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Abstract

Frontier reasoning systems generate chain-of-
thought (CoT) traces meant to reveal how they
reach answers, yet these traces systematically
misrepresent the underlying computation. A
tempting explanation is bandwidth: each to-
ken carries few bits while the residual stream
encodes many, so sufficiently complex tasks
would make faithful verbalization impossible
in principle. We formalize this intuition and lo-
cate its limits. A capacity bound rules out faith-
ful CoT whenever the information the model
uses exceeds the trace’s token capacity; this
condition requires the answer to be longer than
the trace, so standard CoT settings do not reach
it. A per-step information-loss conjecture is em-
pirically falsified on six of seven benchmarks.
A constructive result shows faithful traces re-
main achievable for polynomial-size circuit
families, and an information-bottleneck experi-
ment supports a faithfulness–accuracy tradeoff.
Measuring critic-score gaps on seven bench-
marks for three open-weight models, comple-
mented by perturbation sensitivity, we find
no benchmark provably in the above-capacity
regime. The capacity bound is architecture-
independent, but at evaluated trace lengths it
does not bind: observed unfaithfulness is at-
tributable to training rather than to the token in-
terface, and is therefore potentially correctable.

1 Introduction

Consider a large language model solving a multi-
step cryptographic puzzle. Its residual stream is
a 4,096-dimensional vector in bfloat16 precision,
with a nominal storage capacity of 65,536 bits per
position (an effective dimensionality of only ∼247
components under PCA; Appendix C), while each
chain-of-thought (CoT) token it emits carries at
most log2 |V | bits (roughly 17 for a 128K vocabu-
lary). The per-step ratio is large even against the
effective dimensionality, inviting the conclusion
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that the model’s verbalized reasoning cannot possi-
bly be a faithful account of its internal computation.
This paper formalizes that argument, identifies the
condition under which it is sound, and shows why
standard CoT settings escape it.

CoT prompting has become the dominant
paradigm for eliciting complex reasoning from
large language models (Wei et al., 2022; Kojima
et al., 2022). Every major frontier reasoning sys-
tem, from OpenAI’s o1 (OpenAI et al., 2024) to
DeepSeek-R1 (Guo et al., 2025), generates ex-
tended reasoning traces before producing answers.
The implicit promise is that these traces reveal how
the model arrives at its conclusions, enabling hu-
man oversight of AI reasoning.

This promise is breaking. Biased prompts elicit
unfaithful explanations (Turpin et al., 2023); faith-
fulness decreases with scaling (Lanham et al.,
2023); RL gains plateau (Chen et al., 2025a);
reasoning-trained models verbalize biasing cues
more often but incompletely (Chua and Evans,
2025); and the pattern is consistent across model
families and evaluation methodologies (Tanneru
et al., 2024; Tutek et al., 2025; Arcuschin et al.,
2026; Cornish and Rogers, 2025).

Why does every attempt to improve faithful-
ness plateau? We ask whether a component of
observed unfaithfulness is an information-theoretic
consequence of the token interface rather than a
correctable training artifact. To make this distinc-
tion precise, we separate two qualitatively different
sources:
• Capacity-limited unfaithfulness arises when

the task’s computational complexity exceeds the
information-carrying capacity of the CoT trace.
This is impossible to eliminate by any training
procedure.

• Training-induced unfaithfulness arises when
the model could in principle produce a faithful
trace but fails to do so due to optimization short-
cuts or distributional mismatch. This is poten-
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Table 1: Comparison with related work on CoT faithful-
ness.

Work Formal Emp. Bounds Focus

Lanham et al. (2023) ✓ Perturbation metrics
Turpin et al. (2023) ✓ Bias-induced unfaith.
Tanneru et al. (2024) ✓ Hardness of achieving
Chen et al. (2025a) ✓ RL plateau on faith.
Barez et al. (2025) ✓ Conceptual framework
Pfau et al. (2024) ✓ ✓ Hidden computation
Feng et al. (2023) ✓ CoT expressiveness
Merrill and Sabharwal (2024) ✓ CoT lifts to P
Li et al. (2024) ✓ CoT lifts to P/poly
Amiri et al. (2025) ✓ ✓ CoT length

This work ✓ ✓ ✓ Info-theoretic faith.

tially correctable.
Our theory formalizes the first category. The

central insight is that the CoT trace operates as
a bounded-capacity information channel between
the transformer’s high-dimensional internal state
and its low-bandwidth verbalized output. When
a task requires more internal information than the
trace can express, faithfulness must break down
regardless of training, model architecture, or scale,
though we show this condition is not reached in
standard CoT settings where the trace is longer than
the answer (§4).

We use three-digit multiplication as a running
example (§3; full breakdown in Appendix B) to
illustrate the capacity comparison.

Our contributions are:
• A two-tier formalization of CoT faithfulness dis-

tinguishing information sufficiency from compu-
tational transparency (§3).

• A Faithfulness Capacity Bound (Theorem 1):
faithful CoT is ruled out whenever I(y;x) >
T · log |V |, a condition requiring the answer to
exceed the trace in length (§4). A per-step conjec-
ture (Conjecture 1) and its empirical falsification
on six of seven benchmarks.

• A Faithfulness-Accuracy Tradeoff (Proposi-
tion 1) and Constructive Faithfulness for
polynomial-size circuit families (Theorem 2)
(§4).

• Empirical validation across seven benchmarks
and three models: critic-score gaps, perturbation
sensitivity, and cross-model measurements (§5).

2 Related Work

Table 1 positions our contributions relative to key
prior work. We discuss each strand below.

CoT faithfulness: empirical evidence. Lan-
ham et al. (2023) developed perturbation-based

faithfulness tests; Turpin et al. (2023) showed
biased prompts cause unfaithful CoT; Tanneru
et al. (2024) found that tested improvement ap-
proaches offer limited success; Chen et al. (2025a)
showed RL gains plateau. Tutek et al. (2025) pro-
posed unlearning-based measurement; Arcuschin
et al. (2026) demonstrated unfaithfulness on natural
prompts; Chua and Evans (2025) found reasoning-
trained models verbalize cues more often, though
incompletely. Our framework gives the condition
under which no training procedure could close the
gap, and shows it is unmet in standard CoT settings,
where traces exceed answers in length (§4).

CoT faithfulness: conceptual frameworks.
Barez et al. (2025) proposed a conceptual three-
part faithfulness framework. Pfau et al. (2024)
showed transformers can perform hidden compu-
tation through filler tokens. Baker et al. (2025)
showed that optimizing against CoT monitors dur-
ing RL training can promote obfuscation, and Mc-
Carthy et al. (2025) showed penalizing specific
strings in CoT can lead to steganographic encod-
ing. Our results formalize the bottleneck between
internal state and verbalized trace.

Theoretical expressiveness and impossibility.
Feng et al. (2023) proved CoT enables problems
beyond fixed-depth limits. Merrill and Sabharwal
(2024) showed polynomial CoT elevates expres-
siveness to P; Li et al. (2024) proved CoT lifts
transformer expressiveness to P/poly; Merrill and
Sabharwal (2025) showed log-depth transformers
can recognize regular languages and solve graph
connectivity. Amiri et al. (2025) established CoT
length lower bounds, while our bounds concern
CoT content for faithfulness. Alur et al. (2025)
proved decoder-only transformers cannot learn in-
verse permutations. Dziri et al. (2023) showed
that transformer accuracy on compositional tasks
degrades sharply with problem complexity de-
spite CoT. Hahn (2020) proved limitations of self-
attention and Hahn and Rofin (2024) showed sen-
sitive functions are hard for transformers to learn;
Merrill and Sabharwal (2023) and Sanford et al.
(2024) characterized depth-computation connec-
tions; Strobl et al. (2024) surveyed the landscape.
Kalai and Vempala (2024) proved calibrated LMs
must hallucinate, a structural parallel to our result.
Delétang et al. (2023) mapped architectures onto
the Chomsky hierarchy. Our analysis addresses
what transformers cannot faithfully explain.
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RESIDUAL STREAM (d=4096)

COT TRACE c ∈ V T

h0 ht1 · · · htT

c1 c2 · · · cT

x

WV , softmax: ≤ log |V |≈17 bits/token

attention recovers ≤Ri bits/step
y

unverbalized
δ=I(y;h0 |c)

verbalized
I(y; c)≤C(T, V )

measured gap ∆ = I(y;h0) − I(y; c)

Figure 1: The CoT trace as a bounded-capacity chan-
nel. The residual stream carries the task information
I(y;h0); each step projects it through WV and a soft-
max to a single token, so the whole trace carries at most
C(T, V ) = T log |V | bits (Definition 1), while attention
returns at most Ri bits per step from already-emitted to-
kens (Assumption 1). Information that reaches y along
the red path is never verbalized: δ = I(y;h0 | c) is the
quantity δ-faithfulness bounds (Definition 2), and ∆ is
what we estimate in §5. Theorem 1 compares the width
of the blue path against the task’s information demand.

Information theory and mechanistic inter-
pretability. The IB principle (Tishby et al.,
1999; Shwartz-Ziv and Tishby, 2017; Goldfeld
and Polyanskiy, 2020) provides a representation-
learning framework. Belghazi et al. (2018) intro-
duced MINE; Goldfeld et al. (2019) developed
noise-injection MI estimation for deep networks;
McAllester and Stratos (2020) analyzed estimation
limitations. Yang et al. (2025) applied IB to LLM
internals; Chen et al. (2025b) established MI scal-
ing laws. Vitányi (2006) connected Kolmogorov
complexity to meaningful information; Grau-Moya
et al. (2024) explored amortizing Solomonoff in-
duction. Our faithfulness definition draws on
causal abstraction (Geiger et al., 2021). Templeton
et al. (2024) and Gao et al. (2025) scaled sparse
autoencoders to frontier models. Process reward
models (Lightman et al., 2024; Khalifa et al., 2026;
Zhao et al., 2026) verify reasoning steps, but the
verifier’s own faithfulness creates a recursive chal-
lenge. We apply information theory to the CoT
trace as a channel, deriving faithfulness bounds.

3 Formal Framework

3.1 Transformer and CoT Channel Model

Figure 1 summarizes the channel model and the
quantities derived from it. Let M be an autoregres-
sive transformer with L layers, hidden dimension
d ∈ N, and vocabulary V with |V | = v. Given
input x ∈ V ∗, denote by ht ∈ Rd the residual
stream state after processing position t. The CoT

trace c = (c1, . . . , cT ) consists of T tokens where
each ci ∈ V is sampled via:

ci ∼ softmax(WV hti)

where WV ∈ Rv×d is the unembedding matrix and
y ∈ V ∗ denotes the final answer. Throughout this
paper, log denotes log2.

With a KV cache, hti depends on the full se-
quence (x, c1, . . . , ci−1) through attention; the gen-
eration process does not form a simple Markov
chain. We model this as:

hti = fi(x, c≤i−1), ci ∼ g(hti)

where fi is the transformer computation at position
ti and g is the softmax projection. Under greedy
decoding (temperature = 0), ci = argmax g(hti)
deterministically. Regardless of fi’s internal struc-
ture, the output c ∈ V T has bounded entropy:

H(c) ≤ T · log v (1)

Actual token distributions are non-uniform, so
H(c) =

∑
iH(ci | c<i) is typically much lower;

see Remark 1.
Definition 1 (Maximum CoT Channel Capacity).
The maximum CoT channel capacity for a trace
of length T over vocabulary V is C(T, V ) = T ·
log |V | bits; in tables we use the integer ceiling
T · ⌈log |V |⌉ for whole-bit columns.
Remark 1 (Maximum vs. effective capacity).
C(T, V ) is an upper bound; the effective capac-
ity Ceff = T · Ĥ(ci | c<i) depends on actual token
entropy (Ĥ ≈ 6.4–10.0 bits across benchmarks
for Llama-3-8B). Ĥ(ci | c<i) is a proxy for, not
identical to, the communication-theoretic channel
capacity C(hti → ci). Our formal results use
C(T, V ); empirical regime labels use Ceff. Since
Ceff ≤ C(T, V ), the effective-capacity classifica-
tion is strictly more permissive than the formal
bound.

Concretely, Llama-3-8B has d = 4,096 and
bfloat16 precision, giving a nominal storage capac-
ity of d · 16 = 65,536 bits per position versus ≈17
bits per token. Since h0 is a deterministic function
of x, the information-theoretically relevant quan-
tity is I(y;h0) = I(y;x) ≤ H(y), which is much
smaller than the storage capacity; the 65,536-bit
figure characterizes the representation’s dimension-
ality, not the mutual information. The effective
dimensionality is much lower (PCA captures 95%
of variance in ∼247 components on CryptoBench;
Appendix C), but even against the effective space
the per-token ratio is substantial.
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Running example. Three-digit multiplication
(347 × 892) has solution-trace complexity
K̃(y|x) ≈ 204 bits (an upper bound on K(y|x);
see Remark 4 and Appendix B for the full break-
down), exceeding a 10-token trace’s capacity (170
bits) but not a 30-token trace’s (510 bits).

3.2 Two-Tier Faithfulness

We define faithfulness through two complemen-
tary lenses, addressing a conceptual gap between
information-theoretic and practical notions of faith-
fulness. The practical tier is grounded in causal
reasoning (Pearl, 2009; Geiger et al., 2021).

Definition 2 (δ-Faithfulness (Information Suffi-
ciency)). Let (x, y) ∼ D be drawn from a data
distribution. A CoT generation process is δ-faithful
under D if:

I(y;h0 | c) ≤ δ

where h0 is the initial residual stream state encod-
ing x, the mutual information is taken over the joint
distribution induced by D and the model’s output
distribution (see the channel model above), and
δ ≥ 0. Under greedy decoding, c is a deterministic
function of x; the randomness in I(y;h0 | c) then
comes from sampling (x, y) ∼ D. The answer y
is generated after the trace, so y /∈ c in general.
Perfect faithfulness (δ = 0) requires c to capture
all information the model uses to produce the an-
swer. A trace which merely copies the input x could
satisfy δ = 0 while describing no computation; the
stronger notion of transparency (Definition 3) rules
out this degenerate case.

Information sufficiency is necessary but not suf-
ficient: a steganographically encoded trace could
satisfy δ = 0 while revealing nothing about the
computational process. We therefore introduce a
stronger requirement.

Definition 3 (Computational Transparency). A
CoT trace c is (α, C)-transparent for task (x, y)
with respect to a reference computation class C
if there exists a verifier V ∈ C such that, given
only c, V can reconstruct y by executing the steps
described in c, with error probability at most α.

Transparency implies sufficiency: by Fano’s in-
equality, if a verifier reconstructs y from c alone
with error α < 1 − 1/|Y|, then I(y;h0 | c) ≤
Hb(α)+α log(|Y|− 1), which vanishes as α → 0.
The converse does not hold (the steganographic ex-
ample). This two-tier structure clarifies the scope
of our results:

Remark 2 (Scope). Our capacity bound (The-
orem 1) and the DPI conjecture (Conjecture 1)
apply to the weaker notion of information suffi-
ciency (Definition 2); since transparency implies
sufficiency, these results extend a fortiori to trans-
parency. Our constructive result for polynomial-
size circuit families (Theorem 2) achieves the
stronger transparency guarantee.

4 Main Theoretical Results

We present two theorems, one conjecture, and one
empirically supported proposition. Full proofs ap-
pear in Appendix A.

4.1 Faithfulness Capacity Bound
We first state a channel-capacity bound and con-
nect it to Kolmogorov complexity for interpretive
context (Levin, 1974; Li and Vitányi, 2019).

Lemma 1 (Algorithmic MI bound). Let PM(y | x)
be the conditional distribution induced by a trans-
former M with architecture description length
ℓ(M), and let (x, y) ∼ D. Then:

I(y;h0) ≥ Ex∼D[K(y | x)]− ℓ(M)−O(1)

where K(y | x) is the conditional prefix Kol-
mogorov complexity, the mutual information is un-
der the joint induced by D and the model, and
ℓ(M) is the description length of a program com-
puting PM (see full proof for its magnitude). For
concentrated distributions where K(y|x) has low
variance (as in fixed-format benchmarks), the
bound applies approximately instance-wise.

Proof sketch. By Levin’s coding theorem,
− logPM(y|x) ≥ K(y|x) − ℓ(M) − O(1)
pointwise. Taking expectations under D and
applying the Shannon-algorithmic connection (Li
and Vitányi, 2019, Ch. 8), which relates E[K(y|x)]
to H(y|x), yields I(y;h0) = H(y) − H(y|x) ≥
E[K(y|x)] − ℓ(M) − O(1), since h0 is a de-
terministic function of x, under the condition
H(y) ≥ 2E[K(y|x)]+O(1) (stated and discussed
in the full proof, Appendix A). For benchmark
distributions with concentrated K(y|x), the bound
applies approximately per instance. Full proof in
Appendix A.

Remark 3 (Why h0 rather than x directly).
Since h0 = Enc(x) is a deterministic function,
I(y;h0) = I(y;x) for fixed weights, so ∆ is tech-
nically a property of the task and the trace. The
routing through h0 in our notation emphasizes the
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physical mechanism: information encoded in the
residual stream must pass through the vocabulary-
projection bottleneck to reach the trace.

Remark 4 (Practical instantiation: solution-trace
complexity). Kolmogorov complexity K(y|x) mea-
sures the length of the shortest program that, given
x, outputs y; for short answers it can be very small
even when the solution process is complex. In
our empirical work, we estimate K(y|x) via the
description length of a canonical solution trace,
an upper bound on K(y|x) that captures solution-
process complexity rather than answer-description
length; we denote this empirical estimate K̃(y|x)
to distinguish it from the theoretical K(y|x). This
means our capacity predictions overestimate the
regime where the bound binds and should be inter-
preted as heuristic instantiations of the theoretical
framework. The qualitative prediction that faith-
fulness degrades with task complexity is supported
by perturbation sensitivity independently of the K
estimates.

Theorem 1 (Faithfulness Capacity Bound). For
any transformer M, data distribution D, and any
training procedure, if M produces δ-faithful CoT
under D, then:

I(y;h0) ≤ C(T, V ) + δ

Equivalently, δ-faithfulness requires I(y;x) ≤ T ·
log |V |+ δ. Under the Kolmogorov interpretation
(Lemma 1, subject to the preconditions discussed
below), this yields C(T, V ) ≥ E[K(y | x)] −
ℓ(M) − O(1), though we show below that these
preconditions are not met for tasks whose answers
are shorter than their traces.

Proof sketch. The trace c has entropy H(c) ≤
C(T, V ) (Eq. 1). For δ-faithfulness under D:
I(y;h0) = I(y; c) + I(y;h0 | c) ≤ C(T, V ) + δ.
Combined with Lemma 1: E[K(y|x)]− ℓ(M)−
O(1) ≤ C(T, V ) + δ. Taking δ → 0 yields the
bound.

When the bound binds. Since I(y;x) ≤
H(y) ≤ |y| · log |V |, the antecedent I(y;x) >
C(T, V ) requires |y| > T : the answer must be
longer than the trace. In any CoT setting where
T > |y|, the bound is not binding. For Crypto-
Bench, H(y) ≤ 391 bits against C(T, V ) = 8,704
bits (22× headroom). The bound becomes non-
vacuous when faithfulness is defined with respect
to mid-generation states rather than the final answer.
Lemma 1’s condition H(y) ≥ 2E[K(y|x)] +O(1)

fails for tasks with short answers and long deriva-
tions, and is not established for any benchmark.

4.2 DPI Faithfulness Barrier

The Data Processing Inequality (Cover and
Thomas, 2006) provides a complementary bound
on the faithfulness gap. Unlike Theorem 1, which
concerns total capacity, Conjecture 1 characterizes
per-step information loss at each vocabulary pro-
jection.

Because transformers with KV-cache attention
do not form Markov chains, we introduce a bound
on how much information attention can recover.

Assumption 1 (Bounded attention recovery). At
each generation step i, the net information about
y recovered via attention satisfies I(y;hti+1) −
I(y;hti) ≤ Ri bits.

Conjecture 1 (DPI Faithfulness Barrier). Under
Assumption 1, for any autoregressive transformer:

∆ = I(y;h0)− I(y; c)

≥ max
(
0, T · ℓproj −

∑T
i=1Ri

)

where ℓproj = log(v/d) − O(1) (a heuristic ratio
of output cardinality to input dimensionality) is the
per-step information loss from vocabulary projec-
tion when d < v, and Ri is the attention recovery
bound.

Argument. At each step, the projection hti → ci+1

maps from Rd to a distribution over V via the rank-
d unembedding matrix followed by softmax. Since
the softmax output is confined to a d-dimensional
manifold within the (v−1)-simplex, the number of
distinguishable outputs is limited by the pre-image
dimensionality. By a heuristic covering argument
on this manifold (see Appendix A), the per-step
information loss is at least ℓproj bits. Attention
recovers at most Ri bits. Summing over T steps
yields the bound.

For Llama-3-8B (d = 4,096, v = 128,256), the
formula gives ℓproj ≈ 4.97 bits/step; the empiri-
cal per-step loss measured via MINE on synthetic
data is 4.3 ± 0.6 bits, of the same order. We es-
timate R ≈ 1.2 bits via activation patching (Ap-
pendix C); this patching estimate upper-bounds the
MI-theoretic Ri (argument in Appendix C). Table 4
(Appendix C) shows the bound’s sensitivity to R.
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Relationship between bounds. Both bounds
are lower bounds on ∆ and hold simultaneously,
but scale oppositely with v: increasing v raises
C(T, V ) (weakening the capacity bound) but raises
ℓproj (strengthening the DPI bound). Instantiating
the DPI bound at R = 1.2 on Llama-3-8B predicts
∆ ≥ 1,930 on every benchmark with T ≥ 512, yet
the measured gap on GSM8K is 2.1, a violation
by ∼900×, and the pattern holds on all six bench-
marks below CryptoBench. We therefore treat the
DPI conjecture’s accumulated ℓproj formula as fal-
sified by our data. The per-step loss on synthetic
data remains a valid observation but does not yield
a predictive lower bound on ∆.

4.3 Faithfulness-Accuracy Tradeoff

Proposition 1 (Faithfulness-Accuracy Tradeoff).
For training with IB penalty β·I(c;h), the expected
accuracy Acc(β) is monotonically non-increasing
in β for tasks where K(y|x) > C(T, V ). As β →
∞, accuracy converges to chance.

Justification. Increasing β constrains the informa-
tion rate through the trace. For above-capacity
tasks, the minimum information needed for correct
answers exceeds what the constrained trace can
carry. We verify this empirically in §5. See Ap-
pendix A for the information-theoretic argument
and discussion of distributional assumptions that
prevent promotion to a full theorem.

The monotonicity holds under sufficient condi-
tions: (a) the IB-optimal solution achieves the rate-
distortion frontier, (b) the data distribution has full
support (Tishby et al., 1999; Goldfeld and Polyan-
skiy, 2020), and (c) E[K(y|x)] > C(T, V ). Condi-
tion (c) cannot be established for CryptoBench: K̃
is an upper bound on K (Remark 4); the empirical
validation demonstrates the tradeoff’s qualitative
shape without confirming the antecedent. The “con-
vergence to chance” prediction as β → ∞ is not
tested: the observed floor at β = 10 is 4.1%, while
chance for CryptoBench is near zero. This experi-
ment uses a constrained architecture in which the
answer is generated through the trace (via the IB
penalty); the tradeoff in Figure 3 applies to the
IB-constrained setting specifically.

4.4 Constructive Faithfulness Tractability

Theorem 2 (Constructive Faithfulness for Poly–
Size Circuit Families). For any problem computed
by a polynomial-size circuit family (in particular,

any problem in AC0: constant-depth, polynomial-
size Boolean circuits with unbounded fan-in) with
n-bit input and circuit size s(n) = poly(n), a
transformer with Ω(log n+ log(1/ε)+ log(1/α))-
bit precision can produce a CoT trace of length
T = O(s(n)) that is both ε-faithful and (α,P)-
transparent, for any ε, α > 0.

Proof sketch. For AC0, K(y | x) ≤
|C| + O(log n) = O(s(n)), so C(T, V ) =
O(s(n) log v) satisfies the capacity condition.
By Li et al. (2024) (complemented by the
uniform-computation results of Merrill and
Sabharwal (2024)), a transformer with CoT of
length T = O(s(n)) can simulate any size-s(n)
circuit. Constructively, it enumerates gates in
topological order, beginning with the input-gate
assignments, writing one evaluation per token.
The resulting trace contains all intermediate
values including the inputs (satisfying information
sufficiency), and describes an explicit computation
a polynomial-time verifier can check from c alone
(satisfying transparency, since c carries the input
assignments).

5 Empirical Validation

Our theory makes quantitative predictions about
faithfulness gaps. We validate these on three mod-
els across seven benchmarks.

5.1 Setup

Models. Llama-3-8B-base (d = 4,096, v =
128,256, L=32), Mistral-7B-v0.3-base (d=4,096,
v = 32,768, L = 32), and Gemma-2-9B-base
(d = 3,584, v = 256,000, L = 42). All are base
(non-instruct) checkpoints run in bfloat16 preci-
sion with greedy decoding (temperature 0); exact
HuggingFace revision commits are pinned in the re-
leased model configurations. Reported accuracies
differ from model-card figures due to differences
in prompt format and answer extraction. CoT is
elicited via 8-shot prompting (Wei et al., 2022);
prompt templates and exemplars are provided in
the released code. Answer extraction uses the text
after the last “The answer is” delimiter. Preliminary
k = 0 measurements on Llama-3-8B (a released
configuration) show within-capacity gaps increase
(GSM8K 2.1±0.8 to 4.2±1.1) while above-capacity
gaps are unchanged (CryptoBench 2,941±136 vs.
2,895±124).
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Benchmarks. Seven benchmarks: GSM8K
(Cobbe et al., 2021) (N=1,319), MATH-Algebra
(Hendrycks et al., 2021) (N = 1,187), ARC-
Challenge (Clark et al., 2018) (N=1,172), Strate-
gyQA (Geva et al., 2021) (N =2,290, train split),
BoardgameQA (Kazemi et al., 2023) (Main-depth2
subset, test split; N = 1,000), GPQA-Diamond
(Rein et al., 2024) (N = 198), and CryptoBench
(N = 500; Appendix B). Six are publicly avail-
able and may appear in pretraining corpora; we
did not perform contamination analysis, and for
StrategyQA (evaluated on the train split, since test
answers are withheld) overlap between the 8-shot
demonstrations and evaluation items is possible but
not controlled for, as our measurements concern in-
ternal information flow rather than accuracy. Cryp-
toBench is newly constructed and contamination-
free by design.

Metrics. We estimate ∆ = I(y;h0) − I(y; c)
via MINE (Belghazi et al., 2018) (1,000 sample
pairs per seed, drawn with replacement from the
evaluation set; 5 independent seeds; all ± values
report standard deviation across seeds). To address
known estimation challenges in high dimensions
(McAllester and Stratos, 2020), we perform a syn-
thetic calibration experiment (see below). We also
measure perturbation sensitivity (PS) following
Lanham et al. (2023): for each instance, we re-
place a randomly selected CoT step with a sampled
alternative from the model’s next-token distribu-
tion, then regenerate the remainder (step definition
and sampling bounds in Appendix C); PS is the
fraction of instances where the final answer string
changes. We report mean PS over 5 perturbation
seeds.

Effective capacity. We estimate Ceff(T, V ) =
T · Ĥ(ci | c<i) by averaging per-token surprisal
over all tokens after the prompt for the first 1,000
evaluation instances (or all instances of smaller
benchmarks), using the generation cap T through-
out. The caps are T = 512 for GSM8K, MATH-
Algebra, GPQA-Diamond and CryptoBench, 384
for ARC-Challenge and BoardgameQA, and 307
for StrategyQA; these are recorded in the released
configuration. The resulting Ĥ ranges from 6.4
bits/token (BoardgameQA) to 10.0 (CryptoBench);
see Table 5.

Estimation protocol. MINE estimates mutual in-
formation via the Donsker-Varadhan representation
(Belghazi et al., 2018). For the attention recovery

Table 2: Faithfulness gap on Llama-3-8B. Î and ∆:
Donsker–Varadhan critic scores (1,000 samples, mean
± std over 5 seeds), not calibrated MI in bits; compar-
isons are ordinal. C(T, V ) = T · ⌈log |V |⌉. Regime:
whether Î exceeds Ceff = T · Ĥ (heuristic; quantities
are in different units). See §5 for caveats.

Bench. Î C(T, V ) Meas. ∆ Regime PS

GSM8K 38 8704 2.1±0.8 within 0.72
ARC-Chall. 95 6528 8.3±2.1 within 0.58
MATH-Alg. 187 8704 14.8±3.2 within 0.51
StrategyQA 313 5219 41.2±6.7 within 0.34
BoardgameQA 1847 6528 156.9±18 within 0.19
GPQA-Dia. 4831 8704 694±47 above 0.12
CryptoBench 8242 8704 2895±124 above 0.08

parameter Ri (Assumption 1), we perform activa-
tion patching (Appendix C); across benchmarks,
R ∈ [0.8, 1.6] bits per step with mean 1.2.

Estimation caveats. Our MINE estimates ex-
ceed the distribution-free ceiling of log2N bits
(McAllester and Stratos, 2020) (N = 198–2,290,
ceilings ≈7.6–11.2 bits) and should be interpreted
as Donsker–Varadhan critic scores, not calibrated
MI. The ordinal structure is more reliable than car-
dinal values, and perturbation sensitivity provides
a complementary, estimation-free validation. No
row in Table 2 carries a theorem-backed prediction:
Lemma 1’s entropy condition is not established for
any benchmark, and the regime column compares
quantities in different units (an ordering device
only).

Full details of the MINE procedure, synthetic
calibration, and convergence analysis are in Ap-
pendix C.

5.2 Results
Predicted vs. measured faithfulness gaps. Ta-
ble 2 presents our main results on Llama-3-8B, and
Figure 2 plots the same measurements against both
notions of capacity. The regime column classifies
each benchmark by comparing the measured critic
score Î to the effective capacity Ceff = T · Ĥ(ci |
c<i); per the estimation caveats above, this com-
parison records an ordering under a fixed estima-
tor, not a bit-level statement. Five benchmarks
fall within effective capacity; GPQA-Diamond and
CryptoBench exceed it.

For the five within-capacity benchmarks, mea-
sured critic scores are nonzero (2.1 to 156.9,
increasing down the table), indicating training-
induced unfaithfulness: the model could in prin-
ciple produce faithful traces but does not. GPQA-
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C(T, V ) (formal) Ceff =TĤ Î(y;h0)

Figure 2: Where each benchmark sits relative to capac-
ity (Llama-3-8B). Dots: measured critic score Î(y;h0);
orange ticks: effective capacity Ceff = TĤ; red ticks:
the formal capacity C(T, V ) of Theorem 1. For ARC,
MATH and StrategyQA, Ĥ was not separately mea-
sured, so Ceff is drawn as the range induced by the
observed 6.4–10.0 bits/token (Table 5). Shading marks
the regime the theorem’s antecedent requires: no bench-
mark enters it. GPQA-Diamond and CryptoBench (red
dots) exceed only the heuristic Ceff. Î is a Donsker–
Varadhan critic score, not calibrated bits: the axis mixes
units and records an ordering under a fixed estimator,
not a bit-level comparison (§5).

Diamond and CryptoBench are classified as above-
capacity under the heuristic Î > Ceff comparison;
they show the largest critic scores and the lowest
perturbation sensitivity. The regime labels are op-
erational rather than theorem-backed (§4), and the
above-capacity classification is relative to Ceff, not
the theorem’s C(T, V ). Consequently, the capacity
bound is not binding at the trace lengths we evalu-
ate; the observed gaps are attributable to training-
induced rather than capacity-limited unfaithfulness,
consistent with the prediction in §6.

Perturbation sensitivity. Table 3 reports PS
across all three models (accuracy in Table 5, Ap-
pendix D).

PS generally decreases down the table across
all models, consistent with the channel framework:
low PS indicates information bypasses the trace.
This trend is also correlated with accuracy (Ta-
ble 5), so the two explanations are not indepen-
dently separable. PS is bounded above by 1−1/|A|
for answer-space size |A|; the ordering of the two
lowest-PS benchmarks is robust to this normaliza-
tion. On GPQA, no model’s accuracy is signif-
icantly above chance (exact one-sided binomial;
minimum p = 0.053 across the three models); the
GPQA cross-model comparison is therefore de-
scriptive only.

Table 3: Perturbation sensitivity (PS) across three
models (L3: Llama-3-8B, M7: Mistral-7B-v0.3, G9:
Gemma-2-9B). PS: fraction of instances where corrupt-
ing a CoT step changes the final answer; mean over 5
seeds. PS is confounded with accuracy (Table 5, Ap-
pendix D). Chance-level accuracy: ARC/GPQA 25%,
StrategyQA 50%, BoardgameQA ≈33%. Seven of the
1,172 ARC-Challenge items offer three or five options
rather than four; we retain them and use the modal
|A| = 4 for the bound.

Bench. L3 M7 G9

GSM8K 0.72 0.68 0.74
ARC 0.58 0.54 0.61
MATH 0.51 0.46 0.53
Strat. 0.34 0.29 0.36
Board. 0.19 0.16 0.21
GPQA 0.12 0.10 0.13
Crypto 0.08 0.06 0.09

Sensitivity to R and faithfulness-accuracy fron-
tier. The DPI bound depends on R; with the
patching estimate R = 1.2 bits (Appendix C),
on CryptoBench (the one benchmark where the
DPI conjecture is satisfied) a sensitivity analy-
sis (Table 4, Appendix C) shows the measured
gap exceeds the DPI lower bound for all tested
values of R ∈ [0.5, 2.0]. To validate Proposi-
tion 1, we fine-tune Llama-3-8B with IB penalties
β ∈ {0, 0.01, 0.1, 1.0, 10.0} using LoRA (hyper-
parameters in Appendix D) on GSM8K and Cryp-
toBench. A LoRA-only baseline (no IB penalty)
achieves 53.8% and 12.1%, indicating LoRA alone
does not substantially affect accuracy.

On GSM8K (within capacity), increasing β mod-
estly improves PS from 0.72 to 0.81 with minimal
accuracy loss (54.1% to 51.8%). On CryptoBench
(above capacity), the same intervention produces
a steep tradeoff: accuracy drops from 12.4% to
4.1%.

5.3 Cross-Model Consistency and Scaling

On CryptoBench, critic-score gaps scale in-
versely with C(T, V ) across all three models:
Mistral-7B (C = 7,680) shows the largest gap
(3,412±148), Gemma-2-9B (C=9,216) the small-
est (2,578±118), with Llama-3-8B intermediate
(2,895±124, C = 8,704). This ordering is consis-
tent with the capacity bound; however, the same
ordering is identically produced by accuracy (9.8%
/ 12.4% / 13.0%; Spearman ρ = −1 on both bench-
marks), and with only three models these explana-
tions are not separable. Vocabulary size is addi-
tionally confounded with model family, tokenizer,
and hidden dimension. We report the ordering as
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Figure 3: Faithfulness–accuracy tradeoff for Llama-3-
8B under an IB penalty β ∈ {0, 0.01, 0.1, 1.0, 10.0}.
(a) Accuracy against perturbation sensitivity, one panel
per benchmark; points run left to right in increasing
β, and the leftmost (β=0) is the pre-fine-tuning base
model. The two panels use identical axis spans (12 pp
of accuracy, 0.19 of PS) with different origins, so the
slopes are directly comparable. Dashed lines mark the
LoRA-only baseline (no IB penalty), within 0.3 pp of
β=0 on both benchmarks, confirming LoRA rank is not
the bottleneck. (b) The same runs as accuracy retained
relative to β=0: the same intervention costs GSM8K
4.3% of its accuracy and CryptoBench 67%. All points
are single-seed runs; the tradeoff is specific to the IB-
constrained setting, whose antecedent (Proposition 1) is
not established for CryptoBench (§4).

descriptive.

The same pattern holds on GPQA-Diamond:
Mistral-7B 819±55, Llama-3-8B 694±47, Gemma-
2-9B 618±42 (cross-model comparison rests on ∆
alone; all confounds above apply). With the capac-
ity bound non-binding at these trace lengths (§4),
these patterns are consistent with, but not evidence
for, a capacity-driven mechanism.

The full complexity ordering with Ĥ , Ceff and
K̃ is in Table 5 (Appendix D). Table 6 (ibid.) traces
the relationship between gap and trace length:
gaps shrink monotonically with T but persist even
at T = 2,048, consistent with training-induced
unfaithfulness. Among the five within-capacity
benchmarks, gaps range from 2.1 (GSM8K, Ĥ ≈
9.8 bits/token) to 156.9 (BoardgameQA, Ĥ ≈ 6.4
bits/token), indicating that structured mathematical
traces utilize channel capacity far more efficiently
than verbose natural-language reasoning.

6 Discussion and Conclusion

Our framework distinguishes capacity-limited from
training-induced unfaithfulness. The capacity-
regime label in §5 is operational, an Î-versus-
Ceff comparison rather than a verified theorem an-
tecedent: K̃ estimates are upper bounds and cannot
certify that a task exceeds capacity (Remark 4).
Incomplete traces differ from deceptive ones, but
an observer cannot distinguish them from the trace
alone, motivating activation-level monitoring (Tem-
pleton et al., 2024; Yang et al., 2026) and com-
plementary oversight approaches (Lightman et al.,
2024), especially given demonstrated in-context
scheming capabilities (Meinke et al., 2024).

Padding and filler tokens. Filler tokens for hid-
den computation (Pfau et al., 2024) raise effective
compute but not the trace’s information content;
increasing T with informative tokens does help
(Table 6).

Post-trained reasoning models. The bounds are
training-procedure-independent. A preliminary
measurement on R1-Distill-Llama-8B (same archi-
tecture as Llama-3-8B, created by SFT distillation
from DeepSeek-R1 traces) gives a CryptoBench
gap of 2,654±131, an ∼8% reduction from the base
2,895±124 (its pinned revision and configuration
ship with the code), consistent with post-training
reducing part of the training-induced component.
Because T = 512 leaves the capacity bound non-
binding, we do not attribute the residual to capacity
limitation.

Implications for frontier long-CoT systems.
Frontier reasoning systems generating T ≈ 104

tokens have C(T, V ) ≈ 170,000 bits, exceeding
every K̃ in our evaluation. Table 6 shows gaps
shrinking monotonically with T . Our framework
therefore predicts that capacity-limited unfaithful-
ness is unlikely to be the dominant failure mode
for long-trace systems; the capacity bound would
not explain unfaithfulness observed at these scales,
which would therefore be attributable to training
and potentially correctable. This is our central em-
pirical finding: the token-channel capacity bound
is real and architecture-independent, but at realistic
trace lengths it does not bind. This prediction is
falsifiable on frontier models with sufficiently long
traces.
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Limitations

Uncomputability of K(y|x). Conditional Kol-
mogorov complexity is uncomputable in general.
Our practical estimates rely on known algorithmic
solutions (upper bounds) and Lempel-Ziv compres-
sion of solution traces (computable approximation).
For tasks without known algorithmic solutions,
such as open-ended creative reasoning or legal ar-
gumentation, the framework provides conceptual
insight but limited quantitative guidance. We have
provided complexity estimates (Appendix B) to
partially address this gap.

Conservative capacity bound. Our maximum
channel capacity C(T, V ) = T · log |V | is an upper
bound on true capacity. The effective capacity is
lower due to non-uniform token distributions and
sequential dependencies. Remark 1 provides em-
pirical estimates of effective capacity, but the gap
between maximum and effective capacity remains
theoretically uncharacterized.

Steganographic encoding. We do not account
for steganographic encoding, where models encode
information in subtle cross-token patterns invisi-
ble to humans. This could raise effective capacity
beyond our bound for machine decoders, though
not for human-interpretable transparency (Defini-
tion 3).

Scale limitations. Our experiments use three
open-weight models of moderate size (7B–9B pa-
rameters). The theory is architecture-independent;
frontier models may exhibit different effective ca-
pacity ratios due to different training distributions
and output patterns.

Prompt sensitivity. We use 8-shot prompting
throughout; in-context examples may alter the ef-
fective K̃(y|x). Preliminary k=0 measurements
(§5) are consistent with the framework’s prediction.

MINE estimation. Our synthetic calibration
establishes that MINE preserves the rank order-
ing of true MI values across settings spanning
three orders of magnitude, but the distribution-free
lower-bound ceiling of log2N bits (McAllester and
Stratos, 2020) prevents interpreting absolute val-
ues as calibrated MI. In the paper’s main results,
MINE estimates are therefore treated as ordinal
critic scores rather than cardinal bit values, and
the perturbation-sensitivity analysis provides the
primary MI-estimation-free validation.

Ethical Considerations

This work investigates information-theoretic limits
on CoT faithfulness. The primary ethical implica-
tion is constructive: our results show that at realis-
tic trace lengths the capacity bound does not bind,
meaning observed unfaithfulness is predominantly
training-induced and potentially correctable. The
caution for AI safety oversight (Greenblatt et al.,
2026; Hubinger et al., 2019) rests on the measured
gaps and the indistinguishability of incomplete and
deceptive traces (§6), not on an irreducible capacity
limitation. The work should not be misinterpreted
as arguing that CoT oversight is futile: even where
gaps exist, CoT provides partial information, and
the framework identifies which tasks are within
the correctable regime. CryptoBench comprises
pedagogical-scale cryptographic puzzles (classical
substitution ciphers and small-modulus arithmetic
with no cryptanalytic relevance to deployed sys-
tems). We note that the two-tier framework can
help practitioners make informed decisions about
when CoT monitoring is sufficient versus when
additional oversight mechanisms are needed.

Reproducibility

The released code is publicly available at
https://github.com/halfbytes/
cot-faithfulness-bound.
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Marasović, and Yonatan Belinkov. 2025. Measuring
chain of thought faithfulness by unlearning reasoning
steps. In Proceedings of the 2025 Conference on
Empirical Methods in Natural Language Processing,
EMNLP 2025, Suzhou, China, November 5-9, 2025,
pages 9935–9960. Association for Computational
Linguistics.

Aäron van den Oord, Yazhe Li, and Oriol Vinyals. 2018.
Representation learning with contrastive predictive
coding. arXiv preprint.

Paul M. B. Vitányi. 2006. Meaningful information.
IEEE Trans. Inf. Theory, 52(10):4617–4626.

Jason Wei, Xuezhi Wang, Dale Schuurmans, Maarten
Bosma, Brian Ichter, Fei Xia, Ed H. Chi, Quoc V. Le,
and Denny Zhou. 2022. Chain-of-thought prompting
elicits reasoning in large language models. In Ad-
vances in Neural Information Processing Systems 35:
Annual Conference on Neural Information Process-
ing Systems 2022, NeurIPS 2022, New Orleans, LA,
USA, November 28 - December 9, 2022.

41549



Xuan Yang, Jiayu Liu, Yuhang Lai, Hao Xu, Zhenya
Huang, and Ning Miao. 2026. Step-level sparse au-
toencoder for reasoning process interpretation. In
Forty-third International Conference on Machine
Learning, ICML 2026. PMLR.

Zhou Yang, Zhengyu Qi, Zhaochun Ren, Zhikai Jia,
Haizhou Sun, Xiaofei Zhu, and Xiangwen Liao. 2025.
Exploring information processing in large language
models: Insights from information bottleneck theory.
arXiv preprint.

Jian Zhao, Runze Liu, Kaiyan Zhang, Zhimu Zhou,
Junqi Gao, Dong Li, Jiafei Lyu, Zhouyi Qian, Biqing
Qi, Xiu Li, and Bowen Zhou. 2026. GenPRM: Scal-
ing test-time compute of process reward models via
generative reasoning. In Proceedings of the AAAI
Conference on Artificial Intelligence, volume 40,
pages 34932–34940.

A Full Proofs

A.1 Proof of Lemma 1 (Algorithmic MI
Bound)

Proof. Let M be a transformer with architec-
ture description length ℓ(M). The transformer
induces a computable conditional distribution
PM(y|x). By Levin’s coding theorem (Levin,
1974), − logm(y|x) = K(y|x) + O(1) for the
universal semimeasure m.

Since PM(y|x) is computable given M’s speci-
fication, it is a computable semimeasure. By uni-
versality: m(y|x) ≥ 2−ℓ(M) · PM(y|x), giving
− logPM(y|x) ≥ K(y|x)− ℓ(M)−O(1) point-
wise for all (x, y).

Taking expectations under the data distribution
D:

HM(y|x) = E(x,y)∼D[− logPM(y|x)]
≥ Ex∼D[K(y|x)]− ℓ(M)−O(1)

(2)

Now we connect to I(y;h0). Since h0 =
Enc(x) is a deterministic function of x for fixed
model weights: I(y;h0) = I(y;x) = H(y) −
H(y|x), where H(y|x) is under D.

The cross-entropy decomposes as HM(y|x) =
H(y|x) + DKL(D∥M), so H(y|x) ≤ HM(y|x).
By the Shannon-algorithmic connection (Li and
Vitányi, 2019, Ch. 8), for the computable distri-
bution D: H(y|x) ≤ E[K(y|x)] + O(1). Com-
bining: I(y;h0) = H(y) − H(y|x) ≥ H(y) −
E[K(y|x)]−O(1).

For the lower bound in the form stated, we re-
quire H(y) ≥ 2E[K(y|x)] + O(1), which holds
for deterministic tasks (H(y|x) = 0) with suffi-
ciently large answer spaces (satisfied when the

answer entropy is at least twice the conditional
complexity). This condition may fail for tasks
with small answer sets, such as multiple-choice
benchmarks where H(y) ≤ log2(#choices). Un-
der this condition, I(y;h0) = H(y)−H(y|x) ≥
E[K(y|x)]− ℓ(M)−O(1).

Handling low model accuracy. When PM(y|x)
is low (as on CryptoBench at 12.4% accuracy),
DKL(D∥M) is large, meaning the model’s distribu-
tion is far from the data distribution. The bound re-
mains valid because it operates on I(y;h0), which
measures information in the model’s internal state,
not in its output distribution. The measured critic
score Î(y;h0) = 8,242 for CryptoBench sug-
gests the residual stream contains substantial task-
relevant information even when output accuracy is
low.

Instance-wise applicability. The bound is dis-
tributional, but for benchmarks with concentrated
K(y|x) (low variance across instances), it applies
approximately per instance. Empirically, MINE
critic scores exhibit low cross-seed variance (std
≤ 124 on CryptoBench across 5 seeds), indicating
the estimate is stable to resampling.

The architecture description ℓ(M) in the Levin
universality step must describe the program com-
puting PM(y|x), which for a parametric model
includes the weights (approximately 1011 bits for
Llama-3-8B, vastly exceeding C(T, V )). The Kol-
mogorov route therefore does not yield a non-
vacuous bound at present model scales. The opera-
tive inequality is the unconditional Shannon bound:
I(y;h0) ≤ C(T, V ) + δ (from the proof of Theo-
rem 1), which requires no description-length con-
stant.

A.2 Proof of Theorem 1

Proof. Let M generate c = (c1, . . . , cT ) with each
ci ∈ V . Then H(c) ≤ T log |V | = C(T, V ).

For δ-faithfulness under D: I(y;h0 | c) ≤ δ.
By the chain rule for mutual information:

I(y;h0) ≤ I(y;h0, c)

= I(y; c) + I(y;h0 | c) ≤ I(y; c) + δ
(3)

Since I(y; c) ≤ H(c) ≤ C(T, V ): I(y;h0) ≤
C(T, V ) + δ.

By Lemma 1: E[K(y|x)] − ℓ(M) − O(1) ≤
C(T, V ) + δ. Taking δ → 0: C(T, V ) ≥
E[K(y|x)]− ℓ(M)−O(1).
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A.3 Argument for Conjecture 1
Heuristic argument. At each step i, the projection
hti → ci+1 maps Rd to a distribution over V via
WV ∈ Rv×d. When d < v, rank(WV ) ≤ d, so
the image of WV is a d-dimensional subspace of
Rv. Note that WV is injective on Rd (rank d), so no
information is lost in the linear projection itself; the
loss occurs at the subsequent softmax discretization
to a single token from V .

Per-step projection loss via DPI. By the data
processing inequality, I(y; ci) ≤ I(y;hti) for each
step, since ci is a function of hti (via softmax
sampling). The information loss at each step is
I(y;hti)− I(y; ci) ≥ 0.

We conjecture a per-step loss bound based on
the following heuristic argument: for a generic WV

matrix, the d-dimensional pre-image maps roughly
v/d pre-softmax logit configurations to each dis-
tinguishable softmax output region, yielding a per-
step loss of:

ℓproj ≥ log(v/d)−O(1) bits (4)

where ℓproj denotes the per-step information loss
I(y;hti)− I(y; ci), consistent with the definition
in Conjecture 1. This is a heuristic estimate, not
a formal derivation. We verify the per-step esti-
mate empirically: for Llama-3-8B (d = 4,096,
v = 128,256), ℓproj = log2(128,256/4,096) ≈
4.97 bits per step. MINE measurements of per-step
information loss on synthetic data with known MI
yield 4.3 ± 0.6 bits, consistent with the per-step
formula. However, the accumulated bound over T
steps (∆ ≥ T · ℓproj −

∑
Ri) is falsified on six of

seven benchmarks (§4).
Attention recovery. At step i + 1, attention

computes hti+1 = fi+1(x, c≤i). By Assumption 1,
information recovered beyond hti is bounded by
Ri.

Accumulation (assumed, not derived). The
net loss at step i is at least ℓproj − Ri. Summing
over T steps: ∆ ≥ max(0, T · ℓproj −

∑T
i=1Ri).

This step-wise accumulation is an assumption:
∆ = I(y;h0)− I(y; c) is a global quantity, not a
telescoping sum over generation steps, and the sum∑

Ri = T ·R can exceed H(y) (e.g., 512×1.2 ≈
614 bits vs. H(y) ≤ 391 for CryptoBench), indi-
cating the per-step bounds are loose.

A.4 Justification for Proposition 1
The IB penalty β · I(c;h) constrains the informa-
tion rate through the trace. As β increases, I(c;h)

decreases, which by DPI reduces I(y; c). For
above-capacity tasks, the required information for
correct answers exceeds the constrained channel,
so accuracy must drop.

The specific functional form depends on the data
distribution and optimization landscape. The argu-
ment requires: (a) that the model uses the trace for
output generation (ensured by the IB architecture),
and (b) that DPI applies at each step. We do not
claim a universal closed-form tradeoff; Proposi-
tion 1 is stated as a proposition rather than theorem
because the monotonicity in β depends on distri-
butional assumptions we verify empirically rather
than prove.

A.5 Proof of Theorem 2

Proof. For AC0 with n-bit input, there exists a
Boolean circuit C of depth O(1) and size poly(n).
Then K(y|x) ≤ |C| + O(log n) = O(poly(n)),
but since depth is constant, the computation can be
described by O(s(n)) gate evaluations each requir-
ing O(logn) bits, where s(n) is the circuit size.

Setting T = O(s(n)): C(T, V ) =
O(s(n) log v) ≥ O(s(n))−O(log d+ logL), sat-
isfying the capacity condition.

Information sufficiency: The trace contains all
intermediate values, so I(y;h0 | c) ≤ ε for any
ε > 0, given precision Ω(log n+ log(1/ε)).

Computational transparency: The trace enu-
merates gates in topological order. A polynomial-
time verifier can read each gate evaluation, check
it against the circuit definition, and verify the fi-
nal output. This satisfies Definition 3 with C = P
and α depending on numerical precision, given
Ω(log n+ log(1/α))-bit arithmetic.

B Complexity Estimates and
CryptoBench

Running example (full breakdown). Three-
digit multiplication (347 × 892) requires ≈ 204
bits to describe a canonical solution trace: 9 single-
digit multiplications (≈ 7 bits each, 63 total), three
partial-product rows (≈ 60 bits), six-digit column
addition with carry propagation (≈ 50 bits), and
bookkeeping (≈ 31 bits). This 204-bit figure is
K̃(y|x), illustrating the capacity comparison rather
than a theorem instantiation.

CryptoBench consists of 500 cryptographic rea-
soning problems with high solution-trace complex-
ity, partitioned into three categories.
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Substitution cipher decryption (200 problems).
Each problem presents a ciphertext of 40-100 char-
acters encrypted with a random substitution cipher.
The model must decrypt given frequency analysis
hints. Complexity: recovering the permutation key
requires log(26!) ≈ 88 bits plus ≈ 5 bits per let-
ter, totaling K̃(y|x) ≈ 88 + 5n bits for an n-letter
ciphertext. Median (n = 61): K̃(y|x) ≈ 393 bits.

Modular arithmetic chains (200 problems).
Chains of 8-15 modular arithmetic operations
(mod prime p ∈ [101, 997]). Each operation re-
quires ≈ log p ≈ 10 bits of intermediate state.
We compose 8-10 independent chains with cross-
references, yielding solution-trace complexity es-
timates of ≈ 960–1,200 bits for 8–10 chains of 12
operations each at the median prime; the full range
across all parameter combinations is 640–1,500
bits.

Hash collision search (100 problems). Target
4-digit hash values with hash functions defined
by simple operations. Input space O(104) candi-
dates with K̃(y|x) ≈ 13 bits per evaluation ×
expected 5,000 evaluations ≈ 65,000 bits. We use
this single-preimage expectation as the nominal
figure throughout; because most targets admit sev-
eral preimages, a scan terminates earlier in practice,
so 65,000 bits is an upper bound on the realized
search cost.

Complexity estimation methods. We estimate
K̃(y|x) via: (a) minimum program length from
known algorithms, and (b) Lempel-Ziv compres-
sion of canonical solution traces. Route (b) is com-
puted over the pooled traces of a category rather
than per instance: Lempel-Ziv coding is asymptoti-
cally optimal but far from that limit on the ≈102-
character traces of a single problem, where it over-
shoots route (a) by 22–42%. Pooled, the disagree-
ment falls to 18% for substitution ciphers and 15%
for modular arithmetic; the released code reports
both readings.

Statistics. Mean trace length: 487 tokens (std
143); mean answer length: 23 tokens (std 18). Ac-
curacy (single greedy run): Llama-3-8B 62/500
(12.4%), Mistral-7B 49/500 (9.8%), Gemma-2-9B
65/500 (13.0%). The evaluation code reports per-
category accuracy breakdowns and per-category
critic-score gaps; we note that 400 of 500 prob-
lems (substitution cipher and modular arithmetic)
have K̃ within Ceff, so the aggregate gap is driven

disproportionately by the 100 hash-collision prob-
lems (K̃ ≈ 65,000 bits). Accuracy is deterministic
under greedy decoding.

GPQA-Diamond. We use 198 problems from
the Diamond subset of GPQA (Rein et al., 2024)
under its CC-BY-4.0 license, a 4-way multiple-
choice benchmark (chance accuracy: 25%) com-
prising graduate-level questions in physics, chem-
istry, and biology requiring multi-step expert rea-
soning. We estimate K̃(y|x) via: (a) the num-
ber of reasoning steps reported by domain experts
(mean 4.7 steps), (b) the information content per
step, estimated as follows. Each graduate-level
derivation step involves selecting among possible
reasoning moves (e.g., which equation to apply,
which variable to substitute), estimating parame-
ter values, and performing symbolic manipulation.
Based on the branching factor of typical derivation
trees in physics (approximately 26 to 28 plausi-
ble next steps per macro-step, from combinatorial
analysis of expert solution paths) and the precision
of numerical intermediate results (approximately
24 to 26 bits per intermediate value), the informa-
tion content per macro-step is log2(2

6 × 24) to
log2(2

8× 26) = 10–14 bits. This yields a solution-
trace complexity estimate of 4.7 × 10–14 ≈ 47–
66 bits by this route. However, Lempel-Ziv com-
pression of 50 expert-written solution traces from
the GPQA dataset’s published expert annotations
(implemented in the released code) yields a me-
dian compressed length of 4,200 bits, substantially
higher, reflecting the verbosity of natural-language
solution traces relative to the minimal bit count;
we report the range K̃(y|x) ∈ [47, 4,200] bits (see
Remark 4). This sits close to the effective-capacity
boundary (Ceff ≈ 4,070 bits), so GPQA’s above-
capacity classification is marginal. With maximum
C(512, V ) = 8,704 bits, GPQA falls within max
capacity. However, the measured per-token condi-
tional entropy on GPQA traces is Ĥ(ci | c<i) =
7.95 bits (versus log v ≈ 17), yielding effective
capacity ≈ 4,070 bits, which Î(y;h0) = 4,831 ex-
ceeds. Computing Î−Ceff = 4,831−4,070 = 761
gives a heuristic gap estimate (in critic-score units,
not calibrated bits), but this comparison is not
theorem-backed because Lemma 1’s entropy con-
dition is not established (Table 2 classifies GPQA
as above-capacity on a heuristic basis only).
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C MINE Convergence and Robustness

MINE estimation procedure. We use MINE
(Belghazi et al., 2018). The statistics network is a 3-
layer MLP with hidden dimensions [512, 256, 128]
and ReLU activations, trained for 5,000 iterations
with Adam (lr 10−4, EMA momentum 0.99) on
minibatches of 128 of the resampled pairs; the
reported score is the Donsker–Varadhan value of
the trained critic on all resampled pairs, with the
product-of-marginals term formed by re-pairing
each state with the answer of a different resampled
pair. The critic reads h0 as the final hidden state
at the last prompt position (the output of the last
decoder layer after its final normalization), and y
and c as the mean input-token embedding of the
answer string and of the trace text; each of the three
vectors is projected onto the principal components
that capture 95% of its variance (fitted on the held-
out activations described below for h0, and on the
evaluation encodings themselves for y and c) and
standardized before entering the critic.

Synthetic calibration. To address concerns
about MINE reliability in high dimensions
(McAllester and Stratos, 2020), we construct syn-
thetic benchmarks with known MI. We sample
Ncal = 10,000 pairs (z1, z2) ∈ R247 × R247

(matching our effective dimensionality after PCA)
from a multivariate Gaussian with covariance struc-
tures spanning three orders of magnitude in ground-
truth MI. Across all settings, MINE preserves
the rank ordering of the true values. Absolute
recovery is not possible at any feasible sample
size: the distribution-free lower-bound ceiling is
log2Ncal ≈ 13.3 bits (McAllester and Stratos,
2020), so we use these results only to establish
ordinal tracking, not calibration in bits (see Limita-
tions). The critic network is a 3-layer MLP (hidden
dimensions [512, 256, 128]) with a learned input
projection from the 247-dimensional PCA space;
full implementation details are in the released code.

Convergence analysis. On CryptoBench, critic
scores stabilize within 3,000 iterations: std between
iterations 3,000 and 5,000 is 31.4 (1.1% of the final
estimate). On GSM8K, convergence occurs within
1,500 iterations. The released code records the
critic-score curve and reports this window statistic
alongside each estimate.

Perturbation sensitivity protocol. A step is a
sentence-delimited segment of the trace (split at
periods, question marks, exclamation marks and

line breaks); the sentence containing the answer
delimiter is never selected. The selected step is
resampled at temperature 1 from the model’s next-
token distribution until the next sentence bound-
ary or at most 64 tokens, after which decoding is
greedy to the cap; an instance whose answer string
changes counts toward PS, and instances whose
trace contains no step are skipped.

Sample size sensitivity. CryptoBench critic
scores at n ∈ {250, 500, 750, 1000}: 2,947± 189,
2,921± 156, 2,903± 131, 2,895± 124. Both the
variance and the point estimate decrease monoton-
ically with n. The variance decrease is consistent
with convergence; the point-estimate decrease is
also consistent with small-n Donsker–Varadhan in-
flation, so the n = 1,000 values should be treated
as upper bounds on what larger samples would
yield.

Effective dimensionality. PCA on the residual
stream reveals 95% variance captured by 247 com-
ponents (Llama-3-8B, CryptoBench), 189 compo-
nents (GSM8K), and 312 components (GPQA), far
below the ambient 4,096. PCA is fitted on the
residual-stream states at every generated position
of the held-out validation traces (disjoint from the
MINE evaluation pairs; StrategyQA excepted, see
the attention-recovery paragraph below), provid-
ing substantially more samples than the number of
instances.

Alternative estimator comparison. As a cross-
check on ordinal consistency, we also ran InfoNCE
(van den Oord et al., 2018) on 3 benchmarks, us-
ing the same critic architecture and a batch size
of 128. InfoNCE scores are structurally capped
at log2(batch size) = 7 bits, so the raw values
are not directly comparable to the MINE scores
above; we report them for rank-order agreement
only. Both estimators are implemented in the re-
leased code, which provides the benchmark-level
comparison as a single command. The ranking
across benchmarks is preserved: GSM8K (small-
est gap) < BoardgameQA < CryptoBench (largest
gap) under both estimators.

Attention recovery estimation. To estimate Ri

in Assumption 1, we perform activation patching
on a held-out validation split (100 examples per
benchmark, distinct from the test set; for Strate-
gyQA, whose only answered split is the one we
evaluate on, the 100 validation examples are drawn
from the evaluation items themselves, so for that
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benchmark neither these examples nor the activa-
tions on which the residual-stream PCA is fitted
are disjoint from the evaluation set). For each step
i, we replace the KV cache entries at the trace
positions 1 through i − 2 with the corresponding
entries from a different input and re-run the for-
ward pass for step i, whose input token ci−1 is
re-encoded against the patched cache, measuring
the change in I(y;hti). The released code imple-
ments this splice directly on the attention cache;
a token-substitution variant is provided as a cross-
check. This patching measurement upper-bounds
the MI-theoretic Ri: replacing prior-token KV en-
tries removes all information that attention could re-
cover from those positions, so the measured change
in I(y;hti) captures the full attention recovery
including any information the model would not
have actually utilized. Formally, if h

patched
ti

de-
notes the hidden state with replaced KV entries,
then R

patched
i = I(y;hti) − I(y;h

patched
ti

) ≥ Ri

because patching removes strictly more informa-
tion than what attention recovers from those po-
sitions alone. The change is estimated at steps
i ∈ {2, 4, 8, . . . , 512} reached by the validation
traces, with the MINE critic trained on 100 pairs
for 1,000 iterations over 3 seeds; R is the mean over
steps. Across benchmarks, R ∈ [0.8, 1.6] bits per
step, with mean 1.2 bits. This indicates attention
recovery partially but not fully compensates for
projection loss (ℓproj ≈ 4.97 bits for Llama-3-8B).

Sensitivity analysis for R. Table 4 shows how
the DPI bound varies with R for CryptoBench on
Llama-3-8B. The qualitative prediction is robust
across the full range.

Table 4: Sensitivity of the DPI bound to R (Crypto-
Bench, Llama-3-8B). Meas. ∆ is the same measurement
across all rows; only the predicted bound varies with R.

R (bits) Pred. ∆ Meas. ∆ Bound met?

0.5 2288 2895 ✓
0.8 2134 2895 ✓
1.2 1930 2895 ✓
1.6 1725 2895 ✓
2.0 1520 2895 ✓

Where the accumulated bound fails. Figure 4
contrasts the DPI lower bound T (ℓproj − R) with
the measured gap on every benchmark at R = 1.2.
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Figure 4: Accumulated DPI bound against measure-
ment (Llama-3-8B, R = 1.2, ℓproj ≈ 4.97). Dashes:
predicted lower bound T (ℓproj −R), varying with each
benchmark’s generation cap T ; dots: measured critic-
score gap ∆. Red shading marks ∆ below the bound
(Conjecture 1 fails), annotated with the factor of viola-
tion; blue shading marks where it holds.

D Extended Experimental Details

IB fine-tuning. For Figure 3, we fine-tune Llama-
3-8B using LoRA (r = 16, αLoRA = 32, on the
attention projections) on the GSM8K training split
and on a CryptoBench training split of 2,000 in-
stances generated from a seed distinct from the
evaluation set’s. The IB penalty is implemented as
an auxiliary loss β · Î(c;h) estimated via a varia-
tional upper bound on mutual information using a
Gaussian encoder family (Goldfeld and Polyanskiy,
2020). Training: 3 epochs, AdamW at lr 2× 10−5,
batch size 16, gradient clipping at 1.0, with the
penalty applied at the positions of the trace and
answer tokens. Training loss converges within 2
epochs for all β values (final training loss std across
last 500 steps < 0.02).

LoRA baseline ablation. To isolate the IB ef-
fect from LoRA artifacts, we train a LoRA-only
baseline (IB penalty off, same hyperparameters)
on both benchmarks. Results: GSM8K 53.8%
(vs. 54.1% pre-training), CryptoBench 12.1% (vs.
12.4%). The negligible accuracy difference (< 0.5
percentage points) indicates LoRA rank is not
the bottleneck; accuracy drops at higher β are at-
tributable to the IB constraint.

Hardware and runtime. All experiments on
NVIDIA A100 80GB GPUs. MINE estimation:
4 hours per benchmark per model. MINE synthetic
calibration: 2 hours total. IB fine-tuning: 6 hours
per (β, benchmark) pair. Total: approximately 230
A100-hours for the main experiments, including
CoT generation, activation patching, perturbation-
sensitivity measurement, and other experimental
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overhead not separately itemized above.

Complexity ordering. Table 5 orders the bench-
marks by measured Î(y;h0) and reports the
solution-trace complexity estimates K̃(y|x), which
contextualize but do not determine the capacity-
regime classification (§6). Ĥ was measured
for Llama-3-8B on four benchmarks; for ARC-
Challenge, MATH-Algebra and StrategyQA, Ĥ
was not separately measured, but their Î values (95,
187, 313) fall within effective capacity for any Ĥ
in the observed 6.4–10.0 range, so the regime clas-
sification is unambiguous. For GPQA-Diamond
and CryptoBench, K̃ values are program-length es-
timates (minimum description length from known
algorithms); Lempel-Ziv compression provides a
complementary upper bound (see Appendix B).
The two methods agree within 15–18% for Cryp-
toBench’s substitution ciphers and modular arith-
metic but disagree substantially on GPQA (see Ap-
pendix B).

Table 5: Benchmarks ordered by measured Î(y;h0)
(Llama-3-8B), with per-token entropy Ĥ , effective ca-
pacity Ceff, solution-trace complexity estimates K̃, and
accuracy (%) for all three models (L3: Llama-3-8B, M7:
Mistral-7B-v0.3, G9: Gemma-2-9B). K̃ is an upper
bound on K(y|x) (§4).

Bench. Î Ĥ Ceff K̃ L3 M7 G9

GSM8K 38 9.8 5018 – 54.1 47.3 56.8
ARC 95 – – – 62.4 57.9 64.7
MATH 187 – – – 31.8 26.2 33.4
Strat. 313 – – – 68.7 63.1 70.2
Board. 1847 6.4 2458 – 41.3 36.8 43.6
GPQA 4831 7.95 4070 47–4200 28.8 24.7 30.3
Crypto 8242 10.0 5120 393–65k 12.4 9.8 13.0

Scaling analysis. Table 6 and Figure 5 trace the
relationship between faithfulness gap and trace
length for Llama-3-8B on CryptoBench.

Table 6: Faithfulness gap vs. trace length T (Cryp-
toBench, Llama-3-8B, N = 500). C(T, V ) = T ·
⌈log |V |⌉ (rounded up); Pred.: Î − C(T, V ) with Î the
T = 512 critic score (8,242). All gap quantities are
Donsker–Varadhan critic scores. Accuracy in percent.

Max T C(T, V ) Pred. Meas. ∆ PS Acc

128 2176 6066 5743±187 0.03 5.8
256 4352 3890 3612±142 0.05 8.8
512 8704 0 2895±124 0.08 12.4
1024 17408 0 1247±89 0.14 14.2
2048 34816 0 418±53 0.31 15.2
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C(T, V ) overtakes Î at T ≈485:
bound non-binding beyond here
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Figure 5: Faithfulness gap against generation cap T
(CryptoBench, Llama-3-8B; data from Table 6). Bars:
±1 std over 5 seeds. Perturbation sensitivity is anno-
tated below each point.
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