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Abstract

On-policy distillation reduces train—inference
mismatch by supervising student-generated tra-
jectories, but full-vocabulary token-level distri-
bution matching remains expensive for large
language models. A common approxima-
tion truncates reverse-KL distillation to the
student’s top-k tokens, which preserves effi-
ciency but drops tail-token supervision and ig-
nores support-level mass mismatch between
the student and teacher. We analyze these ap-
proximation gaps and propose Stochastic Sup-
port Sampling with Teacher Mass Reweight-
ing, which samples fixed-size supports from
the student distribution and uses teacher sup-
port mass as a reliability weight for the con-
ditional distillation loss. Under the same
support budget, our method outperforms the
strongest baseline by +1.4 hard-math average
points on Qwen3-8B—Qwen3-1.7B-Base, and
by +1.1 math average points and +2.8 code
average points on DeepSeek-R1-Distill-Llama-
8B—Meta-Llama-3.1-8B-Base.

1 Introduction

Knowledge distillation (KD) (Hinton et al., 2015)
is a widely adopted model compression technique
that transfers the knowledge of a large teacher
model into a lightweight student model, enabling
efficient deployment without significant perfor-
mance degradation. A central recent paradigm for
distilling autoregressive language models is on-
policy distillation (OPD), introduced by GKD
(Agarwal et al., 2024), which reduces train—
inference mismatch by letting the teacher supervise
trajectories sampled from the student itself rather
than only fixed data or teacher-generated prefixes.

Token-level distribution matching under OPD
is typically instantiated in two forms. The first
uses a REINFORCE-style objective that supervises
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only the tokens appearing in student rollouts, treat-
ing teacher feedback on those on-policy trajecto-
ries as the training signal (Gu et al., 2024). The
second directly aligns the full token-level vocabu-
lary distribution at each decoding step on student-
generated prefixes, optimizing a token-wise diver-
gence such as the reverse KL (RKL) divergence
between the student and teacher distributions (Agar-
wal et al., 2024). Compared with sampled-token
OPD, distribution-level objectives provide denser
local supervision and have been reported to im-
prove optimization stability and downstream per-
formance (Agarwal et al., 2024; Fu et al., 2026);
however, materializing the full-vocabulary version
incurs memory and computational overhead pro-
portional to the vocabulary size |V'|, which reaches
151,936 tokens in Qwen3 (Qwen Team, 2025).

To mitigate this cost, a direct approximation is
student top-% truncated RKL: only the top-k£ to-
kens under the student distribution are retained to
form the support set, and RKL distillation is per-
formed on the renormalized distributions over this
subset (Li et al., 2026). Despite its efficiency, we
identify two fundamental problems that cause top-k
truncated RKL to diverge from the full-vocabulary
RKL objective it aims to approximate.

Tail Token Neglect. By construction, the top-
k support is dominated by the student’s highest-
probability tokens, while low-probability tail to-
kens are systematically excluded from training.
During inference, however, non-greedy decoding
can still visit tokens outside the truncated support.
Because these tokens receive little or no distillation
signal at prefixes where they lie outside the top-k
support, the student’s predictions in this region can
remain poorly calibrated relative to the teacher, cre-
ating an exposure-bias-like mismatch between the
truncated training support and the test-time decod-
ing distribution.
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Support Mass Discrepancy. Because the sup-
port is selected from the student’s top-k tokens, it
is designed to retain high student probability mass
but provides no guarantee of retaining sufficient
teacher probability mass. After renormalization,
however, both conditional distributions assign total
mass one to the same support. Consequently, the
truncated objective may match the teacher’s rela-
tive preferences inside the support while ignoring
how much teacher probability mass lies outside it.
This omitted mass information matters because low
teacher support mass makes the renormalized con-
ditional teacher distribution a less reliable proxy
for the full-vocabulary teacher distribution.

To address these two problems, we propose two
complementary methods. First, we replace deter-
ministic top-k truncation with stochastic support
sampling (SSS): we draw & tokens without replace-
ment from the student distribution to construct the
support set at each step. This preserves high ex-
pected coverage of head tokens while endowing
tail tokens with a non-zero probability of inclu-
sion, enabling progressive tail-token alignment as
training proceeds. Second, we introduce teacher
mass reweighting (TMR): we weight the condi-
tional RKL loss by a support-level function of the
teacher’s full-vocabulary mass over the sampled
support set. Since the omitted mass term indicates
whether the selected support captures a meaning-
ful portion of the teacher distribution, TMR uses
teacher support mass as a reliability signal rather
than as a direct mass-matching target.

Our main contributions are:

* We provide a systematic analysis of two fail-
ure modes of top-£ truncated RKL—tail token
neglect and support mass discrepancy.

* We propose two complementary compo-
nents, Stochastic Support Sampling (SSS) and
Teacher Mass Reweighting (TMR), to im-
prove tail-token coverage and use teacher sup-
port mass as a reliability signal for conditional
distillation.

* We show that, under the same support bud-
get, SSS+TMR consistently improves over the
strongest baseline, with gains of +1.4 hard-
math average points on Qwen3-8B—Qwen3-
1.7B-Base and +1.1 math / +2.8 code av-
erage points on DeepSeek-R1-Distill-Llama-
8B—Meta-Llama-3.1-8§B-Base.

—o— po(Sk) == q(Sx) massgap -+ |p—g|>0.1 —+ tail sampled

DS-Llama-8B -> Llama-88  Qwen2.5-3B -> 0.5B DS-Qwen-32B -> Qwen2.5-14B
100 /,.————- 100 f—-‘_‘_‘_‘
80 80

60 60

S

Mass retained (%)
2 o &
3 3 8

o
o
o

eoN oW
s o

Token positions (%)

R IR PN

Support size k

> @ seehnRsiial

Support size k

RRRRC R SN

Support size k

Figure 1: Empirical approximation gap of student top-k
supports. Top row: the deterministic student top-k sup-
port captures high student mass py (S ), but consistently
lower teacher mass ¢(S%); the shaded region marks the
support-mass gap. Bottom row: a non-trivial fraction
of positions still exhibit large mass discrepancy, and
sampled next tokens can fall outside the deterministic
top-k support.

2 Motivation

2.1 Preliminaries

Given a context x, let ¢(-|x) denote the teacher’s
token distribution, and let py(-|x) denote the stu-
dent’s distribution over the vocabulary V. We
omit the conditioning on x for brevity. The full-
vocabulary reverse KL (RKL) objective is:

> pov) (v)

veV )

Top-k OPD. For any distribution p over V' and
any subset S C V, define p(S) = >_,c5p(j) as
the probability mass assigned to S. Let S, C V
be the set of k tokens with the highest probabilities
under the student distribution py. Top-k OPD does
not match the full distributions py and g over V;
instead, it matches their conditional, or relative,
distributions on Si:

Loa(Si) = Die (po(- 1 80) |[aC- 1 50) . @

- ()

Lrrr = Dxi(pollq) =

where, fori € Sy,

o (1) q(i)
po(Sk)’ q(Sk)

Property: Top-£ OPD matches conditional dis-
tributions rather than absolute probability mass.
We provide a proof in Appendix A. For a fixed se-
lected support S, the optimum of the truncated-
support objective only constrains relative probabil-
ities within S:

po(i | Sk) = q(i | Sk) = (3)

po(i) _ q(i)

pe(j)  a(j)’

i,J € Sk, “)
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but it does not explicitly constrain the total proba-
bility mass assigned to the support. In particular,
the objective does not require py(Sk) = q(Sk).

2.2 Decomposing the Approximation Gap

To formally characterize the gap between Ly (Sk)
and Lrx1,, we apply the following decomposition,
derived in Appendix B. For any partition of V' into
Sand S =V \S:

Dx(pollg) = H(S) + T(S) + M(S), (5)

where H(S), T(S), and M(S) denote the head
conditional, tail conditional, and head/tail mass
terms:

H(S) = po(S) Dxu(po(- | 8) 1 | 5))
T(S) = pa(S) Dic.(pol- | 9) 1 a(- | 5)) .
M(S) = Dyi(Bern(pg(S)) || Bern(a(5))).

Standard top-k£ OPD keeps only the normalized
conditional divergence inside the head group S.
By Eq. (4), this matches only the relative distribu-
tion within SY.

Tail Token Neglect. The second term in Eq. (5),
po(Sk) Dxr(po(-|Sk)llq(-|Sk)), is dropped en-
tirely. Tokens outside Sy—the tail—receive zero
gradient regardless of how miscalibrated they are
relative to the teacher. This creates a persistent
blind spot at each prefix: tokens excluded from the
current support are not corrected by the truncated
distillation loss, yet the student may still generate
them at inference time.

Support Mass Discrepancy. The term
Dx1.(Bern(py(Sk))||Bern(q(Sk))) is also omitted
from the truncated objective. This Bernoulli KL is
the only term in the decomposition that compares
how much total probability mass the student and
teacher assign to Sj; it is minimized only when
po(Sk) = q(Sk) and grows as the two masses
separate. We analyze this term in Appendix C.
More importantly for truncated conditional distil-
lation, if ¢(.S) is small then g(- | Si) is formed
by renormalizing a low-mass teacher region into
a full distribution, so the conditional comparison
can become over-confident about a support the
teacher itself considers unimportant. As a result,
the objective may match relative probabilities
inside Sj without explicitly matching the total
probability mass assigned to .S, or reflecting how
reliable that support is as a proxy for the teacher’s
full distribution. We provide the derivation in
Appendix D.

2.3 Empirical Evidence of the Approximation
Gap

We further measure whether the two omitted terms
in Eq. (5) are observable in real teacher—student
distributions. For each decoding position, we
construct Si from the student’s top-£ probabilities
and record the student support mass pg(Sk),
the teacher support mass ¢(Sj), the fraction of
positions where |pg(Sk) — ¢(Sk)| > 0.1, and the
fraction of sampled next tokens that fall outside Sj.
We run this diagnostic on AIME24 (Mathematical
Association of America, 2024), setting temperature
to 1.0 and top-p sampling with p = 0.8, covering
three representative student scales: around 1B
parameters, 7B/8B parameters, and 14B parame-
ters. The corresponding teacher—student pairs
are Qwen2.5-3B—Qwen2.5-0.5B (Yang et al.,
2024), DeepSeek-R1-Distill-Llama-8B—Meta-
Llama-3.1-8B-Base (DeepSeek-Al, 2025; Llama
Team, 2024), and DeepSeek-R1-Distill-Qwen-
32B—Qwen2.5-14B (DeepSeek-Al, 2025; Yang
et al., 2024).

Figure 1 answers two empirical questions. First,
are tokens outside the deterministic student top-
k support actually visited? The bottom row
shows that they are, especially when the student dis-
tribution is less concentrated or the support budget
is small. For example, under DeepSeek-R1-Distill-
Llama-8B—Meta-Llama-3.1-8B-Base, 0.94% of
sampled tokens fall outside the student top-64 sup-
port, and the rate remains non-zero for larger sup-
ports. Even a small per-token rate can accumulate
over long reasoning trajectories: a tail rate r yields
about 771 tail tokens in a length-T" response. Thus,
r = 0.94% corresponds to roughly 38 tail tokens
in 4K tokens and 75 in 8K tokens. Once sampled,
these unsupervised tokens enter the prefix and can
influence subsequent decoding states. This tail vis-
itation is also present for the other two student
scales.

Second, does the student top-k support dif-
fer systematically from the teacher distribu-
tion? Because the support is selected as the
student’s top-k, the top row shows that it con-
sistently retains more student mass than teacher
mass. For DeepSeek-R1-Distill-Llama-8B—Meta-
Llama-3.1-8B-Base, the student top-256 support
contains 98.3% of the student mass but only 96.7%
of the teacher mass, leaving 3.3% of teacher proba-
bility outside the truncated objective. The bottom
row further shows that 4.5% of token positions still

4542



have a support-mass mismatch larger than 0.1 at
k = 256. We observe the same qualitative pattern
at the other student scales, although the magni-
tude varies with model scale and teacher—student
alignment. Thus, both tail visitation and support-
mass discrepancy appear in realistic settings, with
the student-selected top-k support often retaining
lower teacher mass than student mass.

Together, these two failure modes motivate our
proposed methods, SSS and TMR, which address
tail token neglect and support mass discrepancy,
respectively. SSS determines which tokens can
be observed by truncated distillation, while TMR
determines how strongly a sampled support should
be trusted once it is observed.

3 Method

We propose Stochastic Support Sampling with
Teacher Mass Reweighting for efficient OPD dis-
tillation. At each decoding position, our method
constructs a small support set from the student dis-
tribution, computes a conditional RKL loss on this
support, and reweights the loss by the teacher prob-
ability mass covered by the support. As shown in
Figure 2, the pipeline first uses SSS to replace de-
terministic top-k support selection with stochastic
student-support sampling, and then uses TMR to
modulate the conditional distillation loss accord-
ing to the selected support’s teacher-mass reliabil-
ity. This retains the efficiency of top-k truncated
RKL while reducing the deterministic blind spots
induced by top-k truncation.

3.1 Stochastic Support Sampling

Let pg(-|x) be the student distribution at context x.
Instead of selecting the deterministic top-k support
Sy = TopK(ps), Stochastic Support Sampling
(SSS) samples a support set .S of size k& without
replacement from py:

S ~ SampleK(py(-[x), k) . (6)

Unlike deterministic top-k, SSS gives every to-
ken with non-zero student probability a non-zero
chance of being selected. Thus, high-probability
tokens are still sampled frequently, while tail to-
kens can enter the support across training steps and
receive distillation gradients. The benefit is not per-
step deep-tail coverage but the progressive removal
of a hard exclusion boundary: near-cutoff tokens
accumulate gradient signal over training rather than
being permanently excluded by deterministic trun-
cation.

Given a sampled support S, we form the condi-
tional student and teacher distributions:

. _ palilx)
pO(Z’S7X)_p6(S’X)’
g = 4Uix) ;

The SSS distillation loss is the conditional reverse
KL on the sampled support:

Lsss(x, ) = D (pa(- | S.%)lla(- | 5.%)).
(®)
This objective preserves the relative-distribution
learning behavior of top-k truncated RKL, while
breaking the fixed-support constraint imposed by
deterministic top-k selection.

3.2 Teacher Mass Reweighting

SSS improves support coverage, but it still opti-
mizes a conditional distribution-matching objective
on the sampled support. For a sampled support .S,
the teacher distribution used by the loss is
. q(i | x)

q(i | §,%) AESE
Therefore, if the teacher assigns only a small full-
vocabulary probability mass to S, the conditional
teacher distribution is obtained by renormalizing
a low-mass region into a full distribution. In this
case, conditional RKL can over-emphasize a local
comparison that is only weakly supported by the
teacher’s original distribution.

A natural alternative would be to directly opti-
mize the Bernoulli support-mass term from Eq. (5)
so that py(S) matches ¢(.S). However, this term
explicitly reallocates student probability mass be-
tween S and its complement V' \ S. As shown in
Section 2, the teacher support mass ¢(.9) is system-
atically lower than the student support mass pg(.S),
meaning the teacher places relatively more mass
on V'\ S. In a truncated-support setting, however,
token-level teacher preferences on V' \ .S are not
observed, so directly optimizing this mass term can
push probability into an unobserved complement
without teacher guidance. We therefore use teacher
support mass not as a direct matching target, but as
a reliability signal for the conditional distillation
loss. Let

i€ S. )

Pr(S,x) = 3 qlifx).

€S

(10)
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Figure 2: Overview of SSS+TMR. Given a student rollout, SSS samples a stochastic support from the student
distribution to expose tail tokens, while TMR uses teacher support mass as a reliability weight for the conditional

distillation loss.

We define the weighting function

wg(Pr) =P}, B>0, (11
where [ controls how strongly low-teacher-mass
supports are down-weighted. The case § = 0 re-
covers the original unweighted conditional OPD
objective, 5 = 1 gives direct teacher-support-mass
weighting, 0 < 8 < 1 gives a milder discount,
and S > 1 gives a more aggressive discount. The
resulting objective is

Lrvr = wg(Pr)Lsss(x, S). (12)
The weight modulates the OPD gradient magni-
tude according to how much teacher probability
mass falls on the sampled support. If Pr ~ 1, the
teacher regards the sampled support as important
and the weight is close to one; if Pr < 1, the
support lies in a low-probability teacher region and
its conditional OPD gradient is suppressed. This
is appropriate because near-zero teacher mass im-
plies ¢(+|.S) is renormalized from a low-probability
region, making it an unreliable reference whose
gradient direction cannot be trusted. Thus, TMR
does not ask the student to move probability mass
according to an incompletely observed complement
distribution; instead, it trusts conditional distilla-
tion only when the sampled support retains suffi-
cient teacher probability mass.

Note that Pr(S,x) is computed by summing
the teacher’s original full-vocabulary probabilities
over the selected support set S, before support-
level renormalization. In practice, once the teacher
logits or log-probabilities are available from the
standard teacher forward pass, we only gather the
probabilities of the k selected support tokens and
sum them to obtain Pr (S, x) (see Algorithm 1 in
Appendix F).

Qwen3-8B — Qwen3-1.7B-Base
AIME24 | AIME25 AMC23

Method I
| Avg@16 Pass@16|Avg@16 Pass@16||Avg@16 Pass@16 | Avg@4 Pass@4|

| Minerva Math |Avg.

I
Base 11.9 36.7 10.8 26.7 47.0 8715 24.8 37.1 |23.6
Teacher 40.6 557 339 46.9 85.7 94.0 502 58.1 |52.6
OPD 10.6 26.7 9.8 26.7 46.6 90.0 263  38.6 |233
vOPD 13.1 36.7 10.8 26.7 452 8715 253 39.0 |236
OPDyp-1; 14.6 36.7 12.1 36.7 46.9 90.0 25.1 357 (247
Revisiting OPD||  14.8 43.3 125 433 48.9 815 243 36.0 |25.1
Ours 16.5 433 127 40.0 50.2 90.0 265  40.1 |26.5

Table 1: Hard math results for Qwen3-8B — Qwen3-
1.7B-Base. Bold/underline: best/second best among
non-teacher methods.

Appendix C provides the full derivation of the
Bernoulli support-mass term and a more detailed
explanation of why we do not optimize it directly.

3.3 Training Objective

For each generated sequence, let x; denote the pre-
fix context before predicting the token at position ¢.
At each decoding position, we sample a support .Sy
using SSS and apply TMR to the conditional RKL.
loss. The final distillation objective is

Laistin = Z wg(Pr(St, xt))Lsss(Xt, St),
t

Sy ~ SampleK (pg(-|x¢), k) . (13)

The training procedure is summarized in Ap-
pendix F.

4 Experiments

We evaluate SSS+TMR under the same fixed sup-
port budget as top-k£ OPD, so all truncated-support
methods use the same number of selected tokens
per decoding position. Our experiments are de-
signed to answer four questions: (1) whether
SSS+TMR improves downstream math and code
performance over existing OPD baselines, (2) how
much each component contributes, (3) how sensi-
tive the method is to the support size k and teacher-
mass exponent 3, and (4) whether the additional
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DeepSeck-R1-Distill-Llama-8B — Meta-Llama-3.1-8B-Base

Method || GSMS8K || MATHS00 |  ASDiv  |MathAvg.|| MBPP || HumanEval || BigCodeBench |Code Avg.
|| Avg@4 Pass@4||Avg@4 Pass@4||Avg@4 Pass@4| || Avg@4 Pass@4||Avg@4 Pass@4||Avg@4 Pass@4|
Base 9.3 30.3 5.1 17.0 15.0 449 9.8 15.3 40.1 0.3 1.8 18.0 18.0 11.2
Teacher 80.2 93.5 79.7 90.8 88.5 95.8 82.8 74.1 88.3 75.5 90.2 68.4 88.7 72.7
OPD 33 11.6 3.0 9.8 5.3 18.1 3.9 17.4 48.6 2.3 9.1 22.8 55.8 14.2
vOPD 6.4 224 3.8 12.4 12.9 399 7.7 15.1 43.2 1.7 6.1 16.1 42.5 11.0
OPDyop-& 13.7 38.5 8.8 22.8 23.1 52.6 15.2 29.2 55.3 5.6 15.2 35.6 65.8 23.5
Revisiting OPD|| 28.0 68.8 134 332 27.3 60.7 229 25.4 58.0 9.5 25.7 27.1 48.0 20.7
Ours 29.2 64.8 14.4 34.5 28.2 61.1 24.0 30.1 61.1 8.8 23.2 40.0 67.8 26.3

Table 2: Math and code results for DeepSeek-R1-Distill-Llama-8B — Meta-Llama-3.1-8B-Base. Bold/underline:

best/second best among non-teacher methods.

sampling and reweighting introduce reasonable
training overhead.

4.1 Experimental Setup

Models. We evaluate SSS+TMR on two teacher—
student pairs across math and code settings. Specif-
ically, we use Qwen3-8B as the teacher for Qwen3-
1.7B-Base (Qwen Team, 2025) and DeepSeek-R1-
Distill-Llama-8B as the teacher for Meta-Llama-
3.1-8B-Base (DeepSeek-Al, 2025; Llama Team,
2024). For math, we evaluate both teacher—
student pairs; for code, we additionally evaluate
DeepSeek-R1-Distill-Llama-8B as the teacher for
Meta-Llama-3.1-8B-Base. Each teacher—student
pair shares the same tokenizer, which allows token-
level OPD losses to be computed directly with-
out vocabulary projection. The two pairs are cho-
sen to cover a within-family (Qwen3-8B, Qwen3-
1.7B-Base) and a cross-family same-vocabulary
(DeepSeek-R1-Distill-Llama-8B, Meta-Llama-3.1-
8B-Base) setting, spanning different model scales
and architectural families.

Datasets. For training, we use DAPO-Math-17K
(Yu et al., 2025) for the math domain and sample
17K examples from EpiCoder-func-380K (Wang
et al., 2025) for the code domain. For evalua-
tion, we use two groups of math benchmarks. For
stronger base models such as Qwen3-1.7B-Base,
we evaluate on harder math benchmarks, includ-
ing AIME24 (Mathematical Association of Amer-
ica, 2024), AIME25 (Mathematical Association
of America, 2025), AMC23 (Mathematical As-
sociation of America, 2023), and Minerva Math
(Lewkowycz et al., 2022). For weaker base mod-
els such as Meta-Llama-3.1-8B-Base, we evaluate
on simpler math benchmarks, including GSM8K
(Cobbe et al., 2021), MATHS500 (Lightman et al.,
2024), and ASDiv (Miao et al., 2020). For code,
we evaluate on MBPP (Austin et al., 2021), Hu-

manEval (Chen et al., 2021), and BigCodeBench
(Zhuo et al., 2025) to test whether our method
also brings gains beyond the math domain. De-
tailed descriptions of all datasets are provided in
Appendix H.

Baselines. We compare against the following
baselines. Base denotes the initial student model
before distillation. Teacher denotes the corre-
sponding teacher model. OPD computes the dis-
tillation loss on sampled student tokens. vOPD
uses a control-variate baseline for on-policy distil-
lation (Oh et al., 2026). Revisiting OPD denotes
the recipe proposed in (Fu et al., 2026), which re-
places sampled-token matching with teacher-top-k
local support matching. OPDygp.,, computes the
RKL loss on the student’s top-k support. Qurs is
SSS+TMR with 8 = 1. For a fair comparison, all
truncated-support methods use the same support
size k = 256.

Detailed training and evaluation settings are pro-
vided in Appendix E, Table 5.

4.2 Main Results

Tables 1 and 2 summarize the main downstream
results. Under the same support size k, Ours consis-
tently achieves the best average scores across both
settings, outperforming both OPDy,.; (student-top-
k support) and Revisiting OPD (teacher-top-k sup-
port).

For Qwen3-1.7B-Base, Ours achieves a hard-
math average of 26.5, improving over OPDyq.,
(24.7) and Revisiting OPD (25.1). Ours obtains the
best Avg@16 on all four benchmarks. While Re-
visiting OPD matches Ours on AIME24 Pass@16
(43.3) and achieves higher Pass@16 on AIME25
(43.3 vs. 40.0), its Avg@16 scores are lower. Over-
all, Ours improves the average single-sample ac-
curacy across the hard-math benchmarks while re-
maining competitive on best-of-k success rates.
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Figure 3: Ablation study on Qwen3-1.7B-Base and
Meta-Llama-3.1-8B-Base. Each panel reports the math
average score after progressively adding SSS and TMR.

For Meta-Llama-3.1-8B-Base, the gains are
larger. Ours improves the math average from
15.2 (OPDyp.x) and 22.9 (Revisiting OPD) to
24.0, and achieves the best code average of 26.3
compared to 23.5 (OPDyp.¢) and 20.7 (Revisiting
OPD). On math, the largest improvements appear
on GSM8K, where Avg@4 increases from 13.7
(OPDygp-) to 29.2. On code, Revisiting OPD is
slightly stronger on HumanEval Avg@4 (9.5 vs.
8.8), but its BigCodeBench score (27.1) falls below
OPDyp.; (35.6) and Ours (40.0), suggesting that its
gains are benchmark-specific rather than broadly
transferable. Ours achieves the best aggregate re-
sults and remains competitive across individual
benchmarks. Taken together, these results show
that SSS+TMR provides more consistent improve-
ments than either student-top-k or teacher-top-k
support construction, and transfers to both math
and code domains. We further provide qualitative
case studies in Appendix G.

4.3 Ablation Study

We ablate SSS and TMR in Figure 3. For each
model, we start from the base student, then add
stochastic support sampling, and finally add teacher
mass reweighting. This isolates the contribution
of support construction from the contribution of
support-level reliability weighting. On Qwen3-
1.7B-Base, SSS improves the math average from
23.6 to 25.2, and adding TMR further raises it to
26.5. On Meta-Llama-3.1-8B-Base, SSS gives a
larger gain, improving the average from 9.8 to 22.7,
while TMR further improves the result to 24.0. The
consistent improvement after adding SSS indicates
that replacing deterministic support selection with
stochastic sampling is the main driver of the gains,
and the additional improvement from TMR shows
that teacher support mass provides a useful reliabil-
ity signal for the conditional distillation loss.

Support size Teacher-mass exponent
27 27
26.6
o s %o 5
o ]
0261 25, 0 26 5.8
g / e 25, .
© 5. ©
o 25 o 25 /
a,
z ERE
64 128 256 512 0.0 0.5 1.0 1.5
k B

Figure 4: Sensitivity of SSS+TMR to support size k
and teacher-mass exponent 3. Red markers indicate the
default hyperparameters used in our main experiments.

4.4 Sensitivity Study

We vary the support size k and the teacher-mass
exponent J to examine whether SSS+TMR is sen-
sitive to these hyperparameters. Figure 4 shows
that the average score is stable across both sweeps.
When £k varies from 64 to 512, the average score
ranges from 25.3 to 26.6. Increasing k generally
improves performance, indicating that a larger sam-
pled support provides more reliable conditional
distribution matching under the same stochastic
construction. We choose & = 256 for the main
experiments because it reaches 26.5 average score,
nearly matching the 26.6 score at £ = 512 while
using only half as many support logits. This makes
k = 256 a better accuracy—cost trade-off than the
largest tested support size. When [ varies from
0 to 1.5, the average score ranges from 24.7 to
26.5. The gain from 5 = 0 to 5 = 1.0 shows that
teacher-mass reweighting is beneficial—a conclu-
sion corroborated by the SSS vs. SSS+TMR abla-
tion in Figure 3, ruling out the interpretation that
gains stem purely from stochastic gradient noise—
whereas an overly large exponent can down-weight
too many sampled supports and slightly reduce per-
formance. We therefore use 8 = 1.0 as the default
setting, while the support-size sweep shows that
performance remains stable across the tested sup-
port budgets.

4.5 Efficiency

Like OPDyyp.x, SSS+TMR uses vocabulary-wide
student and teacher distributions to construct the
support. However, the fixed k-support budget ap-
plies to the differentiable distillation path: after
support selection, the conditional RKL loss is mate-
rialized and backpropagated only over the BxT x k
gathered logits, rather than a dense B x T"x |V/| full-
vocabulary KL tensor. Therefore, SSS+TMR does
not remove the shared vocabulary-wide proposal
computation, but it reduces the loss-side memory
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Owen3-8B — Qwen3-1.7B-Base

Method Tokens/s Time/step Rel. cost
OPDyop- 225.9 39.2s 1.0x

Ours 218.5 41.7s 1.03x
DS-RI1-Distill-Llama-8B — Meta-Llama-3.1-8B-Base
OPDyop-k 163.4 83.7s 1.0x

Ours 153.4 86.1s 1.07x

Table 3: Training efficiency comparison on 8 x NVIDIA
A800 80GB GPUs. Tokens/s and time/step are averaged
after excluding the first 50 steps. Relative cost is nor-
malized by OPDy, 4, within each model pair.

and backward cost (see Appendix F). Table 3 shows
that the overhead of SSS+TMR remains modest
relative to deterministic top-k OPD. On Qwen3
8B—1.7B, our method reduces throughput from
225.9 to 218.5 tokens/s and increases time per step
from 39.2s to 41.7s, corresponding to a 1.03 x rel-
ative cost. On Llama-3.1 8B—8B, throughput de-
creases from 163.4 to 153.4 tokens/s, while time
per step increases from 83.7s to 86.1s, giving a
1.07 x relative cost. These results indicate that the
additional stochastic sampling and teacher-mass
computation introduce only a small training over-
head while preserving the same k-token support
budget as top-k OPD. A detailed breakdown of
each computation stage is provided in Table 6.

5 Related Work

Knowledge distillation for language models.
Knowledge distillation transfers the behavior of
a high-capacity teacher into a smaller student, orig-
inally by matching soft output distributions (Hinton
et al., 2015), and has been widely adopted across
various domains (Li et al., 2025), particularly for
language-understanding model compression (Sanh
et al., 2019; Jiao et al., 2020). For sequence gen-
eration, early work distilled teacher-generated se-
quences or trained students on fixed supervised data
(Kim and Rush, 2016). These off-policy objectives
are efficient, but the resulting train—test mismatch
between training prefixes and student-generated in-
ference prefixes motivates distillation objectives
that expose the student to its own states (Agarwal
et al., 2024).

On-policy distillation and divergence choices.
On-policy distillation addresses this mismatch
by computing teacher supervision on student-
generated trajectories. GKD is a representative
framework that interpolates between on- and off-

policy data and supports multiple token-level diver-
gences (Agarwal et al., 2024). MiniLLM motivates
reverse KL for LLM distillation from a sequence-
level perspective (Gu et al., 2024). However, di-
rectly applying full-vocabulary RKL incurs mem-
ory and computation proportional to |V| at every
student-generated prefix.

Truncated distribution matching. Full-
vocabulary token-level distillation can provide
dense supervision, but materializing vocabulary-
wide logits becomes costly for modern LLM
vocabularies, such as the roughly 150K-token
vocabulary of Qwen3 and 160K-token vocabulary
of Kimi-K2.6 (Qwen Team, 2025; Moonshot
Al, 2026). Top-k sparse distillation is a natural
fixed-budget approximation for reducing this
cost, but sparse logit approximations can intro-
duce biased distribution estimates. Anshumann
et al. (2025) target teacher logit compression
via importance-sampling-based sparse logit
storage; our work is complementary, focusing
on training-time distribution matching quality.
We identify two problems caused by top-k
truncation: tokens outside the selected support
receive no direct distillation signal at that prefix,
and renormalization on the support ignores the
teacher’s total probability mass assigned to that
support. Li et al. (2026) find that converged
OPD concentrates on shared top-k tokens; SSS is
consistent with this, as high-probability tokens still
dominate the sampled support in expectation while
stochastic construction expands effective coverage
beyond the hard cutoff.

6 Conclusion

We analyzed two failure modes of top-k OPD as
an approximation to full-vocabulary RKL: the trun-
cated objective constrains only conditional distri-
butions on the selected support, leaving tail-token
coverage and support-level mass discrepancy unad-
dressed. To mitigate these issues, we proposed SSS,
which samples support tokens without replacement
from the student distribution, and TMR, which
scales the conditional OPD loss by the teacher mass
on the sampled support. Together, these compo-
nents preserve the fixed support budget of top-k
truncated RKL while improving tail coverage and
reducing the influence of teacher-low-mass sup-
ports.
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Limitations

Due to computational constraints, our experiments
are limited to student models up to 8B parameters,
and to two teacher—student pairs; these pairs
represent a within-family (Qwen3-8B—Qwen3-
1.7B-Base) and a cross-family same-vocabulary
(DeepSeek-R1-Distill-Llama-8B—Meta-Llama-
3.1-8B-Base) setting, and broader validation across
additional model families and scales is left to future
work. We also do not report formal confidence
intervals, following standard LLM benchmarking
practice; the Avg@k metric partially addresses
variance by averaging over k independent rollouts
per problem. In addition, our method requires the
teacher and student to share the same vocabulary,
which limits its applicability to cross-tokenizer
distillation settings; supporting cross-vocabulary
settings via vocabulary mapping is an avenue for
future work. Finally, TMR uses teacher support
mass as a reliability signal rather than directly
optimizing full-vocabulary mass matching; it
therefore mitigates, but does not fully eliminate,
the approximation gap to full-vocabulary RKL.
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A Proof of Relative Distribution Learning

We prove that the top-£ truncated RKL objective
constrains only the conditional distribution on the
selected support, not the total probability mass as-
signed to that support. Let S, C V be fixed and
assume py(Sy) > 0 and ¢(Sy) > 0. The truncated
objective is

‘Crel<Sk)

= Dxr(po(- | Sk)llg(- | Sk)) . (14)

Since KL divergence is non-negative and equals
zero if and only if the two distributions are identi-
cal, its optimum over the conditional distribution
satisfies

po(i | Sk) = q(i | Sk), Vie Sk (15)

Substituting the definitions of the conditional dis-
tributions gives

po(i) _ q(i) ,
= . VieSi.  (16)
po(Sk) — a(Sk) )
Therefore, for any ¢, j € Sy with positive probabil-
ity,
pold) _ (d), (17)
po(7)  a(j)

Thus, minimizing L. (S;) matches the relative
probabilities among tokens inside Sy.

However, the objective contains only the normal-
ized quantities py(7)/pg(Sk) and (i) /q(Sk). The
scalar masses py(Sk) and ¢(Sk) do not appear as
quantities to be matched. Indeed, for any mass
a € (0, 1], the assignment

po(i) =aq(i|Sk), i€S,  (18)
induces py (- | Sk) = q(- | Sk) and hence achieves
zero relative KL on Sk, regardless of whether a =
q(Sk). Therefore, the truncated objective alone
does not enforce py(Si) = q(Sk)-

B Proof of KL Decomposition

Let S € Vand S = V \ S, and assume
po(S),q(S),pe(S), and ¢(S) are positive. Start-
ing from the full-vocabulary KL,

Dxw(pallg) = po(i) logpe
€S
+3 poli 1ogp9(). (19)
ieS ()

For i € S, write pg(i) = pye(S)pe(i | S) and
q(i) = q(S)q(i | S). Then

Ag —Zpe 10gp9()

€S ( )
_ 5151 S0 L)
= po(S)DxL(pa(- | S)lla(: | 5))
po(S)
+ po(S) log R (20)

Applying the same expansion on S gives

Ag _Zpe logpe()

ieS (Z)
=pe(S)DKL(pe(-J S)lla(- 15))
+ po(S) log ((5)) (21)

Combining the two expansions yields

= py(S)DkrL(po(- | S)lla(- | 5))
+ po(S) Dk (po(- | S)lla(-15))

po(95)

q(S)

Dxuw(pellq)

+ pa(S) log

(22)

Since pp(S) = 1 — py(S) and ¢(S) = 1 — ¢(S),
the last two terms are exactly the Bernoulli KL in
Eq. (5). This proves the decomposition.

C Properties of the Bernoulli Mass Term
The third term in Eq. (5) is

Dxr(Bern(pg(S))[|Bern(q(5))) -

Let a = py(S) and b = ¢(.5). Then this term can
be written as

(23)

¢(a,b) = alog% + (1 —a)log 1 — (24)

a
_b'

This is the KL divergence between the binary event

“the next token lies in S” under the student and

teacher distributions. Therefore, unlike the condi-
tional term Dk, (pa(- | S)|lg(- | S)), it does not
compare the relative probabilities of tokens inside
S it compares only the total mass assigned to .S
and its complement.

The term has two useful properties. First, by
non-negativity of KL divergence,
¢(a,b) >0 (25)
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with equality if and only if @ = b. Thus, this term
is exactly the penalty that enforces support-mass
matching. Second, for fixed teacher mass b, its
derivative with respect to the student mass a is
0¢(a,b) a(l —b)

2L og

da b(1—a) (26)

The derivative is negative when a < b, zero when
a = b, and positive when a > b. Consequently,
minimizing this term increases the student support
mass when it is below the teacher mass and de-
creases it when it is above the teacher mass. Drop-
ping this term removes the only explicit force that
corrects support-mass discrepancy between pg(Sy)
and ¢(Sy) on the selected support.

Why not directly optimize the Bernoulli KL?
Although the Bernoulli mass term is useful for di-
agnosing the approximation gap, we do not use it
as an additional optimization objective. This term
performs explicit support-mass matching: it en-
courages the student total mass py(.S) to match the
teacher total mass ¢(.S). For a fixed support S, the
gradient of the student support mass is
Ipe(S)

sz =po(j) (I[7 € ST —pe(9)),

jeVv.

27)
Thus, the Bernoulli KL. changes the allocation of
probability mass between .S and its complement
V '\ S. When py(S) > ¢(S), it suppresses the
student mass on S and pushes probability mass
to the unobserved complement. However, in a
truncated-support OPD setting, the teacher condi-
tional distribution on V' \ S is not available, so this
redistribution is not guided by token-level teacher
preferences.

This is especially problematic for SSS, where S
is constructed from the student distribution. A low
teacher mass ¢(.S) should indicate that the condi-
tional comparison on S is less reliable, not neces-
sarily that the student should directly reduce proba-
bility on the sampled support. In other words, the
Bernoulli term treats support-mass discrepancy as
a direct optimization target, whereas TMR inter-
prets teacher support mass as a confidence signal
for whether the conditional RKL on that support
should be trusted. Therefore, instead of optimizing
the Bernoulli KL as a mass-matching loss, TMR
uses the teacher support mass Pr (S, x)? only as a
reliability weight. This preserves the conditional
RKL direction of OPD while suppressing gradients
from low-teacher-mass supports.

Empirical comparison with SSS+Bernoulli. To
verify this design choice, we compare SSS+TMR
(Ours) against a variant that adds the Bernoulli
support-mass term as an auxiliary loss on top of
SSS (SSS+Bernoulli) on the Qwen3-8B—Qwen3-
1.7B-Base setting. =~ As shown in Table 4,
SSS+Bernoulli underperforms Ours on all bench-
marks, confirming that directly optimizing the
Bernoulli KL is harmful in the truncated-support
setting.

Qwen3-8B — Qwen3-1.7B-Base

Method AIME24 || AIME25 || AMC23 || Minerva Math | Avg.
Avg@16 || Avg@16 || Avg@16 Avg@4

SSS+Bernoulli 11.7 12.5 49.8 25.1 24.78

Ours 16.5 12.7 50.2 26.5 26.48

Table 4: SSS+Bernoulli vs. Ours (SSS+TMR) on
Qwen3-8B—Qwen3-1.7B-Base. Best is bolded.

D Derivation of Support-Mass
Discrepancy

Let S, = TopK(pp) be the student’s top-k support.
Truncated OPD matches the conditional teacher
distribution

ati | 5 = 1

, i € Sk,
q(Sk) F

(28)

rather than the absolute teacher probabilities ¢(7).
If ¢(Sk) < 1, this renormalization inflates every
teacher probability inside Sy, by a factor of 1/¢(Sk)
relative to the teacher’s absolute probabilities on
those tokens. Thus, the truncated objective treats
the teacher mass on S, as a complete distribution
and omits the teacher’s remaining mass outside .Sy
from the conditional comparison.

E Experimental Settings

Table 5 summarizes the training and evaluation
hyperparameters used in all experiments.

F Algorithm for SSS+TMR

Algorithm 1 gives the per-token training procedure
for SSS+TMR. The support is sampled from the
student distribution without replacement, while the
teacher mass is used only as a support-level relia-
bility weight.
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Hyperparameter Train Eval
Framework verl -
Maximum output length 4096 8192
Temperature 1.0 1.0

Top-p sampling 1.0 0.8

Batch size 32 -
Learning rate 1x107° -
Training steps 500 -

Metric - avg@16 / avg@4
Precision bfloat16 bfloat16

Table 5: Training and evaluation settings. We re-
port avg@16 for AIME24, AIME25, and AMC23, and
avg @4 for all other datasets.

Algorithm 1 SSS+TMR Distillation

Require: Training sequence y, teacher ¢, student
Dy, support size k, mass exponent 5
L0
for each decoding position ¢ do
Build context x; = (X, y<¢)
Compute student logits 2(-|x;) and
teacher logits 27 (-|x;)
5: Compute original probabilities pg(-|x;),
q(-|x¢) via full-vocab softmax
6: Sample S; ~ SampleK(py(-|x¢), k)
without replacement > SSS:
torch.multinomial (replacement=False)
replaces torch. topk
7: Pr <3 ics, alilx¢) > TMR: sum over k
gathered probs, shape (B, T, K) — (B,T)
8: wg Pjé
for each token ¢ € S; do > support-level

W

renormalization
10: pi < po(ilxt)/ ngst po(jlx)
1: @i < q(ixe)/ > jes, a(d]xe)
12: end for

13: Ly < Dku(ps,|lgs,)

14: L+ L+ wgﬁt

15: end for

16: Update 6 by backpropagating £

F.1 What Does the Fixed Support Budget
Save?

Student-top-k  OPD and SSS+TMR both re-
quire full-vocabulary student and teacher log-
its/probabilities to construct the support. Therefore,
our method is not intended to avoid the vocabulary
projection or full-vocabulary normalization step.
The fixed-k budget refers to the support on which
the distillation loss is formed: after selecting the
support, we gather only % teacher/student probabili-

ties, renormalize them on the support, and compute
conditional RKL over these k tokens.

Compared with full-vocabulary RKL, this avoids
materializing and optimizing a dense token-level
KL loss over all vocabulary entries. Compared with
student-top-k OPD, SSS+TMR uses the same full-
vocabulary distributions but replaces deterministic
top-k selection with sampling and adds a scalar
teacher-mass weight.

Table 6 summarizes the per-token compu-
tation stages after student rollout. Bold en-
tries indicate full-vocabulary computation or full-
vocabulary token coverage. The table separates
the full-vocabulary forward/normalization shared
by truncated-support methods from the support-
restricted gather—renormalize—RKL pipeline.

G Case Study

Figure 5 separates the qualitative behavior into two
stages. Panels (a) and (b) show two typical weak-
nesses of the base model. First, the model may
perform part of the arithmetic correctly, but the cor-
rect answer is buried inside noisy continuation and
cannot be reliably extracted. Second, the model
sometimes fails to enter a math-solving mode at
all, producing empty boxes, copied instructions,
webpage fragments, or unrelated worksheet-style
text. Deterministic top-k OPD alleviates these base-
model failures by inducing more structured reason-
ing and boxed-answer formats, but panels (c) and

Stage Full-vocab OPDy,.x.  SSS+TMR
RKL

Student forward v v v

Support S =V TopK SampleK

construction

Student prob. all |V| gather kK gather k

selection

Teacher forward v v v

Teacher prob. all |V| gather k. gather k

selection

Support renorm. - v v

Cond. RKL on - v v

support

Full-vocab RKL v - -

Teacher mass - - v

reweight

Table 6: Per-token computation comparison after stu-
dent rollout. Bold entries indicate full-vocabulary com-
putation or full-vocabulary token coverage. SSS+TMR
shares the same support-restricted gather—renormalize—
RKL pipeline as OPDyqp.1;, but replaces deterministic
top-k support construction with stochastic support sam-
pling and adds teacher mass reweighting.
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(a) Correct Answer
Hidden in Noise

(b) Empty Box and
Web-Fragment Outputs

(c) Misread Discount
and Repetition

(d) Well-Formatted
but Wrong Arithmetic

- aYa

Base: Base: The model sometimes

The output contains the correct repeats the instruction "Please
calculation: reason step by step, and put your
50-10=40,40x0.2=8,and 8 x 8 = final answer within \boxed{{}}", but
64. leaves the box empty.

model continues with unrelated or worksheet fragments such as
Q&A-style fragments such as

, repeats the
problem, and later ends with

) ,or
unrelated multiple-choice
placeholders.

The extracted prediction becomes a

However, after reaching 64, the i In other samples, it emits webpage
noisy string rather than 64. i

.

e N

4 N
Question:
scores are 100, 100, 100, and 80

Question:
$1000 laptop, 20% discount

OPDyqp.: One sample changes the
discount from 20% to 2.0% and
predicts 5

OPDmp_k: The outputs already have
step-by-step structure and boxed
answers, but the reasoning is still
wrong.
Other samples start from the right
problem but drift into long repeated
continuations, repeatedly generating
phrases such as

or apology-style text until the
length budget.

Samples drop repeated scores,
introduce unsupported weights,
truncate numbers, or compute
400/4=100 after including an 80-
point test.

i \C J

- J

Q Error cause: the model can do
arithmetic, but noisy continuation
hides the final answer.

not reliably enter a math-solving
mode under zero-shot CoT.

g Error cause: deterministic top-k

Q Error cause: better formatting
alone
is insufficient when arithmetic
consistency is unstable.

support can still lead to unstable
quantity reading and termination.

Q Good case: SSS+TMR turns a
buried calculation into a clean
extractable conclusion.

Q Good case: SSS+TMR follows
the intended step-by-step math
path without drifting.

(e) Clean and
Extractable Answer

(f) On-Problem
Stepwise Solving

e N N N
SSS+TMR: | SSS+TMR: SSS+TMR: SSS+TMR:
Colby completes 50 - 10 = 40 | Step 1: The hat costs $25. Discount = 20% of $1000. The first three tests are all 100, so
packages per hour. i the model keeps all repeated scores:
| Step 2: The jacket costs three times 0.2 x 1000 = 200.
In 8 hours, he completes 40 x 8 = E the hat, so 3 x 25 = 75. 100 100 100 80 = 380.
320 packages. ! Discounted price = 1000 - 200 =
| Step 3: The pants cost the average 800. Dividing by four tests gives 380 /4 =
At $0.20 per package, he earns 0.20 |4 of the hat and jacket, so (25 + 75)/ 2 95.
x 320 = 64. i =50. The generation stops after the final
| answer instead of entering repeated Final answer: \boxed {95)
Final answer: \boxed (64}, 1 Step 4: Total costis 25 + 75 + 50 = continuations.
1 150.
i Final answer: \boxed (800
| Final answer: \boxed (150}.
\ J N\ \ AN J

Q Good case: SSS+TMR gives a
short, stable solution and
terminates normally.

Q Good case: SSS+TMR preserves
all repeated quantities and
completes the arithmetic.

(g) Stable
Termination

(h) Correct
Arithmetic

ikl T T T

Figure 5: Case study examples illustrating SSS+TMR behavior.

(d) show that new errors remain: the model can mis-
read key quantities, fail to terminate, drop repeated
numbers, introduce unsupported assumptions, or
produce well-formatted but arithmetically inconsis-
tent solutions.

SSS+TMR improves the behavior beyond this
formatting gain. SSS exposes the student to tokens
outside the deterministic top-k support, including
low-probability but important numeric, operator,
and termination tokens. TMR then reduces the ef-
fect of sampled supports that receive little teacher
probability mass, making the conditional supervi-
sion less sensitive to unrepresentative supports. As
shown in panels (e)—(h), the resulting outputs are
not only extractable and on-problem, but also more
stable in termination, quantity preservation, and
final arithmetic.

H Dataset Descriptions

AIME24 & AIME25. The American Invitational
Mathematics Examination (AIME) is a 15-problem
competition exam requiring integer answers in
[0,999]. AIME24 and AIME2S5 refer to the 2024

and 2025 editions respectively.

AMC23. The American Mathematics Competi-
tion 10/12 (AMC23) is a multiple-choice exam; we
use the 2023 edition.

Minerva Math. Minerva Math (Lewkowycz
et al., 2022) is a subset of MATH requiring multi-
step scientific reasoning.

GSMS8K. GSMS8K (Cobbe et al., 2021) is a
benchmark of grade-school math word problems.

MATHS00. MATHS00 (Lightman et al., 2024)
is a 500-problem subset of the MATH benchmark
spanning five difficulty levels and seven subject
areas.

ASDiv. ASDiv (Miao et al., 2020) is a diverse
arithmetic word problem dataset covering a wide
range of problem types and linguistic patterns.

MBPP. MBPP (Austin et al., 2021) is a Python
programming benchmark of entry-level problems.
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HumanEval. HumanEval (Chen et al., 2021) is
a function-level code generation benchmark with
unit-test evaluation.

BigCodeBench. BigCodeBench (Zhuo et al.,
2025) is a challenging code benchmark requiring
complex library usage and multi-step reasoning.

I Prompt Templates

We use the following chat templates for training
and evaluation.

<|begin_of_text|>

<|start_header_id|>system<|end_header_id|>

Please reason step by step, and put your final answer within \boxed
3.

<|eot_id|>

<|start_header_id|>user<|end_header_id|>

{question}<|eot_id|>

<|start_header_id|>assistant<|end_header_id|>

<|im_start|>system

Please reason step by step, and put your final answer within \boxed
.

<|im_end|>

<|im_start|>user

{question}<|im_end|>

<|im_start|>assistant

<think>

</think>
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