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Abstract

We study how to optimally allocate ranks in
Low-Rank Adaptation (LoRA). Despite impor-
tance, ranks are typically chosen manually and
fixed across all modules. We argue its subop-
timality, risking either under-parameterization
(hurting performance) or over-parameterization
(wasting memory and compute). To address
this, we propose LoRA-RG, a gradient-guided
framework that adjusts LoRA ranks through
two stages: rank initialization and rank expan-
sion. In the rank initialization stage, LoRA-RG
estimates a minimal rank for each layer based
on gradient information prior to training. Dur-
ing training, the rank expansion stage further
increases ranks only when the current LoRA
parameterization is insufficient to capture the
remaining update demand. This design aligns
LoRA ranks with the underlying optimization
needs dynamically. We evaluate LoRA-RG
on reasoning, mathematical, and code genera-
tion benchmarks, and show that it consistently
achieves higher accuracy compared to fixed-
rank LoRA and recent rank initialization and
adaptation baselines under the same parameter
budget. 1

1 Introduction

Parameter-efficient fine-tuning (PEFT) meth-
ods (Houlsby et al., 2019; Li and Liang, 2021; Hu
et al., 2022) have become a practical approach for
adapting large pretrained models under constrained
computational and memory budgets. Among them,
LoRA (Hu et al., 2022) is widely adopted due to its
simplicity and efficiency. It reparameterizes weight
updates as ∆W = AB, where A and B are low-
rank matrices to reduce the number of trainable
parameters during fine-tuning. One challenge in
LoRA is choosing the rank r for each layer (Bider-
man et al., 2024). Standard LoRA uses the same

*Corresponding author.
1Code is available at https://github.com/

allzero-kwon/LoRA-RG.

fixed rank for all layers. In practice, layers play
different roles and require different update capacity,
so uniform allocation often wastes parameters.

To overcome this, recent studies have explored
more flexible rank allocation strategies. One line
of work determines layer-wise ranks prior to train-
ing, using heuristic rules or search-based strategies
to obtain a predefined rank configuration (Zhang
et al., 2024; Benedek and Wolf, 2024). Although
these methods avoid training-time rank adaptation,
they do not directly reflect the update structure in-
duced by data and optimization during fine-tuning.
Another line of work introduces adaptive rank
allocation methods that adjust ranks during fine-
tuning based on layer importance or update statis-
tics (Zhang et al., 2023b; Ding et al., 2023b; Zhang
et al., 2023a; Gu et al., 2025). However, existing
dynamic rank allocation methods still share two
key limitations. They start from a large uniform
initial rank across layers and adjust ranks during
training without directly evaluating whether the
allocated capacity is sufficient for each layer.

Despite their differences, existing approaches
target one common question: What rank is suffi-
cient for each layer’s update demand? Current
rank selection criteria are typically based on heuris-
tic rules (Valipour et al., 2023; Zhang et al., 2024),
layer-wise importance scores (Zhang et al., 2023b;
Liu et al., 2024), or indirect update statistics de-
rived from optimization signals (He et al., 2025;
Gu et al., 2025). As a result, rank allocation is often
performed without a direct criterion for determin-
ing whether the chosen rank is sufficient to repre-
sent the actual training updates at each layer. This
limitation becomes more pronounced over training
because gradient structure and scale keep changing.
Without direct sufficiency checks, ranks can remain
too small and degrade performance, or grow too
large and waste memory and computation.

To address these limitations, we reconsider rank
allocation in LoRA from the perspective of gradi-
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ent approximation. From this viewpoint, the rank
directly determines how accurately a low-rank up-
date can represent the full fine-tuning gradient at
each layer. When the rank is insufficient, the mis-
match between the full gradient and its low-rank
approximation shows how much of the required up-
date remains uncaptured. We refer to this mismatch
as the residual gradient, and treat it as a direct in-
dicator of rank insufficiency. This view motivates
both rank initialization and rank adaptation.

Based on this view, we propose LoRA-RG, a
gradient-guided framework for rank initialization
and expansion in LoRA. LoRA-RG operates in
two stages. First, before fine-tuning, it initializes
layer-wise ranks by estimating the minimal rank
required to approximate early gradient signals. Sec-
ond, during training, it expands ranks only when
the residual gradient indicates that the current rank
is insufficient, thereby adjusting ranks in response
to evolving update requirements.

Our main contributions are summarized below:

• We propose LoRA-RG, a gradient-guided frame-
work that initializes and expands ranks using an
explicit sufficiency criterion.

• We formulate rank allocation as a gradient ap-
proximation problem, and introduce the Rank
Sufficiency Score (RSS), a residual-based crite-
rion that underlies both stages.

• It consistently outperforms fixed-rank LoRA and
recent rank allocation baselines across reasoning,
math, and code-generation benchmarks under the
same parameter budget.

2 Related Work

2.1 Rank Allocation Methods
Existing approaches to LoRA rank allocation can
be broadly categorized into two paradigms based
on when and how ranks are determined.

Pre-defined Rank Allocation Pre-defined rank
allocation methods (Benedek and Wolf, 2024;
Zhang et al., 2024; Meng et al., 2024) deter-
mine the rank configuration prior to training.
PRILoRA (Benedek and Wolf, 2024) assigns ranks
under a fixed parameter budget by following a de-
terministic rule, allocating larger ranks to higher
layers. AutoLoRA (Zhang et al., 2024) formulates
rank allocation as an architecture search problem
and identifies suitable rank configurations via Neu-
ral Architecture Search (NAS) prior to training.

PiSSA (Meng et al., 2024) initializes LoRA factors
via SVD of the pretrained weight matrix prior to
training. These methods have the advantage of zero
additional overhead during training, but they do not
account for the actual update dynamics induced by
data and optimization.

Adaptive Rank Allocation Adaptive rank al-
location methods (Zhang et al., 2023b; Ding
et al., 2023b; Valipour et al., 2023), on the other
hand, adjust ranks dynamically during fine-tuning
to better match layer-wise update requirements.
AdaLoRA (Zhang et al., 2023b) starts from a large
uniform rank and progressively prunes or real-
locates ranks based on importance scores com-
puted from singular values. IncreLoRA (Zhang
et al., 2023a) follows an opposite strategy, grad-
ually increasing ranks for layers deemed under-
parameterized during training. While adaptive
methods can better respond to layer-specific de-
mands, they typically involve iterative rank reallo-
cation, additional computation, and increased train-
ing complexity.

Distinction Prior methods rely on predefined
rules or search for initialization, and importance-
based reallocation. LoRA-RG instead uses residual
gradient as a direct sufficiency signal, estimating
the initial rank from early gradients and expand-
ing it only when the residual indicates insufficient
capacity.

2.2 Gradient-Based LoRA Optimization
Recent studies (Wang et al., 2024; He et al., 2025;
Zhang et al., 2025) show that gradient informa-
tion provides useful signals for LoRA fine-tuning.
These methods differ in how gradient information
is used. LoRA-One (Zhang et al., 2025) and LoRA-
GA (Wang et al., 2024) use early full-gradient in-
formation mainly for LoRA parameter initializa-
tion. They apply SVD to an early gradient and
use the resulting singular directions to initialize
the LoRA factors under a given rank. Thus, gra-
dients are used to improve the starting point of
fixed-rank LoRA fine-tuning, while the rank itself
remains pre-specified. To use gradients beyond
parameter initialization, GoRA (He et al., 2025) in-
troduces a gradient-based rank allocation criterion.
It also leverages gradient information, but adopts
a different approach by estimating parameter-wise
sensitivity based on the element-wise product of
parameters and gradients, and allocating ranks ac-
cordingly.
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Figure 1: Overview of LoRA-RG. (a) Rank Initialization estimates a minimal layer-wise rank based on early
gradient signals. (b) Rank Expansion increases LoRA ranks only when the current low-rank structure becomes
insufficient, and initializes newly added parameters using dominant residual-gradient directions to avoid ineffective
zero or random initialization.

Distinction While prior methods mainly use gra-
dients for fixed-rank LoRA parameter initialization
or importance-based rank allocation, LoRA-RG
uses residual gradient error both to estimate the
initial rank before training and to decide during
training whether additional ranks are needed.

3 Problem Setting

We reformulate LoRA rank selection as a gradient
approximation problem. In full fine-tuning, model
parameters are updated using the full gradient

∆Wfull = −ηG,

where G = ∇WL(W ) denotes the gradient of the
loss.

In contrast, LoRA restricts parameter updates
to a low-rank subspace. Under this view, a rank-r
LoRA update corresponds to a rank-r approxima-
tion of the full gradient,

∆WLoRA ≈ Pr(G),

where Pr(·) denotes the optimal rank-r approxima-
tion under the Frobenius norm.

The quality of this approximation is character-
ized by the residual

∥G−Gr∥F , where Gr = Pr(G),

which captures gradient components not repre-
sentable under the imposed rank constraint, pro-
viding a direct criterion for rank sufficiency.

4 Method

4.1 Overview
In this section, we introduce LoRA-RG, a gradient-
guided rank allocation framework for LoRA.
LoRA-RG allocates ranks in two stages. (i) Be-
fore training, it estimates layer-wise initial ranks
from early gradients. (ii) During training, it ex-
pands rank only when the current rank becomes
insufficient. The overall workflow is illustrated in
Figure 1.

4.2 Gradient-Guided Rank Initialization
Before fine-tuning, we estimate the minimal rank
required for each layer from the low-rank struc-
ture of its gradient matrix. This initializes LoRA
ranks to approximate early updates under a global
parameter budget.

Gradient-Based Rank Estimation Given a gra-
dient matrix G ∈ Rd×k, we perform singular value
decomposition (SVD),

G = UΣV ⊤

where Σ = diag(σ1, . . . , σk) with σ1 ≥ · · · ≥ σk.
By the Eckart–Young–Mirsky theorem, the best
rank-r approximation is given by Gr = UrΣrV

⊤
r .

We define the retained energy ratio at rank r as

R(r) =
∥Gr∥2F
∥G∥2F

=

∑r
i=1 σ

2
i∑k

i=1 σ
2
i

.

Given a target retained energy ratio τ , we define
the required rank as

rτ = min{r | R(r) ≥ τ}.
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This criterion selects the smallest rank that retains
sufficient gradient energy.

Budget-Adaptive Rank Allocation While rτ is
computed independently for each layer, the result-
ing total rank may exceed a global budget Rbudget.
To enforce the budget constraint, we gradually de-
crease τ and select the largest value τ∗ such that

∑

i

rτ∗,i ≤ Rbudget.

The resulting rinit = rτ∗ is used to initialize LoRA
ranks across layers. The full algorithm is described
in Appendix A.1.

4.3 Measuring Rank Sufficiency

While gradient-based initialization provides a
strong starting point, the required rank can change
as training progresses. We therefore measure
whether the current rank remains sufficient during
training.

Residual Gradients Given the full fine-tuning
gradient G and its rank-r approximation Gr, we
define the residual gradient as

Gres = G−Gr

where Gres captures gradient components not rep-
resented by the current low-rank subspace.

Rank Sufficiency Score (RSS) We quantify rank
sufficiency using the Rank Sufficiency Score (RSS),
defined as

ϵ(r) =
∥Gres∥F
∥G∥F

(1)

A small RSS indicates that the current rank ade-
quately captures the gradient update, while a large
score indicates a large residual ratio and signals the
need for rank expansion. As illustrated in Figure 2,
residual gradients saturate when the rank is insuffi-
cient, which motivates using RSS as a direct signal
of rank sufficiency.

4.4 Gradient-Guided Rank Adaptation

We adapt LoRA ranks during training only when
the current rank becomes insufficient. This adapta-
tion is guided by the Rank Sufficiency Score (RSS),
which directly measures how well the low-rank up-
date approximates the full fine-tuning gradient.

Captured 
Energy

σ2
i

r Rank

G − Gr

Residual  
Energy

Gr

Gres

Figure 2: (Left) Conceptual illustration of residual gra-
dient energy not captured by a rank-r subspace. (Right)
Evolution of residual gradients during fine-tuning, show-
ing saturation when the rank is insufficient.

When to Expand Ranks We periodically track
the exponential moving average (EMA) of RSS for
each LoRA layer. When this EMA exceeds a pre-
defined threshold θ, indicating a persistently high
residual ratio, we expand the LoRA rank by adding
one rank-1 component. Unless otherwise stated,
we set θ = 0.5, which is robust across tasks. Imple-
mentation details are provided in Appendix A.2.

Residual Gradient Initialization

G

GrGr

Gres

Figure 3: Residual gradient initialization during rank
expansion. Newly added LoRA components are initial-
ized to capture Gres = G−Gr.

Stable Initialization for Rank Expansion RSS
decides when to expand rank, but it does not spec-
ify how to initialize new components. Since rank
expansion changes the trainable parameter space
during training, naive zero or random initialization
can introduce optimization instability. To stabilize
expansion, we introduce Residual-Gradient Ini-
tialization, which reuses the residual Gres from
the sufficiency score to initialize newly added rank
components: This residual directly captures update
directions not captured at the current rank. We ini-
tialize new components from this residual rather
than from random or zero values.

When adding ∆r new rank components, we com-
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pute the rank-∆r truncated SVD:

Gres ≈ U∆rΣ∆rV
⊤
∆r

We initialize the newly added LoRA parameters
as

∆A =
1√
s
Σ
1/2
∆r V

⊤
∆r, ∆B =

1√
s
U∆rΣ

1/2
∆r ,

where s is the LoRA scaling factor.
We further adopt advance learning from In-

creLoRA (Zhang et al., 2023a), which pre-trains
upcoming rank components before activation to
reduce optimizer-state discontinuity. Figure 3 illus-
trates this residual-gradient initialization process
during rank expansion.

5 Experiments

5.1 Datasets and Models

We conducted experiments on Qwen3-4B (Qwen
et al., 2025) and LLaMA-3.1-8B (Grattafiori et al.,
2024) across commonsense reasoning, mathemat-
ics, code generation, and instruction-following
tasks.

Commonsense Reasoning We used Open-
BookQA (Mihaylov et al., 2018), SIQA (Sap et al.,
2019), and ARC-Challenge/Easy (Clark et al.,
2018) with predefined training and test splits fol-
lowing LLM-Adapters (Hu et al., 2023).

Mathematics We evaluated on GSM8K (Cobbe
et al., 2021) and MATH (Hendrycks et al., 2021).

Code Generation We trained on 30K samples
from CodeFeedback (Zheng et al., 2024) and eval-
uated on the HumanEval (Chen et al., 2021) bench-
mark.

Instruction Following We fine-tuned the mod-
els on 50K samples from UltraChat (Ding et al.,
2023a) and evaluated them on the IFEval (Zhou
et al., 2023) benchmark.

5.2 Baselines

We compare our approach with LoRA (Hu et al.,
2022) and state-of-the-art LoRA variants. We cate-
gorize baselines according to when and how LoRA
ranks are determined, reflecting the design choices
addressed by LoRA-RG.

Rank Initialization Methods

• PRILoRA (Benedek and Wolf, 2024) assigns
linearly increasing ranks across layers accord-
ing to layer depth. To isolate the effect of rank
initialization, we use only this initial rank al-
location scheme.

• PiSSA (Meng et al., 2024) initializes LoRA
weights using the principal singular compo-
nents of the pretrained weights.

Adaptive Rank Allocation Methods

• AdaLoRA (Zhang et al., 2023b) prunes singu-
lar values based on importance scores.

• IncreLoRA (Zhang et al., 2023a) incremen-
tally increases ranks of important modules,
where module importance is estimated from
the average magnitude of the element-wise
product between the LoRA update and its gra-
dient.

Gradient-informed Allocation Methods

• LoRA-GA (Wang et al., 2024) initializes
weights via gradient SVD.

• GoRA (He et al., 2025) allocates LoRA ranks
based on element-wise weight-gradient mag-
nitude.

5.3 Implementation Details

To ensure a fair comparison, all methods are trained
using identical optimization settings, including the
learning rate, batch size, number of training steps,
and optimizer configuration. Unless otherwise
specified, we follow the default hyperparameter
settings used in prior LoRA studies.

For adaptive rank allocation methods, we con-
trolled the total number of trainable parameters
by matching the same average LoRA rank budget
across methods. In particular, we set the vanilla
LoRA rank to r = 4, 8 and used the same average
rank budget for PRILoRA, IncreLoRA, AdaLoRA,
and LoRA-RG. The resulting average rank may
vary slightly due to differences in rank distribu-
tion across layers and modules. We therefore re-
port the final average rank for all methods and in-
clude strictly parameter-matched comparisons in
Appendix D.

We evaluated commonsense reasoning tasks fol-
lowing the settings of LLM-Adapters (Hu et al.,
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Method Avg. Rank Mathematics Code Commonsense Reasoning Chat

GSM8K MATH500 HumanEval SIQA OBQA ARC-e ARC-c IFEval

Qwen3-4B (r = 4)
LoRA 4.0 78.4 ± 0.8 47.6 ± 0.2 64.0 ± 0.3 73.6 ± 0.1 78.4 ± 0.2 92.5 ± 0.0 82.7 ± 0.0 70.6 ± 0.1

Rank Initialization Methods
PRILoRA 4.0 79.9 ± 0.3 50.9 ± 0.3 67.7 ± 0.2 74.9 ± 0.1 81.6 ± 0.8 92.6 ± 0.0 83.7 ± 0.4 71.8 ± 0.0
PiSSA 4.0 79.9 ± 0.4 47.4 ± 0.5 66.5 ± 0.2 78.6 ± 0.7 88.1 ± 1.0 89.1 ± 0.4 86.7 ± 0.0 71.2 ± 0.6

Adaptive Rank Allocation Methods
AdaLoRA 4.0 84.9 ± 0.2 49.9 ± 0.7 69.5 ± 0.8 71.7 ± 3.3 72.9 ± 0.2 86.1 ± 0.3 78.6 ± 0.2 73.7 ± 0.1
IncreLoRA 4.0 82.9 ± 0.9 51.2 ± 0.3 67.2 ± 0.8 71.9 ± 1.1 78.9 ± 0.2 92.1 ± 0.1 82.4 ± 0.2 73.0 ± 0.1

Gradient-based LoRA Rank & Weight Allocation
GoRA 4.0 85.8 ± 0.3 47.6 ± 0.6 68.7 ± 0.9 74.3 ± 0.5 79.1 ± 0.3 93.6 ± 0.4 85.8 ± 0.8 71.1 ± 0.4
LoRA-GA 4.0 77.8 ± 0.5 47.9 ± 0.3 66.2 ± 1.1 74.2 ± 0.3 78.4 ± 0.7 91.6 ± 1.1 82.6 ± 0.8 71.8 ± 0.8
LoRA-RG (RI) 3.7 82.1 ± 0.1 49.9 ± 0.7 68.9 ± 0.4 75.8 ± 0.8 79.0 ± 0.5 93.5 ± 0.7 88.4 ± 0.5 74.2 ± 0.7
LoRA-RG (RI+RE) 4.0 87.9 ± 1.8 49.2 ± 0.5 70.1 ± 0.5 78.6 ± 0.9 89.6 ± 1.6 95.2 ± 0.7 87.7 ± 0.3 73.9 ± 0.2

Qwen3-4B (r = 8)
LoRA 8.0 80.6 ± 0.3 46.3 ± 0.1 68.5 ± 0.8 74.5 ± 0.1 80.3 ± 0.0 93.6 ± 0.0 84.2 ± 0.1 72.0 ± 0.1

Rank Initialization Methods
PRILoRA 8.0 80.4 ± 0.2 47.2 ± 1.0 68.9 ± 0.1 74.1 ± 0.0 79.1 ± 0.4 93.5 ± 0.0 84.8 ± 0.0 73.5 ± 0.1
PiSSA 8.0 81.5 ± 0.0 48.5 ± 0.8 63.6 ± 1.8 74.4 ± 0.7 82.4 ± 1.2 93.9 ± 0.1 84.5 ± 0.3 71.7 ± 0.3

Adaptive Rank Allocation Methods
AdaLoRA 8.0 84.8 ± 1.9 50.6 ± 0.2 67.0 ± 0.3 74.1 ± 0.2 72.3 ± 0.5 90.4 ± 1.0 82.5 ± 0.4 72.6 ± 0.0
IncreLoRA 8.0 80.5 ± 0.6 45.8 ± 1.8 68.9 ± 0.4 74.8 ± 0.1 80.1 ± 0.1 93.5 ± 0.0 93.7 ± 0.1 71.5 ± 1.2

Gradient-based LoRA Rank & Weight Allocation
GoRA 8.0 80.2 ± 0.6 47.5 ± 0.1 67.7 ± 0.7 73.1 ± 0.6 77.3 ± 2.1 93.4 ± 2.5 85.9 ± 0.0 71.1 ± 0.3
LoRA-GA 8.0 81.1 ± 0.4 47.8 ± 0.1 68.2 ± 0.0 78.4 ± 0.7 90.6 ± 0.2 83.2 ± 0.3 88.6 ± 0.3 73.0 ± 0.2
LoRA-RG (RI) 7.1 80.7 ± 0.4 50.2 ± 0.1 70.1 ± 0.1 78.2 ± 0.6 89.8 ± 1.5 95.0 ± 0.0 93.2 ± 0.3 73.1 ± 0.4
LoRA-RG (RI+RE) 7.4 88.2 ± 0.3 49.8 ± 0.2 68.2 ± 0.4 74.2 ± 1.3 88.5 ± 0.1 93.6 ± 0.5 90.4 ± 0.2 73.1 ± 0.1

Table 1: Performance comparison on Qwen3-4B under different LoRA ranks. Bold values indicate the best result
within each rank block, and underlined values indicate the second-best result. For LoRA-RG, RI denotes the
initialization-only variant, while RI+RE denotes the full method with additional rank expansion during training.

2023), replacing the original Alpaca-style in-
struction format with the model’s chat template.
Mathematics, code generation, and instruction-
following tasks were evaluated using lm-evaluation-
harness (Gao et al., 2021).

All experiments are conducted on two NVIDIA
A6000 × 2 GPUs. Further details of implemen-
tation, including hyperparameters are provided in
Appendix B.

6 Main Results

We evaluate LoRA-RG through the following re-
search questions.

• RQ1: Is LoRA-RG an effective starting
point for LoRA fine-tuning?

• RQ2: Does gradient-guided rank expan-
sion improve performance during training?

• RQ3: Does LoRA-RG achieve a better
performance–efficiency trade-off under the
same parameter budget?

6.1 RQ1: Is LoRA-RG an Effective Starting
Point for LoRA Fine-Tuning?

We first evaluate whether LoRA-RG provides an ef-
fective starting point for LoRA fine-tuning. Table 1
compares LoRA-RG (RI) with fixed-rank LoRA
and rank initialization baselines under the same
rank budget.

Across reasoning, mathematical, code genera-
tion, and instruction-following benchmarks, RI
consistently outperforms fixed-rank LoRA. For ex-
ample, with Qwen3-4B at rank 4, RI improves
GSM8K accuracy from 78.4 to 82.1. At rank 8, the
GSM8K gain is smaller (80.6 to 80.7), but it clearly
improves OBQA (80.3 to 89.8) and ARC-c (84.2
to 87.4). This indicates that gradient-guided rank
initialization can allocate ranks more effectively
according to layer-wise update demand, with the
small GSM8K gain at r = 8 suggesting that this
rank already provides sufficient capacity for the
task.

Comparison with Rank Initialization Methods
Among rank initialization methods, LoRA-RG con-
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sistently achieves the strongest performance across
most tasks.

PRILoRA assigns larger ranks to deeper layers
and performs well on MATH500 and IFEval. This
suggests that tasks requiring more task-specific
transformation, such as multi-step reasoning or
precise instruction following, benefit from addi-
tional capacity in deeper layers. PiSSA initializes
weights from the top singular vectors of the pre-
trained weights, reusing their principal directions.
This helps on SIQA and OBQA, where pretrained
knowledge alone already covers much of the task.

In contrast, LoRA-RG performs consistently
well across task types at both ranks. For example,
it improves GSM8K accuracy to 82.1 at rank 4, and
reaches 89.8 on OBQA at rank 8 while PRILoRA
reaches only 79.1.

Overall, these results suggest that structural ini-
tialization rules tailored to specific task types are
less effective than gradient-guided rank estimation,
which adapts to the update demand of each task.
We further analyze the resulting rank patterns in
Appendix C.

The Effect of Gradient-Based Initialization
Gradient-based initialization methods generally
outperform heuristic or structure-driven rank ini-
tialization, indicating that early gradients carry in-
formative signals for LoRA adaptation. For ex-
ample, with Qwen3-4B at r = 4, gradient-based
methods such as GoRA and LoRA-RG outperform
PRILoRA on several tasks, including GSM8K and
ARC-c.

Although both use gradients, LoRA-RG differs
from prior gradient-based methods in how it uses
them. GoRA and LoRA-GA use gradients for im-
portance estimation or weight initialization, but do
not explicitly evaluate rank sufficiency. LoRA-RG
instead examines the low-rank approximability of
the gradient itself to identify a minimal yet suffi-
cient rank, giving it a stronger initialization than
other gradient-based methods, particularly on rea-
soning tasks.

6.2 RQ2: Does Gradient-Guided Rank
Expansion Improve Performance During
Training?

We next test whether rank expansion adds gains
beyond initialization. As shown in Table 1, at r =
4, RI+RE improves most tasks over RI, including
GSM8K and OBQA. This shows that expansion
helps when the initial rank budget is small and

capacity is limited.
At rank 8, the pattern differs. RI+RE improves

GSM8K substantially but leaves most other tasks,
including ARC-e and ARC-c, largely unchanged.
This suggests that when the initial rank already
provides enough capacity, RI captures most of the
gain and little expansion is triggered. GSM8K
improves because it still lacks capacity even at r=8.

Overall, rank expansion is most effective when
the initial rank is insufficient, and adds extra ca-
pacity once the rank is already sufficient. For rank
8, the average rank grows by only 4.2% over RI
(7.1 to 7.4), compared to 8.1% at rank 4 (3.7 to
4.0). This shows that it adds capacity only where
needed, without wasting memory. These results
show that rank expansion helps when the initial
low-rank subspace is not enough. By expanding
ranks only when needed, LoRA-RG adds capac-
ity without unnecessary growth. We analyze the
expansion threshold further in Appendix G.

Table 2 shows the same trend under a higher
base rank (r = 8) on LLaMA-3.1-8B-Instruct: RI
improves over LoRA, and RI+RE gives the best
overall results.

Figure 4: Convergence of training and gradient norm in
training for GSM8K.

6.3 RQ3: Does LoRA-RG Achieve a Better
Performance-Efficiency Trade-off under
the Same Parameter Budget?

We evaluate whether LoRA-RG improves the trade-
off between performance and efficiency under the
same parameter budget.

As shown in Table 1, LoRA-RG (RI) uses a
lower average rank than the target budget (3.7 at
r = 4, 7.1 at r = 8), yet still outperforms fixed-
rank LoRA. In other words, it achieves better re-
sults with fewer parameters. As shown in Table 3,
RI requires an extra gradient computation step like
LoRA-GA and GoRA, but its lower rank keeps
training time comparable to these methods. LoRA-
RG also converges faster than fixed-rank LoRA,
reaching lower training loss earlier (Figure 4).

45577



Method GSM8K MATH500 HumanEval OBQA SIQA ARC-e ARC-c IFEval

LoRA (r = 8) 81.9 35.4 59.7 65.3 78.6 79.1 64.8 63.9
LoRA-RG (RI) 82.3 37.2 61.5 66.0 79.7 81.1 65.1 72.1
LoRA-RG (RI+RE) 83.4 39.2 63.5 66.8 80.6 81.1 66.2 68.3

Table 2: Performance comparison on LLaMA-3.1-8B-Instruct (r = 8).

Method
Training Time

(s, ×LoRA)
Peak Memory
(GB, ×LoRA)

LoRA (r = 4) ×1.00 ×1.00
PRILoRA ×1.01 ×1.18
PiSSA ×0.99 ×1.20
AdaLoRA ×1.50 ×1.18
IncreLoRA ×1.0 ×1.20
GoRA ×1.13 ×1.20
LoRA-GA ×1.52 ×1.05

LoRA-RG (RI) ×1.3 ×1.03
LoRA-RG (RI+RE) ×1.54 ×1.17

Table 3: Training efficiency on GSM8K using QWEN3-
4B.

Stage Step Time Memory (MB)

Init
LoRA-GA 55.42s 9274MB
LoRA-RG 19.8s 7938MB

Expansion
Score Comp. 0.21ms –
Rank-1 Exp. 4-7ms 0.05MB
∆ FLOPs 0.0002% –

Table 4: Time and memory overhead of LoRA-RG mea-
sured on Qwen3-4B. Rank expansion costs are reported
per single rank increment (∆r = 1).

LoRA-RG (RI+RE) increases both training time
and average rank due to expansion, but clearly im-
proves performance further. Memory usage also
rises over RI, since RE periodically recomputes
RSS, which requires extra gradient computation
and a larger rank, remaining comparable to other
gradient-based methods such as LoRA-GA and
GoRA. This shows that gradient-guided rank al-
location offers a favorable performance-efficiency
trade-off with fewer parameters.

7 Ablation Study

Time and Memory Overhead of LoRA-RG We
analyze the computational overhead introduced by
LoRA-RG during both the initialization stage and
the adaptive rank expansion stage in Table 4.

During initialization, LoRA-RG analyzes the ini-
tial gradient using a single batch, incurring a one-

time SVD cost of 19.8 s and 7.9 GB of additional
memory. In contrast, LoRA-GA incurs substan-
tially higher overhead (55.4 s, 9.3 GB), as it aggre-
gates gradients over multiple iterations (32 in our
setup). Importantly, this additional memory is re-
leased after initialization and does not affect the
training-time memory footprint.

During rank expansion, we measure the cost
of computing the rank saturation score and the
overhead of increasing the LoRA rank. The
rank saturation score computation requires only
0.21 ms per step. A single rank-1 expansion in-
troduces 0.05 MB of additional memory and in-
creases FLOPs by 2 × 10−4% relative to the full
model. Overall, these results show that dynamic
rank expansion in LoRA-RG introduces negligible
computational overhead.

Method GSM8K MATH HumanEval

LoRA (r = 4) 78.4 47.5 64.0
LoRA-RG (RE + zero-init) 87.1 48.9 69.1
LoRA-RG (RE + residual-init) 87.9 49.6 70.8

Table 5: Effect of rank expansion and rank initialization
strategy. We compare fixed-rank LoRA with LoRA-RG
using RSS based rank expansion (RE), where newly
added ranks are initialized either with zeros or using
residual gradient directions. All methods start from the
same fixed initial rank.

Effect of Residual Gradient Initialization We
analyze the effect of residual gradient initialization
in adaptive rank expansion. Disabling gradient-
based rank initialization, we first apply RSS-based
rank expansion from a fixed rank. As shown in
Table 5, rank expansion improves over fixed-rank
LoRA, and residual-gradient initialization further
improves over zero initialization by giving newly
added ranks a more informative starting point.

Effectiveness of RSS-based Rank Expansion.
To verify that RSS provides a useful signal for rank
expansion, we compare LoRA-RG with and with-
out RSS-based rank expansion on GSM8K with
Qwen3-4B. As shown in Table 6, rank expansion
reduces the mean RSS and improves accuracy. This
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Setting Avg. RSS GSM8K Acc.

No-RE 0.54 82.7
RE 0.47 87.1

Table 6: Effect of RSS-based rank expansion on
GSM8K with Qwen3-4B.

shows that RSS-based expansion reduces resid-
ual gradient error and provides additional capacity
when the current rank is insufficient.

8 Conclusion

We propose LoRA-RG, a gradient-guided frame-
work that addresses both rank initialization (RI)
and rank expansion (RE) for LoRA. RI estimates
a sufficient per-layer rank from warm-up gradi-
ents, achieving better performance than fixed-rank
LoRA, rank initialization baselines, and other
gradient-based methods while using a lower av-
erage rank. RE further expands rank selectively
during training based on RSS, improving perfor-
mance when the initial rank is insufficient with-
out adding unnecessary parameters. Experiments
across reasoning, math, code generation, and
instruction-following benchmarks show that LoRA-
RG achieves a better accuracy-efficiency trade-off
than existing baselines at comparable time and
memory cost.

Limitations

While LoRA-RG introduces only moderate over-
head in our experiments, computing residual gradi-
ents and truncated SVD may incur additional cost
for extremely large models or long training sched-
ules.

Rank expansion also has an implementation con-
straint. Increasing a LoRA rank during training
requires adding new parameters to the optimizer,
which is difficult under frameworks such as Deep-
Speed and the HuggingFace Trainer, since their
optimizer state and parameter partitioning are set
up at initialization. We therefore implement rank
expansion, as well as IncreLoRA and GoRA, by
pre-allocating parameters for the full rank bud-
get and activating them progressively, following
AdaLoRA.
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Appendix

A Algorithm Details

This section presents the full algorithm for our proposed LoRA-RG Rank Initiallization and Rank
Expansion method.

A.1 Rank Initialization Algorithm
The procedure estimates per-layer intrinsic adaptation ranks based on the gradient energy distribution
obtained from a single warm-up step. This warm-up step consists of a single forward–backward pass used
solely to compute gradients, without performing any parameter updates.
The algorithm proceeds as follows:

1. Compute the warmup-step gradient for all LoRA layers.

2. Determine the minimum rank rτ that preserves a target fraction τ of total gradient energy.

3. Select the largest τ∗ that satisfies the global parameter budget.

Algorithm 1 Gradient-Guided Rank Initialization
1: rτ [ℓ, τ ]← 0, rinit[ℓ]← 0 for all layers ℓ
2: T ← [0.99, 0.95, 0.90, . . . , 0.50]
3: loss← FORWARDBACKWARD(M,Dwarmup)
4: for each layer ℓ ∈ L do
5: G← ∇(base_weightℓ)
6: σ ← SVD(G)
7: total_energy←∑

i σ
2
i

8: for each τ ∈ T do
9: Si ← cumsum(σ2)/sum(σ2)

10: rτ [ℓ, τ ]← min{i | Si ≥ τ} ▷ Smallest rank preserving τ fraction of energy
11: end for
12: end for
13: for τ ∈ T (high→ low) do
14: Rtotal(τ)←

∑
ℓ rτ [ℓ, τ ]

15: if Rtotal(τ) ≤ Rbudget then
16: τ∗ ← τ ; break ▷ Select the largest τ satisfying budget constraint
17: end if
18: end for
19: for each ℓ ∈ L do
20: rinit[ℓ]← rτ [ℓ, τ

∗] ▷ Assign final initialization rank for each module
21: end for
22: return rinit

A.2 Training-Time Rank Adaptation Algorithm
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Algorithm 2 LoRA-RG: Training-Time Rank Adaptation via Residual Gradients

1: Gℓ ← 0, nℓ ← 0 for all layers ℓ ▷ per-round gradient accumulator
2: for t = 1, . . . , T do
3: Sample mini-batch Bt; forward/backward pass
4: if tinit < t < tfinal then
5: for each LoRA layer ℓ do
6: gℓt ← ∇Wℓ

L(Bt) ▷ gradient w.r.t. the frozen base weight
7: nℓ ← nℓ + 1; Gℓ ← Gℓ + (gℓt −Gℓ)/nℓ ▷ running mean over the round
8: end for
9: end if

10: if t mod ∆T = 0 and tinit < t < tfinal then
11: for each LoRA layer ℓ do
12: [Ur,Σr, Vr]← SVDrℓ(G

ℓ); Gℓ
r ← UrΣrV

⊤
r

13: Gℓ
res ← Gℓ −Gℓ

r; ϵℓ ← ∥Gℓ
res∥F /∥Gℓ∥F

14: end for
15: C ← {ℓ : ϵℓ > θ and ℓ not in cooldown} ▷ candidate layers
16: for each ℓ ∈ C do
17: [U ℓ

∆r,Σ
ℓ
∆r, V

ℓ
∆r]← SVD∆r(G

ℓ
res)

18: effℓ ← ∥Σℓ
∆r∥22/(∆r · ∥Gℓ∥2F ) ▷ energy captured per added rank

19: end for
20: S ← top-h layers in C ranked by effℓ

21: for each ℓ ∈ S do
22: ∆Aℓ ← (Σℓ

∆r)
1/2(V ℓ

∆r)
⊤/
√
s; ∆Bℓ ← U ℓ

∆r(Σ
ℓ
∆r)

1/2/
√
s

23: Aℓ ← [Aℓ; ∆Aℓ]; Bℓ ← [Bℓ,∆Bℓ]; rℓ ← rℓ +∆r
24: Start cooldown for ℓ
25: end for
26: Gℓ ← 0, nℓ ← 0 for all ℓ ▷ reset accumulator for next round
27: end if
28: end for
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B Implementation Details

B.1 Dataset

We report the fine-tuning setup for each benchmark used in our experiments, including commonsense
reasoning, mathematical reasoning, and code generation tasks. All experiments share similar hyperparam-
eters as shown in Table 7. Additionaly, results are reported as the mean and standard deviation over five
runs with different random seeds.

Dataset Num Updates Epochs Batch Size Learning Rate

GSM8K 5 1 32 2e-4
CodeFeedback-30K 10 1 32 2e-4
OBQA 5 2 32 2e-4
SIQA 5 1 32 2e-4
ARC-c 5 7 32 2e-4
ARC-e 5 3 32 2e-4
UltraChat-50K 10 1 32 2e-4

Table 7: Implementation details for all evaluation benchmarks.

B.2 Hyperparameters

Since the number of training steps varies across datasets, we set the update interval ∆T between 5 and 20
so that each interval contains at least 20 training steps.

• PRILoRA (Benedek and Wolf, 2024): Adopting only the rank initialization method from the paper,
we configured the rank to increase linearly to achieve an average target rank.

• PiSSA (Meng et al., 2024): To reduce computation time, we use power iteration for SVD with 32
iteration steps.

• AdaLoRA: We set the initial warmup steps (tinit) to 20% of total training steps and final fine-tuning
steps (tfinal) to 70% (fixing the rank for the last 30%). The number of gradient updates is set to 5-20
(∆T ), with an initial rank of 1.5× r as recommended in the original paper. We report the detailed
interval and gradient-update settings in Table 7.

• IncreLoRA (Zhang et al., 2023a): Similar to AdaLoRA, we set tinit = 20% and tfinal = 70%, and
gradually increase the rank from an initial rank of 1 to the target rank r. We report the detailed
interval and gradient-update settings in Table 7.

• LoRA-GA (Wang et al., 2024): We used 32 gradient estimation steps for initialization.

• GoRA (He et al., 2025): We set the gradient estimation steps to 32. The rank is dynamically adjusted
between a minimum of 4 and a maximum of 32, with a dedicated learning rate of 5e-2.

• LoRA-RG: We set the threshold to 0.5. The rank adjustment starts after 20% of training steps (tinit)
and concludes at 70% (tfinal), performing a total of 5-20 update intervals (∆T ) same with AdaLoRA
and IncreLoRA for fair comparisons.

C Rank Initialization Pattern of LoRA-RG

Figure 5 illustrates the layer-wise rank allocation produced by LoRA-RG under a fixed energy threshold
(τ = 0.99) across different tasks. The patterns reveal substantial task-dependent differences in how
adaptation capacity is distributed across layers.

In code generation tasks such as CODEFEEDBACK, higher ranks are concentrated in deeper layers,
whereas in commonsense and reasoning tasks (e.g., OPENBOOKQA, SIQA), ranks are more evenly
distributed. This analysis shows that the layers requiring adaptation vary across tasks.
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Figure 5

D Comparison under Matched Trainable Parameters

The RI stage searches the threshold τ with a coarse grid, so the realized average rank (and parameter
count) can be slightly below the target used in the main experiments. To verify this does not explain our
gains, we binary-search τ to exactly match LoRA’s parameter count, denoted LoRA-RG (param-matched).

Method Avg. Rank GSM8K

LoRA 4.0 78.5
LoRA-RG (RI) 3.8 82.2
LoRA-RG (param-matched) 4.0 82.4

Table 8: Comparison under matched trainable parameter budgets on GSM8K with Qwen3-4B.

As shown in Table 8, LoRA-RG still outperforms LoRA even under an exactly matched parameter
count, confirming the gain comes from better rank allocation rather than extra parameters. Since the exact
match requires a more expensive search over τ , we use the coarse grid as our default and report this result
only as a check.

E QwQ-32B Results

Method GSM8K HumanEval

LoRA 81.3 78.0
PriLoRA 84.5 82.9
RI 88.5 83.5
RI + RE 90.3 84.7

Table 9: Results on QwQ-32B (r = 8).

We further evaluated on QwQ-32B to examine whether the proposed rank allocation strategy remains
effective for larger reasoning models. As shown in Table 9, LoRA-RG consistently improves over LoRA
and PriLoRA on both GSM8K and HumanEval, with RI+RE achieving the best performance. We used 2
H100 GPUs for the experiments to keep same hyperparameter settings as in Qwen-3B.
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F Sensitivity to Probing LR/Steps in RI

We examine the sensitivity of the rank initialization (RI) stage to probing learning rate and steps. A single
probing step gives noisy gradients and degrades performance. A moderate number of steps removes this
noise, and larger K brings no further gain. The probing learning rate shows the same pattern. RI is robust
to both once they reach a reasonable value.

Task K=1 K=8 K=16 K=32

GSM8K 82.41 81.65 82.26 81.65
CodeFeedback 67.68 67.68 68.90 68.90
ARC-Challenge 82.73 86.35 85.86 85.69
ARC-Easy 92.68 93.30 93.30 93.17

Table 10: Sensitivity of RI to the number of probing steps K.

Task No Probe LR Probe LR=2e-4 Probe LR=1e-5

GSM8K 81.65 81.58 81.96
CodeFeedback 67.68 70.12 70.73
ARC-Challenge 86.35 85.94 85.61
ARC-Easy 93.30 93.34 93.30

Table 11: Sensitivity of RI to the probing learning rate.

G Sensitivity to RSS Threshold

RSS measures rank insufficiency, remaining small when the rank is adequate and growing large otherwise.
As shown in Table 12, a larger initial rank (r=8) keeps the average RSS low, so expansion rarely triggers
and performance stays stable. A smaller initial rank (r=4) raises the average RSS and makes results
more sensitive to the threshold. Too low a value causes unnecessary expansion, too high a value blocks
expansion when needed, and a moderate value works best.

Rank 4 Avg. RSS
RSS Threshold θ

0.1 0.3 0.5 0.7

GSM8K 0.54 81.18 84.13 87.70 87.72
ARC-Easy 0.48 93.38 93.46 93.50 93.40

Rank 8 Avg. RSS 0.3 0.5 0.7 0.9

GSM8K 0.39 88.62 88.70 88.90 88.62
ARC-Easy 0.40 92.16 93.26 93.01 92.76

Table 12: Sensitivity analysis of the RSS threshold θ for rank 4 and rank 8. Performance remains stable across a
wide range of threshold values.

H Scheduling Hyperparameters in Rank Expansion

We study the sensitivity of rank-expansion schedules (tinit, tfinal, and the number of updates). Table 13
shows that more updates improve accuracy up to 84.7 but raise runtime, and too many updates lower
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accuracy since new ranks converge too little, as seen at 40 updates. We use a moderate schedule to balance
both.

tinit tfinal # Updates Accuracy Time (s)

10% 70% 20 82.8 608
40% 90% 20 80.4 612
40% 70% 1 80.9 592
40% 70% 10 82.8 612
40% 70% 20 83.4 618
40% 70% 30 84.7 640
40% 70% 40 54.7 640

Table 13: Sensitivity to rank-expansion scheduling hyperparameters on GSM8K (LLaMA-3.1-8B-Instruct).
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