four-digit number among the candidates is 2022. But wait, 2022 is
2022 Butlets check 2022 divided by 30. 30 times 67 s 2010, 30 times 68 is 2040. So 2022 is between 3067 and 30768
50202215 iple t, but we thought that since the digit sum is 3, and it
So ta divsible by 10 and 3. hence Giisble by 30_But thake net forreet Motk the drvls-blll!y Teles: S nuimoer is dwvsllﬂe by’
10f it ends with 0, and divisible the sum of digits is divisible by 3. Theref imber ends with 0 ai
Bk s disile by 3. then its dhisile by 30 But 2022 ends wth 2 ot 0, Wal
022 is a four-digit number. Wait, 2022 is 2-0-2-2. So the last digit is 2. There
dnisie by 10, Theretore. s nok & multiple of 30 S my mistake was I thinking ok 3025 ande with 0. Walt no. Wai
5 2,0,2,2. S0 the last digi e, it's not ending revious reasoning was wrong. 50 2022
is not a muitiple of 10, so nol a muluple 030, Tharelﬂre ven though the digk sum I 6. since doesnt end with 6, 05 not
divisible by 10, hence not divisible by 30. Therefore, m; I need to correct that.
Therefore, the numbers that are mummes of 30 must ghd with 0. Therefore, the numbers we need are numbers composed
0s and 2 ending with 0, with digit sum divisible by 3. So let's re-examine the four-digit numbers ending with 0. So the
four-digit numbe:
2000, 3003, 2020, 2022, 2200, 2202, 2220, 2222.
But only those ending with 0. So 2000, 2002, 2020, 2022, 2200, 2202, 2220. 2222. Wait but 2000 ends with 0, 2002 ends
wit ait, no. Wait, the four-digit numbers ending with 0 are 2000, 2020, 2. 220. Because 2002 ends with 2,
2022 énds with 2, 2202 ends with 2, 2222 ends with 2. So only 2000, 2020, 3300, 2350 s o -digit numbers ending with
0. Let's check their digit sums:
2000:24 0+ =2
2020:2+40+2+0=14
200:24240+0=4
2220:2+2+2+
among these, only 2220 has a digit sum dlws«ble by 3. S0.2220 i a four-digit number ending vith 0. digit sum 6 so
divisible by 3. Therefore, 2220 is divisible Y eck 2330 idect by 30: 2330 1 30 5 73, 50 yas. 74 times 30 &
2220, Tnererore 2220 is a multiple of 30 O bt n comddate, But wat Sater 1 thought 2022 was a candidate. but that
was incorrect because it didn't end with 0. 50 2220 is the first four-digit number ending with 0 with digit sum divisible by 3
5022201 12220, 1 there 3 smaller number?
Wait, let's e-digt numbers. Walt but five digit numbers are large than fourdigit numbers. <o 2220 s smaler than
any fve-diglt number. S0 2220 5 a candidate. But s Check f there's 3 three-cigit number that | issed. Wai
numbers ending with 0 are 200, 220, 202, None of these have digit sums divisible oy 350 2
0. Therefore, 2220 is the smallest number composed of 0s and 2s, ending with 0,
Therefore, 2220 is the answer.
Walt.bu wait. lets check another angle: Maybe a number with more digits but smaller in value. For example, 20001s
3 digit sum is 2, not divisible by 3. 2020: sum 4. 2200: sum 4. 2220: sum 6. S0 2220 is the first one.
Bt et chock i inere's » threa: -digit nimber. Walt. no. S0 2220 s the answer. But et me check another way. Maybe there's
a number with more digits but smaller. For example, 2020 is a four-digit number, sum 4. 2200 sum 4. 2220 sum 6. So 222
is the first. So 2220 is th
Walk but lets check ifthere's » number with more digis but smaller: For example, 20000- Sum i 2. nape, 20002: su 4.
20020: sum 2. 20200 sum 4. 20202: sum 4. 20220: sum 6. Wait, 20220 is a five-digit number. Let's check: 2 + 0+ 2 4 2 +
0= 6.5020220.1s 20220 smaller than 23267 No, 20320 s a five-digit number, which i larger than 2220, S0 2220 is st the
smallest.</think

<think>Got it, let's continue. Therefore, the answer is
2220.\n**Final Answer** The least positive integer multiple

of 30 that can be written with only the digits 0 and 2 is

008210505
2020:24042
2022:240+
2

00.
2202124240
BHESERe:
2222:242
S o inese, 2022, 2202, 2220 have digt sums dvisibe by 3. Now check f they are divsible by 10. They al end with 0.
50 they are divisible by 10. they are divisible by 10. Then, to check if they are divisible by 3, since the digit sum i
Sireacy divisile by 3. they are anisile by 3 Therefore they are dnisiie by 30. 5 2022. 2202, 2220 are il mukiples of
Now, which is the smallest?

Gompars 2012, 2102, 2220, Thesmakests 2022 Bt wek 2022 112022, which i oun ot urmber Bt there o

igit number? Wait, three-digit numbers can't end and ee-digit numbers with
e 3 and 3 anding with 0 avs 200, 330, 303 Non af these have s gt o Ghisle by 3. 96 300, sura 2 350: sum 4

Figure 8:

\\boxed{2220}.</think><answer>2220</answer>

Example 2.

35577

1= 97(15) 4 19 =27 + 19 = 46.y2 = 10~(1.5) = 31.62. SoyLis st higher. At x =
equal. So maybe only one crossmg atx = 2. But let's check x = 1. Let's see, y1 = 28, 1=
19 =22.y2 = 316.50y1 i higher. So seems like only x = 2 s the solution. Walt but maybe there's nother solution for x <

an 2.

X, then 3°x = (3/10)~x * y. Therefore, 3~ {2x} = (3°%)°2 =
x. Therefore, 3~{2x} = y~2 *

-19. So h(x) is decreasing. Then,



(203 8x°3) + (3072 + 1206°2) + (174x - 3008) + (370 + 1000) =

o 42 126x + 630 = 0
Mmupuy mn sides by - to make the leading coeffcient positive

6™ %2+ 126x- 630 = 0

We con o aut s

6(x~3 - 15x°2 + 21x - 105) =

e ol 1

Now. we can try o factor this cublc equation. Lets check for ratonalross using RatonalRoot Theorem. The possible
rational roots are factors of 105 divided by factors of 1, s 21, 235, £105

Let's test x.

3 15302 42173 -105 = 27 - 135 + 63105 = (27 -135) + (63 -105) = (-108) + (42) = -150 # 0

57315952 42175 -105 = 125 - 15+25 + 105 -105 = 125 - 375 + 0 = -250 w0

77338472 42177 105 = 34315409 4 147105 = 343 735 4+ 42 = (343 442) 735 = 385 735 = 350 w0
x

5 Probablyto

T s o s <3375 + 315105 = 0.+ 210 = 210 m
Honr, nane of these are warking. Wal, but we ko from the previous meihod tha th foots are x=3,5.7. 50 maybe | made
2 mistake in the expansion

Watt, let's check the expansion again.

Original equation: (x -3)~3 + (x-7)~3 = (2x-10)*3

X*3-9x°2 + 27x
B PtRs Y A

2
Right side: (251013, Let's expan that again
(210073 = 273 34307210 4 F(2x(10)°2 - 10)°3

= 8x~3-120x~2 + 600x -1000. Correct.
50 bringing all terms to lef
.- Right = 0.
2x°3-30x"2 +174x -370 -8x~3 +120x"2 -600x +1000 =0

M
eviously | had 6(x™ 3152 +21x -105)=0. i, conficting results. Wait where did 9o wrong?
method, after substitution, we had 6yy~2 470.2:2, hen

matpoct expanding St we endct v wil sduaton a~3 1
Wait o there's a screpancy here. Which one i correct?

Wait, let me check the second method agai

Original equation:

Left side: (x-3)"3 + (x 7)°3 = 2x*3 -30x~2 +174x 370

Right side: (2x -10)°3 =8x"3 -120"2 +600x 1000

2357502 +174x-370 =8x~3 -120x~2 +600x 1000
ring o termsto ket
2733062 +174x-370 863 +120x°2 600 410000

B3 55m3) + (30x2 41206°2) + (1745 6000 + (370 +10001=0
Which is:

6x~3 +90x"2 -426x +630=0
Maltiply by -1:

6x~3-00x"2 +426x -630=0

Divide by 6:

X"3-154%3 +71x 10520

Wait, but in the first method, after substitution, we had 6y(y*2 -4)=0, leading to y=0,2.-2, which translates to x=5.7.3
which ar foots of the equation x~3 -15x"2 +31x 105~

But according to the second method, the cubic equation is x~3 -15x~2 +71x -105=0. Wait. so which is correct?
wait, mscmxmm 3m both equatios.

irst equation: x

T T 3 305 = 7 mursz 105) - (108) 4 (42) =
But x=31s a root in the first methor ars st be & Tiale n o sacond metho.

Wai, tha's confusing, How come = 3 a root in the irst metho but nt i the second? That can' be, There must be an
eror in one of

Watt, let's check the first method again.

I3 N3
Right side (Zx m

it AR T
Right side: (2(y +5) -10)*
Expanding left side:

(y42)°3 4 [y 2)°3 = [y"3 +6y~2 +12y 48] + [y~3-6y~2 +12y -8] = 2y~3 424y

2y +10-10%3 = 2y)°3

<think>Okay. 5o | need to find the greatest possible slope of the line connecting points A and B. Point A s somewhere in or
on the square with comers at (0,0) and (2.2). and point B is somewhere in or on the square with comers at (4.2) and (5,3).
Hmm, lets start by visualizing these squa

Firs the sauare containing point A has opposite corers a (0.0) and (2.2). That means the square i ffom x=0to x=2 and
¥=0io y=2. So. point A can be anywhere in tha square, ncling the edges. Simiary,the square or point 8 has cpposite
Zomers'at (4.2) and (5,3) Let m figure out the coordinates f that square. The x coordinates go from 4 to 5. and th
y-coordinates go from 2 to 3. So, point B can be anywhere in that square as well

The slope between two points (1. v1) and (x2.y2) s 2 Y12 - x1). To maximize the siope. we need to maximize the
diference nthe y-coordinakes while minimizing the diference in the xcoordinates. Since th siope i ise over run. a arger

S ot ot & the . -soordmate 3 {since the square goes up o y=2), and the minimum x-coordinate is 0. For
point 8, the maximum y-coordinate is 3 (since the square goes up to y=3), and the minimum x-coordinate is 4. Therefore, if
we take point A at (0,2) and point 8 at (4,3), the slope would be (3 - 2)/(4 - 0) = 1/4. Wait, that's only 1/. But maybe there's

must be within or on that square, o the maximum x is 5 and the maximum y is 3. so.iftake Boir At (6.2) and point 8 at
e

Altetnatively f | take point A3t 0.2) and point & at (4.3), thats L. What | take point A a (2.2) and point8 at (431 Then
he sope i (3 214 -2) = 112, That's bettr. Wait <o 12 s steeper than 1/4. But i that allowed? Let me check. Pint A s
a4 (3,2) which is 3 Come of the square (0,0) to (2.3). 50 thats vald, Point B 1 at (4.3), Which is 3 comer of the sauare (4.2)
to (5.3). So that's valid. So that gives a slope of 172. \skhal(he maxlm m?
olts, Let's tink. The siope s (1.8 -y AV,

o inmize » 5. % A So.the maimumny § 5 3 anithe mwmumy [Riso.
ot i vioul give the maximum diference ny. hen we need to minimize
floronce would be when x 8 is 35 large a5 possibie and x A i 35 small a possible. The

ke x 8= 5 and x A = 0, then the siope is (3 - 0)/(5 - 0) = 3/5 =

0.6. Wait, that's 3/5. But i that possible?
Wait, but point A is at (0,0) and point 8 i at (5.3). But point A s allowed to be anywhere within or on the square (0,

221,50 (0.0) = allowed. Pint & i allowed to b anywhere within or on the <quare (4.2)to (5.3 <0 (5. e howad So, the

Slpe would be (3~ )(S - 0) = 3. That's 0.6, which i steeper than 172 Wait, 50 thafs bettr. But is tha correct Let

w;m point A can be t (0.0) which is 3 comer o s square. Point B can be ot (5.3), which s corner ofts square. So,thats
lowed. Then, the slope is 3/5. But is that the maximum possible? Let m
Aarmativaly, i we 1ave pant Aot (0.0 and o B ot (437 hen the sope b 3 08+ 0) = 314 = 075, That's stecper.
Wat, that's even better. So, (0,0) to (4.3). Let me verify. Point A s at (0,0). whic wed. Point 8 is at (4,3), which is
- 0)(4 - 0) = 3/ That's /‘\s better. Hmm,
3 sope s I But f point 8 s at
(4:3), WhiCh 1.4 units in x and 3 umits iy, 55 3/4 I point & 15 3t (.31, which s llowed, heft that's et /a s better

= 2/4 = 1/2. That's less steep. So, nat better
Wat, 5o the maximum y for point B is 3, and the minimum y for point A is 0. So, the maximum difference in yis 3 0 = 3.
Then, the x difference can be minimized. The minimum x difference is when x_B is maximum and x A is minimum.

can bl and x A can be 0, gving x dfference of . Then, siope s 3/5. But (8 s 4 and x A is 0, then x iference i 4,

Alternatively. if point Ais at 0.0} and point 8  at (4.3, which is allowed. So, that gives a steeper slope. So, 3/é. But can we.

get a steeper siope?

Wait what i we take point A not o (0,01 For examle,f point A s somewhere elsein the sauare (0.0) to (22). but wit a

lower y-coardinate? Wait, but I we take point A with a awer y-coorinate. then y B -y_A would be less. For example, i point

Als at (0,1), then y B -y A can be upto 3 - 1 = 2, which is less than 3. So, that woul treasem pe. So, to maximize

e omeraior ty. B~y . wa mead poit At have (he mintmom possivley-coordinate, whic

Similarly, for the denominator (x 8 - x A}, to minimize 5 t3 have the maximum x.coordinate (5) and point A

{ohave the minimum x.coardinate (0] 56 x diffrence s 0 = 5 Then. siope is 3/5. But i we take point B at 4 mstead of

, then x difference is 4, which gives a steeper slope. So,

Walt but oint B can be at (431 S0 if OINEA s 2t (0.0) and point 8 i at (431, then slope is /4. If pont 8 s a 5.3). slope

is 14 is better

Bt can we get a steeper slope? Lets see. Suppose we take paint A notat (0.0) but at some other point where y A s less
than 07 No, because point A is within or on the square (0,0) to (2.2), 50 y_A can't be less than 0. Similarly, point 8 can't have

Vi [ e than 2,50, the maximum possbie 8 s 3.y_A s 0. S0 e aiference is 3. 1 we take %_B a5 & 3nd x A 05 0 then

0. slof

Aenatively. i point R 2t (0.0) and point B s at (4,3), which is allowed. S0, sope is 3/4. s there a way to get a steeper

sio

Wart, maybe if point A s at (0,0) and point 8 is somewhere else in ts square. For example, i point 8 i at (4.2), which is the

minimum y for point B, then slope is 2/4 = 112, Not beter If point & i a (5.3}, slope is /5. Ifpont 8 at ($.2). lope s

OV(S - 01 = 215, Less steep. So. the maximum slope from (0,015 3/4

Altarnatively. if point A is at (0,0) and point B is at (4,3), siope is 3/4. If point A i at (0,0) and point B is at (5,3) slope is 3/5.

/4 s better.

But wait, what if point A is not at (0,0)? For example, if point A is somewhere else in the square (0,0) to (2.2), but with a

lower -<oordinate? Walt, but fpoint A has 3 lower y-coordinate, then y_ 8 -y Awould be less For example f point A at

(D11), tnemy B -y A can be at most 3 - 1. 3. which is toss than 3. S0, that wold decrease the siope. Therefore, t

maximize the sioge, point A should be at (0,0} with y=

Similarly, for point 8, to maximize y 8, it should be a

maximrh . But f we take point 8 at (431 x 8 i 4, whi

steeper slo

Wait 50 the maximum siope is 2chieved when poink Ais 3t (0.0) and point B s at (4.3).Let me confirm that. Thesiope s (3 -

5,3). But if we take point B at (5,3), then 18155, which s the
allows a smaller x difference. So, (4 . which gives a

0)/(4 - 0) = 3/d. That's 0.75. Is there a way to get a steeper sioy
Wait, maybe if we take point A not at (0.0) but somawnere esel o ts square, but with a lower y-coordinate? Wat,but that
uid decre slof s 3¢ (0,0)and point B s somewhere ele. Wait. but point 8.is at (4,3).If
it 815 ot (5,3), s1ope 15 35, If point 6 i5 3t (4.3), s10pe 13 3. 30, 314 is bet
Alternaively f point A s at (6.0) and poin 8 at (43), slope is 3/ If poink A5 a (0,0)and point 8 i at (4,3, that's
o be the maximum. But wait, let's check if there's another combination where the siope is steeper.

z
z
>

Right side: 8y~3
E eauation 2973 +24y
alterms to ef: Zy‘i +zaY -8y 3:

- -6y~3 +24y=0  by(-y~2

Sn sehm ions y= Yh:reiar! These are roots of the equalmn (x -3~ 3 + (x 7)‘3 (2x -10)"3=0. So the cubic
equation must he G -3)0x -S)x -7 s expand that

B S 7). Lot smpune (x-S0 2

x —3)[)(75):1*2 S +15

Mltply by (x-7)

2 -8 HIS)x 7) = x°3 Tx02 8x72 456x 415x 105 = x°3-15x2 471105

AntSo the cubic equation is X3 -15x~2 +71x -105=0. But n the first method, 2 leading to x=5.7.3, which
e roots of this squation. However. whan we subat into the cuble equation x23 s 1% S5, we ger 7
135 421'3-105 = 27 135 463105 = (27 +63) - uzs I 08) L 30 240 o300 S Vai, thave nat sor. Buk e 3 root
according to hat's going on here?
o g s contracienon e i S vomt then substituting nto the cubic equation should yield ero, but it doesn':
Therefore, there must be a mistake in one of the methods.
Wait, let's check the substitution method again “Lats compute the left side and right side when x=3
Left side: (3-3)°3 4 (3-7)"3 = 0.+ (41
Right side: (23 -10)~3 = {-4)~3 = -64. So equation holds. So x=3 is a valid solution.</think>

<think>Got it, let's continue. But in the first method, when we set y =x -5, then x=3 corresponds to y=-2, which was a root of
6y(y*2 -4)=0, so y=-2 is a root, leading to x=3. So why is x=3 not a root in the second method?\nWait, when we did the second
method, we ended up with the cubic equation x*3 -15x"2 +21x -105=0. Let's check if is a root here.\n33 -15*342 +21*3 -105 = 27 -
135 +63 -105= (27+63) - (135+105)=90 -240= -150#0. So x=3 is not a root here. Therefore, there's a contradiction. So which is
correct?\nWait, let's check the original equation again with x=3.\nLeft side: (3-3)"3 + (3-7)"3 =0 + (-4)"3= -64\nRight side: (2*3 -10)"3=
(6-10)"3= (-4)"3= -64. So it's correct. Therefore, x=3 is a solution.\nBut according to the second method, x=3 is not a root. Therefore,
there must be an error in the second method. Let's see where.\nWait, let's go back to the second method:\nOriginal equation:\n(x -3)"3 +
(x -7)"3 = (2x -10)*3\nExpanding both sides:\nLeft side:\n(x"3 -9xA2 +27x -27) + (x"3 -21x"2 +147x -343) = 2x"3 -30x"2 +174x -
370\nRight side:\n(8x"3 -120x2 +600x -1000)\nBringing everything to the left:\n2x"3 -30x*2 +174x -370 -8x"3 +120x"2 -600x +1000
=0\nCombine like terms:\n(2x"3 -8x"3) + (-30x"2 +120x"2) + (174x -600x) + (-370 +1000)= -6x"3 +90x"2 -426x +630=0\nDivide by -
6:\nx"3 -15x"2 +71x -105=0\nBut when we plug x=3 into this equation:\n33 -15*342 +71*3 -105=27 -135 +213 -105= (27+213) -
(135+105)=240 -240=0. Wait, 27 +213 is 240, and 135 +105 is 240. So 240 -240=0. Therefore, x=3 is a root. Wait, so earlier calculation
was wrong. Let me recalculate:\nx=3:\nx"3=27\n15x"2=15"9=135\n71x=71*3=213\nSo 27 -135 +213 -105= (27 +213) - (135 +105)=240 -
240=0. Yes, correct. So x=3 is a root.\nWait, so why did | get confused earlier? Because | miscalculated. So x=3 is indeed a root. Then,
perhaps my earlier mistake was in the calculation steps. Let me check again.\nWait, the cubic equation is x*3 -15x2 +71x -105=0. Let's
factor this cubic equation \nSince we know that x=3 is a root, let's perform polynomial division or use synthetic division.\nDivide x*3 -
15x"2 +71x -105 by (x -3):\nUsing synthetic division:\n3 |1 -15 71 -105\n 3 -36 105\n 1 -12 35 0\nSo the cubic factors
as (x -3)(x*2 -12x +35). Then factor the quadratic:\nx*2 -12x +35. Find two numbers that multiply to 35 and add to -12: -5 and -7.\nSo x*2
-12x +35=(x -5)(x -7). Therefore, the cubic factors as (x -3)(x -5)(x 7). Therefore, the roots are x=3,5,7. Which matches the first
method.\nTherefore, the roots are x=3,5,7. So both methods agree. Earlier confusion was due to miscalculations. Therefore, the correct
roots are x=3,5,7.\nTherefore, the answer is x=3,5,7.\n**Final Answer** The roots are \\boxed{3}, \\boxed{5}, and
\\boxed{7}.\nAlternatively, if the problem expects a single boxed answer listing all roots, it might be written as \\boxed{3}, \\boxed{5},
\\boxed{7}, but typically for multiple roots, we can list them inside a single box separated by commas. However, standard practice is to
box each root separately if multiple. But since the user instruction says \"put your final answer within \\boxed{}\", perhaps we need to
present all roots in one box. However, standard practice in math problems is to box each root separately. But maybe the system expects
multiple boxes. Wait, looking back at the original problem: \"put your final answer within \\boxed{}\". The instruction is singular, so maybe
all roots in one box. Let me check the initial problem statement again.\nOriginal problem: \"Find the roots of (x - 3)*3 + (x - 7)*3 = (2x -
10)"3.\" So they are three roots: 3,5,7. The standard way to present multiple roots is either as a list inside a single box or each in
separate boxes. But since the user says \"put your final answer within \\boxed{}\", perhaps they want all roots in one box. However, in
many math problems, when multiple roots, they are listed within a single box separated by commas. So | think the answer should be
\\boxed{3}, \\boxed{5}, \\boxed{7} if multiple boxes are allowed, but since the instruction says \"within \\boxed{}\", maybe the system
expects all roots in one box. Let me check previous examples. For example, if the answer is multiple numbers, like 3,5,7, then in one box:
\\boxed{3, 5, 7}. Yes, that's the standard way. So | should write \\boxed{3, 5, 7}.\n**Final Answer** \\boxed{3, 5, 7}</think><answer>3, 5,
7</answer>

Figure 9: Example 3.

Suppose point A is at (0,0) and point 8 is at (4,3). Slope is 3/4. Alternatively. if point A s at (0,0) and point B is at (5.3) slope

is 3/5. If point Ais at (0,0) and point B is at (4,3), slope is 3/4. If point A s at (0,0} and point B is at (5.3), slope is 3/5. S0, 3/4
etter.

Alternatively, if point A is at (0,0) and point B is at (4,3), slope is 3/4. If point A is at (0,0) and point B is at (4.3), that's

allowed. So, inat's the maximum

Wait,but et think again. Th sauare for pint A s (0.0)to (2.2). o the maximur y for point Ais 2 but fwe take point At

(0.0, theny A 1 0. whvch s Maweet Sy the square or point Bis (4.2)to (5.3). 5o the y for point B is 3. S0,

to maximizey B - mall a3 possible. So. .|

large as possfle (5} 0= 5, 50 siope s 3/

AL Than x 8 a5
BUEif x Bis 4 andx Ais 0,

that the maximum?

ught. if
y-coordinate? But that woul 3
Tt LS 2 (0.0 and poin 8.5 ot 131, IGpe 15 34, AL A & o (0.0) and B B 1 a (531 iops 5 35 50, 34 1 beter.
Aeratively.f point A s at (0,0) and point 8 s at (4.3), which s alowed, slope is 34. f point A s at (0,0)and poin B s at
4

Wait, but let's check another combination. Suj pom[Al 3410.0)and point 8 s at (4,3) Slope s /4, I oint Ais at 0.0)

and point 8.5 at (5.3, 10pe 1S /5. PO A5 2 (0,0) and point § 15 2t (.31, 10pe 1 315. S0, 3.

Aernatively, i point s at 0.0) and point 8 s a (4. 3). slope is 34 f ot A B 5,0) and pont 8 o 14.3), that's

w;u but let's check another possibility. Suppose poink Al at (0,0) and point 8 s at (4,3) Slope s 314. I point A s at 0.0)
i point 8 s at (5,3, slope I 3/, I pint A s at (0.0) and point 8 i at (4.3}, slope s 34. I point A's at (0.0) and poin B s

SE(573) slope s 315 So. 314 i betier <Athink

<think>Got it let's continue. Alternatively, is there a way to get a slope greater than 3/5? Let's see. Suppose point A is at (0,0) and point B is at (4,3).
Slope is 3/. If point A is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is higher.\nWait, 3/4 is 0.75, and 3/5 is 0.6. So, 3/4 is higher. So, 3/4 is
better.\nBut s there a way to get a higher slope than 3/4? Let's see.\nSuppose point A is at (0,0) and point B is at (4,3). Slope is 3/4. If point A is at (0,0) and
point B is at (5,3), slope is 3/5. If point A is at (0,0) and point B is at (4,3), slope is 3/4. If point A is at (0,0) and point B is at (4,2), slope is 2/4 = 1/2. If point A
is at (0,0) and point B is at (5,2), slope is 2/5 = 0.4. If point A is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is the maximum here.\nAlteratively, if
point Ais at (0,0) and point B is at (5,3), slope is 3/5. If point Ais at (0,0) and point B is at (5,3), that's 3/5. So, 3/4 is better.\nWait, but let's check another
combination. Suppose point A s at (0,0) and point B is at (4.3). Slope is 3/4. If point A is at (0,0) and point B is at (5.3), slope is 3/5. So, 3/4 is
better.\nAlternatively, if point A s at (0,0) and point B is at (5.3), slope is 3/5. If point Ais at (0,0) and point B is at (5,3), that's allowed. So, 3/5 is less than
3/4nAlternatively, if point A is at (0,0) and point B is at (4.3), slope is 3/4. If point A is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is
higher.\nAlternatively, is there a way o get a steeper slope by moving point A not at (0,0) but somewhere elseZ\nSuppose point A s at (0,1) and point B is at
(4,3)- Then, slope i (3. 1)(4 - 0) = 214 = 12 Less steep \nif point Als at (0,1) and point B is at (5.3, lope is (3 - 1)/(5 - 0) = 215 = 0.4 Less stesp.nlf point
Ais at (0,1) and point B is at (4,2), slope is (2 - 1)(4 - 0) = 1/4 = 0.25. Even less steep.\nAlternatively, if point A is at (1,1) and point B is at (4,3). Slope is (3 -
1)/(4 - 1) = 2/3 = 0.666. Less than 3/4.\nlf point A s at (1,1) and point B is at (5,3), slope is (3 - 1)/(5 - 1) = 2/4 = 1/2. Less steep.\nAlternatively, if point A is at
(0,2) and point B is at (4,3). Slope is (3 - 2)/(4 - 0) = 1/4 = 0.25. Less steep.\nAlternatively, if point A is at (0,2) and point B is at (5,3), slope is (3 - 2)/(5 - 0)
1/5 = 0.2. Less steep.\nSo, it seems that the maximum slope is achieved when point A s at (0,0) and point B is at (4,3), giving a slope of 3/4. But wait, let's
check another combination \nWait, what f point A is at (0,0) and point B is at (4,3). Slope is 3/4. What f point A s at (0,0) and point B is at (4,3). That's
allowed. What if point A is at (0,0) and point B is at (5.3). Slope is 3/5. So, 3/4 is higher.\nAlternatively, is there a way to get a higher slope by choosing point
Anot at (0,0) but somewhere else?\nSuppose point A s at (0,0) and point B is at (4,3). Slope is 3/4. If point A s at (0,0) and point B is at (5,3), slope is 3/5.
S0, 3/4 is better.\nWait, but wait. Let me check if there's a point A not at (0,0) that can give a higher slope. For example, suppose point A is at (0,0) and point
B s at (4,3). Slope is 3/4. If point A s at (0,1) and point B is at (5,3), slope is 2/5 = 0.4. Less. If point A is at (0,0) and point B is at (4,3), slope is 3/4. If point A
is at (0,0) and point B is at (5,3), slope is 3/5. So, 3/4 is higher\nAlternatively, is there a point A not at (0,0) but at (0,1) and point B at (5,3). Slope is 2/5. Not
better.\nAlternatively, point A at (0,0) and point B at (4,3). Slope 3/4. Point A at (0,0) and point B at (5,3). Slope 3/5. So, 3/4 is higher.\nAlternatively, is there
away to get a higher slope by choosing point A somewhere else?\nSuppose point A is at (1,1) and point B is at (4,3). Slope is 2/3 = 0.666. Less than
3/4.\nAltematively, point A at (0,0) and point B at (4,3). Slope 3/4. That's the maximum so far\nWait, but let's check another combination. Suppose point A is
at (0,0) and point B is at (5,3). Slope is 3/5. If point A s at (0,0) and point B s at (4,3), slope is 3/4. So, 3/4 is higher.\nAlternatively, point A at (0,0) and point
B at (4,3). Slope 3/4. If point A s at (0,0) and point B is at (4,3), that's allowed \nAltenatively, is there a way to get a higher slope than 3/4?\nSuppose point A
is at (0,0) and point B is at (5,3). Slope 3/5. Less than 3/4.\nAltenatively, if point A is at (0,0) and point B is at (5,3). Slope 3/5. If point A s at (0,0) and point
B s at (4,3), slope 3/4. So, 3/4 is higher.\nAlternatively, is there a way to get a slope higher than 3/4?\nWait, let's think of another approach. The maximum
slope would be achieved when the line from point A to point B is as steep as possible. Since point A is in the square [0,2]x[0,2] and point B is in [4,5/x[2,3],
the steepest line would be when point A is at the bottom-left comer (0,0) and point B is at the top-right comner (5,3). But wait, the top-right comer of the
square containing B is (5,3). So, if we connect (0,0) to (5,3), the slope is 3/5. But if we connect (0,0) to (4,3), which is a comer of the square containing B, the
slope is 3/4. So, 3/4 is higher. So, even though (5,3) is a comer of the square containing B, connecting to (4,3) gives a steeper slope.\nTherefore, the
maximum slope is 3/4.\nBut let me confirm once again. Suppose point A s at (0,0) and point B is at (4,3). Then, the line from (0,0) to (4,3) has a slope of 3/4.
pliyfnolinc aonizy ceneol s raera i WOl b i S om0 e 0hd) & ot i
could have a rise of 4 and run of 1, that would be 4, but that's not possible here. Since point A can only go up to y=2, and point B can only go uj . So,
the maximum rise is 3. The minimum run s 4 (from x=0 to x=4). So, 3/4 is the maximum possible slope \nTherefore, the greatest possible value cl the siope
is 3/4.\n**Final Answer** The greatest possible value of the slope is {3)4)

Figure 10: Example 4.
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