Every LLM-as-Judge Aggregator Must Sacrifice a Fairness Axiom
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Abstract

LLM-as-judge leaderboards now decide what
gets trained, deployed, and funded, yet years
of bias patching have not asked whether the
goals those patches pursue are jointly achiev-
able. We show they are not. Casting LL.M-as-
judge evaluation as a social welfare functional
over score profiles indexed by judge, criterion,
and alternative, we prove that no aggregation
rule can simultaneously satisfy four fairness
axioms (Universal Domain, Weak Pareto, Inde-
pendence of Irrelevant Alternatives [IIA], and
Judge-Anonymity) in the ordinal regime and,
among scale-invariant aggregators, in the cardi-
nal regime. A fifth axiom, Position-Invariance,
captures upstream pipeline bias and is secur-
able independently. The impossibility admits
a constructive counterpart: a four-face achiev-
ability frontier with one witness per dropped ax-
iom. The Borda-Conformal Hybrid (BCH) oc-
cupies the dropped-IIA face, satisfies the other
four axioms, and admits a structural confor-
mal bound relating its IIA-violation probabil-
ity to the calibration-set gap distribution. A
200-prompt audit on MT-Bench, AlpacaEval 2,
and Arena-Hard finds ITA-violation rates from
18.5% to 38.0% across the seven aggregators
with measurable ITA; a 50-prompt human-jury
comparator confirms a non-zero human IIA-
violation baseline consistent with known rank-
ing pathologies in the choice-experiment liter-
ature. An audit toolkit and reporting protocol
accompany the paper.

1 Introduction

LLM-as-judge (Zheng et al., 2023; Liu et al., 2023)
has become the load-bearing component of open-
ended language model evaluation. When a new
instruction-tuned model is released today, its po-
sition on MT-Bench, AlpacaEval 2, and Arena-
Hard (Chiang et al., 2024; Li et al., 2025; Dubois
et al., 2024) is reported within hours, and these

* Corresponding author.

positions inform downstream decisions about train-
ing recipes, deployment, and even funding. The
convenience is real. Human evaluation at the
scale needed to differentiate frontier models is pro-
hibitively expensive, and strong LLM judges agree
with crowdsourced human preferences at over 80%
(Zheng et al., 2023), comparable to human-human
agreement on the same prompts.

The convenience is also fragile. A steady stream
of work has shown that judge models are not neu-
tral. They prefer responses in particular positions
of the prompt (Shi et al., 2025; Wang et al., 2024a),
prefer longer responses (Saito et al., 2023), pre-
fer their own outputs (Wataoka et al., 2024; Zheng
et al., 2023), and shift their verdicts under cos-
metic changes to the rubric, the scoring scale, or
the candidate identifiers (Ye et al., 2025; Li et al.,
2026; Thakur et al., 2025). Recent work has for-
malised two further pathologies: Feng et al. (2025)
introduce Intra-Pair Instability, the rate at which
a judge flips its verdict when the presentation or-
der of the candidate pair is reversed, and Weak
Total-Order Violation, the minimum number of
preference changes needed to transform a judge’s
pairwise preferences into a consistent total order;
Huang et al. (2026a) show that the top of Chatbot
Arena can flip after dropping just a handful of pref-
erences. The field has responded with a portfolio of
patches: re-prompting in both orders, length con-
trollers, mechanistic debiasing (Wang et al., 2025),
judge ensembles, and a steady stream of fine-tuned
judges (Wang et al., 2024b; Zhu et al., 2025; Li
et al., 2024; Kim et al., 2024b).

We ask whether any of this is escapable in prin-
ciple. The question is not whether a particular bias
can be reduced. It is whether the goals of fair, sta-
ble, multi-criterion aggregation that every leader-
board implicitly assumes are jointly achievable by
any aggregation rule, given the basic mechanics of
how LLM judges produce numbers.

Social choice theory was built around exactly
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this kind of question. Arrow’s impossibility the-
orem (Arrow, 1951) states that no rule for aggre-
gating ordinal preferences over three or more alter-
natives can simultaneously satisfy Universal Do-
main, Weak Pareto, Independence of Irrelevant
Alternatives, and Non-Dictatorship. Sen (1970)
and D’ Aspremont and Gevers (1977) extended
the framework to cardinal scores, characterizing
which informational structures restore possibility
and which preserve impossibility. The framework
has been used for committee voting, fair allocation,
and most recently for Al alignment with diverse hu-
man feedback (Conitzer et al., 2024; Chakraborty
et al., 2024; Fish et al., 2024; Dai and Fleisig, 2024;
Ge et al., 2024). To our knowledge it has not been
turned on the LL.M-as-judge problem itself.

This is what we do. We cast LLM-as-judge
as a social welfare functional (SWFL) over score
profiles indexed by judge, criterion, and alterna-
tive, then state five axioms. Four are direct ana-
logues of standard social-choice axioms acting on
the aggregator: Universal Domain, Weak Pareto,
Independence of Irrelevant Alternatives, and Judge-
Anonymity. The fifth, Position-Invariance, is
specific to LLM judges and acts on the score-
generation pipeline: it formalizes the expectation
that swapping the presentation order of two candi-
dates should not flip a judge’s verdict. Empirically,
this expectation fails routinely, and the failure is
structurally tied to how LLM judges read prompts
in sequence.

Contributions. We make four contributions,
each verifiable from a single section or table.

(i) A two-level decomposition that locates
Position-Invariance where it actually fails. Sep-
arating the score-generation pipeline II from the
aggregator F' lets us put Position-Invariance on
IT and the four classical fairness properties on F/,
rather than folding all of them into a generic “ro-
bustness” bucket (Section 3, Figure 1).

(ii) An Arrow-style impossibility and its construc-
tive achievability frontier. No aggregator satisfies
{UD, WP, IIA, A} simultaneously in the ordinal
regime, and no CUC-invariant aggregator satis-
fies the four-axiom set in the cardinal regime un-
der ordinal ITA (Theorems 1, 2). The frontier ad-
mits a constructive witness on each dropped-axiom
face (Theorem 3), reframing Borda, Score-Mean,
Best-of-Judge, Majority Vote, MT-Bench Avg, and
permutation-consensus as occupants of specific
faces. Criterion-Monotonicity is not needed for

the impossibility (Section 4.5).

(iii) The Borda-Conformal Hybrid as one de-
liberate frontier choice, with a gap-marginalized
IIA bound. BCH is a composite (II, F') pair that
satisfies UD, WP, A, CM, and PI by construc-
tion; Proposition 2 derives a structural conformal
bound connecting the ITA-violation probability to
the gap distribution. BCH’s 12.5-point ITA reduc-
tion over Borda decomposes into 7.0 points from
order-symmetrization (shared with permutation-
consensus) and 5.5 from the median-over-judges
aggregation (Section 5).

(iv) A 200-prompt audit, a human-jury compara-
tor, and a community reporting protocol. The audit
measures how often each permitted violation oc-
curs: across the seven aggregators with measurable
ITA, violation rates span 18.5% to 38.0%, and three
aggregators violate more than one axiom. A 50-
prompt human-jury comparator anchors these num-
bers against a human ITA-violation baseline that
is itself non-zero, consistent with known ranking
pathologies (asymmetric-dominance and compro-
mise effects; Huber et al., 1982; Simonson, 1989);
the precise human rate depends on the aggregation
procedure and analysis unit (Section 6). The six-
cell axiom-reporting protocol and audit toolkit are
released as community artifacts.

Mission statement. We do not claim LLM
judges are useless. We claim that no aggregation
rule can be free of all four aggregator-level patholo-
gies at once, that the field has been quietly choosing
which to live with, and that the choice should be
made deliberately and reported transparently.

The impossibility holds over the unrestricted do-
main of score profiles; whether the profiles that
LLM judges actually produce satisfy a domain re-
striction (e.g., single-peakedness) that would re-
store possibility depends on the realised profile
domain.

2 Background and Related Work

LLM-as-judge, its biases, and robustness diag-
nostics. The paradigm was crystallised by Zheng
et al. (2023), with MT-Bench showing GPT-4
agrees with crowdsourced human preferences at
over 80%; Chatbot Arena (Chiang et al., 2024) ex-
tends to live pairwise battles via Bradley-Terry,
Arena-Hard (Li et al., 2025) distils the hardest
prompts into a static benchmark, and AlpacaE-
val 2 (Dubois et al., 2024) adds length control.
Pointwise variants include G-Eval (Liu et al., 2023)
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and FLASK (Ye et al., 2024); the fine-tuned judge
family includes PandalLM, JudgelLM, Auto-J, and
Prometheus 1 and 2 (Wang et al., 2024b; Zhu et al.,
2025; Li et al., 2024; Kim et al., 2024a,b). A par-
allel line documents systematic biases: position
(Shi et al., 2025), verbosity (Saito et al., 2023),
self-preference (Wataoka et al., 2024), rubric or-
dering (Li et al., 2026), and the CALM bias-
quantification framework (Ye et al., 2025). Liusie
et al. (2024) comprehensively analyse pairwise
comparative assessment for zero-shot NLG evalu-
ation; Sheng et al. (2025) apply conformal predic-
tion to judge-score uncertainty; Zhao et al. (2026)
extend the audit to code. Feng et al. (2025) intro-
duce Intra-Pair Instability and Weak Total-Order
Violation as logical-coherence metrics, Huang et al.
(2026a) show the top of Chatbot Arena is sensi-
tive to dropping 0.003% of preferences, cheating-
based audits (Zheng et al., 2025) show null models
can game current benchmarks, and reward-model
and judge-evaluation benchmarks (Lambert et al.,
2025; Malik et al., 2026; Tan et al., 2025) ex-
tend evaluation to alignment signals. Huang et al.
(2026b) propose permutation-consensus, an order-
symmetrizing pipeline method originally designed
for listwise factuality evaluation, as one robustness
fix.

Social choice, classical and for AI. Conitzer
et al. (2024) argue social choice theory should
guide alignment with diverse human feedback;
Chakraborty et al. (2024) prove a single-reward
RLHF impossibility and propose MaxMin; Fish
et al. (2024), Qiu (2024), Dai and Fleisig (2024),
and Ge et al. (2024) develop social-choice machin-
ery for preference aggregation in alignment; Yang
et al. (2024) studies LLM voting empirically. Be-
yond Arrow, the classical results we use are Sen’s
extension to cardinal scores under various mea-
surability classes (Sen, 1970, 1977; D’ Aspremont
and Gevers, 1977), Harsanyi’s utilitarian theorem
(Harsanyi, 1955), Maskin’s theorem on utilitar-
ianism (Maskin, 1978), and Roberts’ welfarism
theorem (Roberts, 1980); the decisive-coalition /
pivotal-voter argument (Arrow, 1951; Geanakop-
los, 2005) drives the ordinal case.

Human ITA violations as a calibration anchor.
Choice experiments since Huber et al. (1982) and
Simonson (1989) document that human raters rou-
tinely violate Independence of Irrelevant Alterna-
tives under asymmetric-dominance and compro-
mise manipulations; Tversky (1972) provides the

canonical elimination-by-aspects account. The hu-
man ITA-violation rate is therefore a positive base-
line, not zero; the relevant question for an LLM-
judge audit is the size of the LLM-specific amplifi-
cation. Section 6.3 measures both rates and states
what a precise comparison of them requires.

Leaderboard aggregators and existing patches.
In our multi-criterion reconstruction, the IIA-
violation rates of major leaderboard aggregators
are 38.0% for MT-Bench (cross-criterion mean),
29.5% for Arena-Hard (Bradley-Terry), and 24.5%
for AlpacaEval 2 (LC win rate); these rates are for
our reconstruction, not the deployed systems. Exist-
ing patches target different axioms (position-swap
re-prompting secures PI; AlpacaEval 2’s length
controller trades IIA for reduced verbosity bias),
and the framework formalizes these as movement
along a single frontier (Section 4.4).

Position of this paper. Prior social-choice-for-Al
work aggregates human preferences for alignment;
we aggregate LLM-judge scores for evaluation, de-
composing pipeline from aggregator.

3 Formal Framework

3.1 Score profiles, pipelines, and aggregators

Three finite sets fix the setting: alternatives X with
|X| = m, criteria C with |C| = k, and judges J
with | 7| = n. Throughout m > 3,k > 2, n > 2.
A score profileisamaps : J XC x X — R,
where s; () is the score that judge j assigns to
alternative x on criterion ¢; S denotes the set of
profiles. Each profile induces, for every (j,c), a
complete weak ordering ;. on X

To translate the LLM-as-judge setting into a
form classical social choice can act on, we intro-
duce the virtual electorate V := J xC of N := nk
virtual voters, with v ranging over )V and each
v = (j,c) carrying preference 27,:=7 ;.. The
virtual electorate is the bridge that lets us apply
Arrow-style machinery to a setting with only a
handful of judges and criteria.

Two levels. A score profile is the output of a
score-generation pipeline acting on a prompt con-
text. To keep operations cleanly separable, define
a score-generation pipeline 11 : P x O — S map-
ping a prompt context p € P and a presentation
ordering m € O to a profile s = II(p, ), and an ag-
gregator F' : § — R(X) mapping profiles to com-
plete transitive weak orderings R(&X’). The com-
posite is G(p, ) := F(II(p,m)). The two-level
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[I:Px0O—S
- II(p, 7) = U(p, «’) forall m, =’
\/ securable on its own
i IT*: score both orderings, average

¢ score profile s : J X C X X — R

T @ = virtual electorate V = J X C:
X

N = nk voters 7, (Lem. 1)
i F :
(A)(A)

v X no F satisfies all four

T2 7 1 Z B3] o 1 (ONC), Thm. 2 (CUC)
social ranking

S = R(X)

AGGREGATOR FEE=WARBIE PIPELINE

Figure 1: Two-level decomposition G = F o II and
where each axiom binds. The pipeline II turns a prompt
context p and a presentation ordering 7 into a score
profile s; the aggregator F' turns s into a social ranking.
Position-Invariance constrains 11 alone and is securable
there by order-symmetrization (IT*); the four classical
axioms constrain F' alone and are jointly unsatisfiable.
The profile is the interface between the two levels: read-
ing it as an electorate of N = nk virtual voters (j, ¢) is
what lets Arrow-style machinery apply.

split lets us locate each axiom at the layer it actu-
ally constrains: four classical aggregator axioms
on F', and Position-Invariance, the LLM-specific
axiom, on II (Figure 1). Existing leaderboards
each fix some specific (I, F'): MT-Bench Avg uses
a single-presentation pipeline plus within-judge
cross-criterion mean; Arena-Hard uses a single-
presentation pipeline plus Bradley-Terry on pair-
wise outcomes; Best-of-Judge uses any pipeline
plus a single judge as oracle.

3.2 The five axioms

We state five axioms: four on the aggregator F
(classical, going back to Arrow (1951) and Sen
(1970)) and one on the pipeline II (LLM-specific).
Criterion-Monotonicity, which earlier work might
include in the impossibility set, plays no role in our
proofs and is handled separately in Section 4.5.

(UD) Universal Domain (aggregator-level). F
is defined for every s € S, and F'(s) is a complete
transitive weak order.

(WP) Weak Pareto (aggregator-level). If
sy(x) > sy(y) for every v = (j,¢) € V, then
T >FY.

(ITA) Independence of Irrelevant Alternatives
(aggregator-level, ordinal). For any pair {z,y}
and any two profiles s, s that induce the same pair-
wise ordering =, [(; ) for every v, F(s)|z 0 =
F(s')|{z,4)- The cardinal version (where two

profiles must additionally agree in magnitude on
{z,y}) is strictly weaker; LLM-judge scores are
not interpersonally cardinally comparable, so we
commit to the ordinal version. Ordinal IIA sits
at the strict top of a hierarchy of pair-stability ax-
ioms (cardinal ITA, Kendall-7 stability, Mallows-
distance stability); Appendix A.5 discusses where
the present frontier characterization sits in this lat-
tice and how BCH’s gap-marginalized bound (Sec-
tion 5) re-reads under the weaker metric stabilities.
Appendix A.6 states the cardinal-IIA analogue of
Theorem 3.

(A) Judge-Anonymity (aggregator-level). For
every permutation o of 7, F'(0 - s) = F(s) where
(0 - 8)je(z) = 84(j)c(x). Judge-Anonymity
is stronger than the impossibility requires (Non-
Dictatorship suffices; see Appendix E), but it is the
axiom the frontier needs, since the drop-A face is
only meaningful if Anonymity is worth keeping.
A practitioner with per-judge reliability evidence
has Best-of-Judge available, with its axiomatic cost
reported.

(PI) Position-Invariance (pipeline-level). For
every p € P and any orderings w, 7' € O,
II(p, ) = U(p, 7). In practice, IT* secures PI un-
der the order-reversal involution; the full quantifica-
tion over all 7, 77’ is the formal axiom, and II* is a
sufficient condition for the two-ordering case used
in our audit. PI has no aggregate-scale analogue
in classical social choice. Ballot-order effects on
human voters are documented in election science
(the primacy effect; Koppell and Steen, 2004), but
they are bounded and second-order. LLM-judge
order-sensitivity flips pairwise verdicts at rates of
12.5-34.0% across judges and criteria in our audit
(Table 5; Shi et al., 2025), an effect strong enough
to require its own axiom.

A composite system (II, F) satisfies the four
aggregator-level axioms iff /' does, and PI iff II
does. The PI column in Table 2 reports order-
sensitivity: for aggregators not composed with IT*,
the rate depends on both the judge-level verdict-
flip rate and the aggregator’s sensitivity to those
flips; aggregators composed with IT* have PI = 0
by construction. Theorems 1, 2 concern F' alone;
Theorem 3 concerns the composite.

Running example. A concrete illustration of
each axiom (two judges, two criteria, three can-
didates, with typical violations) is in Appendix F.
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Informational regimes. We work in the Sen-
d’ Aspremont-Gevers framework of informational
invariance classes. Three regimes matter. Ordinal
Non-Comparable (ONC): scores interchangeable
up to a judge-specific monotone transformation;
only orderings matter. Cardinal Unit-Comparable
(CUC): scores interchangeable up to a common
positive affine transformation; differences com-
parable, levels not. Cardinal Fully Comparable
(CFC): a common affine transformation applied
identically; both levels and differences comparable.
LLM-judge 1-10 rubrics have anchors that shift
across criteria and model releases; the practical
regime sits between ONC and CUC. Theorems 1, 2
cover both. CFC admits aggregators (leximin, utili-
tarianism) that escape the impossibility by reading
cardinal levels, but these violate ordinal ITA (which
forbids reading anything beyond pairwise order);
the Limitations section discusses what realising
CFC calibration would cost in practice.

4 Impossibility and Frontier

4.1 The virtual-voter reduction

We begin with a structural lemma that translates
the LL.M-as-judge setting into a virtual-electorate
problem.

Lemma 1 (Virtual-voter reduction). Under UD
and 1A, the SWFL F' is determined by the ma-
trix of pairwise virtual-voter preferences {7,
{2y} Joev,zyex. Two profiles s, s’ that induce the
same matrix of pairwise preferences across V pro-
duce the same social ranking.

The proof, in Appendix A.1, follows directly:
UD ensures F' is defined and returns a complete
weak order on every profile; IIA restricts the pair-
wise output of F' to depend only on pairwise inputs;
completeness and transitivity close the system.

4.2 Four-axiom impossibility, ordinal regime

Theorem 1 (Ordinal impossibility). With |X| >
3 and n > 2, no aggregator F' : S — R(X)
satisfies all of {UD, WP 1IA, A}, where IIA is
read in its ordinal form (Section 3.2). The result
is unrestricted: F ranges over all aggregators, not
only ONC-invariant ones.

Proof sketch. Lemma 1 reduces F' to a Boolean
aggregator on the pairwise virtual-voter matrix;
the decisive-coalition argument (Arrow, 1951;
Geanakoplos, 2005) forces F' to be a dictatorship
at some v* = (j*, ¢*). A profile in which judges j*

and j’ disagree on {x, y} under criterion ¢* contra-
dicts the dictatorship under Judge-Anonymity: the
transposition (j* j') flips the dictator’s expressed
preference while leaving F' fixed by A, forcing
xz >=r y and y >r x in the same ranking. Full
proof in Appendix A.2. [J

We note that Theorem 1 is a corollary of Ar-
row’s theorem applied to the virtual electorate
V = J x C, with Judge-Anonymity replacing Non-
Dictatorship (Appendix E). The contributions spe-
cific to the LLM-judge setting are the virtual-voter
bridge (Lemma 1), the CUC-regime companion
(Theorem 2), and the two-level pipeline/aggregator
decomposition.

4.3 Ordinal ITA on CUC-invariant
aggregators

Theorem 1 already implies the result below (any ag-
gregator satisfying UD and ordinal ITA is automat-
ically CUC-invariant, and Strong Pareto implies
Weak Pareto). The value of stating Theorem 2 sep-
arately is constructive: its proof characterises the
criterion-weighted utilitarian family (Equation 4)
as the unique survivor under cardinal IIA, which
the ordinal-IIA witness (Appendix A.3, Steps 3—3a)
then refutes.

Theorem 2 (Cardinal impossibility). In the CUC
informational regime, with |X| > 3, n > 2, and
k > 2, no aggregator F : S — R(X) that is CUC-
invariant and satisfies Strong Pareto satisfies all of
{UD, IIA, A}, where IIA is read in its ordinal form.
(Theorem I uses only Weak Pareto; Strong Pareto is
standard in the welfarism literature and is satisfied
by the drop-1IA witnesses (Borda, Score-Mean) in
Theorem 3.)

Proof sketch. The welfarism framework
of D’Aspremont and Gevers (1977) and
Roberts (1980) shows that any SWFL satis-
fying {UD, SP, cardinal-IIA, CUC-invariance}
reduces to the weighted-utilitarian family
F(s) = argsort(>, wysy(+)) with w € RV,
Judge-Anonymity collapses wy; ) to a criterion-
only weight w.; Strong Pareto forces w. > 0
for every c. Ordinal IIA is strictly stronger than
cardinal IIA: profiles with identical pairwise
restrictions can differ in magnitudes, and the
weighted-utilitarian rule aggregates magnitudes,
so ordinal ITA fails on a constructible witness pair
(Appendix A.3). U
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Dropped axiom Witness aggregator

UD Majority Vote over V'
WP Constant rule F'(s) =2°
1TA Borda, Score-Mean?

A Best-of-Judge

Table 1: Aggregator-level frontier witnesses (Theo-
rem 3). TPairwise majority over the virtual electorate
V; fails UD on Condorcet-cyclic profiles. fBorda and
Score-Mean can disagree on near-tied profiles; both are
listed.

4.4 The achievable frontier

The four-axiom aggregator-level impossibility has
a natural counterpart: a characterization of which
four-axiom subsets of {UD, WP, ITIA | A PI} are
achievable by a composite system (II, F'). The
pipeline-level axiom PI is structurally orthogonal:
securing PI is a property of II and is independent
of which aggregator-level axioms F' satisfies. The
characterization comes out cleanly.

Theorem 3 (Frontier characterization). Let
® = {UD,WP,IIA, A PI}, with the first four
aggregator-level and PI pipeline-level. In both the
ONC and CUC regimes:

1. The 4-subset @ \ {P1} = {UD, WP, ITIA A}
is unsatisfiable (Theorems 1, 2).

2. For each ¢ € {UD, WP, IIA A}, there ex-
ists a composite witness (II*, Fy) satisfying
O\ {¢}, where I1* is the order-symmetrizing
pipeline. The witness aggregators are listed
in Table 1.

The four aggregator-level witnesses are listed in
Table 1; constructions are verified in Appendix A.4.
PI is secured at the pipeline level by 1I*, which re-
prompts judges in forward and reverse presentation
order and averages the resulting score profiles (the
same II used by BCH; Section 5). Figure 2 depicts
the frontier.

We highlight the IIA-sacrifice face as the
practically relevant one. UD, WP, A, and PI
all encode constraints the community considers
non-negotiable for a fair leaderboard. IIA, the
alternative-independence axiom, is the one that hu-
mans themselves routinely violate in choice exper-
iments (asymmetric-dominance and compromise
effects; Huber et al., 1982; Simonson, 1989), and
LLM judges inherit the same context-sensitivity;
the human-jury comparator in Section 6.3 estab-
lishes a non-trivial human baseline. The face

X (A jointly unsatisfiable

Thm. 1 (ONC regime), Thm. 2 (CUC regime)

drop UD

27| (we)(na)(a)
Majority Vote over V

intransitive on cyclic or tied profiles

drop WP

(Up) (A)(CA)
Constant rule F' = =°

ignores the profile entirely

drop IIA drop A
(up)(we) »~(a) (up)(wr)(wa)_~~

Borda, Score-Mean, BCH
BCH violates IIA only, at 18.5%

Best-of-Judge

one judge as oracle; A violated 100%

\/ pipeline-level: IT* secures it on every face

Figure 2: The achievable frontier (Theorem 3). The four
aggregator-level axioms cannot be had together (top
band), so every aggregator sits on one of four faces, each
defined by the single axiom it gives up; the witness in
each card shows that face is non-empty. PI is orthogonal
to the choice of face and is secured at the pipeline level
by IT* (bottom band), so it is not part of the trade-off.
This work takes the drop-IIA face: BCH keeps UD, WP,
A and PI, and pays 18.5% IIA violations in the audit
(Table 2).

is constraint-based, not rule-based: Borda (rank-
based aggregation) and Score-Mean (magnitude-
based) are two distinct witnesses on this same face
and produce empirically different IIA-violation
rates on real data (Section 6, 31.0% vs 28.5%), even
though both are valid witnesses to the axiomatic
claim. The next section turns this observation into
a constructive aggregator.

4.5 Criterion-Monotonicity as a
separately-measured empirical axiom

A natural sixth axiom, Criterion-Monotonicity
(CM), states that raising the score of an alterna-
tive on any criterion cannot demote it socially. CM
plays no role in Theorems 1, 2 (the four-axiom set
is already unsatisfiable; Appendix A.2, Note on
CM); we retain CM as a separately-measured em-
pirical property because CM violations would pro-
duce counter-intuitive rank flips; our probe found
none among the eight audited aggregators, all of
which are monotone in practice (Section 6).

S The Borda-Conformal Hybrid

BCH sacrifices Independence and secures the
other four axioms: Ilgcpg secures PI by order-
reversal symmetrization; Fpcg secures UD, WP,
A, and CM by construction (Proposition 1).
Of its 12.5-point IIA reduction over Borda,
order-symmetrization contributes 7.0 points (a
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gain shared with permutation-consensus) and the
median-over-judges aggregation the remaining 5.5
(Table 3).

5.1 Construction

Pipeline IIpch. Given any (p,7), llpcp re-
prompts each judge in both candidate presenta-
tion orderings and returns the entry-wise aver-
age Ipcu(p, ) = 3(s™4 + s™). For the per-
criterion scoring template, which lists all candi-
date responses of a prompt in a single query (Ap-
pendix B), the two orderings are the canonical and
the reversed candidate listing; for the pairwise com-
parison template they are the (A, B) and (B, A)
swaps. Since the averaged output does not depend
on m, IIgcy satisfies PI under order reversal by
construction.

Aggregator Fpcy. Given the order-symmetrised
profile s, a criterion-weight vector w € A* (uni-
form w, = 1/k throughout this paper), and a held-
out calibration set D, of nc, profiles with ref-
erence aggregated Borda scores fia0(+), compute
per-(judge, criterion) Borda scores Ejyc(m) =Ny :
sje(x) > sjc(y)}|, the aggregated BCH score
Bgcn(z) = Do We - medianjéj,c(x), the per-
profile aggregated residual r(s, z) = | Bpcu(z) —
Page ()], and the conformal quantile g, defined as
the empirical [(n¢a + 1)(1 — @) /nca-quantile of
the aggregated residuals {r(s,z) : (s,2) € Dear }-
Return the ranking induced by

EBCH (x) = Z w, - medianjec 7 Ej@(x), €))
ceC

with g, used to characterise coverage in Proposi-
tion 2. The ranking induced by EBCH is indepen-
dent of «; g, enters only the certificate, not the
output. Construction of D, is in Section 5.3; a
substitute for domains without human ground truth
is in Section 5.4.

5.2 Properties

Proposition 1 (Four-axiom satisfaction). Fpcp
satisfies UD, WP. A, and CM by construction.
[Igcy satisfies Pl under order reversal by construc-
tion. The composite (Ilgcn, Fcon) violates 1A in
general; Proposition 2 bounds the violation rate.

UD: Fpcy is defined on every profile and re-
turns a complete weak order. WP: unanimous strict
preference across ) yields unanimous Borda-count
advantage. A: the median-over-judges in Equa-
tion (1) is invariant under judge permutations. CM:

a single-coordinate score increase weakly raises
Bj o(z). PI: under order reversal, trivially from the
order-symmetrizing step.

Proposition 2 (Gap-marginalized conformal cov-
erage). Let s, s’ be exchangeable with the calibra-
tion profiles in D., with the same ordinal pair-
wise restrictions ;. |{$,y} for everyv € V. Let
A:r,y(s) = |BBCH(ZE) — BBCH(y)| be the BCH
ranking gap on the pair {x,y}. Then for any
a e (0,1),

Pr[Fecu(S)|(zyy # FBeu(S)|my] < 4a

+E(S:x,y)[“4{Aw,y(3) < 4%}]7
(2

where the expectation is over the empirical pair
distribution induced by D).

The bound improves on a naive worst-case anal-
ysis by marginalizing over the gap distribution:
pairs whose BCH ranking gap exceeds 44, con-
tribute at most 4« to the violation probability via a
union bound, while pairs below the threshold are
charged at their empirical frequency. The proof, in
Appendix A.7, follows the split-conformal cover-
age argument of Vovk et al. (2005); Angelopoulos
and Bates (2023) combined with a gap-conditional
union bound. Instantiating the bound requires the
empirical small-gap fraction p = Pr[A; , < 44,
which is computed from the gap histogram of the
calibration set at audit time; the empirical IIA rate
is 18.5% (Table 2).

BCH’s empirical IIA rate is 18.5% (Clopper—
Pearson 95% CI: [13.4%, 24.6%]). Proposition 2
provides a structural bound connecting this rate to
the gap distribution and identifies the gap distri-
bution as the quantity governing IIA stability; the
bound is instantiated in Appendix C.5.

5.3 The calibration set

Dea1 1s a 500-prompt corpus drawn proportionally
from the three benchmarks, disjoint from the audit
subset by random partition (exchangeability holds
within each benchmark). Three independent anno-
tators, blind to candidate identity, produce a com-
plete ranking over the four candidates per prompt;
reference aggregated Borda scores fi,0 () are the
mean across annotators. Retaining only prompts
with per-prompt inter-annotator agreement above
0.7 (measured as Krippendorff’s a.x with the ordi-
nal metric on the three annotators’ rankings of the
four candidates) leaves n., = 457 usable profiles.
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The exchangeability unit for Proposition 2 is the
profile (one prompt’s complete score tensor); each
profile contributes one aggregated residual (s, =)
computed at a randomly selected alternative x, giv-
ing nca = 457 exchangeable residuals. The con-
formal bound transports across benchmark strata
only if the test-time mixture matches the calibra-
tion mixture; our own audit mixture (25%, 37.5%,
37.5%) differs from the calibration mixture, which
is proportional to benchmark size (5.8%, 58.1%,
36.1%; 29/291/180 prompts), so the reported rates
should be read per-stratum rather than as a trans-
ported guarantee. A practitioner deploying BCH on
a single benchmark should re-calibrate. Sensitivity
to the agreement threshold is in Appendix C.5.

5.4 Calibration without ground truth: a
descriptive variant

Where no human-annotated reference is available,
Page () can be replaced by an ensemble-agreement
Proxy [lage(z): the aggregated BCH score of a
held-out judge ensemble disjoint from the test-time
judges. Because the ranking induced by Bpch
does not depend on the reference scores, the sub-
stitution leaves the output of Fpcy and its empiri-
cal IIA-violation rate unchanged; it changes only
the calibration residuals, §,, and the instantiated
bound, and the gap-marginalized conformal bound
of Proposition 2 does not transfer under the altered
exchangeability conditions. The substitute is there-
fore restricted to descriptive use; the formal scope
statement is in Appendix D.

6 Empirical Audit
6.1 Setup and probes

Data, judges, criteria, aggregators. 200
prompts stratified across MT-Bench (50; first turn
only), AlpacaEval 2 (75) (Dubois et al., 2024),
and Arena-Hard (75) (Li et al., 2025); four can-
didates per prompt from GPT-40, Claude 3.5 Son-
net, Llama-3.1-70B/8B-Instruct (Grattafiori et al.,
2024).  Three widely used judges (GPT-4o,
Claude 3.5 Sonnet, Llama-3.1-70B-Instruct). A
Prometheus 2 (Kim et al., 2024b) replication (Ta-
ble 4, Appendix C.3) reproduces the pattern. Four
anchored 1-10 criteria (correctness, helpfulness,
safety, brevity). Eight aggregators audited: Major-
ity Vote (pairwise majority over the virtual elec-
torate), Score-Mean, Borda, Arena-style Bradley-
Terry (Bradley and Terry, 1952) (maximum like-
lihood on the per-virtual-voter pairwise outcomes

induced by the scores, ties counted as half a win
each, with a pseudo-count of 0.01 added to ev-
ery ordered-pair win total so that the likelihood
has a finite maximiser on every profile, and log-
strengths within 1076 of each other treated as tied),
MT-Bench Average (Zheng et al., 2023), Best-of-
Judge (single-judge cross-criterion mean with GPT-
40 as the oracle judge), Permutation-Consensus
(Borda aggregator with the permutation-consensus
pipeline of Huang et al. (2026b), instantiated with
the two orderings of IT*), and BCH. Exact model
identifiers, the decoding settings used to generate
the candidate responses, and every other configura-
tion value are recorded in the configuration files of
the released toolkit.

Axiom probes. PI: re-prompt each (judge, cri-
terion) on every candidate pair in both presenta-
tion orders and count flipped verdicts. IIA: re-
move one of four candidates, re-query every judge
on the remaining three, and count rank changes
on unchanged pairs (add/replace-one variants in
Appendix C.8); each prompt yields four removal
probes. CM: raise one (j, ¢, z) score by 1, count
z-demotions. WP: scan for unanimous strict prefer-
ence contradicted by F'. A: analytic (Best-of-Judge
violates at 100% by construction). UD: structural
except Majority Vote (0/200 Condorcet cycles).
Full probe definitions and prompt templates are
in Appendix B.

Statistical methodology. IIA rates are prompt-
level: a prompt counts as violated if any of its
four removal probes triggers. Standard errors
are \/p(1 —p)/200. Paired McNemar tests use
prompt-level pairing; Bonferroni correction is over
seven pre-specified comparisons (corrected thresh-
old p < 0.00714). Temperature was O for all judge
calls. Additional details (parse-failure handling,
self-preference confound, per-stratum counts) are
in Appendices B and C.7.

6.2 Results

Aggregator-by-axiom results. Every audited ag-
gregator violates at least one axiom on the audited
profiles or by construction (Table 2; UD is a do-
main condition; no Condorcet cycle was observed
at n=200, though Majority Vote produced intransi-
tive outputs from tied majorities): MT-Bench Av-
erage violates two (IIA and PI); Borda violates
ITA (31.0%) and PI (22.5%); Score-Mean and
Arena-BT violate ITA at 28.5% and 29.5%; Best-of-
Judge violates Anonymity by construction (and IIA
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Agg. UD WP A A CM PI
Majority Vote x(f) v v v v v
Score-Mean v v 28.5+3.2 v v Ve
Borda v v 31.0£3.3 v N 22.5+3.0
Arena-BT v v 29.5+3.2 v v Ve
MT-Bench Avg v v 38.0+3.4 v v 6.0£1.7
Best-of-Judge v v 24.543.0 100.0 Vv v
Perm-Consensus v v 24.0£3.0 v v v
BCH (ours) v v 18.5+£2.7 v v Ve

Table 2: Aggregator-by-axiom matrix (200 prompts). v': deterministic satisfaction; numeric = violation rate (%)
+ SE. v'*: PI secured via IT*. {: UD structural failure (0/200 Condorcet cycles; tied-majority intransitivities
occur generically at even N=12). A: analytic except Best-of-Judge (100% by construction). Best-of-Judge is
the single-judge cross-criterion mean with GPT-40 as oracle (hence nonzero IIA). PI: Borda’s 22.5% is the mean
verdict-flip rate (Table 5); MT-Bench Avg’s 6.0% is the composite ranking-change rate (the two cells are not directly

comparable).

at 24.5%); permutation-consensus sits at 24.0%
ITIA. BCH violates only IIA, at 18.5%, the low-
est rate among the seven aggregators with measur-
able ITA. Permutation-Consensus also violates only
ITA (at 24.0%), achieving the same single-axiom
profile as BCH; BCH’s differentiator is the audit-
time conformal certificate rather than the axiom
profile itself. Paired McNemar (x?, uncorrected)
gives p = 0.0067 for BCH vs. Borda (discordant
pairs: 55 vs. 30), marginally below the Bonferroni
threshold p < 0.00714; the exact binomial McNe-
mar test gives p = 0.0088, above threshold. The
BCH-vs-Borda effect size is 12.5 percentage points.
The advantage over permutation-consensus is not
Bonferroni-significant (p ~ 0.03; discordant pairs:
18 vs. 7). The conformal bound (Proposition 2)
can be instantiated from the gap histogram at audit
time; the value of BCH is the traceability of its IIA
rate to the calibration set and gap distribution.

6.3 The human-jury comparator

A 50-prompt human-jury comparator (three anno-
tators distinct from D.,); the remove-one IIA probe
applied to the annotators’ complete rankings by
restriction; Appendix C.9) yields an aggregated hu-
man I[A-violation rate of 9.0% at the probe level
(18/200 probes across 50 prompts x 4 removals;
Krippendorff oy = 0.83), computed by aggregat-
ing across annotators before applying the Borda
restriction. Restricting a single annotator’s com-
plete ranking to a subset cannot flip a pairwise
ordering under Borda counts; the observed vio-
lations arise from the cross-annotator aggregation
step, where removing an alternative shifts the aggre-
gated Borda scores. Table 2 reports prompt-level
rates; the probe-level human rate is not directly
comparable. A prompt-level recomputation yields

a value between 10% and 36% depending on clus-
tering, an interval that contains BCH’s 18.5%. The
human rate is consistent with the known non-zero
ITA-violation baseline in choice experiments (Hu-
ber et al., 1982; Simonson, 1989; Tversky, 1972).

Two additional findings (AlpacaEval 2’s
length controller as frontier movement and the
self-judging Anonymity confound) are in Ap-
pendix C.1.

7 Discussion and conclusion

Our impossibility theorems resolve three years
of LLM-judge debiasing into disciplined move-
ment along a single frontier: Feng et al. (2025)’s
Intra-Pair Instability is the pipeline-level PI probe,
Huang et al. (2026a)’s leaderboard sensitivity is
closely related to the aggregator-level IIA rate, and
MT-Bench Average, permutation-consensus, Al-
pacaEval 2’s length controller, and Best-of-Judge
each occupy a frontier face whose axiomatic cost
the framework names. No aggregator escapes all
four aggregator-level pathologies, so the choice
among faces should be made deliberately and re-
ported as a six-cell axiom profile (UD, WP, 1IA,
A, PI, optionally CM; with SEs or Cls), computed
automatically by our released audit toolkit. The
toolkit (code, configuration files carrying every hy-
perparameter of Sections 5-6, and a reduced-scale
smoke test with deterministic synthetic judges)
emits per-stratum and per-judge integer counts, Mc-
Nemar contingency tables, §,, calibration residu-
als, the gap histogram, and per-pair certificates of
Algorithm 1.
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Limitations

We distinguish theoretical scope conditions from
empirical constraints. The impossibility theorems
hold unconditionally within their stated regimes
and axiom definitions; the two scope conditions be-
low (Universal Domain and CFC calibration) iden-
tify regimes where the impossibility does not apply,
and thus bound the theorems’ practical reach.

Universal Domain is empirically falsifiable: cor-
related criteria and structured score distributions
restrict the realised profile domain. In our audit, 0
of 200 prompts produced a Condorcet cycle under
Majority Vote (one-sided 95% Clopper—Pearson
upper bound ~ 1.5%). However, UD requires a
complete transitive weak order, and Majority Vote
can fail transitivity without a strict cycle: when
N = nk is even (here N = 12), exact tied majori-
ties produce intransitive outputs generically. Our
toolkit reports both Condorcet cycles and intransi-
tive outputs; whether the realised domain admits
aggregators that satisfy all four axioms on the pro-
files that actually arise depends on the intransitive-
output rate, not only the cycle rate. Domain restric-
tion (e.g., single-peakedness) is the classical escape
from Arrow’s impossibility; whether LLM-judge
score profiles satisfy any such restriction depends
on the realised profile domain and the intransitive-
output rate.

The impossibility theorems assume judges pro-
duce scores at best Cardinal Unit-Comparable
(CUCQC). In the rare event that judges and criteria can
be pre-calibrated to a shared Cardinal Fully Compa-
rable (CFC) scale, aggregators such as leximin and
utilitarianism become available. Because they read
cardinal levels, these aggregators escape the im-
possibility, but they violate ordinal ITA (the axiom
version this paper commits to), since their output
depends on score magnitudes, not just pairwise or-
derings (Appendix A.3, Steps 3-3a). Escaping the
impossibility while retaining ordinal IIA requires a
weaker stability axiom; see Appendix A.5. Achiev-
ing CFC calibration would require all judges to
share a common scoring anchor across all criteria,
concretely a shared reference set of (prompt, re-
sponse) pairs with agreed-upon scores on every cri-
terion, against which each judge’s scale is affinely
aligned. The annotation cost scales with || X [C|
and must be repeated whenever a judge model is up-
dated; current 1-10 rubrics shift measurably across
model releases and criteria, placing the practical
regime between ONC and CUC rather than at CFC.

Theorem 2 also requires CUC-invariance of F' as
an explicit hypothesis (Appendix A.3); aggregators
that operate on CUC profiles but are not themselves
CUC-invariant fall outside this theorem.

Ethical Considerations

LLM-as-judge leaderboards influence which mod-
els are deployed and funded; PI-violation rates of
12.5-34.0% per criterion (Table 5) indicate system-
atic misallocation. The framework makes such fail-
ures legible, but could also be used adversarially:
an aggregator optimized on the axioms a paper re-
ports while inflating violations on omitted axioms
is a form of leaderboard hacking. We mitigate this
by recommending the full six-cell axiom profile be
reported jointly. The LLM judges studied here are
deployed by a small number of commercial actors;
the choice between aggregation rules, and therefore
between which biases the field tolerates, should be
made transparently. Total GPU compute: 38 A100
hours.

Reproducibility

Code is available at https://github.com/
kvector@/axiom-audit.
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A Full Proofs

A.1 Proof of Lemma 1 (Virtual-Voter
Reduction)

Let s, s’ € S be two profiles inducing the same ma-
trix of pairwise virtual-voter preferences: for every

v € V and every pair {z,y} C X, 77, |fxyy} =
|8,y We show F(s) = F(s').

By UD, both F(s) and F'(s') are defined and are
complete weak orders on X'. Fix any pair {x, y}.
By ITA, F(8)|{4,y} depends only on the matrix en-
tries {72, ‘?ﬂmy} }v, Which are identical on s and
s'. Therefore F/(s)|(,3 = F(5')|{z,). Since
this holds for every pair, the two complete weak
orders agree on every pair; by completeness and
transitivity, they are identical. [

A.2 Proof of Theorem 1 (Ordinal
Impossibility)

Step 1: Dictatorship from {UD, WP, IIA}. By
Lemma 1, F' depends only on the pairwise virtual-
voter matrix. Define a coalition C C V as decisive
for the pair (x, y) if for every profile with x >, y
forallv € C'andy >, z for all v ¢ C, we have
x >r y. By WP, Vitself is decisive for every pair.

The standard Arrow decisive-coalition argument
(Arrow, 1951; Geanakoplos, 2005) establishes that
the family of decisive coalitions for any single pair
is closed under intersection and supersets, and that
decisiveness is pair-independent (the same fam-
ily of coalitions is decisive for every pair). The
pair-independence step uses IIA together with non-
trivial profiles on triples {x,y,z} C X where
|X| > 3, available by the theorem’s hypothesis.
Pair-independence of decisiveness ensures that the
dictator v* identified below is the same for every
pair {z,y} C X'; in step 2 we may therefore choose
any pair where j* and some ;' disagree.

Together with WP and the transitivity require-
ment on F'(s), ITA further yields the ultrafilter prop-
erty: for every C' C V), exactly one of C'and V \ C'
is decisive. Since V is finite (|V| = nk < 00),
every ultrafilter on a finite set is principal on a sin-
gleton: there exists a unique v* € V such that the
decisive coalitions are exactly the supersets of {v*}.
Equivalently, F' is the dictatorship of v*: for every
profile and every pair, > y <= T >+ ¥.

Step 2: Anonymity contradiction. Write v* =
(5%, c*). We construct a profile and a permutation
that yield contradictory rankings under dictatorship
and Anonymity.

Fix any j' € J \ {j*}, which exists by n > 2.
Take a profile s such that s+ o« () > sj+ .« (y) and
sjr e+ (y) > 85 o« (x), with other entries arbitrary.
By dictatorship, x >~ y on s.

Now apply the transposition o = (j* j') on J.
The permuted profile satisfies (o - )« () =
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S’ ,c* (z) < 54 c* (y) = (o S)j*,c* (), 80y =p+ T
on o - s. By dictatorship, y = xono - s.

By Judge-Anonymity, F'(o - s) = F(s). There-
fore both x > y and y > x on the same social
ranking, contradicting completeness. [

Note on CM. Criterion-Monotonicity plays
no role in the proof above; the impossibil-
ity holds for the minimal aggregator-level set
{UD, WP, IIA, A}. We retain CM as a separately-
measured empirical axiom (Section 4.5) because
aggregators that violate CM produce empirically
interesting failure modes, but the theorem does not
need it.

A.3 Proof of Theorem 2 (Cardinal
Impossibility)

Step 1: weighted-utilitarian reduction. In the
CUC informational regime, F' is invariant under
any transformation s,, — As, =+ /3, with A > 0 com-
mon across all virtual voters v and 3, € R individ-
ual to each v; the hypothesis of Theorem 2 requires
F' to be CUC-invariant in this sense. The wel-
farism framework (D’ Aspremont and Gevers, 1977,
Roberts, 1980; Maskin, 1978) establishes that any
SWEFL satisfying UD, Strong Pareto, cardinal-
ITA, and CUC-invariance reduces to the weighted-
utilitarian family

F(s) = argsort ( Z Wy sv(~)) 3)

veY

for some weight vector w = (wy)uey € RY,
with at least one w,, # 0. Theorem 1 already im-
plies Theorem 2 (see Section 4); the value of the
welfarism reduction is that it identifies which ag-
gregator family survives cardinal IIA under CUC-
invariance.

Step 2: criterion-only, strictly positive weights.
Strong Pareto forces w, > 0 for every v: apply SP
to a profile where s,,(x) > s,,(y) and s,(z) =
sy(y) for all v # vp; the aggregate difference is
W (Suo () — Suy(y)), and SP requires it strictly
positive, so wy, > 0. Since all weights are positive,
any judge permutation o satisfying F'(o-s) = F(s)
for all s forces wy(,) = Aw, for some A > 0
(the argsort is scale-invariant); since ¢ has finite
order, iterating gives Al?/ = 1 and hence \ = 1, so
0 - w = w. Judge-Anonymity therefore collapses
W(je) = Wiy o) forevery j, 7" € J; write w(; )
we > 0. The reduction leaves a strictly positive

criterion-weighted utilitarian rule

F(s) = argsort(ch Z sj7c(~)>, we > 0.

ceC jeJ
4)

Step 3: ordinal-IIA witness. Fix any admissible
weight vector w from Step 2; since all w, > 0, pick
any c¢*. We exhibit two profiles s, s’ on | J| = 2,
IC| = 2, |X| = 3 such that every virtual voter’s
pairwise restriction ;. |{x17x2} is identical in the
two profiles, but F'(s)|(z, 2,3 7 F(8')|{2,,2,) Un-
der Equation (4). The construction perturbs scores
on a criterion with w.+ > 0, holding all other crite-
ria fixed.

Without loss of generality, let ¢* = ¢; with
w1 > 0. The construction works for any ad-
missible w; we display it for w; = ws = 1

and verify the general case below. Define s by
Sji,e1 = (10’9’5)’ Sja,c1 = (107975)’ Sji,e2 =
(1,2,9), 8j,.¢, = (1,2,9), with components in or-
der (z1,x9,x3). Pairwise on {z1,z2}: 1 =, T2
for v € {(j1,c1), (J2,c1)}, 2 =y x1 forv €
[(rse2), G2y e2)}. Aggregate 3, we 3, 85 on
(x1,m2) is (22, 22); the aggregator returns x; ~p
Zg 0N 8.

Define s’ by leaving the ¢ scores identical to s

and changing the cy scores to 591,@ = (1,3,9),
e = (1,3,9). Pairwise on {x1,z2}: still

x9 >y o1 forv € {(J1, c2), (J2, c2)} (since 3 > 1),
so the pairwise restriction matrix is unchanged. Ag-
gregate on (x1,x2) is (22,24); the aggregator re-
turns 3 > 1 on s’

Two profiles with identical pairwise virtual-voter
restrictions on {x1,x2} produce different social
orderings on {x1,z2} (tied vs. strict), violating
ordinal IIA.

Step 3a: a generic strict-vs-strict witness. The
construction in step 3 places s at an indifference
edge of profile space. We now exhibit a full-
measure (generic) witness in which both s and
s’ produce strict orderings on {x1,z2} that flip
across the two profiles. Take the same weights
and structure as before but modify the c; scores
so that the aggregate on s favours x; strictly: set
Sjiier = Sjp,er = (11,9,5) on s, leaving the
co scores at (1,2,9). Aggregate on (z1,z2) is
now (24,22), yielding x1 >p x4 strictly. De-
fine s’ by leaving c; identical and changing c; to
S ey = iy e = (1,4,9). Pairwise on {z1, 72}
the matrix is unchanged. Aggregate on (z1, z2) is
(24, 26), yielding x2 > x; strictly. Both profiles
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sit in the interior of profile space (no aggregate ties)
and the orderings flip; ordinal IIA fails generically,
not only at the indifference edge. [J

General-w extension. For arbitrary admissible
w1, ws > 0 with wy # wo, the Step-3 construction
requires a modified perturbation to achieve a tie
on s. Set the co gap d2 > 0 on {x1,x2} such that
widi = wode where d; is the ¢y aggregate gap,
then perturb by & > 0 to break the tie in s’. Step 3a
extends identically: for strict-vs-strict, choose the
initial ¢; gap so wydy > wydo, then increase do by
€ > widy /we — &3 in 8'. The pairwise restriction
on {x1,xy} is invariant under magnitude changes
that preserve the sign, so ordinal IIA fails for every
admissible w.

Conclusion. Steps 1-2 force any SWFL satisfy-
ing {UD, SP, cardinal-IIA, A} in the CUC regime
to take the form of Equation (4). Step 3 shows
this form violates the stronger ordinal-IIA axiom
on a measure-zero edge witness; Step 3a extends
this to a generic strict-vs-strict witness. Since or-
dinal IIA strictly implies cardinal IIA, no CUC-
invariant SWFL satisfies the four-axiom set {UD,
SP, ordinal-ITIA, A} in the CUC regime. As in The-
orem 1, CM is not needed. [J

A.4 Proof of Theorem 3 (Frontier
Characterization)

Part (i) restates Theorems 1, 2.

Part (ii) requires four composite witnesses, one
per dropped aggregator-level axiom. Each is com-
posed with IT*, the order-symmetrizing pipeline.

Drop UD: Majority Vote. Define F(s) by:
v Zryiff {veVix Z, y} = {v:y Zo 2},
i.e., pairwise majority over all N = nk virtual vot-
ers. On profiles inducing a non-Condorcet majority
preference, Majority Vote satisfies WP (unanimous
strict preference is preserved), IIA (pairwise output
depends only on pairwise input), A (vote count is
anonymous), and PI via IT*. On Condorcet-cyclic
profiles, the output is intransitive, so UD fails by
definition.

Drop WP: Constant rule. Fix any complete weak
order -° on X and define F(s) =7° for every
s. The output is defined for every profile (UD),
trivially pairwise-input-independent (IIA), trivially
judge-permutation-invariant (A), and trivially PI
via IT*. WP fails on profiles where 2~° contradicts
the unanimous strict preference.

Drop IIA: Borda count (rank-based) or Score-
Mean (magnitude-based). Borda count B(z) :=

>wl{y + @ =y y}| is defined for every profile
(UD), preserves unanimous strict preference (WP),
permutation-invariant in J (A), and PI via IT*.
Borda violates IIA: the textbook counter-example
uses three alternatives and a profile whose rela-
tive ranking of {z,y} changes when a third al-
ternative z is added or removed. Score-Mean
M(z):= % >, sv(z) satisfies the same four and
fails ITA via magnitude-sensitivity (a witness con-
struction is in Step 3 of Appendix A.3). The two
witnesses are listed separately because they can
disagree on near-tied profiles.

Drop A: Best-of-Judge. Fix any judge j' and
define F'(s) :=t .+ for some fixed criterion. This
is UD, WP, ITIA, and PI via IT*, but it ignores all
other judges, so F'(o - s) # F\(s) for any o that
displaces j', violating A.

Each construction is checked directly
against the four-axiom set & \ {¢} for
¢ € {UD,WP,IIA,A}; PI is secured by
IT* uniformly. [J

A.5 Stability hierarchies and metric-ITA
alternatives

The pair-stability axioms form a hierarchy whose
strict top is ordinal IIA: it requires identical social
ordering on {z, y} under any profile perturbation
that preserves the virtual-voter pairwise restriction.
Strictly weaker alternatives include cardinal IIA
(preserves magnitudes too), Kendall-7 stability (the
full ranking changes by at most & inversions un-
der bounded perturbations), and Mallows-distance
stability (expected ranking distance bounded un-
der bounded perturbations). The frontier charac-
terization of Theorem 3 concerns ordinal ITA; un-
der the weaker metric stabilities the achievable
face structure changes. In particular, BCH’s gap-
marginalized bound (Section 5) becomes a direct
T-stability certificate without the ITA-violation re-
interpretation, since a bounded violation rate on
pair swaps implies a bounded expected Kendall-7
shift. We flag the hierarchy because a reader who
prefers a metric stability should see where in the
lattice this paper sits.

A.6 Cardinal-ITIA version of Theorem 3

If ITA is read in its cardinal version (two profiles
must additionally have identical magnitudes on
{z,y}), the weighted-utilitarian witnesses from
Equation (4) re-enter the witness set: under car-
dinal ITA, the Step 3 construction of Appendix A.3
fails, because s and s’ differ in magnitude on
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{z1,x2}. The cardinal-ITA frontier therefore ad-
mits Score-Mean as an additional drop-IIA witness,
and the cardinal-IIA impossibility is strictly weaker
than the ordinal-IIA impossibility of Theorem 2.
We commit to ordinal IIA throughout the main
paper because LLM-judge scores are not interper-
sonally cardinally comparable (1-10 rubrics shift
between model releases and across criteria), and
the stronger ordinal axiom is the more honest one
to require.

A.7 Proof of Proposition 2 (Gap-Marginalized
Conformal Coverage)

Step 1: split-conformal coverage on aggregated
residuals. By construction, ¢, is the [(nca +
1)(1 — @) ]/nca empirical quantile of the aggre-
gated residuals r (s, z) = |Bpcn(z) — Hage ()| on
the calibration set D.,;. Under exchangeability of
the test point (s, z) with the calibration profiles,
the split-conformal coverage result (Vovk et al.,
2005, Proposition 4.1) yields directly

Pr [|Beon() — pragg(7)| < da] > 1—a. (5)

Calibrating on the aggregated residual (rather than
on per-(judge, criterion) residuals) is what permits
a single-« coverage statement at the aggregator
level: a per-(judge, criterion) calibration would in-
herit a union-bound factor over n - k events, vacat-
ing the bound for n = 3, k = 4 at any practically
useful a.

Step 2: gap-conditional pair-wise stability.
Consider two profiles s, s’ with identical pair-
wise virtual-voter restrictions on {z,y} and define
Az,y = |BBCH(1') — BBCH(y)| on s. An IIA vi-
olation on {z,y} requires that the BCH rankings
Bgpcn(x), Becu(y) swap order between s and s’
By the triangle inequality through the shared an-
chor fiagg, if all four residuals |Becn(z)— Hage (2)]
(for z € {z,y} on both s and ') are within ¢,
each alternative’s BCH score can shift by at most
2q., between profiles, so the gap A, , can shift by
at most 44,,. Two cases.

(a) If A, > 4., a swap requires at least one
of the four residuals to exceed §,, which has prob-
ability at most o per residual by Step 1. A union
bound over the 2 alternatives x 2 profiles gives a
total swap probability < 4a.

(b) If A,y < 44q, no conformal guarantee ap-
plies; an ITA violation is possible with probability
up to 1. The contribution to the marginal viola-

tion rate is Pr[A; , < 44.] over the empirical pair
distribution.

Step 3: marginalizing over the empirical gap
distribution. Combining (a) and (b),

Pr{lIA viol] < 4« - Pr[Ag, > 444
+1- Pr[Ax,y < 4%]
<o+ B{A,, < 40.}]

since (a) and (b) partition the event space exhaus-
tively: the gap A, , on s is either above or at-or-
below the threshold, and case (a)’s union bound
already covers swaps in both directions. [

To instantiate the bound, compute p =
Pr[A; 4 < 44,] from the empirical gap histogram
of the calibration set. The empirical IIA rate is
18.5%; the gap between any valid bound and the
empirical rate reflects the conservatism of the union
bound. The bound is computable at audit time from
the calibration set and gap distribution alone; the
toolkit’s calibration step writes the gap histogram
together with ¢,.

Remark 1 (Bound composition). The bound 4a—+p
where p = Pr[A;, < 44o] combines two terms:
the 4« union bound on large-gap pairs, plus the
unconditional contribution from small-gap pairs
charged at probability 1. The literal 4a = 0.20
alone covers only large-gap pairs; the small-gap
term must be included for a complete bound.

B Prompt Templates and Audit Protocol
B.1 The BCH procedure end-to-end

For reference, Algorithm 1 states the complete
BCH pipeline-aggregator pair in pseudocode,
matching the construction of Section 5.

B.2 Per-criterion scoring prompt

Each judge is queried with the following template
for each criterion ¢ € {correctness, helpfulness,
safety, brevity}. The m candidate responses of a
prompt are listed in a single query, in canonical
order for s™9 and in reversed order for sV (Algo-
rithm 1); the remove-one, add-one, and replace-one
probes issue the same template with the reduced or
extended candidate set.

You are evaluating
criterion of {c}, anchored on a 1-10
scale where 1 = unacceptable and 10
= excellent. Given the prompt below
and the {m} responses, return a single
integer score between 1 and 10 for each
response, one per line in the order

responses on the
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Algorithm 1 Borda-Conformal Hybrid (BCH)

Require: Prompt p; alternatives X’; judges J; cri-
teria C; criterion weights w € A*; calibra-
tion set D, with reference aggregated Borda
SCOTES [lage (-); significance level .

Ensure: Social ranking over X and per-pair cov-
erage certificate.

Pipeline IIgcy:

1: 8™ « query each j € J on each ¢ € C with
the candidates of p listed in canonical order

2: 8™V < query each j € J on each ¢ € C with
the candidates of p listed in reversed order

30 8 3(s™d 4+ ™) »>II*; secures PI under
order reversal
Aggregator Fpcy:

4: for each (j,c) € J x C and each z € X do

S Bjelw) ¢ {y € X : sjel@) > 50(1)}]
> per-(judge, criterion) Borda score

6: end for

7. for each z € X do

-BBCH(w) <—
median;ec 7 §j7c(x)
9: end for
10: for each calibration profile (s, 2()) € Dey

do

E:CECIUC

11: 7@ « |Bgen(a®; s@)) — fage(z@)| >
aggregated residual

12: end for

13: o <« empirical [(nea + 1)(1 — @)]/ncal-
quantile of {r(?)}

14: return ranking induced by EBCH(-); per-pair
coverage bound from Prop. 2 parametrised by
da

presented, formatted as "Response 1i:
<score>". Do not include any text other
than the scores.

Prompt: {prompt}
Response 1: {response_1}

Response {m}: {response_m}
{c} scores:

B.3 Pairwise comparison prompt

For the pairwise PI probe, the template is (with {c}
the criterion name, giving the per-criterion cells of
Table 5; the overall-quality variant replaces {c} by
“overall quality”):

Compare two responses to the prompt
below on {c}. Return either "A" or
"B" indicating which is better. Do not
include any text other than the letter.

Prompt: {prompt}
Response A: {response_a}
Response B: {response_b}
Choice:

B.4 Order-swap protocol

Position-Invariance is measured at the judge level
by querying each (judge, criterion) on each of the
six candidate pairs of each prompt twice: once with
the canonical (A, B) order and once with (B, A)
swapped. The PI-violation rate of a (judge, crite-
rion) cell (Table 5) or of a (judge, benchmark) cell
is the fraction of (prompt, pair) probes on which
the judge’s preferred candidate differs under the
two orders; a probe whose verdict fails to parse
under either order is excluded. At the ranking level,
the composite rate of an aggregator that is not com-
posed with IT* is the fraction of prompts on which
F ranks the forward-order and the reversed-order
scoring profiles differently (the MT-Bench Avg cell
of Table 2).

B.5 Statistical methodology details

ITA violation rates in Table 2 are prompt-level:
a prompt counts as violated if any of its four
candidate-removal probes violates the ordinal ITA
criterion. The 200 prompts are stratified across M'T-
Bench (50), AlpacaEval 2 (75), and Arena-Hard
(75); rates aggregate across strata and judges. Stan-
dard errors are approximated as /p(1 — p)/200
for every empirical cell. The released audit toolkit
reports every rate together with its per-stratum and
per-judge integer counts and the McNemar contin-
gency tables; we recommend readers verify rates
against those counts. Paired McNemar tests use
prompt-level pairing (n = 200; one prompt con-
tributes one paired observation per aggregator com-
parison). Bonferroni correction is over seven pre-
specified comparisons (each of the seven other ag-
gregators against BCH, Majority Vote entering with
its probe outcome, which is zero by construction;
corrected threshold p < 0.00714). Three of the
four candidate generators (GPT-40, Claude 3.5 Son-
net, Llama-3.1-70B) are also judges; Appendix C.7
measures the resulting self-preference confound at
+-0.7 points. Non-integer or out-of-range responses
(fewer than 0.5% of calls at temperature 0) were
re-queried once; persistent failures were scored as
5 (the lower of the two central integers on the 1-10
scale), per response slot of the scoring template;
a pairwise verdict that fails to parse under both
queries is excluded from the PI denominator.
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C Additional Empirical Results

C.1 Frontier movement, named pathologies,
and leaderboard impact

Three additional findings reinforce the frontier read-
ing of existing diagnostics and were summarised
in Section 6.

Length controller is movement along the fron-
tier, not a fix. Stripping AlpacaEval 2’s length
controller raises the empirical IIA-violation rate
from 24.5% to 34.0% (PI unchanged). The con-
troller therefore secures a position-bias-relevant
face at the cost of the ITA face, consistent with the
frontier characterization: it is movement along the
frontier rather than an escape from it. Aggregate
rates are in the verbosity-control experiment below.

Self-judging Anonymity violation. GPT-40
judging GPT-40 yields a 4-0.7-point uplift on the
four-criterion average compared to GPT-40 judg-
ing the other three candidates (p < 0.001, paired
t-test). The effect is consistent with Anonymity vi-
olation (the judge identity matters for the verdict),
although it is confounded with stylistic similarity
between the judge model and its own outputs. Ap-
pendix C.7 states the matched-pair procedure; the
toolkit emits the per-criterion and candidate—judge
breakdown.

C.2 BCH ablation study

Variant

PL(}) A ()

Borda baseline 22.5+3.0 31.0%+3.3
+ Fpcu median-of-judges 22.5+3.0 19.5+2.8
BCH (Fgcyu + I1%) 0.0 18.5+2.7

Table 3: BCH ablation: PI (}) and IIA ({) violation
rates (%, £ SE) for each component added to the Borda
baseline.

BCH’s 12.5-point IIA reduction over Borda
(31.0% — 18.5%) decomposes into two effects:
IT* applied to Borda reduces IIA by 7.0 points
(31.0% — 24.0%, i.e. Permutation-Consensus),
and the median aggregation step reduces IIA by
a further 5.5 points (24.0% — 18.5%). The ab-
lation in Table 3 isolates the aggregator effect by
holding II fixed: replacing standard Borda aggre-
gation with the criterion-weighted median reduces
ITIA from 31.0% to 19.5% (11.5 points) on the un-
averaged profile, and from 24.0% to 18.5% (5.5
points) on the IT*-averaged profile. The 1.0-point
gap between 19.5% (Fpcp without I1*) and 18.5%

(full BCH) reflects interactions between the averag-
ing and the median: IT* modifies the per-criterion
scores fed to the Borda counts, and the median
attenuates the outlier scores that would otherwise
dominate the ranking. As a further cross-check, the
median-over-judges variant of Score-Mean yields
ITA = 21.5 £+ 2.9%, down from Score-Mean’s
28.5+3.2% (Table 2), confirming the median step’s
effect across aggregator families.

C.3 Prometheus 2 fine-tuned-judge

replication
Aggregator 1IA (%) PI (%)
Borda 3046 9+£29
Score-Mean / Single-Judge 27+4.4 9+29
BCH 19+39 0.0

Table 4: Replication with Prometheus 2 (Kim et al.,
2024b) as fine-tuned judge (n = 100 prompts). ITA
and PI violation rates (%, = SE). With a single judge,
Score-Mean and Best-of-Judge coincide (merged row);
BCH is composed with IT*.

C.4 PI by judge and criterion

Judge Corr.  Help. Safety Brev.
GPT-40 20.5 245 19.0 25.0
Claude 3.5 Sonnet  13.0  15.5 12.5 15.5
Llama-3.1-70B 30.5 33.0 27.5 34.0

Table 5: PI-violation rate (%) by judge X criterion.

C.5 Conformal bound instantiation

The bound of Proposition 2 takes the form 4 + p
where p = Pr[A, , < 44,] is the small-gap frac-
tion computed from the empirical gap histogram of
the calibration set. Although per-(judge, criterion)
Borda scores §j7c(az) € {0,1,2,3} are discrete,
the aggregated BCH score Bpc(z) = Do We -
medianjéj,c(x) with w, = 1/4 takes values in
{0,0.25,0.50, . ..,3.0} (13 levels), so the pairwise
gap A, , and the residual ]EBCH(:J:) — [lagg ()| are
both discrete. The small-gap fraction p and the con-
formal quantile ¢, inherit this discreteness. The
conformal quantile g, the full gap histogram, and
the vector of calibration residuals are written by the
toolkit’s calibration step. At |X'| = 4, the pairwise
gap A, , is constrained to [0, 3], and any threshold
4G, > 2.0 captures at least 1/3 of all pairs uncon-
ditionally (since at most 4 of 6 pairs can have gap
exceeding 2.0); the bound 4« + p exceeds 1/3 at
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o = 0.05 for this alternative-set size, since at most
4 of 6 pairs can have gap exceeding 2.0 and ¢, is
non-increasing in a.

Sensitivity to the inter-annotator agreement
threshold used to filter calibration prompts: at
thresholds 0.5, 0.6, 0.7, 0.8, the retained calibra-
tion sizes are n., = 481, 472, 457, 423 respec-
tively. We use the 0.7 threshold (n¢y = 457)
throughout.

C.6 Verbosity-control experiment

AlpacaEval 2’s length controller is reconstructed
as a length-adjusted pairwise win rate: each
per-virtual-voter pairwise outcome o,(x,y) €
{0, 3,1} is corrected by ¢ tanh ((be — £y)/00),
where ¢ is the response length in characters, oy
the standard deviation of candidate lengths over
the audit, and gﬁ the global least-squares coefficient
(no intercept) of the centred voter-mean outcome
o(x,y) — 3 on tanh ((¢; — €,)/0y), fitted across
all ordered candidate pairs of all audit prompts; a
candidate’s LC score is its mean corrected outcome
over opponents and virtual voters, and stripping the
controller sets gZ; = 0. Stripping the AlpacaEval 2
length controller raises the IIA-violation rate from
24.5 £ 3.0 to 34.0 £ 3.4 on 200 prompts, holding
all other audit settings constant. The judge-level PI
rate (22.5 & 3.0, Table 2) is a pipeline-level quan-
tity and is unaffected by the choice of aggregator.
The 9.5-point ITA shift is consistent with the frame-
work’s prediction: what the controller buys on the
position-bias-relevant face, it pays for on the I1A
face.

C.7 Self-enhancement audit

GPT-40 judges its own candidate with a mean up-
lift of +0.7 points on the four-criterion average of
the 1-10 scale relative to its mean score of the
other three candidates (p < 0.001 by paired ¢-
test on n = 100 matched pairs). One pair per
prompt contrasts the judge’s cross-criterion mean
for its own response with its mean over the other
candidates, on the order-symmetrised profile; the
100 prompts with the smallest absolute difference
between the log character length of the judge’s
own response and the mean log character length
of the other three responses are retained (length
matching), and the toolkit additionally reports the
uplift after residualising scores on log response
length, together with per-criterion and candidate—
judge breakdowns. The effect is consistent with the
findings of Wataoka et al. (2024).

C.8 Multi-probe ITA breakdown

The main-body IIA rate uses the remove-one probe:
remove one of the four candidates and count rank
changes on the remaining three. We additionally re-
port two alternative probes on the same 200-prompt
audit. Add-one: insert a fifth candidate (the re-
sponse of a held-out generator, GPT-40-mini, to the
same prompt; its identifier is recorded in the config-
uration files) and count rank changes on the original
four. Replace-one: swap one of the four candidates
with the held-out fifth response and count rank
changes on the unchanged three. Both variants
re-query the judges on the extended or modified
candidate set and apply the same violation criterion
as the remove-one probe. Rates per aggregator are
in Table 6.

Aggregator Remove-one  Add-one  Replace-one
Borda 31.0£33 3354+33 29.0+3.2
Score-Mean 285+3.2 305+33 265+3.1
Permutation-Cons. 24.0+3.0 25.54+3.1 22.0+29
BCH (ours) 185+27 20.0+28 17.0+2.7

Table 6: IIA-violation rates (%, - SE) under three
probes: remove-one, add-one, and replace-one.

The qualitative pattern is robust across probe
classes; the BCH-vs-Borda gap is 12.5 points on
remove-one, 13.5 on add-one, and 12.0 on replace-
one.

C.9 Human-jury comparator details

The 50 prompts were stratified across benchmarks:
20 MT-Bench, 15 AlpacaEval 2, 15 Arena-Hard.
Three annotators (graduate students, distinct from
the calibration-set annotators, paid $20/hour, blind
to candidate identity and to which model produced
each candidate) produced complete 4-candidate
rankings on all 50 prompts using the same an-
chored rubric the LLM judges saw. Inter-annotator
Krippendorff ar = 0.83 [0.76, 0.90] (ordinal met-
ric; 95% bootstrap CI over prompts); corpus-level
pairwise Spearman correlations between annota-
tors (rank vectors concatenated across prompts)
averaged 0.85 (range 0.79-0.91 over the three an-
notator pairs). Annotation cost: 31 person-hours
(=~ $620). Both the calibration and jury annotators
ranked independently without discussion.

The remove-one IIA-violation rate is computed
by first aggregating the three annotators’ Borda
scores into a single aggregated Borda ranking (us-
ing the sum of per-annotator Borda counts), then re-
stricting this aggregated ranking to each of the four
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3-candidate subsets by re-deriving Borda scores on
the restricted candidate set. A probe counts as an
ITIA violation when the pairwise ordering of some
pair {z,y} in the 3-candidate aggregated Borda
ranking differs from that pair’s ordering in the
full 4-candidate aggregated Borda ranking. Each
of 50 prompts X 4 removals yields 200 probes.
The aggregate human IIA rate is 9.0% (18/200
probes; 95% bootstrap CI [4.2, 14.8], clustered
by prompt). A single annotator’s restricted rank-
ing, by contrast, can never flip a pairwise order-
ing under Borda counts (the proof is elementary:
removing alternative z shifts B(z) — B(y) by
W{x - z} —W¥{y = z}; when = > y, we have
{z:y >z} C{z: x> z}, so this shiftis > 0
and the sign of the gap is preserved); the violations
therefore originate in the cross-annotator aggrega-
tion step, where removing an alternative differen-
tially shifts each annotator’s Borda contribution,
changing the aggregated ranking. The probe-level
rate does not transfer directly to Table 2, which re-
ports prompt-level rates; recomputed at the prompt
level, the human rate (9.0% at the probe level) lies
between 10% and 36% depending on how the 18
violating probes cluster across 50 prompts, an in-
terval that contains BCH’s 18.5%.

D Scope of the ensemble-proxy substitute

This appendix gives the formal version of the
substitute-scope claim made briefly in Section 5.4.

Remark 2 (Scope of the substitute). Replac-
ing [tagg With the ensemble proxy [iag, alters
the exchangeability conditions on which Propo-
sition 2 rests. The aggregated residuals r(s,z) =
|Bpcn(z) — [agg ()| now depend on the ensem-
ble judges, so exchangeability requires the (test
profile, ensemble proxy) pair to be exchangeable
with the (calibration profile, ensemble proxy) pair,
a stronger condition that the present validation
does not establish. We therefore restrict [lagg t0
descriptive use: the aggregator Fpcu with [lagg
remains a UD/WP/A/CM-satisfying composite with
IIgcy securing PI, and its output and empiri-
cal IIA-violation rate are unchanged (the ranking
does not read the reference scores), but the gap-
marginalized conformal bound of Proposition 2
does not transfer. Practical deployment of the sub-
stitute requires either extending the validation to a
larger human-anchored set or formally re-deriving
the bound under the substituted exchangeability
assumption.

E Extended Discussion: the
Judge-Anonymity Defense

This appendix gives the formal argument behind
the Judge-Anonymity choice stated in Section 3.2.

Pre-validation fairness floor. An aggregator F'
is applied to score profiles before the population of
judges J has been validated on the specific task the
leaderboard measures. Per-judge reliability is it-
self an empirical quantity, downstream of repeated
leaderboard outputs; weighting judges by reliabil-
ity inside F' therefore presupposes a measurement
the aggregator is meant to produce. Anonymity
makes the use of any per-judge weight an explicit
pre-aggregation step (e.g., a separate calibration
phase whose outputs are reported), rather than a
hidden parameter inside the aggregator.

Relationship to Non-Dictatorship. Arrow’s
original theorem uses Non-Dictatorship (no sin-
gle voter is dictator for all profiles) as the fourth
axiom. Step 1 of Theorem 1’s proof establishes a
fixed dictator v* = (j*, ¢*) via the ultrafilter argu-
ment. Therefore Non-Dictatorship already suffices
for the impossibility: Theorem 1 holds with the
weaker axiom {UD, WP, IIA, Non-Dictatorship},
which is Arrow’s theorem instantiated on the vir-
tual electorate V = J x C. Judge-Anonymity is
strictly stronger than Non-Dictatorship and is not
required for the impossibility itself. We retain it in
the main statement because it is the axiom the fron-
tier needs: the drop-A face (Best-of-Judge) is only
meaningful if Anonymity is an axiom one might
want to keep, and the criterion-weight characteriza-
tion of Theorem 2’s proof (Equation 4) specifically
requires Anonymity’s permutation-invariance.

The framework names the trade-off explicitly.
The drop-Anonymity face of the frontier (Theo-
rem 3) is occupied by the Best-of-Judge witness: a
rule that designates one judge as oracle and ignores
the others. A practitioner with strong per-judge
reliability evidence has exactly this rule available,
with the axiomatic cost (Anonymity violation at
100%) reported transparently. The frontier char-
acterization thus encodes judge-reliability-driven
weighting as one deliberate face, not as an attempt
to escape the impossibility.

F Running Example: Axiom Illustrations

Consider a leaderboard with two judges (J1, J2),
two criteria (helpfulness, safety), and three candi-
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dates (A, B, C). Each judge scores each candidate
on each criterion from 1-10, producing a 2 x 2 x 3
score profile. We illustrate each axiom.

UD: the aggregator must return a complete rank-
ing for every possible combination of scores, in-
cluding pathological ones. Majority Vote fails UD
when voters produce a Condorcet cycle (A >~ B >
C = A).

WP: if both judges score A above B on every
criterion, the final ranking must place A above B.
A rule that discretizes scores before ranking (e.g.,
rounding to bins) can violate WP by collapsing a
unanimous strict preference into a tie.

IIA: removing C' from the leaderboard should
not flip the A-vs-B ranking when no judge’s A-vs-
B ordering changes. Borda violates IIA because
removing C' changes A’s and B’s Borda counts by
different amounts; Score-Mean violates the ordinal
axiom through magnitude sensitivity: re-scoring
without C' can change the magnitudes of A’s and
B’s scores while preserving every judge’s A-vs-B
ordering, and the mean can then flip (Appendix A.3,
Step 3).

A: swapping J; and Jo’s score sheets should not
change the final ranking. Best-of-Judge violates A
because it designates one judge as oracle.

PI: presenting candidates as (A, B) or (B, A)
in the judge’s prompt should yield identical scores.
In our audit, PI failed at rates between 12.5% and
34.0%, depending on the judge and criterion.
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