Per-Step Conformal Calibration Does Not Transfer to Agent Trajectories

Li Ning"?  Yang Liu®

Siu Ming Yiu'?

'Brain Investing Limited
jacobwu}@brainvestai.com
yuwu}l@stellaris—ai.com

{bettyguo, smyiu,
{lining, vyangliu,
Abstract

Conformal prediction supplies finite-sample
coverage guarantees for individual language-
model responses. We show that per-step con-
formal calibration need not preserve this guar-
antee along a multi-step agent trajectory: at
a nominal miscoverage level of 10%, per-step
split conformal delivers 83.5% trajectory score-
threshold miscoverage on a fifteen-step web-
navigation agent, and we prove lower bounds
in three regimes of agent dynamics: i.i.d. re-
sampling, memoryless covariate shift, and state-
dependent Markov transitions. The i.i.d. regime
alone accounts for the bulk of the empirical gap;
the third regime, novel to this work, gives, to
our knowledge, the first separation of the trajec-
tory union event from i.i.d. resampling under
marginal-stationary, non-trivial Markov dynam-
ics, a setting in which prior marginal-drift anal-
yses are silent. The separation persists under
exact score stationarity and, for non-degenerate
score laws, holds at any calibration sample size
up to an O(T'/+/n) finite-sample slack. A poly-
nomial a-spending schedule restores end-to-
end coverage to within 1.1 points of nominal
across five agentic-NLP benchmarks and, by
direct substitution, lifts process-reward-model
step verifiers — which on their own miscover
trajectories at 31.5-62.5% — to 9.6-10.6%,
near the nominal target.

1 Introduction

Conformal prediction has become the default tool
for putting distribution-free coverage guarantees
on language model outputs (Vovk et al., 2005; An-
gelopoulos and Bates, 2023; Quach et al., 2024;
Mohri and Hashimoto, 2024; Cherian et al., 2024).
Recent results turn a black-box LLM into a cali-
brator that abstains, filters sub-claims, or hedges
its answer whenever a held-out conformal thresh-
old is exceeded, with finite-sample guarantees that
hold for any model and any scoring function. The
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intended user-facing statement is that, at a nomi-
nal level € = 0.1, the certified output exceeds the
calibrated score threshold at most one time in ten.

This paper shows that the statement above is, in
a precise sense, technically valid only on the first
step of a multi-step agent. On HotpotQA-2hop with
a vanilla retrieval-and-answer trajectory of length
T = 3, the empirical miscoverage of per-step split
conformal prediction is 29.5%, almost three times
the nominal 10%. On a BrowserGym-WorkArena-
L2 web-navigation trajectory of length 7' = 15,
the same calibrator produces 83.5% trajectory mis-
coverage at the same nominal level. The gap is
not a measurement artifact: it exceeds a theoretical
lower bound that we derive in Section 3, account-
ing for i.i.d. resampling compounding and, in a
separate construction, for state-dependent Markov
dynamics.

Why this matters for NLP. Calibration is a trust
contract: when an NLP system reports a 10% mis-
coverage rate, downstream consumers (analysts
evaluating financial reports (Islam et al., 2023), sci-
entists using a literature-search agent, practitioners
relying on multi-hop QA pipelines (Yang et al.,
2018; Trivedi et al., 2022)) read this as a contract
about deployment, not about a single-step setup.
The mismatch we expose breaks the contract by a
factor that grows monotonically with how agentic
the system is: at 7' = 15 and € = 10%, the actual
probability that some step in a step-by-step certi-
fied trajectory exceeds the score threshold is more
than 8 the user-facing nominal. As agentic and
tool-augmented LLM systems (Yao et al., 2023;
Schick et al., 2023; Mialon et al., 2024; Drouin
et al., 2024; Zhou et al., 2024; Jimenez et al., 2024)
become the dominant mode of LLM use, the dis-
crepancy moves from theoretical concern to deploy-
ment concern.

Why naive fixes fail. Bonferroni restores cov-
erage but requires the horizon 7' at calibration
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time. Sequential conformal procedures (Gibbs
and Candes, 2021, 2024; Xu and Xie, 2023; Yang
et al., 2025; Bhatnagar et al., 2023) target long-run
coverage with online label feedback unavailable
mid-trajectory. CRC (Angelopoulos et al., 2024;
Bates et al., 2021) controls per-step risk but inher-
its the same compounding failure. The Coherent-
Factuality DAG (Rubin-Toles et al., 2025) cali-
brates a dependency graph within a single response
but does not extend to chains of tool and retrieval
calls (Section 5).

What we do. We analyse trajectory miscover-
age for conformal LLM agents. Treating the agent
as a Markov chain in score space, we decompose
miscoverage into three regimes: i.i.d. resampling
(R1), marginally drifted (R2), and agent-induced
state-dependent (R3). Prior trajectory-CP analy-
ses (Zheng and Proutiere, 2024; Stankeviciute et al.,
2021; Oliveira et al., 2024; Dietterich and Hostetler,
2022) do not separate marginal stationarity from
i.i.d. resampling at the trajectory union event level.
We provide such a separation (Theorem 1(d)). We
then adapt a polynomial a-spending schedule to
the conformal-trajectory setting, prove it restores
end-to-end coverage with O(c+/log T') width, the
same order as Bonferroni-7', while being anytime-
valid (Section 4), and show the wrapper extends to
process-reward-model step verifiers.

Contributions.

* Compounding-miscoverage theorem (Sec-
tion 3). Three lower-bound constructions
on trajectory miscoverage (Theorem 1), one
per regime. The R3 lower bound is, to our
knowledge, the first separation of marginal-
stationary Markov dynamics from i.i.d. resam-
pling at the level of the trajectory union event;
the per-step rate gap to R1 is small in mag-
nitude (¢2 + O(e?)). Empirically, per-step
CP miscoverage exceeds the R1 prediction
by 3.4 pp on average across our five bench-
marks when weighted by horizon T' (2.9 pp
unweighted; Section 5). The R1 bound cap-
tures the bulk of the gap.

* Trajectory-conformal wrapper (Section 4).
We adapt the polynomial a-spending sched-
ule (Ramdas et al., 2023; Howard et al., 2020)
to give TC-WRAPPER (Algorithm 1); it re-
stores coverage with width O(o+/log T) (The-
orem 2), the same order as Bonferroni-T,
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Figure 1: Trajectory miscoverage versus horizon 7" at
nominal ¢ = 10% on horizon-controlled HotpotQA.
Panels (a) and (b) share a broken y-axis. (a) Per-step
split conformal rises to 91% miscoverage at T' = 20,
above both lower bounds; the band is £1 SE over 3
calibration seeds on 500 test trajectories per horizon
(they widen with 7" and at 7" > 8 are wider than the 10-
seed SEs of Table 1). At this scale the two bounds and
the empirical curve differ by less than the line width, so
(c) replots all three as excess over the R1 bound: the R3
bound accounts for most of the empirical excess, leaving
<0.8 pp. The R3 curve is shown for reference only,
since the concatenated construction resets at every block
boundary (at most every three steps) and cross-block
R3 dynamics are therefore absent (Table 5). (b) TC-
WRAPPER (Algorithm 1) and Bonferroni-7" both hold
the nominal target across the full horizon range, within
1.3 pp (Table 5); on the five benchmarks of Table 1 the
two do not differ significantly (Table 10).

while gaining anytime-validity, and admits an
explicit calibratability gate (Theorem 3) that
returns abstain-uncalibratable when the ob-
served cumulative drift exceeds the available
budget.

* Empirical conditional-drift diagnostic and
validation (Section 5). Across five agentic-
NLP benchmarks, the ratio 7(°™*) exceeds
p by roughly 4x on every benchmark (Ap-
pendix B). Per-step CP miscoverage is near
the R3 bound on all five benchmarks (within
0.8 pp); the wrapper stays within 1.1 pp of
nominal on the five benchmarks (Table 1).

2 Setup: Conformal Calibration of an
Agent Trajectory

We use a deliberately minimal setup: a Markovian
agent, bounded scores, and a single i.i.d. calibration
set.
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Agent and scores. An agent is a Markov process
on a measurable state space X with transition ker-
nel K. Each state X; € & encodes the agent’s
current observation together with the context accu-
mulated up to step ¢ (in our experiments: the latest
retrieved document, prior chain of thought, and
pending tool call). This encoding is what makes
(X:) Markov: a state of this form absorbs history
by construction, so X;+1 | X does not require
conditioning on X ;. The substantive modeling
commitment is time-homogeneity of K, which we
relax to time-inhomogeneous kernels K below. A
score function s : X — [0, 1] assigns each state
a non-conformity score, with larger values indi-
cating the step is more likely to be wrong. Possi-
ble choices include semantic entropy (Kuhn et al.,
2023), a self-evaluation score (Yadkori et al., 2024),
or a process-reward-model score (Lightman et al.,
2024; Uesato et al., 2022) (see Section 4.5).

Assumption 1 (Time-homogeneity). The kernel K
is time-homogeneous: the transition law K (- | x)
does not depend on the step index t.

This is the substantive modeling commitment; the
Markov property itself is automatic given the state
definition. The relaxation to time-inhomogeneous
kernels K is straightforward: one substitutes 7; :=
esssup, TV (K, (- | x), tica1) for ) in every appear-
ance, and p; becomes kernel-specific. Definition 2
already records this extension.

Calibration. Given a calibration set D., =
{Z1,...,Z,} of nii.d. samples from a base distri-
bution jic,) and a target € € (0, 1/2), the standard
split conformal threshold is

Ge = Quant({s(Zi) A W) (1)

For any test point X ~ p., exchangeable with
calibration, Pr[s(X) < ¢.] > 1 — ¢ (Vovk et al.,
2005; Shafer and Vovk, 2008).

Trajectory coverage. Let X ~ pic, and Xyy |
X ~ K(- | X¢). Step t is certified if s(X;) < ge.
The marginal guarantee controls a one-step event;
deployed agents need trajectory-level coverage:

Covy = Pr| s(X;) < ¢ forall t € {1,...,T}],

with 7" the agent horizon and Mist := 1 — Covp
the trajectory miscoverage.

We define two ways the agent’s dynamics deviate
from i.i.d. resampling of fica1.

Definition 1 (Score-law marginal drift). Fort > 1
the marginal score-law drift at step ¢ is

pr = TV(LaW(s(Xt)), LaW(S(Xl))),

the total-variation distance between the law of the
score at step t and the law of the score at step 1.
We use score-law TV rather than state-kernel TV
because the score is the only quantity that enters
the conformal threshold; the data-processing in-
equality gives p; < TV (Law(X;), Law(X1)).

Definition 2 (Agent-induced conditional drift).
The agent-induced conditional drift is

n = esssupTV(K(-|a:), ucal).

T~ feal

The essential supremum is taken with respect
t0 lical. The kernel K is time-homogeneous in
our setting, so mn does not depend on t; for
non-stationary kernels K, one substitutes n; :=
esssup, TV (K (- | x), tical) in every appearance.
The data-processing inequality gives p; < 1) when
Law(X;—1) < ficals in particular when Xy ~
leal and K is stationary. The converse fails in gen-
eral: an agent can exhibit large n while keeping
pt+ = 0 (Appendix A.5).

In the empirical analysis (Section 5), we estimate
nert) .= TV (K (-|a), ptcal) on the two-state certi-
fied/uncertified partition. Since T'V is sign-blind,
n(ee™) alone does not determine the direction of the
R3 effect; the separating quantity K (b|b) is derived
in Appendix A.5.

The agent’s trajectory law can deviate from
i.i.d. resampling of i, in three regimes: (RI)
stationary-but-dependent (Law(X;) = pica for ev-
ery t,n = 0); (R2) marginally drifted (p; > 0 via
memoryless covariate shift); (R3) agent-induced
(n > 0, independent of whether p; is zero). (R1)
is the textbook idealization under most existing
conformal-LLM analyses; (R2) is step-by-step co-
variate shift; (R3) is non-trivial state-dependent dy-
namics, separated from (R1) and (R2) at the level
of the trajectory union event in Theorem 1(d).

3 The Compounding Miscoverage
Theorem

This section states our main result: per-step split
conformal calibration cannot preserve end-to-end
coverage along an agent trajectory, and the failure
rate is bounded in each of the three regimes.
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3.1 Statement

We add three further assumptions. Assumptions 2
and 4 hold in all our experimental setups (the single
exception being that parse failures, uncertified at
every threshold, are scored above the range and so
exit Assumption 2; Section 5); Assumption 3 is
verified for the PRM score (Appendix B), is not
verified for SelfEval, and fails for SemEnt, whose
K = 5-sample estimate takes at most seven distinct
values (it enters only the finite-sample slack of the
lower bounds, Section 4.5).

Assumption 2 (Bounded scores). The score func-
tion satisfies s : X — [0, 1].

Assumption 3 (Continuity at the threshold). The
score distribution under L., has a density that is
bounded above by a constant C,, in a neighbour-
hood of the population (1—¢)-quantile.

Assumption 4 (Initial exchangeability). X is
drawn from L., and is exchangeable with D).

Assumption 2 is a normalization: any bounded
score function can be rescaled. Assumption 3 rules
out degenerate atoms at the threshold and is stan-
dard in conformal prediction (e.g., Lei et al., 2018).
Assumption 4 reflects how calibration sets are con-
structed in practice, by sampling initial states of
trajectories. Proposition 1 (Appendix A) quantifies
the inflation when this assumption fails by total-
variation distance Ag: every coverage bound be-
low inflates by an additive Ag. Empirically (Ap-
pendix B) Ap < 0.037 on all five benchmarks.

Theorem 1 (Compounding miscoverage; main
result). Under Assumptions 1 and 24, fix ¢ €
(0,1/2) and T > 1. Let . be the per-step split
conformal threshold defined in Equation (1) com-
puted from n i.i.d. calibration samples, and let
(X:)L, be the agent trajectory.

(a) Upper bound. Fix 6 € (0,1). For any agent
kernel K, with probability at least 1 — § over the
calibration draw,

T
Misy < Te + Y pr+ Ty 2522 ()
t=1

(b) RI lower bound, stationary regime. In
the limit n — oo, the i.i.d. resampling kernel
K*(:|z) = pical achieves py = 0 and n = 0, yet

Misp > 1—-(1—-¢)f > 1-eT. (3

(c) R2 lower bound, memoryless marginal drift.
In the limit n — oo, for every p € [0,1—¢) the

memoryless kernel K}(-|x) = v, with v,(b) =
€ + p achieves marginal drift sup;>o p = p and

Misp > 1— (1—e)(1—e—p)T7L (@)

(d) R3 lower bound, agent-induced conditional
drift. In the limit n — oo, there exists a state-
dependent Markov kernel K° on a two-state space
{a, b} such that (i) the unique stationary distribu-
tion of K° equals jic.1, so pr = 0 for every t, (ii)
the conditional drift from the certified state a is
TV(K°(-|a), pteal) = €2/(1 — ¢€); the correspond-
ing transition probability K¢(bla) =¢/(1 —¢€) is
the maximum from the certified state compatible
with py = 0; this kernel also maximises trajectory
miscoverage among all stationary two-state ker-
nels; and (iii) the trajectory miscoverage satisfies

T-1

Misp > 1— (1—5)(%) NG
For every T' > 2 the right-hand side of (5) strictly
exceeds the right-hand side of (3); for ¢ — 0
the per-step rate gap is log((1—¢)/(1—2¢)) —
log(1/(1—¢)) = €2 + O(e?), accumulating to a
T<? excess miscoverage rate under agent-induced
dynamics.

Theorem 1 characterizes how badly per-step
conformal calibration can fail along a trajectory.
Part (a) upper-bounds the failure rate by the stan-
dard Bonferroni term T'e plus a drift correction.
Parts (b) and (c) recover the regimes prior work
has studied; part (d) constructs an agent whose dy-
namics push miscoverage strictly above the i.i.d.
resampling rate while still satisfying p; = 0, the
regime where any marginal-drift analysis is silent.
The extremal kernel K° achieves this through anti-
persistent exceedances (K °(b|b) = 0): a step that
exceeds the threshold is followed by one that does
not, pushing more probability into the certified
state’s exit rate K°(bla) = €/(1—¢). The lower
bounds in parts (b)—(d) hold in the limit n — oo
and are tight up to O(7'/+/n) at finite n. Part (d)’s
construction and the projection to general state
spaces are in Appendix A.5; the closest prior bound,
Zheng and Proutiere (2024), bounds the per-step
coverage gap by +/tmix log n/n and does not sepa-
rate marginal stationarity from the trajectory union
event. Barber et al. (2023) gives our drift term but
is silent on (R3); CRC (Angelopoulos et al., 2024)
controls per-step risk and does not aggregate to
trajectory coverage (Table 1).
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4 The Trajectory-Conformal Wrapper

Theorem 1 shows that the per-step threshold ¢, is
the wrong object for a multi-step agent: it con-
trols a marginal step probability when the user
cares about a union over the whole trajectory. We
give an elementary fix. The polynomial sched-
ule oy = 6¢/(7?t?) in Algorithm 1 is the stan-
dard Basel-sum a-spending schedule from anytime-
valid inference (Ramdas et al., 2023; Howard et al.,
2020). Our contribution is the analysis: applied
to the conformal threshold of an LLM-agent tra-
jectory, the schedule restores end-to-end coverage
with O(o+/logT) width while gaining anytime-
validity over horizon-aware Bonferroni-7. The
wrapper itself is not new machinery; the width-
order result and the trajectory-CP application are.

4.1 Construction

The wrapper takes the same calibration set D.,j, the
same target £, and the same agent. The only change
is that the threshold becomes a deterministic, step-
dependent schedule.

Algorithm 1 Trajectory-conformal wrapper (TC-
WRAPPER).

Require: Calibration scores {s(
horizon T (or T' = 00).
1: Define the level schedule o; < % fort =
1,2,...
2: fort =1to T do
Compute the per-step
old at level 1—oy: %
Quant ({s(Z;)}; min{ [(nt1)A=ar)] 1})
: Observe X; from the agent
5: if s(X;) > ¢; then
abstain (escalate or restart the trajec-

Z;)}t,, target g,

thresh—

tory).
: else
certify step ¢ and continue.
: end if
10: end for

The Basel identity Y ;°, 6/(7%t?) = 1 gives
Zf; oy = € exactly; the first step receives o ~
0.608e. At T' = 15 the partial sum is = 0.961¢,
leaving ~ 0.4 pp unused. The DKW-slack term

log(2/0)/(2n) ~ 0.65 at our operating point
(0 =0.05, T = 15, n = 1,000) is loose; empirical
wrapper miscoverage is within 1.1 pp of nominal
on the five benchmarks (Table 1).

Finite-calibration-set constraint. The schedule
requires a; > 1/(n+1) for a finite empirical quan-
tile; at n = 1,000, € = 0.10 the level saturates at
t = 6 and the ceiling [(n+1)(1—ay)] exceeds n at
t > 8. Algorithm 1’s min{-, 1} clamp sets g; to the
calibration maximum for these steps and each step
contributes at most 1/(n+1) ~ 0.001 exceedance.
Theorem 2’s a-budget >, a; < ¢ is uniform in
T by the Basel identity; clamping only makes the
realised level more conservative than a;. Empir-
ical miscoverage remains below nominal across
the full range we tabulate (Table 5). The wrap-
per is non-adaptive, runs in O(nlogn + T'logn)
time, and wraps any conformal score (Quach et al.,
2024; Mohri and Hashimoto, 2024; Cherian et al.,
2024; Yadkori et al., 2024; Rubin-Toles et al., 2025;
Lightman et al., 2024); our coverage proof uses the
union-bound route (Theorem 2).

4.2 Coverage guarantee

Theorem 2 (Wrapper coverage). Let (§:)¢>1 be the
schedule produced by Algorithm 1 at target level €,
and let (X¢)¢>1 be the trajectory of any agent sat-
isfying Assumptions 2 and 4. With probability at
least 1 — & over the calibration draw, for every
T>1,

Pr[at <T:s(Xy) > Qt}

T
< e+ Zpt + T/log(2/0)/(2n).
t=1

The o-budget ), oy < € is uniform in T' (anytime-
valid); the finite-sample slack T A grows linearly
in T" and makes the PAC form conservative at long
horizons. Assumption 3 is not required for this
result.

The proof, in Appendix A, uses a CDF-space
argument (Boole’s inequality on per-step events
combined with DKW-based quantile concentration
and the summability of «) that avoids the density-
based translation step and removes the factor of 2
on the drift term.

4.3 Width and efficiency

For sub-Gaussian scores, both TC-WRAPPER
and Bonferroni-T" have O(o+/logT') width; TC-
WRAPPER pays a constant-factor width cost in ex-
change for anytime-validity. Mean certified-prefix
length (the number of certified steps before the
first exceedance divided by the number of steps
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taken, averaged over test trajectories and calibra-
tion seeds) is 93.8% (polynomial) versus 96.1%
(Bonferroni-T'); a LIL variant narrows this gap to
0.4 pp (Appendix B).

4.4 Drift correction and the calibratability
gate

Equation (6) contains a ) _, p; drift term: the basic
wrapper has coverage € only when p; = 0. When
drift is non-trivial we shrink the level schedule
uniformly by a drift-correction factor.

Theorem 3 (Drift-corrected wrapper coverage).
Let p1, ..., pr be drift estimates with | Zthl (pr —
pt)| < T on an event D, of probability at least
1 —bavife. Define ST = Ethl Py and the corrected
schedule

of = ap- (1-52). (7)

Let TC-WRAPPER-DC be Algorithm 1 with oy
replaced by o). If Sp < e (the wrapper is calibrat-
able), under Assumptions 2 and 4, with probability
at least 1 — 0 — Oqrift,

Pr|3t <T:s(Xy) > q}'t] < e4+7+TY/ %.

A (®)
If St > ¢ the wrapper returns abstain-
uncalibratable and the user is informed that the

observed cumulative drift exceeds the available
budget.

Equation (7) absorbs the drift inflation into
the budget, leaving only the estimation error 7.
The gate Sp < e is transparent: cumulative
drift beyond ¢ exhausts the union-bound budget.
In our experiments 7 is estimated by split-bank
cross-validation on the m = 200 trajectory bank,
yielding 7 € [0.0007,0.0014] (Table 6); dqyitt
is not instantiated separately because the cross-
validation estimate bounds variability, not a for-
mal high-probability event. The basic wrapper is
strictly anytime-valid; the DC variant requires a
pre-specified 1" at the gate (Appendix A.8). Drift
estimation and the uniform-scaling design choice
are detailed in Appendix B.

4.5 Plug-in for step verifiers

Process and outcome verifiers (Lightman et al.,
2024; Uesato et al., 2022; Wang et al., 2024;
Yu et al, 2024; Cobbe et al., 2021) train
step- or outcome-level correctness signals with

heuristically-tuned thresholds. TC-WRAPPER re-
quires only Assumptions 2 and 4 for coverage (The-
orem 2); Assumption 3 enters only in the finite-
sample slack of the Theorem 1(b)—(d) lower bounds
(not the wrapper guarantee), so any bounded ver-
ifier score gives a coverage guarantee by direct
substitution. We verify Assumption 3 for the PRM
score in Appendix B because it enters the lower-
bound slack.

Remark 1 (PRM bridge). Let sprm @ X —
[0, 1] be a step-verifier score satisfying Assump-
tion 2. Suppose Assumption 4 holds for the pair
(SPRM, ufaﬁ{M), where HCPanM is the calibration dis-
tribution of sprym scores.! Applying Algorithm 1
with score sprw at target € yields, by direct substi-
tution into Theorem 2, that with probability at least

1 — § over the calibration draw, for every T > 1,

Pr[ﬂt <T:sprm(Xy) > @t}

< e+ 3 P 4 T /log(2/5)/(2n),

where pf RM s the PRM-specific score-law drift.

Section 5 verifies the bridge empirically on three
benchmarks where step-correctness labels are avail-
able.

5 Experimental Setup and Results

Our experiments verify the lower bounds of Theo-
rem 1(b) and (d), the coverage guarantee of Theo-
rem 2, and the PRM bridge of Remark 1.

Tasks and models. Five benchmarks under a Re-
Act (Yao et al., 2023) scaffold, listed with median
trajectory length (the lower bounds in Theorem 1
are stated for fixed 1" and evaluated at the me-
dian): HotpotQA-2hop (Yang et al., 2018) (1" = 3);
MuSiQue-Ans (Trivedi et al., 2022) (T' = 4); Fi-
nanceBench (Islam et al., 2023) (T' = 5); GAIA-
L1 (Mialon et al., 2024) (T' = 8); BrowserGym-
WorkArena-L2 (Drouin et al., 2024; Boisvert et al.,
2024; de Chezelles et al., 2025) (IT' = 15). Each
benchmark’s task pool (HotpotQA: 7,405 dev ques-
tions; MuSiQue: 2,417 dev; FinanceBench: 150
released questions; GAIA-L1: 53 validation ques-
tions; WorkArena-L2: 235 tasks) is split at random

'PRM scores from a logistic head can place point masses
at 0 and 1. Assumption 3 requires only a bounded density at
the population (1—¢)-quantile, which lies in the interior of
(0,1) for e = 0.10. We verify empirically that the PRM score

densit%f in a £0.05 neighbourhood of the threshold is at most
CE RM — 8.5 on every benchmark (Appendix B).
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into two disjoint halves. Each benchmark is evalu-
ated on 500 test trajectories sampled with replace-
ment from one half; benchmarks with fewer distinct
tasks therefore contain repeated tasks across trajec-
tories. Calibration uses n = 1,000 i.i.d. trajectory
initial-state scores drawn with replacement from
the other half (under SemEnt, multiple rollouts
of the same task yield distinct scores via indepen-
dent stochastic sampling at temperature 0.7; for
SelfEval and the PRM score, variation across roll-
outs comes from environment stochasticity alone,
so the calibration distribution is coarser on small-
pool benchmarks). Each Z; is the score s(X fz))
at the initial state of an independent trajectory
X Y) ~ [tcal. This construction makes Assump-
tion 4 (initial exchangeability) automatic at calibra-
tion time; the deployment-time A (Proposition 1)
measures the residual distribution shift between
calibration and test initial-state distributions and is
reported in Appendix B. Models: Llama-3.1-8B-
Instruct (Grattafiori et al., 2024) and Qwen-2.5-7B-
Instruct (Qwen Team, 2024), with Llama-3.3-70B-
Instruct (Meta, 2024) as a frontier spot check (Ta-
ble 4). All agents select actions via greedy decod-
ing (temperature 0); SemEnt scoring draws K = 5
responses at temperature 0.7 per step for entropy
estimation, separate from the action-selection de-
code. Step limits are set per benchmark, and gen-
eration and prompt token limits globally, in the
released configuration files. Prompt templates fol-
low the ReAct format of Yao et al. (2023), with
few-shot examples adapted to each benchmark’s
action space (released with the code). Environment
versions: BrowserGym and the WorkArena++ L2
task suite (Boisvert et al., 2024) as of November
2024 (package versions recorded in the released
code), GAIA-L1 validation split. Model weights
are the default Hugging Face releases at the time
of experiments (May 2026).

Scores. Semantic entropy (SemEnt, Kuhn et al.,
2023) with K = 5 samples per step clustered via
a DeBERTa-v3-large NLI cross-encoder (bidirec-
tional entailment at threshold 0.5). The unit scored
at each step is the parsed ReAct action (type and
argument; the Finish answer at the final step);
steps without a parseable action are scored as un-
certified; self-evaluation (SelfEval, Yadkori et al.,
2024); plus a PRM trained LLM-as-judge style on
a separate, held-out 1,000-trajectory bank (disjoint
from the n = 1,000 calibration set; drawn, like
the test set and the m = 200 drift bank, with re-

placement from the evaluation half of the pool, so
it may repeat tasks but shares no trajectory with the
test set) for Section 5. Gold step-correctness labels
come from each benchmark’s reference annotations
(HotpotQA and MuSiQue: gold supporting para-
graphs for retrieval steps and the gold answer for
the final step, with MuSiQue’s gold hop decompo-
sition supplied to the judge as additional reference;
GAIA-L1: the gold final answer). A Llama-3.1-
8B-Instruct judge assigns binary correct/incorrect
labels by comparing agent outputs to these refer-
ences; a logistic head on the frozen DeBERTa-v3-
large NLI encoder is trained on the resulting (step,
label) pairs.

Calibrators compared. Per-step split
CP (Quach et al., 2024); Bonferroni-T
ACI (Gibbs and Candes, 2024) with online
step size yacr = 0.05, run within each trajectory
from level e, with oracle step-level labels as
feedback where a gold step label exists (HotpotQA
and MuSiQue steps; the final step of GAIA-L1)
and the step’s own exceedance indicator elsewhere;
CRC (Angelopoulos et al., 2024; Bates et al., 2021)
with step-wise indicator risk (per-step threshold
at the empirical quantile level ((n+1)e — 1)/n);
Coherent-DAG (faithful) (Rubin-Toles et al., 2025)
with each tool/retrieval/generation call treated
as a separate single-response calibration (the
trajectory-adapted variant is in Appendix B);
TC-WRAPPER (Algorithm 1) with the polynomial
schedule. Coverage at ¢ = 0.10 is the headline
metric. Ten random seeds for the calibration draw
are used except where noted (three seeds for the
70B spot check and the horizon-controlled experi-
ment of Figure 1), with paired bootstrap (10,000
resamples) for pairwise significance (Appendix B,
Table 10). Table 1 reports the empirical analogue
of Misy: for per-step CP, the event {s(X¢) > §.
for some ¢ < T'}; for the wrapper, {s(X:) > ¢
for some t < T}. A trajectory that terminates
before step 1" contributes only the steps it contains;
a step without a parseable action counts as an
exceedance at every threshold, and a parse failure
at a calibration initial state enters D, as a score
above the range. Correctness-signal fidelity is
discussed in Appendix B.

Per-step split conformal misses the nominal tar-
get by 19.5 to 73.5 points across the five bench-
marks. With the SemEnt score, empirical mis-
coverage lies between the R1 and R3 bounds on
two benchmarks (MuSiQue, FinanceBench) and
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above the R3 bound on three (HotpotQA, GAIA-
L1, BrowserGym) by at most 0.8 pp. All five
benchmarks exceed the prior R1 lower bound by
2.0 to 4.1 points (T-weighted average 3.4 pp). Self-
Eval per-step CP falls below the R3 bound on all
five benchmarks (by up to 2.0 pp), so the align-
ment with R3 is score-dependent; wrapper mis-
coverage agrees within 0.2 pp across both scores,
confirming coverage is determined by the sched-
ule. CRC fails trajectory coverage with the same
compounding mechanism as per-step CP. Coherent-
DAG (faithful) reduces trajectory miscoverage but
remains far from nominal (trajectory-adapted vari-
ant in Appendix B). ACI leaves trajectory mis-
coverage in the 18-45% range. Paired-bootstrap
tests place TC-WRAPPER below per-step CP and
CRC at p < 0.001 on every benchmark, and be-
low Coherent-DAG at p < 0.01; the wrapper
vs. Bonferroni-1' comparison is not significant
(p > 0.2), consistent with no significant differ-
ence in coverage at this sample size (Table 10). All
TC-Wrapper vs. per-step-CP and vs. CRC com-
parisons survive Holm—Bonferroni correction over
the 20-test family; the Coherent-DAG comparisons
are significant at the uncorrected p < 0.01 level
(Table 10).

Wrapper coverage, efficiency, and drift diagno-
sis. TC-WRAPPER achieves trajectory miscov-
erage within 1.1 points of nominal ¢ = 0.10 on
the five benchmarks with either score function
(Table 1); the width gap to Bonferroni-7' is the
price of anytime-validity. Conditional drift 7(cert)
exceeds marginal drift p by roughly 4x on ev-
ery benchmark (Table 3, Figure 2), though both
quantities are near or below the estimator’s res-
olution (Appendix B); per-step CP exceeds the
R1 lower bound by a T-weighted average of 3.4
pp- The residual is consistent with the R3 lower
bound (within 0.8 pp absolute deviation), but is
equally consistent with i.i.d. compounding at a
per-step exceedance rate of ~11% (slightly above
e = 10%): for each benchmark the implied i.i.d.
per-step rate p satisfying 1—(1—p)7 = Misr falls
in [10.7%, 11.3%)], close to the R3 kernel’s exit
rate £/(1—e) = 11.1%. Horizon scaling, a 70B
spot check, drift-perturbation analysis, and a mech-
anism ablation are in Appendix B.

PRM bridge: step verifiers inherit coverage.
On HotpotQA, MuSiQue, and GAIA-L1 (the three
benchmarks with extractable step-correctness la-
bels), per-step PRM at its empirical (1—e)-quantile

produces trajectory miscoverage 31.5-62.5% (Hot-
potQA’s 31.5% exceeds the union-bound ceiling
Te = 30%, confirming a per-step exceedance
rate above € on that benchmark); step verifiers
are not exempt from Theorem 1. Plugging the
PRM score into TC-WRAPPER restores coverage
to 9.6-10.6%; two of three benchmarks fall be-
low nominal and one (GAIA-L1, 10.6%) exceeds
it by 0.6 pp, which is within the test-set sampling
uncertainty of +2.7 pp (Wilson 95%) (Table 2, Ap-
pendix B). The correctness-space interpretation de-
pends on the fidelity of the judge-generated labels
(Appendix B).

6 Related Work

Conformal prediction for language models.
Quach et al. (2024); Mohri and Hashimoto (2024);
Cherian et al. (2024); Yadkori et al. (2024); Ravfo-
gel et al. (2023); Kumar et al. (2023); Fisch et al.
(2021); Jung et al. (2023); Chen et al. (2024) cal-
ibrate single-response prediction sets, abstention
rules, or sub-claim filters (see Campos et al., 2024
for a survey); Rubin-Toles et al. (2025) extends to
a deducibility-DAG inside one chain of thought.
Theorem 1 shows trajectory miscoverage scales
strictly faster than 1—(1—¢)” under agent-induced
dynamics.

CP under non-exchangeable and dependent
data. Zheng and Proutiere (2024) bound
marginal coverage on a Markov chain by
\/tmix log(n)/n, silent on the union event;
Stankeviciute et al. (2021) apply Bonferroni-
T (requires horizon); Oliveira et al. (2024);
Dietterich and Hostetler (2022); Barber et al.
(2023) treat single-step coverage, trajectory-wise
MDP intervals, and weighted-TV respectively;
none separates the trajectory union from i.i.d.
resampling (Appendix B). Tibshirani et al. (2019)
weights covariate shift; online recalibration (Gibbs
and Candes, 2021, 2024; Xu and Xie, 2023;
Yang et al., 2025; Bhatnagar et al., 2023) needs
labels. The schedule builds on anytime-valid
inference (Ramdas et al., 2023; Howard et al.,
2020; Waudby-Smith and Ramdas, 2024) and
Markov-mixing (Levin and Peres, 2017; Roberts
and Tweedie, 1996); Lei et al. (2018); Bates et al.
(2021); Angelopoulos et al. (2024, 2025) are the
marginal-CP primitives we extend. Concurrent:
Kotte (2026) proposes a max-score reduction for
multi-stage NLP pipelines; Dou et al. (2026) uses
conformal set-size deferral for multi-tier LLM
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Trajectory miscoverage (%) at e = 0.10

HotpotQA MuSiQue FinanceBench GAIA-L1 BrowserGym

Method T—3  T—1 T—5 =8  T=15 Mean
Per-step CP (SemEnt) 29.5+14 364 +15 43.1 +15 60.9 +15 83.5 +1.1 50.7
Per-step CP (SelfEval) 282 +14  35.0+15 41.8 +15 59.2 +15 81.8 +1.2 49.2
ACI 185412 22.0+13 26.2 +14 31.5+14 454 +15 28.7
CRC 278 +14 347 +15 40.7 +15 56.0 15 76.2 +13 47.1
Coherent-DAG 27.5+14 35015 41.0 +15 56.0 +15 78.5 +12 47.6
Bonferroni-T 9.4 +10 9.4 +10 9.5 +10 9.6 £1.0 9.7 +10 9.5
TC-WRAPPER (poly, ours) 8.9 +t10 9.2 +1.0 9.3 +10 9.4 +1.0 9.5 10 9.3
TC-WRAPPER (poly, SelfEval) 9.1 +1.0 9.4 +10 9.5 +10 9.6 +10 9.7+10 9.5
Theorem 1(b) R1 LB 27.10 34.39 40.95 56.95 79.41 -
Theorem 1(d) R3 LB 28.89 36.79 43.81 60.54 82.70 -

Table 1: Main results. Trajectory miscoverage at nominal € = 0.10, with 500 test trajectories per benchmark and
standard errors over 10 calibration seeds (each evaluated on 500 test trajectories), rounded to one decimal. The
uniform £1.0 SEs on the wrapper and Bonferroni-7" rows, and the near-identical point estimates on the TC-Wrapper
(SelfEval) and Bonferroni-1" rows, reflect the fact that both procedures clamp near-nominal miscoverage into a
narrow range where seed-to-seed variation rounds identically. Test-set sampling uncertainty at n=500 is 2.5 to
+4.3 pp (Wilson 95%) and is not shown. The headline TC-WRAPPER row uses SemEnt, with a matched-design
SelfEval row reported directly below for score-robustness (< 0.2 pp gap on every benchmark after rounding to one
decimal, confirming wrapper coverage is determined by the schedule rather than the score). Empirical per-step
CP lies near the R3 bound on all five benchmarks (within 0.8 pp on every benchmark); R3 is strictly above the
prior R1 lower bound from Theorem 1(b). TC-WRAPPER holds coverage within 1.1 pp of the target on the five
benchmarks; the paired-bootstrap significance test (Table 10) places it below per-step CP and CRC at p < 0.001
and below Coherent-DAG at p < 0.01. The wrapper-vs-Bonferroni-7T" comparison is not significant per benchmark
(p > 0.2); the certified-prefix comparison is in Section 4. The Coherent-DAG row is the “faithful” variant defined
in Section 5; the trajectory-adapted variant is in Appendix B.

cascades. for the bulk, and Theorem 1(d) isolates a compo-
nent arising from anti-persistent exceedances that
no marginal-drift analysis can see. Any system
reporting per-step coverage as trajectory coverage
will systematically overstate reliability.

The remedy is elementary. Spending the error
budget across steps rather than at each of them
holds TC-WRAPPER within 1.1 pp of nominal on
all five benchmarks at Bonferroni-7"s width order
while buying anytime-validity; substituting a PRM
score reduces trajectory miscoverage from 31.5—
62.5% to 9.6-10.6%, bringing step-verifier cover-
age to within 0.6 pp of nominal. The wrapper is
score-agnostic and requires no changes to the agent,
so it can be applied retroactively to any deployed
system with per-step scores. As agents grow longer
and more autonomous, the compounding gap will
only widen, making the distinction between per-
step and trajectory-level guarantees increasingly
consequential for deployment decisions. We hope
these results encourage trajectory-level coverage as
the default reporting standard for agentic systems.

Step and outcome verifiers and agentic NLP.
Process and outcome verifiers (Lightman et al.,
2024; Uesato et al., 2022; Wang et al., 2024) train
heuristic step- or outcome-level signals (Yu et al.,
2024; Cobbe et al., 2021); the wrapper supplies
finite-sample coverage by substitution. Agentic-
NLP benchmarks (Mialon et al., 2024; Jimenez
et al., 2024; Zhou et al., 2024; de Chezelles et al.,
2025; Drouin et al., 2024; Boisvert et al., 2024,
Yao et al., 2025; Liu et al., 2024) report reliability
degradation across repeated trials (Yao et al., 2025);
related areas include multi-hop QA (Trivedi et al.,
2023; Ho et al., 2020), test-time scaling (Snell
et al., 2025), and factuality and hallucination detec-
tion (Min et al., 2023; Manakul et al., 2023); full
comparison in Table 8.

7 Conclusion

The object a per-step conformal threshold controls
is a marginal step probability; the object a deployed

agent’s user cares about is a union over the trajec-
tory. That mismatch produces up to 83.5% trajec-
tory miscoverage at nominal € = 0.10. Three lower
bounds locate the failure: i.i.d. resampling accounts

Limitations

Drift estimation: the wrapper’s bound includes
a ), p¢ term estimated from a held-out bank of
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m = 200 trajectories. The drift-corrected variant
(Section 4.4) replaces this with a calibratability
gate Sr < e; all five benchmarks pass ate = 0.10
(Table 11). Initial exchangeability: Assumption 4
requires the initial state X to be exchangeable
with the calibration set. Proposition 1 shows that
the deployment-time initial-state TV A inflates
every coverage bound additively, transferring the
calibration burden to a measurable quantity (Ap-
pendix B).

Score-space vs. correctness-space measure-
ment. The empirical miscoverage rates we re-
port are score-space rates: the event {s(X;) >
Ge for some ¢t < T'}, which is what the conformal
threshold is calibrated to control. The user-facing
reading “the agent is wrong at most ¢ of the time”
additionally requires that the score s be a faith-
ful signal for step-level correctness. The PRM
experiments (Section 5) address the correctness-
signal question directly because the PRM is trained
on gold step labels; the SEMENT and SELFEVAL
experiments do not, and the correlation between
these scores and step correctness is reported in Ap-
pendix B as a separate diagnostic.

Where anytime-validity pays off. The practical
case for anytime-validity is when the horizon is
unknown at calibration time, the common situation
for browse-until-found and open-ended reasoning
agents.

Ethical Considerations

The principal implication is cautionary: calibra-
tors that appear to deliver coverage at level ¢ on
standard single-shot benchmarks may, wrapped
around a multi-step trajectory, deliver coverage
an order of magnitude worse. In regulated set-
tings (financial audit, clinical decision support, le-
gal research), trajectory-level miscoverage is the
quantity that should be reported and the wrapper is
intended as a defensive tool for trajectory-level cov-
erage reporting. Our data, models, and benchmarks
are publicly available (GAIA under gated access);
FinanceBench is used under its research license;
HotpotQA, MuSiQue, and GAIA are used under
their respective open-research licenses; Browser-
Gym/WorkArena under Apache-2.0; Llama-3.1/3.3
under the Llama Community License; Qwen-2.5
under Apache-2.0; the DeBERTa-v3 NLI cross-
encoder under Apache-2.0. Compute was ~ 212
A100 GPU-hours total. The wrapper itself does

not raise new risks beyond those of the underlying
agent.

Reproducibility

The released code is publicly available at
https://github.com/driftlab-ai/
trajectory-conformal.
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A Full Proofs

This appendix contains complete proofs of Theo-
rems 1, 2, 3, Remark 1, and Proposition 1.

A.1 Notation and preliminaries

Let F,(u) = Prxpu,,[s(X) < wu] denote the
population score distribution function, and let
Fu(u) = n~' 0" 1{s(Z) < u} denote its
empirical counterpart. The Dvoretzky—Kiefer—
Wolfowitz inequality with the tight constant of Mas-
sart (1990) (see also Vovk et al., 2005) gives, for
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any § € (0,1),

Fo(u) — Fu(u)] <

Pr[sup
u

log(2/6
) F
)]

A.2 Proof of Theorem 1, part (a)

Proof. Let Ay = {s(X;) > ¢-} and Epkw be the
DKW event (9) with Pr[€pkw] > 1 — §. We work
on Epkw throughout; the failure event contributes
at most ¢ separately and is absorbed into the high-
probability statement of Theorem 1(a).

CDF-space per-step bound. Define A :=
log(2/6)/(2n).  On Epkw, for every u,
Fu(u) < E,(u) + A. Let F, denote the CDF
of s(X) under fic,1, and F),, the CDF of s(X;).
For each step ¢, the CDF-space argument gives:

litr[s > ds] =1- F#t(d&)

< 1_(FM(QAE)_pt)
<1—(Fu(de) — A —py)
S6+A+pta

where the second line uses | F},, (u) — Fj,(u)| < py
(the TV variational identity applied to the event
{s < u}), the third uses F,(¢.) > Fn(4.) — A
from the DKW event, and the fourth uses F}, (¢.) >
(1—¢) by definition of the empirical quantile. This
argument works entirely in CDF space: no density
bound is needed, no score-space shift is introduced,
and each per-step probability incurs only a single
Pt term.

Union bound and final slack. Applying Boole
to the trajectory union (on Epkw, the DKW bound
holds uniformly over u, so it applies at the ran-
dom point u = ¢.; moreover Xy L D, gives
Pr(s(X¢) > Gc | Deal) = 1 — F),,(g:) pointwise):

T

T
Pr[U{s(Xt) > qg}] < Zﬁf[s > e
t=1 t=1

T

§T€+Zpt+TA
t=1

T
=T+ py
t=1

log(2/4)

2n

+T

using A = 4/log(2/6)/(2n). The same DKW
event controls all T" quantile shifts simultaneously;

each per-step probability incurs its own A slack,
giving the T'-factor on the slack term in Equa-
tion (2). The CDF-space argument avoids the
density-based translation and its second TV in-
flation, yielding ), p; rather than 2, p;. The
parallel computation appears in the wrapper proof
(Section A.6, Equation (10)). [

A.3 Proof of Theorem 1, part (b)

Proof. We use the discrete construction X =
{a,b}, s(a) = 0, s(b) = 1, peat(a) = 1 —
e, K*({|xr) = pca for clarity of exposition.
Under this construction, the calibration scores
s(Z1),...,5(Zn) Y Ber(e) and ¢. € {0,1}. On
the calibration event &, := {¢. = 0}, certified
= {a}, and the trajectory X, ..., X is i.i.d. pical
under K*, 50 Pr[X; = aforallt | &,] = (1—¢)7,
giving conditional Misy = 1 — (1 — )7

Continuous lift for the unconditional bound.
The asymptotic statement requires that Pr[&,,] — 1
as n — oo, which the discrete construction does
not satisfy (the indicator 1{g. = 0} remains fluctu-
ating because of the tie at the population quantile).
The remedy is a continuous-score lift: let | =
Uniform([0, 1]) with s(x) = z,s0 ¢} =1 — € and
C,, = 1. The DKW event of Equation (9) places
g within A = O(y/log(2/d)/n) of ¢ on the
high-probability event, and Pr,, [s(X¢) > ¢:] >
e — C,A. For iid resampling under K* = p/,,

Misp > 1—(1— (e —C,A))"
> 1-(1-e)f =TC,A,

which equals 1 — (1 —¢)7 in the limit n — oo and
lies within O(T'/+/n) of that limit at finite n. The
algebraic content of the discrete construction (the
(1—¢)7 rate) is preserved under the lift; the lift buys
high-probability concentration of the calibration
event. Finally 1 — (1 —¢)T > 1—e~*T by log(1 —
x) < —x.

The kernel K™ is i.i.d. resampling, not an ad-
versarial agent. The result is that the single-step
information in ¢. does not amortize across the tra-
jectory. O

A.4 Proof of Theorem 1, part (c)

Proof. Take K, (-|xr) = v, where v, is the p-
shifted version of the continuous lift of part (b),
defined so that Pr, [s > ¢f] = € + p. Then

Xo, ..., X g v, independently of X; ~ pul .
The score-law TV between X; for ¢ > 2 and the
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calibration distribution is exactly p, so p; = p for
t > 2 (and p; = 0). On the DKW event §. is
within A = O(/log(2/6)/n) of ¢}, and

Misy > 1—(1—¢)(1—e—p)T~' —O(T/Vn).

The asymptotic (n — oo) form is the bound stated
in Equation (4). This is memoryless covariate shift;
it captures classical step-by-step distribution shift
but no agent-style dynamics. Part (d) treats the
latter. O

A.5 Proof of Theorem 1, part (d)
Proof. The kernel K° is defined on X = {a,b}
with s(a) = 0, s(b) = 1, pical(a) = 1—e by

£

K(bla) = ——.

Ko(b|b) = 0,

so K°(ala) = (1—2¢)/(1—¢) and K°(alb) = 1.
Parts (b) and (c) of Theorem 1 use the i.i.d. resam-
pling kernel K*(-|x) = pica and its memoryless
perturbation v,(b) = ¢ + p respectively; neither
is agent-style. K° is genuinely state-dependent:
transitions out of the certified state a are heavier
than under K™, since K°(bla) =¢/(1—¢) > e =
K*(bla).

Stationarity (claim (i)). Check pica K° = picar:

fieal(a) K°(ala) + picar(b) K°(alb)
:(1—6)'11;};+€'1
=(1-2)+¢c =1-¢ = pecala).
Symmetrically teal(a) K°(bla) +
peal(B)K°(bb) = (1 —¢€)-e/(1—e)+0=¢=
tear(D). Since Xi ~ pical, Law(Xy) = pica for
every t, so pr = 0.
Conditional drift (claim (ii)). @ We have
K°(-la)=((1-2¢)/(1—¢),e/(1 —¢)) on (a,b).
Then

TV(K®(Ja), pea) = 3 (|52 - (1 - 2)|

g
1—e _ED

_1 (\(1—28)—(1—5)2\
-2 1—¢

le—e(1—¢)|
+ l1—¢
_ 1 24?2 _ g2
-2 l—e = 1-e?

where (1 —2¢) — (1 —¢)? = —£2.
Maximality. Any kernel with pi.,) stationary sat-
isfies (1 — ) K (bla) + e K (b]b) = ¢, so K (bla) <

e/(1—¢) when K (b|b) > 0 (a valid kernel). There-
fore K°(bla) = ¢/(1 — ¢) is the maximum transi-
tion probability from the certified state. Among sta-
tionary two-state kernels, K'® maximises trajectory
miscoverage; its conditional drift £2/(1 — €) is not
the supremum of TV (K (:|a), fca1) over all station-
ary kernels (which approaches € as K (b|b) — 1),
but is the value at the miscoverage-maximising ker-
nel.

Two-solution structure of the sign-blind TV.
Parameterising by p := K (b|b), the stationarity
constraint gives K (bla) = e(1—p)/(1—¢), and
TV(K("a)alufcal) = 8’5 _p|/(1_€)' The equa-
tion TV = £2/(1—¢) therefore has two solutions:
p = 0 (which is K°, giving trajectory miscover-
age above R1) and p = 2¢ (giving Misp—15 =
75.55% < 79.41% = R1, below R1). This is why
n(ee™) alone cannot determine the direction of the
R3 effect; the binary transition probability K (b|b)
is needed.

Maximality under projection (general state
space). The 2-state argument above bounds the
conditional drift only on {a,b}. The empirical
comparison in Table 3 reports /(") for agents
whose natural state space is continuous, so we
record the relation between the two settings. Let
K be any kernel on a measurable state space X’
with score s : X — [0, 1] and population (1—¢)-
quantile ¢*, with pi., stationary and p; = 0. De-
fine the projection 7 : X — {a,b} by n(z) = a
iff s(x) < ¢*. The trajectory miscoverage event
{3t <T:s(X;) > q*} depends on the trajectory
only through 7(X3),...,m(Xr), so for the pur-
pose of the lower bound it is the projected process
that matters. Two consequences. First, the lower
bound from the 2-state construction transfers to
any state space: the projected process under K°
has the same trajectory miscoverage law as the orig-
inal. Second, the conditional drift £2/(1 — ¢) of
the miscoverage-maximising kernel is a 2-state-
space statement and need not bound the origi-
nal TV(K (-|x), ftca1) for z in the certified region
of a general space; what it bounds is the pro-
jected TV TV (14K (-|a), T4 ical), Which equals
n(eer) as estimated in Table 3 through the two-
state projection of the score space. The empirical
fileert) € [0.0089, 0.0107] is therefore the right ob-
ject to compare against ¢2/(1 — &) = 0.0111, and
the comparison between observed conditional drift
and the K ° reference value is a statement about the
projected dynamics in score space. The compari-
son is valid when the projected process (m(X;)) is
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itself Markov (lumpability); this holds for K by
construction and need not hold for general kernels.

Miscoverage (claim (iii)). Under the continuous
lift of part (b) (1., = Uniform([0, 1]), s(z) = =,
partition [0, 1] into blocks A = [0,1 — ¢) and
B = [1 — e,1]; lift K° blockwise with within-
block measure preserved), the DKW event places
Ge within O(y/log(2/0)/n) of 1—¢, so certified
D {z : 2 < l-e — O(n~Y?)} and certified
C {z: 2 < l-e4 O(n~'/?)}. Starting from
X1 € A (probability 1 — ¢), the chain stays in A
each subsequent step with probability K°(A|A) =
(1 —2¢)/(1 — €); once it enters B the trajectory is
uncertified. Therefore

T-1
Pr[X, € Aforallt <T] = (1—¢)- (%) ,
giving Equation (5) up to the O(T'/+/n) slack dis-
cussed in part (b).

Strict gap to (b). For ¢ € (0,1/2), (1 —
2e)/(1—¢e) < 1—¢iff 1 —2e < (1 —¢)? =
1—2e+¢€%iff0 < 2. So ((1—28)/(1—8))7“71 <
(1—&)T=1 strictly for T > 2, and Misy in (d)
strictly exceeds Mis in (b).

Per-step rate gap for small «.
log((1—¢)/(1-2¢)) = e + 32 + O(?)
and log(1/(1—¢)) = e + 32 + O(e?). The
difference is €2 + O(g3), accumulating to Te?
excess over the R1 rate. O

A.6 Proof of Theorem 2

Proof. Let Ay = {s(X;) > ¢}, let F}, denote
the CDF of s(X) under jic,1, and let F),, denote
the CDF of s(X;). On the DKW event Epkw,
|Fo(u) — Fu(u)] < A = /log(2/6)/(2n) for
every u, so for every u, F,(u) < F,(u) + A. The
CDF-space argument proceeds directly without As-
sumption 3.

CDF-space per-step bound. For each ¢, working
entirely in CDF space:

1:5[8 > G =1—F,(G)

<1 — (Fu(t) — pr)
< 1= (Fo(d) — A= pr)

<o+ A+ pr, (10)

where the second line uses | F},, (u) — Fj,(u)| < py
(the TV variational identity applied to the event
{s < u}), the third uses F},(G;) > Fn(¢) — A
from the DKW event, and the fourth uses F, (Gr) >

(1—ay) by definition of the empirical quantile. No
density bound is needed, and each per-step proba-
bility incurs only a single p; term.

Summing Pr[A4;] over t = 1,...,T and using
Yoo <3000 6/ (n?t?) = e (Basel):

PrlUA] < e+ Zpt +T'\/log(2/6)/(2n),

matching Equation (6). The 1" factor on the DKW
slack arises because each per-step probability in-
curs its own A contribution, even though the
same DKW event controls all 7' quantile shifts.
The bound is uniform in 7" in the sense that the
> ¢ a¢ < ¢ ceiling holds for every 7" > 1 (anytime-
validity of the coverage budget).

Relation to the marginal bound. A marginal
union bound (Boole on the per-step exchangeability
guarantee) yields e+ ) _, p; without the DKW term;
the PAC version is stated for comparability with
Theorem 1(a). O]

A.7 Proof of Theorem 3

Proof. With the corrected schedule o} = (1 —
St/e), we have Y, oy < e — Sp. Applying Theo-
rem 2 to the corrected schedule:

T
PrlJ{s(X0) > @}
t=1
< (e - Sr) +Zpt+T\/@.
t

On the drift event D,, >, p; < Sr + 7, so the
bound becomes (¢ — S7) + (Sp 4 7) + DKW =
e+17+ DKW, i.e., Equation (8). The probability is
atleast 1 — & — dqyiet on Epkw ND,. Calibratability:
o > 0iff Sp < e.

Why uniform scaling rather than per-step
subtraction. The choice a; - (1 — S7/¢) preserves
the 1/t? shape of the polynomial schedule and
hence the O(o+/log T) width bound. A per-step
subtraction o; — p; would inflate the schedule non-
uniformly and produce a worse worst-case width,
while not improving the coverage bound. O

A.8 Anytime-validity scope of the
drift-corrected wrapper

The basic wrapper (Theorem 2) is strictly anytime-
valid: the horizon-free 1/t? schedule and Basel-
sum ceiling Zt ay < ¢ deliver the guarantee for
every T' > 1 from a single calibration. The drift-
corrected variant (Theorem 3) is not: the schedule
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o = ay(1 — St /¢) depends on T through S, so
the DC variant requires a pre-specified T at the
gate, which is the setting we report experimentally.
Table 8 reflects this distinction.

A.9 Proof of Proposition 1

Proposition 1 (Non-exchangeable initial state).
Suppose Assumption 4 fails: X1 ~ pp with
TV(p1, piest) = Ao. Then Equations (2), (6),
and (8) each inflate by an additive Ay.

Proof. For any trajectory event F, |Pr, [E] —
Pr“‘cal [E” < TV(L&WM (Xl:T)v Lawucal (Xl:T))-
By coupling, the trajectory TV under the same
kernel is bounded by the initial-state TV Aq (by
the data-processing inequality for Markov kernels:
TV<M1P7 ;U'calp) < TV(MI?MC&I) for any kernel
P). Apply to the miscoverage event. 0

B Full Experimental Results

This appendix contains the spending-function
comparison, the PRM bridge table, the drift-
validation table, the 70B spot check, the marginal-
vs-conditional drift figure, the full horizon scaling,
the drift perturbation, the differentiation matrix, the
computational-cost breakdown, and the detailed R3
identification analysis.

Spending-function comparison and efficiency.
Beyond the polynomial Basel-sum schedule, a
law-of-the-iterated-logarithm (LIL) schedule a; o<
1/(tlog!™ t) is also anytime-valid. On our five
benchmarks, the polynomial schedule achieves
mean certified-prefix length 93.8% of the trajec-
tory versus 96.1% for Bonferroni-7"; the LIL vari-
ant narrows this gap to 0.4 pp at the cost of a
slower early-step budget release. The polynomial
and Bonferroni-7" schedules both achieve trajectory
miscoverage < 1.1 pp from nominal; we report the
polynomial schedule throughout because it admits
the simplest closed-form analysis. The LIL vari-
ant (x = 1, normalised to the same total budget ¢)
is evaluated by the released code under the same
calibration draws as the polynomial schedule.

Scaling with horizon and model size. Across
chain lengths T € {2,3,5,8,10, 15,20, 30,50}
(Table 5, Figure 1; the construction is described be-
low), per-step CP lies above the R3 bound at every
horizon (by at most 0.8 pp) and reaches 99.8% at
T = 50, while TC-WRAPPER stays between 8.7%
and 9.5% across the full T" range. Drift robustness:
+50% perturbation of p moves TC-WRAPPER-DC

Benchmark Per-step PRM (%) Wrapper+PRM (%)
HotpotQA (1'=3) 31.5+14 9.6 +1.0
MuSiQue (T=4) 40.0 +15 9.8 +10
GAIA-L1 (T'=8) 62.5 £15 10.6 1.0

Table 2: PRM bridge: trajectory miscoverage at ¢ =
0.10 on the three benchmarks with gold step-correctness
labels. 10 calibration seeds; +1 SE.

Benchmark T p fleert) Ratio
HotpotQA-2hop 3 0.0021 +.0005 0.0095 +0012 4.5
MuSiQue 4 0.0028 +.0006 0.0103 +.0013 3.7
FinanceBench 5 0.0019 +.000s 0.0089 +.0011 4.7
GAIA-L1 8 0.0026 +.000s 0.0098 +.0012 3.8
BrowserGym 15 0.0030 +.000s 0.0107 +.0013 3.6

K reference value £? /(1—¢): 0.0111 -

Table 3: Empirical drift diagnosis at ¢ = 0.10. p:
marginal score-law drift; 77(°°™): conditional drift from
the certified state; Ratio: 7j(°°™) /p. SEs are bootstrap
over the m = 200 bank.

miscoverage by < 2.3 points on every benchmark
(Table 6). A 70B-scale spot check on Llama-3.3-
70B-Instruct (n = 300 on the two longest-horizon
benchmarks, n = 100 on the shorter three; 3 cali-
bration seeds for compute reasons, so per-cell Cls
are wider than the headline 7-8B table; standard-
error intervals in Table 4) gives 7-8B and 70B point
estimates that agree on every benchmark.

Consistency with the R3 mechanism. Table 9
shows per-step context reset on GAIA-L1 drives
f(eert) to 0.22 of the K° reference (i.i.d. regime),
while 50% tool-output randomization leaves 0.77,
confirming the behavior is endogenous to the
agent’s accumulated state.

Drift estimation. p; is estimated from m = 200
trajectories via binned-TV with [ /m] cells. The
uniform scaling oy = ay(1 — S7/e) preserves
the 1/t% shape and O(o+/logT) width. The ba-
sic wrapper already achieves coverage within 1.1
pp (Table 1); drift correction handles benchmarks

failing the gate at smaller € (Table 11).

Horizon-controlled HotpotQA construction.
The synthetic-horizon experiment (Figure 1, Ta-
ble 5) extends the natural HotpotQA-2hop chain
(T' = 3) by concatenating independently sampled
2-hop questions into a single trajectory: the k-th
question occupies a block of at most three steps,
and at each block boundary the ReAct scratchpad
is cleared. Each elongated trajectory consists of
at least [T'/3] independent questions; we resam-
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< estimator resolution
p(cert) 1

K ref.

HotpotQA K : 7t/ p
P —O= —_ 4.5%
MquiﬂQ:uZ —o— + 3.7x
Financel?;n:cg o= — 4.7x
GAI;-:L é — + 3.8x
Brows;‘fiyllg —O— + 3.6x

0 2 4 6 8 10 12

Total-variation drift (x 10~ 23)

Figure 2: Empirical drift diagnosis at € = 0.10. Each
bar runs from p (open circle) to ﬁ(ce“) (filled diamond).
Dashed line: estimator resolution at m = 200. Solid
line: K° reference £2/(1—¢). Whiskers: +1 bootstrap
SE.

Per-step CP miscov (%) Wrapper miscov (%)

Bench n’0B 7.8 70B 7-8B 70B

HotpotQA 100 295414 304+45 89410 9.1428
MuSiQue 100 364415 358+47 92410 93428
FinanceBench 100 43.1+15 424448 9.3+10 95429
GAIA-LI 300 609415 613428 94410 9.6+17

BrowserGym 300 835411 827421 95+£10 98+17

Table 4: 70B spot check. 7-8B: Llama-3.1-8B and
Qwen-2.5-7B average (500 test, 10 seeds); 70B: Llama-
3.3-70B-Instruct (3 seeds). =1 SE.

ple 500 trajectories per 1. Because the construc-
tion resets at every block boundary, cross-block
R3 dynamics are absent; the experiment validates
R1 compounding and the wrapper’s anytime cover-
age. The mechanism ablation (Table 9) on GAIA-
L1 confirms R3-consistent behavior on a natural-
horizon agent.

Binning bias. Binned-TV with K = /m cells
is positively biased at finite m. At m = 200 the
estimator cannot resolve TV below ~0.01, so p val-
ues (0.002-0.003) should be read as upper bounds
consistent with near-zero drift. Jackknife-debiased
estimates move p by 1.7-5.7%; wrapper miscov-
erage changes by < 0.3 pp, and the calibratability
gate still passes. The £50% perturbation in Table 6
envelopes the bias correction.

Additional details. Coherent-DAG variants. The
faithful variant (Table 1) treats each call as a sep-
arate single-response Coherent-DAG: trajectory
miscoverage 27.5/35.0/41.0/56.0/78.5%. The
trajectory-adapted variant constructs a temporal
graph over calls: 26.8/33.5/39.2/52.7/74.0%.
Both fall short of the wrapper’s near-nominal cover-
age. R3 identification. The R3 extremal kernel K
has K°(b|b) = 0: exceedances are anti-persistent.

On BrowserGym, steps without a parseable an-
swer are scored as uncertified, injecting a con-
found: a parse-failure rate of ~1.3% per step
would account for the entire excess over i.i.d. Per-
model breakdowns. Table 1 averages Llama-3.1-8B
and Qwen-2.5-7B; per-model breakdowns agree
within 1.5 pp on every benchmark. Initial-state TV.
Ap: 0.022/0.027/0.031/0.026/0.037 on the five
benchmarks, at 2—4 x the estimator’s =~0.01 floor.
PRM score density and score—correctness correla-
tion. PRM score density at ¢& + 0.05 (¢ = 0.10)
is 6.2/7.1/7.8 on HotpotQA/MuSiQue/GAIA-L1,
so Assumption 3 holds with CERM = 8.5.
Score—correctness Pearson r on the m = 200
drift bank: SemEnt 0.62/0.58/0.51, SelfEval
0.55/0.51/0.47, PRM 0.81/0.76/0.72.  Prior
conformal-Markov work. Theorem 1(d) fills a gap
each prior result leaves open: Zheng and Proutiére
(2024) bounds single-step marginal CP gap, not
the trajectory union; Stankeviciute et al. (2021)
gives Bonferroni-1" (upper bound, needs horizon);
Oliveira et al. (2024) addresses single-step cov-
erage under S-mixing; Dietterich and Hostetler
(2022) provides trajectory conformal intervals with-
out R3 separation; Barber et al. (2023) includes p;
but is silent on R3 state-dependence.
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Trajectory miscoverage (%) on horizon-controlled HotpotQA at e = 0.10
Method T=2 T=3 T=5 T=8 T=10 T=15 T=20 T=30 T=50

Theorem 1(b) R1LB  19.00 27.10 4095 5695 6513 7941 87.84 9576 99.48
Theorem 1(d) R3LB  20.00 28.89 43.81 60.54 6882 8270 90.40 97.04 99.72
Per-step CP (SemEnt) 204 295 445 612 695 83.5 91.0 97.5 99.8
Bonferroni-T' 9.4 9.4 9.5 9.6 9.6 9.7 9.8 9.8 9.9
TC-WRAPPER 8.7 8.9 9.0 9.1 9.2 9.3 9.4 94 9.5

Table 5: Horizon scaling on horizon-controlled HotpotQA with chain length 7" extended via concatenation. 3
calibration seeds per horizon; SEs omitted for space.

Bench p px0.5 px1.5 Emp.7 A Mis(pp)
HotpotQA 0.00210 0.00105 0.00315  0.0008 1.1
MuSiQue 0.00280 0.00140 0.00420 0.0011 1.4
FinanceBench 0.00190 0.00095 0.00285 0.0007 1.0
GAIA-L1 0.00260 0.00130 0.00390 0.0010 1.8

BrowserGym  0.00300 0.00150 0.00450 0.0014 2.3

Table 6: Drift perturbation on TC-WRAPPER-DC (poly-

nomial schedule, ST = T'p). A (pp): change in wrapper Pair HQA — MSQ FB GalA  BG
miscoverage under +50% perturbation of p. TC-Wrap < Per-step < 1072 <1072 <1072 <1072 <1073
TC-Wrap < CRC <1073 <107® <107® <107® <10°®

TC-Wrap < Coh-DAG <1072 <1072 <1072 <1072 <1073
TC-Wrap vs Bonf-T 0.42 0.31 0.28 0.22 0.20

Ttem A100-h
7-8B trajectories (500 traj X 5 bench x 2 models) 142 Table 10: Paired-bootstrap p-values (10,000 resamples)
70B trajectories (ntest =300 on 2 bench, 100 on 3) 38 . . R

SemEnt scoring (X -5 samples/step. all traj) Is on trajectory miscoverage. Bold: significant at the stated
PRM training (1k bank, 2 judge families) 9 level.

Drift estimation, ablations, e-gate runs 5

Total 212

Table 7: Compute breakdown. Total ~ 212 A100 GPU-
hours.

Traj. Any- Label Drift NoT' Any Ab-
cov. time free aware atcal. score stain

Per-step CP x v v o ox v v v
Bonferroni-T' v/ X v X X v 7/
ACI X v x v v v
CRC x x v x v v /¢
Coherent-DAG X X / X / xt v/
TC-WRAP VA S A A
Tcwocl v v v v X v

Table 8: Calibrator differentiation. "Marginally valid

. . B : Benchmark Sr  e=.05 e=.10 £=.20 Wrap Mis
per step; no trajectory union guarantee. *Requires de-

ducibility graph. *At pre-specified 7'; horizon needed &fgfé?? 8:8??; ; ; j g:g
at calibration. $No trajectory coverage. |Not in main FinanceBench 0.0095 v v v 93
comparison. “Finite-n budget grows with 7' GAIA-LL - 0.0208 /. ’ ’ 4

: ' BrowserGym 0.0450 v v v 9.5

Table 11: Calibratability gate (Sr < ) at three ¢ levels.

Setting /") Frac. of K° Wrap Mis: TC-WRAPPER miscoverage (%) ate = 0.10.
Full agent (no intervention) 0.0098 0.88 "Margin within estimator resolution.

Context reset every 3 steps 0.0061 0.55

Context reset every 1 step 0.0024 0.22

Tool-output randomization (50%) 0.0086 0.77

Table 9: R3 mechanism ablation on GAIA-L1 (T =8,
SemEnt, ¢ = 0.10, n = 500, 10 seeds). Frac. of K°:
observed 7(°°™) as a fraction of €2/(1—¢) = 0.0111.
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