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Abstract

Reinforcement Learning with Verifiable

Rewards (RLVR) has substantially improved

mathematical reasoning, yet progress on hard

prompts often stalls: a prompt can remain

unsolved for many training steps before

abruptly transitioning to solved—a discrete

“zero-to-one” jump whose underlying dynamics

and steerability remain poorly understood. We

investigate two questions: what drives this

transition, and can it be steered? Through

event-based analysis measuring the time-to-
first-positive (TTFP), we find that negative

rollouts preceding successful transitions

consistently retain higher early-stage gener-
ation entropy, distinguishing near-solvable

failures from dead ends. This signal motivates

Negative-Augmented Policy Optimization

(NAPO), a method integrated with Group

Relative Policy Optimization (GRPO) that

ranks negatives in unsolved groups via an

early-branching driver and assigns graded

advantages, injecting informative gradients pre-
cisely where standard group-relative updates

vanish. Under fixed rollout budgets, NAPO

accelerates early solution discovery and im-
proves Pass@256 by 10.0 points on AIME24

and 6.6 points on AIME2025, demonstrating

that zero-to-one transitions are diagnos-
able and steerable through driver-guided

negative learning. Our code is available at

https://github.com/jameszhu-pixel-time
/Z20.

1 Introduction

Reinforcement Learning with Verifiable Rewards
(RLVR) (Lambert et al., 2025) has rapidly emerged
as a dominant paradigm for post-training reason-
ing models, particularly in mathematical problem
solving where correctness can be automatically ver-
ified (Yang et al., 2025a; Guo et al., 2025). At each
training step, the policy samples multiple rollouts

*Zhenzhe Zheng is the corresponding author.

per prompt and receives binary rewards indicat-
ing whether each final answer is correct. When
some rollouts in a group succeed, the resulting con-
trast between positive and negative samples pro-
vides a clear gradient that drives steady improve-
ment. However, on sufficiently hard prompts the
on-policy pass rate is so low that entire rollout
groups contain only incorrect samples for many
consecutive steps. In group-relative methods such
as GRPO (Shao et al., 2024; Guo et al., 2025), this
eliminates reward contrast and yields near-zero ad-
vantages on precisely the prompts that most need
exploration. As a result, hard prompts often remain
stagnant for many steps and then transition abruptly
from unsolved to solved — a discrete “zero-to-one”
jump rather than smooth refinement. The dynamics
that drive this transition, and whether they can be
steered, remain largely unexplored.

Answering these questions, however, requires
confronting two intertwined obstacles that current
RLVR pipelines leave unresolved. The first ob-
stacle is diagnosing zero-to-one events under bi-
nary supervision. Standard RLVR diagnostics of-
fer little purchase on what happens inside a hard
prompt before it is first solved: pass@k (Chen
et al., 2021) aggregates end-of-training capabil-
ity and cannot localize the moment a previously
unsolved prompt becomes solvable, while group-
level rewards remain identically zero across long
stretches of training and therefore carry no informa-
tion about which unsolved prompts are close to a
breakthrough. What is missing is (i) an event-based
view of training that pinpoints when transitions oc-
cur and (ii) an internal, rollout-level signal that
distinguishes near-solvable failures from true dead
ends using only the information already available
at sampling time.

The second obstacle is turning heterogeneous
negatives into informative gradient on fully-
negative groups. A majority of RLVR methods
build on grouped objectives such as GRPO and its
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Figure 1: Overview of NAPO pipeline

variants (Shao et al., 2024; Yu et al., 2025; Zheng
et al., 2025a; Wu et al., 2026), where all-negative
groups produce vanishing advantages and provide
little learning signal (Ma et al., 2026; Yu et al.,
2025). Recent variants restore a gradient through
weighted negative learning, virtual rewards, or
entropy-aware updates (Zhu et al., 2025; Nan et al.,
2025; Le et al., 2026), but they apply roughly uni-
form pressure across negatives. The open problem
is therefore how to assign graded credit among
them under only binary rewards, in a way that in-
jects gradient into unsolved groups without desta-
bilizing the rest of training.

We analyze token-level generation entropy dur-
ing RLVR training and find that negative rollouts
from prompts that later undergo a Negative-to-
Positive (N—P) transition exhibit front-loaded un-
certainty, with early-response entropy patterns that
distinguish them from rollouts on prompts that re-
main negative (N—N). Based on this signal, we
propose NAPO (Negative-Augmented Policy Op-
timization), a GRPO-integrated method that ranks
negative samples by front-loaded entropy and in-
jects informative gradients into unsolved groups.

Our contributions are threefold:

* We study zero-to-one learning dynamics in
RLVR through event-based metrics, especially
N—P transitions and TTFP, to characterize
how hard prompts first become solvable.

* We identify a token-entropy pattern associ-
ated with N—P transitions and propose early-
branching drivers that rank negative rollouts
by their latent learning potential.

* We introduce NAPO, a GRPO-integrated al-
gorithm that assigns graded advantages to
negative samples according to their driver-
based ranking while maintaining stable up-
dates via in-group normalization, improving
token-efficient exploration on hard prompts as
reflected by better TTFP and higher pass @k.

2 Preliminaries

Related Work. Reinforcement learning (RL)
(Sutton and Barto, 1998) has been shown to im-
prove LLM reasoning via both exploration and ex-
ploitation (Auer et al., 2002; Cheng et al., 2026).
Approaches such as RLHF (Ouyang et al., 2022),
Test-Time RL (Zuo et al., 2025), and RLVR (Guo
et al., 2025) train policies using verifiable rewards
or reward models, often with policy-gradient meth-
ods like PPO, GRPO, and REINFORCE (Schulman
et al., 2017; Shao et al., 2024; Williams, 1992).
These methods can stall on very hard prompts (Ma
et al., 2026). Recent work addresses this by real-
locating rollouts toward learnable prompts and by
extracting informative signals from negative sam-
ples, including token-level entropy to encourage
exploration and reduce overfitting (Zhu et al., 2025;
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Le et al., 2026; Fang et al., 2026). We further intro-
duce the negative-to-positive transition to predict
and leverage latent prompt learnability to overcome
this challenge.

Group-Relative Policy Optimization for RLVR .
Following recent RLVR practice for reasoning mod-
els, we sample a group of G rollouts {y;}&, for
each prompt and optimize the policy with Group
Relative Policy Optimization (GRPO) (Guo et al.,
2025; Shao et al., 2024). Let my , be the snap-
shot policy and define the token-level likelihood
_molailsie)  GRPO then applies

TOo1d (ai,t |Si,t)
the clipped surrogate objective

ratio p;(6) =

=1 t

G
m;lX E;E YirTo, 1y [Z Z €i7t - B KL(WG || 7I-ref)] y

l; 4 = min (pi,t(e)lei,t,

clip(pi+(0),1 —€,1+¢€) Ai,t),

A (1)
where A; ; is the group-relative advantage, m¢f is
a reference policy, and 3 controls KL regulariza-
tion. For brevity, we use my and ¢ to denote the
distributions conditioned on a given prompt z, i.e.,
mo(- | ) and et (- | x), respectively.

PSR/NSR decomposition. For verifiable-reward
post-training, each rollout receives a binary out-
come. We view the learning signal through the
positive-sample reward (PSR) and negative-sample
reward (NSR) decomposition (Zhu et al., 2025).
Let r(z,y) € {—1,+1} be the verifiable reward
for completion y on prompt x. A simplified RLVR
objective is

Lrivr(0) = —Epup Eyr,j2)r(z,9)]. ()

Using r = [[r = +1] — [[r = —1], we can write

LRIVR(0) = —Epnd Eyor, (o) Il (2, y) =

~~

Lpsr(0)

+1]]

+Eyp Eyw7m(-|ac) [H[’l’(l‘, y) = _1]] .

Lxsr(0)
3)
PSR reinforces verified rollouts, whereas NSR sup-
presses failed ones. Both sides can provide useful
superivision on reasoning tasks (Zhu et al., 2025).

Token-level uncertainty and rollout-level
drivers. To analyze how N—P happens, we ana-
lyze the patterns of negative rollouts before N—P

happens. We measure token-level uncertainty with
the entropy of the next-token distribution (Wang
et al., 2025; Yang et al., 2025b). For each rollout,
let pgk) denote the top-k truncated next-token
distribution at position ¢ after renormalization,
with invalid and padding positions masked out. We

define the token-level entropy sequence

Zp

0logp”(v), @)

and its exponential form
k k
o) = exp(H{M), 5)

which we use as a token-level perplexity / effective
branching statistic. Our goal is not to measure ab-
solute early-stage uncertainty in isolation, but to
summarize the relative prominence of early uncer-
tainty within each rollout. !

N—P Transition. To localize progress on hard
prompts, let ¢;(z) indicate whether evaluation at
training step ¢ contains at least one positive rollout
for prompt . We define the time-to-first-positive
(TTFP) as

TTFP(z) = q(z) = 1},

min{t :
with TTFP(z) = oo if no positive appears within
the training horizon. We define an N—P transition
as

gt-1(z) =0 A q(z) =1.

This implies that the model solves a problem on
which all previous attempts failed.

3 Signals of Near-Solvable Failures

This section answers the question of what drives
the N—P transition.

3.1 Experimental Setup

We examine two axes of variation in this sec-
tion: (i) within-batch, comparing rollouts inside
all-negative groups, and (ii) between-replay, com-
paring two training continuations that share a base
state but differ in sampling stochasticity.

'In off-policy settings, rollouts may come from another
policy 7y, but unless stated otherwise we still compute H;
under the training policy my. & = 20 unless otherwise stated.
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AMC23 AIME2025 Math-Beyond Training Set
Replay N—P P—-N N—P PN NP PN N—=P PN TTFP
nl 2/3 0.33  2.67/20 2 12/134 5.33 120 116 1.213
n2 1.67/3  2.67 2/20 233  8.33/134 533 117.67 102.67 1.225

Table 1: Transition statistics at t* = 1 for the nI-n2 replay pair. A prompt is labeled as P if at least one
rollout is correct under the fixed rollout budget, and as N otherwise. In the validation columns, a/b reports a N—P
transitions among b prompts that are negative at the base checkpoint. Results are averaged over three runs, and
TTFP is computed over the first three steps. Best value is shown in bold.

Fixed-batch protocol. RLVR on hard prompts
exhibits strong temporal correlations across train-
ing steps (Li et al., 2025; Zheng et al., 2025b). To
expose this structure directly, we train Qwen?2.5-
Math-7B on a fixed set of 1024 DAPO-17k prompts
for 10 consecutive gradient steps, sampling G = 8
rollouts per prompt per step. Holding the prompt
batch fixed across steps lets us align rollout-internal
uncertainty patterns with later N—P events using
the metrics of §2. Unless otherwise noted, we use
temperature 7' = 1.0, maximum context length
4096, learning rate 1075, and zero entropy/KL
penalties.”

Critical-step replay. Across the 10-step window,
we identify the step t* at which N—P events peak
and treat it as the critical checkpoint. Starting from
this shared state, we replay training with the same
base policy, optimizer state, data order, and hyper-
parameters, varying only rollout stochasticity. This
yields two representative continuations, denoted 7
and ny. We do not label either replay as “good” or
“bad” at this point.

Outcome measures. (i) Prompt-level transition
label. Among prompts that are negative at the base
checkpoint t*, we call a prompt N—P if at least
one later checkpoint within the replay window pro-
duces a positive rollout for it, and N—N otherwise.
Each negative rollout inherits its prompt’s label. At
training time the binary reward gives both groups
identical labels; the partition into N—P and N—N
is only observable after the replay window, which
is precisely what makes the within-batch driver
signal of §3.2.2 non-trivial.

(ii) Replay-level transition counts. For each re-
play we report the number of N—P and P—N tran-
sitions under 64 rollouts per prompt, together with
the mean TTFP over prompts within the replay win-
dow. Smaller first-positive indices indicate earlier

2Full hyperparameters appear in Appendix A and Table 4.

solution discovery.

(iii) Validation sets. We evaluate replay check-
points on AMC23, AIME 2025, and Math-Beyond
(Mayilvahanan et al., 2025) under the same 64-
rollout budget.

3.2 Findings and Implications

We first define a rollout-time driver that compresses
the entropy—position pattern into a single scalar
(§3.2.1), then validate it at each level in turn (§3.2.2
and §3.2.3).

3.2.1 An early-branching driver

Why a ratio, not an absolute level. A naive met-
ric would be the average entropy of a rollout, but
the contrast we care about is not “more entropy” in
absolute terms; it is a difference in the timing of
uncertainty—how much of a rollout’s total uncer-
tainty is allocated to its opening tokens (Fang et al.,
2026).

Definition. Let 7, = [aT'] denote the number
of tokens in the first « fraction of a response of
length T'. The early mean-perplexity ratio is

7 Ta1 ng)
dearly—ppl = Jo 21T (6)
T k)’
% > i1 Pg )
where pgk) = exp(Hgk)) is the exponential of the
top-k truncated entropy defined in Eq. (5). Values
Of dearly-ppt > 1 indicate that uncertainty is concen-
trated early in the response?.
Choice of the early fraction. We introduce the
early-fraction parameter o and compare 0.1, 0.2,
and 0.5 on the n;—ny replay pair (Fig. 5)*. Among

3Since entropy is measured on a logarithmic scale,
exp(H, f(k)) can be interpreted as a top-k truncated local per-
plexity, i.e., the effective branching factor of plausible next-
token continuations. This is related to the branching-factor
view in (Yang and Holtzman, 2025).

*Details are deferred to §5.
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Figure 2: Entropy-position plots. The main separation is localized in the early part of generation. Prompts that
later undergo N—P transitions preserve more early-stage uncertainty than prompts that remain N—N, and this
pattern is sharper in the good replay n/ than in the bad replay n2.

these candidates, 0.2 yields the clearest and most
stable separation between N—P and N— N rollouts
while remaining robust across both replays, and we
use it throughout the remainder of the paper.

3.2.2 Within-batch evidence: negatives are
not homogeneous

Entropy-position pattern. Figure 2a plots mean
token entropy as a function of position for negative
rollouts in replay no. The N—P group maintains
noticeably higher uncertainty at the beginning of
the response, whereas the N—N group collapses
earlier to lower-entropy continuations. The two
groups converge later in the response, confirming
that the discriminative signal is localized in the
early stage.

Driver separation. Figure 3a shows the distri-
bution of dealy-pp1 for the two groups in replay 7.
Negatives associated with future N—P prompts are
systematically shifted toward larger driver values
than negatives associated with N—N prompts, mir-
roring the qualitative pattern of Fig. 2a under the
single scalar of Eq. (6).

Claim A (within-batch). The driver provides a
rollout-level ordering signal that separates near-
solvable failures from dead ends inside an other-
wise indistinguishable negative pool.

3.2.3 Between-replay evidence: the driver
tracks aggregate transition tendency

Entropy-position pattern. Figure 2b restricts at-
tention to N—P negatives and compares n against
ng. The good replay n; preserves more early-stage
uncertainty than the bad replay ne, sharpening the
front-loaded pattern of Claim A but now across re-
plays rather than within one. This is consistent with

the relevant contrast being a matter of timing rather
than magnitude: the same shape of distribution is
shifted earlier in n; than in ns.

Driver distribution. Figure 3b overlays all four
(replay x label) groups. n; allocates more proba-
bility mass to high-driver rollouts than ny does in
both groups. >

Realized transitions. Table 1 reports the down-
stream outcome. Starting from an identical base
state, the good replay n; realizes more N—P transi-
tions on the training set and attains a smaller mean
first-positive index than ny. The ranking of real-
ized transitions matches the ranking of right-tail
driver mass, indicating that the batch-level driver
shift is not merely a cosmetic difference but is re-
lated to which replay will subsequently break more
prompts out of the all-negative regime. This is
consistent with recent RLVR observations that low-
success prompts exhibit structured temporal dy-
namics rather than noise-like fluctuations through-
out training (Zheng et al., 2025b).

Claim B (between-replay). The driver also func-
tions as a batch-level diagnostic: batches whose
driver distribution has a heavier right-tail mass go
on to realize more N—P events.

SBatch-level summary statistics quantifying this right-tail
dominance are reported in Appendix B.
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(a) Driver distribution for the good replay n/. See Appendix B
for statistics’ demonstration
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(b) Driver distribution for the bad replay n2 and good replay
nl.

Figure 3: Within-batch separation under the practical driver deary.pp1- Rollouts associated with prompts that
later undergo N—P transitions are systematically right-shifted relative to rollouts from prompts that remain N—N.
The separation is present in both replays, but is cleaner and more pronounced in the good replay n/.

Prompts approaching the N—P boundary
exhibit a distinctive form of front-loaded
uncertainty in their negative rollouts. The
early-branching driver dearly-pp1 captures
this pattern at two levels of aggregation:
it separates N—P from N—N negatives
within a batch (Claim A), and it sepa-
rates higher-yield from lower-yield batches
across replays (Claim B).

4 Algorithm

We now turn the empirical findings above into a
training design. Our goal is to translate the driver
into a practical update rule for RLVR.

4.1 Theoretical Interpretation

We provide a view of Fisher information to theoret-
ically interpret the driver on the negative rollouts.

Fisher information as a measure of policy plas-
ticity. Larger local Fisher means that a failed con-
tinuation is easier to reshape under a small param-
eter update, so the policy remains more plastic
around that rollout. Let p; = mp(- | x, y<¢) be the
next-token distribution at step ¢, and let F'; denote
the corresponding token-level Fisher contribution.

Lemma 4.1 (Token-level Fisher information and
entropy). For token distribution py, the token-level
Fisher trace is
Te(Fy) =1- > piy
keV
Accordingly, Shannon entropy serves as a useful
proxy for local Fisher information: higher-entropy

token distributions typically correspond to more
policy-plastic states, although the two quantities
are not identical in general.

Implication for negative learning. Lemma 4.1
suggests that uniform penalties are wasteful: low-
entropy failures are already rigid, so pushing them
down mostly reinforces dead ends. By contrast,
failures generated in higher-entropy states are more
plastic and retain nearby alternatives, making neg-
ative updates more likely to redirect the policy to-
ward useful exploration. Empirically, the infor-
mative plasticity is concentrated early in the roll-
out, which is why NAPO uses the early-branching
driver rather than generic response-level entropy.
In short, we want to penalize failures more strongly
where the policy is still movable.

The driver indicates that failures arising in
more plastic regions of the policy. The
N—P phenomenon suggests that failures
with smaller driver values are not random
or hopeless: they come from prompts whose
trajectories can cross into correctness under
nearby policy shifts.

This leads to a design intuition that larger penal-
ties can be assigned to negative trajectories with
larger drivers where the policy still retains mean-
ingful uncertainty and plausible alternatives.

4.2 Negative-Augmented Policy Optimization

Motivated by the heterogeneity of negative roll-
outs, we propose NAPQO, a GRPO-integrated algo-
rithm that augments standard policy optimization
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Figure 4: Cumulative solved prompts on validation
sets. NAPO achieves faster early progress, solving
more prompts within the first 50 steps, while maintain-
ing comparable performance at later stages.

Algorithm 1 NAPO: Negative-Augmented Policy
Optimization

1: Sample prompts z; for each x, sample rollouts
{y;} and rewards 7(z, y;);

2: if 3 : r(z,y;) = +1 then

3: Compute standard GRPO advantages
Acrpo(T,¥i);

Update the policy with GRPO loss.
5: else
: Compute driver scores for all negative roll-
outs by (6);

7: Re-normalize scores into [0, 1] by (7);
8: Assign rollout-level advantages by (8);
9: Update the policy with GRPO loss.

10: end if

with driver-weighted negative learning on unsolved
groups.

Driver-weighted negative advantage. NAPO
uses the driver to modulate negative learning
strength inside unsolved groups. Given driver
scores d(z, y;) for rollouts in a fully negative group,
we first re-normalize them into [0, 1] to avoid ex-
ploding gradient while preserving a relevant advan-
tage magnitude:

- d(z,y;) — min; d(z, y;)

d ) = .
(@ 4:) max; d(z,y;) — min; d(z, y;) + €
(N
We then assign rollout-level advantages as
AGRPO(%?/); 1fp<37) - 17
Alz,y) =1 . , (8)
—d(;v,y), lfp(!l?) :07

where p(x) = I[3i : r(x,y;) = +1] indicates
whether the current group is solved.

@
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Figure 5: Number of solved problems across training
steps. Setting the early fraction gate to 0.2 leads to the
fastest exploration of correct solutions, consistent with
our inference-time findings.

Objective: Grouped advantage on solved groups
and weighted NSR on unsolved groups. Let
p(z) = I[Fi : r(x,y;) = +1] denote whether the
current group is solved. Equivalently, the rollout-
level advantage in Eq. (8) can be written as

A(z,y;) = p(x) Agrro(, ¥i) ©
— (1= p(x))d(z, yi).

When p(xz) = 1, Eq. (9) reduces to the standard
GRPO clipped update. When p(z) = 0, we have
A(zx,y;) = —d(x,y;), so the same clipped surro-
gate becomes a weighted NSR loss in which larger-
driver negatives receive larger-magnitude penal-
ties while clipping preserves the usual PPO/GRPO

trust-region effect.

5 Evaluation

We empirically evaluate the effectiveness of NAPO
on hard prompts.

Setup. We evaluate NAPO under a fixed rollout
budget and compare against GRPO and negative-
sample-based baselines, including NSR’s weighted
variant (W-REINFORCE). We also evaluate the im-
pact of early fraction ratio, where NAPOO?2 refers
to taking the first 20% of the response in the driver,
while NAPOOS5 takes 50% and NAPOO1 takes 10%.
We report (i) Pass@k on validation sets and (ii)
TTFP. Experiments are conducted on multiple val-
idation sets (AMC23, AIME2025, AIME24, and
Math-Beyond), covering a wide range of difficulty
levels. ©

®We additionally report training-batch transition statistics,
with extended ablations deferred to the appendix.
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Method Pass@k
k 1 2 4 16 32 64 128 256
AMC23
Base 0.2847  0.4512 0.6237 0.7546  0.8400 0.9010 0.9495 0.9838  1.0000
GRPO 0.7352  0.7910 0.8211 0.8443 0.8681 0.8972 0.9306 0.9579 0.9750
W-REINFORCE 04514 0.5700 0.6570 0.7245 0.7900 0.8555 0.9086 0.9450 0.9750
NAPOO02 0.7141 0.7718 0.8051 0.8328 0.8628 0.8940 0.9222 0.9467 0.9750
NAPOO05 0.7191 0.7828 0.8247 0.8556 0.8845 0.9147 0.9438 0.9654 0.9750
AIME2025
Base 0.0305 0.0561 0.0964 0.1496 0.2074 0.2657 0.3216 0.3684  0.4000
GRPO 0.1346 0.1753 0.2165 0.2563 0.2910 03271 0.3740 0.4294  0.4667
W-REINFORCE  0.0254 0.0439 0.0689 0.0970 0.1300 0.1767 0.2425 0.3278  0.4333
NAPOO02 0.1220 0.1648 0.2113  0.2631 0.3175 0.3695 0.4195 04745 0.5333
NAPOO5 0.1138 0.1576  0.2008 0.2475 0.3006 0.3555 0.4130 04741 0.5333
AIME24
Base 0.0857 0.1508 0.2415 03425 04343 05112 05819 0.6575 0.7333
GRPO 0.2832  0.3574 04242 04860 0.5391 0.5869 0.6330 0.6719  0.7000
W-REINFORCE  0.1516  0.2322  0.3105 0.3706 04152 04500 0.4821 0.5209 0.5667
NAPOO02 0.2988 0.3878 0.4648 0.5314 0.5917 0.6504 0.7048 0.7564 0.8000
NAPOO5 0.2898 0.3762 0.4490 0.5133 0.5734 0.6301 0.6810 0.7248  0.7667
Math-Beyond

Base 0.0426  0.0702 0.1051 0.1446  0.1879 0.2357 0.2866 0.3391 0.3978
GRPO 0.1337 0.1574 0.1780 0.1984 0.2205 0.2454 0.2723 0.3014  0.3370
W-REINFORCE 0.0587 0.0866 0.1147 0.1400 0.1639  0.1899 0.2197 0.2564  0.3094
NAPOO02 0.1348 0.1612 0.1882 0.2130 0.2334 0.2527 0.2763 0.3105 0.3591
NAPOO05 0.1383 0.1680 0.1948 0.2164 0.2337 0.2508 0.2704 0.2926  0.3204

Table 2: Pass@k comparison across datasets. The row corresponding to our method is highlighted in gray, the
best value within each dataset block and column is shown in bold, and the second-best value is underlined. For
W-REINFORCE method, we set the positive advantage weight to 0.5 to handle the much harder prompts.

Training protocol. We use the verl framework
(Sheng et al., 2025) and train on DAPO-17k (Yu
et al., 2025), a challenging dataset for Qwen2.5-
Math-7B (Yang et al., 2024), where the initial pass
rate is below 0.2. For each prompt, we sample G =
8 rollouts per step. Unless otherwise specified,
we use temperature 7' = 1.0 during training, a
maximum context length of 4096, and train for
one epoch.” We report both large-scale validation
results and controlled experiments under identical
training batches (as in § 3.2).

Results. (1) Improved sample efficiency on
hard prompts. As shown in Figure 4, NAPO dis-
covers first-positive rollouts earlier across datasets,
solving more prompts during early training un-
der the same rollout budget. This indicates
improved sample efficiency, particularly in low-
success regimes where standard GRPO suffers
from weak learning signals. These gains require

7 All other hyperparameters follow Section 3.1, with full
details provided in Appendix A and Table 4.

little additional computation: NAPO uses no ex-
tra rollout, verifier call, auxiliary model, or policy
forward pass. We compute the uncertainty statistic
from logits already produced during the old-policy
forward pass and retain one scalar per valid re-
sponse token rather than a vocabulary-sized tensor;
the remaining operations are masking, sequence-
wise reductions, and within-group min—max nor-
malization. Across common logged steps, the ad-
vantage calculation time is 0.935 + 0.030s/step
for NAPO and 0.525 + 0.016s/step for GRPO
(mean = standard deviation). The resulting incre-
ment is only 0.410 s/step, approximately 0.03% of
the observed end-to-end step time. Thus, the trace
shows no material training-time overhead.

(2) Effect of negative scaling. Comparing
NAPO and NAPOOS reveals a clear trade-off rather
than a uniform winner. The milder NAPOOS vari-
ant performs best on AMC23, on the highest-k
region of AIME2025, and on low-k£ Math-Beyond,
whereas full NAPO is clearly strongest on AIME24
and in the mid-k regime of AIME2025. This pat-
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APassQk (%)
Dataset k=1 k=8 k=256
AMC23 +14.40 +7.95 +1.88
AIME2025 +10.48 +15.31 +8.33
AIME24 +20.15 427.28 +17.50
Math-Beyond  +7.43 +8.73 +0.41

Table 3: Pass@Fk gains of NAPO over Uniform(—0.1)
across datasets at 7' = 1.0, averaged over four rollout
reevaluations with 256 generations per question. Values
are percentage points; positive values favor NAPO.

tern suggests that negative updates should be tuned
to benchmark difficulty: stronger shaping helps
when there is substantial room for zero-to-one im-
provement, while milder scaling is more robust
once exploration is less constrained.

(3) Within-group differentiation versus uni-
form negative feedback. To isolate the ef-
fect of within-group differentiation, we add a
Uniform(—0.1) control that assigns the same small
negative advantage to every rollout in an all-
negative group. All training and evaluation settings
are otherwise matched. Table 3 reports the mean
paired improvement of NAPO over this control
across four independent evaluations.

Among the evaluation results above, the sepa-
ration is strongest on the AIME benchmarks—for
example, +-27.28 points at Pass@8 on AIME24—
and the mean remains positive at Pass@256
on all four datasets. In a separate single-
evaluation control with Uniform(—1), NAPO im-
proves Pass@256 by 17.50, 23.33, 30.00, and
17.13 percentage points on AMC23, AIME2025,
AIME24, and Math-Beyond, respectively. Thus,
simply activating constant negative feedback does
not reproduce NAPO in these runs; these con-
trols isolate the benefit of driver-based within-
group differentiation over a constant update. Be-
cause the four reevaluations use fixed checkpoints
rather than independent training runs, they establish
evaluation-level consistency but not training-seed
significance.

6 Conclusion

We studied the zero-to-one problem in RLVR, mo-
tivated by two obstacles: diagnosing N — P tran-
sitions under binary supervision, and extracting
informative gradients from heterogeneous nega-
tives in fully-unsolved groups. Using event-based
metrics (TTFP and N — P events), we showed
that failures preceding successful transitions re-

tain higher early-stage uncertainty, providing a
practical signal to separate near-solvable rollouts
from dead ends. Building on this, we proposed
NAPO, a GRPO-integrated method that assigns
graded negative advantages according to driver
scores under a Fisher-information view, thereby
injecting structured gradients into unsolved groups
while preserving stable updates on solved ones.
NAPO accelerates early solution discovery and im-
proves Pass@256 by 10.0 points on AIME24 and
6.6 points on AIME2025 compared with GRPO,
confirming that driver-guided negative learning is
an effective way to broaden reasoning boundaries
in low-success RLVR.

Limitations

Our analysis and method are currently focused on
math-oriented RLVR settings with binary verifiers.
Although these tasks provide a clean testbed for
studying zero-to-one transitions, the same entropy-
based driver may behave differently in broader
domains, longer-horizon reasoning tasks, or en-
vironments with partial-credit, noisy, or subjective
feedback. Extending NAPO to such settings may
require more robust driver definitions and calibra-
tion procedures.

NAPO also relies on rollout-level statistics col-
lected during training. Its benefits may therefore
depend on the rollout budget, group size, decod-
ing temperature, and the quality of the base pol-
icy. When the model rarely approaches a correct
solution, early uncertainty patterns may be insuf-
ficient to identify useful negative samples; con-
versely, when success rates are already high, the
additional weighting of negatives may provide lim-
ited gains. Future work should evaluate the method
under more diverse model scales, verifier designs,
and compute budgets.
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A Experiment Settings
A.1 Chat template

Chat template for Qwen

System: You are a helpful assistant.
User: {input} Please reason step by step,
and put your final answer within \boxed{}.

Assistant: Model generates a step-by-step
solution; the final answer is enclosed in
\boxed{}.

\

A.2 Hyperparameter Settings

Category Setting
Model

Model Qwen2.5-Math-7B
Data

Train batch size 1024
Max prompt length 1024
Max response length 3072

RL Algorithm

KL coefficient 0.0
Entropy coefficient 0.0

Critic warmup 0
Optimization

Learning rate 1x10°°
PPO minibatch size 256
Sampling

top_k -1

top_p 1
temperature 1.0

Table 4: Detailed training hyperparameters.

All experiments are conducted on a single node
equipped with eight NVIDIA H100 GPUs. We re-
port final evaluation results using the checkpoint at
step 200 for Qwen2.5-Math-7B and the checkpoint
at step 100 for Llama-3.1-8B-Instruct.

B Definitions of Batch-Level Driver
Statistics

In this appendix, we define the batch-level sum-
mary statistics used in Table 5 and Figure 3 to
characterize the distribution of rollout-time drivers
within the N—P group. For Figure 3 We use kernel
density estimation (KDE) only for visualization, to
provide a smoothed view of the empirical distribu-
tion of the driver scores. KDE is a standard non-
parametric density estimation method that places
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a smooth kernel around each observed sample and
aggregates these kernels to estimate a continuous
density. It does not affect training, evaluation, or
the computation of the proposed driver; all quanti-
tative analyses are performed on the original em-
pirical scores.

Let {d;}} ; denote the driver values computed
for the rollouts in a given subset (e.g., the N—P
rollout group of a batch), where n is the number of
rollouts in that subset.

Mean-shift statistic (msk). The statistic msk sum-
marizes the average magnitude of the driver values
within the selected rollout group:

1 n
msk = — g d;.
n
i=1

In our analysis, larger msk indicates that the cor-
responding batch tends to allocate relatively more
uncertainty to the early stage of generation.

(10)

Right-tail mass statistic (rt). The statistic rt
summarizes the heaviness of the right tail of the
driver distribution. Let 7 be a fixed upper-tail
threshold (we set 7 = 1.95 in practice). We de-

fine
1 n
re=— g 1[d; > 7],
n
i=1

1D

where 1[-] is the indicator function. Larger rt in-
dicates that a larger fraction of rollouts fall into
the high-driver region, i.e., the distribution has a
heavier right tail.

Interpretation. These statistics are not intended
to serve as calibrated predictors of future success
or as exact estimates of future reward. In the main
text, we use them only to support a weaker but
more practically relevant claim: larger driver val-
ues, especially a heavier right tail, are enriched in
rollout groups associated with stronger N—P ten-
dency. This is the only property required by our
method design, where the driver is used as a surro-
gate ordering signal rather than as a direct estimator
of future pass rate.

C Additional results
C.1 Generalization beyond Qwen2.5-Math-7B

Transition-level evidence. Starting from a
shared Llama-3.1-8B-Instruct checkpoint, we run
five stochastic GRPO continuations. Across the
696 prompts that are negative at the shared check-
point, the mean N—P rate is (14.86 £+ 0.44)%

Replay Training N—P msk rt
nl 120 0.924  0.039
n2 117.67 0.812  0.026

Table 5: Representative batch-level driver statistics for
a good(nl)/bad(n2) replay comparison. Larger msk and
rt indicate more mass in the high-driver region.

(mean =+ standard error across continuations).
Thus, delayed first-solution discovery is not con-
fined to Qwen2.5-Math-7B.

Training-level evidence. We apply NAPO using
the same early-fraction window o = 0.2 selected
on Qwen2.5-Math-7B (Figure 5), without Llama-
specific tuning. Table 6 compares the resulting
step-100 checkpoint against GRPO.

The results are mixed, where NAPO performs
best on Math-Beyond and high-budget AIME24,
while degrading on AIME2025. Thus, the evalu-
ation indicates that the driver window and result-
ing advantage magnitudes may require calibration
across model families, while remaining robust to a
certain degree.

C.2 Beyond mathematics: binary-verifiable
code

Setup. We examine whether the transition-level
entropy signal extends beyond mathematical rea-
soning. We train Qwen3-4B-Instruct (Yang et al.,
2025a) on 512 distinct coding problems from Live-
CodeBench v5 (Jain et al., 2024) using execution-
based binary rewards, and evaluate on 100 held-out
problems from LiveCodeBench v6. Five consecu-
tive GRPO steps each visit all 512 training prompts
and sample G = 8 rollouts per prompt, yielding
four adjacent transitions for the analysis below. All
other settings follow Section 3.1.

Code-domain entropy statistic. On the fixed
sensitivity grid & € {0.1,0.2,0.5} evaluated on
the same transitions, o = 0.5 gives the clearest ob-
served separation, consistent with the different out-
put structure and prompt formatting of coding tasks.
For this experiment, msk denotes the prompt-level
mean early-to-global plain-entropy ratio across the
eight source-step rollouts. Unlike the NAPO train-
ing driver deary-ppl» this analysis-only statistic uses
entropy directly rather than its exponential.
Pooling the four transitions gives 83 N—P and
550 N—N prompt—transition observations, whose
mean msk values are 1.0985 and 1.0709, respec-
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Method (Llama) Pass@k (%)

k 1 2 8 256
AMC23

NAPOO02 40.50 47.68 57.82 80.83

GRPO 37.55 4729 59.89 80.00

AIME2025

NAPOO02 0.06 0.11 0.45 13.33

GRPO 0.17 0.33 1.25 20.00
AIME24

NAPOO02 4.75 6.67 11.96 37.78

GRPO 7.11 10.41 16.15 33.33

Math-Beyond
NAPOO02 5.90 7.32 9.68 17.50
GRPO 493 6.39 8.92 16.21

Table 6: Pass@k comparison across datasets for Llama-3.1-8B-Instruct at temperature 7' = 1.0. Values are
percentages. The row corresponding to NAPOO2 is highlighted in gray, and the best value between GRPO and
NAPOO2 within each dataset block and column is shown in bold. Due to limited computational resources, we

evaluate the checkpoint at step 100.

Transition N—P/N—N msk N—P msk N—N Amsk
1—2 20/133 1.1044 1.0740 +0.0304
2—3 20/135 1.0997 1.0710  +0.0287
3—4 18/144 1.0968 1.0679  +0.0289
4—5 25/138 1.0941 1.0710 +0.0231

Table 7: Transition-level entropy statistics for Qwen3-4B-Instruct on LiveCodeBench at & = 0.5. The second
column reports the N—P and N—N prompt counts, and the remaining columns report their mean msk values and
difference; positive differences indicate higher early relative entropy for N—P.

tively. The difference is 4+0.0276, with a 95%
prompt-clustered bootstrap confidence interval of
[0.0066, 0.0484]. The step-stratified AUC is 0.608,
with a 95% confidence interval of [0.532, 0.681].
The difference has the same sign at all four transi-
tions rather than being driven by a single favorable
step. These results provide preliminary evidence
for an entropy—exploration signal in the coding
tasks.

D Theoretical Derivation: Fisher
Information and Negative-Augmented
Policy Optimization

In this section, we provide a theoretical justification
for the proposed driver-based weighting scheme.
We demonstrate that penalizing negative samples
with uniform advantage (standard GRPO) wastes
optimization budget on samples that provide negli-
gible Fisher Information. We then derive Negative-
Augmented Policy Optimization (NAPO), where
the advantage is proportional to the Fisher Informa-

tion of the trajectory, effectively maximizing the
information gain of the policy update.

D.1 Fisher Information of Negative Samples

Consider a prompt « with a rollout group G~ =
{y;}%, where all rollouts are negative, i.e.,
r(x,y;) = —1. In policy optimization, the Fisher
Information Matrix (FIM) F(6) measures the cur-
vature of the KL divergence and the informative-
ness of a sample gradient. For a specific trajectory
1, the contribution to the FIM is given by the outer
product of the score function:

Fy(0) = Vglogmy(y|z) Vg logmo(ylz) . (32)

A sample y is considered informative for optimiza-
tion if its gradient vector has a large magnitude in
the parameter space, indicating a significant poten-
tial to reshape the policy distribution.

We analyze the Fisher Information at the token
level. Let p; = my(+|z,y<¢) be the probability
vector over the vocabulary V at step t. Let F,
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denote the Fisher Information contribution from
position ¢.

Lemma D.1 (Fisher Information and Entropy). Let
Hy = — ", pr1log py, be the entropy of the distri-
bution at step t. The trace of the token-level Fisher
Information matrix satisfies:

Tr(Fy) =1-— sz

keV

(33)

Furthermore, for a fixed vocabulary size V', the
quantity 1—5" pi and the entropy H, are positively
associated: both are maximized by the uniform
distribution (at % and log V', respectively) and
both equal zero only for deterministic distributions.
In particular, H; — 0 implies Tr(F;) — 0.

Proof. The score function for a sampled token g is
Vo log 7o (y¢|x, y<¢). Under the common softmax
parameterization p, = %, the gradient of the
log-probability with respect to the logits z is:

Vi logp(y) = ey, — py, (34)

where e, is the one-hot vector for the sampled
token. The Fisher Information matrix is the covari-
ance of this gradient:

F,=E,[(e, —pt)(ey, —pt) |

T T
= Eleye,,] — p:p; -

(35
(36)

Since E[eyte;} = diag(p:), the trace of the FIM
is:

Tr(F;) = Tr(diag(ps)) — Tr(pp, ) (37)

=Y m—Y pi=1- pi 8
k k k

The quantity G := 1—>_ p? is the Gini impurity
(equivalently, the Tsallis entropy of order 2). Both
G and the Shannon entropy H = — ) py log pi,
are Schur-concave functions of the probability vec-
tor: they are both uniquely maximized by the uni-
form distribution and both equal zero if and only
if the distribution is deterministic. While G and
H are not in general strict monotonic functions of
each other for V' > 3, they are tightly coupled via
the Rényi entropy ordering H; > Hs, which gives:

1—2])% < l1-ef
k

In particular, H — 0 forces Tr(F;) — 0, and
conversely the uniform distribution uniquely maxi-
mizes both quantities. Hence, higher-entropy dis-
tributions correspond, in a strong qualitative sense,
to larger local Fisher information. O

D.2 Analysis of Standard NSR on Unsolved
Groups

Standard NSR assigns uniform negative advantages
A(y) =~ —1 to all samples in an unsolved group.
From the perspective of Fisher Information, this
implies that the optimization update treats samples
with zero information (confident errors) and high
information (uncertain errors) equally.

Proposition D.2 (Gradient Saturation and Fisher
Information). Consider a negative sample y gener-
ated from a low-entropy (confident) policy state.

1. Zero Information: If H, — 0, then
Tr(F;) — 0. The gradient Vg log mg(y:) van-
ishes.

2. Saddle Points: Negative samples generated
with high confidence correspond to “saddle
points” or “dead ends” in the likelihood land-
scape. Uniform penalization (A = —1) at-
tempts to push probability mass away from
these points, but the vanishing Fisher Infor-
mation implies that A6 =~ 0 regardless of the
advantage magnitude.

Thus, uniform advantage assignment wastes gradi-
ent budget on samples that lie in low-information
regions of the parameter space.

Proof. The gradient vector for the sampled token
Yt 18 g = ey, — Py, Where ey, is the one-hot encod-
ing of the sampled token and p; is the probability
vector 7y (|z, y<¢). The squared norm of this gra-
dient is:

(39)
(40)

lgell3 = lley, — pell3

= (1 =7()*+ > 7(v)*
vFYt

As m(y;) — 1 (confidence approaches certainty,
entropy H; — 0), the first term approaches 0. Si-
multaneously, the mass of the probability vector
concentrates on y;, forcing 7(v) — 0 for all other
v. Thus, ||g¢||2 — 0.

This implies that confidently generated tokens
(which characterize the “dead-end” negative roll-
outs in Section 3) contribute negligible gradient
signal. Uniformly weighting such samples wastes
optimization budget on saturated gradients that can-
not effectively redirect the policy. O
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D.3 Derivation of NAPO

To maximize the efficiency of the update, we
should allocate the “negative learning budget” to
the samples whose penalization best reduces the
total likelihood of failed trajectories. We formalize
this as a constrained optimization over per-rollout
weights and show that the solution naturally con-
nects to Fisher Information and, through it, to tra-
jectory entropy.

Exact formulation via the Gram matrix. Let
G~ = {y:}%, be a fully negative rollout group for
prompt x. Write g, = Vglogmy(y | «) for the
trajectory-level score vector, and define the Gram
matrix G € RG> with entries

Gij = 95, 9y, (43)

Given a weight vector w = (w1, ..., wg)", the
parameter update is 6 = —n >, w; gy,. The total
first-order reduction in the log-likelihood of every
negative rollout in the group is

G
Rw) = =Y g;6 = n1'Guw. (44
j=1

We seek the weight vector that maximizes R(w)
subject to a variance budget ||w|? < B (which
controls the variance of the stochastic gradient and
ensures stable updates):

max 1" G w s.t. |w|* < B.

w

(45)

By the Cauchy—Schwarz inequality, 1T G w <
|GT1]| |Jw]), with equality when w oc G' 1. Since
G is symmetric, the exact solution is

w' x G1,

G
. (46)
w*(ys) o [G1]; = § :g; Gy;-
=1

Computing G 1 exactly is impractical (it re-
quires full parameter-space inner products between
all pairs of rollout gradients in a multibillion-
parameter model). We therefore seek a tractable
diagonal proxy and state a structural condition un-
der which the ranking induced by G 1 coincides
with the ranking induced by the diagonal alone.

Uniform-correlation condition.
each entry of G 1:

We decompose

[GIL = Hgyi”2 + Zg;gyj-

~T(F,) 7

The diagonal term is exactly the trajectory-level
Fisher Information; the off-diagonal sum captures
cross-sample interference. Directly computing the
latter is as expensive as the full Gram matrix. We
therefore introduce the following structural assump-
tion.

Assumption D.3 (Uniform pairwise correlation).
There exists a constant ¢ > 0 such that, for all
distinct rollouts y;,y; € G,

T
9y 9y; = gyl [lgy, Il

It states that all same-prompt rollout gradients

are roughly equally correlated with each other—a
plausible condition because they share the same
prompt, model architecture, and sampling distribu-
tion, so no single pair of rollouts is systematically
more aligned than any other. The discriminating
factor across rollouts is then their gradient magni-
tude, not their mutual orientation.
Theorem D.4 (Optimality of Fisher-Weighted
Advantage). Under Assumption D.3, the optimal
weight w*(y) from Eq. (46) is a monotonically
increasing function of Tr(F,) = |g,/|*>. By
Lemma D.1 and the token-independence approxi-
mation, this quantity is positively associated with
the trajectory entropy ., Hy. Therefore, we define
the Entropy-Weighted Advantage:

B d(y)
ﬁ Zy’eg d(y/) 7

where d(y) is the driver score (normalized entropy)
defined in Eq. (6) of the main text.

Anaro(y) = 47)

Proof. Step 1: Exact solution (Gram matrix).
The constrained optimum of Eq. (45) is w* o« G 1
as derived in Eq. (46).

Step 2: Reduction under uniform correlation.
Let S = Z]C»’;I gy, || denote the total gradient
norm across the group. Under Assumption D.3:

[G1], =gyl +c Hgyi||z gy, |l
i
= 19y, 1> + |9y 11 (S — N9y, ]l)
= (1 =) llgy|l> + ¢S llgy I

Define f(u) = (1 — ¢)u? + ¢ Su foru > 0. Its
derivative is f'(u) = 2(1 — ¢)u+ ¢S. Since 0 <
¢ < 1 (cosine similarity is bounded by one) and
S > 0, we have f/(u) > 0 for all w > 0. Hence
f is monotonically increasing in v = ||gy, ||, and
therefore also in || gy, [|? = Tr(Fy,).

(48)
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The ranking of w*(y) across the group thus co-
incides with the ranking of Tr(F,).

Step 3: Connection to trajectory entropy. Since
T

9y = >_t—1 Vologmo(ye|z,y<;), under the ap-

proximation that token-level score vectors are ap-

proximately uncorrelated across positions we have:

T
lggll? ~ S"[|Vologm(yelz, y<r)|.
t=1

Taking the expectation over the sampled token at
each position and applying Lemma D.1:

T T
Ellgl?] ~ Y Te(F) =3 (1= sk,
t=1 1 k

t=

which is positively associated with ), H; by
Lemma D.1.

The driver d(y) in Eq. (6) of the main text is
a normalized measure of early-stage entropy and
thus serves as a tractable proxy for Tr(F,). The
advantage assignment Anapo therefore implements
an approximation to the optimal Fisher-weighted
update, prioritizing samples where the policy is
“plastic” (high entropy) over samples where it is
rigid (low entropy). O

Remark D.5 (Interpretation as a diagonal precon-
ditioner). The uniform-correlation reduction plays
the role of a diagonal preconditioner for the Gram
matrix. Just as diagonal preconditioning of a full
Newton step retains the correct coordinate-wise
scaling while ignoring off-diagonal curvature, rank-
ing by Tr(F,) retains the correct per-rollout scal-
ing while treating cross-rollout interactions as uni-
form. When the uniform-correlation assumption is
violated (e.g., if two rollouts share unusually long
common prefixes), the proxy may over- or under-
weight individual rollouts, but the overall ranking
remains a principled first-order approximation.

Remark D.6 (Relation to orthogonality). Setting
c = 0 recovers the special case of orthogonal score
vectors, for which w*(y) o ||gy||* exactly. How-
ever, same-prompt rollouts typically share early
tokens and pass through shared model parameters,
making ¢ > 0 the realistic regime. The uniform-
correlation condition accommodates this shared
structure while still yielding a tractable ranking
criterion.

Remark D.7 (Practical implementation). In prac-
tice, we approximate the theoretically optimal
weighting via monotonic min—max rescaling,

which preserves the sample ordering, and retain
the PPO/GRPO clipping mechanism for stable pol-
icy updates.
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