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Abstract

Despite the remarkable progress of reinforce-
ment learning for large language models, ef-
fective exploration remains a persistent chal-
lenge, as policies may collapse into recurrent
failure modes and repeatedly generate simi-
lar erroneous behaviors across rollouts. While
classical entropy regularization promotes ran-
domness under the current policy, it provides
limited mechanisms for recognizing and sup-
pressing such recurrent failure patterns over
time. To address this limitation, we propose
MEDS, a Memory-Enhanced Dynamic reward
Shaping framework that augments the reward
signal with informative cues from historical
behaviors. MEDS turns intermediate model
representations into a lightweight behavioral
memory that captures reasoning patterns from
past rollouts, enabling dynamic reward shap-
ing that steers the policy away from recur-
rent failure modes and toward alternative so-
lution paths. Across five datasets and three
base models, MEDS consistently improves
average performance over existing baselines,
achieving gains of up to 4.13 Pass@1 points
and 4.37 Pass@128 points. LLM-based anno-
tations and diversity metrics further confirm
that MEDS promotes more diverse sampling
behaviors. Our code is available at https:
//github.com/Linxi000/MEDS.

1 Introduction

With the advancement of the fundamental capa-
bilities of Large Language Models (LLMs), rein-
forcement learning has achieved significant suc-
cess across various domains (Shao et al., 2024;
Dou et al., 2024; Shojaee et al., 2023). By in-
corporating reward signals, whether derived from
rule-based evaluation (Shao et al., 2024) or proxy
models (Ouyang et al., 2022), LLMs iteratively
alternate between a sampling phase and a gradient-

*Equal contribution.
†Corresponding authors.
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Figure 1: Top: During on-policy optimization, the pol-
icy evolves from a high-entropy distribution into a nar-
row, stable error basin. Bottom left (a): Different errors
share the same failure mode and become progressively
reinforced during training. Bottom right (b): Compari-
son of output diversity between DAPO and our method,
with detailed description provided in Section 4.3.

based optimization phase. As the model’s per-
formance is optimized toward maximizing the ex-
pected return, designing the reward scoring struc-
ture becomes the primary way to guide the model’s
behavior (Swamy et al., 2025).

A well-known failure mode of such on-policy
optimization is that, as training progresses, the pol-
icy often collapses into a narrow and stereotyped
set of behaviors (Yu et al., 2025; Sinha et al., 2026;
Chen et al., 2025a). This degeneration produces
highly repetitive responses that not only weaken
effective exploration and waste on-policy samples,
but also entrench the model in self-reinforcing er-
roneous reasoning trajectories (Zhu et al., 2025a).
A series of works (Haarnoja et al., 2018; Wan et al.,
2026; Mnih et al., 2016) introduce entropy reg-
ularization to promote output diversity by inject-
ing randomness at the level of the current policy
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distribution. However, in LLM reasoning, such
distribution-level stochastic exploration is often in-
sufficient due to the vast action space. Moreover,
as illustrated in Figure 1, once training drifts into
a particular error pattern, the policy repeatedly re-
produces the same mistake by sampling slightly
different reasoning expressions, remaining trapped
in this pattern despite continued optimization over
many steps.

Inspired by the dynamic reward mechanisms
observed in human learning (Holroyd and Coles,
2002), where individuals impose stronger psycho-
logical penalties on recurring mistakes to rein-
force avoidance, we propose a Memory-Enhanced
Dynamic reward Shaping framework (MEDS). Un-
like static reward functions, our method dynami-
cally records historical error patterns and imposes
incremental penalties on repetitive failure paths.
This mechanism not only facilitates the correction
of persistent errors but also encourages the model to
escape local optima, thereby enhancing exploration
in complex solution spaces. We further provide a
theoretical analysis showing that additional penal-
ties on repeated errors can improve performance.

In practice, by reusing the layer-wise logits al-
ready produced during the forward pass, we con-
struct feature vectors of the model’s implicit rea-
soning trajectory. This reuse introduces almost no
additional computational overhead and serves as a
lightweight yet effective representation. We then
maintain an error memory that is updated online
throughout training. By incorporating HDBSCAN-
based clustering (McInnes et al., 2017), this mem-
ory adaptively captures error types and their density
structure, enabling the training objective to adjust
penalty strength according to the recurrence of fail-
ure patterns.

Empirical results across multiple benchmarks
show that our method improves both Pass@1 and
Pass@128 across all three models, with gains of
up to 4.13 points in Pass@1 and 4.37 points in
Pass@128. The largest Pass@128 improvement
is observed on Qwen3-8B, where performance in-
creases from 70.81 to 82.67 on a single dataset,
corresponding to a relative gain of 17%. We also
analyze changes in the model’s exploration behav-
ior, demonstrating that our method increases the
diversity of exploration. In addition, we calcu-
late the consistency between logit-based cluster-
ing and LLM-based clustering, showing that logits
can serve as a proxy for reasoning structure. The
positive correlation between clustering quality and

downstream model performance further validates
the effectiveness of our approach. Our main contri-
butions are summarized as follows:

1. To the best of our knowledge, we are the first
to introduce memory into reward modeling for
LLM reinforcement learning. This approach
provides more effective supervision signals
during training, mitigates repeated errors, and
achieves the best performance across multiple
datasets and models.

2. We provide a theoretical analysis of the effec-
tiveness of the additional penalty mechanism,
offering theoretical support for why our ap-
proach improves learning.

3. We introduce a representation-level criterion
for logical similarity of response that lever-
ages layer-wise logits as a compact and effi-
cient proxy, incurring little additional compu-
tational overhead.

4. We empirically demonstrate that logits are ef-
fective clustering features and that our method
improves model diversity. Further results
show a strong positive correlation between
clustering quality and downstream perfor-
mance, highlighting the importance of rec-
ognizing repeated error patterns.

2 Related Work

2.1 Reinforcement Learning with Verifiable
Rewards

The application of reinforcement learning in LLMs
relies heavily on the design of reward signals.
Reinforcement Learning with Verifiable Rewards
(RLVR) has become the dominant paradigm due to
the simplicity of its reward signals. Representative
works adopt diverse verifiable criteria across tasks.
OpenAI (2024) and Shao et al. (2024) assign bi-
nary rewards based on exact answer matching. Zhu
et al. (2025b) automatically verifies correctness by
executing generated programs in a sandbox. Zhang
et al. (2025a) use both temporal localization quality
and multiple-choice Video QA accuracy as reward
signals. Chen et al. (2025b) employ a multimodal
large language model (MLLM) to evaluate similar-
ity between generated and target images. Zhang
et al. (2025b) adopt metrics such as nDCG@10 as
the primary reward. In all these works, the veri-
fier operates independently within each epoch and
assigns rewards based solely on current samples,
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overlooking useful information in historical trajec-
tories. Our approach instead leverages trajectories
from earlier stages to guide later sampling.

2.2 Reward Shaping for Diversity Exploration
During RLVR training, policy updates tend to over-
optimize dominant solution patterns, leading to col-
lapse of reasoning diversity (Lightman et al., 2024;
Uesato et al., 2022). Traditional approaches miti-
gate this by constraining policy shift via KL reg-
ularization (Ouyang et al., 2022; Schulman et al.,
2017) or encouraging randomness via entropy reg-
ularization (Haarnoja et al., 2018).

Beyond implicit regularization, several works ex-
plicitly reward rare reasoning behaviors. Hu et al.
(2026) cluster rollouts by solution strategy and in-
versely weights advantages by cluster size. Wan
et al. (2026) promote diversity among correct tra-
jectories with token-level entropy regularization.
However, these methods operate only on current-
batch differences and do not track solution patterns
over long-term training history.

To leverage historical information, Song et al.
(2025) introduce UCB-style exploration rewards
based on historical outcome frequencies. Yet it still
lacks fine-grained cross-step reasoning behavior
tracking. Another line of work (Li et al., 2024a;
Yao et al., 2025; Qu et al., 2025; Hazra et al., 2025;
Ma et al., 2024) use external models to adaptively
adjust rewards based on historical performance, but
the additional computational cost limits scalability.
In contrast, our method captures reasoning patterns
via layer-wise logits, enabling history-aware re-
ward adjustment with minimal overhead.

2.3 Inner Thoughts of LLMs
This line of work, which seeks to understand and
utilize how models reason, is an important source
of inspiration for our approach. Meng et al. (2022)
localize factual knowledge in the model by examin-
ing logit changes. Subsequent studies (Templeton
et al., 2024; Olsson et al., 2022; He et al., 2025,
2024b) use Sparse Autoencoders (SAEs) and re-
lated logit-intervention techniques to obtain a more
fine-grained understanding of LLM reasoning pro-
cesses. These efforts have further motivated the use
of logits for analysis and supervision. For example,
Zhao et al. (2025) detect erroneous reasoning by
verifying the inner attribute graph, while Tan et al.
(2025) leverage layer-wise logits to provide more
fine-grained supervision.

A key component of our work is to identify

shared patterns across different reasoning trajec-
tories. Inspired by prior work on logit-based model
analysis, we cluster logits to capture such patterns
without requiring extra models. We describe this
approach in detail in Section 3.3.

3 Method

3.1 Preliminaries
Given an input x ∼ D, the LLM is modeled as
a policy pθ that generates a response sequence
y ∼ pθ(y | x), where y = {y1, y2, . . . , yL} ∈ Y
represents the complete response and yt denotes
the token generated at step t. The response is eval-
uated and mapped to a scalar reward via a reward
function r : X × Y → R. We model the policy
update with the following KL-proximal objective:

max
θ

Ex∼D

[
Ey∼pθ(·|x)

[
r(x,y)

]

− 1

η
KL
(
pθ(· | x) ∥ pref(· | x)

)]

where pref is the reference policy that constrains the
update space, and η is the regularization coefficient
controlling the strength of the constraint.

3.2 Theoretical Benefits of Penalizing
Repeated Errors

With the mathematical formulation above, we theo-
retically analyze the benefits of penalizing repeated
errors.
Theorem 1. Suppose there are two different reward
signals, µ1 = r(x,y) and µ2 = r(x,y) − λc(y),
and let q1 and q2 denote the corresponding updated
policies under these reward signals. Let J(q) =
Ex,y∼q[r(x,y)]. Assume that, for each prompt x,
positive repetition penalties are assigned only to
responses attaining the minimum task reward on
the support of pref(· | x), i.e.,

c(y) > 0 =⇒ r(x, y) = rmin(x),

where rmin(x) := miny∈supp pref(·|x) r(x, y). Then
it holds that

J(q2) ≥ J(q1),

where λ is the repetition penalty coefficient. c(y) :
X × Y → N denotes the indicator of the number
of repeated errors, where a value greater than zero
indicates that y corresponds to an error that has
been repeatedly sampled in the past. The function
r(x,y) is a task-specific scoring function. The
function c(y) increases monotonically with the
number of occurrences.
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Task Specific 

Reward Model

l*(N/2)

l*(N/2)

l*(N/2)

Sample

l*(N )

l*(N−1)

l*(N/2)

l*(2)

l*(1)

A. Logic Feature Extraction B. Memory-based Clustering C. Reward Shaping

The first token of the final answer.

y*

penalty =

Figure 2: Overview of MEDS. The process consists of three stages: (A) Logic Feature Extraction: For an input
x, we sample a response ỹ and extract a logic feature vector f(ỹ) from the layer-wise logits of the first token y∗ in
the final answer, using the latter half of the Transformer layers to capture reasoning patterns. (B) Memory-based
Clustering: We maintain a per-prompt error memory Gx and apply HDBSCAN to group historical responses
with similar logic features. (C) Reward Shaping: For a response assigned to cluster Ck, we compute a penalty
min(α log(|Ck|+ 1), β) proportional to the cluster size, and adjust the reward as r̃(x, ỹ) = r(x, ỹ)− penalty.

We provide a detailed proof in Appendix B. In-
tuitively, repeatedly sampled errors indicate higher
probability mass under the current policy, and
adding an extra penalty helps reallocate this prob-
ability. Since the penalty is applied to repeated
errors, the expected return is non-decreasing from
the perspective of optimization. The indicator
function acts as a memory for the reward model
and adjusts the score based on the historical
sampling behavior of the policy. Appendix C dis-
cusses clustering noise in the penalty mechanism.

3.3 Logic Feature Extraction

When implementing the indicator function c(y),
the key aspect is to handle the relationships among
different responses. To do so efficiently, we directly
reuse the layer-wise logits of each response.

Specifically, suppose the final answer tokens
are {yL−t, . . . , yL} ⊂ {y1, . . . , yL}, and let y∗ =
yL−t denote the first token of the final answer. The
corresponding logits at each layer n are l

(n)
yL−t ∈

RV , where V is the size of vocabulary. We se-
lect the logit corresponding to this token position,
denoted as l∗(n) ∈ R, and aggregate them across
layers. The evolution of logits for the final answer
depends on feature activations across different lay-
ers (Templeton et al., 2024), and therefore contains
information about the model’s internal reasoning
process. Figure 3 provides an intuitive illustra-
tion of this process. We also present further exam-
ples in Section 4.4, showing that this correlation

construction captures more fundamental similari-
ties than approaches based solely on surface-level
string matching. The logits vector can be processed
in several ways. The two most straightforward ap-
proaches are direct aggregation and aggregation
after differencing. For clarity, we adopt the direct
aggregation approach in our description here and
compare the performance of several alternatives in
Section 4.6. Since earlier layers typically model
simpler semantic information (Cheng et al., 2026b),
we use the logits from the latter half of the layers.
The resulting feature representation is

f(y) = concat
(
l∗(n) | n =

N

2
, . . . , N

)
∈ R

N
2 .

3.4 Cluster-based Reward Shaping

Based on the constructed response representations,
we can directly compute the indicator function and
perform the corresponding reward shaping. For
each specific prompt x, we maintain a set of feature
representations for all responses sampled across
historical rollouts:

Gx = {f(y1
1), f(y

1
2), . . . , f(y

t
b)},

where b denotes the number of responses sampled
for each prompt and t denotes the training epoch.
We then apply HDBSCAN clustering on this set to
obtain

Gx = {C1, C2, . . . , CK , Cnoise},
44951
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where Ci denotes the i-th cluster, and the number
of clusters K is determined dynamically.

For a specific response ỹ, let Ck denote the clus-
ter to which f(ỹ) is assigned, where |Ck| denotes
the size of the cluster. The corresponding indicator
is defined as c(ỹ) = log(|Ck| + 1), a monotoni-
cally increasing transformation of cluster size that
preserves the ordering used in the theoretical anal-
ysis in Appendix B. The reward is then adjusted as
follows:

r̃(x, ỹ) = r(x, ỹ)−min(α log(|Ck|+ 1), β) ,

s.t. f(ỹ) ∈ Ck.

where α and β are hyperparameters controlling
the penalty strength and the upper bound of the
penalty.

4 Experiments

4.1 Experimental Setup

Training Details We train on three base models:
Qwen3-1.7B, Qwen3-8B, and Qwen2.5-Math-7B.
Qwen3-8B and Qwen2.5-Math-7B represent mod-
els with and without explicit reasoning processes,
while Qwen3-1.7B serves as a model with a dif-
ferent scale. The training corpus is constructed by
merging the DAPO-Math-17K dataset (Yu et al.,
2025) with the levels 3-5 of the MATH sub-
dataset (Hendrycks et al., 2021; Liu et al., 2025).
All problems are formatted using the Qwen-Math
template (Appendix A.1). All reinforcement learn-
ing training is implemented based on the verl frame-
work (Sheng et al., 2025).

Building on DAPO, our work further introduces
a clustering penalty term: for each prompt, we
maintain a memory of the logits representations of
incorrect samples, where we concatenate the logits
from the last 14 Transformer layers and apply L2
normalization, then perform clustering in the logit

space using HDBSCAN. During clustering, we set
the minimum cluster size to 2, the minimum num-
ber of samples to 1, and use Euclidean distance
as the distance metric. As for the penalty coeffi-
cients, we set α = 0.1 and β = 0.2 for Qwen3-
1.7B, Qwen2.5-Math-7B, and set α = 0.02 and
β = 0.04 for Qwen3-8B.

In all training runs, we use a prompt-level batch
size of 512 and generate 16 rollouts per prompt; the
maximum prompt length is 1024 tokens. The max-
imum response length is 7168 tokens for Qwen3-
1.7B and Qwen3-8B, and 3072 tokens for Qwen2.5-
Math-7B. To validate our experimental setup, we
reproduce the 32K-context base-model results in
Appendix D. All training is conducted on H200
hardware. Other hyperparameters can be found in
Appendix A.2.

Baselines We compare the proposed MEDS with
two commonly used RL algorithms: GRPO and
DAPO. In addition, as discussed in section 2.2,
we also compare with a approach that encourages
exploration through entropy regularization (Cheng
et al., 2026a). The hyperparameters and training
objectives configurations for these algorithms are
provided in appendix A.2. For reference, we also
report the performance of the base model without
fine-tuning as a baseline.

Evaluation We evaluate our method on five
mathematical reasoning benchmarks covering
different difficulty levels and problem types:
AIME24 (Li et al., 2024b), AMC23 (Li et al.,
2024b), MATH500 (Hendrycks et al., 2021), Min-
erva (Lewkowycz et al., 2022), and Olympiad-
Bench (He et al., 2024a).

For pass@k evaluation, we set the number of
samples to n = 128 and report both pass@1 and
pass@128. During evaluation, we also use the
Qwen-Math template. The temperature is set to 1.0
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Method AIME24 AMC23 MATH500 Minerva OlympiadBench Average
pass@1 pass@128 pass@1 pass@128 pass@1 pass@128 pass@1 pass@128 pass@1 pass@128 pass@1 pass@128

Qwen3-1.7B 22.58 66.67 58.57 87.50 80.86 95.20 37.82 63.60 41.97 64.15 48.36 75.42
+GRPO 18.20 46.67 51.58 92.50 79.58 95.60 38.62 65.81 40.19 70.37 45.63 74.19
+DAPO 13.46 63.33 57.65 95.00 80.25 96.60 39.45 69.49 42.20 77.04 46.60 80.29
+GRPO w/ Entropy Adv 12.50 50.00 51.80 95.00 78.72 94.00 38.91 62.87 38.47 66.96 44.08 73.77
+MEDS 23.65 70.00 65.51 95.00 84.66 97.40 41.77 68.75 46.86 77.63 52.49 81.76

Qwen2.5-Math-7B 6.43 56.67 19.82 92.50 30.84 96.00 6.62 63.24 9.27 70.07 14.60 75.70
+GRPO 23.85 66.67 70.08 97.50 84.10 96.20 39.07 73.16 42.57 73.63 51.93 81.43
+DAPO 32.27 70.00 72.71 97.50 85.61 96.00 43.01 75.74 44.43 75.00 55.61 82.85
+GRPO w/ Entropy Adv 29.74 63.33 70.64 97.50 84.50 96.20 40.68 70.96 42.57 73.63 53.63 80.32
+MEDS 34.32 76.67 74.38 97.50 86.33 96.00 42.51 74.26 44.80 75.56 56.47 84.00

Qwen3-8B 34.51 70.00 65.72 90.00 83.62 95.40 40.90 61.03 44.69 61.63 53.89 75.61
+GRPO 22.45 70.00 58.79 90.00 82.38 95.40 44.07 64.71 44.22 69.78 50.38 77.98
+DAPO 45.42 73.33 81.37 95.00 89.18 96.60 46.82 65.44 52.77 70.81 63.11 80.24
+GRPO w/ Entropy Adv 27.32 63.33 65.49 92.50 85.89 96.00 45.32 65.44 49.92 70.67 54.79 77.59
+MEDS 45.78 76.67 82.62 97.50 92.51 98.20 51.58 68.02 61.12 82.67 66.72 84.61

Table 1: Main results on five mathematical reasoning benchmarks. Best and second-best are marked with bold and
underline; MEDS rows are highlighted.

Method 50 steps (min) 100 steps (min)

DAPO 8.00 8.95
MEDS 8.46 9.73

Table 2: Average per-step training time (minutes) of
DAPO and MEDS on Qwen2.5-Math-7B, measured
over 50 and 100 training steps.

and top-p to 1.0 for all models. The random seed
is fixed to 0, and the maximum number of tokens
is kept consistent with the training configuration.

4.2 Main Results

Table 1 summarizes the performance across three
base models and five mathematical reasoning
benchmarks.

Across all three model scales, our method con-
sistently achieves the best overall performance, out-
performing both the base model and strong base-
lines such as DAPO. This advantage is observed on
both Qwen3-1.7B and Qwen2.5-Math-7B, and be-
comes even more pronounced on Qwen3-8B model,
suggesting that the benefits of our method scales
with the capability of the base model. We also
plot the pass@k curves, where k takes values in
{1, 2, 4, 8, 16, 32, 64, 128}. The corresponding re-
sults are shown in Figure 4, where our method
achieves the best performance in most cases.

Table 2 reports the training efficiency compar-
ison. Our method introduces only a small com-
putational overhead compared with DAPO. Con-
sidering the consistent performance improvements,
this overhead is relatively modest. Appendix H fur-
ther analyzes computational overhead and memory
forgetting.
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Figure 4: Pass@k results for k ∈ [1, 128] (log scale).
Full results are in Appendix O.

Additional appendix studies include robustness
evaluations on additional benchmarks and back-
bones, cross-domain evaluations beyond mathe-
matical reasoning, and comparisons with recent
exploration-promoting baselines (Appendices E–
G).

4.3 Impact on Exploration Behavior

To better understand how our method influences the
model’s exploration behavior during reasoning, we
conduct a detailed analysis from both behavioral
and representational perspectives. Specifically, we
first employ an LLM-based evaluation to measure
Within-Step Diversity and Across-Step Diver-
sity, which capture two complementary aspects of
rollout diversity. We then further analyze the sta-
tistical structure of the logits to provide additional
evidence of diversity at the representation level.

Within-Step Diversity measures the diversity of
rollouts generated by DAPO and MEDS at the
same training step for the same input prompt. Since
the first training epoch is mainly used for memory
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formation and does not involve reward shaping, we
restrict this analysis to checkpoints from the second
epoch, spanning approximately step 20 to step 100.
At each step, we randomly sample 10 groups of
160 rollouts from each method, resulting in 1,600
rollout groups in total, and use Claude-Haiku-4.5
with the prompt in Appendix J to score group-level
output diversity.

Across-Step Diversity instead evaluates whether
later-stage rollouts exhibit new reasoning patterns
relative to earlier ones for the same model and input
prompt. For this purpose, we construct 21 pairs
of data groups with varying step intervals, each
roughly one epoch apart, where each data group
contains 10 rollout groups from DAPO and 10 from
MEDS. Using the same prompt-based protocol,
the LLM compares rollouts from the earlier and
later steps and scores the extent to which the later
outputs introduce novel reasoning patterns. In both
settings, higher scores indicate greater diversity.

Beyond these LLM-based evaluations, we fur-
ther analyze the covariance structure of the stored
logits across all steps and compute the ratio be-
tween the largest eigenvalue and the sum of all
eigenvalues. We refer to this metric as the Top-1
Eigen Ratio. Its formal definition is given in Ap-
pendix L. A smaller value of this ratio indicates a
more uniform spread of the logits across different
directions in the representation space.

Our method improves exploration across multi-
ple metrics. The LLM-based evaluation results
are shown in the bottom-right panel of Figure 1,
and the Top-1 Eigen Ratio results are presented in
Figure 6 (left). We observe that rollout diversity
generally declines as training progresses. However,
our method consistently attains higher exploration
scores than the baseline under both Within-Step
Diversity and Across-Step Diversity. This trend is
further supported by the Top-1 Eigen Ratio, where
our method yields consistently lower values than
the baseline, indicating a more diverse exploration
behavior.

4.4 Logits Can Reflect Reasoning Patterns

To demonstrate that logit vectors capture the under-
lying logical reasoning structure, we first perform
a qualitative analysis of the logit vectors collected
from rollouts across the MEDS training process.
This preliminary analysis suggests that responses
with similar reasoning patterns tend to exhibit sim-
ilar layer-wise logit trajectories across layers.

Cluster B reasoning pattern
• Assume structural from p2

• Derive other quadratic forms under  N
• Fallback to enumeration

• The most common form of such a number is 
p2, where p is a prime number, with factors 1, 
p, p2.

• We need to check next possible forms, such 
as n = p1 · p2 for two different primes.
• Code a solution to check the values directly.
• output: 1342

• The structure of n needs to be such that it 
has divisors of specific forms. A number n = 
p2 has exactly three divisors: 1, p, p2. 
• The simplest structure … two different 
primes, start with factors like n = p1 · p2.
• Examine these cases systematically. We will 
write some code to check these from the 
smallest numbers.
• output: 1342

• Identify the structure of divisors: 1, d, n/d. 
d is a divisor of n other than 1 and n. 
• We need pairs (d, n/d) such that their sum 
is 2021, with both values integers.
• Iterate over divisors d and test by code.
• output: 1349

Cluster A reasoning pattern
• Lock on to p2 premise
• Directly turn to attempt 
systematic numerical enumeration

•  N must have exactly three distinct 
divisors, so the only possible form is 
p2. The divisors of p2 are 1, p, and p2.
• Verify nearby prime values and 
implement Python code.
• output: 1342

• A number with exactly three 
positive divisors must be the square 
of a prime number p. Its divisors are 
1, p, and p2.
• Since the answer to the  equation is 
not an integer, we check nearby 
integer values and verify whether p 
can be prime.
• output: 1351

Question: Call a positive 
integer good if it has three 
distinct positive divisors 
whose sum equals 2022. Find 
the smallest good number.

Ground truth: 1344

A1

B1

A1

B1

Layer 20

Layer 20

Layer 20

A2

A2

B2

B3

B2

B3

Figure 5: Case study. We manually annotate the reason-
ing structures of different responses. The responses are
grouped into Cluster A containing A1,A2 and Clus-
ter B containing B1,B2,B3 by our clustering method.
Although A1,B1, and B2 produce the same incorrect
answer 1342, their reasoning structures are different. A
similar phenomenon can also be observed for the re-
sponses within Cluster B. We visualize the logits using
a heatmap. See Appendix I for the complete result.

Logit patterns reflect reasoning structure Fig-
ure 5 presents a case study example. The logits
show relatively limited variation in the first 20 lay-
ers, where they primarily encode semantic infor-
mation. In contrast, larger changes emerge in the
later layers, where responses with similar reasoning
patterns show clear correlations in their logit vec-
tors, with layer-wise values tending to fall within
similar ranges. Meanwhile, responses following
different reasoning paths remain distinguishable.
We further find that logit patterns reflect not only
the final answer tokens, but also the intermediate
reasoning process. Responses leading to the same
answer may exhibit different logit patterns, while
responses with different answers may still share
similar reasoning behaviors.

4.5 Logits Provide Correct Clustering Signals

To further validate this observation at scale, we
introduce an automated annotation procedure us-
ing Claude-Haiku-4.5 as a proxy annotator. We
randomly sample 800 negative responses from the
entire dataset. Based on 11 common error cate-
gories distilled through manual inspection, we first
ask the proxy model to assign each response to one
of these error clusters. We then sample response
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Method AIME24 AMC MATH500 Minerva OlympiadBench Average
pass@1 pass@128 pass@1 pass@128 pass@1 pass@128 pass@1 pass@128 pass@1 pass@128 pass@1 pass@128

DAPO 32.27 70.00 72.71 97.50 85.61 96.00 43.01 75.74 44.43 75.00 55.61 82.85
MEDS-single cluster 29.70 70.00 73.60 100.00 86.60 96.80 41.20 71.69 44.60 74.52 55.14 82.60
MEDS-28-diff 31.88 70.00 72.34 97.50 85.80 96.00 43.38 73.53 45.48 74.37 55.78 82.28
MEDS-14-diff 32.40 73.33 71.64 100.00 86.40 96.60 43.01 72.43 44.15 74.52 55.52 83.38
MEDS-28 35.63 70.00 73.13 97.50 86.20 96.40 41.90 73.16 44.00 73.78 56.17 82.17
MEDS-14 34.32 76.67 74.38 97.50 86.33 96.00 42.51 74.26 44.80 75.56 56.47 84.00

Table 3: Comparison of different clustering feature constructions on Qwen2.5-Math-7B, including assigning all
logits to a single cluster (single cluster); using adjacent logit differences over 28 layers (28-diff ) or the last 14 layers
(14-diff ); using logits from all 28 layers; and using only the last 14 layers.
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28–diff 52.52
14–diff 54.71
28 53.87
14 61.2

Figure 6: (Left) Top-1 eigen ratio over training steps for
DAPO and Ours. Our method consistently yields lower
ratios at later steps, indicating less concentration on a
single dominant error direction. (Right) Correlation of
different logit aggregation strategies on Qwen2.5-Math-
7B. Single cluster assigns all logits to one cluster; 28
and 14 use direct aggregation over all 28 layers or the
last 14 layers; 28–diff and 14–diff use aggregation over
layer-wise differences between adjacent logits.

pairs and compare whether the two responses be-
long to the same cluster according to both the LLM
annotations and the logit-based clustering. If the
two judgments agree—i.e., both indicate that the re-
sponses belong to the same cluster or both indicate
that they belong to different clusters—we regard
the logit-based clustering as correct for that pair.
The agreement rate is then used as the correlation
metric. The manually defined error categories and
the prompts used for annotation are provided in
Appendix J. Human annotations further validate
this proxy (Appendix K).

Logit clustering serves as an acceptable proxy
for LLM-based clustering Figure 6 (right)
shows the correlation between our logit-based clus-
tering results and the annotations produced by
Claude. With a correlation of 61.2%, the logit clus-
tering exhibits a substantial positive relationship
with the logical similarity identified by the LLM
annotator.

4.6 Clustering Quality Matters

Building on the rich representational signals pro-
vided by logits, clustering features can be con-
structed in multiple ways. We investigate how dif-
ferent feature construction choices affect clustering
quality and how these differences further influence

downstream evaluation performance.
Specifically, we consider several feature con-

struction strategies that vary in the selected layers
and in whether logit differencing is applied. As
a worst-case baseline, we also include a degen-
erate setting in which all responses are assigned
to a single cluster, yielding a trivial clustering
with virtually no discriminative power. All exper-
iments use Qwen2.5-Math-7B and differ only in
the choice of clustering features. Following the
Claude-correlation evaluation protocol described
in Section 4.5, we report the results of different
logit aggregation strategies in Figure 6 (right).

Using the last 14 layers as clustering features
yields the best downstream performance. Ta-
ble 3 reports the results under different feature con-
struction settings. Among all configurations, using
the last 14 layers as clustering features yields the
best performance. In contrast, excluding logits al-
together results in performance worse than DAPO,
while every variant that leverages clustering infor-
mation outperforms the DAPO baseline. This pro-
vides further evidence that logits serve as effective
historical signals for reward shaping. Appendix M
additionally evaluates token-pooled hidden-state
features.

Clustering quality strongly correlates with
downstream performance. Figure 6 (right)
shows that using the last 14 layers as clustering
features achieves the highest agreement with the
Claude annotations, whereas the degenerate single-
cluster setting yields the lowest. More importantly,
the ranking of clustering consistency closely mir-
rors the ranking of downstream performance, sug-
gesting that better clustering yields larger down-
stream improvements. Appendix N compares
HDBSCAN with fixed-k K-Means.

5 Conclusion

In this work, we study recurring error patterns in
reinforcement learning for LLM reasoning and in-
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troduce MEDS, a memory-aware reward shaping
framework that penalizes repeated failure modes.
By reusing layer-wise logits as lightweight tra-
jectory representations, MEDS clusters historical
responses to suppress recurrent errors. Theoreti-
cal analysis and empirical results across multiple
benchmarks show that our method improves rea-
soning performance and exploration diversity, high-
lighting the value of historical trajectory informa-
tion for reward design.

Limitations

The main limitation of our study is that the methods
explored for utilizing logits are relatively simple
and do not incorporate more sophisticated aggrega-
tion functions. It remains unclear whether adopting
more complex aggregation strategies could further
improve performance.
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Appendix

A Implementation Details

A.1 Qwen-Math Template

All problems in our training and evaluation datasets
are processed using the Qwen-Math template,
which provides a standardized format for math-
ematical problem-solving prompts.

<|im_start|>system
Please reason step by step, and put your
final answer within \boxed{}.<|im_end|>

44958

https://doi.org/10.48550/ARXIV.2402.03300
https://doi.org/10.48550/ARXIV.2402.03300
https://doi.org/10.1145/3689031.3696075
https://doi.org/10.1145/3689031.3696075
https://openreview.net/forum?id=0XBuaxqEcG
https://openreview.net/forum?id=0XBuaxqEcG
https://doi.org/10.48550/ARXIV.2601.21669
https://doi.org/10.48550/ARXIV.2601.21669
https://doi.org/10.48550/ARXIV.2601.21669
https://doi.org/10.48550/ARXIV.2509.06941
https://doi.org/10.48550/ARXIV.2503.01067
https://doi.org/10.48550/ARXIV.2503.01067
https://doi.org/10.48550/ARXIV.2503.01067
https://doi.org/10.48550/ARXIV.2512.19673
https://doi.org/10.48550/ARXIV.2512.19673
https://doi.org/10.48550/ARXIV.2512.19673
https://transformer-circuits.pub/2024/scaling-monosemanticity/index.html
https://transformer-circuits.pub/2024/scaling-monosemanticity/index.html
https://doi.org/10.48550/ARXIV.2211.14275
https://doi.org/10.48550/ARXIV.2211.14275
https://doi.org/10.48550/ARXIV.2509.22611
https://doi.org/10.48550/ARXIV.2509.22611
https://doi.org/10.1609/AAAI.V39I25.34922
https://doi.org/10.1609/AAAI.V39I25.34922
https://doi.org/10.48550/ARXIV.2503.14476
https://doi.org/10.48550/ARXIV.2503.14476
https://doi.org/10.48550/ARXIV.2508.04416
https://doi.org/10.48550/ARXIV.2508.04416
https://doi.org/10.48550/ARXIV.2508.04416
https://doi.org/10.18653/V1/2025.EMNLP-MAIN.125
https://doi.org/10.18653/V1/2025.EMNLP-MAIN.125
https://doi.org/10.48550/ARXIV.2510.09312
https://doi.org/10.48550/ARXIV.2510.09312
https://doi.org/10.48550/ARXIV.2510.09312
https://doi.org/10.48550/ARXIV.2506.01347
https://doi.org/10.48550/ARXIV.2506.01347
https://doi.org/10.48550/ARXIV.2506.01347
https://arxiv.org/abs/2505.24183


<|im_start|>user
{problem}
<|im_end|>
<|im_start|>assistant

A.2 Training Hyperparameters and
Objectives

All methods are trained with the Adam optimizer
at a learning rate of 1 × 10−6, weight decay 0.1,
gradient clipping threshold 1.0, and 10 warmup
steps, with a PPO mini-batch size of 16.

GRPO follows the official DeepSeekMath con-
figuration (Shao et al., 2024), with clipping ratio
ϵ = 0.2 and KL penalty coefficient β = 10−3.

DAPO employs decoupled clipping with asym-
metric thresholds εlow = 0.2 and εhigh = 0.28, and
removes the KL penalty term entirely.

GRPO w/ Entropy Adv follows Cheng et al.
(2026a), augmenting the group-relative advantage
with a per-token entropy bonus weighted by α.

The training objectives are defined as follows.

LGRPO(θ) = Eq∼D

[
1

K

K∑

i=1

min

(
ri(θ)Ai,

clip(ri(θ), 1−ϵ, 1+ϵ)Ai

)]
− β DKL[πθ ∥πref ]

(1)

LDAPO(θ) = Eq∼D

[
1

K

K∑

i=1

min

(
ri(θ)Ai,

clip(ri(θ), 1−ϵlow, 1+ϵhigh)Ai

)]

(2)

LGRPO+Ent(θ) = Eq∼D

[
1

K

K∑

i=1

min

(
ri(θ)Ãi,

clip(ri(θ), 1−ϵ, 1+ϵ)Ãi

)]
− β DKL[πθ ∥πref ]

(3)
where the probability ratio, group-relative advan-
tage, entropy-augmented advantage, and per-token
entropy are respectively defined as:

ri(θ) =
πθ(oi | q)
πθold(oi | q)

(4)

Ai =
Ri − mean({Rj}Kj=1)

std({Rj}Kj=1)
(5)

Ãi = Ai + α · Ht (6)

Ht = −
∑

v∈V
πθ(v | q, o<t) log πθ(v | q, o<t) (7)

B Theoretical Proof

Theorem 2. Suppose there are two different reward
signals, µ1 = r(x,y) and µ2 = r(x,y) − λc(y),
and let q1 and q2 denote the corresponding updated
policies under these reward signals. Let J(q) =
Ex,y∼q[r(x,y)]. Then it holds that

J(q2) ≥ J(q1), (8)

where λ is the repetition penalty coefficient. c(y) :
x × Y → N denotes the indicator of the number
of repeated errors, where a value greater than zero
indicates that y corresponds to an error that has
been repeatedly sampled in the past. The function
r(x,y) is a task-specific scoring function.

Proof. For clarity we work pointwise in x and as-
sume Y is finite (the continuous case follows by
replacing sums with integrals). According to the de-
sign that imposes additional penalties on repeated
errors, we have:

c(y1) ≥ c(y2) =⇒ µ(x,y1) ≤ µ(x,y2). (9)

That is, responses with larger repetition count are
not higher-scoring under the task reward.

For any scoring signal µ(x,y), define the KL-
regularized one-step update (for each x) as

qµ(· | x) ∈ argmax
q(·|x)

{
Ey∼q(·|x)[µ(x,y)]

− 1

η
KL(q(· | x) ∥ pref(· | x))

}
.

Using a Lagrange multiplier for the constraint∑
y q(y | x) = 1, the optimizer has the Gibbs

form(Rafailov et al., 2023)

qµ(y | x) = pref(y | x) exp(η µ(x,y))
Zµ(x)

,

Zµ(x) =
∑

y

pref(y | x) exp(η µ(x,y)).

(10)
Let µ1(x,y) = r(x,y) and µ2(x,y) = r(x,y)−
λc(y) with λ > 0, and denote q1 = qµ1 , q2 = qµ2 .

From (10),

q1(y | x) = pref(y | x) exp(ηr(x,y)
Z1(x)

,

q2(y | x) = pref(y | x) exp(ηr(x,y)− ηλc(y))

Z2(x)
.
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Define w(y) := exp(−ηλc(y)) ∈ (0, 1]. Then for
each fixed x,

q2(y | x) = q1(y | x)w(y)∑
y′ q1(y′ | x)w(y′)

=
q1(y | x)w(y)
Ey∼q1(·|x)[w(y)]

.

(11)

Define the per-x expected reward under policy q as

Jx(q) := Ey∼q(·|x)[r(x,y)].

Using (11), we obtain

Jx(q2) =
∑

y

q2(y | x)r(x,y)

=

∑
y q1(y | x)w(y) r(x,y)∑

y q1(y | x)w(y)

=
Ey∼q1(·|x)[w(y) r(x,y)]

Ey∼q1(·|x)[w(y)]
.

(12)

Hence,

Jx(q2)− Jx(q1) =
Eq1 [w r]− Eq1 [w]Eq1 [r]

Eq1 [w]

=
Covq1(r(x,y), w(y))

Eq1 [w(y)]
.

(13)
Since Eq1 [w(y)] > 0, it suffices to show that

Covq1(r(x,y), w(y)) ≥ 0.
Let Y ∼ q1(· | x) and C = c(Y ). Note that

w(Y ) = exp(−ηλC) is non-increasing in C. The
conditional mean r̄x(k) := E[r(x, Y ) | C = k] is
non-increasing in k.

Therefore, by Chebyshev’s rearrangement in-
equality,

E[r̄x(C) exp(−ηλC)] ≥ E[r̄x(C)]

· E[exp(−ηλC)].
(14)

Using the tower property,

Eq1 [r(x, Y )w(Y )]

= E[E[r(x, Y ) | C] exp(−ηλC)]

= E[r̄x(C) exp(−ηλC)].

(15)

Similarly,

Eq1 [r(x, Y )] = E[r̄x(C)],

Eq1 [w(Y )] = E[exp(−ηλC)].
(16)

Thus, Covq1(r(x, Y ), w(Y )) ≥ 0, and (13) im-
plies Jx(q2) ≥ Jx(q1) for all x.

Taking expectation over x ∼ D, we obtain

J(q2) = Ex∼D[Jx(q2)]

≥ Ex∼D[Jx(q1)]

= J(q1).

(17)

This completes the proof.

C Analysis of Clustering Noise

We analyze the effect of clustering noise on the
proposed memory-based penalty. Let

Mij = Pr(Ĉ = j | C = i) (18)

denote the cluster noise matrix, where C is the
true cluster and Ĉ is the cluster predicted by the
clustering algorithm.

Under noisy clustering, the effective penalty as-
signed to cluster i becomes

hi(M) =
K∑

j=1

Mijϕj , ϕi = ϕ(ni), (19)

where ni is the number of historical samples in
cluster i, and ϕ(·) is a monotone penalty function.

The corresponding KL-regularized objective is

pMs = argmax
r

{
K∑

i=1

ri
(
−λhi(M)

)

−KL(r∥p)
}
.

(20)

Let qi denote the marginal utility of further ex-
ploration around cluster i. The intended regime of
our method is

ni ↑ ⇒ ϕi ↑, qi ↓ . (21)

That is, repeatedly sampled clusters receive larger
penalties while offering lower marginal utility.

We model the return under noisy penalty as

J ′′(λ,M) = Jbase + β
K∑

i=1

pλ,Mi qi, (22)

where Jbase denotes the baseline reward achieved
by the current policy. For the unpenalized case,

J(0,M) = Jbase + β
K∑

i=1

p0,Mi qi. (23)

To compare the two returns, we introduce an
interpolation variable s ∈ [0, τλ], which defines a
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continuous path from the unpenalized distribution
to the penalized distribution. The return difference
is then

J ′′(λ,M)− J(0,M)

=

∫ τλ

0

K∑

i=1

qiṗ
M
i (s) ds

= −
∫ τλ

0
CovpMs

(
qC , hC(M)

)
ds.

(24)

Thus, clustering noise affects performance
through the covariance between the marginal utility
qC and the noisy penalty hC(M). If noisy cluster-
ing assigns larger penalties to clusters with higher
marginal utility, then

CovpMs (qC , hC(M)) ≥ 0, (25)

and therefore

J ′′(λ,M)− J(0,M) ≤ 0. (26)

This corresponds to performance degradation.
Hence, the penalty mechanism is effective when
clustering noise preserves the desired ordering,
assigning higher penalties mainly to low-utility
repeated-error clusters rather than promising ex-
ploration regions.

D 32K-context Reproduction of Base
Model Results

Our main experiments use an 8K context length
for fair and computationally feasible comparisons,
whereas the official technical report evaluates base
models with 32K context. To isolate the effect
of context length, we reproduce the Qwen3-1.7B
and Qwen3-8B base-model results on AIME24 and
MATH500 by changing only the context length
from 8K to 32K. The results are summarized in
Table 4.

Setting Model AIME24 MATH500

Pass@1 Qwen3-1.7B 48.67 89.65
Qwen3-8B 75.55 94.69

Pass@128 Qwen3-1.7B 83.33 97.60
Qwen3-8B 93.33 97.80

Table 4: Results under the 32K context setting.

For reference, Table 5 reports the official 32K-
context pass@1 results.

Our reproduction closely matches the official
results, indicating that the gap between our main
base-model results and the official report is largely
attributable to the context-length setting.

Model AIME24 MATH500

Qwen3-1.7B 48.30 93.40
Qwen3-8B 76.00 97.40

Table 5: Officially reported pass@1 results under the
32K context setting.

E Additional Robustness Results

We provide additional robustness evaluations on
AIME 2025 and an extra base model, Llama-3.2-
3B-Instruct, to complement the main results in Sec-
tion 4.2.

E.1 Results on AIME 2025

Table 6 reports results on AIME 2025. MEDS con-
sistently improves over the corresponding DAPO
baseline across model scales, with gains in both
pass@1 and pass@128.

Method pass@1 pass@128

GRPO-1.7B 13.72 36.67
DAPO-1.7B 15.60 53.33
GRPO-Adv-1.7B 22.45 46.67
MEDS-1.7B 20.57 56.67

GRPO-7B 12.55 46.67
DAPO-7B 15.36 53.33
GRPO-Adv-7B 11.33 46.67
MEDS-7B 16.30 56.67

GRPO-8B 6.07 36.67
DAPO-8B 34.30 56.67
GRPO-Adv-8B 9.66 43.33
MEDS-8B 38.00 66.67

Table 6: Additional results on AIME 2025. MEDS
consistently improves over DAPO across the evaluated
model scales.

These results provide additional evidence that
MEDS remains effective on the more recent AIME
2025 benchmark.

E.2 Results on an Additional Base Model

To evaluate generality beyond the Qwen-family
models used in the main experiments, we further
compare MEDS with DAPO on Llama-3.2-3B-
Instruct. The results are summarized in Table 7.

MEDS performs comparably to DAPO under
pass@1 and shows a clearer advantage under
pass@128, suggesting that its benefits extend be-
yond the Qwen-family backbones.
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Setting Method AIME24 AMC MATH500 Minerva OlympiadBench AVG

Pass@1 Llama-DAPO 6.33 23.22 43.07 18.41 13.39 20.89
Llama-MEDS 6.04 23.63 43.23 18.39 13.84 21.03

Pass@128 Llama-DAPO 33.33 90.00 91.60 60.66 62.07 67.53
Llama-MEDS 46.67 95.00 92.20 58.82 61.48 70.83

Table 7: Results on Llama-3.2-3B-Instruct.

F Cross-domain Evaluation on
Non-mathematical Tasks

To examine whether MEDS generalizes beyond
mathematical reasoning, we evaluate it on two
non-mathematical settings: reranking and retrieval-
augmented generation (RAG). These tasks involve
different formats and reward designs, providing a
complementary test of MEDS’s cross-domain ef-
fectiveness.

F.1 Reranking

We evaluate MEDS on reranking following REAR-
ANK (Zhang et al., 2025b), where the reward is
non-binary. The results are shown in Table 8.

MEDS improves over DAPO on most reranking
datasets, suggesting that the memory-based penalty
remains effective beyond binary mathematical re-
wards.

F.2 Retrieval-augmented Generation

We further evaluate MEDS on RAG following
Graph-R1 (Luo et al., 2025). The results are shown
in Table 9.

MEDS outperforms Graph-R1 on EM, F1, and
format score, indicating improvements in both an-
swer correctness and response formatting.

Overall, these results suggest that MEDS ex-
tends beyond mathematical reasoning and remains
applicable across different reward structures and
task formats.

G Additional Exploration-promoting
Baselines

To contextualize MEDS against recent exploration-
oriented RL methods, we include additional com-
parisons with OCB (Song et al., 2025) and
QAE (Wu et al., 2025). These methods primarily
promote exploration through policy-local random-
ness, whereas MEDS modulates the reward sig-
nal using historical sampling behavior, offering a
complementary mechanism for reducing recurrent
failures. The results are summarized in Table 10.

A1 A2 B1 B2 B3

Figure 7: Heatmap in figure 5 with logit values.

Under our reproduction setting, OCB and QAE
do not outperform DAPO overall. This sug-
gests that simply increasing policy-local random-
ness may not reliably improve exploration, while
MEDS provides a more targeted alternative through
memory-guided reward shaping.

H Computation, Memory, and Forgetting
Strategy

We analyze the computational and memory over-
head introduced by the memory-based clustering
module in MEDS. The main additional cost comes
from applying HDBSCAN to the stored feature
vectors, whose optimized complexity can approach
O(n log n), where n denotes the number of sam-
ples used for clustering.

In our implementation, MEDS maintains a sepa-
rate memory for each prompt. Thus, the memory
size for each prompt grows only with the rollout
group size at each training epoch, rather than with
the total number of samples across the full training
set. The stored feature vectors are also compact:
in our main setting, each vector has fewer than
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Method dl19 dl20 covid nfc dbpedia scifact signal news robust04

DAPO 73.61 68.92 77.96 35.72 45.30 72.50 35.85 50.34 56.13
MEDS 73.88 69.72 79.36 36.04 45.63 74.68 34.97 53.10 56.35

Table 8: Results on the reranking task.

Method EM F1 Format

Paper Value – 62.31 –
Graph-R1 54.70 64.10 107.40
MEDS 57.81 65.68 137.80

Table 9: Results on the RAG task.

100 dimensions, as it consists only of layer-wise
logits from selected layers. Consequently, MEDS
introduces limited computational and memory over-
head.

To examine whether MEDS requires retaining all
historical samples, we evaluate a bounded-memory
forgetting strategy that keeps only the most recent
memory entries. This strategy prevents unbounded
memory growth and stabilizes the clustering cost
during training. The results are shown in Table 11.

Table 11 shows that MEDS-Forgetting remains
competitive under the bounded-memory setting,
preserving most of the gains of the full-memory
variant over DAPO. This suggests that MEDS does
not require unbounded memory growth to remain
effective.

I Full Results of Case Study

Question

Call a positive integer good if it has three distinct positive
divisors whose sum equals 2022. Find the smallest good
number.
Ground truth: 1344

I.1 Logit Values

Figure 7 is the logit heatmap in figure 5, which has
logit values on it.

I.2 Cluster A Responses

Response A1 Output: 1342
To solve the problem of finding the smallest good number,
we need to understand that a number is good if it has three
distinct positive divisors that sum to 2022.
A key insight here is that if a number n is a good number,
then it must have exactly three distinct divisors. The only
type of number that has exactly three distinct divisors is
a square of a prime number. This is because the number
of divisors of a number n = pe11 pe22 · · · pekk is given by
(e1 + 1)(e2 + 1) · · · (ek + 1). To have exactly 3 divisors,

the only possible form is p2 because 3 can only be factored
as 3 = 3× 1.
The divisors of p2 are 1, p, p2. We need these to sum to
2022, so we need:

1 + p+ p2 = 2022

This simplifies the equation to:

p2 + p+ 1 = 2022

Rearranging the terms, we get a standard quadratic equa-
tion:

p2 + p− 2021 = 0

We will solve this quadratic equation using the quadratic

formula p =
−b±

√
b2−4ac

2a
:

p =
−1±

√
1 + 4× 2021

2

=
−1±

√
8085

2

We are only interested in the positive value of p, so we need
to check if

√
8085 is an integer. We will calculate

√
8085

and check its value. If 8085 is a perfect square, we can
proceed further.
By calculating, we find that

√
8085 ≈ 89.9166, which is

not an integer. So we need to find the closest prime number.
We check the closest perfect square value and determine:

892 = 7921 and 902 = 8100

Since 8085 lies between these two, we check the values
for the primes near 89 and verify. We check whether we
can substitute 89 into our equation to see if we get a prime
number for p:
If we let p = 89: 892 + 89 + 1 = 7921 + 89 + 1 =
8011 ̸= 2022.
So we will try p = 83: 832 + 83+ 1 = 6889 + 83 + 1 =
6973 ̸= 2022.
This also does not match. We will check p = 83. Let’s
use a closest prime number which might satisfy, let’s take
p = 43: 432 +43+ 1 = 1849+ 43+ 1 = 1893 ̸= 2022.
This does not match either. Let’s check with smaller primes.
We will check p = 41: 412 + 41+ 1 = 1681 + 41 + 1 =
1723 ̸= 2022.
This is still not 2022. Let’s check with p = 47: 472 +47+
1 = 2209 + 47 + 1 = 2257 ̸= 2022.
This also does not work. Now we check p = 43: 432 =
1849, 1849 + 43 + 1 = 1893 ̸= 2022.
Let’s check with larger prime numbers and verify by code
to ensure we get the exact result. We can implement a
Python code to check the values and find the smallest n.
We will start by checking p = 45 as a possible value:
452 = 2025, which is greater than 2022, but let’s proceed
and confirm by code.
We need to find p such that p + 1 + p2 = 2022. Let’s
implement this code to find the exact prime number.
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Setting Method AIME24 AMC MATH500 Minerva OlympiadBench AVG

Pass@1
DAPO 32.27 72.71 85.61 43.01 44.43 55.61
OCB 27.76 64.59 82.02 34.39 36.19 48.99
QAE 25.70 63.54 81.06 35.56 36.83 48.54

Pass@128
DAPO 70.00 97.50 96.00 75.74 75.00 82.85
OCB 60.00 95.00 95.60 80.22 70.37 80.24
QAE 53.33 92.50 95.40 70.59 70.37 76.44

Table 10: Results of additional exploration-promoting baselines.

Method AIME24 AMC MATH500 Minerva OlympiadBench AVG

DAPO 32.27 72.71 85.61 43.01 44.43 55.61
MEDS-Forgetting 33.23 72.66 85.20 44.49 45.48 56.21
MEDS-logits 34.32 74.38 86.33 42.51 44.80 56.47

Table 11: Results of MEDS with a forgetting strategy. MEDS-Forgetting retains only recent memory entries, while
MEDS-logits uses the full memory.

import math

def find_smallest_good_number():
# We will start with the smallest possible
# number and check upwards
num = 1
while True:

divisors = [d for d in range(1, \
num + 1) if num % d == 0]

if len(divisors) >= 3:
divisors = sorted(divisors)[:3]
if sum(divisors) == 2022:

return num
num += 1

smallest_good_number = \
find_smallest_good_number()

print(smallest_good_number)

Output: 1342

The smallest good number, which satisfies the condition
that three distinct positive divisors sum to 2022, is 1342 .

Response A2 Output: 1351
To find the smallest number with exactly three distinct
positive divisors that sum up to 2022, we need to analyze
the structure of such a number. A number with exactly three
positive divisors must be the square of a prime number p,
because its divisors are 1, p, and p2.
Given the condition, if n = p2, then we need 1+ p+ p2 =
2022. We can set up the equation:

p2 + p+ 1 = 2022.

Rearranging gives:

p2 + p− 2021 = 0.

This is a quadratic equation of the form p2 + p− 2021 =
0. We can solve for p using the quadratic formula p =
−b±

√
b2−4ac

2a
, where a = 1, b = 1, and c = −2021. This

gives:

p =
−1±

√
12 − 4 · 1 · (−2021)

2 · 1

=
−1±

√
1 + 8084

2

=
−1±

√
8085

2
.

We are only interested in the positive root, so we compute:

p =
−1 +

√
8085

2
.

We need to check if
√
8085 is an integer, and if −1+

√
8085

2
is a prime number.
First, let’s approximate

√
8085:

√
8085 ≈ 89.9166. So,√

8085 is very close to 90. Let’s check if 90 is indeed
the square root: 902 = 8100, which is slightly larger than
8085. So,

√
8085 ≈ 89.9166 ≈ 90 (not exact, so we

check 89).
Let’s check 89 directly: 892 = 7921, which is smaller than
8085. Let’s check 90: 902 = 8100, which is slightly larger
than 8085. Thus, 89 is closer and we need to check it more
precisely:

892 = 7921 and 902 = 8100.

Since 892 is closer to 8085, we use it:
√
8085 ≈ 89.9166,

and thus:

p =
−1 + 89.9166

2
≈ 88.9166

2
≈ 44.4583,

which isn’t an integer. Let’s check the closest integer values.
We need p to be an integer and prime. Let’s check if 89 is
a solution by substituting it back:

p2 + p− 2021 = 892 + 89− 2021 = 7921 + 89− 2021

= 4078 ̸= 0.

Thus, we check the next closest prime number, and we
know that p must be an integer. So let’s check manually for
the factorization and see if we can find a prime p:

44964



If we try solving the equation directly for integer values:

p2 + p− 2021 = 0 =⇒ p(p+ 1) = 2021.

We look for pairs of factors of 2021. We factorize 2021:

2021 = 43× 47.

We see that 43 and 44 don’t work, but checking 43 directly
in the equation: 432 = 1849 and 43 + 1849 = 1892 ̸=
2022.
Let’s check if there’s a smaller p that works by iterating
through possible prime values. We use Python to automate
checking for the smallest n. We’ll start by finding potential
p values that make 1 + p + p2 = 2022 a valid equation
and check if p is prime.

import math

def is_prime(n):
if n <= 1:

return False
if n <= 3:

return True
if n % 2 == 0 or n % 3 == 0:

return False
i = 5
while i * i <= n:

if n % i == 0 or n % (i + 2) == 0:
return False

i += 6
return True

def find_smallest_good_number():
target_sum = 2022
p = 1
while True:

p_squared = p * p
if 1 + p + p_squared == target_sum:

if is_prime(p):
return p_squared

p += 1

smallest_good_number = \
find_smallest_good_number()

print(smallest_good_number)

Output: 1351

The smallest number that has exactly three distinct positive
divisors summing up to 2022 is 1351 .

I.3 Cluster B Responses

Response B1 Output: 1342
To find the smallest positive integer n that has exactly three
distinct positive factors whose sum equals 2022, we need
to analyze the structure of the factors.
Analysis:
1. Understanding the Factors: For a number n to have
exactly three distinct positive factors, the most common
form of such a number is p2, where p is a prime number.
The factors of p2 are 1, p, and p2.
So, if n = p2, the sum of the factors 1 + p+ p2 = 2022.
Therefore, we have:

p2 + p+ 1 = 2022 =⇒ p2 + p− 2021 = 0

2. Solving the Quadratic Equation: We solve for p using

the quadratic formula p =
−b±

√
b2−4ac

2a
where a = 1, b =

1, and c = −2021:

p =
−1±

√
1 + 4 · 2021
2

=
−1±

√
8085

2

Since p is a prime number, we need to check if
√
8085 is

an integer and if −1+
√

8085
2

is a prime number. We find that√
8085 = 89.917. This means the closest integer value for

the square root is 89. Checking if 89 works:

p =
−1 + 89

2
=

88

2
= 44

But 44 is not a prime number. We need to check the next
possible forms. Another form for having three factors might
be when n = p1 · p2 for two different primes p1 and p2.
However, since p1 · p2 would suggest factors 1, p1, p2, and
p1p2, having exactly three factors requires a form without
additional factors. Instead, let’s examine the simplest form
more closely. Since 44 wasn’t a prime, we incrementally
check the next prime values for p:
Iterating through Prime Numbers:
We should check if the factor forms might lead to other
structures that fit, or directly check if smaller values fit our
sum of three factors form directly.
Let’s code a solution to check the values directly: iterate
through numbers calculating their factors and check the
sum.
Python Code: We will write a Python script to find the
smallest number whose factors sum to 2022. We’ll start
with a function to calculate the sum of the factors and
then iterate over potential candidates. Let’s implement the
solution in Python.

import sympy

def sum_of_factors(n):
# Function to calculate sum of all factors
# of n
factors = set(sympy.divisors(n))
return sum(factors)

# We need to find the smallest n such that
# sum_of_factors(n) == 2022
target_sum = 2022
n = 1

while True:
if sum_of_factors(n) == target_sum:

smallest_good_number = n
break

n += 1

print(smallest_good_number)

Output: 1342

The smallest positive integer n that has exactly three dis-
tinct positive factors whose sum equals 2022 is 1342 .
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Response B2 Output: 1342
To solve the problem of finding the smallest positive in-
teger that has three different positive divisors whose sum
equals 2022, we need to delve into the properties of divi-
sors. Suppose n = pe11 · pe22 · · · pekk is the prime factor-
ization of n. The total number of divisors of n is given
by (e1 + 1)(e2 + 1) · · · (ek + 1). If n has exactly three
positive divisors greater than 1 and these three divisors sum
up to 2022, the structure of n needs to be such that it has
divisors of specific forms.
Analysis
1. The number n cannot be a perfect power of more than
one prime because it would have more than three divisors.
Hence, we must look for specific structures.
2. A number n that is a perfect square of a prime, i.e.,
n = p2, will have exactly three divisors: 1, p, and p2. But
since we require three different divisors greater than 1, we
realize p itself should be considered as having divisors p
and p2 along with a new third different divisor (other than
p and p2). So let’s consider the structure that has more than
just those simple prime power forms.
Since the simplest structure is a product of two different
primes, let’s start with factors like n = p1 · p2. Such n
would have divisors 1, p1, p2, and p1p2. But since we want
exactly three different positive divisors (excluding 1) that
sum to 2022, let’s look into it systematically.
We will check numbers of the form p2 · q, since it would
have divisors 1, p, q, p2, pq, p2q. Here we are interested in
checking p2, pq, p2q or similar other combinations. How-
ever, another approach is checking sums systematically for
candidate numbers directly.
We will write some code to check these systematically to
find the smallest n such that three of its distinct divisors
(excluding 1) sum to 2022. The plan is to check each
number’s divisors and see if any three of them (excluding
1) sum up to 2022. We’ll start from the smallest numbers.
We will write a function to get the divisors of a number and
then check the sums.

def get_divisors(n):
"""
Returns a sorted list of all divisors of n.
"""
divisors = set()
for i in range(1, int(n**0.5) + 1):

if n % i == 0:
divisors.add(i)
divisors.add(n // i)

return sorted(divisors)

def has_three_divisors_summing_to_target(n, \
target):

"""
Checks if there are three distinct divisors
(excluding 1) that sum to target.
"""
divisors = get_divisors(n)
if 1 in divisors:

divisors.remove(1)
for i in range(len(divisors)):

for j in range(i + 1, len(divisors)):
for k in range(j + 1, \

len(divisors)):
if divisors[i] + divisors[j] \

+ divisors[k] == target:
return True

return False

def find_smallest_good_number(target):

n = 2
while True:

if has_three_divisors_summing_to_targ ⌋
et(n, target):

return n
n += 1

# We are looking for the smallest number such
# that 3 different divisors (excluding 1) sum
# to 2022
smallest_good_number = \

find_smallest_good_number(2022)
print(smallest_good_number)

Output: 1342

The smallest positive integer n such that three of its distinct
positive divisors (excluding 1) sum to 2022 is 1342 .

Response B3 Output: 1349
To solve this problem, we need to find the smallest positive
integer n that has three distinct divisors d1, d2, and d3 such
that their sum is 2022. Let’s break down the problem step
by step.
1. Identify the Structure of Divisors:

• For a number n to have three distinct divisors, they
must be in the form 1, d, n

d
where d is a divisor of n

other than 1 and n. The sum of these three divisors
is 1 + d+ n

d
= 2022.

• This equation can be rearranged to: 1+d+n
d
= 2022

or d+ n
d
= 2021. Thus, n = d(2021− d).

2. Find the Smallest n:

• We need to find pairs (d, n
d
) such that their sum is

2021 and d ̸= 1, n
d

. Both d and n
d

must be integers,
so d must be a divisor of n and 2021− d must be an
integer greater than d (because d ̸= n

d
).

• The smallest possible d greater than 1 is 2, but let’s
check all possible values systematically.

We’ll iterate over possible divisors d that are less than√
2021 ≈ 44.95. Any divisor d must satisfy d < 1011

since if d ≥ 1011, 2021 − d ≤ 1010, and their product
would not be n. Let’s write a Python code to iterate and
find the smallest n.
We’ll check each integer d from 2 up to 1010 (since d ̸= 1
and d cannot be greater than or equal to 1011) to see if
2021− d is an integer and if it’s greater than d. For each
valid d, we’ll compute n = d× (2021− d) and check if
the sum of the divisors 1 + d+ n

d
= 2022. We will then

keep track of the smallest n found.
Let’s write the Python code to implement this approach:

def smallest_good_number(target_sum):
# Using a large initial value
smallest_n = float('inf')

# We start from 2 since 1 is the smallest
# possible divisor
for d in range(2, target_sum // 2):

if (target_sum - d) > d and d * \
(target_sum - d) > 0:

n = d * (target_sum - d)
if len(divisors(n)) == 3 and \

sum(divisors(n)) == target_sum:

44966



smallest_n = min(smallest_n, n)

return smallest_n

def divisors(n):
divs = []
for i in range(1, int(n**0.5) + 1):

if n % i == 0:
divs.append(i)
if i != n // i:

divs.append(n // i)
return sorted(divs)

target_sum = 2022
smallest_n = smallest_good_number(target_sum)
print(smallest_n)

Output: 1349

The smallest positive integer that has three distinct positive
divisors whose sum is 2022 is 1349 .

J Prompts

Prompt used in Figure 1, Within-Step Diver-
sity

System Prompt:
You are an expert evaluator for AI model outputs. Your
task is to assess, for each group of answers independently,
how diverse or varied the answers WITHIN that group are.
Focus on whether answers in the same group share the
same reasoning approach, arrive at the same conclusion,
and have similar quality.
User Prompt:

## Question
{q_trunc}

---

## Group A — {len(orig_answers)} answer(s)
{fmt_answers(orig_answers)}

---

## Group B — {len(filt_answers)} answer(s)
{fmt_answers(filt_answers)}

---

## Task
For **each group independently**, rate the
INTERNAL DIVERSITY of the answers within that
group on a scale from 1 to 5:

1 = All answers are nearly identical — same
reasoning path, same final answer, just minor
wording differences
2 = Mostly similar — same general approach but
slight variations in steps or details
3 = Moderately diverse — some answers take a
noticeably different approach or differ in
quality
4 = Highly diverse — answers use clearly
different methods, or some are correct while
others are wrong
5 = Extremely diverse — answers are completely
different in approach, quality, or conclusion

Consider for each group:
- Do all answers reach the same final answer?
- Do they all use the same mathematical method
or strategy?
- Is there variation in correctness or
reasoning quality?

Respond with ONLY the following two lines (no
explanation):
Group A Score: <integer from 1 to 5>
Group B Score: <integer from 1 to 5>
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Prompt used in Figure 1, Across-Step Diver-
sity

System Prompt:
You are comparing two groups of answers generated by the
same model at two different training stages for the same
math question.
User Prompt:

## Question
{q}
---
## Group A (earlier training stage) —
{len(answers_step1)} answer(s)
{fmt(answers_step1)}
---
## Group B (later training stage) —
{len(answers_step2)} answer(s)
{fmt(answers_step2)}
---
## Task
Compare Group B against Group A and judge
whether Group B contains any NEW and DIFFERENT
reasoning paths.
Definition:
- A "reasoning path" means the core line of
reasoning, solution strategy, or analytical
framework used to answer the question.
- Count a path as "new" only if Group B uses a
substantively different reasoning idea that
does not appear in Group A.
- Differences in wording, order, formatting, or
level of detail do NOT count as a new reasoning
path if the core reasoning is the same.
Scoring rule:
- Score 1: Group B has 0 new reasoning paths
compared with Group A
- Score 2: Group B has 1 new reasoning path
compared with Group A
- Score 3: Group B has 2 or more new reasoning
paths compared with Group A
Important:
- Focus only on whether Group B introduces new
reasoning paths relative to Group A.
- Do not score based on correctness, quality,
or final answer unless they reflect a
genuinely new reasoning path.
- Each group has at most 3 answers, so cap the
score at 3.
Respond with ONLY the following line (no
explanation):
Score: <integer from 1 to 3>

Prompt used in 4.5

User Prompt:

The following answer is wrong. Analyze the
reasoning errors and categorize it into the
following categories:

<error_category_list>
Completely irrelevant response
Misinterpretation of problem setup
Incorrect mathematical modeling
Unverified assumptions
Probability and statistics error
Incorrect use of mathematical theorems /
formulas / principles
Errors in basic calculations
Miscounting error
Missing cases or edge cases
Implementation or algorithmic error
Self-contradiction or abandonment of correct
intermediate result

</error_category_list>

<question> {question} </question>
<ground_truth> {ground_truth} </ground_truth>
<answer> {answer} </answer>

Output format:
<result>
<mistake_analysis>
Step-by-step analysis of the reasoning
process and where it goes wrong.

</mistake_analysis>
<error_category>
One of the categories in the error category
list.

</error_category>
</result>
</think>

K Human Annotation Protocol and
Agreement

To validate the reliability of the LLM-based annota-
tion procedure used in Section 4.5, we conduct an
additional human annotation study. We randomly
sample 140 rollout pairs and ask human annota-
tors to judge whether the two responses in each
pair share the same core reasoning error. After col-
lecting the human annotations, we compute their
agreement with the pairwise judgments derived
from Claude’s error-category annotations.

We invite two independent undergraduate anno-
tators with STEM backgrounds to participate in
the manual annotation process. Each annotation
sample consists of the same math problem, the
ground-truth answer, and two incorrect responses.
Annotators are asked to determine whether the two
incorrect responses share the same core reasoning
error. They can choose from three labels: same,
different, or unsure.
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We instruct annotators to focus on the main rea-
soning failure that leads to the incorrect answer,
rather than judging based on the final answer, ex-
pression style, LaTeX formatting, or code similar-
ity. If a response contains multiple errors, annota-
tors are asked to focus on the first error that appears.
If two responses arrive at the same final answer but
follow different reasoning processes, they should
be labeled as different.

The detailed instructions given to the annotators
are shown below.

Instructions for Human Annotation

Annotation Instruction:

The following samples are responses to the
same problem.

You need to determine whether their error
types are the same.

- If the two responses share the same core
reasoning error, label them as `same`.

- If the main reasons for failure are
different, label them as `different`.

- If the relationship between the two responses
cannot be determined, label them as `unsure`.

If a response contains multiple errors, focus
on the first error that appears.

If the two responses arrive at the same final
answer but follow different reasoning
processes, they should be labeled as
`different`.

Please try to avoid using the `unsure` label
whenever possible.

Before annotation, we use the examples provided
in the paper as guidance and explain the annotation
process in detail.

The annotators then label their assigned samples
independently.

We conduct two rounds of independent annota-
tion and obtain 139 valid pairs in total after filtering
invalid or unsure cases.

Table 14 shows the merged confusion matrix,
where Same and Different indicate whether human
annotators judge two errors as the same or different
error types.

Based on the confusion matrix, the overall agree-
ment between the method-based judgments and
human annotations is 75.5%. The agreement is
76.9% for same-cluster judgments and 74.7% for

different-cluster judgments. The pairwise recall is
64.5%, and the pairwise F1 score is 70.2%. The
resulting metrics are summarized in Table 15.

These results support the reliability of Claude as
a proxy evaluator for large-scale error annotation.

L Top-1 Eigen Ratio

We provide a formal definition of the Top-1 Eigen
Ratio. Let Σ ∈ Rd×d denote the covariance ma-
trix of the stored logits, and let its eigenvalues be
ordered as λ1 ≥ λ2 ≥ · · · ≥ λd ≥ 0. The Top-1
Eigen Ratio is defined as

Top-1 Eigen Ratio =
λ1∑d
j=1 λj

.

Intuitively, λ1 measures how much variance in
logit space is explained by the dominant principal
direction, while

∑d
j=1 λj corresponds to the total

variance.

M Additional Representation Analysis

Our logits-based representation is motivated by the
observation that layer-wise logits of the first answer
token provide a compact signal of how the model
accumulates evidence toward its final prediction.
Compared with later tokens, which are more tied to
semantic completion, the first answer token offers
an efficient representation for clustering prediction-
relevant behavior.

To examine whether richer representations pro-
vide stronger clustering signals, we evaluate a
hidden-state pooling variant that aggregates hid-
den states over all response tokens. The results are
shown in Table 12.

Table 12 shows that hidden-state pooling also
improves over DAPO, but remains slightly weaker
than the logits-based representation. This suggests
that richer token-level aggregation provides use-
ful clustering signals, while first-token layer-wise
logits offer a simpler and more effective alternative.

N Comparison between K-Means and
HDBSCAN

We compare HDBSCAN with K-Means to exam-
ine the effect of the clustering algorithm. MEDS
adopts HDBSCAN because it does not require a
predefined number of clusters, which is desirable
since error patterns can vary across prompts and
training stages. In contrast, K-Means requires
a fixed cluster number; for comparison, we set
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Method AIME25 AIME24 AMC MATH500 Minerva OlympiadBench AVG

DAPO 15.36 32.27 72.71 85.61 43.01 44.43 48.90
MEDS-Pooling 16.28 33.49 74.04 85.62 42.51 44.95 49.48
MEDS-logits 16.30 34.32 74.38 86.33 42.51 44.80 49.77

Table 12: Comparison between hidden-state pooling and logits-based representations. MEDS-Pooling aggregates
hidden states over all tokens, while MEDS-logits uses the layer-wise logits of the first answer token.

Method AIME24 AMC MATH500 Minerva OlympiadBench AVG

DAPO 32.27 72.71 85.61 43.01 44.43 55.61
K-Means 32.08 72.66 84.40 43.38 45.19 55.54
HDBSCAN 34.32 74.38 86.33 42.51 44.80 56.47

Table 13: Pass@1 comparison between K-Means and HDBSCAN clustering. K-Means uses a fixed cluster number
k = 3.

Same Different

Same cluster 40 12
Different cluster 22 65

Table 14: Confusion matrix comparing Claude-based
pairwise judgments with human annotations. Rows
indicate Claude-based judgments, and columns indicate
human annotations.

Metric Value

Number of valid pairs 139
Same-cluster human agreement 76.9%
Different-cluster human agreement 74.7%
Overall pairwise accuracy 75.5%
Pairwise recall 64.5%
Pairwise F1 70.2%

Table 15: Human annotation agreement metrics.

k = 3 according to the statistically estimated aver-
age number of clusters. The results are shown in
Table 13.

As shown in Table 13, HDBSCAN achieves bet-
ter average performance than both DAPO and K-
Means, supporting its use as the default clustering
algorithm in MEDS.

O Full Results of Pass@k

Figure 8 presents the full Pass@k results across
all evaluated datasets, model scales, and base-
line methods. We report performance for k ∈
{1, 2, 4, 8, 16, 32, 64, 128}, providing a more com-
plete view of sampling-time performance beyond
the Pass@1 and Pass@128 results discussed in the
main text.
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Figure 8: Pass@k across k ∈ {1, 2, 4, 8, 16, 32, 64, 128} on five math benchmarks for three model scales. Each row
corresponds to one model; each column to one dataset. Ours consistently matches or outperforms Base, GRPO,
DAPO, and GRPO with entropy advantage across settings.
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