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Abstract

Language model reasoning traces are rarely all-
or-nothing; they frequently contain valid inter-
mediate steps before a critical error occurs. Ex-
isting uncertainty quantification methods typi-
cally certify final answers or entire responses,
failing to provide statistical guarantees for the
proportion of a sequential trace that can be
safely retained. To address this, we introduce
CROP (Conformal Reasoning Output Prefixes),
a verifier-agnostic calibration procedure for
clean-prefix certification. Given any step-level
risk proxy, CROP selects a calibrated thresh-
old and returns the longest contiguous prefix
whose step risk proxies remain below it, routing
the uncertified suffix for downstream review or
repair. Assuming exchangeability, CROP rig-
orously controls the marginal probability that
the returned prefix contains an annotated error.
Across six process-labeled reasoning datasets,
we demonstrate that standard step-level metrics
such as AUROC do not fully capture prefix util-
ity, suggesting verifiers should instead be eval-
uated by certified prefix length. Furthermore,
CROP balances over- and under-withholding
and improves downstream repair accuracy by
preserving valid intermediate reasoning while
discarding misleading suffixes. Ultimately, this
work positions prefix certification as a rigorous,
practical bridge between process supervision,
abstention, and repair. Code available at https:
//github.com/matthewyccheung/crop.

1 Introduction

Modern language models (LMs) solve complex
problems by generating reasoning traces, or
“chains-of-thought” (Wei et al., 2022). When an
LM yields an incorrect final answer, its trace is
rarely entirely wrong; valid early reasoning is typ-
ically followed by a critical mistake due to error
propagation or context loss (Figure 1). Traditional
answer-level UQ compresses this structure into

Figure 1: Erroneous reasoning traces often contain
correct and reusable initial steps. For six diverse
reasoning datasets, we plot the empirical CDF of the
step index of the first annotated error over all erroneous
traces. First errors frequently occur after multiple cor-
rect steps, motivating certification and reuse of initial
steps rather than treating the entire trace as unusable.

a scalar confidence or binary accept/reject deci-
sion (Kadavath et al., 2022; Kuhn et al., 2023; Yad-
kori et al., 2024), and does not directly identify
which steps to trust or route for repair. Alterna-
tively, step-level UQ signals ranging from likeli-
hood statistics (Lin et al., 2024) to learned process
verifiers (Lightman et al., 2024; Park et al., 2025)
produce uncalibrated values that lack formal statis-
tical guarantees when deployed.

Conformal prediction (CP) offers a robust sta-
tistical framework for converting arbitrary model-
derived scores into rigorous guarantees. How-
ever, recent adaptations of CP for LMs typically
certify the final label (Kumar et al., 2023), can-
didate answer sets (Quach et al., 2024), factual
claims (Mohri and Hashimoto, 2024), or the entire
response (Yadkori et al., 2024). These choices do
not directly address process-level reasoning: certi-
fying an entire trace can discard valid early work
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Figure 2: CROP returns a calibrated prefix of a completed reasoning trace. We show 2 example traces solving
problems from the Arithmetic and GSM8K datasets (Zhao et al., 2026). For each step, CROP computes an error
risk proxy score (in square brackets), with larger values indicating greater estimated error risk. Using held-out
calibration reasoning instances, CROP selects a domain-specific, conformally calibrated score threshold λ̂ that
controls the marginal probability that the retained prefix contains an annotated error under exchangeability. At test
time, CROP returns the longest initial prefix (green) in which no proxy score exceeds the threshold. The remaining
suffix (red) is left uncertified and can be routed to downstream review or repair, whose output is shown in blue.

because of a single late mistake, while certifying
claims independently does not identify the longest
initial sequence of reasoning that can be retained
while controlling annotated-error contamination.
We refer to this objective as clean-prefix certifi-
cation: selecting a contiguous prefix from the be-
ginning of a reasoning trace while controlling the
marginal probability that it contains an annotated
error.

To bridge this gap, we introduce Conformal Rea-
soning Output Prefixes (CROP), a verifier-agnostic
calibration procedure that extracts a contiguous
prefix of reasoning steps while controlling the
marginal probability that it contains an annotated
error (Figure 2). Given a reasoning instance X =
(q, τ) with question q and trace τ = (τ1, . . . , τT ),
CROP uses a fixed step-level risk proxy s to assign
each step τt an error-oriented score Rt = st(X).
The proxy can be any signal, such as a process re-
ward model, learned detector, or likelihood statistic,
with larger scores indicating higher estimated error
risk. Using held-out labeled reasoning instances
and a target risk level α, CROP returns the longest
contiguous prefix τ1:m whose proxy scores remain
below a calibrated threshold. One may truncate and
route the uncertified suffix τm+1:T for downstream
review or repair, for example, using backtracking

or self-correction techniques (see Section 2).
We evaluated CROP across six process-labeled

reasoning datasets: Arithmetic (Zhao et al.,
2026), GSM8K (Zhao et al., 2026), Process-
Bench (Zheng et al., 2025), Math-Shepherd (Wang
et al., 2024a), PRMBench (Song et al., 2025), and
PRM800K (Lightman et al., 2024). We demon-
strate that standard step-level metrics such as AU-
ROC fail to fully capture fixed-risk prefix utility,
underscoring the necessity of our prefix-calibrated
approach. On Arithmetic and GSM8K, CROP se-
lects retained prefixes closer to the annotated clean
prefixes than non-prefix interfaces. By preserving
a calibrated prefix rather than accepting or discard-
ing the whole trace, CROP better balances between
over-withholding (discarding valid steps) and un-
safe overshoot (retaining unsafe steps), ultimately
improving downstream repair accuracy over stan-
dard baselines in the majority of our benchmarks.

We summarize our contributions as follows: 1.
Formalizing Clean-Prefix Certification: We de-
fine clean-prefix certification for sequential rea-
soning traces and introduce CROP as a verifier-
agnostic calibration layer that converts step-level
risk proxies into a risk-controlled contiguous pre-
fix. 2. Theoretical Guarantees: We prove finite-
sample marginal reasoning instance-level control
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of annotated prefix contamination under the as-
sumption of exchangeability. 3. Empirical Effec-
tiveness: We demonstrate that AUROC is an in-
sufficient predictor of prefix utility. CROP selects
stopping points that strikes a better balance be-
tween over- and unsafe overshoot, preserving valid
intermediate reasoning and enhancing downstream
repair accuracy over uncalibrated UQ baselines on
six well-established and diverse benchmarks.

2 Related Work

Uncertainty Quantification in LMs. Modern
language models expose various uncertainty sig-
nals, but their raw values lack inherent calibra-
tion. Prior UQ methods leverage likelihoods (Ka-
davath et al., 2022; Lin et al., 2024), verbalized
confidence (Lin et al., 2022; Tian et al., 2023),
self-consistency (Wang et al., 2023), semantic un-
certainty (Kuhn et al., 2023), sampling disagree-
ment (Manakul et al., 2023), and hidden-state fea-
tures (Azaria and Mitchell, 2023). While these
signals rank relative risk, they require additional
calibration layers to provide finite-sample reliabil-
ity guarantees.

Reasoning Verifiers and Process Supervision.
Beyond general generation, specialized verifiers
evaluate multi-step reasoning. These include pro-
cess reward models (PRMs) (Lightman et al., 2024;
Zhang et al., 2025b; Yang et al., 2024), scalable
process supervision (Luo et al., 2024), attribution
graphs (Zhao et al., 2026), and dependency-based
step analysis (Mukherjee et al., 2025). CROP is
verifier-agnostic, natively accepting risk proxies
from any of these methods to determine a certified
trust boundary.

Backtracking and Self-Correction. Recent
work leverages backtracking to improve genera-
tion, reasoning, and safety. Methods either train
models to emit explicit backtracking tokens or
apply inference-time search to revise earlier de-
cisions (Yang et al., 2025; Qin et al., 2025; Cai
et al., 2025; Gandhi et al., 2025), or undo problem-
atic continuations to recover from unsafe genera-
tions (Zhang et al., 2025a; Sel et al., 2025). These
approaches modify the generation or repair policy
itself. CROP is complementary to these methods:
while CROP does not prescribe how a suffix should
be regenerated, it provides backtracking and self-
correction systems with a mathematically guaran-
teed, calibrated restart point.

Conformal Prediction in LMs. Conformal pre-
diction (CP) and conformal risk control (CRC)
convert arbitrary scores into prediction rules with
marginal guarantees under exchangeability (Vovk
et al., 2005; Fontana et al., 2023; Shafer and Vovk,
2008; Angelopoulos and Bates, 2023; Angelopou-
los et al., 2024b,a). Recent adaptations for LM
UQ (Campos et al., 2024) span multiple-choice
QA (Kumar et al., 2023; Vishwakarma et al., 2025),
open-ended generation (Quach et al., 2024; Ulmer
et al., 2024; Wang et al., 2024b; Kladny et al.,
2025), and whole-trace abstention (Machcha et al.,
2025; Yadkori et al., 2024). Sequential meth-
ods (Quach et al., 2024; Kladny et al., 2025) con-
struct or filter sets of candidate generations rather
than steps within a single reasoning trace. Clos-
est to our problem are conformal factuality meth-
ods (Mohri and Hashimoto, 2024; Rubin-Toles
et al., 2025; Cherian et al., 2024). However, these
prior works typically certify final labels, answer
sets, individual factual claims, dependency struc-
tures, or all-or-nothing abstention decisions. CROP
diverges by certifying a contiguous trace prefix, pre-
serving the original step order to maximize reusable
context for downstream repair.

3 Problem Setup

Setup. Let q denote a question and τ =
(τ1, . . . , τT ) the corresponding generated reason-
ing trace, with step τt at index t. We denote
the completed reasoning instance X = (q, τ). A
reasoning trace prefix is the contiguous sequence
τ1:m = (τ1, . . . , τm), leaving the uncertified suf-
fix τm+1:T = (τm+1, . . . , τT ). Dataset annota-
tion assigns each step a binary error label Y =
(Y1, . . . , YT ) ∈ {0, 1}T , where Yt = 1 indicates an
annotated error. This protocol (e.g., human label-
ing (Lightman et al., 2024; Zheng et al., 2025), pro-
grammatic verification (Wang et al., 2024a; Zhao
et al., 2026), or LLM-as-a-judge (Gu et al., 2026;
Zheng et al., 2023; Zhao et al., 2026)) must be fixed
before calibration. CROP controls risk relative to
these annotations. We denote a labeled reasoning
instance by Z = (X,Y ).

Step-Level Risk Proxy. For a reasoning in-
stance X containing T steps, a vector-valued step-
level risk proxy function s maps X to s(X) =(
s1(X), . . . , sT (X)

)
∈ RT , assigning one error-

oriented score to each step. We write R1:T =
s(X) and Rt = st(X), where larger values in-
dicate stronger evidence of an annotated error at
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step τt. Examples include process reward mod-
els (Lightman et al., 2024; Zheng et al., 2025),
likelihoods (Kadavath et al., 2022; Lin et al., 2024),
hidden-state statistics (Azaria and Mitchell, 2023),
and hand-designed heuristics.

The proxy function need not be calibrated or
perfectly accurate, but it must be fixed before con-
formal calibration. At the reasoning-instance level,
labeled instances have three disjoint roles: proxy-
training labels fit s when applicable, calibration
labels select λ̂, and test labels are used only for
retrospective evaluation. At deployment, CROP
computes s(X) from the unlabeled instance X and
requires no step-level error labels.

Exchangeability. We assume the standard split
CP exchangeability condition on the data and
choices (Vovk et al., 2005; Shafer and Vovk, 2008;
Angelopoulos and Bates, 2023).
Assumption 1 (Reasoning-Instance Exchangeabil-
ity). Conditioning on all data used to construct the
step-level risk proxy function and all preprocessing
and calibration-design choices fixed before observ-
ing the calibration instances, the labeled calibra-
tion reasoning instances Z1, . . . , Zn and future la-
beled reasoning instance Zn+1 are exchangeable.

Assumption 1 enforces reasoning-instance-level
exchangeability after proxy training, preprocessing,
and calibration-design choices have been fixed, but
before the calibration instances are observed. Steps
within a trace may be arbitrarily dependent. The
assumption holds, for example, when calibration
and future instances are sampled i.i.d. from the
same task distribution, generated using the same
fixed model and prompting procedure, and anno-
tated under the same fixed protocol.

4 Method

This section introduces the CROP theory and al-
gorithm. Our key observation is that prefix con-
tamination – the event where a retained prefix con-
tains at least one annotated erroneous step – can
be represented as a binary loss that is monotonic
with respect to the threshold. Because raising the
threshold can only increase the number of retained
steps, this loss can transition from non-failure to
failure but not in the reverse direction. This mono-
tonicity enables the use of conformal risk control
(CRC) (Angelopoulos et al., 2024a). Thus, clean-
prefix certification reduces to finding the largest
threshold whose corrected empirical contamination
rate remains below the target risk α.

4.1 Risk Control Primitive

We first state a generic conformal risk-control
lemma for monotone binary losses (Lemma 1),
which is a specialized consequence of CRC (An-
gelopoulos et al., 2024a) that CROP leverages to
bound prefix contamination.

Lemma 1 (Monotone Binary-Loss Risk Control).
Let W1, . . . ,Wn,Wn+1 be exchangeable samples,
and let {Lλ : λ ∈ Λ} be a fixed family of binary
losses indexed by a finite ordered threshold set Λ.
Assume that Lλ(w) ∈ {0, 1} is nondecreasing in λ
for every w. For a target risk α ∈ (0, 1), define

λ̂ = max

{
λ ∈ Λ :

1 +
∑n

i=1 Lλ(Wi)

n+ 1
≤ α

}
,

(1)
whenever the feasible set is nonempty. If the feasi-
ble set is empty, set λ̂ = ⊥, where L⊥(w) = 0 for
every w. Then

EW1:n+1

[
L
λ̂
(Wn+1)

]
≤ α, (2)

where the expectation is taken jointly over the ex-
changeable calibration sample W1:n and future
example Wn+1. In particular, λ̂ is random through
its dependence on W1:n.

Proof sketch. Because Lλ(w) is binary and nonde-
creasing in λ, each sample has a monotonic thresh-
old path, transitioning from 0 to 1 at most once.
Equation (1) selects the largest threshold where at
most ⌊α(n+1)⌋−1 calibration samples fail. If the
future sample also fails here, it belongs to a pool
of at most ⌊α(n+ 1)⌋ failing samples (calibration
plus future). By exchangeability, the probability
of the future sample being in this failing pool is at
most ⌊α(n + 1)⌋/(n + 1) ≤ α. If the fallback is
used, its loss is exactly zero. See Appendix A for
the full proof.

Lemma 1 proves we can bound the probability
of any threshold-monotonic failure event without
requiring perfectly calibrated risk proxies or an
infallible verifier.

4.2 CROP Loss and Calibration Rule

We now instantiate Lemma 1 for reasoning prefixes
using the notation from Section 3. For a threshold
λ ∈ Λ, the retained prefix length is:

Mλ(R1:T ) = max{m ∈ {0, . . . , T} :
Rt ≤ λ for every t ≤ m}. (3)
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Here, Mλ(R1:T ) is the number of initial reasoning
steps retained at threshold λ. When the score vector
is clear from context, we write Mλ = Mλ(R1:T ).
The retained prefix is τ1:Mλ

, and the uncertified
suffix is τMλ+1:T .

The CROP failure event (prefix contamination)
triggers if the retained prefix includes an annotated
error, yielding the binary loss function:

Lλ(Z) = 1{∃t ≤Mλ(R1:T ) : Yt = 1}. (4)

This loss is monotonic in λ: increasing λ can only
increase Mλ, and once an annotated erroneous step
enters the prefix, it remains there for all larger
thresholds.

Given calibration instances Z1, . . . , Zn, CROP
defines the feasible set of thresholds where the
empirical contamination rate (with a conformal +1
correction) satisfies the target risk α:

F =

{
λ ∈ Λ :

1 +
∑n

i=1 Lλ(Zi)

n+ 1
≤ α

}
. (5)

If F is nonempty, set λ̂ = maxF ; otherwise, set
λ̂ = ⊥, where M⊥(R1:T ) = 0. CROP’s main
guarantee is justified by the following proposition,
which is a direct application of Lemma 1 to this
loss.

Proposition 1 (Clean-Prefix Risk Control). Under
Assumption 1, let F be defined by Equation (5).
Set λ̂ = maxF when F is nonempty; otherwise,
set λ̂ = ⊥, with M⊥(R1:T ) = 0. For the future
labeled reasoning instance Zn+1 = (Xn+1, Yn+1),
evaluate M

λ̂
on the score vector s(Xn+1). The

returned prefix satisfies

PZ1:n+1

{
∃t ≤M

λ̂
: Yn+1,t = 1

}
≤ α. (6)

The probability is joint over calibration instances
Z1:n and the future exchangeable instance Zn+1.

Proof. For each trace, the retained prefix length
Mλ is nondecreasing in λ. Therefore, the event
that the retained prefix contains an annotated er-
ror is also nondecreasing in λ. Thus the prefix-
contamination loss in Equation (4) is a monotone
binary loss. Applying Lemma 1 with Wi = Zi

gives
EZ1:n+1

[
L
λ̂
(Zn+1)

]
≤ α,

where the expectation is joint over the calibration
instances and the future exchangeable instance.
Since this binary loss is the indicator of the event
in Equation (6), its expectation is exactly the prob-
ability of prefix contamination.

Proposition 1 establishes finite-sample marginal
risk control: over the random calibration sample
and a future exchangeable instance, the probability
that CROP returns a prefix containing an annotated
error is at most α. This is not a conditional guaran-
tee for each realized prefix.

4.3 CROP Algorithm

Algorithm 1 summarizes the resulting
split-conformal procedure: compute prefix-
contamination losses on calibration traces, select
the largest feasible threshold, and apply it to the
future reasoning instance.

Algorithm 1: CROP

Require: Calibration instances {Zi =
(Xi, Yi)}ni=1 with Xi = (qi, τi);
fixed step-level risk proxy function s;
ordered threshold set Λ; target risk α;
and test instance Xn+1 = (qn+1, τn+1)

1: for each calibration trace i = 1, . . . , n do
2: Ri,1:Ti ← s(Xi)
3: for each threshold λ ∈ Λ do

4:
Mi,λ ← max

{
m ∈ {0, . . . , Ti} :
Ri,t ≤ λ, ∀t ≤ m

}

5: Li,λ ← 1{∃t ≤Mi,λ : Yi,t = 1}
6: end for
7: end for
8: F ←

{
λ ∈ Λ :

1 +
∑n

i=1 Li,λ

n+ 1
≤ α

}

9: if F = ∅ then
10: return empty-prefix fallback with zero

contamination loss
11: end if
12: λ̂← maxF
13: Rn+1,1:Tn+1 ← s(Xn+1)

14:
M̂ ← max

{
m ∈ {0, . . . , Tn+1} :
Rn+1,t ≤ λ̂, ∀t ≤ m

}

15: return retained prefix τ
n+1,1:M̂

Algorithm 1 is verifier-agnostic and accepts any
fixed step-level risk proxy function s, which may be
based on a process reward model, learned detector,
likelihood statistic, or hand-designed heuristic. The
conformal guarantee requires reasoning-instance-
level exchangeability and that s be fixed before
calibration, but it does not require s to be intrinsi-
cally accurate or calibrated. More informative risk
proxy functions can improve efficiency by retaining
longer prefixes at the same target risk, while valid-
ity follows from the conformal calibration rule.
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Figure 3: CROP reveals how efficiently a risk proxy function converts risk budget into certified reasoning. We
swept the target prefix-contamination risk α over 10 random splits and reported the mean certified prefix retained
after CROP calibration. The slope of each curve shows how much additional reasoning becomes reusable as the
allowed risk is relaxed. PRM-backed risk proxy functions often retain long prefixes even under strict risk targets,
while flat curves show cases where allowing more risk still does not recover much additional reasoning.

Figure 4: Step AUROC is an incomplete indicator of fixed-risk prefix utility. Each panel shows one dataset at
α = 0.05 over 10 random splits, with each point corresponding to one risk proxy type, averaged over splits; the
x-axis is step-level AUROC and the y-axis is retained-prefix fraction. Gray segments mark cases where higher
AUROC coincides with a larger retained prefix, while red segments mark inversions where higher AUROC yields a
smaller retained prefix. This non-monotonicity shows that verifier selection for CROP should be based on calibrated
prefix utility, not step AUROC alone.

5 Experiments

We evaluated CROP across several step-level risk
proxy functions, focusing on three questions: (1)
Which risk proxy functions retain the longest pre-
fixes at a fixed contamination-risk target? (2) How
closely does the retained prefix approximate the
oracle annotated-clean boundary? (3) Does supply-
ing the retained prefix improve downstream repair?

Risk proxy functions. We evaluated five step-
level scoring rules (Appendix B; scoring costs in
Appendix Table 5):

1. Random: i.i.d. uniform step scores, drawn be-
fore conformal calibration as an uninformative
reference.

2. Token/format logistic: logistic regression over
surface features such as step position, length,
and punctuation.

3. Trace-feature logistic: logistic regression com-
bining token/format features with precom-
puted likelihood, confidence, and hidden-state
summaries from Llama-3.1-8B-Instruct.

4. Direct PRM: the frozen Qwen2.5-Math-PRM-
7B score, with error risk defined as one minus
the positive-class probability.

5. Trace features + PRM: logistic regression
combining the trace-feature inputs with the
Direct PRM score. Its output is the predicted
probability of the error class Yt = 1.

For the three learned logistic models, we used an ℓ2
penalty with C = 1.0 and the L-BFGS optimizer
and fitted the model on the proxy-training partition
using the local step label Yt. The Direct PRM
remained frozen and received no CROP labels.

Evaluation Metrics. For a target risk α = 0.05,
we evaluated retained prefixes on held-out test
splits. For test trace i, let Ti denote its total number
of steps and Mi = M

λ̂
(Ri,1:Ti) its retained prefix

length. We define the oracle annotated-clean prefix
length as

Oi = min
(
{t− 1 : Yi,t = 1} ∪ {Ti}

)
,

which is the number of steps before the first anno-
tated error, or Ti when no annotated error exists.
We report four metrics:
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Table 1: CROP improves boundary selection over whole-trace abstention at matched risk. Both methods
are separately calibrated at α = 0.05 using the same risk proxy sources and trace-level splits. Values are mean
percentages ± 95% confidence intervals across 20 splits. Bold marks higher retention and lower boundary
components within each risk-matched pair; empirical risk is reported as a constraint and is not ranked. Question-
only and full-trace references are excluded because they do not adapt to the requested risk budget. Results at
additional risk targets are reported in Appendix E.

Dataset Method
Empirical

risk
Steps
kept

Over-
withholding

Unsafe
overshoot

Boundary
deviation

Arithmetic Whole-trace abstention 4.4± 0.7 95.8± 0.7 2.4± 0.5 2.1± 0.3 4.5± 0.2
CROP prefix 4.3± 0.4 97.2± 0.4 0.6± 0.2 1.7± 0.2 2.3± 0.3

GSM8K Whole-trace abstention 5.0± 0.8 77.9± 2.0 13.4± 1.8 2.6± 0.4 15.9± 1.6
CROP prefix 5.0± 0.8 81.6± 4.3 9.4± 4.2 2.3± 0.4 11.7± 4.0

1. Retained-prefix fraction (Mi/Ti): the fraction
of original steps retained.

2. Prefix-contamination risk: the fraction of test
traces whose retained prefix contains at least
one annotated error.

3. Boundary deviation (|Mi − Oi|/Ti): the dis-
tance from the oracle boundary, decomposed
into over-withholding (Oi−Mi)+/Ti and un-
safe overshoot (Mi −Oi)+/Ti.

4. Repair accuracy: normalized exact-match ac-
curacy of the parsed final answer against the
dataset gold answer.

Prefix-contamination risk evaluates validity rela-
tive to the target α. Among methods operating
at comparable risk, higher retained-prefix fraction
and lower boundary deviation indicate greater pre-
fix utility, while higher repair accuracy indicates
greater downstream utility.

Datasets. We evaluated CROP on six process-
supervision datasets that span various domains and
annotation protocols (Appendix Table 4). The
main benchmark comprised 2,819 traces (19,311
steps, 1,006 annotated errors) across Arithmetic
and GSM8K (Zhao et al., 2026)1. We also included
Math-Shepherd (Wang et al., 2024a), Process-
Bench (Zheng et al., 2025), PRMBench (Song et al.,
2025), and PRM800K (Lightman et al., 2024).

1We excluded a densely annotated Boolean domain (Zhao
et al., 2026). Only 0.5% of its steps and 1.8% of its traces
contain annotated errors. At α = 0.05, domain-specific cali-
bration retains 100% of the trace with 1.7% empirical prefix-
contamination risk, producing a ceiling effect that does not
meaningfully distinguish risk-proxy quality. With only approx-
imately five erroneous traces per test split, the domain also
cannot support an informative downstream repair comparison.

These supplementary datasets differ in trace con-
struction and annotation semantics and do not pro-
vide uniform gold final-answer targets compatible
with our repair evaluation. To maintain a consistent
evaluation setup, we used them for fixed-risk prefix
utility and restricted the boundary-quality and re-
pair analyses to Arithmetic and GSM8K. All fixed-
score evaluations used disjoint reasoning-instance-
level 60/20/20 splits: 60% for fitting learned risk
proxies, 20% for conformal calibration, and 20%
for test-only evaluation. For fixed proxies that re-
quire no fitting, the calibration and test roles remain
unchanged.

5.1 Prefix Utility at Varying Risks

To assess how efficiently each risk proxy converts
a risk budget into reusable reasoning, we swept
the target risk α and measured the retained-prefix
fraction. Figure 3 illustrates that score geometry
influences prefix utility: steep curves indicate that
slight risk relaxation yields substantially longer pre-
fixes, whereas flat curves imply the proxy crosses
the threshold too early to recover useful reason-
ing. PRM-backed scores consistently provided the
strongest inputs, though the optimal instantiation
varied by dataset.

5.2 Prefix Utility vs. AUROC

Next, we evaluated fixed-risk prefix utility along
with step-level AUROC at α = 0.05 (Figure 4).
While PRM-backed scores remained dominant, the
downward red segments demonstrate that step AU-
ROC is an incomplete predictor of prefix utility.
AUROC measures global step ranking, whereas
CROP relies on the first threshold crossing in an
ordered trace. Exact metric values are detailed in
Appendix Table 6. We isolate the best PRM-backed
scores for all subsequent analyses.
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Table 2: CROP improves downstream repair for the majority of benchmarks. For Arithmetic and GSM8K and
four repair models with α = 0.05, we show accuracy (%) over 20 stratified trace-level 60/20/20 repair splits. We
compare baselines versus CROP and report CROP−best (∆), which is CROP accuracy minus the best deployable
non-CROP accuracy within each split; brackets give split-seed 95% confidence intervals.

Dataset Repair model
Question

only
Full
trace

Whole-trace
abst.

CROP
prefix

CROP − best
∆ [95% CI]

Arithmetic

Gemma 4 E4B IT 80.5 79.9 83.4 88.7 +5.32 [4.41, 6.22]
Qwen2.5-7B-Instruct 85.5 90.8 90.3 92.4 +1.02 [0.28, 1.75]
DeepSeek-R1-0528-Qwen3-8B 63.9 78.5 78.8 85.0 +5.53 [4.79, 6.28]
Llama3.1-8B 73.7 87.3 90.5 89.4 -1.18 [-1.84, -0.53]

GSM8K

Gemma 4 E4B IT 82.3 88.8 88.6 88.3 -0.91 [-1.53, -0.29]
Qwen2.5-7B-Instruct 80.5 85.1 86.3 87.6 +0.95 [0.09, 1.81]
DeepSeek-R1-0528-Qwen3-8B 70.0 84.9 84.6 87.4 +1.83 [0.89, 2.76]
Llama3.1-8B 71.1 73.3 74.6 73.9 -1.18 [-2.02, -0.34]

5.3 Boundary Quality of the Retained Prefix

Because retention alone does not distinguish un-
safe overshoot from unnecessary withholding of
annotated-clean steps, we compared CROP with
conformal whole-trace abstention at α = 0.05 (Ta-
ble 1). Based on the preceding proxy comparison,
we used PRM-backed proxies with strong fixed-
risk prefix utility (Trace+PRM for Arithmetic and
Direct PRM for GSM8K), fixed before the bound-
ary and repair analyses without using repair out-
comes. Within each dataset, both interfaces used
the same proxy and were separately calibrated at
the same α. At comparable empirical risk, CROP
retained more steps and reduced over-withholding,
unsafe overshoot, and total boundary deviation on
both datasets. We report the corresponding risk-
matched comparison at additional risk targets in
Appendix E.

5.4 Certified Prefixes for Downstream Repair

Finally, we tested whether the retained prefixes
improve downstream final-answer repair across
20 stratified 60/20/20 splits using four models:
Gemma 4 E4B IT (Google, 2026), Qwen2.5-7B-
Instruct (Zhang et al., 2025b; Yang et al., 2024),
DeepSeek-R1-0528-Qwen3-8B (Guo et al., 2025),
and Llama3.1-8B-Instruct (Grattafiori et al., 2024)
(Table 2). We compared CROP against question-
only input, full-trace input, and conformal whole-
trace abstention. We report model details in Table 9
and qualitative results in Appendix F.2.

CROP improved over the best deployable non-
CROP input in five of eight settings, achieving
the largest gains on Arithmetic for DeepSeek and
Gemma. However, results are model-dependent:
Llama yielded negative CROP deltas on both do-
mains. One plausible contributor is same-family an-

swer repetition: the original traces were generated
by a Llama-family model (Zhao et al., 2026), and
our diagnostic shows that CROP reduced Llama’s
repetition of the original wrong answer relative to
full-trace input but not relative to question-only
input (Appendix F.1). We provide a trace-level ex-
ample in Table 11. These results indicate that a
CROP prefix can help when removing a misleading
suffix outweighs both lost context and contextual
anchoring, but downstream gains remain model-
specific.

6 Discussion

We introduced CROP, shifting the focus of uncer-
tainty quantification from final-answer acceptance
to post-hoc clean-prefix certification. Given an
error-oriented step-level risk proxy, CROP returns
a contiguous reasoning prefix with finite-sample
marginal risk control under exchangeability, rout-
ing the uncertified suffix for downstream review or
repair. Our experiments validate three core claims:
(1) fixed-risk prefix utility is not reducible to step
AUROC; (2) at the primary risk target, CROP re-
duces boundary deviation relative to risk-matched
whole-trace abstention; and (3) CROP improves
downstream repair in the majority of the evaluated
model–dataset settings. We discuss several further
implications below.

PRM gains extend beyond superficial artifacts.
While simple surface cues (e.g., token and format-
ting features) provide useful baselines and indi-
cate that the benchmark contains exploitable regu-
larities, Table 16 demonstrates that PRM-backed
scores remain substantially stronger even after
reweighting examples by these cues and running
label/order controls. Thus, these controls indicate
that the PRM-backed gains are not explained solely
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by the evaluated surface and dataset artifacts.

Boundary deviation at common risk budgets.
A fair boundary comparison must separately cal-
ibrate each interface to the same target risk. For
α ∈ {0.025, 0.05, 0.10}, CROP achieved lower
boundary deviation than conformal whole-trace ab-
stention in four of six dataset–risk settings and tied
in one. At the primary α = 0.05 setting, it retained
more steps and reduced boundary deviation on both
datasets (Appendix E). We exclude question-only
and full-trace inputs from this comparison because
they are fixed interfaces rather than risk-calibrated
methods: question-only retains no trace context
and therefore attains zero contamination trivially,
whereas full trace generally exceeds the requested
risk target. We retain both elsewhere as down-
stream utility references.

CROP changes the operational interface. Un-
like whole-trace abstention, which retains an entire
trace or falls back to the question, CROP returns
a calibrated prefix and withholds any remaining
uncertified suffix. At comparable empirical risk
in the pooled Arithmetic and GSM8K evaluation,
CROP retained more total step mass with PRM-
backed scores despite accepting fewer traces in full,
thereby recovering partial reasoning that whole-
trace abstention could not retain (Table 7).

Boundary quality governs downstream repair.
Unlike whole-trace abstention, CROP can preserve
useful intermediate reasoning while withholding an
uncertified suffix. A retrospective analysis of orig-
inally incorrect traces with annotated errors sup-
ports this mechanism (Table 3). CROP improved re-
pair when it stopped at or before the annotated error
boundary, whereas these gains disappeared when it
retained annotated-error steps. Thus, CROP is most
useful when reusable initial reasoning is followed
by a localized, misleading continuation.

Repair utility depends on the context consumer.
CROP controls annotated-prefix contamination
risk, not the accuracy of an arbitrary downstream
repair model. Nevertheless, at α = 0.05, CROP
improved over the best deployable non-CROP in-
put in five of eight model–dataset settings, includ-
ing five of six settings across Gemma, Qwen, and
DeepSeek. The repetition diagnostic in Table 10
shows that Llama was more likely to reproduce the
original wrong answer when supplied with trace
context. This behavior is consistent with correlated
failure modes between generation and repair (Kim

Table 3: Repair gains depend on avoiding annotated-
error overshoot. Entries are CROP-minus-baseline
repair-accuracy differences in percentage points on orig-
inally incorrect traces containing an annotated error. Be-
fore, At, and Beyond locate CROP relative to the oracle
annotated-clean boundary, defined retrospectively from
test labels. Values are means±1.96 standard errors over
20 splits; bold marks positive intervals excluding zero.

CROP relative
to oracle

Question
only

Full
trace

Whole-trace
abstentation

Before +5.7± 2.5 +21.9± 3.3 +9.0± 2.9
At +5.9± 2.3 +20.3± 1.8 +8.7± 2.0
Beyond −20.1± 3.0 −1.4± 2.3 −4.3± 2.4

et al., 2025; Tsui, 2025; Chen et al., 2026). Thus,
downstream utility depends jointly on prefix quality
and the repair model’s ability to use partial context.

Groupwise diagnostics. CROP provides
marginal rather than group-conditional risk control,
as is standard for marginal conformal guarantees.
Our held-out diagnostics (Appendix H) show
that the longest traces and harder problems tend
to exhibit higher risk and lower retention, while
dataset-level risk remains near the target after
in-domain calibration despite variation in retained-
prefix utility. Applications requiring group-specific
control can use prespecified, deployment-
observable groups for Mondrian (Vovk et al., 2003,
2005; Vovk, 2012) or conditional (Gibbs et al.,
2025; Jung et al., 2023) calibration, provided that
each group has sufficient calibration data.

Empty prefixes. The calibration-level fall-
back was never triggered in any runs across
datasets, score functions, splits, and α ∈
{0.025, 0.05, 0.075, 0.10}. At α = 0.05, CROP
nevertheless returned an empty prefix for 0% of
Arithmetic and 6.4% of GSM8K test traces. A
nonempty feasible set requires 1/(n+ 1) ≤ α.

Prefix certification is complementary to con-
formal factuality. Conformal factuality meth-
ods evaluate final answers, claim sets, or response
specificity. CROP instead returns a contiguous ini-
tial portion of a reasoning trace with controlled
annotated-error risk. These approaches are com-
plementary: claim-level factuality scores, when
defined at the reasoning-step level, could serve as
risk proxies for CROP, while downstream factual-
ity checks could evaluate a repaired continuation.
CROP does not certify semantic truth or the causal
faithfulness of written reasoning.
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7 Limitations

CROP provides finite-sample marginal control of
annotated prefix contamination over the calibration
sample and a future exchangeable reasoning in-
stance. The reasoning instance is the exchangeable
unit, but the result is not a conditional guarantee
that every returned prefix is correct with proba-
bility 1 − α. It also does not certify final-answer
correctness, semantic truth, or causal faithfulness.

The practical interpretation depends on both
distributional alignment and annotation quality.
Obtaining reliable step-level labels could also be
costly. Changes in the task, prompt distribution,
generator, risk proxy, or annotation policy can vi-
olate exchangeability and require representative
recalibration. Moreover, CROP controls agreement
with the fixed annotation protocol rather than latent
semantic correctness. Noisy, incomplete, or sys-
tematically biased annotations weaken the meaning
of the certificate.

CROP is also a post-hoc method for completed
traces. It identifies a retained prefix and an un-
certified suffix, but does not specify how the suf-
fix should be regenerated, repaired, or reviewed.
Downstream repair gains therefore depend on the
repair model, prompt, and task. Although CROP is
verifier-agnostic, its utility depends on risk-proxy
quality: weak or poorly ordered risk proxies may
satisfy the risk constraint only by returning overly
conservative, short prefixes.

8 Ethical Considerations

CROP may be misused if its marginal guarantee is
overinterpreted as proof that a particular returned
prefix is correct or safe without further review. In
high-stakes settings, CROP should be paired with
clear annotation-protocol reporting, distribution-
shift monitoring, recalibration when needed, and
downstream verification when final answer correct-
ness, factuality, or safety matters.
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A Proofs

We give the full proof of Lemma 1. We condition
on all training data used to fit the risk proxy func-
tion, as well as all preprocessing and calibration-
design choices fixed before observing the calibra-
tion instances. Under this conditioning, the loss
family {Lλ : λ ∈ Λ} is fixed, and the calibra-
tion and future labeled reasoning instances remain
exchangeable by Assumption 1. For CROP, each
exchangeable example is a complete labeled rea-
soning instance Wi = Zi = (Xi, Yi); steps within
an instance may be arbitrarily dependent. We take
α ∈ (0, 1) throughout.

Full proof of Lemma 1. Because Lλ(w) is binary
and nondecreasing in λ, its value can change from
0 to 1 at most once. For each example Wi, define
its first failing threshold as

Bi = min{λ ∈ Λ : Lλ(Wi) = 1}, (7)

with Bi =∞ if no threshold in Λ produces a fail-
ure. Therefore,

Lλ(Wi) = 1{Bi ≤ λ}. (8)

Since each Bi is computed from Wi using the same
fixed loss family, exchangeability of W1:n+1 im-
plies exchangeability of B1:n+1.

Let
k = ⌊α(n+ 1)⌋

and write the selected threshold explicitly as λ̂ =
λ̂(W1:n). If the feasible set is empty, the procedure
returns λ̂ = ⊥ with L⊥(Wn+1) = 0, so the result
holds immediately. We therefore consider the case
in which a non-fallback threshold is selected.

By the corrected calibration constraint,

1 +

n∑

i=1

L
λ̂
(Wi) = 1 +

n∑

i=1

1{Bi ≤ λ̂} (9)

≤ α(n+ 1). (10)

Because the left-hand side is integer-valued,
n∑

i=1

1{Bi ≤ λ̂} ≤ k − 1. (11)

Now suppose that the future example fails:

L
λ̂
(Wn+1) = 1.

Then Bn+1 ≤ λ̂. Together with Equation (11), this
implies

n+1∑

i=1

1{Bi ≤ λ̂} ≤ k. (12)

To handle ties, let U1, . . . , Un+1 be indepen-
dent continuous random variables, independent
of W1:n+1, and rank the pairs (Bi, Ui) lexico-
graphically. These pairs are exchangeable and
almost surely have distinct ranks, so the rank of
(Bn+1, Un+1) is uniform on {1, . . . , n + 1}. On
the future failure event, Equation (12) implies that
this rank is at most k. Consequently,

EW1:n+1

[
L
λ̂
(Wn+1)

]
= PW1:n+1 (13)
{
L
λ̂
(Wn+1) = 1

}
(14)

≤ k

n+ 1
≤ α. (15)

This proves the claim.

B Experimental Details

We use these tables to document the empirical
setup behind the main claims: what counts as
one calibration/test example, how each dataset la-
bels steps, and what it costs to compute each risk
proxy. We use target Arithmetic and GSM8K traces
from Circuit-based Reasoning Verification (CRV)
process annotations (Zhao et al., 2026). In CRV,
an instruction-tuned generator produces chain-of-
thought solutions, and the released annotations
mark whether each step is correct. The Arithmetic
labels combine task-specific automatic checks with
a stronger-model judge, and GSM8K labels are pro-
duced by the CRV stronger-model judging pipeline.
CRV does not report a residual human-audited an-
notation error rate; its validation protocol instead
checks agreement between stronger-model judg-
ing and, for synthetic tasks, programmatic state
verification. We use the released annotated traces
rather than regenerating model outputs. For the
additional process-supervision datasets, we use
their native labels and calibrate CROP separately
within each dataset before evaluation. We in-
clude Math-Shepherd (Wang et al., 2024a), Process-
Bench (Zheng et al., 2025), PRMBench (Song et al.,
2025), and PRM800K (Lightman et al., 2024).

We use a CRV target subset with 2819 process-
labeled traces, 19311 labeled steps, 1006 annotated
step errors, and 402 traces with at least one anno-
tated error. This consists of 1500 Arithmetic traces
with 10316 steps and 349 step errors, plus 1319
GSM8K traces with 8995 steps and 657 step errors.

Splits and threshold grids. We make all splits
at the reasoning-instance level, so all steps from
a trace stay in the same partition. We use a de-
fault 60/20/20 split: 60% for fitting any learned
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risk proxy function, 20% for conformal calibration,
and 20% for test evaluation. Within each random
seed, we use the same train/calibration/test parti-
tion for all risk proxy functions; only the fitted
risk proxy function changes. We stratify splits by
dataset/domain and by whether the trace contains
at least one annotated error. For the target-domain
prefix-utility and repair experiments, we use 20
split seeds, 2806, . . . , 2825. For the additional-
dataset fixed-risk experiments, we use 10 split
seeds, 2806, . . . , 2815. The boundary-quality and
risk-sensitivity analyses use the same 20 repeated
target-domain splits.

We run CROP over a finite threshold set Λ fixed
before using the calibration labels. For the target-
domain, boundary-quality, alpha-sweep, and re-
pair experiments, we construct a separate grid Λs

for each risk proxy source s from the risk proxy-
training split: Λs contains 201 empirical quantiles
of the training-step risk proxies for that source,
with repeated values allowed when risk proxies
are tied. This makes the grid data-dependent
only through the risk proxy-training instances, not
through the calibration labels or test labels. For
the additional-dataset fixed-risk and alpha-sweep
experiments, we instead use the fixed numeric grid
Λ = {0, 0.01, . . . , 1.00} with 101 points. In both
protocols, we use conformal calibration only to
select the largest feasible threshold from the prede-
clared grid.

Token/format and trace-feature inventory. We
include token/format as a deliberately cheap risk
proxy source. It uses only surface information
that can be read from the text, without looking
at model internals, PRM outputs, or labels. For
each step, we record simple counts from the cur-
rent step and original problem: character length,
whitespace-token count, digit count, alphabetic-
character count, equality signs, arithmetic opera-
tors from {+,−, ∗, /,∧}, newlines, colons, paren-
theses, and angle brackets. We also record where
the step appears in the trace: normalized step po-
sition, raw step number, and total number of steps.
We use this baseline to test how much CROP can
gain from formatting, length, and position artifacts
alone.

We define the trace-feature risk proxy source by
adding model-derived uncertainty signals to these
text and position features, while still excluding
PRM risk proxies unless a row is explicitly marked
as PRM-backed. We include text and metadata

features such as step number, total trace length, rel-
ative step position, dataset/task complexity when
available, the lengths of the problem, current step,
previous generated prefix, and prefix after the cur-
rent step, plus simple token-pattern counts such
as digits, letters, arithmetic symbols, parentheses,
Boolean tokens, periods, commas, and colons.

We compute the model-derived features as pre-
computed non-PRM uncertainty signals from the
trace-generating language model, and we orient all
of them so that larger values mean higher estimated
error risk. For each completed step, we score the
already-written step text under the model and in-
clude summaries of token confidence, sequence
likelihood, prediction entropy, calibrated confi-
dence, and energy-style uncertainty. We also in-
clude latent-trajectory summaries from prior work
that measure whether the model’s internal trajec-
tory remains relevant, consistent, and stable across
the reasoning trace (Wang et al., 2025; Bi et al.,
2025). Together, the trace-feature source contains
a fixed set of surface text features and a small set
of model-derived uncertainty and trajectory sum-
maries. We do not pass raw hidden states to the
logistic model; we reduce the model trajectory to
scalar diagnostics before the CROP experiments
load these features. After these features are written,
CROP applies no additional sequence truncation to
the scalar summaries. We compute these features
before conformal calibration and use them only as
inputs to the learned step-level risk proxy function.

PRM risk proxy construction. For PRM-
backed rows, we use precomputed outputs from the
frozen Qwen2.5-Math-PRM-7B checkpoint. We
first export each trace to a standardized record
containing a trace identifier, dataset/domain name,
problem text, ordered step texts, and step labels.
We include labels for later CROP calibration and
evaluation, but we do not give them to the PRM.
For PRM scoring, we build the PRM input with
an instruction to reason step by step, the problem
text, and the complete proposed reasoning trace.
We concatenate step texts in their original order
with the Qwen PRM step separator <extra_0> af-
ter every step, so the PRM scores the completed
trace in one pass rather than rescoring each prefix
separately.

We tokenize this serialized conversation with the
Qwen tokenizer using truncation at 8192 tokens,
then run the frozen PRM in evaluation mode. Let
ht denote the model’s two raw class logits at the
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separator token corresponding to step t. We apply
a softmax over the two classes and take the proba-
bility assigned to the correct-step class as the PRM
reward,

rPRM
t = softmax(ht)1.

The CROP risk proxy must be error-oriented, so
the direct PRM risk proxy used in the experiments
is

RPRM
t = 1− rPRM

t .

We store both the reward and the error-oriented
risk proxy for each (trace id, step id) pair. For the
Direct PRM row, we use RPRM

t directly as the step-
level risk proxy. For the Trace features + PRM
logistic rows, we append this precomputed PRM
error-risk proxy to the trace features before fitting
the same logistic regression model described above.
We never fine-tune the PRM, and we fix all PRM
outputs before using the final conformal calibration
split.

Learned risk proxy fitting. For learned to-
ken/format, trace-feature, and Trace+PRM risk
proxy functions, we use logistic regression
with median imputation for missing feature
values, feature standardization, balanced class
weighting, and ℓ2 regularization. The im-
plementation uses a scikit-learn pipeline with
median imputation, StandardScaler, and ℓ2-
regularized LogisticRegression. The solver
is L-BFGS with C = 1.0, max_iter=500,
class_weight=balanced, and the split seed as the
estimator random seed. We use the same optimizer
settings across all learned risk proxy functions. We
fit models only on the risk proxy-training split. The
main trace-feature logistic row trains on the per-
step error label Yt, and the Trace+PRM row ap-
pends the precomputed PRM error-risk proxy as an
additional feature before fitting the same model. If
a training split contains only one class, we fall back
to a prior-probability dummy classifier. Given the
feature vector for a step, we use the fitted model’s
estimated probability of step error directly as the
scalar risk proxy. We do not apply any post-hoc
probability calibration before CROP. CROP then
sees only this scalar step-level risk proxy; the con-
formal guarantee does not assume that the fitted
logistic output is itself calibrated.

We report the datasets, trace counts, step counts,
step-error rates, label protocols, and trace origins
in Table 4. We report the repeated-evaluation cost
after precomputing features or verifier outputs in

Table 5, along with the main risk proxy compu-
tation bottlenecks. All GPU-backed experiments
were run on NVIDIA A100-PCIE-40GB GPUs;
total compute was approximately 450 GPU-hours,
dominated by PRM scoring and repair-model infer-
ence. We ran all experiments in parallel.

Comparison of annotation protocols. Table 4
shows that the datasets differ in both annota-
tion source and granularity. The Arithmetic
protocol combines programmatic checks with
stronger-model judging, whereas GSM8K relies
on the stronger-model judging pipeline. Both
provide dense step labels, which allow us to de-
rive exact first-error positions and conduct bound-
ary and repair diagnostics, although the original
dataset (Zhao et al., 2026) does not report a resid-
ual human-audited annotation-error rate. Process-
Bench instead provides first-error/process annota-
tions. This protocol is directly aligned with CROP
calibration because the prefix-contamination loss
requires only the first annotated error, or a no-error
label; annotations after the first error do not af-
fect threshold selection. Math-Shepherd supplies
parsed step-markup labels, providing large-scale su-
pervision under the semantics of its native markup.
PRMBench provides fine-grained benchmark la-
bels and represents a particularly stringent annota-
tion regime, with most evaluated traces containing
at least one annotated error. PRM800K supplies
human process-supervision labels and therefore
demonstrates compatibility with human rather than
programmatic or model-judged annotations.

CROP is annotation-protocol agnostic in an op-
erational, but not semantic, sense: it calibrates
against any fixed protocol that identifies the first
annotated error, but its guarantee inherits that proto-
col’s definition and errors. The resulting certificates
therefore control agreement with each dataset’s na-
tive annotations; they do not establish that the pro-
tocols are equally accurate or interchangeable.

Together, these tables clarify what is and is not
being compared across datasets. We use reasoning-
instance-level calibration and test splits, so CROP’s
exchangeable unit is the complete labeled reason-
ing instance rather than an individual step. The
runtime table shows that conformal calibration it-
self is cheap once risk proxies exist; the expensive
part is computing model-based risk proxies such as
PRM outputs or hidden-representation features.
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Table 4: Dataset provenance and annotation protocols. All splits hold out entire traces rather than individual
steps. The “Err.” column reports the percentage of steps annotated as erroneous. First-error positions are derived
from dense labels when available.

Dataset Traces Steps Err. Label protocol Trace origin

Target arithmetic 1,500 10,316 3.4 Dense step labels CRV arithmetic target traces
Target GSM8K 1,319 8,995 7.3 Dense step labels CRV GSM8K test-split tar-

get traces
ProcessBench 3,400 25,697 6.6 First-error/process ProcessBench benchmark

traces
Math-Shepherd 10,000 37,514 47.6 Step markup Math-Shepherd-style public

data
PRMBench 5,000 67,445 15.9 Fine-grained step labels PRMBench benchmark

traces
PRM800K 8,000 70,698 4.2 Human step labels PRM800K process-

supervision traces

Table 5: Runtime and scoring-cost summary. Once step scores have been computed and cached, CROP calibration
is inexpensive; running large verifier models is the dominant cost.

Score source Evaluation scope Per-split time Scoring-cost note

Token/format logistic 50 target splits 1.43s CPU evaluation over precomputed text, format,
and position features

Trace-feature logistic 50 target splits 3.72s CPU evaluation over precomputed text, format,
likelihood, and hidden-representation features

PRM (Qwen2.5-Math-
PRM-7B)

20 target splits; 10
ProcessBench splits

– 7B model forward pass over steps; timing is
reported from cached scores because rescoring
traces with the PRM is the expensive component

Likelihood /
hidden-representation
features

target features – Feature generation used GPU inference. These
are one-time preprocessing costs before CROP
calibration.

C Step AUROC and Prefix Utility

For this diagnostic, we compute two quantities for
each risk proxy source and dataset: step-level AU-
ROC, which measures how well the risk proxy
ranks erroneous steps above clean steps after pool-
ing steps together, and CROP retained-prefix utility,
which measures how much prefix remains retained
at α = 0.05. We plot these two quantities in Fig-
ure 4 in the main text. We report the same fixed-risk
evaluation numerically in Table 6, including the em-
pirical prefix-contamination risk omitted from the
compact figure.

In Table 6, we find that the highest-AUROC
risk proxy source and the highest-utility risk proxy
source are often, but not always, the same. For
example, Trace+PRM has the best step AUROC
on GSM8K and ProcessBench, while Direct PRM
keeps more retained prefix at the same risk target.
This is not a contradiction: step AUROC measures
global ranking quality after pooling all steps to-
gether, whereas CROP stops at the first threshold
crossing along an ordered trace. A clean step with
a high risk proxy near the beginning of a trace can
make CROP stop early even if the risk proxy ranks

errors well overall. Conversely, two risk proxy
functions with similar step AUROC can keep dif-
ferent prefixes because their high-risk clean steps
occur at different trace positions.

We therefore read the main-text figure and Ta-
ble 6 together. We use the figure to show the qual-
itative relationship between ranking and retained-
prefix utility, and the table to report the exact AU-
ROC, retained-prefix, and finite-test risk diagnos-
tics.

Proposition 2 (Equal AUROC can yield different
prefix utility). There exist two error-oriented step-
level risk proxy functions with the same step-level
AUROC but different retained-prefix utility under
the same CROP calibration rule.

Proof. Fix any α ∈ (0, 1), and choose n large
enough that 1/(n+1) ≤ α. Consider a distribution
supported on a single labeled reasoning instance
W whose trace has length three and step labels

(Y1, Y2, Y3) = (0, 0, 1).

Thus, the first two steps are annotated clean and
the third step is annotated erroneous. Because ev-
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Table 6: Fixed-risk prefix utility and step-ranking quality. Entries report step AUROC, certified prefix retained
(%), and empirical prefix-contamination risk (%) at α = 0.05. Values are means ± 95% normal intervals over
repeated trace-level splits. CRV target-domain results use 20 stratified splits; additional process-supervision results
use 10 trace-level 60/20/20 splits. The intervals summarize variation across splits. Bold marks the best displayed
non-random value within each dataset for AUROC and prefix retention separately; prefix risk is not ranked because
it is the controlled constraint rather than the utility objective.

Dataset Labels Score source Step AUROC Prefix kept Prefix risk

Arithmetic dense step

Random 0.5049± 0.0164 62.0± 5.0 4.6± 0.6
Token/format 0.8168± 0.0116 77.5± 2.7 4.7± 0.6
Trace features 0.8564± 0.0153 90.3± 1.5 4.5± 0.6
Direct PRM 0.9421± 0.0100 97.5± 0.4 4.2± 0.4
Trace+PRM 0.9701± 0.0075 97.1± 0.4 4.1± 0.5

GSM8K dense step

Random 0.5046± 0.0110 27.2± 2.6 4.3± 0.7
Token/format 0.7081± 0.0126 39.8± 2.8 4.9± 0.7
Trace features 0.7495± 0.0111 43.2± 2.7 4.3± 0.7
Direct PRM 0.8659± 0.0088 81.7± 4.3 5.1± 0.8
Trace+PRM 0.8812± 0.0113 63.1± 5.0 4.5± 0.8

ProcessBench first-error/process

Random 0.4887± 0.0104 9.8± 1.6 4.9± 1.1
Token/format 0.7057± 0.0034 10.6± 1.4 4.8± 0.5
Trace features 0.7058± 0.0035 11.3± 1.0 4.5± 0.4
Direct PRM 0.8801± 0.0059 46.7± 1.0 4.5± 0.6
Trace+PRM 0.8935± 0.0081 42.4± 1.5 4.5± 0.5

Math-Shepherd step markup

Random 0.5012± 0.0049 2.5± 0.2 4.3± 0.4
Token/format 0.6637± 0.0024 7.8± 0.5 4.8± 0.5
Trace features 0.9932± 0.0005 28.1± 0.3 5.2± 0.5
Direct PRM 0.4537± 0.0043 1.0± 0.1 0.9± 0.1
Trace+PRM 0.9944± 0.0004 28.1± 0.3 5.1± 0.5

PRMBench fine-grained

Random 0.4994± 0.0050 8.7± 0.5 4.7± 0.4
Token/format 0.7751± 0.0034 16.2± 1.0 5.0± 0.7
Trace features 0.7812± 0.0034 15.9± 0.7 4.6± 0.5
Direct PRM 0.8010± 0.0049 4.8± 0.2 0.6± 0.1
Trace+PRM 0.8336± 0.0027 21.8± 0.9 5.0± 0.6

PRM800K human step

Random 0.5002± 0.0100 20.5± 1.1 5.4± 0.5
Token/format 0.9919± 0.0014 89.0± 0.3 4.8± 0.4
Trace features 0.9925± 0.0013 89.4± 0.3 4.8± 0.4
Direct PRM 0.9327± 0.0021 67.2± 1.2 4.5± 0.5
Trace+PRM 0.9934± 0.0012 89.5± 0.4 4.6± 0.4

ery calibration instance and the future instance are
identical copies of W , exchangeability holds.

Let the threshold grid be

Λ = {λL, λH} = {0.5, 0.9}.

Define two error-oriented step-level risk proxies on
this instance:

RA(W ) = (0.7, 0.0, 0.8),

RB(W ) = (0.0, 0.4, 0.8).

For both risk proxies, the erroneous third step re-
ceives a larger value than both clean steps. There-
fore, after flattening steps, both risk proxies have
perfect step-level AUROC:

AUROC(RA) = AUROC(RB) = 1.

Now consider CROP calibration. At the lower
threshold λL = 0.5, neither risk proxy retains the

erroneous third step. Thus every calibration in-
stance has prefix-contamination loss zero, and the
corrected empirical risk is

1 +
∑n

i=1 LλL
(Wi)

n+ 1
=

1

n+ 1
≤ α.

At the higher threshold λH = 0.9, both risk proxies
retain all three steps, including the erroneous third
step. Hence every calibration instance has loss one,
and the corrected empirical risk is

1 +
∑n

i=1 LλH
(Wi)

n+ 1
=

n+ 1

n+ 1
= 1 > α.

Therefore, for both risk proxies, the largest feasible
calibrated threshold is λ̂ = 0.5.

Under this common calibrated threshold, the re-
tained prefixes differ. For RA, the first step already
exceeds 0.5, so CROP retains zero steps:

MA = 0.
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For RB , the first two clean steps are at most 0.5,
while the erroneous third step exceeds 0.5, so
CROP retains two steps:

MB = 2.

Since the trace length is T = 3, the retained-prefix
utilities are

MA/T = 0, MB/T = 2/3.

Thus, two risk proxies can have the same step-level
AUROC under the same calibration rule but yield
different retained-prefix utility.

D Prefix Retention versus Whole-Trace
Abstention

CROP and conformal whole-trace abstention con-
trol the same type of annotation-relative contamina-
tion risk but return different objects. Whole-trace
abstention either retains every step or returns no
trace context, whereas CROP returns a calibrated
prefix and withholds any remaining uncertified suf-
fix. We excluded Boolean before constructing the
trace-level splits and separately calibrated both in-
terfaces at α = 0.05 on the pooled Arithmetic and
GSM8K calibration traces using the same fixed
score source.

Table 7 reports empirical contamination risk,
step-weighted retention, and the fraction of traces
retained in full. With Direct PRM and Trace+PRM
scores, CROP retained respectively 4.3 and 3.5 per-
centage points more step mass despite retaining
fewer traces in full. Token/format scores produced
comparable retention. The low full-accept rate for
Token/format CROP is consistent with these met-
rics: CROP rarely retained an entire trace but still
preserved substantial partial reasoning.

E Boundary Sensitivity at Common Risk
Budgets

We fixed α = 0.05 before test evaluation and down-
stream repair; we did not select it to maximize re-
tention, boundary quality, or repair accuracy. We
additionally evaluated α ∈ {0.025, 0.10} using
the same 20 trace-level 60/20/20 splits and domain-
specific score sources as in the main experiment. At
each target, we separately recalibrated CROP and
conformal whole-trace abstention using the same
score source. This comparison therefore holds the
nominal risk budget fixed while allowing each in-
terface to select its own calibrated threshold.

Table 7: CROP exposes partial reasoning that whole-
trace abstention cannot. Results include Arithmetic
and GSM8K only, with Boolean excluded before split-
ting. At target risk α = 0.05, whole-trace abstention
either retains or rejects the full trace, whereas CROP
returns a calibrated prefix. Kept is the step-weighted
percentage of reasoning retained, and Full accept is the
percentage of traces retained in full. Values are means
±1.96 standard errors across 20 repeated splits. Bold
marks the higher retained-step mean within each score
source; the paired retention interval excludes zero only
for the PRM-backed scores.

Score Object Emp. risk Kept Full accept

Token/format Whole 4.8± 0.5 59.8± 2.7 62.0± 2.4
CROP 4.7± 0.5 60.5± 2.3 4.7± 2.8

Direct PRM Whole 4.4± 0.5 85.6± 1.0 86.5± 0.9
CROP 4.4± 0.4 89.8± 0.6 83.7± 0.8

Trace + PRM Whole 4.5± 0.4 86.4± 1.0 87.4± 0.9
CROP 4.6± 0.4 89.9± 0.6 82.2± 1.3

At the primary target α = 0.05, paired split-level
intervals support higher retention and lower bound-
ary deviation for CROP on both datasets. Across
all targets, CROP improved both quantities in four
of six dataset–risk settings. Arithmetic saturated at
α = 0.10, producing an exact tie. On GSM8K at
the stringent α = 0.025 target, the point estimates
favored whole-trace abstention, but the paired inter-
vals included zero and therefore did not establish
a reliable difference. These results indicate that
the benefit of prefix certification depends on the
operating point, while supporting the comparison
at our pre-specified primary target.

We omit question-only and full-trace inputs from
Table 8 because neither adapts to the requested
risk budget. Question-only retains no reasoning
and therefore has zero contamination, whereas full
trace always retains every step and generally vi-
olates stringent targets. Including these fixed in-
terfaces in a risk-matched ranking would conflate
descriptive input references with methods that are
separately calibrated to α.

F Repair Experiment Details and
Diagnostics

Repair workflow. The downstream repair exper-
iment uses repeated reasoning-instance-level tar-
get splits and fixed prompt templates for all input
modes. The question-only mode receives no trace
context. The full-trace mode receives the complete
generated trace. Whole-trace abstention supplies
the full trace only when the abstention certificate
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Table 8: CROP versus whole-trace abstention at common risk budgets. Absolute results are mean percentages
± 95% normal intervals over 20 trace-level splits. Paired differences (∆) are CROP minus abstention, with 95%
intervals in brackets. Positive retained-prefix differences and negative boundary-deviation differences favor CROP.
Bold marks favorable paired differences whose intervals exclude zero. The intervals quantify sensitivity across
overlapping splits rather than independent-sample population uncertainty.

Dataset α Interface Empirical risk Steps kept Boundary deviation

Arithmetic 0.025 Whole-trace abstention 1.9± 0.4 90.9± 1.2 7.1± 1.0
CROP 2.0± 0.4 93.9± 0.9 3.9± 0.8
∆ (CROP − abstention) – +3.0 [2.2, 3.8] −3.2 [−3.9, −2.6]

0.050 Whole-trace abstention 4.4± 0.7 95.8± 0.7 4.5± 0.2
CROP 4.3± 0.4 97.2± 0.4 2.3± 0.3
∆ (CROP − abstention) – +1.4 [0.8, 2.1] −2.2 [−2.5, −1.9]

0.100 Whole-trace abstention 8.3± 0.0 100.0± 0.0 3.9± 0.1
CROP 8.3± 0.0 100.0± 0.0 3.9± 0.1
∆ (CROP − abstention) – 0.0 [0.0, 0.0] 0.0 [0.0, 0.0]

GSM8K 0.025 Whole-trace abstention 2.1± 0.6 56.4± 6.6 34.3± 6.2
CROP 2.2± 0.7 54.2± 7.5 36.4± 7.1
∆ (CROP − abstention) – −2.2 [−6.4, 2.0] +2.1 [−2.0, 6.2]

0.050 Whole-trace abstention 5.1± 0.8 77.9± 2.0 15.9± 1.6
CROP 5.1± 0.8 81.6± 4.3 11.7± 4.0
∆ (CROP − abstention) – +3.7 [0.6, 6.9] −4.2 [−7.0, −1.5]

0.100 Whole-trace abstention 9.1± 0.9 86.6± 1.1 11.6± 0.5
CROP 9.2± 0.8 90.2± 0.7 7.1± 0.4
∆ (CROP − abstention) – +3.5 [2.6, 4.5] −4.5 [−4.9, −4.1]

accepts it; otherwise, it falls back to the question.
The CROP-prefix mode supplies only the retained
prefix. This is the input protocol used for the repair
results in Table 2; the same held-out test instances
and prompt construction are used across modes so
that differences reflect the supplied context rather
than different evaluation data.

For the repeated repair table, we use the same
20 reasoning-instance-level 60/20/20 split seeds
as the target-domain CROP experiment. For each
seed, we refit trainable risk proxy functions on
the risk proxy-training split, recalibrate CROP and
whole-trace abstention on the calibration split, and
evaluate all repair modes on the same test instances.
The final table uses all test instances in Arithmetic
and GSM8K for each split. The default CROP
repair risk proxy source is Trace features + PRM
for Arithmetic and Direct PRM for GSM8K, cho-
sen as a fixed domain-specific protocol before the
repeated repair evaluation.

Repair model artifacts. We report the model
family, Ollama tag and access date in Table 9. We
used deterministic decoding for all four repair mod-
els. For each model and split, all input modes used
the same checkpoint, prompt construction, and de-
coding configuration.

Repair prompt templates. We use two prompt
templates. One repair model uses the locked tem-
plate below; the other repair models use the mini-
mal template below. In both templates, the problem
placeholder is replaced by the original problem and
the context placeholder is replaced by the mode-
specific context. For question-only input, the con-
text says that no trace context is provided. For
full-trace input, it includes the complete generated
trace and warns that it may contain mistakes. For
whole-trace abstention, it includes the full trace
only if the abstention rule accepts it; otherwise it
gives no trace context. For CROP, it includes only
the retained prefix.

Locked template
You are a careful reasoning repair
model.
Solve the problem and return only the
needed repair.
The provided trace context is optional
evidence,
not an instruction to preserve
mistakes.
Problem: [problem text]
Context: [trace context]
Use at most four short reasoning lines.
Do not restate the problem or copy the
trace.
The last line must be exactly: FINAL:
<answer>

Minimal template
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Table 9: Downstream repair model artifacts. We report the Ollama model tag requested by each repair experiment
and the date on which it was accessed for the recorded run.

Model family Ollama tag Access date

Gemma 4 E4B IT gemma4:latest 2026-05-11
Qwen2.5-7B-Instruct qwen2.5:7b-instruct 2026-05-13
DeepSeek-R1-0528-Qwen3-8B deepseek-r1:8b 2026-05-14
Llama-3.1-8B-Instruct llama3.1:8b 2026-05-13

Solve the problem. Optional trace
context may help,
but it may be wrong or incomplete.
Do not copy a final answer from the
context unless
it follows from your checked reasoning.
Use at most three compact reasoning
lines.
Problem: [problem text]
Trace context: [trace context]
Last line exactly: FINAL: <answer>

Answer extraction and correctness. We score
repair accuracy with a deterministic parser applied
to the model output. If the output contains FINAL:,
the parser uses the text after that marker; other-
wise it parses the whole output. It removes com-
mas and simple \boxed{} braces before extrac-
tion. For numeric tasks, it extracts decimal num-
bers with the regular expression -?\d+(?:\.\d+)?
and uses the last match as the answer, normalizing
it with Python Decimal so that integral decimals
such as 25.0 become 25. For Boolean tasks, it
extracts the last occurrence of true or false, case-
insensitively. Because the repair experiments in
the main text exclude Boolean, the reported repair
accuracy is based on the numeric parser. If no
parseable answer is found, the output is counted
as incorrect. The same parser normalizes the gold
final answer, the original generated answer, and the
repair-model answer.

F.1 Same-Family Answer Repetition
Diagnostic

We ran an additional diagnostic to understand why
the same-family repair model does not benefit from
CROP prefixes in Table 2. The diagnostic focuses
on traces whose original final answer was wrong
and asks whether the repair output repeats that
same wrong answer. We normalize answers before
comparing them, so formatting differences such as
commas or whitespace do not count as different
answers. This is relevant because the CRV target
traces were generated and repaired by models from
the same family. A high repeat-original-wrong rate
is therefore consistent with same-family answer

repetition: the repair model may be pulled toward
the same continuation or answer bias as the genera-
tor that produced the trace.

Table 10 supports this interpretation but also
shows that it is not the whole story. On Arithmetic,
the same-family repair model repeats the original
wrong answer much more often with trace context
than with the question alone: 74.3% for full traces,
47.2% for whole-trace abstention, and 31.8% for
CROP prefixes, compared with 12.8% for question-
only input. CROP reduces this repetition relative
to full traces and whole-trace abstention, but it
also slightly increases degradation of originally
correct traces relative to whole-trace abstention.
On GSM8K, CROP has a slightly higher repeat-
original-wrong rate and slightly lower recovery rate
than whole-trace abstention. Thus the negative
deltas for this repair model are best read as a model-
specific context trade-off, not as a failure of CROP
calibration.

Table 11 provides a concrete case in which
question-only repair succeeds, but Llama repro-
duces the original wrong answer when given trace
context. This occurs even though CROP withholds
both the erroneous calculation and the wrong final
answer.

F.2 Qualitative CROP and Repair Examples

We present four held-out examples, two from each
repair dataset, illustrating two mechanisms through
which CROP can improve measured repair accu-
racy: removing a misleading suffix and retain-
ing useful intermediate computations. Each table
shows the complete step sequence, native step anno-
tations, CROP boundary, and actual repair outputs.
The examples use the calibrated CROP threshold
associated with their respective trace-level split.

G Artifact Controls

Artifact, label, and order controls. The artifact-
matched result asks whether PRM-backed risk
proxies still help after balancing simple cues that
might otherwise explain the gains. We group
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Table 10: Llama3.1-8B-Instruct same-family answer-repetition diagnostic. Cells report mean percentages ±
95% normal intervals over 20 repeated test splits. “Repeat original wrong answer” and “recover original wrong
answer” are computed only on traces whose original final answer was wrong; “degrade original correct answer” is
computed only on traces whose original final answer was correct. Bold marks the best point estimate within each
domain and metric. Because test partitions overlap across splits, the intervals quantify split sensitivity rather than
independent-sample population uncertainty.

Domain Input mode
Repeat original
wrong answer

Recover original
wrong answer

Degrade original
correct answer

Arithmetic

Question only 12.8± 3.0 47.4± 4.1 24.1± 0.9
Full trace 74.3± 3.8 9.6± 2.7 6.2± 0.4
Whole-trace abstention 47.2± 6.0 24.0± 3.0 3.9± 0.4
CROP prefix 31.8± 4.8 23.5± 4.7 5.1± 0.5

GSM8K

Question only 8.1± 1.4 47.8± 2.6 21.5± 1.3
Full trace 31.1± 2.3 42.7± 2.4 17.0± 1.3
Whole-trace abstention 9.3± 1.4 55.4± 1.9 19.3± 1.0
CROP prefix 11.6± 1.6 53.1± 1.7 19.5± 0.8

traces by domain, trace-length bucket, average
step-length bucket, answer format, and whether
the prompt contains arithmetic or logical operators.
We then average retained-prefix fractions equally
across the nonempty groups. This changes only
how the held-out evaluation is summarized; it does
not change CROP calibration, labels, test instances,
or risk proxy functions. The label- and order-
control rows run two additional stress tests: one
breaks the relationship between labels and traces
during risk proxy fitting, and the other disrupts the
step order within traces. Table 16 reports both the
artifact-matched comparison and the label/order
stress tests.

The results show that simple token/format cues
are useful, so the benchmark contains exploitable
surface regularities. However, PRM-backed risk
proxies still retain much longer prefixes after arti-
fact matching, and the disrupted label/order con-
trols reduce trace-feature utility. This supports the
discussion claim that the strongest PRM-backed
gains are not explained solely by formatting, length,
answer-format, or dataset-composition artifacts.

H Groupwise Diagnostics

We evaluated held-out prefix contamination and
retained-prefix utility by trace length, problem dif-
ficulty, dataset, and first-annotated-error position
at the primary target α = 0.05. We designed these
analyses as diagnostics of heterogeneity rather than
as new group-conditional certificates. For every
split, we fit the risk proxy on the score-training
partition, selected the CROP threshold on the cali-
bration partition, and computed subgroup metrics
only on the held-out test partition. We did not recal-

ibrate thresholds within the diagnostic groups. Con-
sequently, the CROP guarantee remains marginal
within each calibrated dataset or domain rather than
a simultaneous or group-conditional guarantee.

Diagnostic protocol. We used the same
reasoning-instance-level split protocol and fixed
score choices as in the main experiments. For
Arithmetic and GSM8K, we averaged results
over the same 20 repeated 60/20/20 trace-level
splits used in the repair analysis. We used Trace
features + PRM for Arithmetic and Direct PRM
for GSM8K, calibrated separate thresholds within
the two domains, and then pooled their held-out
traces for the trace-length and first-error-position
summaries. For the dataset analysis, we retained
those domain-specific choices and used the
selected fixed score for each external dataset:
Direct PRM for ProcessBench and Trace features
+ PRM for Math-Shepherd, PRMBench, and
PRM800K. We averaged the external-dataset
results over 10 repeated trace-level splits.

We formed four trace-length bins: 2-5, 6-7, 8-
9, and 10 or more steps. For problem difficulty,
we used the native CRV Arithmetic complexity
levels 3, 5, 7, and 10; GSM8K and the external
datasets do not provide this field, so we did not
include them in that diagnostic. For first-error po-
sition, we divided the one-indexed relative loca-
tion of the first annotated error by trace length and
formed early (0-33%), middle (34-66%), and late
(67-100%) bins. We computed this last diagnostic
only among traces containing an annotated error.
Because first-error position is annotation-derived
and unavailable when CROP is deployed, we use it
only for retrospective analysis.
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Table 11: Trace-level example of same-family answer repetition. CROP retains all 14 annotated-clean steps and
withholds the two annotated-error steps. Nevertheless, Llama3.1-8B reconstructs the same erroneous computation
and repeats the original wrong answer.

Step Original generated trace Annotation CROP

Problem. Becca, Smendrick, and PJ have 341 cards in total. Becca has 12 more cards than Smendrick, and Smendrick has
three times as many as PJ. How many cards does Becca have? Gold answer: 153. Original answer: 147.

1 Let’s break this problem down step by step. Clean Retained
2 Let’s say PJ has x cards. Clean Retained
3 Smendrick has 3x cards. Clean Retained
4 Becca has 3x+ 12 cards. Clean Retained
5 The total number of cards is 341, so we set up the equation: Clean Retained
6 x+ 3x+ (3x+ 12) = 341. Clean Retained
7 Combine like terms. Clean Retained
8 7x+ 12 = 341. Clean Retained
9 Subtract 12 from both sides. Clean Retained

10 7x = 329. Clean Retained
11 Divide both sides by 7. Clean Retained
12 x = 47. Clean Retained
13 PJ has 47 cards. Clean Retained
14 Smendrick has 3x = 3(47) = 141 cards. Clean Retained
15 Becca has 3x+ 12 = 3(47) + 12 = 147 cards. Error Withheld
16 Therefore, Becca has 147 cards. Error Withheld

Llama3.1-8B repair outputs

Question only “x = 47 . . . Smendrick has 141 cards. Becca has 12 more than Smendrick, so Becca has 153
cards. FINAL: 153”

Correct

Full trace “Becca has 3(47) + 12 = 147 cards. FINAL: 147” Repeats 147

CROP prefix “Becca has 3x+ 12 = 3(47) + 12 = 147 cards. FINAL: 147” Repeats 147

Interpretation. The CROP prompt contains neither the erroneous calculation in step 15 nor the wrong final answer in
step 16. The repair model nevertheless reconstructs the same invalid equality, 3(47) + 12 = 147, whereas it computes the
correct answer from the question alone. Because the erroneous calculation and answer are absent from the CROP prompt,
this behavior cannot be explained by directly copying the withheld suffix and is consistent with model-specific contextual
repetition.

For each group, we computed empirical prefix-
contamination risk as the fraction of held-out traces
for which the returned prefix included at least
one annotated error. We computed retained-prefix
utility as the mean returned-prefix length divided
by full trace length. We report means and 95%
normal-approximation intervals over split seeds.
Because test partitions overlap across repeated
seeds, these intervals quantify sensitivity to the
train/calibration/test split rather than independent-
sample uncertainty or confidence intervals for a
population parameter.

Trace length. We observed stable empirical risk
near or below the marginal target for traces con-
taining two through nine steps: risk increased from
2.8% for 2-5 steps to 4.8% for both 6-7 and 8-
9 steps, while retention remained between 90.7%
and 91.7%. For traces with at least 10 steps,
risk increased to 9.7% and retention decreased
to 81.8%. Long traces were also the smallest
length group, with approximately 60 test traces

per split, and their interval was wider than those
of the shorter groups. The pattern nevertheless
indicates meaningful length-dependent heterogene-
ity: longer traces provide more opportunities for a
score to miss an error before the stopping bound-
ary and contain a higher held-out error prevalence
(27.4% in the raw diagnostic, compared with ap-
proximately 11.3-13.5% in the shorter bins). We
therefore do not interpret the pooled marginal cer-
tificate as conditional control for long traces; de-
ployments requiring length-specific control should
prespecify length groups and calibrate them with
sufficient groupwise data.

Problem difficulty. We found a monotone dete-
rioration across the upper Arithmetic complexity
levels. Risk was 2.3% and 2.2% at complexity
levels 3 and 5, increased to 5.6% at level 7, and
reached 7.3% at level 10. Retention remained high
throughout but declined from approximately 99%
at levels 3 and 5 to 96.2% at level 7 and 94.7% at
level 10. The held-out group sizes were balanced at

40475



Table 12: Arithmetic suffix-removal example (arith.nt10.annotated:1355). The complete step sequence is
shown with native CRV labels and the CROP boundary; step text is lightly typeset without changing its calculations.
DeepSeek-R1-8B is the repair model.

Step Original generated trace Annotation CROP

Problem. ((6 + 0)(6(6 · 6))) + ((((1 + 3) + 4) + (4 · 2)) · 3). Gold: 1344. Original: 20784.

1 To evaluate this expression, we need to follow the order of operations
(PEMDAS).

Clean Retained

2 Evaluate the innermost expressions: 6 · 6 = 36, 6 · 36 = 216, 6 + 0 = 6,
6 · 216 = 1296, 1 + 3 = 4, 4 + 4 = 8, 4 · 2 = 8, and 8 + 8 = 16.

Clean Retained

3 Multiply 1296 by 16: 1296 · 16 = 20736. Error Withheld
4 Multiply 16 by 3: 16 · 3 = 48. Error Withheld
5 Add 20736 and 48: 20736 + 48 = 20784. Error Withheld
6 The final answer is 20784. Error Withheld

Repair outputs
Question only Computes the left term as 1296 but reaches the 192-token generation limit while beginning

the right term; parsed answer 1296.
Wrong

Full trace Correctly reconstructs the two subexpressions as 1296 and 48 but reaches the 192-token
limit after “1296+”; parsed answer 1296.

Wrong

CROP prefix “The final result is 1296 + (16× 3) = 1296 + 48 = 1344.” Correct

Why. CROP stops exactly before the first annotated error and removes the spurious 1296 · 16 operation. Its clean prefix
elicits a concise completion that correctly combines 1296 and 48 within the fixed generation budget. Because the question-
only and full-trace outputs reach that budget, this case illustrates both suffix removal and a generation-length effect.

approximately 74-76 traces per split, making gross
sample-size imbalance an unlikely explanation for
this trend. The raw diagnostic instead shows that
annotated-error prevalence rose from 3.5-5.0% at
levels 3 and 5 to 11.3% and 13.6% at levels 7 and
10. Thus, the common Arithmetic threshold re-
tained nearly all reasoning at every level, but it did
not equalize contamination risk across difficulty.

Dataset and annotation protocol. We observed
substantially more stable empirical risk across
datasets than across trace length or problem dif-
ficulty. Despite differences among dense hybrid an-
notations, stronger-model judgments, first-error an-
notations, parsed step markup, fine-grained bench-
mark labels, and human process supervision, mean
empirical risk ranged only from 4.3% to 5.1%
across the six datasets. This result shows that
in-domain CROP calibration can provide similar
annotation-relative risk control under each dataset’s
native labeling interface. It does not establish that
the annotations have equal semantic accuracy or
noise rates.

Retained-prefix utility varied much more sub-
stantially, from 21.8% on PRMBench and 28.1%
on Math-Shepherd to 97.2% on Arithmetic and
89.5% on PRM800K. ProcessBench achieved
4.5% risk with 46.7% retention using first-
error/process labels, demonstrating that dense la-
bels are not required for CROP calibration. At the
other extreme, PRMBench contains an annotated

error in 96.4% of held-out traces; CROP therefore
retained only 21.8% while maintaining 5.0% em-
pirical risk. PRM800K, which uses human process
labels and has substantially lower annotated-error
prevalence, attained 4.6% risk with 89.5% reten-
tion. These comparisons illustrate the distinction
between validity and efficiency: CROP can attain
similar risk relative to each protocol while return-
ing very different amounts of reasoning.

We do not attribute these retention differences
causally to annotation protocol alone. Dataset diffi-
culty, trace origin, error prevalence, trace structure,
risk-proxy choice, and score separability also vary
across datasets.

First annotated error position. Among erro-
neous traces, we found contamination risks of
29.9%, 38.1%, and 29.8% for early, middle, and
late first errors, respectively. These values do not vi-
olate the 5% marginal guarantee because we condi-
tioned on the outcome-defining subset of traces that
contain an annotated error; every clean trace, which
necessarily has zero prefix-contamination loss, is
excluded from this diagnostic. We also grouped
traces using the first annotated error itself, which
is unavailable at deployment and was not used for
calibration. We found that retained-prefix utility
increased from 30.6% for early errors to 51.3%
for middle errors and 63.2% for late errors. This
increase is operationally desirable because later er-
rors leave more clean reasoning available before
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Table 13: Arithmetic retained-context example (arith.nt10.annotated:1580). The complete step sequence is
shown with native CRV labels and the CROP boundary; step text is lightly typeset without changing its calculations.
Gemma 4 8B is the repair model.

Step Original generated trace Annotation CROP

Problem. −((1 + 9) · 4) + (6 + 9)(((5 + 2) · 5) + 0) + 0. Gold: 485. Original: 565.

1 To evaluate this expression, we need to follow the order of operations
(PEMDAS).

Clean Retained

2 Evaluate the innermost expressions: (1 + 9) = 10 and (5 + 2) = 7. Clean Retained
3 Multiply the results: 10 · 4 = 40 and 7 · 5 = 35. Clean Retained
4 Add zero to the results: 40 + 0 = 40 and 35 + 0 = 35. Clean Retained
5 Evaluate (6 + 9) = 15 and multiply 15 · 35 = 525. Clean Retained
6 Add the results: 40 + 525 = 565. Error Withheld
7 Add zero: 565 + 0 = 565. Error Withheld
8 The final answer is 565. Error Withheld

Repair outputs
Question only Computes 40, 35, and 525 but reaches the 160-token limit before combining the signed outer

terms; parsed answer 525.
Wrong

Full trace “Simplify the first main term: −40 [and] the second main term: 525. Combine the terms:
−40 + 525 = 485.”

Correct

CROP prefix “This becomes −40 + (525 + 0). Finally: −40 + 525 = 485. FINAL: 485” Correct

Why. CROP retains all five annotated-clean setup steps and removes the suffix that drops the outer negation. The retained
values expose the required combination −40 + 525, although the question-only contrast is partly confounded by output
truncation.

the oracle boundary. However, the non-monotone
conditional contamination pattern, with the highest
value for middle errors, shows that the fixed thresh-
old does not localize every first error uniformly.
The early-error group was small at approximately
12 traces per split and consequently had the widest
split-sensitivity interval.

Overall interpretation. We draw three conclu-
sions from these diagnostics. First, calibrating
within dataset or domain kept dataset-level empiri-
cal risk close to 5% across all six datasets, despite
large differences in retained-prefix utility. Second,
marginal calibration did not imply conditional cali-
bration: the longest traces and hardest Arithmetic
problems showed elevated contamination risk, iden-
tifying concrete settings where prespecified group-
wise calibration or additional calibration data may
be useful. Third, the first-error-position analysis
explains where utility arises but cannot serve as a
deployable grouping rule because it uses the un-
known error annotation. These findings preserve
the paper’s marginal guarantee while making its
scope explicit: CROP controls average annotation-
relative prefix contamination under exchangeabil-
ity, but users who require subgroup-specific control
must define deployment-available groups before
calibration and ensure adequate calibration size in
each group.

I Distribution-Shift Diagnostic

Cross-domain transfer. We evaluated how
CROP behaves when the calibration and deploy-
ment distributions do not match. We intentionally
fit the risk proxy and calibrated the CROP thresh-
old on one target domain, then applied the resulting
rule to the other domain. This experiment violates
the reasoning-instance exchangeability assumption,
so we present it as a failure diagnostic rather than
a conformal validity result.

Table 17 shows a substantial asymmetric failure
under cross-domain transfer. When we trained and
calibrated on Arithmetic and evaluated on GSM8K,
empirical prefix-contamination risk increased to
14.8%, substantially exceeding the nominal 5%
target. When we trained and calibrated on GSM8K
and evaluated on Arithmetic, empirical risk was
5.1%. Although the latter value is close to the
target in this particular experiment, it carries no
conformal guarantee because the exchangeability
assumption is still violated.

This diagnostic demonstrates that successful cali-
bration on one domain does not automatically trans-
fer to another. Changes to the task, prompt distri-
bution, generator, risk proxy, verifier, or annotation
policy can alter the joint distribution of risk scores
and annotated errors. CROP therefore requires
representative recalibration when the deployment
distribution changes. Prespecified groupwise cali-
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Table 14: GSM8K suffix-removal example (gsm8k.annotated:1146). The complete step sequence is shown
with native CRV labels and the CROP boundary; step text is lightly typeset without changing its calculations.
DeepSeek-R1-8B is the repair model.

Step Original generated trace Annotation CROP

Problem. Adam invests $100 in rocks costing $5 each, sells them for $7 each, and sells only 60% of his inventory. How
much money does he lose? Gold: 16. Original: 56.

1 Adam can buy 100/5 = 20 rocks. Clean Retained
2 Selling all 20 rocks would yield 20 · 7 = $140. Clean Retained
3 He sells 0.6 · 20 = 12 rocks and receives 12 · 7 = $84. Clean Retained
4 He loses 140− 84 = $56 because he could have sold all the rocks. Error Withheld
5 The final answer is 56 . Error Withheld

Repair outputs
Question only Computes the relevant loss as 100 − 84 = 16 but continues discussing unsold inventory

until reaching the 192-token limit; parsed answer 8.
Wrong

Full trace Repeats the trace’s comparison with hypothetical full-sale revenue: “140− 84 = 56. FINAL:
56”

Wrong

CROP prefix “The initial investment is 100, so the loss is 100− 84 = 16. FINAL: 16” Correct

Why. CROP stops exactly before the first annotated error. The retained prefix contains the purchase cost and realized
revenue, while withholding the incorrect comparison against hypothetical full-sale revenue. This directly supports the
suffix-removal mechanism, although the question-only output is also affected by truncation.

bration can address known heterogeneity defined
by deployment-observable groups, but it is not a
general remedy for arbitrary distribution shift.

J Artifact licenses, terms of use, and
intended use.

We use publicly available datasets, model check-
points, and evaluation artifacts according to
their released licenses and terms of use. The
process-supervision datasets, including CRV,
Math-Shepherd, ProcessBench, PRMBench, and
PRM800K, are used only for research evaluation,
which is consistent with their intended use as rea-
soning and process-supervision benchmarks. The
pretrained model checkpoints and process reward
model used for scoring and repair are accessed un-
der their respective model licenses or usage terms.
We do not redistribute dataset contents or model
weights; any released artifacts will contain code,
configuration files, and aggregate outputs needed
to reproduce the experiments.

K Personally identifying and offensive
content.

We use publicly available reasoning and process-
supervision benchmarks rather than collecting new
user data. The datasets used in our experiments con-
sist primarily of mathematical or reasoning prob-
lems, generated reasoning traces, and process la-
bels. We did not identify personally identifying
information or offensive content in the examples

used for our experiments. We do not redistribute
raw dataset contents beyond what is already pub-
licly available under the original artifacts’ access
conditions.

L Information About Use of AI Assistants

AI assistants were used to streamline code develop-
ment and polish writing.
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Table 15: GSM8K retained-context example (gsm8k.annotated:912). The complete step sequence is shown
with native CRV labels and the CROP boundary; step text is lightly typeset without changing its calculations.
DeepSeek-R1-8B is the repair model.

Step Original generated trace Annotation CROP

Problem. John drinks one bottle every 30 minutes. A normal Sudoku takes 45 minutes and an extreme Sudoku takes four
times as long. How many bottles does he drink during the extreme Sudoku? Gold: 6. Original: 4.5.

1 A normal Sudoku takes 45 minutes. Clean Retained
2 An extreme Sudoku takes 4 · 45 = 180 minutes. Clean Retained
3 The time difference is 180− 45 = 135 minutes. Error Withheld
4 There are 135/30 = 4.5 half-hour intervals in the difference. Error Withheld
5 John therefore drinks 4.5 bottles. Error Withheld
6 The trace discusses rounding or interpreting 4.5 bottles. Error Withheld
7 The final answer is 4.5 . Error Withheld

Repair outputs
Question only Correctly computes 180/30 = 6 in its reasoning but reaches the 192-token limit after

continuing with an alternative hourly calculation; parsed answer 2.
Wrong

Full trace Identifies that the trace uses the time difference rather than total duration and returns 6 . Correct
CROP prefix Uses the retained 180-minute duration: “180/30 = 6. FINAL: 6” Correct

Why. CROP stops exactly before the first annotated error and retains the key intermediate duration needed to finish the
calculation. The CROP result is consistent with useful retained context, but the question-only contrast is also affected by
output truncation.

Table 16: Artifact, label, and order controls. Panel A balances simple text and dataset cues before comparing
retained prefix length. Panel B checks what happens when label associations or step order are disrupted. PRM-
backed scores remain strong, suggesting their gains are not explained solely by superficial formatting.

Panel A: retained prefix after balancing simple artifacts

Score Risk
Kept after
matching

Gain over
token/format

Token/format logistic 3.6 62.0 +0.0
Trace-feature logistic 4.5 64.0 +2.0
Direct PRM 3.9 89.5 +27.4
Trace features + PRM logistic 3.2 88.1 +26.1

Panel B: label and step-order stress tests on pooled target splits

Control AUROC
Prefix
risk

Prefix
kept

Random 0.501± 0.005 4.5± 0.2 51.0± 1.5
Token/format logistic 0.827± 0.004 4.7± 0.2 78.9± 0.9
Trace-feature logistic 0.861± 0.004 4.6± 0.2 84.0 ± 0.7
Label-shuffled 0.724± 0.014 4.7± 0.2 76.5± 1.0
Trace-order shuffled 0.863± 0.007 4.7± 0.3 78.5± 1.1

Table 17: Cross-domain failures illustrate why calibration must match deployment. Here CROP is calibrated
on one domain and evaluated on another, so the conformal exchangeability assumption is intentionally broken. This
is not a validity claim. Prefix risk, marginal false acceptance (FA), and accept are trace-weighted percentages; prefix
kept is the trace-weighted mean of per-trace retained-prefix percentages.

Train/cal domain Test domain Prefix risk Prefix kept FA Accept

Arithmetic GSM8K 14.8 69.9 13.3 62.5
GSM8K Arithmetic 5.1 69.0 4.4 54.7
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Figure 5: Groupwise diagnostics reveal elevated risk for long traces. We pool Arithmetic and GSM8K only after
applying their separately calibrated domain-specific thresholds. We report empirical prefix-contamination risk (left)
and retained-prefix fraction (right), with 95% intervals over 20 split seeds and the mean held-out group size per split
below each label. Empirical prefix-contamination risk remains near or below the marginal 5% target for traces with
2–9 steps, while traces with 10 or more steps reach 9.7% risk and retain 81.8% of their steps. The dashed line is a
marginal reference, not a length-conditional guarantee.

Figure 6: Prefix risk increases with Arithmetic problem difficulty. We report empirical prefix-contamination risk
(left) and retained-prefix fraction (right), with 95% intervals over 20 split seeds. We use the fixed Arithmetic Trace
features + PRM protocol and do not recalibrate within complexity levels. Empirical risk rises from 2.2–2.3% at
complexity levels 3–5 to 5.6% at level 7 and 7.3% at level 10, while retained-prefix utility remains above 94%.

Figure 7: Dataset-level risk remains near the target, but retained-prefix utility varies substantially. We report
empirical prefix-contamination risk (left) and retained-prefix fraction (right), with 95% intervals over repeated
trace-level splits. We use 20 splits for Arithmetic and GSM8K and 10 for the external datasets, and we calibrate
within each dataset or target domain using its fixed score protocol. Empirical risk ranges from 4.3% to 5.1% across
all six datasets, whereas retained-prefix utility ranges from 21.8% on PRMBench to 97.2% on Arithmetic.
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Figure 8: Later first errors leave more reusable reasoning, but conditional contamination remains heteroge-
neous. We report empirical prefix-contamination risk among erroneous traces (left) and retained-prefix fraction
(right), with 95% intervals over 20 split seeds. Because we exclude all clean traces and define groups using an
annotation unavailable at deployment, the dashed marginal target is a reference only and does not apply conditionally
to these bars. Among erroneous traces, retained-prefix utility increases from 30.6% for early errors to 63.2% for
late errors, while conditional contamination ranges from 29.8% to 38.1%.

40481


