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Abstract

Reinforcement learning with verifiable rewards
(RLVR) is a promising approach for enhanc-
ing reasoning and agentic behavior in large
language models. However, rollout-intensive
policy optimization is often limited by insuffi-
cient reward contrast, arising when overly sim-
ple or complex prompts generate low-variance
feedback and when outcome-only rewards as-
sign the same terminal assessment to every
decision in a multi-turn rollout. Past efforts
have focused on allocating available rollout re-
sources to promising prompts, yet they only
leverage sample informativeness at the prompt
level and neglect variation in prefix-level in-
formativeness across turns within the same
rollout. This work targets multi-turn agen-
tic RL by modeling each ReAct-style thought-
action-observation turn as a semantically dis-
tinct node, allowing budget allocation to extend
from prompt roots to turn-level prefixes with
further continuations, which naturally forms
tree-structured rollouts. We introduce Tree
Rollout Allocation for Contrastive Exploration
(TRACE), a unified rollout allocation frame-
work that enhances reward contrast within a
fixed sampling budget. Technically, TRACE
allocates rollout budget to both prompt roots
and intermediate prefixes that are most likely
to yield mixed terminal rewards. A shared gen-
eralizable predictor estimates conditional suc-
cess probability at these anchors from prefix
histories to guide this allocation. The result-
ing adaptive tree structure enriches outcome-
only feedback and amplifies the policy-update
signal. Empirically, TRACE achieves com-
petitive performance and efficiency gains on
typical agentic benchmarks, e.g., improving
Qwen3-14B Multi-Hop QA average accuracy
by 2.8 points over competitive baselines at
equal sampling cost. Code is available at
https://github.com/gfyddha/TRACE.

*Work completed during an internship at Tencent.
†Corresponding authors.
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Figure 1: TRACE redirects a fixed rollout budget toward
contrast-rich roots and prefixes, converting scalable out-
come rewards into denser mixed-reward contrast and
stepwise preference pairs than uniform allocation.

1 Introduction

Reinforcement learning with verifiable rewards
(RLVR) has become a key mechanism for incen-
tivizing reasoning and agentic behavior in large lan-
guage models (LLMs), using verifiable feedback
to shape exploration over solution paths and envi-
ronment interactions (Jaech et al., 2024; Guo et al.,
2025a). Despite its success, RLVR is computation-
ally expensive because rollouts require long Chain-
of-Thought (CoT) (Wei et al., 2022) generation
for reasoning and interleaved environment interac-
tions for agentic tasks. Deciding where to spend
limited rollout budget is therefore a central design
problem (Zheng et al., 2025; Lin et al., 2025).

In practice, most scalable RLVR pipelines rely
on outcome rewards rather than process rewards,
avoiding hand-crafted intermediate reward rules
that are vulnerable to reward hacking (Shao et al.,
2024). The learning signal provided by such roll-
outs, however, is highly uneven in informativeness
and sparse for credit assignment. At the prompt
level, overly easy or hard instances tend to produce
low-variance outcome rewards (Yu et al., 2025).
At the trajectory level, assigning a single terminal
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reward to a long rollout leaves little local contrast
for credit assignment across generated tokens and
agent turns (Lightman et al., 2024). Prior work al-
leviates prompt-level inefficiency through prompt
selection (Zheng et al., 2025; Gao et al., 2025; Bae
et al., 2026), which decides which prompts to sam-
ple, and rollout allocation (Li et al., 2025c), which
decides how many rollouts each prompt receives.
Together, they can be unified as scoring a candidate
set and assigning rollout budget toward prompts
likely to produce contrastive outcome variation: a
prompt assigned zero rollouts is skipped, whereas
a selected prompt assigned a larger positive bud-
get receives more independent root rollouts. Yet
this allocation strategy acts only at the prompt root.
Once a prompt receives budget, each rollout is still
generated as an atomic trajectory.

Multi-turn agentic RL exposes a finer allocation
unit, the turn. While single-turn reasoning can be
segmented at token or sentence boundaries, ReAct-
style (Yao et al., 2022) interaction naturally pack-
ages each decision as a thought-action-observation
node. A complete rollout therefore exposes seman-
tically meaningful prefixes that can be revisited for
branching. These visited prefixes become candi-
date branching points for extra exploration. Some
prefixes are unlikely to produce new outcome vari-
ation, whereas others are likely to yield counter-
factual continuations with different final rewards.
Technically, allocating budget at this level is not a
matter of sampling more independent trajectories;
it is a choice of which prefix occurrences should
receive additional continuation branches.

This viewpoint naturally turns flat rollout col-
lection into tree-structured rollouts. Prompt roots
are depth-zero anchors and internal prefixes are
non-root turn-level anchors, so root-level allocation
becomes a special case of allocating budget over
tree nodes. The shared principle is mixed-reward
contrast construction: allocate rollout budget to
anchors whose descendant sets are most likely to
contain both successful and failed outcomes. At
the root, this principle unifies prompt filtering and
rollout-count allocation, with zero budget rejecting
a prompt and positive group budget setting its root
rollout count. Inside an active prompt, the same
principle allocates extra branches to prefixes likely
to produce opposite-outcome siblings.

Figure 1 summarizes this view: under a fixed
rollout budget, allocating branches to contrast-rich
roots and prefixes yields more mixed terminal out-
comes than uniform allocation over the rollout tree.

We instantiate this idea as Tree Rollout Allocation
for Contrastive Exploration (TRACE), a unified
rollout budget allocation framework for efficient
RLVR in multi-turn agentic tasks. TRACE first
performs global root allocation over a large candi-
date pool, then local tree expansion over the pre-
fix occurrences exposed by the resulting rollouts.
Both stages are guided by a shared generalizable
predictor that estimates conditional success prob-
ability from prefix histories. The resulting rollout
trees turn scalable outcome rewards into implicit
stepwise preference pairs for tree-aware policy op-
timization. Across three agentic settings: Mathe-
matical Reasoning, Multi-Hop QA, and Function
Calling, TRACE improves accuracy over uniform
sampling under the same rollout budget by direct-
ing samples toward anchors with reward contrast.

In summary, our contributions are three-fold:
1. We formulate mixed-reward contrast alloca-

tion as a unified view of sample-efficient RLVR,
incorporating prompt filtering, rollout-count al-
location, and prefix-level branching as strategic
budget decisions over rollout-tree anchors.

2. We derive root and prefix allocation utilities
based on a shared descendant-set objective, dis-
tributing budget according to the likelihood that
an anchor’s descendants will yield both success-
ful and failed outcomes.

3. We instantiate this view in TRACE, a predictor-
guided, budget-constrained tree rollout frame-
work integrating global root allocation with lo-
cal prefix expansion, enhancing implicit credit
signals for sample-efficient policy optimization.

2 Preliminaries

2.1 Multi-Turn RLVR as Prefix Histories

This work investigates multi-turn agentic reinforce-
ment learning within the ReAct framework (Yao
et al., 2022). We define the input prompt as the
root node x of the rollout tree. At each turn
t = 1, . . . , T , the model produces a thought τt and
an action at, to which the environment responds
with an output ot. We then encapsulate the com-
plete turn as nt := ⟨τt, at, ot⟩. The history avail-
able after turn t is described as

Ht := (x, n1, . . . , nt), H0 := x. (1)

With policy model πθ and environment transition
Penv, the rollout dynamics can be expressed as the
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following hierarchical generative process:

(τt, at) ∼ πθ(· | Ht−1),

ot ∼ Penv(· | Ht−1, τt, at).
(2)

A complete rollout is identified by its terminal his-
toryHT , and the RLVR framework assigns a binary
terminal reward r(HT ) ∈ {0, 1}. Thus, the under-
lying training objective is formulated as

max
θ

Ex∼D,HT∼Pπθ
(·|x)

[
r(HT )

]
. (3)

For any prefix Ht, we define the conditional suc-
cess probability of solving the prompt as

V π
t := Eπ

[
r(HT ) | Ht

]
. (4)

A prompt is the shortest history H0, while later
prefixes add the thoughts, actions, and observations
already produced during the rollout.

2.2 Initialize-then-Expand Rollout Trees
To remain suited for parallelized LLM inference
engines, tree rollout methods commonly follow an
initialize-then-expand construction (Ji et al., 2025;
Hou et al., 2025). After an allocation rule assigns
each prompt xi a root rollout count mi, Stage 1
samples complete bare rollouts. For rollout j, let
Ti,j be its terminal turn index and letHi,j,t denote
its prefix after turn t:

Hi,j,Ti,j ∼ πθ(· | xi), j = 1, . . . ,mi, (5)

and records terminal rewards ri,j . Setting mi = 0
skips prompt xi in Stage 1, so Eq. (5) is not exe-
cuted and no bare rollout index j is defined. Each
visited prefix Hi,j,t can then serve as a branching
anchor: if prefix expansion assigns Ki,j,t continua-
tions to it, Stage 2 samples terminal suffixes

S
(b)
i,j,t ∼ πθ(· | Hi,j,t), b = 1, . . . ,Ki,j,t. (6)

The original suffix is the factual branch under the
prefix, while newly sampled suffixes S(b)

i,j,t are coun-
terfactual branches. This abstraction makes prompt
roots and internal prefixes comparable budget-
allocation anchors: both are conditioning contexts
with terminal descendants below them. For an
active prompt xi, the corresponding nonterminal
prefix-anchor index set is

Ai := {(j, t) : 1 ≤ j ≤ mi, 1 ≤ t < Ti,j}, (7)

which excludes terminal leaves and records prefix
occurrences continuation branching. For a visited
prefix occurrence (j, t) ∈ Ai, setting Ki,j,t = 0
skips Stage 2 branching at that anchor, so Eq. (6) is
not executed and no continuation index b is defined.

3 Rollout Allocation through the Lens of
Contrast Construction

In outcome-reward RLVR (Guo et al., 2025a), more
rollouts are not automatically more informative.
A broad line of process-supervision, preference-
learning, and tree-based RL methods reflects the
same lesson: learning becomes denser when the
model can compare alternatives rather than con-
sume isolated terminal labels (Lightman et al.,
2024; Lai et al., 2024; Zhang et al., 2024). If all de-
scendants of an anchor receive the same terminal re-
ward, group-relative or tree-aware updates have lit-
tle local preference signal (Shao et al., 2024; Yang
et al., 2025b): sampled continuations do not tell the
optimizer which decisions should be preferred un-
der the same conditioning context. When rollouts
sharing the same prompt root or prefix disagree in
terminal outcome while only the continuation dif-
fers, they yield implicit pairwise preferences over
sibling continuations rather than a single sparse ter-
minal reward shared across the entire rollout. We
therefore treat mixed-reward contrast construction
as the allocation objective: a fixed rollout budget
is useful to the extent that it induces such pairwise
comparison at prompt roots and visited prefixes.

3.1 Prefix Information for Better Difficulty
Prediction

Prior sample-efficient RLVR methods use prompt-
level difficulty prediction to filter prompts and al-
locate root rollouts (Zheng et al., 2025; Gao et al.,
2025; Bae et al., 2026; Li et al., 2025c). This moti-
vates the pre-sampling prediction problem at prefix
anchors in our tree setting: just as prompt roots
are scored before Stage 1 rollout allocation, visited
prefixes should be scored before Stage 2 contin-
uation allocation. Each prefix history Ht refines
the prompt root with observed interaction, so it
conditions the same conditional success probabil-
ity V π

t on richer state information and supports
sharper forecasts of group outcome variation and
downstream reward contrast.

Proposition 1 (Prefix information improves group
difficulty prediction). For m ≥ 1, let R̄t,m be the
average terminal reward of m independent contin-
uations sampled from prefixHt. For any squared-
loss predictor f that maps a history to a scalar
estimate, define E⋆t,m := inff E[(R̄t,m − f(Ht))2].
Then E[R̄t,m | Ht] = V π

t , and for any t < T ,

E⋆t+1,m ≤ E⋆t,m. (8)
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Figure 2: Contrastive-allocation diagnostics. Using rollout results collected over several steps with Qwen3-8B
under the Multi-Hop QA (HotpotQA) tree-sampling setting, panel (a) shows that many prompt-root and prefix
anchors have empirical success rate p̂ near 0 or 1, where outcome contrast is scarce. Panel (b) measures each
anchor’s pair contrast as p̂h(1− p̂h); the x-axis is the fraction of rollout budget assigned to the top-ranked anchors,
and the y-axis is the fraction of total pair contrast

∑
h p̂h(1− p̂h) covered by those anchors, compared with uniform

allocation. Panel (c) evaluates the same prefix-conditioned predictor at different observed prefix depths, showing
lower group-success MSE at deeper depths and more reliable prefix-conditioned allocation.

Consequently, E⋆t,m ≤ E⋆0,m for all t. t = 0 and
m = 1 recover prompt-level difficulty prediction
and single-rollout reward prediction, respectively.

Intuitively, Proposition 1 asks how well one can
forecast the average terminal reward of m fresh
continuations sampled after a historyHt. The op-
timal mean-squared error E⋆t,m measures this pre-
dictability using all information inHt, with target
E[R̄t,m | Ht] = V π

t . Because Ht+1 extends Ht
with one additional turn, prediction cannot worsen
as more interaction is observed (E⋆t+1,m ≤ E⋆t,m),
so prefix-level scoring is at least as informative as
prompt-only scoring and strictly better once inter-
mediate turns are available. This justifies scoring
visited prefixes before Stage 2 continuation alloca-
tion. We attach the proof in Appendix D.1.

3.2 A Shared Mixed-Outcome Principle for
Roots and Prefixes

Given such root- and prefix-level predictions, the
allocation target is the same at both scales: at a
prompt root, the allocator asks whether fresh roll-
outs will form a diverse outcome group; at a vis-
ited prefix, it asks whether additional continuations
from the same history can disagree with the factual
suffix. This gives a single contrast-seeking rule:
anchors near deterministic success or failure pro-
vide little contrast, while anchors with intermediate
conditional success probability are more likely to
expose both successful and failed descendants.

This prefix-level view explains how outcome-
only rewards can still induce local credit. Shared-
prefix branches keep the past fixed and vary only
the future continuation, so opposite terminal out-
comes become a local comparison for tree-aware

optimizers. From a martingale view of conditional
success, this remaining contrast has a simple form:
each additional turn revises the forecast of terminal
success, and the squared forecast revisions accu-
mulate the remaining uncertainty along the suffix
rather than only at the terminal reward.
Proposition 2 (Prefix Uncertainty as Remaining
Contrast Potential). Let Ft := σ(Ht), Zt :=
V π
t = Eπ[r(HT ) | Ft], and let [Z]t:T :=∑T−1
s=t (Zs+1 − Zs)

2 denote the quadratic varia-
tion of the conditional success forecast along the
future rollout suffix. For any prefixHt,

Eπ [[Z]t:T | Ft] = V π
t

(
1− V π

t

)
. (9)

Proposition 2 identifies the conditional ex-
pected quadratic variation with Bernoulli variance:
Eπ[[Z]t:T | Ft] = V π

t (1−V π
t ). Thus V π

t (1−V π
t )

is not merely a static uncertainty score, but the
expected accumulated movement in conditional
success probability below the prefix, and therefore
measures downstream contrast potential. Fig. 2
confirms the empirical picture: prefix information
improves group-success prediction, and a small
subset of ranked anchors captures much of the pair
contrast. We prove Proposition 2 in Appendix D.2.

3.3 Contrast Values as Update Activation
The allocation rules are chosen before the optimizer
sees gradients, but they target the activation fron-
tier where gradients become informative. Under
binary rewards, a root or prefix anchor activates
local gradient contrast only when its descendants
expose both success and failure.

This observation connects contrast allocation to
optimizer-visible gradients. Let Aroot = {xi}Bi=1
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and let Apref denote the local prefix-anchor set Ai
for an active prompt; aggregation over prompts
sums these local terms. For stage q ∈ {root, pref}
and allocation b, we formulate the aggregate local
policy-gradient contribution in general form as

Gq(b) =
∑

h∈Aq

I{Act(h, bh)}G̃h(bh),

G̃h(bh) =
∑

H∈Dh(bh)

ωH∇θ log πθ(H | h),
(10)

Here Dh(bh) is the sampled terminal-descendant
set below anchor h, ωH is the optimizer-dependent
contrast weight, I{·} is the indicator function, and
Act(·, ·) is the activation event: Act(h, bh) holds
when the sampled descendants below anchor h un-
der budget bh contain both outcomes.
Proposition 3 (Activation allocation dominates
uniform). Let b⋆q be the TRACE allocation for
stage q ∈ {root, pref}, and let buq be any feasi-
ble uniform allocation at the same budget. Write
G⋆
q := Gq(b

⋆
q) and Gu

q := Gq(b
u
q ). Assume

normalized conditional gradient energy, meaning
E[∥G̃h(bh)∥2 | Act(h, bh), h] = cq > 0 for all
anchors in stage q. If the combined update also
satisfies E⟨G⋆

root, G
⋆
pref⟩ ≥ E⟨Gu

root, G
u
pref⟩, then

E∥G⋆
q∥2 ≥ E∥Gu

q∥2, q ∈ {root,pref},
E∥G⋆

root +G⋆
pref∥2 ≥ E∥Gu

root +Gu
pref∥2.

(11)

Inequalities are strict when uniform is not optimal
for the corresponding stage.

Proposition 3 suggests the main allocation con-
sequence: the first line of Eq. (11) shows that each
stage strengthens the expected squared local gra-
dient signal over uniform allocation, and the sec-
ond line shows that their combination strengthens
the full tree update when the two gradient sources
do not cancel. The proof in Appendix D.3 shows
the factorization behind this statement: under stan-
dard outcome-reward updates, the local gradient
contribution is zero unless opposite outcomes are
observed below the same anchor, so the expected
squared gradient norm equals an activation proba-
bility times a conditional gradient scale.

4 TRACE

The previous section identifies the useful sampling
targets: roots and prefixes whose descendants are
likely to disagree in terminal reward. TRACE in-
stantiates this principle as a global-to-local allo-
cation procedure, summarized in Fig. 3 and Algo-
rithm 1. It solves root allocation over a candidate

prompt pool and local prefix expansion over visited
prefix occurrences. The predictor Ṽψ(H) estimates
the same conditional success probability written
as V π

t for a turn-indexed history Ht in Section 2.
The resulting trees supervise this predictor through
recursive targets and provide root-/prefix-level com-
parisons for tree-aware policy optimization.

4.1 Global Root Allocation

At step s, TRACE allocates a root rollout budget
over a candidate prompt set Bs = {x1, . . . , xB},
where B = |Bs| is the batch size and each prompt
receives a count inM := {0} ∪ {2, . . . ,M}. Let
vi := Ṽψ(xi) be the predicted root success proba-
bility. For m ≥ 2, TRACE assigns

Vroot(xi,m) = 1− vmi − (1− vi)
m, (12)

and sets Vroot(xi, 0) = Vroot(xi, 1) = 0. This
is the predicted probability that m root rollouts
for xi contain success and failure. Formally, root
allocation solves the budget-constrained problem:

max
m1,...,mB

B∑

i=1

Vroot(xi,mi)

s.t.,
B∑

i=1

mi = M, mi ∈M.

(13)

Setting mi = 0 skips the prompt. We exclude
mi = 1 fromM because typical tree-aware policy
optimization is group-based and requires at least
two root rollouts per prompt. Any mi ≥ 2 activates
the prompt and sets the number of bare rollouts
generated below it.

4.2 Local Prefix Expansion

After active prompt xi finishes its mi bare roll-
outs, let ri,j ∈ {0, 1} be the terminal reward of
bare rollout j. Its prefix after turn t is Hi,j,t, with
Hi,j,0 = xi. Recall the prefix-anchor index set Ai
defined in Eq. (7), each index (j, t) ∈ Ai denotes a
visited nonterminal prefix together with the factual
terminal outcome already observed below it. We
allocate a fixed local budget

∑

(j,t)∈Ai

Ki,j,t = miN, (14)

so Stage 2 does not wait for or compete with other
prompts once prompt xi is ready.
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Figure 3: Framework overview of TRACE. A prefix value predictor scores prompt roots and visited prefixes,
TRACE solves budgeted root allocation and prompt-local prefix expansion, and the resulting rollout trees provide
recursive value targets and root-/prefix-level comparisons for tree-aware policy optimization.

Using the same predictor for the prefix success
probability, assigning k continuations to prefix oc-
currence (j, t) has value

Vpref(i, j, t, k) := 1−
[
ri,j Ṽψ(Hi,j,t)

+ (1− ri,j)
(
1− Ṽψ(Hi,j,t)

)]k
,

(15)

namely the probability that at least one new contin-
uation flips the observed reward. For each active
prompt xi, local prefix expansion solves

max
{Ki,j,t}(j,t)∈Ai

∑

(j,t)∈Ai

Vpref(i, j, t,Ki,j,t)

s.t.
∑

(j,t)∈Ai

Ki,j,t = miN.
(16)

Both allocation problems are solved by efficient
dynamic programming tools, whose cost is negligi-
ble relative to rollout generation. Expanding (j, t)
fixes the prefixHi,j,t and resamples a new continu-
ation after that prefix. By design, terminal leaves
are meaningless to expand.

This factorization is system-aware: a fully global
prefix allocator over

⋃
iAi would wait for all active

prompts to finish bare rollouts before launching any
continuation. TRACE only requires prompt-level
completion. Since the mi bare rollouts for prompt
xi are co-located on the same worker, their gener-
ation does not suffer from intra-prompt long-tail

waiting. Consequently, the expansion for prompt
xi can be enqueued immediately upon their return,
bypassing the inter-prompt waiting caused by other
prompts distributed across different workers.

4.3 Online Prefix Value Estimation
The allocation objectives require the conditional
success probability at both prompt roots and visited
prefixes. We learn a shared generalizable predictor
that estimates it from prefix histories at both levels.

Ṽψ : Ht 7→ Ṽψ(Ht) ∈ [0, 1], (17)

which provides Ṽψ(xi) for Eq. (12) and Ṽψ(Hi,j,t)
for Eq. (15). It is used only by the allocator, not by
the downstream policy optimizer.

Recursive tree-backed targets. After a rollout
tree is collected, its terminal leaves provide binary
rewards. For any node y, let C(y) be its children
and let ny be the number of executed terminal de-
scendants below it:

ny =

{
1, y is a terminal leaf,∑

c∈C(y) nc, otherwise,

We set V̂ (y) = ry at terminal leaves and compute
internal targets by a bottom-up empirical average:

V̂ (y) =
1

ny

∑

c∈C(y)
ncV̂ (c). (18)
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Algorithm 1: TRACE rollout allocation
Input: Candidate pool sequence {Bs}Ss=1

with |Bs| = B; initial policy πθ;
predictor Ṽψ; root budget M ;
expansion factor N .

Output: Finetuned LLM policy πθ.
for s = 1 to S do

Initialize collected tree set Gs ← ∅;
// Global root allocation

Estimate Ṽψ(xi) for all xi ∈ Bs;
Solve Eq. (13) for root counts {mi}Bi=1;
foreach prompt xi with mi > 0 do

Generate mi bare rollouts from xi
and collect terminal rewards;

Build the prefix-anchor index setAi;
Estimate Ṽψ(Hi,j,t) for each
(j, t) ∈ Ai;
// Local prefix expansion
Solve Eq. (16) for continuation

counts {Ki,j,t};
foreach (j, t) with Ki,j,t > 0 do

Generate Ki,j,t continuations
from prefixHi,j,t;

Add the resulting prompt-local
rollout trees to Gs;

// Predictor and policy updates

Compute recursive targets V̂ on Gs and
update Ṽψ by Eq. (19);

Update πθ with any tree-aware
optimizer using Gs;

Thus V̂ (y) is the empirical success rate of termi-
nal descendants below y. We train Ṽψ by mean-
squared regression over a supervision set S of roots
and informative internal nodes:

Lvalue :=
1

|S|
∑

y∈S

(
Ṽψ(y)− V̂ (y)

)2
. (19)

The supervision set and lightweight predictor im-
plementation details are reported in Appendix E.6.

4.4 Tree-Aware Policy Optimization

TRACE passes the completed rollout trees to a tree-
aware policy optimizer as in Algorithm 1. This
optimizer can use any prefix-level credit rule that
propagates leaf rewards through the tree, including
process-reward backups or group-relative backups.
In our experiments, we use the concrete instance
described in Appendix E.4.

5 Experiments

5.1 Experimental Setup
Datasets and models. We evaluate TRACE on
three multi-turn settings. (1) Mathematical Rea-
soning: trains on the DeepScaler corpus (Luo et al.,
2025) with a Python interpreter and evaluates on
AIME24, AMC23, MATH500 (Lightman et al.,
2024), MinervaMath (Minerva) (Lewkowycz et al.,
2022), OlympiadBench (Olympiad) (He et al.,
2024a), and three out-of-distribution benchmarks:
MMLU-Pro (Wang et al., 2024), ARC-c (Clark
et al., 2018), and GPQA-diamond (GPQA) (Rein
et al., 2023). (2) Multi-Hop QA: trains on Hot-
potQA (Hotpot)’s training split (Yang et al., 2018)
and evaluates on its validation split, 2WikiMul-
tiHopQA (2Wiki) (Ho et al., 2020), MuSiQue
(Musiq) (Trivedi et al., 2022), and Bamboogle
(Bamb) (Press et al., 2023) with a local E5 re-
trieval server (Wang et al., 2022) built over a
Wikipedia dump (Karpukhin et al., 2020). (3)
Function Calling: trains on 80% of the BFCL
v4 (Patil et al., 2025) multi-turn split and eval-
uates on the 20% test portion across the base
(Base), long-context (Long), missing-function
(Miss-Func), and missing-parameter (Miss-Param)
subsets. Main experiments use Qwen3-8B and
Qwen3-14B policy backbones (Yang et al., 2025a).
Appendix C reports results using Llama-3.2-3B-
Instruct (Grattafiori et al., 2024) as a backbone.

Baselines. We compare TRACE against four
baselines. (1) ReAct (Yao et al., 2022): evalu-
ates the base model in the same multi-turn agent
and tool scaffold. (2) GRPO (Shao et al., 2024):
samples prompts randomly at the prompt level.
(3) PCL (Gao et al., 2025): a pure CoT prompt-
selection baseline that actively filters prompts by
difficulty. (4) TreePO: adds tree-structured roll-
outs and tree-aware updates on top of GRPO, but
still selects turn-level continuations randomly, as in-
stantiated in Appendix E.4. All methods, including
TRACE, use the same rollout-budget accounting
described in Appendix E.5, so gains reflect alloca-
tion rather than additional samples.

Metrics. We report final-answer accuracy for
Mathematical Reasoning, HotpotQA-style exact
match and token-level F1 with partial credit at F1
≥ 0.3 for Multi-Hop QA, and official BFCL suc-
cess rate for Function Calling, averaging each
benchmark over a task-specific number of trajecto-
ries and reporting the average across benchmarks
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Figure 4: Test accuracy during training. The six panels cover Mathematical Reasoning (DeepScaler), Multi-Hop
QA (HotpotQA), and Function Calling (BFCL v4) with Qwen3-8B (top) and Qwen3-14B (bottom). We compare
GRPO, PCL, random TreePO allocation, and TRACE under the same rollout-budget setting. Higher curves indicate
stronger final policies under identical sampling budgets.

within each setting. Appendix C reports allocation
and predictor diagnostics, while Appendix E gives
evaluation protocols, avg@k multiplicities, dataset
splits, model settings, and rollout details.

5.2 Main Results
5.2.1 Improved Accuracy under the Same

Budget
Figure 4 shows the training curves across all three
settings and two model sizes. Overall, TRACE im-
proves average performance across Mathematical
Reasoning, Multi-Hop QA, and Function Calling
for both Qwen3-8B and Qwen3-14B, consistently
yielding higher evaluation curves than GRPO, PCL,
and TreePO under the same rollout budget. On
Mathematical Reasoning (DeepScaler), it improves
the in-distribution average over GRPO from 70.0
to 71.1 for Qwen3-8B and from 73.5 to 74.9 for
Qwen3-14B; similar gains appear on Multi-Hop
QA and Function Calling. The TreePO comparison
is especially revealing because both methods share
tree rollouts and tree-aware updates, yet TRACE
allocates branches to roots and prefixes predicted
to be more informative rather than sampling them
randomly. Full per-benchmark breakdowns are re-
ported in Appendix C.1.

5.2.2 More Informative Rollouts under the
Same Budget

Figure 5 reports the effective ratio. At the prompt
level, this metric is the within-batch fraction of
prompts whose rollout trees contain terminal leaves
with both successful and failed outcomes. Under a

matched rollout budget, TRACE achieves a higher
training-time average effective ratio than GRPO,
PCL, and TreePO across all three settings and both
model scales. On Mathematical Reasoning (Deep-
Scaler), it raises the average over GRPO from
26.8% to 60.6% for Qwen3-8B and from 34.7%
to 59.7% for Qwen3-14B; similar gains appear on
Multi-Hop QA and Function Calling. By directing
rollout budget toward contrast-rich roots and pre-
fixes rather than saturated or low-variance anchors,
TRACE increases the frequency of non-degenerate
terminal groups and amplifies the group-relative
policy-update signal per rollout unit. The full met-
ric definition appears in Appendix C.1.

5.2.3 Reliable Difficulty Prediction
Figures 6 and 7 show that the predictor learns dif-
ficulty rankings at both prompt and node levels.
The prompt-level signal is expected, since root out-
comes provide the densest supervision. More im-
portantly, the signal transfers to internal prefixes:
even when training is dominated by prompt-level
supervision, the same predictor ranks node diffi-
culty reliably enough to guide turn-level branching.
This suggests that prefix histories carry a learnable
notion of local uncertainty, not just noisy fragments
of full trajectories. Appendix C reports the Spear-
man definition and per-domain trends.

5.3 Additional Analysis
5.3.1 Ablation Studies
We isolate the two allocation stages on Qwen3-
8B Multi-Hop QA (HotpotQA) by replacing each
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Figure 5: Effective ratio during training. The six panels cover Mathematical Reasoning (DeepScaler), Multi-Hop
QA (HotpotQA), and Function Calling (BFCL v4) with Qwen3-8B (top) and Qwen3-14B (bottom). The panels
compare the fraction of contrastive samples selected by each allocation strategy. Higher values indicate more
non-degenerate reward groups per update.

Table 1: Ablation of active allocation stages on
Qwen3-8B Multi-Hop QA (HotpotQA). Stage 1 allo-
cates prompt-root budget; Stage 2 allocates continuation
budget over visited prefixes.

Stage 1 Stage 2 Avg. Acc. Avg. Eff. Ratio

Uniform Uniform 49.5 42.8
Active Uniform 49.8 49.1

Uniform Active 50.0 47.3
Active Active 50.6 52.3

active allocator with uniform allocation while keep-
ing the tree budget and optimizer fixed. Table 1
shows that both stages help and their gains stack:
root allocation selects prompts likely to become
non-degenerate, while prefix allocation spends con-
tinuation budget on prefixes where additional de-
scendants can still reveal contrast.

5.3.2 Compatibility with Different Budgets

We also vary the tree budget on Qwen3-8B Multi-
Hop QA (HotpotQA). Since the expected rollout
budget is M(1 +N/2), (512, 2) uses budget 1024,
while (512, 6) and (1024, 2) both use budget 2048.
Table 2 shows that TRACE improves TreePO at ev-
ery budget, lifting the effective ratio by about 9.5–
10.2 points and gaining roughly one accuracy point.
It also shows that budget shape matters, not only
total size: at budget 2048, broader root coverage
with (1024, 2) is stronger than deeper continuation
sampling from 512 roots. The bottleneck is there-
fore not just rollout count, but whether the budget
reaches states where rewards can form contrast.

Table 2: Compatibility with different budgets on
Qwen3-8B Multi-Hop QA (HotpotQA). We vary the
root budget M and continuation budget N and compare
random TreePO allocation with TRACE.

M N Method Avg. Acc. Avg. Eff. Ratio

512 2 TreePO 48.8 32.2
512 2 TRACE 49.7 42.4
512 6 TreePO 49.4 37.7
512 6 TRACE 50.3 47.8
1024 2 TreePO 49.5 42.8
1024 2 TRACE 50.6 52.3

6 Conclusion

This work formulates mixed-reward contrast allo-
cation as a unified view of sample-efficient RLVR
for multi-turn agents. We show that prompt filter-
ing, rollout-count allocation, and prefix branching
are all budget decisions over rollout-tree anchors,
and present TRACE to allocate budget guided by a
shared generalizable predictor of conditional suc-
cess probability. TRACE directs budget toward
anchors whose descendants are likely to expose
mixed terminal outcomes, strengthening the group-
relative update signal and implicit stepwise pref-
erence pairs under outcome-only rewards. Experi-
ments on Mathematical Reasoning, Multi-Hop QA,
and Function Calling confirm improved accuracy
and rollout informativeness under a matched bud-
get. Moreover, this contrast-allocation view re-
frames agentic RLVR sampling as a question of
where to branch within the rollout tree, not only
how many independent rollouts to draw.
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Limitations

TRACE is mainly developed for outcome-only
RLVR, and tasks without clear terminal verification
may therefore require revisiting the mixed-outcome
contrast objective. For allocation, higher prediction
accuracy can lead to better budget placement, while
predictor instantiations remain orthogonal to the
TRACE framework. In this work, we instantiate the
predictor in a vanilla setting, and stronger alterna-
tives for different agentic tasks remain future work.
Empirically, our evaluation is mainly conducted
on Mathematical Reasoning, Multi-Hop QA, and
Function Calling with Qwen3-8B and Qwen3-14B,
leaving more complex and non-stationary agentic
scenarios for future exploration.
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Appendix Overview

This appendix provides supplementary material for
TRACE, including related work, discussion, ex-
tended experimental results, theoretical proof, ex-
perimental details, and representative data exam-
ples. The appendix is organized as follows:

• Appendix A (Related Work): reviews prior
work on RLVR and agentic RLVR, sample-
efficient prompt selection and allocation, tree
search for LLMs, and credit assignment under
sparse rewards.

• Appendix B (Discussion): discusses allocation
as an orthogonal layer, the axes of training-time
sampling in Table 3, and root-to-prefix predictor
generalization.

• Appendix C (Extended Experimental Results):
reports the full benchmark tables and diagnos-
tic analyses, including effective-ratio behav-
ior, prefix-predictor rank correlation, transfer to
Llama-3.2-3B-Instruct, computational overhead,
and TRACE allocation behavior.

• Appendix D (Theoretical Proof): gives detailed
proofs for prefix predictability, the energy iden-
tity connecting prefix uncertainty to reward vari-
ance, and the TRACE dominance result.

• Appendix E (Experimental Details): describes
the tasks, models, training settings, policy opti-
mizers and TreePO instances, rollout construc-
tion and budget accounting, and prefix-predictor
supervision and implementation.

• Appendix F (Data Examples): presents repre-
sentative real data examples from the three train-
ing domains, including the system prompts and
tool schemas seen by the agents.

A Related Work

RLVR and Agentic RLVR. Reinforcement
learning with verifiable rewards (RLVR) has
become a dominant post-training paradigm for
LLMs on tasks with automatically checkable out-
comes (Jaech et al., 2024; Guo et al., 2025a;
Team et al., 2025). Proximal Policy Optimization
(PPO) (Schulman et al., 2017) remains a general
policy-gradient backbone, while Group Relative
Policy Optimization (GRPO) (Shao et al., 2024;
Qu et al., 2026b) is especially attractive for RLVR
because it removes the expensive value model and

estimates advantages from groups of sampled roll-
outs. Much of RLVR still lives in a flat regime
where a prompt is sampled, complete responses are
generated, and a terminal reward drives the update.
Agentic environments fracture this abstraction. A
rollout is a chain of thought-action-observation
turns (Yao et al., 2022), and intermediate prefixes
such as search queries, tool calls, and partial solu-
tion states can alter the entire downstream trajec-
tory (Qu et al., 2026a). TRACE uses this structure
to turn rollout budget from a scalar sampling count
into a structural allocation decision across roots
and prefixes.

Sample Efficient RLVR. Sample-efficient
RLVR improves policy updates by deciding
which examples deserve rollout budget. Offline
curation filters prompts by difficulty, diversity,
length, or estimated solution quality (Ye et al.,
2025; Li et al., 2025b; Wen et al., 2025; Hu et al.,
2025a; Yang et al., 2024; Fatemi et al., 2025;
Wang et al., 2025), reducing training cost but
adding preprocessing and remaining static as
the policy evolves (Qu et al., 2025; Gao et al.,
2025; Mao et al., 2026b). Online prompt selection
addresses this limitation by adapting to the current
model, either through rollout-based filtering of
uninformative prompts (Yu et al., 2025; Liu
et al., 2025; Cui et al., 2025; Meng et al., 2025;
Bae et al., 2026; Xu et al., 2026; Zhang et al.,
2026b) or through predictors that estimate prompt
difficulty (Zhang et al., 2025b; Zheng et al., 2025;
Gao et al., 2025; Qu et al., 2025; Zeng et al., 2025;
Chen et al., 2025; Mao et al., 2026a; Qu et al.,
2026c; Zou et al., 2025a; Zhang et al., 2026a; Hu
et al., 2025b; Shen et al., 2025). A complementary
prompt-level allocation line asks how many
samples each selected prompt should receive (Li
et al., 2025c; Yao et al., 2026). This line is effective
for dynamic rollout accounting, but it typically
relies on pre-calculated per-prompt accuracy and
has limited ability to generalize to unseen prompts
without explicit rollouts. TRACE treats filtering,
rollout counts, and prefix branching as boundary
cases of one allocation operation, using a shared
generalizable predictor to score candidate anchors
from prompt roots to internal prefixes and an
allocator to assign budget according to predicted
conditional success probability.

Tree Search for LLMs. Tree search lets LLMs
branch over interaction prefixes and compare with
alternative continuations, rather than sampling a
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single complete trajectory. Test-time methods such
as Tree-of-Thought (Yao et al., 2023; Long, 2023;
Snell et al., 2024; Koh et al., 2024; Zhou et al.,
2023) and MCTS-style decoding (Xin et al., 2025)
spend additional computation at test time to search
for a stronger answer for each prompt. Offline
variants sample or score reasoning trees and distill
the induced comparisons into SFT or preference-
learning data (Feng et al., 2023; He et al., 2024b;
Xie et al., 2024; Zhang et al., 2025a; Lai et al.,
2024; Li et al., 2025a). Online tree-based RL brings
branching into training, using tree rollouts for value
estimation or finer credit assignment (Zhang et al.,
2024; Hou et al., 2025; Ji et al., 2025; Yang et al.,
2025b; Kazemnejad et al., 2024; Guo et al., 2025b;
Dong et al., 2025; Zhao et al., 2026). TRACE is
closest to this online lineage, but repurposes the
tree. It branches over agent interaction prefixes
rather than tokens or generic reasoning steps, and
uses the tree not as an inference solver, but as an
allocation substrate for discovering reward contrast
under a fixed rollout budget.

Credit Assignment under Sparse Rewards.
Sparse outcome rewards are coarse signals for
multi-turn agents because one terminal success
or failure can be assigned back to many earlier
decisions while intermediate decisions can carry
sharply different responsibility for the final re-
sult (Feng et al., 2025). Classical RL attacks
this with exploration bonuses, replay, goal rela-
beling, reward shaping, or value-based credit es-
timates (Pathak et al., 2017; Andrychowicz et al.,
2017; Ng et al., 1999; Arjona-Medina et al., 2019).
In LLM agents, process reward models (PRMs) can
generate step- or token-level feedback, but dense
process rewards are costly to annotate and brittle
across open-ended tool-use settings. Instead, tree
rollouts already provide a form of implicit credit
assignment by comparing continuations that share
a prefix (Ji et al., 2025; Zhao et al., 2026). TRACE
strengthens this mechanism without explicit pro-
cess supervision by allocating more branches to
prefixes whose alternative continuations are likely
to diverge in outcome, turning sparse final rewards
into sharper local preference signals.

B Discussion

B.1 Allocation as an Orthogonal Layer
TRACE separates rollout acquisition from policy
optimization. Tree-structured objectives such as
TreeRPO (Yang et al., 2025b) and Tree-GRPO (Ji

et al., 2025) define how an existing tree becomes
gradients through branch comparisons, value tar-
gets, or group-relative advantages. TRACE oper-
ates upstream by deciding which anchors deserve
additional descendants before the optimizer sees
the tree. Thus the same policy objective can receive
a contrast-poor or contrast-rich tree under the same
rollout budget.

The predictor and TreePO instance used in our
experiments are practical instantiations rather than
primary technical commitments. TRACE only re-
quires a predictor that ranks anchors by expected
reward contrast and a tree-structured optimizer that
consumes the resulting rollout tree. Better pre-
dictors should improve budget placement, but the
framework is not tied to a specific predictor archi-
tecture or tree-policy objective.

B.2 Axes of Training-Time Sampling
Table 3 organizes training-time sampling meth-
ods by the allocation axes they make controllable.
GRPO exposes only a flat sampling axis, PCL
turns prompt admission into a learned decision,
and TreePO exposes a tree substrate while leaving
the tree acquisition policy random. The missing
axis is not another optimizer choice, but a structural
sampling decision inside the rollout itself. Once
a trajectory has interacted with a search engine, a
Python interpreter, or an API environment, its vis-
ited prefixes become decision states with heteroge-
neous downstream uncertainty. Some have already
collapsed into near-certain success or failure, while
others remain poised at points where an alternative
query, tool call, or reasoning continuation can al-
ter the final reward. TRACE treats prompt roots
and such prefixes as anchors in a single allocation
geometry: a lightweight generalizable predictor
scores where contrast is still latent, and the allo-
cator decides whether to skip a root, widen it, or
branch from an unresolved prefix.

B.3 Root-to-Prefix Predictor Generalization
Using one shared predictor for roots and prefixes
is not merely an implementation shortcut. A prefix
history is an information-refined prompt: it con-
tains the current plan, the executed actions, and
the environment observations that shape what re-
mains possible. Root-level supervision is denser
because each root aggregates more terminal descen-
dants and yields more reliable tree-backed targets,
anchoring the predictor’s global difficulty scale,
while prefix-level supervision is sparser because
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Table 3: Qualitative comparison of training-time allocation methods. GRPO and PCL operate over flat rollouts,
TreePO introduces a tree substrate with random branching, and TRACE uses learned allocation at both prompt roots
and visited prefixes.

Method
Prompt Root Prefix Tree-Structured Learned

Selection Budget Expansion Update Allocator

GRPO Random Uniform × × ×
PCL Predictive Fixed × × Root only
TreePO Random Uniform Random ✓ ×

TRACE Predictive Adaptive Predictive ✓ Root + prefix

Table 4: Performance comparison on Mathematical Reasoning. We train on the DeepScaler corpus and evaluate
Qwen3-8B and Qwen3-14B on four in-distribution mathematical reasoning benchmarks and three out-of-distribution
benchmarks. TRACE consistently outperforms competitive baselines on average. The best results are indicated in
bold.

Model Method In-distribution Out-of-distribution

AIME24 AMC23 MATH500 Minerva Olympiad Avg MMLU-Pro ARC-c GPQA Avg

Q
w

en
3-

8B

ReAct 52.3 87.0 89.8 37.8 58.6 65.1 68.5 95.3 52.4 72.1
GRPO 63.6 91.0 92.3 40.2 62.8 70.0 72.7 95.3 55.9 74.6
PCL 64.0 91.5 92.8 40.7 63.0 70.4 72.9 95.4 56.2 74.8

TreePO 64.3 91.3 92.6 40.9 63.1 70.4 73.0 95.2 56.4 74.9

TRACE 63.9 91.2 93.4 41.2 65.8 71.1 73.4 95.7 56.9 75.3

Q
w

en
3-

14
B ReAct 61.5 89.4 91.8 40.0 62.3 69.0 75.1 96.2 59.2 76.8

GRPO 65.6 94.3 94.2 45.2 68.4 73.5 75.9 96.1 59.4 77.1
PCL 66.2 95.1 95.0 45.1 67.6 73.9 76.1 96.2 59.7 77.3

TreePO 66.4 95.0 94.8 45.4 67.8 74.0 76.0 96.4 59.8 77.4

TRACE 66.1 94.7 94.9 47.3 71.5 74.9 76.5 96.5 60.4 77.8

fewer descendants sit below each prefix and the
targets are noisier, but closer to the decisions that
create local contrast. For training efficiency, predic-
tor updates use all prompt-root examples together
with only a small stream of prefix examples; nev-
ertheless, the positive prefix-level correlations in
Appendix C indicate that prefix difficulty is still
ranked accurately enough for branching and that
the predictor is not memorizing prompt identities.
It learns a transferable history-conditioned notion
of uncertainty, which is precisely the signal needed
for targeted branching.

C Extended Experimental Results

C.1 Detailed Benchmark Results

Figure 4 shows training curves with respect to opti-
mization steps, while Tables 4 and 5 summarize the
final endpoint performance. Overall, TRACE en-
ables more effective RLVR training under the same
rollout-budget setting. Compared with GRPO,
TRACE improves the average scores by 0.7–2.8
points across Mathematical Reasoning, Multi-Hop
QA, and Function Calling scenarios. Compared

with random TreePO allocation, TRACE also con-
sistently improves the reported averages, indicating
that the gains come from learned allocation rather
than from introducing a tree substrate alone. These
improvements come with negligible predictor over-
head, analyzed in Appendix C.5.

C.2 Effective Ratio
For the root or prefix stage q ∈ {root, pref}, we
use the anchor set Aq, descendant set Dh(bh), and
activation event Act(h, bh) from Eq. (10). The ef-
fective ratio is the fraction of sampled terminal
descendants attached to activated anchors:

Effq(b) =

∑
h∈Aq

|Dh(bh)| I{Act(h, bh)}∑
h∈Aq

|Dh(bh)|
. (20)

Higher values indicate that more sampled trajecto-
ries can produce non-degenerate group-relative or
local contrast. In our diagnostic figures and abla-
tion tables, we report the prompt-level instantiation
because it is shared by flat and tree rollouts. For a
training batch Bs, let Di := Dxi(bxi) be the sam-
pled terminal-descendant set below prompt root xi
(Eq. (10)), and let Ri = {r(H) : H ∈ Di} denote
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Table 5: Performance comparison on Multi-Hop QA and Function Calling. We train on HotpotQA and BFCL v4,
and evaluate Qwen3-8B and Qwen3-14B on four multi-hop reasoning benchmarks and four tool-calling scenarios,
respectively. TRACE consistently outperforms competitive baselines on average. The best results are indicated in
bold.

Model Method Multi-Hop QA Function Calling

Hotpot 2Wiki Musiq Bamb Avg Base Miss-Func Miss-Param Long Avg
Q

w
en

3-
8B

ReAct 41.9 37.6 18.4 44.7 35.7 36.7 21.5 31.1 22.3 28.0
GRPO 53.2 48.7 27.4 64.7 48.5 58.5 31.0 45.8 38.7 43.5
PCL 53.6 49.2 27.9 65.0 48.9 59.0 32.1 46.8 39.3 44.3

TreePO 54.0 49.7 28.4 65.9 49.5 58.9 32.0 46.5 39.4 44.2

TRACE 55.7 50.9 29.5 66.3 50.6 61.2 34.4 48.8 40.4 46.2

Q
w

en
3-

14
B ReAct 46.4 44.2 22.8 55.3 42.2 51.1 23.6 35.6 22.8 33.6

GRPO 55.3 52.7 30.1 66.8 51.2 70.6 32.6 40.9 36.4 46.1
PCL 55.6 52.9 30.2 67.2 51.5 70.0 31.8 41.4 40.4 45.9

TreePO 55.1 55.3 31.0 70.6 53.0 70.8 33.0 43.2 39.4 46.6

TRACE 57.8 53.1 33.7 71.3 54.0 72.4 34.8 44.6 40.2 48.0
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Figure 6: Prompt-level prediction quality during training. The six panels cover Mathematical Reasoning
(DeepScaler), Multi-Hop QA (HotpotQA), and Function Calling (BFCL v4) with Qwen3-8B (top) and Qwen3-14B
(bottom). The panels show Spearman’s rank correlation between predicted prompt difficulty and empirical success
rate, with the associated significance shown on the right axis.

their terminal rewards. We compute

Effroot(Bs) =
1

|Bs|
∑

xi∈Bs

I [Var(Ri) > 0] . (21)

Here, I[·] is the indicator function. This metric
measures the fraction of prompt-root groups that
contain both successful and failed outcomes. It is
an end-to-end batch informativeness measure: root
allocation and useful prefix expansion can both
increase the chance that a prompt produces mixed
outcomes.

Figure 5 shows that TRACE consistently pro-
duces more informative prompt-root groups than
GRPO and random TreePO allocation. This met-
ric isolates whether the prompts entering an up-

date yield non-degenerate outcome variation, so
higher values indicate that learned allocation sup-
plies denser group-relative signal under the same
rollout budget.

C.3 Spearman Correlation

To evaluate the quality of difficulty prediction,
we report Spearman’s rank correlation coeffi-
cient (Sedgwick, 2014). It measures the strength
of the monotonic relationship between predicted
and empirical difficulty rankings and is invariant to
monotonic transformations, making it the right met-
ric for allocation, where relative ordering matters
more than calibration. For a root-level or prefix-
level evaluation set Sq, where q ∈ {root,pref},
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Figure 7: Prefix-level prediction quality during training. The six panels cover Mathematical Reasoning (Deep-
Scaler), Multi-Hop QA (HotpotQA), and Function Calling (BFCL v4) with Qwen3-8B (top) and Qwen3-14B
(bottom). The panels show Spearman’s rank correlation between predicted prefix difficulty and empirical continua-
tion success, with the associated significance shown on the right axis.

Table 6: Llama-3.2-3B Multi-Hop QA accuracy. To test transfer
beyond Qwen backbones, we report answer-match reward scores on
four multi-hop QA benchmarks and their average.

Method Hotpot 2Wiki Musiq Bamb Avg

ReAct 6.7 7.3 2.9 6.6 5.9
GRPO 38.2 30.5 13.0 32.3 28.5
PCL 39.3 32.5 13.4 30.5 28.9

TreePO 39.7 33.6 13.6 29.9 29.2

TRACE 41.0 35.3 15.2 37.7 32.3
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Figure 8: Llama-3.2-3B Multi-Hop QA
average accuracy. We report the four-
benchmark average over HotpotQA, 2Wiki-
MultiHopQA, MuSiQue, and Bamboogle.

let Rψ(y) and R
V̂
(y) be the ranks of the predictor

score Ṽψ(y) from Eq. (17) and the tree-backed em-
pirical target V̂ (y) from Eq. (18) within Sq. We
compute

ρq =
covy∈Sq

(
Rψ(y), RV̂

(y)
)

stdy∈Sq(Rψ(y)) stdy∈Sq

(
R
V̂
(y)

) . (22)

We also report the corresponding p-value under
the null hypothesis that Ṽψ(y) and V̂ (y) are inde-
pendent over y ∈ Sq, which assesses whether the
observed rank agreement is statistically significant.

Figures 6 and 7 show that the predictor learns
stable difficulty rankings at both levels. Prompt-
level correlation rises first because roots provide
the densest supervision. Prefix-level correlation
remains positive as well, even though predictor
training is dominated by prompt-level examples
and uses only limited prefix-level supervision to
expose the history format. This transfer is consis-

tent with the root-to-prefix generalization view in
Appendix B.3, suggesting that the predictor is not
memorizing prompt IDs but naturally extending a
root-trained difficulty model to serialized interac-
tion histories, which is exactly the signal needed
for targeted branching.

C.4 Applicability to Other Model Families

We further test TRACE on Llama-3.2-3B-Instruct
to examine whether the allocation interface in Sec-
tion 4 transfers beyond the Qwen3 family. Consis-
tent with the Multi-Hop QA trend in Section 5.2,
Table 6 shows that TRACE achieves the best aver-
age accuracy, improving over GRPO by 3.8 points
and over random TreePO allocation by 3.1 points.
The gains appear across HotpotQA, 2WikiMulti-
HopQA, MuSiQue, and Bamboogle, suggesting
that the benefit is not tied to a single benchmark
instance.
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Figure 9: Llama-3.2-3B allocation and predictor diagnostics on Multi-Hop QA (HotpotQA). The panels follow
Figures 5–7, showing effective ratio, prompt-level correlation, and prefix-level correlation. Correlation panels show
the predictor diagnostics.
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Figure 10: Training time breakdown on Multi-Hop QA (HotpotQA). We report average wall-clock time for
TRACE with Qwen3-8B and Qwen3-14B. The current implementation uses an unoptimized predictor scoring path,
while predictor parameter updates remain a small fraction of total runtime.

Figure 8 shows that the advantage emerges dur-
ing training rather than from a stronger starting
point. Figure 9 provides the corresponding alloca-
tion diagnostics, showing that TRACE maintains
a higher effective ratio and that the predictor pre-
serves useful prompt- and prefix-level rankings.
Together, these results support the central design
claim that TRACE is a portable root-prefix alloca-
tion layer rather than a policy-backbone-specific
heuristic.

C.5 Computational Overhead

As a representative case, we profile Multi-Hop QA
training runs on HotpotQA to quantify where wall-
clock time is spent. Figure 10 decomposes the
runtime into LLM rollout, policy update, predictor
scoring, predictor update, and residual overhead.
The decomposition uses nonoverlapping critical
path timers in which predictor scoring is subtracted
from trajectory collection and predictor update is
separated from trajectory transformation. This
avoids double counting nested diagnostic timers.

The dominant cost is still policy optimization,
which takes 66.5% of the Qwen3-8B runtime and
75.4% of the Qwen3-14B runtime. The learnable
predictor update is small, accounting for 1.3% and

0.9% of total runtime. Predictor scoring during
root and prefix allocation accounts for 1.9% and
1.4% of total runtime. Because TRACE uses the
same Qwen3-0.6B predictor for both policy scales,
total predictor overhead decreases from 3.2% on
Qwen3-8B to 2.3% on Qwen3-14B, while the pol-
icy update becomes increasingly dominant. These
results indicate that TRACE trades a negligible allo-
cation cost for more informative rollouts, and that
further engineering improvements can primarily
target batched prefix scoring.

C.6 Allocation Behavior

We inspect Function Calling (BFCL v4) as a
representative allocation trace because its longer
function-calling episodes make turn-wise prefix al-
location smoother than in shorter QA rollouts. Fig-
ure 11 shows two complementary views of Stage 2.
The relative-position view normalizes each anchor
by the length of its bare rollout, while the absolute-
depth view reports the share of continuation bud-
get assigned to each turn index. In Figure 11(a),
the budget-weighted prefix position remains near
the middle of the bare rollout, matching the half-
trajectory continuation approximation used in the
budget accounting of Appendix E.5. The absolute-
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Figure 11: Stage 2 allocation behavior on Function Calling (BFCL v4). We average over the common late
training window. The left panel bins anchors by relative position within their bare rollout and weights each anchor
by the assigned continuation count Ki,j,t. The right panel reports the share of the total Stage 2 continuation budget
assigned to each absolute anchor depth.
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Figure 12: Stage 1 root allocation summary on Function Calling (BFCL v4). Panel (a) shows the fraction of
candidate prompts receiving mi = 0 or mi ≥ 2; by construction TRACE uses mi ∈ {0} ∪ {2, 3, . . .}, so mi = 1
has zero mass. Panel (b) shows active-prompt mi mean, median, and two-standard-deviation range over the same
late training window. Exact per-integer counts within the active set require logging the full integer histogram of mi.

depth view further shows that nontrivial budget
remains across later prefixes up to depth 15, in-
dicating that Stage 2 is not merely adding extra
root-like samples.

Figure 12 summarizes Stage 1 root allocation
over the candidate prompt pool. Most candidates
receive mi = 0 and are skipped, while active
prompts receive multiple bare rollouts, typically
around five to seven in Function Calling (BFCL
v4). The current logs record exact inactive/active
ratios and active-set quantiles; per-integer counts
within the active set require logging the full integer
histogram of mi.

D Theoretical Proof

D.1 Proof of Proposition 1
Proof. Conditioned onHt, the m terminal rewards
in R̄t,m are independent Bernoulli variables with
mean V π

t . Hence

E[R̄t,m | Ht] = V π
t , (23)

so the Bayes-optimal predictor of group correctness
is V π

t . Its optimal risk is

E⋆t,m =
1

m
E
[
V π
t (1− V π

t )
]
. (24)

Because V π
t = E[V π

t+1 | Ht], the law of total vari-
ance gives

E
[
V π
t+1(1− V π

t+1)
]
≤ E

[
V π
t (1− V π

t )
]
. (25)
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Therefore,

E⋆t,m−E⋆t+1,m =
1

m
E
[
Var(V π

t+1 | Ht)
]
≥ 0. (26)

The inequality is strict exactly when the next prefix
changes the conditional success probability with
positive probability under Ht. Summing the one-
step inequalities gives E⋆t,m ≤ E⋆0,m for every t.

D.2 Proof of Proposition 2
Proof. Let Zt := V π

t = Eπ
[
r(HT ) | Ft

]
, where

Ft := σ(Ht). Since (Zt) is a Doob martingale, we
have Eπ[Zs+1 | Fs] = Zs and therefore Eπ[Aπs |
Fs] = 0 for Aπs := Zs+1 − Zs. Using

Z2
s+1 − Z2

s = (Zs+1 − Zs)
2

+ 2Zs(Zs+1 − Zs),
(27)

and summing from s = t to T − 1, we obtain

Z2
T − Z2

t =
T−1∑

s=t

(Aπs )
2 + 2

T−1∑

s=t

ZsA
π
s . (28)

Taking conditional expectation with respect to Ft,
the second term vanishes by the tower property:

Eπ[ZsAπs | Ft] = Eπ
[
Eπ[ZsAπs | Fs] | Ft

]

= Eπ
[
Zs Eπ[Aπs | Fs] | Ft

]
= 0.

(29)

Hence

Eπ [[Z]t:T | Ft] = Eπ[Z2
T | Ft]− Z2

t . (30)

Because the terminal reward is binary, ZT =
r(HT ) ∈ {0, 1} and thus Z2

T = ZT . Therefore,

Eπ[Z2
T | Ft] = Eπ[ZT | Ft] = Zt, (31)

which yields

Eπ [[Z]t:T | Ft] = Zt−Z2
t = V π

t

(
1−V π

t

)
. (32)

This proves Eq. (9).

D.3 Proof of Proposition 3
Proof. Fix an anchor a and a budget decision b.
Let Act(a, b) denote the event that the sampled
descendants below a contain at least one successful
and one failed terminal history.
Step 1: outcome contrast is the activation event.
For a root group of size m, activation means that
the group is non-degenerate:

Pr(Act(a,m) | a) = 1− pma − (1− pa)
m. (33)

This is Eq. (12) after replacing pa by the predictor.
For a visited prefix occurrence with factual reward
r, a new continuation matches the factual outcome
with probability

qa(r) = rpa + (1− r)(1− pa). (34)

With k new continuations, activation means at least
one opposite-outcome sibling appears:

Pr(Act(a, k) | a, r) = 1− qa(r)
k, (35)

which is Eq. (15).
Step 2: common optimizers have zero local gra-
dient without activation. For pairwise Bradley–
Terry or DPO-style losses, an informative pair con-
sists of two terminal histories H+,H− below a
with different rewards. Let

ℓθ(H | a) = log
πθ(H | a)
πref(H | a)

,

∆θ = ℓθ(H+ | a)− ℓθ(H− | a).

Then the Bradley–Terry gradient is

∇θ log σ(β∆θ) = βσ(−β∆θ)∇θ∆θ

= βσ(−β∆θ)
[
∇θ log πθ(H+ | a)

−∇θ log πθ(H− | a)
] (36)

If all sampled rewards below a are identical, no
such success–failure pair exists and the local pair-
wise contribution is zero.

For group-relative updates, let H1, . . . ,Hm be
sampled descendants with rewards Rs ∈ {0, 1}
and mean R̄. Ignoring clipping and constants, the
local group-relative gradient contribution is

Ggrp(a) =

m∑

s=1

(Rs− R̄)∇θ log πθ(Hs | a). (37)

For any vectors g1, . . . , gm, the algebraic identity

m∑

s=1

(Rs − R̄)gs

=
1

m

∑

u<v

(Ru −Rv)(gu − gv),

(38)

holds. Taking gs = ∇θ log πθ(Hs | a) shows that
Ggrp(a) is a sum of success–failure score differ-
ences; if the group is all-success or all-failure, ev-
ery coefficient vanishes.

Now let G̃a(b) denote the local gradient shape
that the chosen optimizer would produce from the
available success–failure contrasts below anchor
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a, and let Ga(b) be the realized local gradient con-
tribution. The pairwise and group-relative argu-
ments above show that no such contribution is avail-
able when no opposite-outcome descendants are
observed. Tree-aware optimizers only redistribute
such leaf-level contrast through the tree, so they
also have zero local contrast contribution below
a when Act(a, b) fails. Hence, for all optimizer
classes considered here,

Ga(b) = I{Act(a, b)}G̃a(b). (39)

Step 3: activation factors the expected squared
gradient norm. Taking squared norms and condi-
tional expectation in Eq. (39) gives

E
[
∥Ga(b)∥2 | a

]
= Pr(Act(a, b) | a) ·

E
[
∥G̃a(b)∥2 | Act(a, b), a

]
.

(40)

By definition, Va(b) denotes the appropriate acti-
vation probability: Pr(Act(a, b) | a) for roots and
Pr(Act(a, b) | a, r) for prefix anchors with factual
reward r. If the conditional squared gradient norm
lies in [c−, c+] across candidate anchors, then the
expected squared local gradient norm is bounded
between c−Va(b) and c+Va(b).
Step 4: dominance of local gradient energy. For
a stage q ∈ {root, pref}, let h index the candidate
anchors in that stage and let bh be the budget as-
signed to anchor h. Step 3 gives the total expected
squared local gradient norm in the form

Eq(b) =
∑

h

Vh(bh)Ch(bh),

where Ch(bh) is the conditional squared gradient
scale after activation. This factor is optimizer- and
anchor-dependent, while Vh(bh) is exactly the acti-
vation probability controlled by rollout allocation.
Under the normalized-gradient condition in Propo-
sition 3, Ch(bh) = cq for every anchor in stage
q. TRACE therefore optimizes the gradient-energy
component

Jq(b) :=
∑

h

Vh(bh), (41)

where Vh is Eq. (12) for q = root and Eq. (15)
for q = pref . TRACE solves the resulting combi-
natorial optimization over the feasible set Fq. If
b⋆q ∈ argmaxb∈Fq Jq(b) and buq ∈ Fq is a uniform
baseline, then

Eq(b⋆q) = cqJq(b⋆q) ≥ cqJq(buq ) = Eq(buq ). (42)

This proves the first line of Eq. (11) for both q =
root and q = pref .

For the combined tree update, write Gr :=
Groot(broot) and Gp := Gpref(bpref). Expanding
the squared norm gives

E∥Gr +Gp∥2 = Eroot(broot) + Epref(bpref)
+ 2E⟨Gr, Gp⟩.

The two energy terms are no smaller under TRACE
by the stage-wise result above. The cross-term con-
dition in Proposition 3 states that TRACE does not
reduce E⟨Gr, Gp⟩ relative to uniform, so the full
expected squared gradient norm is also no smaller.
Strictness holds for any stage whose uniform al-
location is not an optimizer of Jq. This proves
Proposition 3.

E Experimental Details

E.1 Tasks

E.1.1 Mathematical Reasoning
Training dataset. We train on the Deep-
Scaler (Luo et al., 2025) corpus, a collection of
40,315 competition-level mathematics problems.
We use the public DeepScaleR preview dataset
hosted at https://huggingface.co/datasets/
agentica-org/DeepScaleR-Preview-Dataset.
Each rollout is executed by a tool-augmented agent
with access to a Python interpreter for calculation
and verification.

Evaluation benchmarks. We evaluate
in-distribution mathematical reasoning on
AIME24, AMC23, MATH500 (Lightman
et al., 2024), MinervaMath (Lewkowycz
et al., 2022), and OlympiadBench (He et al.,
2024a), using the math evaluation sets hosted at
https://huggingface.co/datasets/math-ai.
Per-dataset scores use the same sampling mul-
tiplicities as our evaluation scripts: AIME24 is
reported as avg@32, AMC23 as avg@16, and
MATH500, MinervaMath, and OlympiadBench as
avg@4. To test out-of-distribution generalization,
we additionally evaluate on MMLU-Pro (Wang
et al., 2024), ARC-Challenge (Clark et al., 2018),
and GPQA-diamond (Rein et al., 2023), reported
as avg@1, avg@4, and avg@8 respectively. The
“Avg” columns in the tables are arithmetic averages
across the corresponding benchmark columns.

Reward function. We use a binary verifier re-
ward: a trajectory receives reward 1 if the final
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extracted answer matches the ground truth and 0
otherwise. The same reward interface is used for
base-model evaluation and RL checkpoints.

E.1.2 Multi-Hop QA
Training dataset. We train on the train-
ing split of HotpotQA (Yang et al., 2018),
using the HuggingFace version hosted
at https://huggingface.co/datasets/
hotpotqa/hotpot_qa. The agent follows
a ReAct-style search-and-answer loop, is-
suing search queries to a local E5 retrieval
server (Wang et al., 2022) built over a Wikipedia
dump (Karpukhin et al., 2020). This keeps retrieval
deterministic and avoids external search-engine
drift during RL training.

Evaluation benchmarks. We evaluate on the
HotpotQA validation split, 2WikiMultiHopQA (Ho
et al., 2020), MuSiQue (Trivedi et al., 2022), and
Bamboogle (Press et al., 2023). The additional
held-out sets are prepared from the FlashRAG
benchmark repository at https://huggingface.
co/datasets/RUC-NLPIR/FlashRAG_datasets,
with canonical sources at https://github.
com/Alab-NII/2wikimultihop, https:
//github.com/StonyBrookNLP/musique,
and https://huggingface.co/datasets/
chiayewken/bamboogle. These datasets stress
different forms of multi-hop evidence aggregation,
from entity chaining to compositional question
decomposition. Multi-Hop QA evaluation uses
one sampled trajectory per question, so each per-
dataset score is avg@1. The reported “Avg” is the
arithmetic average over the four QA benchmarks
when per-checkpoint evaluation is available.

Reward function. We use the implemented
HotpotQA-style search reward as both the train-
ing reward and evaluation score. The evaluator
first extracts a concise final answer and normalizes
it following SQuAD/HotpotQA conventions. An
exact match receives reward 1; otherwise, the eval-
uator computes token-level F1 against all reference
answers, treats predictions with F1 at least 0.3 as
partially correct, and assigns reward equal to the
F1 score. Predictions below this threshold receive
reward 0.

E.1.3 Function Calling
Dataset. We use the multi-turn split of BFCL
v4 (Patil et al., 2025), rather than the full BFCL
v4 suite, which also contains many single-turn,

live, memory, and web-search categories. We use
the four agentic multi-turn subsets from https:
//huggingface.co/datasets/gorilla-llm/
Berkeley-Function-Calling-Leaderboard:
base, long-context, missing-function, and missing-
parameter. We split these multi-turn examples into
an 80% training portion and a 20% held-out test
portion. The agent observes API specifications,
calls functions over multiple turns, and receives
environment feedback after each call.

Evaluation protocol. We follow the official
BFCL evaluation protocol and report success rates
over the base, missing-function, missing-parameter,
and long-context subsets. Validation uses four sam-
pled trajectories per example, so subset scores are
reported as avg@4. The reported “Avg” is the arith-
metic average over the four multi-turn BFCL sub-
sets. A trajectory is correct only when the executed
API sequence and final task outcome satisfy the
evaluator.

E.2 Models

All main experiments use Qwen3-8B and Qwen3-
14B (Yang et al., 2025a) policy backbones, loaded
from the official Qwen model family. We addition-
ally run Multi-Hop QA experiments with Llama-
3.2-3B-Instruct (Grattafiori et al., 2024) as an extra
backbone in Appendix C. The ReAct baseline eval-
uates the corresponding base or instruction-tuned
model in the same multi-turn agent scaffold with-
out RL fine-tuning. TRACE uses a lightweight
Qwen3-0.6B (Yang et al., 2025a) model as the pre-
fix predictor. The relevant model repositories are:

• Qwen3-8B: https://huggingface.co/Qwen/
Qwen3-8B;

• Qwen3-14B: https://huggingface.co/
Qwen/Qwen3-14B;

• Llama-3.2-3B-Instruct: https://huggingface.
co/meta-llama/Llama-3.2-3B-Instruct;

• Qwen3-0.6B predictor backbone: https://
huggingface.co/Qwen/Qwen3-0.6B.

E.3 Training Details

All RL experiments are implemented in the
rLLM/verl (Sheng et al., 2024; Tan et al., 2025)
stack with asynchronous vLLM rollout workers.
Unless otherwise stated, actor optimization uses
Adam with learning rate 1e−6, no KL penalty,
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sequence-mean token aggregation, gradient clip-
ping at 1.0, and Clip-Higher ranges ϵlow = 0.2
and ϵhigh = 0.28. We use FSDP with parameter
and optimizer offloading for the actor and reference
model. Main training runs use two nodes with eight
H20 GPUs per node.

The environment horizon and sequence lengths
are task-specific. For Multi-Hop QA, we use max-
imum prompt length 2048, maximum response
length 6144, and at most 5 agent turns. For Mathe-
matical Reasoning (DeepScaler), we use maximum
prompt length 2048, maximum response length
14336, and at most 5 agent turns. For Function Call-
ing (BFCL v4), we use maximum prompt length
12800, maximum response length 8192, and at
most 40 agent turns to accommodate long multi-
turn tool-use traces.

Rollout sampling follows each benchmark’s
baseline setting. Multi-Hop QA uses temperature
1.0 and top-p = 1.0 during training. Mathematical
Reasoning (DeepScaler) uses temperature 0.6 and
top-p = 0.95, matching the math evaluation style.
Function Calling (BFCL v4) uses temperature 0.9
and top-p = 1.0.

E.4 Policy Optimizers and TreePO Instances
TRACE is optimizer-agnostic and outputs tree-
structured rollout data that can be consumed by
different tree-aware RL objectives. In the flat base-
line, GRPO normalizes terminal rewards within
a response group and removes the value network
used in PPO. Let BG denote x ∼ D and {yi}ki=1 ∼
πθold(· | x), and write ρ̄ = clip(ρ, 1 − ϵlow, 1 +
ϵhigh). GRPO optimizes

JGRPO(θ) = EBG

[
1

k

k∑

i=1

1

|yi|

|yi|∑

t=1

(

min
(
ρi,tÂi, ρ̄i,tÂi

)
− βDKL(πθ∥πref)

)]
, (43)

where ρi,t =
πθ(yi,t|x,yi,<t)
πθold (yi,t|x,yi,<t)

and

Âi =
ri −mean({rj}kj=1)

std({rj}kj=1)
. (44)

For tree-structured training, we use two con-
crete optimizers on the same rollout-tree batch BT ,
which samples x ∼ D and a rollout tree G(x) from
πθold under the initialize-then-expand construction
in §2.2. For stable training, Mathematical Reason-
ing (DeepScaler) and Multi-Hop QA (HotpotQA)

use TreeRPO (Yang et al., 2025b), while Func-
tion Calling (BFCL v4) uses Tree-GRPO (Ji et al.,
2025). For any tree node y, let C(y) denote its child
set as in Eq. (18) and let R(y) be the scalar reward
backed up by the chosen optimizer; at a terminal
leaf with historyHT , we set R(y) = r(HT ) from
Eq. (3). In TreeRPO, each internal node y backs
up the average child reward

R(y) =
1

|C(y)|
∑

c∈C(y)
R(c). (45)

For every parent p, its child set C(p) forms a local
group, with child advantage

ÂTR
c =

R(c)− µp
σp

,

µp =
1

|C(p)|
∑

c′∈C(p)
R(c′).

(46)

Let ET denote the set of parent-child edges (p, c)
in G(x) used for prefix-level sibling comparisons,
and let oc be the token sequence generated on
child branch c. TreeRPO applies the same clipped
GRPO-style update as Eq. (43):

JTR(θ) = EBT

[
1

|ET |
∑

(p,c)∈ET

1

|oc|

|oc|∑

t=1

(

min
(
ρc,tÂ

TR
c , ρ̄c,tÂ

TR
c

)

− βDKL(πθ∥πref)
)]
,

(47)

where ρc,t =
πθ(oc,t|p,oc,<t)
πθold (oc,t|p,oc,<t)

.

Tree-GRPO normalizes terminal outcome re-
wards within an intra-tree group (sibling branches
sharing the same parent prefix) and an inter-
tree group (all complete trajectories for the same
prompt). Let {yi}Gi=1 denote the G complete trajec-
tories produced by tree search for prompt x, with
terminal rewards R(yi) = r(H(i)

T ). Their com-
bined advantage is

Â
intra/inter
i =

R(yi)− µintra/inter

σintra/inter
,

ÂTG
i = Âintra

i + Âinter
i .

(48)

Tree-GRPO then applies the same clipped token-
level update as GRPO:
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JTG(θ) = EBT

[
1

G

G∑

i=1

1

|yi|

|yi|∑

t=1

(

min
(
ρi,tÂ

TG
i , ρ̄i,tÂ

TG
i

)

− βDKL(πθ∥πref)
)]
,

(49)

where ρi,t =
πθ(yi,t|x,yi,<t)
πθold (yi,t|x,yi,<t)

. In all cases, TreePO
denotes the same tree-aware optimizer family with
random root and prefix allocation, while TRACE
changes only the allocation policy that decides
where tree branches are collected.

E.5 Rollout Construction and Budget
Accounting

All methods draw from the same task-dependent
candidate pool, but they consume it differently. For
the fixed-size prompt baselines, Multi-Hop QA
selects 256 prompts from 512 candidates, while
Mathematical Reasoning (DeepScaler) and Func-
tion Calling (BFCL v4) select 128 prompts from
256 candidates. GRPO selects this subset uni-
formly, and PCL selects it with its difficulty pre-
dictor. Each selected prompt then receives 8 flat
rollouts. TreePO uses the same selected-prompt
count and total budget, but collects a random tree
by sampling 4 bare rollouts per selected prompt
and randomly choosing two branch points in each
bare rollout.

TRACE does not first commit to a fixed num-
ber of selected prompts. It solves Stage 1 over the
full candidate pool and assigns integer root counts
mi, where mi = 0 skips a candidate and mi > 0
determines how many bare rollouts are generated.
Figure 12 shows that the resulting active-prompt
fraction does not exceed the fixed-size prompt base-
lines, so TRACE does not gain an advantage from
exposure to more distinct prompts. In Multi-Hop
QA we use M = 1024 root rollout budget units
and N = 2 continuation budget units per active
root; in Mathematical Reasoning (DeepScaler) and
Function Calling (BFCL v4) we use M = 512 and
N = 2. After the mi bare rollouts in Eq. (5) fin-
ish, each trajectory induces visited prefix histories
Hi,j,t for 1 ≤ t < Ti,j . Stage 2 allocates miN con-
tinuation slots over these prefix occurrences and
samples the additional suffixes in Eq. (6). We use
one expansion round in the main experiments, so
newly generated suffixes are evaluated as terminal
branches and are not recursively expanded.

For budget accounting, we count a root rollout

as one trajectory unit and approximate a continua-
tion from an internal prefix as one half trajectory
in expectation (Ji et al., 2025; Hou et al., 2025).
Thus, ignoring rare fallback cases, TRACE uses
approximately M(1 +N/2) trajectory units and is
matched to a flat baseline with P selected prompts
and G rollouts per prompt by choosing (M,N)
such that M(1 + N/2) ≈ PG. If no valid prefix
candidate is available for a prompt, we convert the
local continuation budget into additional root roll-
outs. In implementation, Stage 2 can be triggered
per prompt as soon as that prompt’s bare rollouts
finish, which avoids a batch-wide straggler barrier
while preserving the logical two-stage semantics.

E.6 Prefix Predictor Supervision and
Implementation

The prefix predictor Ṽψ is implemented as
a Qwen3-0.6B critic model, extending the
lightweight value-model setup used by PCL (Gao
et al., 2025; Qu et al., 2026c) from prompt roots to
serialized prefix histories. For each queried anchor,
the input is the serialized prompt and the interac-
tion history up to that prompt root or prefix. The
predictor outputs a scalar success score in [0, 1],
which is used by both Stage 1 root allocation and
Stage 2 prefix allocation. For multiple prefixes un-
der the same prompt, prefix-cache reuse amortizes
the shared prompt and early-history computation,
keeping the additional scoring overhead small.

Following Eqs. (18)–(19), the predictor is up-
dated online after each rollout step by fitting scalar
tree-backed success targets with an MSE value-
model objective. Each update uses the current
step’s prompt-root examples together with a small
stream of prefix examples, with prefix samples ac-
counting for 6% of the predictor batch. Predic-
tor learning rates are 3e−5 for Multi-Hop QA and
Function Calling (BFCL v4), and 1.5e−5 for Math-
ematical Reasoning (DeepScaler). We train for
two predictor epochs per rollout on Multi-Hop QA
and Function Calling (BFCL v4), and four epochs
per rollout on Mathematical Reasoning (Deep-
Scaler). Because tree-backed targets are refreshed
as the policy improves, the predictor learns under
a non-stationary target distribution and thus faces
the stability–plasticity dilemma between adapting
to new targets and mitigating catastrophic forget-
ting. As future work, continual-learning techniques
could better manage this dilemma (Kirkpatrick
et al., 2017; Li and Hoiem, 2017; Zou et al., 2025b,
2026; Li et al., 2026), and parameter-efficient fine-
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tuning (Hu et al., 2022; Zou et al., 2025c) could
reduce update overhead without sacrificing ranking
quality.

F Data Examples

This section shows representative examples from
the actual rLLM data and agent interfaces used by
our training scripts. We include the system mes-
sage seen by the agent, including the tool schemas
injected by ToolAgent.

Mathematical Reasoning (DeepScaler) Ex-
ample

System prompt:
You are a math assistant that can write
python to solve math problems.
# Tools
You may call one or more functions to assist
with the user query.
You are provided with function signatures
within <tools></tools> XML tags:
<tools>
[
{
"type": "function",
"function": {
"name": "python",
"description": "Execute Python code in a
sandboxed environment. Returns results and
standard output/error.",
"parameters": {
"type": "object",
"properties": {
"code": {
"type": "string",
"description": "Execute Python code in a
sandboxed environment. Returns results and
standard output/error."
},
"timeout": {
"type": "integer",
"description": "Maximum execution time in
seconds before timing out",
"default": 12
}
},
"required": [
"code"
]
}
}
}
]
</tools>
For each function call, return a json object
with function name and arguments within
<tool_call></tool_call> XML tags:
<tool_call>
{"name": <function-name>, "arguments":
<args-json-object>}
</tool_call>

Prompt:

The operation $\otimes$ is defined for all
nonzero numbers by $a \otimes b =
\frac{a^{2}}{b}$.
Determine $[(1 \otimes 2) \otimes 3] - [1
\otimes (2 \otimes 3)]$.

Ground-Truth Answer:
-\frac{2}{3}

Multi-Hop QA (HotpotQA) Example

System prompt:
You are a helpful AI assistant that can
search for information to answer questions
accurately.
When answering questions:
1. Use the available search tools to find
relevant and reliable information
2. Synthesize information from multiple
sources when needed
3. Provide accurate and comprehensive answers
based on your search results
4. Always put your final answer in \boxed{}
format
For example:
- If the answer is "American", write:
\boxed{American}
- If the answer is "yes", write: \boxed{yes}
- If the answer is a year like "1985", write:
\boxed{1985}
Remember to search thoroughly and provide
your final answer clearly within the \boxed{}
format.
# Tools
You may call one or more functions to assist
with the user query.
You are provided with function signatures
within <tools></tools> XML tags:
<tools>
[
{
"type": "function",
"function": {
"name": "local_search",
"description": "Search for information using
a dense retrieval server with Wikipedia
corpus",
"parameters": {
"type": "object",
"properties": {
"query": {
"type": "string",
"description": "Search query to retrieve
relevant documents"
},
"top_k": {
"type": "integer",
"description": "Number of results to return
(default: 10)",
"minimum": 1,
"maximum": 50
}
},
"required": [
"query"
]
}
}
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}
]
</tools>
For each function call, return a json object
with function name and arguments within
<tool_call></tool_call> XML tags:
<tool_call>
{"name": <function-name>, "arguments":
<args-json-object>}
</tool_call>

Prompt:
Were Scott Derrickson and Ed Wood of the same
nationality?

Ground-Truth Answer:
yes

Function Calling (BFCL v4) Example

System prompt:
# Tools
You may call one or more functions to assist
with the user query.
You are provided with function signatures
within <tools></tools> XML tags:
<tools>
Important: Always use only the latest tool
list provided, ignoring any functions
mentioned in previous messages.
{"name": "add_to_watchlist", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Add a
stock to the watchlist.", "parameters":
{"type": "dict", "properties": {"stock":
{"type": "string",
"description": "the stock symbol to add to
the watchlist. "}}, "required": ["stock"]},
"response":
{"type": "dict", "properties": {"watchlist":
{"type": "array", "description": "the
watchlist.",
"items": {"type": "string"}}}}}
{"name": "cancel_order", "description": "This
tool belongs to the trading system, which
allows users
to trade stocks, manage their account, and
view stock information. Tool description:
Cancel an
order.", "parameters": {"type": "dict",
"properties": {"order_id": {"type":
"integer",
"description": "ID of the order to cancel.
"}}, "required": ["order_id"]}, "response":
{"type":
"dict", "properties": {"order_id": {"type":
"integer", "description": "ID of the
cancelled order."},
"status": {"type": "string", "description":
"New status of the order after cancellation
attempt."}}}}
{"name": "filter_stocks_by_price",
"description": "This tool belongs to the
trading system, which

allows users to trade stocks, manage their
account, and view stock information. Tool
description:
Filter stocks based on a price range.",
"parameters": {"type": "dict", "properties":
{"stocks":
{"type": "array", "items": {"type": "string"},
"description": "List of stock symbols to
filter."},
"min_price": {"type": "float", "description":
"Minimum stock price."}, "max_price":
{"type":
"float", "description": "Maximum stock price.
"}}, "required": ["stocks", "min_price",
"max_price"]}, "response": {"type": "dict",
"properties": {"filtered_stocks": {"type":
"array",
"description": "Filtered list of stock
symbols within the price range.", "items":
{"type":
"string"}}}}}
{"name": "fund_account", "description": "This
tool belongs to the trading system, which
allows users
to trade stocks, manage their account, and
view stock information. Tool description:
Fund the
account with the specified amount.",
"parameters": {"type": "dict", "properties":
{"amount":
{"type": "float", "description": "Amount to
fund the account with. "}}, "required":
["amount"]},
"response": {"type": "dict", "properties":
{"status": {"type": "string", "description":
"Status of
the funding operation."}, "new_balance":
{"type": "float", "description": "Updated
account balance
after funding."}}}}
{"name": "get_account_info", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Get
account information.", "parameters": {"type":
"dict", "properties": {}, "required": []},
"response":
{"type": "dict", "properties": {"account_id":
{"type": "integer", "description": "ID of the
account."}, "balance": {"type": "float",
"description": "Current balance of the
account."},
"binding_card": {"type": "integer",
"description": "Card number associated with
the account."}}}}
{"name": "get_available_stocks",
"description": "This tool belongs to the
trading system, which
allows users to trade stocks, manage their
account, and view stock information. Tool
description:
Get a list of stock symbols in the given
sector.", "parameters": {"type": "dict",
"properties":
{"sector": {"type": "string", "description":
"The sector to retrieve stocks from (e.g.,
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’Technology’). "}}, "required": ["sector"]},
"response": {"type": "dict", "properties":
{"stock_list": {"type": "array",
"description": "List of stock symbols in the
specified sector.",
"items": {"type": "string"}}}}}
{"name": "get_current_time", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Get the
current time.", "parameters": {"type":
"dict", "properties": {}, "required": []},
"response":
{"type": "dict", "properties":
{"current_time": {"type": "string",
"description": "Current time in
HH:MM AM/PM format."}}}}
{"name": "get_order_details", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Get the
details of an order.", "parameters": {"type":
"dict", "properties": {"order_id": {"type":
"integer",
"description": "ID of the order. "}},
"required": ["order_id"]}, "response":
{"type": "dict",
"properties": {"id": {"type": "integer",
"description": "ID of the order."},
"order_type": {"type":
"string", "description": "Type of the
order."}, "symbol": {"type": "string",
"description": "Symbol
of the stock in the order."}, "price":
{"type": "float", "description": "Price at
which the order
was placed."}, "amount": {"type": "integer",
"description": "Number of shares in the
order."},
"status": {"type": "string", "description":
"Current status of the order. [Enum]:
[\"Open\",
\"Pending\", \"Completed\",
\"Cancelled\"]"}}}}
{"name": "get_order_history", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Get the
stock order ID history.", "parameters":
{"type": "dict", "properties": {}, "required":
[]},
"response": {"type": "dict", "properties":
{"order_history": {"type": "array",
"description": "List
of orders ID in the order history.", "items":
{"type": "integer"}}}}}
{"name": "get_stock_info", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Get the

details of a stock.", "parameters": {"type":
"dict", "properties": {"symbol": {"type":
"string",
"description": "Symbol that uniquely
identifies the stock. "}}, "required":
["symbol"]}, "response":
{"type": "dict", "properties": {"price":
{"type": "float", "description": "Current
price of the
stock."}, "percent_change": {"type": "float",
"description": "Percentage change in stock
price."},
"volume": {"type": "float", "description":
"Trading volume of the stock."}, "MA(5)":
{"type":
"float", "description": "5-day Moving Average
of the stock."}, "MA(20)": {"type": "float",
"description": "20-day Moving Average of the
stock."}}}}
{"name": "get_symbol_by_name", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Get the
symbol of a stock by company name.",
"parameters": {"type": "dict", "properties":
{"name": {"type":
"string", "description": "Name of the
company. "}}, "required": ["name"]},
"response": {"type":
"dict", "properties": {"symbol": {"type":
"string", "description": "Symbol of the stock
or \"Stock
not found\" if not available."}}}}
{"name": "get_transaction_history",
"description": "This tool belongs to the
trading system, which
allows users to trade stocks, manage their
account, and view stock information. Tool
description:
Get the transaction history within a
specified date range.", "parameters":
{"type": "dict",
"properties": {"start_date": {"type":
"string", "description": "Start date for the
history (format:
’YYYY-MM-DD’).", "default": "None"},
"end_date": {"type": "string", "description":
"End date for the
history (format: ’YYYY-MM-DD’). ", "default":
"None"}}, "required": []}, "response":
{"type":
"dict", "properties": {"transaction_history":
{"type": "array", "description": "List of
transactions
within the specified date range.", "items":
{"type": "dict", "properties": {"type":
{"type":
"string", "description": "Type of
transaction. [Enum]: [\"deposit\",
\"withdrawal\"]"}, "amount":
{"type": "float", "description": "Amount
involved in the transaction."}, "timestamp":
{"type":
"string", "description": "Timestamp of the
transaction, formatted as ’YYYY-MM-DD
HH:MM:SS’."}}}}}}}
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{"name": "get_watchlist", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Get the
watchlist.", "parameters": {"type": "dict",
"properties": {}, "required": []},
"response": {"type":
"dict", "properties": {"watchlist": {"type":
"array", "description": "List of stock
symbols in the
watchlist.", "items": {"type": "string"}}}}}
{"name": "notify_price_change",
"description": "This tool belongs to the
trading system, which
allows users to trade stocks, manage their
account, and view stock information. Tool
description:
Notify if there is a significant price change
in the stocks.", "parameters": {"type":
"dict",
"properties": {"stocks": {"type": "array",
"items": {"type": "string"}, "description":
"List of
stock symbols to check."}, "threshold":
{"type": "float", "description": "Percentage
change
threshold to trigger a notification. "}},
"required": ["stocks", "threshold"]},
"response": {"type":
"dict", "properties": {"notification":
{"type": "string", "description":
"Notification message
about the price changes."}}}}
{"name": "place_order", "description": "This
tool belongs to the trading system, which
allows users
to trade stocks, manage their account, and
view stock information. Tool description:
Place an
order.", "parameters": {"type": "dict",
"properties": {"order_type": {"type":
"string",
"description": "Type of the order
(Buy/Sell)."}, "symbol": {"type": "string",
"description": "Symbol
of the stock to trade."}, "price": {"type":
"float", "description": "Price at which to
place the
order."}, "amount": {"type": "integer",
"description": "Number of shares to trade.
"}}, "required":
["order_type", "symbol", "price", "amount"]},
"response": {"type": "dict", "properties":
{"order_id": {"type": "integer",
"description": "ID of the newly placed
order."}, "order_type":
{"type": "string", "description": "Type of
the order (Buy/Sell)."}, "status": {"type":
"string",
"description": "Initial status of the
order."}, "price": {"type": "float",
"description": "Price at
which the order was placed."}, "amount":
{"type": "integer", "description": "Number of
shares in the
order."}}}}

{"name": "remove_stock_from_watchlist",
"description": "This tool belongs to the
trading system,
which allows users to trade stocks, manage
their account, and view stock information.
Tool
description: Remove a stock from the
watchlist.", "parameters": {"type": "dict",
"properties":
{"symbol": {"type": "string", "description":
"Symbol of the stock to remove. "}},
"required":
["symbol"]}, "response": {"type": "dict",
"properties": {"status": {"type": "string",
"description":
"Status of the removal operation."}}}}
{"name": "trading_get_login_status",
"description": "This tool belongs to the
trading system, which
allows users to trade stocks, manage their
account, and view stock information. Tool
description:
Get the login status.", "parameters":
{"type": "dict", "properties": {}, "required":
[]},
"response": {"type": "dict", "properties":
{"status": {"type": "boolean", "description":
"Login
status."}}}}
{"name": "trading_login", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Handle
user login.", "parameters": {"type": "dict",
"properties": {"username": {"type": "string",
"description": "Username for
authentication."}, "password": {"type":
"string", "description":
"Password for authentication. "}},
"required": ["username", "password"]},
"response": {"type":
"dict", "properties": {"status": {"type":
"string", "description": "Login status
message."}}}}
{"name": "trading_logout", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Handle
user logout for trading system.",
"parameters": {"type": "dict", "properties":
{}, "required": []},
"response": {"type": "dict", "properties":
{"status": {"type": "string", "description":
"Logout
status message."}}}}
{"name": "withdraw_funds", "description":
"This tool belongs to the trading system,
which allows
users to trade stocks, manage their account,
and view stock information. Tool description:
Withdraw
funds from the account balance.",
"parameters": {"type": "dict", "properties":
{"amount": {"type":
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"float", "description": "Amount to withdraw
from the account. "}}, "required":
["amount"]},
"response": {"type": "dict", "properties":
{"status": {"type": "string", "description":
"Status of
the transaction."}, "new_balance": {"type":
"float", "description": "Updated account
balance after
the transaction."}}}}
</tools>
For each function call, return a json object
with function name and arguments within
<tool_call></tool_call> XML tags:
<tool_call>
{"name": <function-name>, "arguments":
<args-json-object>}
</tool_call>

Prompt:
Turn 1: Can you provide the latest trading
details for Quasar Ltd.?
Turn 2: Furthermore, I’d like to delve into
the technology sector. Would you be able to
compile a
comprehensive list of stock symbols pertinent
to this industry and add all of them to my
watchlist

Ground-Truth API sequence:
[
[
"get_stock_info(symbol=’QUAS’)"
],
[
"get_available_stocks(’Technology’)",
"add_to_watchlist(stock=’AAPL’)",
"add_to_watchlist(stock=’GOOG’)",
"add_to_watchlist(stock=’MSFT’)"
]
]
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