
Proceedings of the 2026 Conference on Empirical Methods in Natural Language Processing, pages 41385–41417
October 24-29, 2026 ©2026 Association for Computational Linguistics

Tracing Contextual Override: Mediated Causal Attribution in Language
Models

Zongye Hu♦ Weiqing Luo♦ Haofeng Zhang♠ Ziyi Huang♦

♦Arizona State University ♠Morgan Stanley
{weiqing2,zongyehu,zhuan236}@asu.edu hz2553@columbia.edu

Abstract

Contextual override, the tendency of large lan-
guage models to shift away from otherwise
correct predictions under misleading prompt
evidence, poses a fundamental risk to reliable
deployment in context-rich environments. De-
spite its prevalence, the internal mechanism
behind this shift remains poorly understood,
particularly the causal structure underlying the
override process. To bridge this gap, we for-
mulate contextual override as an internal medi-
ation process that attributes evidence-induced
answer-preference shifts to fine-grained model
components. Building on this formulation, we
introduce a theoretically grounded mediated-
effect framework that disentangles evidence
sensitivity from causal mediation, allowing
override-mediating components to be precisely
identified and their causal role verified through
targeted ablation. We empirically validate
our framework across six models and three
benchmarks, demonstrating consistent support
for our mediation account across diverse ar-
chitectures and task settings. Our study re-
veals that contextual override is routed through
sparse, structurally localized pathways, rather
than being diffusely entangled with the model’s
internal knowledge. These findings provide
a mechanistic diagnostic for auditing contex-
tual override and a targeted interventional test
for validating the identified pathways, rather
than a general-purpose defense mechanism.
We release our code at https://github.com/
abhorizon03/Contexual_Override.

1 Introduction

Modern language models are increasingly de-
ployed in context-rich environments, with prompt-
provided evidence playing a central role in shaping
their predictions (Dong et al., 2024; Lou et al.,
2024; Luo et al., 2026). Yet such evidence is often
neither curated nor guaranteed to be truthful, and
even a single misleading passage can steer a model

Figure 1: Overview of contextual override and sparse
override pathways. Left: Misleading prompt evidence
triggers contextual override, shifting the model from
a correct prediction (Euro) to an incorrect alternative
(Franc). Right: The mediated effect score distribution
(vertical axis) shows that external-context sensitivity
concentrates in a small number of components (red)
while the majority of components (gray) exhibit negli-
gible mediated effect scores. These components form
a sparse override pathway that shifts the answer dis-
tribution from the correct answer (green) toward the
context-supported alternative (red). Illustration is based
on Qwen3-8B with MINTAKA.

toward an incorrect answer despite encoded knowl-
edge of the correct one (Longpre et al., 2021; Xie
et al., 2024; Yu et al., 2024; Xu et al., 2024; Hu
et al., 2026). This phenomenon, which we refer to
as contextual override, creates a direct channel for
injecting misinformation and manipulating model
outputs at scale. Dialogue and interactive settings
further amplify this risk, as misleading cues can
be repeatedly introduced within the prompt and
exert cumulative influence on the model’s predic-
tion (Li et al., 2025c; Yang et al., 2025; Li et al.,
2025b; Cheng’an Wei et al., 2024). Mitigating con-
textual override at its source demands mechanistic
insight beyond behavioral observation: Which com-
ponents shift the model’s answer preference toward
the context-supported alternative?

Existing studies of contextual override have
been largely empirical, documenting model behav-
ior under misleading or conflicting context with-
out explaining the internal mechanism behind the
shift (Zhou et al., 2023; Bi et al., 2025a,b; Wang
et al., 2025; Cattan et al., 2025). Prompt-level de-
fenses, filtering strategies, and post-hoc verification
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can reduce exposure to misleading evidence, but
they do not reveal how such evidence is represented
or propagated once it enters the model (Yi et al.,
2025; Chen et al., 2025). Model-level interven-
tions such as fine-tuning, model editing, or broad
pruning can alter behavior, but they often lack the
granularity needed to isolate the computations re-
sponsible for the answer shift and may damage
the model’s underlying knowledge (Tighidet et al.,
2024; Minder et al., 2025; Ma et al., 2026). Conse-
quently, contextual override remains largely charac-
terized as an input-output failure rather than as an
internal causal process. However, prompt evidence
can either enhance reasoning or override internal
knowledge, making it important to understand how
context shapes model predictions (Xie et al., 2024;
Longpre et al., 2021; Lewis et al., 2020).

To address this question, we develop a mecha-
nistic framework for identifying and intervening
on the fine-grained internal pathways that medi-
ate contextual override, linking behavioral shifts
in answer preference to subcomponent-level attri-
bution and targeted causal validation. As illus-
trated in Figure 1, we instantiate this framework in
a controlled setting where a model initially prefers
the correct answer but shifts toward an incorrect
alternative after misleading evidence is added to
the prompt. This setting isolates contextual over-
ride from ordinary knowledge failure, ensuring that
the observed shift reflects the influence of exter-
nal evidence rather than the model’s inability to
answer the question. It also captures a central risk
of context-rich deployment: external evidence can
silently displace knowledge the model would oth-
erwise rely on. This makes the failure difficult to
detect from standard capability evaluations alone,
since a model may perform well in isolation yet
still be redirected by misleading context at infer-
ence time (Shi et al., 2023; Liu et al., 2024a; Yu
et al., 2024). Understanding contextual override
therefore requires tracing how external evidence
changes the model’s answer preference inside the
model, rather than relying solely on behavioral di-
agnostics at the output level (Geva et al., 2023).

Our analysis reveals that contextual override is
not a diffuse, model-wide response but is concen-
trated in a sparse set of components, as shown in
Figure 1 (right). By separating evidence sensitiv-
ity from causal relevance, our framework distin-
guishes components that merely react to external
evidence from those that actually transmit its influ-
ence to the model’s final prediction. We formalize

this distinction through a mediated effect score that
combines each component’s evidence-induced ac-
tivation change with its downstream influence on
the answer preference. Guided by this score, we
find that targeted pruning affecting only 2.0% of
parameters on average restores the model’s original
correct preference in over 73% of overridden exam-
ples. These results indicate that contextual override
is not a global degradation of model behavior, but a
localized process routed through identifiable com-
ponents that can be selectively neutralized.

Beyond mechanistic insight, our findings yield
several practical implications. First, the mediated
effect score offers a theoretically grounded diagnos-
tic for model vulnerability, identifying the internal
components most susceptible to contextual manip-
ulation and potentially providing a fine-grained sig-
nal for red-teaming and safety evaluation. Second,
the sparsity and locality of the override pathway
suggest that mitigation can move beyond output-
level verification toward internal diagnosis and tar-
geted control. Third, we use targeted suppression
as interventional validation: selectively reversing
override while preserving clean-input behavior sup-
ports the identified components as mediators of
contextual influence. Our contributions can be sum-
marized as follows:

• Problem Formulation. We propose a medi-
ation theory of contextual override, casting the
phenomenon as an internal causal pathway from
misleading external evidence to answer-preference
shift. This perspective distinguishes context-
sensitive components from causally relevant me-
diators, turning override from a behavioral failure
into a traceable internal causal process.

• Fine-Grained Mediated-Effect Attribution
and Intervention. We develop the first mediated-
effect framework for fine-grained causal attribu-
tion and targeted intervention, isolating external-
context pathways from the model’s internal knowl-
edge. The framework enables selective suppression
of override-mediating components at the prediction
position, shifting mitigation from coarse behavioral
correction to targeted mechanistic intervention.

• Sparse Override Pathways. We empirically
validate our framework across six models and
three benchmarks, demonstrating that override-
mediating components can be identified and se-
lectively suppressed. Our analysis reveals that the
override pathway is sparse, structurally localized,
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and largely separable from the model’s own knowl-
edge representations.

2 Related Work

Knowledge Conflict under External Evidence.
A related area is knowledge conflict, which stud-
ies model behavior when contextual and paramet-
ric signals disagree (Xu et al., 2024; Amugongo
et al., 2025; Longpre et al., 2021; Wang et al., 2023;
Xie et al., 2024). While this line of work has pro-
posed various mitigation strategies, such as align-
ment training and conflict-aware generation (Zhou
et al., 2023; Bi et al., 2025b; Wang et al., 2025;
Cattan et al., 2025), these approaches mainly ad-
dress the behavioral outcome without attributing
the shift to individual model components. More-
over, most existing studies remain empirical, fo-
cusing on whether models follow context or mem-
ory, while leaving the internal causal process be-
hind evidence-induced answer shifts largely unex-
plained (Kortukov et al., 2024; Marjanović et al.,
2024; Liu et al., 2024b; Hagström et al., 2025).

Mechanistic Analyses of Contextual Influence.
Recent work has started to investigate knowledge
conflict through a mechanistic lens, focusing on the
internal processes by which models balance para-
metric knowledge against external contextual evi-
dence (Wang et al., 2024; Li et al., 2025a; Haklay
et al., 2025). While powerful, they are often applied
to coarse representational units, such as hidden ac-
tivations, subspaces, attention representations, or
layer-wise hidden-state edits (Tighidet et al., 2024;
Minder et al., 2025; Ma et al., 2026). Such gran-
ularity makes it difficult to isolate the positional
mediators responsible for answer shifts under con-
flict, calling for a more fine-grained, position-aware
causal account of contextual override.

Attribution of External-Evidence Pathways.
Existing methods rarely separate external-evidence
sensitivity from internal-knowledge insufficiency,
a distinction crucial for conflict mitigation (Zhang
et al., 2024; Sun et al., 2025a; Sui et al., 2025). This
raises an attribution problem over answer shifts and
motivates diagnosis of external-evidence pathways
before targeted intervention (Sun et al., 2025b;
Zhang and Zhang, 2025).

3 Causal Attribution and Targeted
Intervention for Contextual Override

In this section, we study the mediation of external
contextual evidence through internal model com-
ponents. We focus on cases in which external ev-
idence shifts the model from the correct answer
to a supported alternative, and identify the com-
ponents that transmit this influence to the final
prediction. We first define an answer-shift met-
ric to measure this preference change, then intro-
duce a component-level mediated-effect score that
combines each component’s evidence-induced ac-
tivation change with its downstream effect on the
final answer preference. Since natural-language
evidence is discrete, we further instantiate the ev-
idence path with repeated external evidence and
validate the identified components through targeted
pruning at the prediction position. An overview of
the framework is provided in Figure 2. Detailed no-
tation is provided in Appendix C.1, and all proofs
are provided in Appendix C.2 and C.3.

3.1 Problem Setup and Notation

We begin with a continuous formulation that pro-
vides the theoretical basis for our component-level
attribution score. Consider a language model pro-
cessing a query y accompanied by external evi-
dence supporting an alternative answer. Let ea ∈ V
denote the wrong answer promoted by the external
evidence and eb ∈ V the correct answer, where V is
the token vocabulary. We define the answer-shift
metric as the logit difference

ga,b = ⟨∆ea,eb , E⟩, (1)

where ∆ea,eb = WU [ea] − WU [eb], with WU the
unembedding matrix and E the final-layer residual
representation at the prediction position. A positive
ga,b indicates preference for the wrong answer ea.

We consider two types of components c at the
prediction position: (i) attention heads, whose
residual-space contribution is OA

ℓ,h = W
(h)
O,ℓ aℓ,h,

and (ii) FFN neurons, with scalar output OF
ℓ,r =

wdown
ℓ,r mℓ,r. We use Oc as the output of compo-

nent c generically when the component type is clear
from context. Our central question is: which com-
ponents c are causally responsible for shifting ga,b
when external evidence is introduced?
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Figure 2: Overview of the mediated-effect attribution and intervention framework. Left: Mediated-effect
attribution. Repeated external evidence serves as a discrete proxy for evidence strength, with component outputs
saturating at N⋆. Mediated effect scores are computed for each attention head and FFN neuron, and components
exceeding the α-quantile threshold are selected as override mediators. Right: Targeted intervention. Selected
components (×) are zeroed out exclusively at the prediction position, shifting the answer distribution from the
context-supported alternative (red) back toward the correct answer (green).

3.2 Theoretical Formulation of Continuous
External Mediated Effect

To ground our approach theoretically, we first de-
fine the mediated effect in a continuous domain
where λ ≥ 0 parameterizes external evidence
strength.

Definition 3.1 (Cumulative Mediated Effect). The
cumulative first-order effect of component c on ga,b
over [λ0, λ1] is defined as

Ic(λ0, λ1) =

∫ λ1

λ0

〈
∇Ocga,b(λ), Ȯc(λ)

〉
dλ.

(2)

This integral accumulates the sensitivity of the
answer-shift metric to each component’s trajectory
as evidence strength varies. However, evaluating
this integral requires access to the full path Oc(λ),
which is impractical. Thus, we impose a local
stability condition on the component trajectory and
downstream gradient to obtain a practical estimator.

Assumption 3.2 (Regularity of Component Tra-
jectories). Suppose that for each component c: 1)
Directional Stability. The velocity Ȯc(λ) is ap-
proximately aligned with the total displacement
Oc(λ1)−Oc(λ0) for a.e. λ ∈ [λ0, λ1]. 2) Gradient
Stability. The downstream gradient ∇Ocga,b(λ) is
approximately constant over [λ0, λ1].

Under this assumption, the path integral can be
approximated by the inner product between the

endpoint displacement of the component and an
anchor-point downstream gradient.

Proposition 3.3. Under Assumption 3.2, the cumu-
lative mediated effect (Definition 3.1) admits the
practical version

Ic(λ0, λ1) =
〈
Ĝc, Oc(λ1)−Oc(λ0)

〉
, (3)

where Ĝc = ∇Ocga,b(λm) is the downstream gra-
dient evaluated at anchor points λm ∈ [λ0, λ1].

Proposition 3.3 motivates a simple attribution
principle. A component receives a large positive
mediated-effect score when two conditions hold:
its output changes substantially along the external-
evidence path, and this change is aligned with the
downstream direction that increases preference for
the externally supported answer.

3.3 Discrete Realization under Repeated
External Evidence

While Proposition 3.3 provides a clean endpoint
formula, a continuous λ is practically intractable.
Language models operate on discrete token se-
quences, so a single piece of evidence cannot be
fractionally modulated (inaccessibility). Further-
more, the abstract influence strength is jointly de-
termined by semantic content, position, and model
internals, making it impossible to calibrate multi-
ple evidence inputs onto a shared continuous axis
(non-identifiability). We therefore adopt a discrete
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instantiation that preserves the structure of Propo-
sition 3.3 while being exactly computable.

We use the integer repetition count N ≥ 0 as
a discrete proxy for evidence strength, and reuse
Oc(·) and ga,b(·) from the continuous formulation
with N in place of λ for notational continuity. Con-
cretely, given a query y, an external evidence tem-
plate x asserting wrong answer ea, and a suffix z,
we construct the input u(N) = y∥xN∥z by con-
catenating N copies of x, and write Oc(N) for the
output of component c at the prediction position.

To ensure endpoint displacement captures the
full external-evidence effect, we require component
outputs to converge under increasing repetition:

Lemma 3.4 (Asymptotic Convergence). For each
component c, the limit Oc(∞) := limN→∞Oc(N)
exists and is finite. (See Appendix C.3 for proof and
Appendix C.4 for empirical validation)

Lemma 3.4 guarantees that each component’s
output saturates, so the displacement Oc(N

⋆) −
Oc(0) for sufficiently large N⋆ captures the ex-
haustive effect of external evidence on component
c. Combining Proposition 3.3 with Lemma 3.4
yields the Discrete Mediated Effect Score, our
primary working metric:

Corollary 3.5 (Discrete Mediated Effect Score).
Under Assumption 3.2 and Lemma 3.4, the exhaus-
tive mediated effect of component c is approximated
by

IDc =
〈
Ĝc, Oc(N

⋆)−Oc(0)
〉
, (4)

where N⋆ is a sufficiently large number and Ĝc =
∇Ocga,b(Nm) is the downstream gradient at an-
chor points Nm ∈ [0, N⋆].

The score IDc decomposes into two interpretable
factors: the displacement Oc(N

⋆)−Oc(0), which
measures how much component c changes under
external evidence, and the gradient Ĝb

c, which mea-
sures how sensitive the answer-shift metric is to
changes in component c. A large positive IDc iden-
tifies components that both respond strongly to
external evidence and influence the model’s answer
preference toward the externally supported answer.

3.4 Targeted Identification and Pruning of
Mediating Components

Building on the mediated effect scores in Corol-
lary 3.5, we design a pruning procedure with three
key properties: causal grounding, as it targets the
exact quantity measured by ID

c ; position specificity,

with interventions restricted to the prediction posi-
tion to avoid cascading confounds; and fine granu-
larity, through prediction-position interventions on
individual attention heads and FFN neurons rather
than removing entire layers or modules.

Component Selection. Let Q denote the eval-
uation dataset. For each component c at layer ℓ,
we compute IDc (q) for every q ∈ Q and obtain
the median score ĨDc = medianq∈Q IDc (q). Within
each layer ℓ, we rank all components by ĨDc and
select those exceeding the α-quantile as external-
evidence-mediating components:

C+
ℓ =

{
c ∈ ℓ

∣∣∣ ĨDc ≥ Qα

(
{ĨDc′ }c′∈ℓ

)}
. (5)

Prediction-Position Pruning. Given prompts
P and denoting the model’s forward pass by f , the
pruned output is

ŷ = f
(
P

∣∣ do
(
Oc = 0, ∀ c ∈ ⋃

ℓ C+
ℓ

))
, (6)

where the intervention zeroes out all selected com-
ponents exclusively at the prediction position.

Crucially, this intervention does not remove an
attention head or neuron from the model entirely:
a selected component remains active at all other
token positions and is silenced only at the position
where the output logits are computed. The effective
intervention unit is therefore component × position,
which is strictly finer-grained than head-level or
layer-level pruning and affects only 2.0% of param-
eters on average, as detailed in Appendix B.1.

4 Experiments

Our study introduces the first fine-grained medi-
ation framework for contextual override. We hy-
pothesize that contextual override is mediated by a
sparse and identifiable set of components, and con-
duct experiments on mechanism validation rather
than task-level mitigation performance. We thus
evaluate causal effectiveness, knowledge speci-
ficity, component-selection validity, and general-
ization to question-specific persuasive contexts.

4.1 Experimental Setup
Benchmarks and Models. We evaluate on
three benchmark subsets: MMLU (Hendrycks
et al., 2021) (closed, 874 QA), OpenBookQA (Mi-
haylov et al., 2018) (closed, 1,769 QA), and
MINTAKA (Sen et al., 2022) (open, 370 QA), en-
suring breadth of evaluation. Details are provided
in Appendix A.1. We evaluate six LLMs spanning
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Table 1: Prediction stability after mediated effect-based pruning under external-context override. Values
report the percentage of override examples that maintain the original correct preference peb > pea across repetition
lengths N ∈ {1000, 1500, 2000}.

Model
Benchmarks

MMLU OBQA MINTAKA
1000 1500 2000 1000 1500 2000 1000 1500 2000

Qwen3-1.7B 84.2 85.5 88.3 87.6 88.4 90.9 73.4 79.0 75.5
Qwen3-4B 83.2 84.3 87.4 66.1 66.9 75.0 66.7 69.1 71.6
Qwen3-8B 90.8 91.6 92.1 96.0 96.4 95.1 84.6 83.8 82.9

Gemma3-1b-it 62.5 61.4 61.2 63.8 63.0 63.6 63.8 70.9 58.9
Gemma3-4b-it 88.5 90.0 88.9 89.0 90.7 90.0 83.7 76.0 77.4

Gemma3-12b-it 74.8 58.9 52.3 52.3 34.3 25.3 94.9 95.6 88.0
Mean 80.7 78.6 78.4 75.8 73.3 73.3 77.9 79.1 75.7

two distinct model families and a range of capac-
ities, including Qwen3-1.7B, Qwen3-4B, Qwen3-
8B (Team, 2025b), Gemma3-1b-it, Gemma3-4b-it,
and Gemma3-12b-it (Team, 2025a). This selection
covers small (<3B), medium (3B-6B), and large
(>6B) scales within the practical compute budget
of a single NVIDIA A100 GPU, while the training-
free nature of our procedure allows direct extension
to larger or architecturally distinct models when re-
sources permit.

Override Setting. For each question, we append
repeated assertions of a distractor answer to the
original prompt, following Appendix A.4. Our
main analysis focuses on cases where the model
initially prefers the correct answer (peb > pea)
but shifts toward the distractor under contextual
prompting, isolating instances where external con-
text overrides the model’s original preference.

Mediated Effect Computation and Pruning.
We compute component-level mediated effect
scores IDc (Eq. 4) for attention heads and FFN
neurons using the displacement Oc(N

⋆) − Oc(0)
from the clean input (N = 0) to a large repetition
count N⋆, and the downstream gradient Ĝc at an
intermediate anchor Nm. Scores are aggregated by
per-component medians across the evaluation set,
and components above the layer-wise α = 0.995
quantile are pruned (Eq. 5). Pruning is applied
only at the prediction position by zeroing selected
components through dynamic masking on output-
projection pre-hooks. Details are in Appendix A.2.

Evaluation Metrics. We report three metrics.
Prediction stability is the fraction of originally over-
ridden examples whose correct answer preference
is recovered after pruning under the same contex-

tual prompt. Balanced accuracy averages clean-
input retention for initially correct examples and
recovery for initially incorrect examples (N = 0),
with 50% indicating a knowledge-neutral interven-
tion. Recovery rate is the fraction of initially in-
correct predictions corrected by pruning. Formal
definitions are in Appendix A.3.

4.2 Causal Validation on External-Context
Override

We first evaluate our method for localizing external-
evidence-sensitive components. In Table 1, we re-
port the fraction of questions in this subset that
maintain peb > pea after pruning, across repe-
tition lengths N ∈ {1000, 1500, 2000} with the
targeted components selected when N = 1000,
which is sufficiently large for convergence. Medi-
ated effect-based pruning consistently restores the
model’s original preference, with mean stability
above 73% across all benchmarks and repetition
lengths. Notably, this effect is achieved by prun-
ing only 2.0% of parameters on average, detailed
in Appendix B.1, since the intervention targets se-
lected subcomponents within attention heads and
FFN layers rather than removing entire heads or
layers. Additionally, the effect persists at longer
repetition lengths, suggesting that the selected com-
ponents capture a stable external-context pathway
rather than a prompt-length-specific artifact.

4.3 Specificity of Identified Components
across External and Internal Pathways

We next evaluate whether our method localizes
external-context influence without conflating it
with the model’s internal answer preference. We
run the pruned model on the original QA inputs
without repeated external evidence and compare
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Table 2: Balanced accuracy on original QA inputs af-
ter pruning. Values report balanced accuracy between
retention of initially correct predictions and recovery of
initially incorrect predictions after removing external-
context-sensitive components. A value close to 50.0 in-
dicates a knowledge-neutral intervention on the model’s
internal answer preference.

Model MMLU OBQA MINTAKA
Qwen3-1.7B 55.6 59.0 53.5
Qwen3-4B 57.5 61.9 54.7
Qwen3-8B 55.8 56.6 53.4

Gemma3-1b-it 47.9 49.8 50.6
Gemma3-4b-it 46.6 46.0 51.7

Gemma3-12b-it 59.2 54.1 55.1
Mean 53.8 54.6 53.2

Table 3: Recovery rate for initially incorrect ques-
tions after pruning. Values report the percentage of ini-
tially incorrect predictions that shift to the correct pref-
erence after removing external-context-sensitive com-
ponents, providing a measure of unexpressed internal
knowledge revealed by targeted pruning.

Model MMLU OBQA MINTAKA
Qwen3-1.7B 38.2 44.8 36.9
Qwen3-4B 37.6 43.2 24.2
Qwen3-8B 48.9 35.3 15.8

Gemma3-1b-it 48.5 50.4 28.7
Gemma3-4b-it 31.3 27.2 30.9

Gemma3-12b-it 40.3 40.7 31.3
Mean 40.8 40.3 28.0

its answer preferences with the pre-pruning base-
line, assessing whether the identified components
are specific to the external-context pathway. To
avoid inflated estimates from imbalanced outcome
groups, we report balanced accuracy in Table 2.
This metric averages retention of initially correct
predictions and recovery of initially incorrect ones,
with values close to 50% indicating a knowledge-
neutral intervention. Across settings, balanced ac-
curacy remains close to and slightly above this base-
line, suggesting that the pruned components are
largely orthogonal to internal knowledge and that
their removal does not systematically degrade in-
trinsic predictive capacity. This supports the speci-
ficity of our method in targeting external-evidence-
sensitive components without substantially interfer-
ing with internal knowledge pathways.

In Table 3, we report the recovery rate for ini-
tially incorrect questions to characterize the rela-
tionship between external-context-sensitive compo-
nents and unexpressed internal knowledge. Across

Table 4: Negative control with randomized compo-
nent selection. We report prediction stability and bal-
anced accuracy after randomly pruning the same number
of components as mediated effect-based pruning. The
Ours row reports the corresponding results from pro-
posed mediated effect-based pruning for comparison.

Model MMLU OBQA MINTAKA

Pr
ed

ic
tio

n
St

ab
ili

ty

Qwen3-1.7B 2.1 0.5 0.0
Qwen3-4B 5.1 2.2 0.8
Qwen3-8B 7.7 3.4 1.8

Gemma3-1b-it 3.3 3.1 1.9
Gemma3-4b-it 0.0 0.4 1.0

Gemma3-12b-it 6.2 4.0 5.1
Mean 4.1 2.3 1.8
Ours 80.7 75.8 77.9

B
al

an
ce

d
A

cc
ur

ac
y

Qwen3-1.7B 54.0 55.6 52.5
Qwen3-4B 51.3 51.7 51.5
Qwen3-8B 53.1 52.2 50.1

Gemma3-1b-it 52.9 51.2 54.7
Gemma3-4b-it 57.3 56.3 51.7

Gemma3-12b-it 53.7 53.6 53.2
Mean 53.7 53.4 52.3
Ours 53.8 54.6 53.2

settings, pruning yields a moderate recovery
rate, suggesting that removing external-context-
sensitive components can potentially reveal latent
internal knowledge that was previously suppressed
and provide a possible avenue for improving model
accuracy through targeted pruning. This recovery
pattern supports the selectivity of our method in tar-
geting external evidence pathways while limiting
interference with internal knowledge.

4.4 Diagnostic Control: Randomized
Component Selection

We compare mediated effect-based pruning with
random pruning using the same intervention size,
separating the effect of component selection from
the effect of pruning itself. Table 4 reports predic-
tion stability and balanced accuracy after random
pruning, with additional recovery-rate results pro-
vided in Appendix B.2. Random pruning leads
to a sharp drop in prediction stability compared
with our method, with mean stability falling from
above 73% to below 5% across all benchmarks.
This result shows that the reduction of external
influence is attributable to the precise identifica-
tion of external-sensitive components, reflecting
the discriminative power of our method in isolating
external evidence pathways. Meanwhile, mediated
effect-based pruning achieves balanced accuracy
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Figure 3: Layer-wise mediated effect distributions on
Qwen3-4B with OpenBookQA. Mediated effect scores
are aggregated over all evaluation questions and plotted
separately for attention and FFN components. The dis-
tributions show that external-context sensitivity is not
uniformly spread across the model, but concentrates in
a small number of structured layer-module regions.

comparable to random pruning, indicating that the
stability gain comes from targeted component selec-
tion while preserving a similar knowledge-neutral
profile on original QA inputs.

4.5 Structural Sparsity of
External-Context-Sensitive Components

We further characterize the structural pattern of me-
diated effect scores across layers and modules to re-
veal the distribution of external-context sensitivity.
Figure 3 aggregates mediated effect scores over all
OpenBookQA evaluation questions on Qwen3-4B
and plots the layer-wise distributions for attention
and FFN components. Most layers have mediated
effect scores concentrated near zero, indicating that
external-context sensitivity is not uniformly dis-
tributed across the model. Instead, clear deviations
appear in a small number of middle-to-late lay-
ers. Attention components show a sharp localized
peak, while FFN components exhibit a broader
late-layer shift. This distributional pattern suggests
that external-context sensitivity is concentrated in
structured layer-module regions rather than spread
uniformly across the network.

Figure 4 visualizes the head-level mediated ef-
fect pattern on Qwen3-4B. For each benchmark, we
select a representative high-mediated-effect layer
and visualize mediated effect scores across atten-
tion heads and questions. Rows denote heads,
columns denote questions, and color intensity in-
dicates effect strength. The heatmaps show that
mediated effect is concentrated in a small num-
ber of heads rather than uniformly spread across
all heads, suggesting a sparse head-level struc-
ture within the external-context-sensitive pathway.
Additional structural patterns across models and
benchmarks are provided in Appendix B.3.

Figure 4: Head-level mediated effect patterns on
Qwen3-4B. Mediated effect scores are visualized across
attention heads and evaluation questions within one rep-
resentative high-mediated effect layer for each bench-
mark. Rows correspond to attention heads, columns cor-
respond to questions, and color intensity indicates medi-
ated effect strength. Mediated effect is concentrated in
a small number of heads, suggesting a sparse head-level
structure within the external-context-sensitive pathway.

Table 5: Prediction stability under question-specific
persuasive contexts. Values report the percentage of
examples that maintain the correct preference after me-
diated effect-based pruning, evaluated on samples where
distractor-targeted contextual interference flips the base-
line prediction.

Model MMLU OBQA MINTAKA
Qwen3-1.7B 58.1 53.8 52.7
Qwen3-4B 56.9 55.6 57.8
Qwen3-8B 59.4 53.6 53.1

Gemma3-1b-it 48.8 41.7 46.4
Gemma3-4b-it 60.0 60.6 83.7
Gemma3-12b-it 34.0 52.6 55.1

Mean 53.0 52.9 58.1

4.6 Generalization to Question-Specific
Persuasive Contexts

To examine the practical implication of our method,
we evaluate the identified components under natu-
ral contextual interference setting where external
evidence is semantically tailored to individual ques-
tions, as detailed in Appendix A.4. In Table 5, we
evaluate the pruned model on the subset of samples
where this interference flips the baseline predic-
tion under this general persuasive-context setting.
Our mediated effect-based pruning consistently im-
proves stability across settings, suggesting that the
identified components capture a broader pathway
for context-induced answer-preference shifts be-
yond a single repetition pattern, with potential for
mitigating contextual interference in practice.

4.7 Retrieval Augmented Generation Case
Studies

Finally, we provide qualitative examples show-
casing that the proposed mediated-effect anal-
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Figure 5: Qualitative case studies on retrieval-induced contextual override. Left: A HotpotQA case with
Qwen3-4B, where the model initially predicts the correct answer under the question-only input but is shifted toward
the wrong answer after adding realistic retrieved evidence. Right: A HotpotQA case with Gemma3-4b-it showing
the same retrieval-induced override pattern. In both cases, pcorrect and pwrong denote the probabilities assigned to
the original correct answer and the retrieved-evidence-biased wrong answer, respectively. Pruning the components
identified by proposed framework restores the correct prediction under (Q+E).

ysis extends to practically deployed language-
model paradigms, with retrieval-augmented gen-
eration (RAG) as a representative setting. We use
BM25 (Harman, 1994) on HotpotQA (Yang et al.,
2018) to induce natural RAG retrieval failures,
where query-relevant but non-answer-supporting
passages trigger contextual override and apply
mediated-effect pruning to restore the model’s orig-
inal correct prediction. Figure 5 shows that models
recover their original correct preferences under our
framework after retrieval-induced override, sup-
porting our study’s practical relevance under inci-
dental retrieval failures in realistic end-to-end RAG.
These RAG examples highlight the practical value
of our framework as an intervention-oriented di-
agnostic for identifying and reducing contextual
override in deployed language-model systems even
in realistic settings.

5 Conclusion

We introduce a theoretical framework for the mech-
anistic analysis of contextual override, casting the
phenomenon as an internal mediation process over
fine-grained model components. This perspective
yields a principled distinction between evidence
sensitivity and causal mediation, connecting the
behavioral manifestation of override to its internal
causal origins. Our study shows that contextual

override is not a diffuse architectural vulnerability
but a localized causal process that can be precisely
attributed and selectively suppressed. Through ex-
tensive experiments, we substantiate this mediation
account and show that our framework complements
existing behavioral characterizations with a mecha-
nistic understanding of the override process.

Limitations

We study contextual override under controlled con-
ditions isolating cases where misleading external
evidence alters otherwise correct answer prefer-
ences. This supports causal analysis but does not
cover all context-induced failures; extending the
mediation framework to richer settings is an im-
portant future direction. Targeted suppression is
primarily intended for causal validation and audit-
ing. Although it suggests lightweight mitigation,
deployment would require mechanisms to assess
intervention appropriateness and balance override
reduction with general model utility. We there-
fore regard it as complementary to existing safe-
guards rather than a standalone solution. Our mech-
anistic diagnosis aims to clarify contextual over-
ride. Without introducing new model capabilities
or user-facing deployment mechanisms, we do not
anticipate direct additional risks beyond standard
concerns for interpretability tools.
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A Implementation Details

A.1 Benchmarks Pre-processing

MMLU. Experiments are performed on the mis-
cellaneous subset of MMLU, aggregating the test,
validation, and dev splits to yield 874 instances.
We select the miscellaneous category as it spans di-
verse everyday topics without concentrating on any
single specialized domain, ensuring that the inter-
nal knowledge probed is broadly representative and
that cross-model comparisons are not confounded
by domain-specific expertise gaps. For each in-
stance, one answer option is randomly selected as
a distractor, which is then used to construct the
external evidence.

OpenBookQA. Experiments are performed on
the train split of OpenBookQA. We retain only
queries ending with “?” to ensure well-formed
question structure compatible with our prompt tem-
plate. For each instance, one answer option is ran-
domly selected as a distractor, which is then used
to construct the external evidence.

MINTAKA. Experiments are performed on the
train split of the MINTAKA dataset. We first re-
move any examples whose language label is not
English. Next, we exclude instances whose com-
plexityType field is yesno or count. From the
remaining pool, we use the Qwen3-4B tokenizer
to select only those questions whose correct an-
swer is tokenized as a single token. For each of
these selected questions, we generate a distractor
by prompting GPT-5.2 to produce a single-token
answer candidate (The prompt is shown in Ap-
pendix A.4); the generated distractor candidates
are then re-tokenized with the Qwen3-4B tokenizer
and retained only if they consist of a single to-
ken. This procedure ensures both the original an-
swer and the distractor are single-token under the
Qwen3-4B tokenization scheme.

A.2 Model Prune

We apply two pruning configurations depending on
the model.

Qwen3-1.7B, Qwen3-4B, Qwen3-8B, and
Gemma3-12b-it. We rank all components within
each layer by their mediated effect score IDc (Eq. 4)
and set the quantile threshold α = 0.995 in Eq. 5
to select external-evidence-mediating components
from both attention heads and FFN neurons, with

the constraint that at least one attention head is
pruned per layer.

Gemma3-1b-it and Gemma3-4b-it. We apply
the same ranking and threshold (α = 0.995) but
restrict pruning to attention heads only, again en-
suring that at least one attention head is pruned per
layer.

A.3 Metrics
Prediction Stability. We restrict evaluation to the
subset Qoverride of examples where the model ini-
tially assigns correct preference (peb > pea) but ex-
ternal evidence shifts preference toward the wrong
answer (peb < pea). Prediction stability is defined
as

PS =
|{q ∈ Qoverride | p̂eb(q) > p̂ea(q)}|

|Qoverride|
, (7)

where p̂ denotes the pruned model’s output proba-
bilities under the same external evidence.

Balanced Accuracy. We evaluate the pruned
model on original QA inputs without external evi-
dence. Balanced accuracy is defined as

BA =
1

2

(
nretain

ncorrect
+

nremain

nincorrect

)
, (8)

where ncorrect and nincorrect are the numbers of
initially correct and incorrect predictions, nretain

is the number of initially correct predictions pre-
served after pruning, and nremain is the number of
initially incorrect predictions that remain incorrect.
A value close to 50% indicates a knowledge-neutral
intervention.

Recovery Rate. Recovery rate measures the per-
centage of initially incorrect predictions that shift
to the correct preference after pruning:

RR =
|{q ∈ Qincorrect | p̂eb(q) > p̂ea(q)}|

|Qincorrect|
, (9)

where Qincorrect = {q | peb(q) < pea(q)} is the
set of initially incorrect predictions and p̂ denotes
probabilities after pruning.

A.4 Contextual Interference
A.4.1 Repeated External Evidence Prompts
For multiple-choice questions, we construct a
repeat-biased prompt that asks the model to re-
spond with a single letter. Given a question Q and
a chosen distractor option C, the template repeats
the distractor assertion N times to construct u(N):
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Close-end Template

Reply with only one letter: Q? A. <option
A>, B. <option B>, C. <option C>, D. <option
D>. C. <option C> is true. C. <option C>
is true. ... Answer:

Example:

Reply with only one letter: Poison causes
harm to which of the following? A. a Tree,
B. a robot, C. a house, D. a car. A. a Tree
is true. A. a Tree is true. A. a Tree is
true. Answer:

For open-ended questions, we construct a
prompt that directly presents the question Q and
appends a repeated assertion of the distractor an-
swer:

Open-end Template

Answer in one word.
<question>? "<distractor>" is true.
"<distractor>" is true. ...
Answer:

Example:

Answer in one word.
Did Avatar come out before or after 2010?
"After" is true. "After" is true. "After"
is true. ...
Answer:

A.4.2 Distractor Generation for MINTAKA

For the MINTAKA benchmark, distractors are not
available from the original dataset. We generate
single-token distractor candidates by prompting
GPT-5.2 with the following instruction:

Distractor Generation Prompt

I will give you several questions based
on following structure: "idx, id, lang,
question, answer, category, complexityType,
distractor". You need to adjust the
distractors to make it wrong but confusing,
the distractors should be limited in one
token by mainstream LLM tokenizer. I
will send you several questions at a time,
generate distractor one by one and return
them based on the structure (best in csv).

The generated candidates are then tokenized with
the Qwen3-4B tokenizer and retained only if they
consist of a single token, as described in Ap-
pendix A.1.

A.4.3 Question-Specific Persuasive Contexts
For the generalization experiment in Section 4.6,
we construct distractor-targeted contextual interfer-
ence tailored to individual questions. We randomly
sample 100 examples from each benchmark and
prompt Claude Opus 4.6 to generate a question-
specific rationale supporting the distractor:

Persuasive Context Generation Prompt

You are a very stubborn student. I will give
you a csv file containing 100 questions.
Each question contains a correct answer
and a distractor. You need to read the
questions and generate a reason to persuade
LLM one by one. You can’t generate a reason
for a class of questions and reuse it,
your chain of thought need to be: read
a question, correct answer and distractor
-> write a reason -> move to next question.
Process all the questions and return a csv
file.

This procedure produces semantically varied, per-
question persuasive evidence, enabling evaluation
of whether the identified components generalize
beyond the repeated-evidence setting to broader
forms of contextual interference.

B Additional Results

B.1 Prune Parameters

Since our intervention zeroes out selected com-
ponents exclusively at the prediction position via
dynamic masking on WO pre-hooks, we quantify
the intervention size by the fraction of parameters
whose output is affected at that position.

For each pruned attention head h at layer ℓ, the
affected parameters correspond to the h-th column
block of W (ℓ)

O , comprising dhead × dmodel param-
eters. For each pruned FFN neuron i at layer ℓ,
the affected parameters correspond to the i-th col-
umn of W (ℓ)

down, comprising dmodel parameters. The
prune fraction at the prediction position is then de-
fined as:

param@pos =
Nhdheaddmodel +Nndmodel

L (Hdheaddmodel + dffdmodel)
,

(10)
where Nh and Nn are the total numbers of pruned
heads and neurons across all layers, L is the num-
ber of layers, H is the number of heads per layer,
and dff is the feed-forward intermediate dimension.
The denominator counts all parameters in WO and
Wdown across layers, representing the full set of
residual-write parameters. Note that since the in-
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Table 6: param@pos/T across different benchmarks
and models. OBQA denotes Openbook QA, and MTK
denotes MINTAKA.

Model MMLU OBQA MTK Mean
Qwen3-1.7B 1.94 2.32 1.94 2.07
Qwen3-4B 1.28 1.64 1.28 1.40
Qwen3-8B 1.16 1.16 1.16 1.16

Gemma3-1b-it 3.23 4.11 3.23 3.52
Gemma3-4b-it 2.08 2.92 2.08 2.36

Gemma3-12b-it 1.71 1.71 1.71 1.71
Mean 1.90 2.31 1.90 2.04

Table 7: Recovery rate under random pruning. OBQA
denotes Openbook QA.

Model MMLU OBQA MINTAKA
Qwen3-1.7B 11.2 15.9 14.6
Qwen3-4B 4.3 5.6 5.5
Qwen3-8B 6.8 4.8 2.6

Gemma3-1b-it 38.1 34.6 26.7
Gemma3-4b-it 19.7 19.6 6.2

Gemma3-12b-it 9.0 8.8 10.9
Mean 14.9 14.9 11.1

tervention is applied at a single token position, the
effective influence over the full sequence is approx-
imately param@pos/T where T is the sequence
length.

We report param%@pos/T as it directly re-
flects the activation-channel coverage at the pre-
diction position. Table 6 reports the prune fractions
across all models and benchmarks. Across all con-
figurations, the intervention affects fewer than 4%
of residual-write parameters at the prediction posi-
tion, with a global average of 2.04%, confirming
that the identified external-evidence pathways are
structurally sparse.

B.2 Ablation Study Results of Recovery Rate

We also report the recovery rate under random
pruning as an ablation baseline, shown in Table 7.
While random pruning yields non-zero recovery
rates, the mean recovery is substantially lower than
the one achieved by our mediated effect-based prun-
ing.

B.3 Score Distribution

We report the complete head-level mediated effect
score matrices (Figure 6) and layer-wise aggregated
distributions (Figure 7) for all models and bench-
marks, extending the representative results shown
in Section 4.5. The full results consistently exhibit

the same structural pattern: mediated effect scores
concentrate in a small number of heads within spe-
cific layers, confirming that the sparsity of external-
context-sensitive components is a robust property
across model families and scales.
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MMLU OBQA MINTAKA

Figure 6: Head-level mediated effect score matrices across all models and benchmarks. Each heatmap visualizes
mediated effect scores across attention heads (rows) and evaluation questions (columns) within representative
high-mediated-effect layers. Rows from top to bottom: Qwen3-1.7B, Qwen3-4B, Qwen3-8B, Gemma3-1B-it,
Gemma3-4B-it, Gemma3-12B-it. Columns: MMLU, OpenBookQA, MINTAKA.
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MMLU OBQA MINTAKA

Figure 7: Layer-wise mediated effect score distributions across all models and benchmarks. Rows from top to
bottom: Qwen3-1.7B, Qwen3-4B, Qwen3-8B, Gemma3-1B-it, Gemma3-4B-it, Gemma3-12B-it. Columns: MMLU,
OpenBookQA, MINTAKA.
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C Theorem Framework

C.1 Detailed Notations

C.1.1 Continuous Domain Notations

Let λ ≥ 0 denote the external evidence strength,
treated as a continuous real variable. Let ea ∈ V
denote the wrong answer supported by the external
evidence and eb ∈ V the correct answer, where V
is the token vocabulary.

Answer-Shift Metric. Let WU ∈ R|V|×dmodel

denote the unembedding matrix and define the logit
direction as

∆ea,eb = WU [ea]−WU [eb] ∈ Rdmodel . (11)

Let E(λ) ∈ Rdmodel denote the final-layer residual-
stream representation at the prediction position.
The answer-shift metric is defined as

ga,b(λ) = ⟨∆ea,eb , E(λ)⟩, (12)

which equals the logit difference between ea and
eb. A larger ga,b indicates greater model preference
for the wrong answer ea over the correct answer
eb.

Component Outputs. We consider two types of
components c at the prediction position:

Attention heads. For head h at layer ℓ, the com-
ponent output is the residual-space head contribu-
tion:

OA
ℓ,h(λ) = W

(h)
O,ℓ aℓ,h(λ), (13)

where aℓ,h(λ) ∈ Rdh is the pre-projection attention
output and W

(h)
O,ℓ ∈ Rdmodel×dh is the correspond-

ing slice of the output projection matrix.
FFN neurons. For neuron r at layer ℓ, the com-

ponent output is:

OF
ℓ,r(λ) = wdown

ℓ,r mℓ,r(λ), (14)

where mℓ,r(λ) ∈ R is the scalar neuron activation
and wdown

ℓ,r ∈ Rdmodel is the corresponding column
of the down-projection matrix. Note that OF

ℓ,r(λ)

lies in the one-dimensional subspace span(wdown
ℓ,r ),

making its trajectory inherently one-dimensional.
We use Oc(λ) to denote either OA

ℓ,h(λ) or
OF

ℓ,r(λ) when the component type is clear from
context.

Downstream Gradient. The downstream gradi-
ent of the answer-shift metric with respect to com-
ponent c is

∇Ocga,b(λ) =
∂ ga,b(λ)

∂ Oc(λ)
, (15)

which captures the sensitivity of the logit differ-
ence to perturbations of Oc at influence strength
λ. For an attention head, ∇OA

ℓ,h
ga,b ∈ Rdmodel ;

for an FFN neuron in scalar form, ∂ga,b/∂mℓ,r =
⟨∆ea,eb , w

down
ℓ,r ⟩ ∈ R.

C.1.2 Discrete Domain Notations
In the discrete setting, the external evidence
strength is instantiated by the integer repetition
count N ≥ 0. The input sequence is constructed
as u(N) = y ∥xN ∥ z, where y = (y1, . . . , ym) is
the tokenized query, x = (x1, . . . , xT ) is the exter-
nal evidence template asserting wrong answer ea,
and z = (z1, . . . , zs) is the suffix containing the
answer cue. We adopt the same notations of same
definition for understanding.

Answer-Shift Metric. The discrete answer-shift
metric is defined as

ga,b(N) = ⟨∆ea,eb , E(N)⟩, (16)

where E(N) denotes the final-layer residual-
stream representation at the prediction position
when processing u(N), and ∆ea,eb is defined iden-
tically to the continuous case.

Component Outputs. For each component c, the
discrete output Oc(N) corresponds to Oc(λ) eval-
uated at integer points. Specifically:

Attention heads. OA
ℓ,h(N) = W

(h)
O,ℓ aℓ,h(N),

where aℓ,h(N) is the attention output of head h
at layer ℓ at the prediction position when process-
ing u(N).

FFN neurons. OF
ℓ,r(N) = wdown

ℓ,r mℓ,r(N),
where mℓ,r(N) is the neuron activation when pro-
cessing u(N).

C.2 Proof of Proposition 3.3
Define the total displacement of component c over
[λ0, λ1]:

Vc =

∫ λ1

λ0

Ȯc(λ) dλ = Oc(λ1)−Oc(λ0).

Assume Vc ̸= 0 and let dc = Vc/|Vc|. Decom-
pose Ȯc(λ) into an endpoint-aligned component
and a transverse residual:

Ȯc(λ) = αc(λ) dc + rc(λ), (17)
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where

αc(λ) = ⟨Ȯc(λ), dc⟩, ⟨rc(λ), dc⟩ = 0. (18)

By construction, the endpoint-aligned compo-
nent integrates to the full displacement magnitude:

∫ λ1

λ0

αc(λ) dλ =

∫ λ1

λ0

〈
Ȯc(λ), dc

〉
dλ

=

〈∫ λ1

λ0

Ȯc(λ) dλ, dc

〉
= ⟨Vc, dc⟩ = |Vc| ;

(19)
and the transverse residual integrates to zero:
∫ λ1

λ0

rc(λ) dλ =

∫ λ1

λ0

Ȯc(λ) dλ

−
(∫ λ1

λ0

αc(λ) dλ

)
dc = Vc − |Vc| dc = 0.

(20)
Substituting into Definition 3.1:

Ic(λ0, λ1)

=

∫ λ1

λ0

⟨∇Ocga,b(λ), αc(λ) dc + rc(λ)⟩ dλ

=

∫ λ1

λ0

αc(λ) ⟨∇Ocga,b(λ), dc⟩ dλ

+

∫ λ1

λ0

⟨∇Ocga,b(λ), rc(λ)⟩ dλ

=

〈
1

|Vc|

∫ λ1

λ0

αc(λ)∇Ocga,b(λ) dλ, |Vc| dc
〉

+ E⊥
c

=
〈
Ḡc, Vc

〉
+ E⊥

c ,
(21)

where

Ḡc =
1

|Vc|

∫ λ1

λ0

αc(λ)∇Ocga,b(λ) dλ (22)

is the movement-weighted average gradient and

E⊥
c =

∫ λ1

λ0

⟨∇Ocga,b(λ), rc(λ)⟩ dλ (23)

is the transverse error. This identity is exact.
Now applying Assumption 3.2:
(i) Directional Stability. By Assumption 3.2(1),

Ȯc(λ) is aligned with Vc for a.e. λ ∈ [λ0, λ1], so
|rc(λ)| is negligible. Since

∫ λ1

λ0
rc(λ) dλ = 0, the

transverse error satisfies

|E⊥
c | ≤ sup

λ∈[λ0,λ1]
|∇Ocga,b(λ)|·

∫ λ1

λ0

|rc(λ)| dλ → 0,

(24)

reducing the exact identity to

Ic(λ0, λ1) =
〈
Ḡc, Vc

〉
. (25)

(ii) Gradient Stability. By Assumption 3.2(2),
there exists εG > 0 such that for any anchor point
λm ∈ [λ0, λ1],

sup
λ∈[λ0,λ1]

|∇Ocga,b(λ)−∇Ocga,b(λm)| ≤ εG.

(26)
Letting Ĝc := ∇Ocga,b(λm), the deviation from
the movement-weighted average is bounded by

∣∣∣Ḡc − Ĝc

∣∣∣ ≤ εG, (27)

yielding
∣∣∣Ic(λ0, λ1)−

〈
Ĝc, Oc(λ1)−Oc(λ0)

〉∣∣∣
≤ εG |Vc|.

(28)

As εG → 0, we recover the stated result:

Ic(λ0, λ1) =
〈
Ĝc, Oc(λ1)−Oc(λ0)

〉
.

C.3 Proof of Lemma 3.4

We prove that for every component c, the limit
Oc(∞) := limN→∞Oc(N) exists and is finite.
The proof proceeds by establishing convergence
of the full residual stream at the prediction po-
sition layer by layer via a series of intermediate
results (Appendix C.3.5–C.3.9); component-level
convergence then follows as a direct consequence
(Appendix C.3.10). Throughout this subsection,
we introduce a independent set of proof-internal
notations for the layer-wise transformer computa-
tion; these are used exclusively within this proof
and do not override the notations in Section 3 and
Appendix C.1.

C.3.1 Proof-Internal Notations and Notation
Bridge

Consider a decoder-only pre-norm Transformer of
depth L, hidden size dmodel, H attention heads per
layer (each of dimension dh), and feed-forward in-
termediate dimension dff , adopting Rotary Position
Embedding (RoPE) in the attention blocks. Re-
call the input construction from Appendix C.1.2:
u(N) = y∥xN∥z, where y = (y1, . . . , ym) is the
tokenized query, x = (x1, . . . , xT ) is the exter-
nal evidence template, and z = (z1, . . . , zs) is the
suffix.
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Prediction and loop positions. We define the
prediction position

τN := m+NT + c

for a fixed suffix offset c ∈ {0, . . . , s − 1}, so
that τN always indexes the same suffix token zc+1

regardless of N . For copy κ ∈ {1, . . . , N} and
template index j ∈ {1, . . . , T}, define the loop
position tκ,j := m+ (κ− 1)T + (j − 1).

Residual stream and layer-wise update. Let
E

(N)
ℓ (τN ) ∈ Rdmodel denote the residual stream

at position τN after layer ℓ when processing u(N),
with E

(N)
0 (τN ) given by token embeddings. Each

layer applies a pre-norm multi-head self-attention
block followed by a pre-norm feed-forward block:

E
(N)

ℓ+ 1
2

(t) = E
(N)
ℓ (t) + Attnℓ

(
LNattn

ℓ (E
(N)
ℓ )

)
(t),

(29)

E
(N)
ℓ+1(t) = E

(N)

ℓ+ 1
2

(t) + FFNℓ

(
LNffn

ℓ (E
(N)

ℓ+ 1
2

(t))
)
.

For each head h in layer ℓ, the pre-projection atten-
tion output at τN is

a
(N)
ℓ,h (τN ) :=

τN∑

t=0

esℓ,h(τN ,t) vℓ,h(t)

τN∑

t=0

esℓ,h(τN ,t)

,

and the multi-head attention contribution is

A
(N)
ℓ (τN ) := WO[a

(N)
ℓ,0 (τN ); . . . ; a

(N)
ℓ,H−1(τN )]

. The FFN contribution is

F
(N)
ℓ (τN ) := FFNℓ(LN

ffn
ℓ (E

(N)

ℓ+ 1
2

(τN ))).

Connection to Section 3 component outputs.
The final-layer representation from Section 3 sat-
isfies E(N) = E

(N)
L (τN ). The pre-projection at-

tention output in Section 3 satisfies aℓ,h(N) =

a
(N)
ℓ,h (τN ), so that

OA
ℓ,h(N) = W

(h)
O,ℓ a

(N)
ℓ,h (τN ),

OF
ℓ,r(N) = wdown

ℓ,r mℓ,r(N),

where mℓ,r(N) is the r-th scalar neuron activation
computed from E

(N)

ℓ+ 1
2

(τN ).

C.3.2 Regularity Assumption
Assumption C.3.1 (Regularity of pre-norm
Transformer blocks). Suppose that: (i) the
residual streams are uniformly bounded:
supN,ℓ,t ∥E(N)

ℓ (t)∥ ≤ C for some C < ∞;
(ii) the layer normalization maps LNattn

ℓ and LNffn
ℓ

are continuous and Lipschitz on bounded sets; and
(iii) the feed-forward blocks FFNℓ are continuous
and Lipschitz on bounded sets.

C.3.3 RoPE Rotation
Let the head dimension be dh (even). For i =
0, . . . , dh/2− 1, define frequencies ωi > 0. For a
position index p ∈ Z, the RoPE operator R(p) acts
as

R(p)x

=
([

x2i cos(ωip)− x2i+1 sin(ωip)
x2i sin(ωip) + x2i+1 cos(ωip)

]dh/2−1

i=0

)
.

Thus R(p) is an orthogonal map on Rdh and pre-
serves the Euclidean norm: ∥R(p)x∥2 = ∥x∥2.

C.3.4 Convergence Analysis: Proof Roadmap
The convergence proof proceeds by layer-wise in-
duction through five stages. First, we show that
RoPE attention logits are finite trigonometric poly-
nomials in the relative distance, yielding uniform
boundedness (Appendix C.3.5). We then exploit
this structure at the base layer, where loop values
are exactly periodic, to establish Cesàro conver-
gence of attention head outputs (Appendix C.3.6).
Next, we lift head-wise convergence to the full
base-layer residual stream via multi-head aggrega-
tion and continuity of the feed-forward and normal-
ization blocks (Appendix C.3.7). To enable induc-
tion beyond the base layer, we show that the base-
layer output at loop positions is asymptotically pe-
riodic, preserving the loop structure required by
the Cesàro argument (Appendix C.3.8). Finally, we
close the induction: at each subsequent layer, near-
periodicity permits reapplication of the preceding
arguments, propagating convergence through all
layers to the final representation (Appendix C.3.9).

Notation. Recall from Appendix C.3.1 that
τN := m + NT + c is the prediction position
and tκ,j := m + (κ − 1)T + (j − 1) is the loop
position for copy κ and template index j. Because
the model uses causal attention, the residual stream
E

(N)
ℓ (tκ,j) at any loop position tκ,j < m + NT

depends only on positions ≤ tκ,j and is therefore
independent of N for every N ≥ κ.
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Relative-position formulation of logits. Con-
sider a single attention head h in layer ℓ.
Let Wq,Wk ∈ Rdh×dmodel denote the query
and key projection matrices for head h. De-
fine the pre-RoPE query and key vectors as
qℓ,h(τ) = Wq LNattn

l (E
(N)
ℓ (τ)) and kℓ,h(t) =

Wk LNattn
l (E

(N)
ℓ (t)). At the target suffix position

τ , the RoPE-rotated query is

R(τ) qℓ,h(τ) ∈ Rdh .

For any preceding position t ≤ τ , the RoPE-rotated
key is

R(t) kℓ,h(t).

The relative distance (for causal attention) is

δ = τ − t ≥ 0.

A key property of RoPE is that it can be rewritten
in terms of relative position. Specifically, the logit
between the target query and the key at position t
satisfies

1√
dh

(
R(τ) qℓ,h(τ)

)⊤
R(t) kℓ,h(t) =

1√
dh

(
qℓ,h(τ)

)⊤
R(−δ) kℓ,h(t).

We henceforth write the unnormalized logit as a
function of δ:

sℓ,h(τ, t) =
1√
dh

(
qℓ,h(τ)

)⊤
R(−δ) kℓ,h(t).

Therefore, define the contribution of the
(2i, 2i + 1) coordinate pair to the inner product(
qℓ,h(τ)

)⊤
R(−δ) kℓ,h(t) as

σi(δ) := [qℓ,h(τ)]2i
[
R(−δ) kℓ,h(t)

]
2i
+

[qℓ,h(τ)]2i+1

[
R(−δ) kℓ,h(t)

]
2i+1

.

Substituting the explicit form of R(−δ) kℓ,h(t)
yields

σi(δ) = [qℓ,h(τ)]2i
(
[kℓ,h(t)]2i cos(ωiδ)

+ [kℓ,h(t)]2i+1 sin(ωiδ)
)

+ [qℓ,h(τ)]2i+1

(
−[kℓ,h(t)]2i+1 cos(ωiδ)

+ [kℓ,h(t)]2i sin(ωiδ)
)

= αi cos(ωiδ) + βi sin(ωiδ),

for some coefficients αi, βi depending on
[qℓ,h(τ)]2i, [qℓ,h(τ)]2i+1, [kℓ,h(t)]2i, [kℓ,h(t)]2i+1

but independent of δ. Summing over all dh/2 co-
ordinate pairs, we obtain

sℓ,h(τ, t) =
1√
dh

dh/2−1∑

i=0

σi(δ)

= c0 +
M∑

ν=1

αν cos(λνδ) + βν sin(λνδ),

for some finite M , coefficients {αν , βν}, and fre-
quencies λν = ωi(ν). That is, for fixed pre-RoPE
query qℓ,h(τ) and key kℓ,h(t), the logit sℓ,h(τ, t) is
a trigonometric polynomial in the discrete variable
δ.

Proposition C.3.2 (Finite exponential form and
uniform approximability of RoPE logits). Suppose
that Assumption C.3.1 holds. Fix a layer ℓ and a
head h. For fixed qℓ,h(τ), kℓ,h(t) ∈ Rdh , the logit
sℓ,h(τ, t) can be written as

sℓ,h(τ, t) = c0 +
∑

r∈K
γre

iµrδ,

where δ := τ−t, K is finite, and µr ∈ R. Moreover,
esℓ,h(τ,t) is uniformly approximable by trigonomet-
ric polynomials: for every ε > 0, there exists a
trigonometric polynomial Φε(δ) such that

sup
δ≥0

|esℓ,h(τ,t) − Φε(δ)| < ε

.

C.3.5 Proof of Proposition C.3.2

Proof. We proceed as follows.
Step 1. Exponential form of the trigonometric

polynomial
From the previous section we know that for fixed

pre-RoPE query qℓ,h(τ) and key kℓ,h(t), the logit
can be written as a trigonometric polynomial in δ:

sℓ,h(τ, t) = c0 +
M∑

ν=1

αν cos(λνδ) + βν sin(λνδ),

with real coefficients c0, αν , βν and real frequen-
cies λν determined by the RoPE frequencies ωi.

To streamline the analysis, we now rewrite
sℓ,h(τ, t) in the complex exponential basis. Using
Euler’s identities

cos(θ) =
eiθ + e−iθ

2
, sin(θ) =

eiθ − e−iθ

2i
,
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each summand can be written as

αν cos(λνδ) + βν sin(λνδ)

= αν
eiλνδ + e−iλνδ

2
+ βν

eiλνδ − e−iλνδ

2i

=
(αν

2
+

βν
2i

)

︸ ︷︷ ︸
=:cν

eiλνδ +
(αν

2
− βν

2i

)

︸ ︷︷ ︸
=:c̄ν

e−iλνδ.

Here cν ∈ C and c̄ν denotes its complex conjugate.
Since sℓ,h(τ, t) is real-valued, the terms appear in
conjugate pairs cνeiλνδ + c̄νe

−iλνδ. Collecting all
such terms, we may write

sℓ,h(τ, t) = c0 +

M∑

ν=1

(
cνe

iλνδ + c̄νe
−iλνδ

)
.

Equivalently, by merging positive and negative fre-
quencies into a single index set K, we can write

sℓ,h(τ, t) = c0 +
∑

r∈K
γre

iµrδ,

where each γr ∈ C and µr ∈ R, with µr = 0
allowed (the constant term). This is the standard
exponential form of a (real-valued) trigonometric
polynomial.

Step 2. Uniform boundedness of the logits.
Layer normalization (or RMSNorm) and finite

model weights imply that the hidden states (and
hence qℓ,h(τ) and kℓ,h(t)) have uniformly bounded
norms. There exist constants Cq, Ck > 0 such that

∥qℓ,h(τ)∥2 ≤ Cq, ∥kℓ,h(t)∥2 ≤ Ck,

and therefore, using that R(−δ) is orthogonal,

|sℓ,h(τ, t)| =
∣∣∣∣

1√
dh

(
qℓ,h(τ)

)⊤
R(−δ) kℓ,h(t)

∣∣∣∣

≤ 1√
dh

∥qℓ,h(τ)∥2 ∥kℓ,h(t)∥2 ≤ Ms,

for some constant Ms > 0 independent of δ.
Layer normalization and bounded model weights

imply the existence of a uniform bound Ms > 0
such that

|sℓ,h(τ, t)| ≤ Ms, ∀ δ ∈ Z≥0.

Therefore

esℓ,h(τ,t) =
∞∑

n=0

sℓ,h(τ, t)
n

n!

is well-defined for each δ, and we can bound each
term by ∣∣∣∣

sℓ,h(τ, t)
n

n!

∣∣∣∣ ≤
Mn

s

n!
.

Since
∞∑

n=0

Mn
s

n!
= eMs < +∞,

the Weierstrass M -test implies that the series

∞∑

n=0

sℓ,h(τ, t)
n

n!

converges uniformly in δ. In particular, if we define
partial sums

ΦJ(δ) :=

J∑

n=0

sℓ,h(τ, t)
n

n!
,

then

sup
δ≥0

∣∣esℓ,h(τ,t) − ΦJ(δ)
∣∣ −−−→

J→∞
0.

Moreover, each ΦJ(δ) is again a trigonometric
polynomial, which we can also write in exponential
form:

ΦJ(δ) = ξ
(J)
0 +

∑

ν∈KJ

ξ(J)ν eiθνδ,

where KJ is a finite index set, θν ∈ R, and ξ
(J)
ν ∈

C.
This follows from the fact that finite sums and

products of terms eiλδ remain finite linear combina-
tions of such exponentials, and therefore sℓ,h(τ, t)n

is always a trigonometric polynomial in δ.

Proposition C.3.3 (Cesàro limits for base-layer
attention head output). Suppose that Assump-
tion C.3.1 holds. v0,h(t) is periodic with period
T at loop positions when ℓ = 0. Then the limits

µp := lim
N→∞

A(N)
τN

,

µw := lim
N→∞

B(N)
τN

∈ Rdh

exist, and the attention head output converges to
a
(∞)
0,h := µw/µp ∈ Rdh .
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C.3.6 Proof of Proposition C.3.3
Proof. We proceed as follows.

Step 1. Cesàro averages of exponentials
For a single frequency θ ∈ R, consider the

Cesàro average

CG(θ) :=
1

G

G−1∑

δ=0

eiθδ.

We have the closed form

CG(θ) =
1

G
· 1− eiθG

1− eiθ
,

whenever eiθ ̸= 1 (i.e. θ /∈ 2πZ). In that case,

∣∣CG(θ)
∣∣ ≤ 2

G |1− eiθ| −−−−→G→∞
0.

On the other hand, if θ ∈ 2πZ, then eiθδ is constant
in δ, so

CG(θ) = eiθ·0 = 1, ∀G.

Therefore, for any finite sum

Ψ(δ) = η0 +

M∑

ν=1

ηνe
iθνδ,

we have

1

G

G−1∑

δ=0

Ψ(δ) = η0 +

M∑

ν=1

ηνCG(θν)

−−−−→
G→∞

η0 +
∑

ν:
θν∈2πZ

ην .

In other words, the Cesàro average converges to the
sum of the coefficients of those exponential terms
whose frequency is a multiple of 2π (i.e. constant-
in-δ contributions).

In the generic case where none of the θν is an
integer multiple of 2π except for 0, the limit simply
equals the constant term η0.
Step 2. Cesàro limit of es0,h(τN , t)

We show that the Cesàro average

A(N)
τN

:=
1

τN + 1

τN∑

t=0

e s0,h(τN , t)

converges as N→∞. Because s0,h(τN , t) depends
on position t through both the relative distance δ =
τN − t and the key vector k0,h(t), the exponential
es0,h(τN ,t) is not a single trigonometric polynomial

in δ over all positions. We therefore decompose
the sum according to the token identity at each
position.

Position decomposition. For copy κ ∈ {1, . . . , N}
and template index j ∈ {1, . . . , T}, define the ab-
solute position tκ,j := m + (κ − 1)T + (j − 1).
The loop index set is

I loop := {tκ,j : κ = 1, . . . , N, j = 1, . . . , T}
= {m, . . . ,m+NT − 1},

with |I loop| = NT . For each template index j ∈
{1, . . . , T}, define the sub-index set

Ij := {tκ,j : κ = 1, . . . , N},

with |Ij | = N. Define the non-loop index set

Inon := {0, . . . , τN} \ I loop

(prefix y, suffix z, and self-token; |Inon| = m +
s+ 1 = O(1)).

At layer ℓ = 0, the key vector k0,h(t) at loop
positions is determined by the token embedding
alone and is therefore periodic with period T : for
all κ, κ′ ∈ {1, . . . , N}, k0,h(tκ,j) = k0,h(tκ′,j).
For each j ∈ {1, . . . , T}, define

s(j)(δ) :=
1√
dh

〈
q0,h(τN ), R(−δ) k0,h(t1,j)

〉
,

so that s0,h(τN , tκ,j) = s(j)(τN − tκ,j) for ev-
ery κ. Since q0,h(τN ) and k0,h(t1,j) are both fixed,
s(j) is a trigonometric polynomial in δ by Proposi-
tion C.3.2.

Non-loop contribution vanishes. Since
|s0,h(τN , t)| ≤ Ms for all t (Proposition C.3.2),

1

τN + 1

∑

t∈Inon

e s0,h(τN , t)

≤ |Inon| eMs

τN + 1

N→∞−−−−→ 0.

Per-template-index Cesàro convergence. Fix j ∈
{1, . . . , T}. The positions in Ij are equally spaced
with spacing T ; define the corresponding relative
distances δκ := τN − tκ,j for κ = 1, . . . , N and
the restricted Cesàro average

D(N,j)
τN

:=
1

N

N∑

κ=1

e s(j)(δκ).
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We show {D(N,j)
τN }N≥1 is Cauchy. By the argument

in Step 1 (Appendix B.2), the Taylor partial sums

Φ
(j)
J (δ) :=

J∑

n=0

(s(j)(δ))n

n!

are trigonometric polynomials converging uni-
formly to es

(j)(δ). Fix ε > 0 and choose J0 so
that for all J ≥ J0,

sup
δ≥0

∣∣es(j)(δ) − Φ
(j)
J (δ)

∣∣ < ε.

Then for any N ,

∣∣∣D(N,j)
τN

− 1

N

N∑

κ=1

Φ
(j)
J (δκ)

∣∣∣

≤ sup
δ

∣∣es(j)(δ) − Φ
(j)
J (δ)

∣∣ < ε.

We now show that 1
N

∑N
κ=1Φ

(j)
J (δκ) converges

as N → ∞. Since Φ
(j)
J is a trigonometric polyno-

mial, it admits the form

Φ
(j)
J (δ) = η0 +

MJ∑

ν=1

ην e
iθνδ

for finitely many frequencies θν ∈ R. Since tκ,j =
t1,j+(κ−1)T , we have δκ = (τN−t1,j)−(κ−1)T ,
so that

eiθνδκ = eiθν(τN−t1,j) · e−iθν(κ−1)T ,

and hence

1

N

N∑

κ=1

eiθνδκ = eiθν(τN−t1,j)· 1
N

N∑

κ=1

e−iθν(κ−1)T .

The inner sum is a Cesàro average of the geometric
sequence rκ−1 with r = e−iθνT . By Step 1, this
average converges to 1 if θνT ∈ 2πZ, and to 0
otherwise. By linearity,

1

N

N∑

κ=1

Φ
(j)
J (δκ)

N→∞−−−−→ ζ
(J,j)
0

:= η0 +
∑

ν: θνT ∈ 2πZ

ην e
iθν(τN−t1,j),

where the number of θν is finite. Although
τN − t1,j = NT + c − (j−1) depends
on N , every summand satisfies θνT ∈ 2πZ, so
eiθνNT = (eiθνT )N = 1 and hence eiθν(τN−t1,j) =
eiθν(c−j+1) is independent of N . Consequently

ζ
(J,j)
0 is a well-defined constant. For N large

enough,

∣∣∣ 1
N

N∑

κ=1

Φ
(j)
J (δκ)− ζ

(J,j)
0

∣∣∣ < ε.

Combining via the triangle inequality, for all
sufficiently large N,N ′:

∣∣D(N,j)
τN

−D(N ′,j)
τN

∣∣ ≤
∣∣D(N,j)

τN
− 1

N

∑
κΦ

(j)
J (δκ)

∣∣

+
∣∣ 1
N

∑
κΦ

(j)
J (δκ)− ζ

(J,j)
0

∣∣

+
∣∣ζ(J,j)0 − 1

N ′
∑

κΦ
(j)
J (δκ)

∣∣

+
∣∣ 1
N ′

∑
κΦ

(j)
J (δκ)−D(N ′,j)

τN

∣∣ < 4ε.

Therefore {D(N,j)
τN } is Cauchy and hence conver-

gent. Denote the limit by

µ(j)
p := lim

N→∞
D(N,j)

τN

. Since e−Ms ≤ es
(j)(δ) ≤ eMs , the limit satisfies

e−Ms ≤ µ
(j)
p ≤ eMs .

Assembling A(N)
τN . Since τN+1 = m+NT+c+1

and N/(τN + 1) → 1/T as N → ∞,

1

τN + 1

∑

t∈Ij
e s0,h(τN , t) =

N

τN + 1
· D(N,j)

τN

N→∞−−−−→ µ
(j)
p

T
.

Summing over all template indices and adding the
vanishing non-loop contribution:

A(N)
τN

=
1

τN + 1

∑

t∈Inon

e s0,h(τN , t)

︸ ︷︷ ︸
→ 0

+

T∑

j=1

1

τN + 1

∑

t∈Ij
e s0,h(τN , t)

︸ ︷︷ ︸
→µ

(j)
p /T

N→∞−−−−→
T∑

j=1

µ
(j)
p

T
.

Therefore the limit

µp := lim
N→∞

A(N)
τN

=
1

T

T∑

j=1

µ(j)
p

exists and is finite. Moreover, e−Ms ≤ A(N)
τN ≤

eMs for all N , so µp > 0.
Step 3. Cesàro limit of es0,h(τN , t) v0,h(t)
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We now incorporate the value vectors and show
that the value-weighted Cesàro average

B(N)
τN

:=
1

τN + 1

τN∑

t=0

e s0,h(τN , t) v0,h(t) ∈ Rdh

converges as N → ∞. We decompose the sum
using the partition {0, . . . , τN} = Inon ∪⋃T

j=1 Ij
from Step 2.

Loop contribution. At layer ℓ = 0, the value vec-
tors at loop positions are periodic with period T :
for all κ, κ′ ∈ {1, . . . , N}, v0,h(tκ,j) = v0,h(tκ′,j).
Define the template value vector

vtplj := v0,h(t1,j) ∈ Rdh .

Since each t ∈ Ij shares the same value vector
vtplj , grouping by template index gives

1

τN + 1

∑

t∈Iloop

e s0,h(τN , t) v0,h(t)

=
1

τN + 1

T∑

j=1

vtplj

∑

t∈Ij
e s0,h(τN , t)

=

T∑

j=1

N

τN + 1
D(N,j)

τN
vtplj ,

where D(N,j)
τN is the restricted Cesàro average de-

fined in Step 2. By the convergence established in
Step 2, D(N,j)

τN → µ
(j)
p and N/(τN + 1) → 1/T ,

so

1

τN + 1

∑

t∈Iloop

e s0,h(τN , t) v0,h(t)

N→∞−−−−→
T∑

j=1

µ
(j)
p

T
vtplj .

Non-loop contribution. The non-loop positions
Inon contain m+ n+ 1 = O(1) tokens, indepen-
dent of N . Since logits and values are uniformly
bounded (|s0,h(τN , t)| ≤ Ms and ∥v0,h(t)∥ ≤ Cv

for all t),

∥∥∥∥∥
1

τN + 1

∑

t∈Inon

e s0,h(τN , t) v0,h(t)

∥∥∥∥∥ ≤

|Inon|
τN + 1

eMs Cv
N→∞−−−−→ 0.

Convergence of B(N)
τN . Combining the two contri-

butions:

B(N)
τN

=
1

τN + 1

∑

t∈Iloop

e s0,h(τN , t) v0,h(t)

+
1

τN + 1

∑

t∈Inon

e s0,h(τN , t) v0,h(t),

and hence the limit

µw := lim
N→∞

B(N)
τN

=

T∑

j=1

µ
(j)
p

T
vtplj ∈ Rdh

exists and is finite.
Step 4. Limiting attention head output
The output of attention head h at the target po-

sition τN is the ratio of the value-weighted sum to
the softmax normalizer:

a
(N)
ℓ,h (τN ) :=

τN∑

t=0

esℓ,h(τN ,t) vℓ,h(t)

τN∑

t=0

esℓ,h(τN ,t)

=
B(N)
τN

A(N)
τN

.

Steps 2 and 3 established that A(N)
τN → µp with

µp > 0, and B(N)
τN → µw, as N → ∞. Therefore

the attention head output converges to the finite
limit

a
(∞)
ℓ,h (τN ) := lim

N→∞
a
(N)
ℓ,h (τN ) =

µw

µp
∈ Rdh .

Theorem C.3.4 (Base-layer convergence at
the prediction position). Suppose that Assump-
tion C.3.1 holds. At layer ℓ = 0, the lim-
its A

(∞)
0 := limN→∞A

(N)
0 (τN ), F

(∞)
0 :=

limN→∞ F
(N)
0 (τN ), and E

(∞)
1 := E

(∞)
0 +A

(∞)
0 +

F
(∞)
0 all exist and are finite.

C.3.7 Proof of Theorem C.3.4
Proof. We establish convergence of each compo-
nent at layer ℓ = 0.

Step 1: Multi-head attention output A(N)
0 (τN ).

By Proposition C.3.3, each attention head h ∈
{0, 1, . . . ,H−1} admits a finite limit

a
(∞)
0,h (τN ) := lim

N→∞
a
(N)
0,h (τN ) =

µw

µp
∈ Rdh .

Let WO ∈ Rdmodel×dmodel denote the output projec-
tion matrix. The multi-head attention output at the
target position is

A
(N)
0 (τN ) = WO

[
a
(N)
0,0 (τN ); . . . ; a

(N)
0,H−1(τN )

]
.
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Since each head output converges and WO is a
fixed linear map,

A
(∞)
0 (τN ) := lim

N→∞
A

(N)
0 (τN ) =

WO

[
a
(∞)
0,0 (τN ); . . . ; a

(∞)
0,H−1(τN )

]

exists and is finite.

Step 2: Base-layer input E
(N)
0 (τN ). At layer

ℓ = 0, the residual stream E
(N)
0 (τN ) is deter-

mined by the token embedding at the target po-
sition τN . In a standard decoder-only model with
RoPE applied inside the attention block, the em-
bedding layer does not depend on context length,
so E

(N)
0 (τN ) is independent of N . In particular,

E
(∞)
0 (τN ) := lim

N→∞
E

(N)
0 (τN ) = E

(N)
0 (τN )

is trivially well-defined.

Step 3: FFN output F (N)
0 (τN ). Following the

pre-norm update, define the post-attention residual
is:

E
(N)
1/2 (τN ) := E

(N)
0 (τN ) +A

(N)
0 (τN ).

By Steps 1 and 2, E(N)
1/2 (τN ) converges:

E
(∞)
1/2 (τN ) := lim

N→∞
E

(N)
1/2 (τN )

= E
(∞)
0 (τN ) +A

(∞)
0 (τN ).

The FFN output is defined as

F
(N)
0 (τN ) := FFN0

(
LNffn

0 (E
(N)
1/2 (τN ))

)
.

Under Assumption C.3.1, LNffn
0 is continuous on

bounded sets, and FFN0 is continuous on bounded
sets. Since the residual streams are uniformly
bounded (Assumption C.3.1 (i)), the convergence
E

(N)
1/2 (τN ) → E

(∞)
1/2 (τN ) propagates through both

maps:

F
(∞)
0 (τN ) := lim

N→∞
F

(N)
0 (τN ) =

FFN0

(
LNffn

0

(
E

(∞)
1/2 (τN )

))

exists and is finite.

Step 4: Next-layer residual E(N)
1 (τN ). Apply-

ing the residual connection:

E
(N)
1 (τN ) = E

(N)
1/2 (τN ) + F

(N)
0 (τN )

= E
(N)
0 (τN ) +A

(N)
0 (τN ) + F

(N)
0 (τN ).

Since all three summands converge as N → ∞, so
does their sum:

E
(∞)
1 (τN ) := lim

N→∞
E

(N)
1 (τN )

= E
(∞)
0 (τN ) +A

(∞)
0 (τN ) + F

(∞)
0 (τN ),

which is finite. This completes the proof.

Proposition C.3.5 (Base-layer asymptotic peri-
odicity at loop positions). Suppose that Assump-
tion C.3.1 holds. For any ε > 0, there ex-
ists N0 such that whenever N ≥ 2N0, the last
N − N0 loop copies are ε-periodic: any two po-
sitions tκ,j , tκ′,j in copies κ, κ′ > N0 sharing
the same template index j ∈ {1, . . . , T} satisfy
∥E(N)

1 (tκ,j)−E
(N)
1 (tκ′,j)∥ < ε. In particular, the

number of such ε-periodic copies grows without
bound as N → ∞.

C.3.8 Proof of Proposition C.3.5

Proof. Fix ε > 0. We show that for all sufficiently
late loop copies, E(N)

1 is ε-periodic at positions
sharing the same template index, thereby preserv-
ing the y∥x∥x∥ · · · ∥x∥z loop structure required for
the Cesàro argument at layer ℓ = 1.

Step 1: Loop-position notation and relation to
τN . For copy κ ∈ {1, . . . , N} and template index
j ∈ {1, . . . , T}, define the absolute position within
the loop region:

tκ,j := m+ (κ− 1)T + (j − 1).

These positions satisfy m ≤ tκ,j < m+NT and
thus lie strictly inside the repeated loop region. By
contrast, the target position τN = m+NT + c ≥
m+NT lies in the suffix z, after all N loop copies.
In particular, every loop position tκ,j precedes τN .

At layer ℓ = 0, the residual stream at any loop
position is determined by the token embedding
alone which depends only on the template index j
and is independent of the copy index κ. In particu-
lar, E(N)

0 (tκ,j) = E
(N)
0 (tκ′,j) for all κ, κ′.

41410



Step 2: Head-wise convergence at loop positions.
Fix a head h. At position tκ,j , the pre-RoPE query
is q0,h(tκ,j) which is the same for every copy κ.
The attention head output at tκ,j is

a
(N)
0,h (tκ,j) =

tκ,j∑

i=0

es0,h(tκ,j , i) v0,h(i)

tκ,j∑

i=0

es0,h(tκ,j , i)

.

The preceding positions i ≤ tκ,j decompose into:

• Loop positions from copies 1, . . . , κ−1: con-
tributing (κ−1)T tokens with exactly periodic
key/value structure and period T ;

• Non-loop positions: the prefix y (m tokens)
and the partial copy κ up to template index j
(j tokens including self), totalling m + j =
O(1) tokens independent of κ.

Since tκ,j + 1 = m+ (κ−1)T + j grows linearly
in κ, this setting satisfies all structural conditions
required by the Cesàro convergence argument of
Proposition C.3.3 (Appendix C.3.6, Steps 2–4). We
verify the two key prerequisites explicitly:

(a) Fixed query vector. At layer ℓ = 0, the
pre-RoPE query at any loop position tκ,j

is q0,h(tκ,j) = Wq LN
attn
0 (E

(N)
0 (tκ,j)) =

Wq LN
attn
0 (embed(xj)), which depends only

on the template token xj and is independent
of the copy index κ and the total repetition
count N . Hence the trigonometric polynomial
structure of the logit s0,h(tκ,j , · ) has fixed co-
efficients for each template index j.

(b) Cesàro-amenable loop structure. Among the
(κ−1)T loop tokens preceding tκ,j , the key
and value vectors are exactly periodic with
period T (since they are determined by token
embeddings at ℓ = 0). As κ → ∞ (within
N ≥ κ), the number of preceding loop copies
grows without bound, so the loop contribu-
tion forms a Cesàro average of trigonometric-
polynomial exponentials that stabilises, while
the O(1) non-loop terms (prefix y and the par-
tial current copy) vanish.

Therefore, for each template index j and head h,
the limit

a
(∞,j)
0,h := lim

κ→∞
a
(N)
0,h (tκ,j)

exists and depends on j (through the query
Wq embed(xj) and the template key/value vectors)
but not on κ.

Consequently, for each h and j, there exists
κ0(h, j) such that for all κ ≥ κ0(h, j),
∥∥a(N)

0,h (tκ,j)− a
(∞,j)
0,h

∥∥ <
ε

4H ∥WO∥ (1 + Λ)
,

where Λ > 0 is the Lipschitz constant specified in
Step 4. Set

κ0 := max
h∈{0,...,H−1}, j∈{1,...,T}

κ0(h, j),

which is finite.

Step 3: Multi-head attention near-periodicity.
For any two copies κ, κ′ > κ0 with the same tem-
plate index j, the triangle inequality gives for each
head h:
∥∥a(N)

0,h (tκ,j)−a
(N)
0,h (tκ′,j)

∥∥ <
ε

2H ∥WO∥ (1 + Λ)
.

Since A
(N)
0 (t) = WO

[
a
(N)
0,0 (t); . . . ; a

(N)
0,H−1(t)

]
,

concatenation over H heads and the linear map
WO yield

∥∥A(N)
0 (tκ,j)−A

(N)
0 (tκ′,j)

∥∥

≤ ∥WO∥ ·H· ε

2H ∥WO∥ (1 + Λ)
=

ε

2(1 + Λ)
.

Step 4: Propagation through FFN to E
(N)
1 .

Since E
(N)
0 (tκ,j) = E

(N)
0 (tκ′,j) (Step 1), the post-

attention residuals satisfy
∥∥E(N)

1/2 (tκ,j)− E
(N)
1/2 (tκ′,j)

∥∥

=
∥∥A(N)

0 (tκ,j)−A
(N)
0 (tκ′,j)

∥∥ <
ε

2(1 + Λ)
.

Under Assumption C.3.1, LNffn
0 and FFN0 are Lip-

schitz on the bounded set containing all residual
streams. Let ΛLN and ΛFFN denote the respec-
tive Lipschitz constants, and set Λ := ΛFFN · ΛLN.
Then

∥∥F (N)
0 (tκ,j)− F

(N)
0 (tκ′,j)

∥∥ ≤

Λ
∥∥E(N)

1/2 (tκ,j)− E
(N)
1/2 (tκ′,j)

∥∥ <
Λ ε

2(1 + Λ)
.

Combining via the residual connection E
(N)
1 (t) =

E
(N)
1/2 (t) + F

(N)
0 (t):

∥∥E(N)
1 (tκ,j)− E

(N)
1 (tκ′,j)

∥∥ ≤
ε

2(1 + Λ)
+

Λ ε

2(1 + Λ)
=

ε

2
< ε.
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Step 5: Conclusion and preservation of loop
structure. Setting N0 := κ0, we have shown that
whenever N ≥ 2N0, any two copies κ, κ′ > N0

sharing the same template index j ∈ {1, . . . , T}
satisfy

∥∥E(N)
1 (tκ,j)− E

(N)
1 (tκ′,j)

∥∥ < ε.

The number of such ε-periodic copies is N −N0.
Since N0 depends only on ε (and the fixed model
parameters) but not on N , we may take N → ∞
to obtain

N −N0 −−−−→
N→∞

∞.

That is, for any prescribed ε > 0, the number of
ε-periodic loop copies can be made arbitrarily large
by choosing N sufficiently large.

This guarantees that the input to layer ℓ = 1
preserves the y∥x∥x∥ · · · ∥x∥z structure with un-
boundedly many near-periodic loop copies pre-
ceding the target τN . Since τN > m + NT
remains in the suffix after all loop copies, the
target at layer ℓ = 1 is preceded by unbound-
edly many near-periodic repetitions of the tem-
plate block as N → ∞. This is precisely the
structural condition required by the Cesàro conver-
gence argument (Appendix C.3.6) to be reapplied
at layer ℓ = 1, enabling the layer-wise induction in
Theorem C.3.6.

Theorem C.3.6 (Full Transformer convergence).
Suppose that Assumption C.3.1 holds. Then for
every ℓ ∈ {0, 1, . . . , L}, the limit E

(∞)
ℓ :=

limN→∞E
(N)
ℓ (τN ) exists and is finite. In particu-

lar, limN→∞E
(N)
L (τN ) = E

(∞)
L .

C.3.9 Proof of Theorem C.3.6
Proof. We prove by induction on layers ℓ =
0, 1, . . . , L that the following two properties hold
simultaneously:

(Cℓ) Convergence at the target: E(N)
ℓ (τN ) −−−−→

N→∞
E

(∞)
ℓ exists and is finite.

(Pℓ) Asymptotic periodicity at loop positions: For
any ε > 0, there exists N0 (depending on
ε and ℓ but not on N ) such that whenever
N ≥ 2N0, the last N − N0 loop copies
are ε-periodic under E(N)

ℓ : for any κ, κ′ >

N0 and j ∈ {1, . . . , T}, ∥E(N)
ℓ (tκ,j) −

E
(N)
ℓ (tκ′,j)∥ < ε.

Base case (ℓ = 0). At layer ℓ = 0, the resid-
ual stream is given by token embeddings. Since
the suffix token at position τN is always zc+1 (in-
dependent of N ), E(N)

0 (τN ) = embed(zc+1) is
independent of N , so (C0) holds trivially. At loop
positions, E(N)

0 (tκ,j) = embed(xj) depends only
on the template index j and not on the copy in-
dex κ, so (P0) holds with N0 = 1 and ε-periodicity
replaced by exact periodicity.

Induction step (ℓ → ℓ + 1). Assume (Cℓ) and
(Pℓ) hold at layer ℓ. We establish (Cℓ+1) and
(Pℓ+1).
Step 1: Attention head convergence at τN ((Pℓ) ⇒
head limits). By (Pℓ), the input to layer ℓ’s attention
block has unboundedly many near-periodic loop
copies preceding τN . Fix a head h. We show that
the attention head output

a
(N)
ℓ,h (τN ) =

τN∑

t=0

esℓ,h(τN ,t) vℓ,h(t)

τN∑

t=0

esℓ,h(τN ,t)

converges as N → ∞. At layer ℓ > 0, the key
and value vectors at loop positions are no longer
exactly periodic but only approximately so; we
establish convergence via a perturbation–reduction
argument.

Step 1a (Reference template construction). Fix
an arbitrary ε′ > 0. By (Pℓ), there exists an integer
κ0 such that whenever N ≥ 2κ0, every two loop
copies κ, κ′ > κ0 sharing the same template index
j ∈ {1, . . . , T} satisfy

∥∥E(N)
ℓ (tκ,j)− E

(N)
ℓ (tκ′,j)

∥∥ < ε′. (30)

For each j, fix an arbitrary reference copy κref >
κ0 and define the reference key and value vectors

krefℓ,h(j) := kℓ,h(tκref ,j),

vrefℓ,h(j) := vℓ,h(tκref ,j).

Because the maps E
(N)
ℓ (t) 7→ kℓ,h(t) and

E
(N)
ℓ (t) 7→ vℓ,h(t) are Lipschitz on bounded sets

(Assumption C.3.1), there exist constants Lk, Lv >
0 (depending only on the model weights and the
uniform bound C) such that for all κ > κ0,

∥∥kℓ,h(tκ,j)− krefℓ,h(j)
∥∥ ≤ Lk ε

′,
∥∥vℓ,h(tκ,j)− vrefℓ,h(j)

∥∥ ≤ Lv ε
′.

(31)
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Similarly, by (Cℓ), E
(N)
ℓ (τN ) converges as N →

∞. Since the map E
(N)
ℓ (τN ) 7→ qℓ,h(τN ) =

Wq LN
attn
ℓ (E

(N)
ℓ (τN )) is continuous on bounded

sets (as a composition of the Lipschitz map LNattn
ℓ

and the linear map Wq; Assumption C.3.1), there
exist an integer Nq ≥ 1 and a vector qrefℓ,h ∈ Rdh

such that for all N ≥ Nq,
∥∥qℓ,h(τN )− qrefℓ,h

∥∥ < ε′. (32)

Step 1b (Reference logit and perturbation bound).
Define the reference logit at loop position tκ,j by

srefℓ,h(τN , tκ,j) :=

〈
qrefℓ,h, R

(
−(τN − tκ,j)

)
krefℓ,h(j)

〉
√
dh

.

Since R(·) is orthogonal and all query and key vec-
tors are uniformly bounded by Assumption C.3.1
(denote the bounds Cq, Ck), we obtain for every
κ > κ0 and N ≥ Nq:

∣∣sℓ,h(τN , tκ,j)− srefℓ,h(τN , tκ,j)
∣∣ ≤

1√
dh

(
Cq Lk + Ck

)
ε′ =: η ε′.

(33)

Here the term CqLk ε
′/
√
dh bounds the key per-

turbation (31) with query fixed, and Ck ε
′/
√
dh

bounds the query perturbation (32) with key fixed.
Since all logits are bounded by Ms (Proposi-
tion C.3.2), the mean-value theorem gives

∣∣esℓ,h(τN ,tκ,j) − es
ref
ℓ,h(τN ,tκ,j)

∣∣ ≤ eMs η ε′, (34)

for all κ > κ0, N ≥ Nq.

Key structural observation. For fixed j, the refer-
ence logit srefℓ,h(τN , tκ,j) depends on κ only through
the relative distance δ = τN − tκ,j , since both
qrefℓ,h and krefℓ,h(j) are independent of κ. Therefore
srefℓ,h(τN , tκ,j) is a trigonometric polynomial in δ

with fixed coefficients. Similarly, vrefℓ,h(j) is con-
stant over κ. Thus the pair (srefℓ,h, v

ref
ℓ,h) satisfies the

same structural hypotheses as the base-layer case
(ℓ = 0): the logit is a finite trigonometric polyno-
mial in δ and the value vectors are exactly periodic
with period T .

Step 1c (Cesàro convergence of A(N)
τN ). We show

that

A(N)
τN

:=
1

τN + 1

τN∑

t=0

esℓ,h(τN ,t)

is a Cauchy sequence in N . Partition {0, . . . , τN}
into three index sets:

• Inon: non-loop positions (prefix y and suf-
fix z), |Inon| = m+ s+ 1 = O(1);

• Iearly: loop copies κ ≤ κ0, |Iearly| = κ0T =
O(1);

• I late: loop copies κ > κ0, |I late| = (N −
κ0)T .

Non-loop and early-loop contributions vanish.
Each exponential is bounded by eMs and |Inon ∪
Iearly| = O(1), so

1

τN + 1

∑

t∈Inon∪Iearly

esℓ,h(τN ,t) ≤

(m+ s+ 1 + κ0T ) e
Ms

τN + 1

N→∞−−−−−→ 0.

(35)

Late-loop contribution: comparison with reference.
Define the reference normalizer

Ã(N)
τN

:=
1

τN + 1

∑

t∈Ilate

es
ref
ℓ,h(τN ,t).

By (34), the per-position error is at most eMsηε′,
so

∣∣∣∣
1

τN + 1

∑

t∈Ilate

esℓ,h(τN ,t) − Ã(N)
τN

∣∣∣∣

≤ |I late|
τN + 1

eMsηε′ ≤ eMsηε′.

(36)

Reference normalizer converges. By the struc-
tural observation above, Ã(N)

τN is a Cesàro average
of es

ref
ℓ,h(τN ,·) over positions with exactly periodic

key/value vectors and trigonometric-polynomial
logits with fixed coefficients. We verify that
this reduces to the base-layer Cesàro setting (Ap-
pendix C.3.6, Steps 1–2) via an explicit index sub-
stitution. For each template index j, the late-loop
positions are tκ,j with κ ∈ {κ0+1, . . . , N}. Intro-
duce the reversed index κ′ := N − κ + 1, rang-
ing over {1, . . . , N−κ0}. The relative distance
becomes δκ = τN − tκ,j = κ′T + cj , where
cj := c− (j−1) is a constant that depends only on
the suffix offset c and the template index j but not
on N or κ. Since qrefℓ,h and krefℓ,h(j) are both fixed, the
reference logit srefℓ,h(τN , tκ,j) = sref,j(κ′T + cj) is
a trigonometric polynomial in κ′ with coefficients
that are independent of N . Therefore, grouping the
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sum by template index gives

Ã(N)
τN

=
N − κ0
τN + 1

·

1

N − κ0

T∑

j=1

N−κ0∑

κ′=1

e sref,j(κ′T+cj),

where the inner (double) Cesàro average is over an
N -independent function evaluated along an arith-
metic progression with spacing T , exactly as in
the base-layer argument. As N → ∞, the pref-
actor satisfies (N−κ0)/(τN+1) → 1/T and the
inner average converges by the same trigonometric
Cesàro limit (Appendix C.3.6, Steps 1–2). Hence
Ã(N)

τN converges as N → ∞.

A(N)
τN is Cauchy. Fix any ε > 0. Choose ε′ small

enough that eMsη ε′ < ε/5. For this ε′, let κ0
and Nq be the integers furnished above. By (35),
there exists N1 ≥ max(2κ0, Nq) such that for all
N ≥ N1 the non-loop and early-loop contribution
is less than ε/5. By the convergence of Ã(N)

τN , there
exists N2 ≥ N1 such that for all N,N ′ ≥ N2,
|Ã(N)

τN − Ã(N ′)
τN | < ε/5.

For any N,N ′ ≥ N2, write

A(N)
τN

= P (N) +Q(N),

where P (N) collects the non-loop and early-loop
contribution and Q(N) the late-loop contribution.
Because N,N ′ ≥ N2 ≥ max(2κ0, Nq), the same
κ0 applies to both and the same reference vectors
(qrefℓ,h, k

ref
ℓ,h(j), v

ref
ℓ,h(j)) are used for both N and N ′.

Hence

∣∣A(N)
τN

−A(N ′)
τN

∣∣ ≤ |P (N)|︸ ︷︷ ︸
<ε/5

+ |Q(N) − Ã(N)
τN

|︸ ︷︷ ︸
≤ eMsηε′ <ε/5

+

|Ã(N)
τN

− Ã(N ′)
τN

|︸ ︷︷ ︸
<ε/5

+ |Ã(N ′)
τN

−Q(N ′)|︸ ︷︷ ︸
<ε/5

+ |P (N ′)|︸ ︷︷ ︸
<ε/5

< ε.

Therefore {A(N)
τN }N≥1 is Cauchy and hence conver-

gent. Moreover, e−Ms ≤ A(N)
τN ≤ eMs for all N ,

so the limit

µp := lim
N→∞

A(N)
τN

is finite and strictly positive.

Step 1d (Cesàro convergence of B(N)
τN ). An

analogous argument establishes convergence of
the value-weighted Cesàro average B(N)

τN :=

1
τN+1

∑τN
t=0 e

sℓ,h(τN ,t) vℓ,h(t). Define the reference
numerator

B̃(N)
τN

:=
1

τN + 1

T∑

j=1

vrefℓ,h(j)
N∑

κ=κ0+1

e srefℓ,h(τN , tκ,j).

For i = tκ,j with κ > κ0 and N ≥ Nq, using
ab − a′b′ = (a − a′)b + a′(b − b′) we bound the
per-position error:

∥∥esℓ,h(τN ,t) vℓ,h(t)− es
ref
ℓ,h(τN ,i) vrefℓ,h(j)

∥∥

≤
∣∣esℓ,h(τN ,t) − es

ref
ℓ,h(τN ,i)

∣∣ ∥vℓ,h(t)∥
+ es

ref
ℓ,h(τN ,i) ∥vℓ,h(t)− vrefℓ,h(j)∥

≤ eMsηε′ · Cv + eMs · Lv ε
′ = Γ ε′.

(37)

where Cv := supN,i∥vℓ,h(t)∥ < ∞ (Assump-
tion C.3.1) and Γ := eMs(ηCv + Lv). Summing
over I late and dividing by τN + 1:

∥∥∥∥
1

τN + 1

∑

t∈Ilate

esℓ,h(τN ,t) vℓ,h(t) − B̃(N)
τN

∥∥∥∥

≤ Γ ε′.
(38)

The reference numerator B̃(N)
τN has exactly peri-

odic values and trigonometric-polynomial logits
with fixed coefficients, so it converges by the base-
layer argument (Appendix C.3.6, Step 3). The non-
loop and early-loop contributions vanish as in (35).
The same Cauchy-sequence argument as in Step 1c
(with eMsηε′ replaced by Γε′) then yields

µw := lim
N→∞

B(N)
τN

∈ Rdh , finite.

Step 1e (Head output convergence). Since µp >
0, the ratio converges:

a
(∞)
ℓ,h (τN ) := lim

N→∞
a
(N)
ℓ,h (τN ) =

µw

µp
∈ Rdh .

This establishes the head-wise limit at layer ℓ for
every head h, completing Step 1.

Step 2: Multi-head aggregation and FFN ((Cℓ) ⇒
(Cℓ+1)). Concatenating over heads and applying
the output projection:

A
(∞)
ℓ (τN ) := lim

N→∞
A

(N)
ℓ (τN ) =

WO

[
a
(∞)
ℓ,0 (τN ); . . . ; a

(∞)
ℓ,H−1(τN )

]
.
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By (Cℓ), E
(N)
ℓ (τN ) → E

(∞)
ℓ (τN ), so the post-

attention residual converges:

E
(N)
ℓ+1/2(τN ) = E

(N)
ℓ (τN ) +A

(N)
ℓ (τN )

−−−−→
N→∞

E
(∞)
ℓ (τN ) +A

(∞)
ℓ (τN )

=: E
(∞)
ℓ+1/2(τN ).

Under Assumption C.3.1, LNffn
ℓ and FFNℓ are con-

tinuous on bounded sets, so

F
(∞)
ℓ (τN ) := lim

N→∞
F

(N)
ℓ (τN )

= FFNℓ

(
LNffn

ℓ

(
E

(∞)
ℓ+1/2(τN )

))

exists. Applying the residual connection:

E
(∞)
ℓ+1 (τN ) := lim

N→∞
E

(N)
ℓ+1(τN )

= E
(∞)
ℓ+1/2(τN ) + F

(∞)
ℓ (τN ),

establishing (Cℓ+1).

Step 3: Asymptotic periodicity at layer ℓ+ 1 ((Pℓ)
⇒ (Pℓ+1)). Fix ε > 0. We show that E

(N)
ℓ+1

is ε-periodic at late loop copies by repeating the
perturbation–reduction argument of Step 1 at loop
positions rather than at the target τN , and then prop-
agating the resulting near-periodicity of attention
outputs through the multi-head aggregation and
FFN exactly as in Steps 2–4 of Appendix C.3.8.

At ℓ = 0, the proof of Proposition C.3.5 used
two facts:

(i) E
(N)
0 (tκ,j) = E

(N)
0 (tκ′,j) exactly for all κ, κ′

(identical token embeddings);

(ii) the query, key, and value vectors at loop posi-
tions are exactly periodic with period T .

At layer ℓ, (Pℓ) replaces both (i) and (ii) with ε′-
approximate versions: for κ, κ′ > κ0,

∥∥E(N)
ℓ (tκ,j)− E

(N)
ℓ (tκ′,j)

∥∥ < ε′.

Step 3a (Attention head near-periodicity at loop
positions). Fix a head h and a template index j.
Consider a loop position tκ,j with κ large. The
attention head output a(N)

ℓ,h (tκ,j) sums over all pre-
ceding positions i ≤ tκ,j , of which (κ−1)T are
loop tokens from copies 1, . . . , κ−1 and O(1) are
non-loop tokens.

We apply the perturbation–reduction technique
from Step 1 with tκ,j playing the role of τN :

• Query perturbation. The query vector at tκ,j
is qℓ,h(tκ,j) = Wq LN

attn
ℓ (E

(N)
ℓ (tκ,j)). By

(Pℓ), for any two late copies κ, κ′ > κ0 with
the same template index j, the representations
E

(N)
ℓ (tκ,j) are within ε′, so the query vectors

are within Lq ε
′ (where Lq is the Lipschitz

constant of Wq ◦ LNattn
ℓ ). Fix a reference

query qref,jℓ,h := qℓ,h(tκref ,j) for some κref >
κ0.

• Key/value perturbation and reference logit.
For the preceding loop positions, the same
reference key/value vectors krefℓ,h(·), vrefℓ,h(·)
and the same perturbation bounds (31) ap-
ply. The reference logit srefℓ,h(tκ,j , tκ′′,j′) =
1√
dh
⟨qref,jℓ,h , R(−(tκ,j − tκ′′,j′)) k

ref
ℓ,h(j

′)⟩ is a
trigonometric polynomial in the relative dis-
tance with fixed coefficients (independent of κ
and N ), since both qref,jℓ,h and krefℓ,h(j

′) are
fixed.

• Cesàro convergence. The same index-reversal
argument as in Step 1c shows that the refer-
ence normalizer and reference numerator at
tκ,j each converge as κ → ∞ (within N ≥ κ),
with convergence rate controlled by the per-
turbation level ε′.

Combining these, for each head h and template
index j, the attention head output at late loop posi-
tions stabilises: there exists κ1(h, j) (independent
of N ) such that for all κ, κ′ > κ1(h, j),

∥∥a(N)
ℓ,h (tκ,j)− a

(N)
ℓ,h (tκ′,j)

∥∥

<
ε

4H ∥WO∥ (1 + Λℓ)
,

where Λℓ := ΛFFN,ℓ · ΛLN,ℓ is the composed Lips-
chitz constant at layer ℓ.

Step 3b (Multi-head aggregation and FFN prop-
agation). Setting κ0(ℓ+1) := maxh,j κ1(h, j)
and proceeding exactly as in Steps 3–4 of Ap-
pendix C.3.8, concatenation over heads, applica-
tion of WO, and propagation through the Lipschitz
maps LNffn

ℓ and FFNℓ yield

∥∥E(N)
ℓ+1(tκ,j)− E

(N)
ℓ+1(tκ′,j)

∥∥ < ε

for all κ, κ′ beyond κ0(ℓ+1), which is independent
of N . The number of such ε-periodic copies is
N − κ0(ℓ+1) → ∞ as N → ∞, establishing
(Pℓ+1).
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Conclusion. By induction, (Cℓ) and (Pℓ) hold for
all ℓ = 0, 1, . . . , L. In particular, (CL) gives

E
(∞)
L := lim

N→∞
E

(N)
L (τN )

exists and is finite, completing the proof.

C.3.10 Deriving Component-Level
Convergence

We now derive the convergence of each component
output Oc(N) from Theorem C.3.6.

Proof of Lemma 3.4. We treat the two component
types separately.

Attention heads. Fix a layer ℓ and a head h. By
Theorem C.3.6, the head-wise limit a(∞)

ℓ,h (τN ) :=

limN→∞ a
(N)
ℓ,h (τN ) exists and is finite. Since

aℓ,h(N) = a
(N)
ℓ,h (τN ) (notation bridge in Ap-

pendix C.3.1) and W
(h)
O,ℓ is a fixed linear map, we

have

OA
ℓ,h(∞) := lim

N→∞
OA

ℓ,h(N) = W
(h)
O,ℓ a

(∞)
ℓ,h (τN ),

which exists and is finite.

FFN neurons. Fix a layer ℓ and a neuron index r.
By Theorem C.3.6, the post-attention residual limit
E

(∞)

ℓ+ 1
2

:= limN→∞E
(N)

ℓ+ 1
2

(τN ) exists and is finite.

Under Assumption C.3.1, LNffn
ℓ is continuous on

bounded sets. Since the residual streams are uni-
formly bounded (Assumption C.3.1(i)), the compo-
sition

LNffn
ℓ

(
E

(N)

ℓ+ 1
2

(τN )
) N→∞−−−−→ LNffn

ℓ

(
E

(∞)

ℓ+ 1
2

)

converges. The up-projection W up
ℓ is a fixed lin-

ear map and the element-wise nonlinearity σ is
continuous, so the neuron activation mℓ,r(N) =

[σ(W up
ℓ LNffn

ℓ (E
(N)

ℓ+ 1
2

(τN )))]r converges:

mℓ,r(∞) := lim
N→∞

mℓ,r(N)

exists and is finite for every r. Since wdown
ℓ,r is a

fixed vector, we obtain

OF
ℓ,r(∞) := lim

N→∞
OF

ℓ,r(N) = wdown
ℓ,r mℓ,r(∞),

which exists and is finite.

Since both cases yield finite limits, for every
component c, Oc(∞) := limN→∞Oc(N) exists
and is finite.

C.4 Convergence Across Different N⋆

To empirically validate the convergence guaranteed
by Lemma 3.4, we track the per-layer answer-shift
contribution g

(N)
ℓ,c (ea, eb) across repetition counts

N ∈ {0, 1, . . . , N⋆} with N⋆ = 1000, for each
layer ℓ and component type c ∈ {Attn,FFN}. We
declare a layer to be converged at tolerance α if
its tail variation is small relative to its total displace-
ment:

maxN∈[Ntail, Nmax]

∣∣g(N)
ℓ,c − g

(Nmax)
ℓ,c

∣∣
∣∣g(Nmax)

ℓ,c − g
(0)
ℓ,c

∣∣+ ϵ
≤ α,

where Ntail = 0.8·Nmax and ϵ is a small numerical-
stability constant. For each model–benchmark con-
figuration, we report the percentage of layers satis-
fying this criterion at α ∈ {0.1, 0.05, 0.01}.

Table 8: Layer-wise convergence of inference dynamics
at N⋆ = 1000 on three benchmarks at various diver-
gence tolerances (0.1, 0.05, 0.01). Values report the
percentage of layers whose answer-shift trajectory has
converged, computed separately for attention (Attn) and
feed-forward (FFN) modules.

Model
0.1 0.05 0.01

Attn FFN Attn FFN Attn FFN
OpenBook QA
Falcon3-7B-Base 98.1 97.3 95.3 94.3 81.5 81.3
Mistral-7B-v0.1 97.5 97.5 93.9 96.0 78.9 90.9
Apollo-1-4B 99.0 99.3 95.5 96.3 79.7 78.5
Qwen3-4B 99.5 99.4 97.0 97.5 83.8 84.4
Qwen2.5-1.5B 93.0 87.0 85.3 76.5 47.6 33.9
Falcon3-3B-Base 99.0 98.5 97.0 97.0 86.7 88.1
MINTAKA
Falcon3-7B-Base 98.7 99.0 96.6 97.4 78.6 80.7
Mistral-7B-v0.1 94.0 93.7 89.1 89.1 66.3 68.7
Apollo-1-4B 99.8 99.9 98.7 99.4 87.0 91.4
Qwen3-4B 99.5 99.7 98.6 99.0 86.8 90.4
Qwen2.5-1.5B 99.8 99.6 97.0 97.6 73.6 69.1
Falcon3-3B-Base 100 100 99.8 99.7 93.3 94.0
Simple QA
Falcon3-7B-Base 100 99.9 99.9 99.4 84.7 86.3
Mistral-7B-v0.1 95.5 94.9 92.9 91.5 72.8 73.2
Apollo-1-4B 100 100 99.9 99.9 93.0 93.9
Qwen3-4B 100 100 99.9 99.9 92.7 94.1
Qwen2.5-1.5B 99.8 99.7 99.0 98.5 75.8 68.7
Falcon3-3B-Base 100 100 100 100 95.2 93.8

Across all six models and three benchmarks,
the vast majority of layers satisfy the convergence
criterion at the moderate tolerances α = 0.1 and
α = 0.05, and most layers remain converged even
under the strict tolerance α = 0.01. Attention and
FFN components exhibit closely matched conver-
gence rates, consistent with Lemma 3.4. These
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results provide direct empirical support for our the-
oretical claim that internal inference trajectories
under repeated contextual assertions converge to
stable, query-dependent limits rather than drifting
unboundedly.
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