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Abstract

Interpretability methods are increasingly in-
voked to diagnose Large Language Model
(LLM) failures, but most evidence comes from
short prompts or toy templates, leaving their
utility on practical benchmarks unclear. We
cast failure diagnosis as contrastive attribution
over target–contrast token pairs, attributing the
logit gap between incorrect and correct out-
put tokens to input tokens and internal states,
and introduce a batch-packed multi-target back-
propagation scheme that scales cross-layer at-
tribution graphs to long-context inputs. Instan-
tiating this framework with LRP-style attribu-
tion, we evaluate it on IFEval, GAIA2, MATH,
and EvalPlus across multiple model sizes and
post-training checkpoints. Across coverage,
interpretability, reliability, and dynamics, con-
trastive attribution surfaces recurring failure
modes such as underweighting task-relevant to-
kens and overweighting distractors, demonstrat-
ing its practical value as a scalable diagnostic
tool for realistic LLM failures.

1 Introduction

While the capabilities of Large Language Mod-
els (LLMs) have improved substantially in recent
years, they continue to fail in diverse and conse-
quential ways in deployment (Chang et al., 2024).
Systematically debugging these failures is there-
fore crucial for characterizing internal signals as-
sociated with observed decisions and developing
testable improvement hypotheses.

Existing analyses of LLM failures predomi-
nantly rely on behavioral analysis of inputs, out-
puts, and responses to perturbations. Such anal-
yses can identify failures and categorize error
types, but do not show how observed token pref-
erences are supported internally. Similar behav-
iors can correspond to distinct internal attribution
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patterns, including underweighting relevant con-
text tokens, overweighting irrelevant tokens, or
biases reflected in internal representations. This
motivates interpretability-based analysis (Luo and
Specia, 2024), which moves beyond behavior to ex-
pose how models form preferences and propagate
influence across layers.

On the interpretability side, substantial progress
has been made for transformer-based models (Fer-
rando et al., 2024), but applications to LLMs are
largely restricted to toy settings, short inputs, or
highly constrained prompt templates (Wang et al.,
2023; Meng et al., 2022; Lindsey et al., 2025). In-
terpretability analyses of realistic failures, such
as those arising from standard benchmarks or de-
ployed systems, remain scarce, partly because such
failures are open-ended and their input contexts can
span thousands of tokens (e.g., in agentic tasks), ex-
ceeding the computational limits of many existing
interpretability tools.1

Rather than proposing another attribution algo-
rithm, this paper asks a more pragmatic question:
Can interpretability-based analysis provide prac-
tical value for LLM failure diagnosis? Answering
this requires moving beyond illustrative case stud-
ies toward a population-level study that is explicit
about four properties of the diagnostic pipeline: (i)
coverage, which failures admit a clean explanation
setup at all; (ii) interpretability, whether the result-
ing attribution, once obtained, makes the underly-
ing failure pattern readily apparent; (iii) reliability,
whether the resulting signals are robust to method
choice, annotation, and causal probing; and (iv) dy-
namics, how those signals change as models scale
or training progresses. Existing work largely treats
these properties implicitly, leaving the practical
value of attribution-based analysis underexplored.

To make these properties concrete, we instanti-
1For example, the TransformerLens package (Nanda and

Bloom, 2022) sets the default context length to 2048 tokens
for Qwen3 models (Yang et al., 2025a).
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ate the diagnostic framework with contrastive at-
tribution (Yin and Neubig, 2022), which attributes
the logit difference between an incorrect output to-
ken and a more correct alternative to input tokens
and internal model states, using AttnLRP (Achtibat
et al., 2024), a variant of the Layer-wise Rele-
vance Propagation (LRP) framework (Bach et al.,
2015), as the underlying attribution algorithm. To
make cross-layer hidden-state attribution graphs
tractable on long-context inputs (e.g., agentic traces
in GAIA2 (Andrews et al., 2025) that can exceed
10k tokens), we introduce a batch-packed multi-
target backpropagation scheme. We then conduct
a systematic empirical study on hundreds of fail-
ures from four widely used benchmarks (IFEval,
GAIA2, MATH, EvalPlus), using Qwen3 models
up to 8B, a shared-protocol Llama-3 comparison,
and OLMo post-training checkpoints. Our findings
show that contrastive attribution surfaces recurring
failure modes such as underweighting task-relevant
tokens and overweighting distractors, and that scal-
ing and continued training drive systematic, inter-
pretable shifts in attribution.

Our contributions are summarized as follows:

• Diagnostic framing. We cast LLM failure di-
agnosis as contrastive attribution over target–
contrast token pairs anchored at the earliest di-
vergence from a correct trajectory, and treat it
as a vehicle for studying when attribution meth-
ods help, rather than as an argument for a new
attribution method.

• Scalable cross-layer attribution graphs. We
introduce a batch-packed multi-target backprop-
agation scheme that recovers hidden-state-level
relevance propagation in a single backward pass,
enabling attribution-graph construction on long-
context (10k+ token) inputs beyond the reach of
prior LRP-based graph pipelines.

• Population-level diagnostic study. Across
four widely used benchmarks (IFEval, GAIA2,
MATH, EvalPlus) and multiple model fami-
lies, model sizes and post-training checkpoints,
we report a failure-pattern taxonomy and an
attribution-outcome taxonomy, and characterize
how attribution patterns evolve under model scal-
ing and post-training stages.2

2Our code is available at: https://github.com/
microsoft/Debug-XAI.

2 Related Work

Analyzing LLM Failures. LLM failures have
been studied primarily through behavioral anal-
yses on standard benchmarks, revealing system-
atic weaknesses in natural language inference, rea-
soning, robustness, and bias (Chang et al., 2024),
and through extensive work on hallucination, in-
cluding empirical characterizations (Maynez et al.,
2020), recent surveys (Ji et al., 2023; Huang et al.,
2025; Zhang et al., 2025c), and dedicated bench-
marks (Lin et al., 2022; Li et al., 2023; Bang et al.,
2025). These studies are informative but largely
treat LLMs as black boxes; when interpretability
has been applied to such behaviors, it has predomi-
nantly been in synthetic or simplified settings such
as subject–relation–object templates (Meng et al.,
2022; Dai et al., 2022; Geva et al., 2021; Meng
et al., 2023; Yao et al., 2024; Lindsey et al., 2025),
which abstract away much of the open-endedness
of realistic benchmark failures.

Two more recent threads target specific failure
regimes. Reasoning failures in large reasoning
models have been studied via error categoriza-
tion (Song et al., 2025), process monitoring (Baker
et al., 2025), sparse-feature interpretation (Galichin
et al., 2025), and step-level debugging (Zhang et al.,
2025a; Li et al., 2025); failures in LLM-powered
agent systems have been studied via failure tax-
onomies (Cemri et al., 2025), localization (Zhang
et al., 2025b), and debugging (Ma et al., 2025).
These analyses largely operate at the level of rea-
soning or agent traces rather than at the underlying
token-level decisions of the base LLM, which is
the focus of this work.

Input Attribution. Input attribution methods es-
timate the contribution of individual input tokens
to model predictions (Ferrando et al., 2024). Two
large families are gradient-based attribution, in-
cluding gradient norms (Simonyan et al., 2014),
gradient × input (Denil et al., 2015), integrated
gradients (Sundararajan et al., 2017), and Smooth-
Grad (Smilkov et al., 2017); and perturbation-based
methods, which estimate importance by ablating or
noising inputs and measuring the resulting predic-
tion change (Lundberg and Lee, 2017; Fong and
Vedaldi, 2017; Covert et al., 2021).

While these methods operate directly on the in-
put space, recent work has explored transformer-
specific attribution approaches that exploit the
model’s internal computation structure. Rather
than estimating token importance solely from input-
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output sensitivity, these methods trace how infor-
mation is propagated and mixed across layers and
attention heads.

Attention-based and context-mixing methods
decompose final-layer token representations into
layer-wise contributions by tracking how attention
mixes information across tokens (Kobayashi et al.,
2021; Ferrando et al., 2023), while Layer-wise Rel-
evance Propagation (LRP) decomposes scalar quan-
tities additively over inputs. Transformer-specific
LRP variants include conservative-propagation
LRP (Ali et al., 2022) and AttnLRP (Achtibat et al.,
2024), which we use as the underlying attribution
algorithm in this work; we further build on recent
backpropagation-based efficiency improvements
for LRP-style methods (Liu et al., 2025; Arras et al.,
2025).

Causal Patching, Circuit Discovery, and Attri-
bution Graphs. Beyond input attribution, prior
work attributes behavior to internal states and iden-
tifies critical computation paths (circuits) via causal
patching, including activation patching (Heimer-
sheim and Nanda, 2024; Zhang and Nanda, 2024),
attribution patching (Nanda, 2023; Kramár et al.,
2024), and path patching (Wang et al., 2023;
Goldowsky-Dill et al., 2023), all of which rely on
paired clean and corrupted prompts whose con-
struction is often nontrivial for real-world failures.
A complementary line trains sparse autoencoders or
transcoders to obtain locally linearized activations,
enabling circuit discovery and attribution-graph
construction (Dunefsky et al., 2024; Ameisen et al.,
2025; Zhao et al., 2025; Dai et al., 2025), but these
typically require a separate model-specific module
and are restricted to short prompts. Decomposition-
based attribution graphs constructed from LRP or
attention-based approaches (Ferrando and Voita,
2024; Rosser et al., 2025) are more computation-
ally efficient, motivating our AttnLRP-based attri-
bution graphs for the long-context failure cases we
study.

3 Methodology

3.1 Contrastive Attribution via LRP
Model. We consider a transformer-based autore-
gressive LLM (Vaswani et al., 2017) with vocab-
ulary V , hidden dimension d, and L transformer
blocks. An embedding matrix WE ∈ R|V|×d maps
an input token sequence t≤i = (t0, . . . , ti) to em-
beddings h−1 = WE [t≤i], which are propagated
through the stack as hl = Transformerl(hl−1)

for l = 0, . . . , L − 1. An unembedding matrix
WU ∈ Rd×|V| then maps the final hidden state
h
(i)
L−1 at position i to next-token logits:

ℓi+1 = h
(i)⊤
L−1WU ∈ R|V|. (1)

Contrastive attribution objective. We formu-
late failure analysis as a token-level contrastive
attribution problem. Given an incorrect target to-
ken ttgt and a contrast alternative tcon, we attribute
the logit difference between them to input token
embeddings and hidden states across layers. The
contrastive logit difference is

∆ℓ := ℓi+1(ttgt)− ℓi+1(tcon)

= h
(i)⊤
L−1

(
WU [:, ttgt]−WU [:, tcon]

)
, (2)

where WU [:, t] denotes the unembedding vector
for token t. This contrastive formulation closely
reflects practical debugging scenarios by compar-
ing internal support for a specific incorrect to-
ken against a plausible alternative and removes
shared, failure-irrelevant computation, yielding
more salient and interpretable explanations (Yin
and Neubig, 2022).

Layer-wise Relevance Propagation. To
attribute ∆ℓ to intermediate representations,
we employ Layer-wise Relevance Propagation
(LRP) (Bach et al., 2015), an additive decom-
position: a scalar Rj is decomposed over input
features x = {xi}Ni=1 as Rj =

∑N
i=1Ri←j , and

when feature i contributes to multiple downstream
quantities, its total relevance aggregates as
Ri =

∑
j Ri←j . Applying LRP with ∆ℓ as

the attribution target and propagating backward
through all transformer layers yields a relevance
vector R(l)

i ∈ Rd associated with each hidden state
h
(i)
l , with

R
(l)
i =

∑

j

R
h
(i)
l ←h

(j)
l+1

, (3)

where R
h
(i)
l ←h

(j)
l+1

is the relevance propagated from

h
(j)
l+1. These relevances define an Attribution

Graph whose nodes are R
(l)
i and whose edges

correspond to propagated relevances.

LRP variant. Because transformers are highly
non-linear, LRP relies on module-specific propaga-
tion rules that locally linearize model components.
Different rules yield different LRP variants. We
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instantiate the framework with AttnLRP (Achtibat
et al., 2024), which trades strict layer-wise rele-
vance conservation for greater attribution sharp-
ness on transformer modules; a direct empirical
comparison against gradient-based attribution and
other LRP variants in the failure-diagnosis setting
is provided in Appendix H.

3.2 Efficient Attribution Graph Construction

Recent work shows that LRP relevance for input
embeddings and hidden states can be obtained via
a modified gradient×input formulation in a sin-
gle backward pass (Achtibat et al., 2024; Arras
et al., 2025). This yields hidden-state relevance
scores but not the propagation structure between
layers for the attribution graph; naively recover-
ing this structure would require backpropagating
each hidden-state relevance in layer l + 1 as a sep-
arate attribution target, which is computationally
prohibitive given the cardinality of {R(l)

i }.
To address this, we propose a batch-packed

multi-target backpropagation scheme that reuses
the batch dimension to pack multiple attribu-
tion targets into a single backward pass, follow-
ing recent work on transcoder-based attribution
graphs (Hanna et al., 2025). This scheme exploits
GPU vectorization to recover layer-wise relevance
propagation efficiently; details and empirical effi-
ciency gains are in Appendix A and Appendix B,
respectively. We further prune attribution targets
with relevance below a fixed threshold and remove
negligible edges (Appendix C).

3.3 Attribution Granularity

While the above formulation supports neuron-level
analysis (Achtibat et al., 2024), we aggregate rel-
evance at the hidden-state level by summing over
hidden dimensions, R(l)

i =
∑d

k=1R
(l)
i,k, and use

this aggregate both to analyze input-token attribu-
tion patterns via heatmaps (Figure 2) and to build
attribution graphs on long-context failures that
one-shot neuron-level construction (Ameisen et al.,
2025) cannot reach. Important subgraphs may be
optionally refined by propagating fine-grained rele-
vance within the selected subgraph; we leave sys-
tematic neuron-level analysis to future work.

4 Experiments

4.1 Experimental Setup

Benchmarks. To ensure our benchmark choices
align with widely used ones while remaining rel-

evant amid rapidly improving model capabilities,
we follow the recent recommendations from Hug-
gingFace (Fourrier et al., 2025). Specifically, we
adopt GAIA2 (Andrews et al., 2025) for long-
horizon agentic tasks, IFEval (Zhou et al., 2023)
for instruction-following, MATH (Hendrycks et al.,
2021) for math reasoning, and EvalPlus (Liu et al.,
2023, 2024) for code generation.

Models. We primarily use the open-source
Qwen3 model series (Yang et al., 2025a) for at-
tribution analyses, and the Olmo-3-7B-Thinking
and OLMo3-7B-Instruct post-training paths (Olmo
et al., 2025) to study the evolution of attribution
patterns across training checkpoints. Due to com-
putation resource constraints, we restrict the model
sizes to up to 8B. Benchmark-specific model con-
figurations are summarized in Table 1.

Failure Case Collection. To generate failure
cases for analysis, we use different model config-
urations across benchmarks (Table 1) with greedy
decoding for reproducibility. We evaluate the full
EvalPlus and IFEval sets due to their small size and
randomly sample subsets from the larger GAIA2
and MATH sets. Further collection details are
in Appendix D.

Contrast Token Pair Identification. After col-
lecting failure cases, we apply a post-processing
step to identify contrast token pairs for attribution
analysis. This step can be challenging for two rea-
sons: (i) there may be multiple plausible candidates,
or none at all, for the target error token; and (ii)
multiple choices may exist for the corresponding
contrast token.

We define the target token as the earliest gen-
erated token at which the model departs from a
correct trajectory. This is the earliest externally
observable divergence from an accepted/correct
trajectory, following prior agent-failure attribution
work (Zhang et al., 2025b), which likewise local-
izes failure at the earliest error step. To iden-
tify this token reliably, we employ a two-stage
pipeline: (1) four independent LLMs each propose
the target token, and (2) human annotators validate
cases with majority (≥2) agreement among LLMs.
Inter-agreement among LLM proposers under a re-
laxed ±3-token window exceeds 86% on the three
non-agentic benchmarks, and human approval of
majority-agreed cases also exceeds 86%, confirm-
ing that the identification is reliable (see subsec-
tion E.2 for details).
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Table 1: Summary of benchmarks and models, number of failure cases, proportion of clean cases used for analysis,
and average input token count. Models highlighted in bold are used for failure trace generation.

Benchmark Target Capability Model Failure Cases (Clean Case Rate) Avg. Token Count
IFEval Instruction following Qwen3-0.6B/1.7B/4B 201 (60.7%) 62.6
GAIA2 Agentic; long-context Qwen3-4B 100 (40.0%) 12374.1
MATH Math Qwen3-0.6B 62 (59.7%) 136.5

EvalPlus Coding Qwen3-0.6B 270 (50.4%) 106.1

The contrast token is selected as the highest-
ranked alternative during top-k rollout, using both
the models that generated the failure traces and
stronger auxiliary models. Crucially, we impose a
strict recovery criterion: the contrast token must,
when substituted at the target position, recover the
correct trajectory. While this requirement could
be relaxed by allowing alternative contrast tokens
(even if the underlying model cannot recover from
the failure due to limited capability), we enforce it
to obtain clean, high-confidence contrastive pairs.
Further discussion of this design choice, along with
additional experiments using alternative contrast
tokens, is provided in subsection E.4. An ablation
removing manual and/or stronger-model recovery
shows the largest coverage changes on MATH and
GAIA2, while M-IA and URT remain the largest
categories under every tested configuration. Thus,
the recovery mechanisms expand coverage without
defining the main qualitative findings; full results
are in subsection E.5.

Finally, we impose a logit-difference threshold
∆ℓ > 1: this both guards against numerical in-
stability (int8 vs. FP16 inference can induce logit
discrepancies up to ∼0.5) and ensures a meaning-
fully strong preference (odds ratio e1 ≈ 2.7), and
removes 18.3% of cases overall. The resulting
per-benchmark coverage rates are reported in Ta-
ble 1, with a per-stage breakdown of how many
cases are filtered at each criterion shown in Table 7
of subsection E.4; further procedural details are
in Appendix E.

Attribution Analysis. We apply two attribution
stages: input attribution via AttnLRP, producing
heatmaps of each token’s signed contribution to the
logit difference (Figure 2); and attribution-graph
construction via our batch-packed multi-target
backpropagation, discarding nodes with |R| < 0.01
and pruning edges at 0.85 per-layer cumulative
mass. To avoid attention-sink artifacts (Xiao et al.,
2024; Cancedda, 2024), we exclude BOS and other
special tokens (gray in Figure 2) from the nor-
malized heatmap. Clean failure cases are ana-
lyzed manually, with inter-annotator agreement as-

sessed on a representative subset (Appendix G).
Reliability checks in the appendices support these
analyses: target-token identification shows high
LLM–human agreement, post-calibration annota-
tion agreement reaches 88.2%/83.3%, and LRP-
based attributions are more perturbation-efficient
than gradients in flipping erroneous predictions
(subsection E.2, Appendix H).

4.2 Attribution Analysis of Incorrect Token
Preference
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Figure 1: Distribution of attribution outcomes (top) and
failure patterns (bottom) across benchmarks.

We first present attribution analysis results across
four benchmarks, using the same model employed
for failure trace generation. We categorize attribu-
tion outcomes as follows:

• Manifested by Input Attribution (M-IA): The
failure is clearly observable in the input attribu-
tion heatmap.

• No Clue from Input Attribution (NC-IA) +
Manifested by Attribution Graph (M-AG):
The failure is not evident from input attribution
but becomes apparent via attribution graph anal-
ysis.

• No Clue from Either Analysis (NC-IA + AG):
Neither input attribution nor the attribution
graph yields explanatory signal, demanding finer-
grained analysis.
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(a) URT (Contrast Token Pair: “,” vs. “ and”) 

Qwen3-0.6B

Qwen3-4B
(b) OIT (Contrast Token Pair: “(a” vs. “(min”) 

Qwen3-0.6B

Qwen3-8B
(c) NC-IA (Contrast Token Pair: “First” vs. “<<”) 

Qwen3-0.6B

IFEVal

HumanEval

Figure 2: Examples of input attribution heatmaps. Colors show per-example max-absolute normalized signed
relevance: positive values support the erroneous target, whereas negative values support the contrast. (a) URT:
Qwen3-0.6B underweights the instruction token “comma”. (b) OIT: Qwen3-0.6B overweights an irrelevant token
“(a”. (c) NC-IA: input attribution alone offers limited explanation, motivating attribution graph analysis.

The resulting categorization for the four bench-
marks is shown in the top panel of Figure 1. IFEval,
GAIA2, and EvalPlus exhibit similar patterns: in
the majority of cases, input attribution alone suf-
fices to reveal failure signatures. In contrast, for
MATH, a substantial fraction of failures remain
unexplained even after attribution graph analysis.
This limitation arises because our current attribu-
tion graphs operate at the level of aggregated hid-
den states, whereas numerical reasoning errors of-
ten require finer-grained, neuron-level attribution
analysis (Lindsey et al., 2025): for instance, the Al-
gebra_9 case in MATH, where Qwen3-0.6B prefers
“0” over “1” after “(1.0175)20 ≈ 1.4” (i.e., “1.40
vs. 1.41”), remains unresolved at hidden-state gran-
ularity and motivates neuron-level tracing.

For cases that are explainable by attribution anal-
ysis (i.e., those categorized as M-IA and NC-IA +
M-AG), we further identify the following failure
patterns:

• Underweight Relevant Tokens (URT): The
model assigns insufficient relevance to critical
input tokens. Figure 2(a) shows an example from
IFEval, where Qwen3-0.6B fails to assign nega-
tive relevance to the keyword “comma”, which is
essential for producing the correct output. In con-

trast, Qwen3-4B assigns clear negative relevance
to this token, aligning with correct behavior.

• Overweight Irrelevant Tokens (OIT): The
model overemphasizes misleading or semanti-
cally uninformative tokens. Note that URT does
not imply OIT, as AttnLRP does not enforce rele-
vance conservation. As illustrated in Figure 2(b),
an EvalPlus example shows Qwen3-0.6B assign-
ing high relevance to an irrelevant token “(a”,
whereas Qwen3-8B assigns much less relevance
to that token.

• URT + OIT: Failures characterized by both un-
derweighting relevant tokens and overweighting
irrelevant ones.

Across all four benchmarks (Figure 1, bottom),
underweighting relevant tokens is the dominant
failure mode; overweighting irrelevant tokens con-
tributes substantially, particularly for EvalPlus and
GAIA2, and is often accompanied by underweight-
ing.

We illustrate the value of attribution graphs
with a representative NC-IA + M-AG case in Fig-
ure 2(c): the output should begin with “«” to re-
peat the request, but the model outputs “First” with
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Figure 3: Abridged attribution graph for the NC-IA
+ M-AG case presented in Figure 2(c); the expanded
attribution graph is provided in Figure 10.

a large logit difference of 5.25, even though “«”
and “brackets” carry substantial negative input rel-
evance. The attribution graph in Figure 3 provides
complementary layer-wise relevance-flow evidence
for this case. The competing tokens grow at sim-
ilar rates until Layer 16, where “«” jumps from
6.72 to 14.0 via aggregated relevance from earlier
tokens; beyond Layer 16, however, “First” accumu-
lates multiple large increments at the final-token
residual stream (Layers 18, 20, 23) that outweigh
the contributions of “«” (Layers 22, 24), producing
the positive final logit difference. This case shows
how attribution graphs reveal layer-wise relevance-
propagation structure that is not visible from in-
put attribution alone. Additional examples and a
systematic statistical analysis are provided in Ap-
pendix I and Appendix J, respectively.

4.3 Attribution Shifts with Model Scaling

We next investigate whether scaling model size
resolves the failures observed in smaller models
and, if so, whether such corrections are supported
by interpretability evidence.

To this end, we apply Qwen3-1.7B and -4B to
the IFEval failures identified for Qwen3-0.6B. As
shown in Figure 4, larger models consistently yield
more negative logit differences for the contrast to-
ken pairs: most points lie below y = x in both
the 0.6B vs. 1.7B and 0.6B vs. 4B comparisons,
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Figure 4: Logit-difference comparisons between
Qwen3-0.6B and larger models on IFEval failures.
Points below y=x are corrected samples (green region);
remaining failures are the yellow region.

and a similar but smaller shift is visible between
1.7B and 4B. The majority of failures are corrected
(green region), while a subset remains uncorrected
(yellow).

To check whether these corrections are sup-
ported by attribution evidence, we run input at-
tribution for all three models on the same cases and
compute normalized relevance over three prompt
segments (Instruction, Query, and Answer). Total
relevance becomes increasingly negative as model
size grows (Figure 5, top); the Instruction segment
in particular flips from non-negative in 0.6B to
clearly negative in 1.7B and 4B, and the Query
and Answer segments shift in the same direction,
indicating that larger models assign stronger rele-
vance to task requirements and less to superficial
continuation from prior answer tokens.

Inst.+Answer+Query Instruction Query Answer
2

1

0

1

Av
g.

 N
or

m
. R

el
ev

an
ce 1.36

0.25
0.79

0.32

-1.11 -1.01

-0.01 -0.09

-1.89

-0.87
-0.33

-0.69

(a) Relevance Score Breakdown across All Samples
Qwen3-0.6B
Qwen3-1.7B
Qwen3-4B

1

0

1

2

3

Av
g.

 N
or

m
. R

el
ev

an
ce 2.36

-0.48

1.73
1.11

1.81

-0.42

1.16 1.07

Not Corrected Samples

(b) Relevance Score Breakdown by Sample Correction Status
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Figure 5: Input attribution relevance score breakdown
across prompt segments. (a) Average normalized rel-
evance over all samples. (b) Relevance breakdown by
correction status.

Separating corrected from uncorrected samples
(Figure 5, bottom) sharpens the picture: corrected
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samples show negative relevance across all three
segments, while uncorrected samples retain nearly
identical distributions across model sizes. Failure
correction in larger models is therefore accompa-
nied by systematic, interpretable shifts in attribu-
tion rather than uniform per-token rescaling.

4.4 Attribution Shifts with Model Family
We additionally compare model-specific failure
collections for Qwen3 model family and Llama-
3 model family on IFEval, MATH, and EvalPlus.

Across both families and all three benchmarks,
M-IA is the largest attribution outcome and URT
the largest failure pattern in Figure 7. The remain-
ing mass is distributed differently between NC-
IA+M-AG and NC-IA+AG, and between OIT
and URT+OIT, across models and benchmarks.
Thus, the dominant categories replicate, but the
full distributions do not imply equivalence between
families or isolate a model-family effect.

4.5 Evolution of Failure Attribution Patterns
Across Training

Beyond model scaling, we examine how attribution
evolves during post-training by analyzing input
attribution across checkpoints of the Olmo-3-7B-
Think series (Olmo et al., 2025).

We identify IFEval failures using an early su-
pervised fine-tuning (SFT) checkpoint SFT_1000
and run input attribution on these same cases across
later checkpoints: eight more SFT steps, one Di-
rect Preference Optimization (DPO) checkpoint,
and three Reinforcement Learning with Verifiable
Rewards (RLVR) checkpoints. Logit differences
decrease steadily as training progresses (Figure 8).

Across checkpoints, segment-wise relevance
breakdowns (Figure 6) show two large drops in the
Query and Answer segments, between SFT_1000
and SFT_2000 and between SFT_8000 and
SFT_10000, that align closely with the corre-
sponding logit-difference reductions in Figure 8;
the Instruction segment instead decreases more
steadily across all checkpoints. The post-DPO
checkpoint further pushes relevance in all three seg-
ments toward more negative values relative to the
final SFT checkpoint (SFT_43000). SFT induces
larger attribution shifts than RLVR, likely because
IFEval probes instruction-following that SFT tar-
gets directly (RLVR primarily targets multi-step
reasoning) and because SFT precedes RLVR in the
pipeline, leaving less remaining failure mass for
RLVR to correct. These results provide checkpoint-

level evidence that training progressively corrects
failures through systematic, interpretable shifts in
attribution.

A complementary comparison of aligned SFT,
DPO, and RL stages across the OLMo3-7B-
Thinking and OLMo3-7B-Instruct paths is pro-
vided in Appendix F.

4.6 Practical Implications

Beyond its diagnostic role, contrastive attribu-
tion offers actionable hypotheses for covered
cases through a selective, partly manual workflow.
Heatmaps localize prompt segments for inspection,
while tested perturbations (Appendix H) flip predic-
tions away from the error token with an average of
1.7 masked tokens for AttnLRP, without establish-
ing causal repair. Potential applications, including
training-time monitoring of attribution dynamics
and token-importance signals for alignment objec-
tives such as DPO (Rafailov et al., 2023; Yang et al.,
2025b), are discussed in Appendix K.

5 Conclusion

We study the practical value of contrastive attri-
bution for diagnosing realistic LLM benchmark
failures. Using a target–contrast objective and
batch-packed cross-layer attribution graphs, we
analyze cases from IFEval, GAIA2, MATH, and
EvalPlus across multiple model sizes and post-
training stages. Our results show that attribution
analysis consistently reveals recurring failure pat-
terns and captures how these patterns shift with
model family, scaling and training, demonstrating
its promise as a scalable diagnostic framework for
real-world LLM evaluation.

Limitations

Hidden-state granularity ceiling on neuron-
intensive failures. A core limitation surfaced by
our study is the granularity ceiling of hidden-state-
level attribution. As shown in the top panel of Fig-
ure 1, a substantial fraction of MATH failures fall
into the NC-IA + AG category: neither input attri-
bution nor our cross-layer attribution graph yields
explanatory signal. The Algebra_9 case discussed
in §4.2 illustrates why: explaining why Qwen3-
0.6B prefers “0” over “1” after “(1.0175)20 ≈ 1.4”
plausibly requires tracing the underlying power
computation at the neuron level (Lindsey et al.,
2025), which our hidden-state aggregation deliber-
ately abstracts away to keep cross-layer attribution
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graphs tractable on long-context inputs. Address-
ing this limitation will require selectively refining
NC-IA + AG cases at the neuron level and pairing
decomposition-based attribution with causal probes
such as activation patching (Heimersheim and
Nanda, 2024) and neuron-level tracing (Ameisen
et al., 2025; Lindsey et al., 2025).

Manual annotation bottleneck and single-
token scope. The current pipeline relies on hu-
man inspection of attribution heatmaps and attri-
bution graphs to categorize failures into M-IA /
NC-IA + M-AG / NC-IA + AG and to identify
URT, OIT, and URT + OIT patterns. This limits
throughput and reproducibility, and constrains the
study to four benchmarks, models up to 8B, and
single-token contrastive decisions. Clean-case cov-
erage (40–60% per benchmark, Table 1) is similarly
bounded by our strict contrast-recovery criterion,
which trades coverage for higher attribution sig-
nal quality. Future extensions should automate
failure-pattern classification from annotated attri-
bution outputs and extend contrastive attribution
from single-token decisions to phrase- or step-level
units, better capturing multi-token failures such as
multi-step arithmetic in MATH or multi-line code
in EvalPlus.
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A Batch-Packed Multi-Target
Backpropagation for Attribution
Graph Construction

This appendix presents an efficient procedure for
constructing attribution-graph edges under Layer-
wise Relevance Propagation (LRP). The method
leverages recent results showing that LRP-style rel-
evance propagation in transformer models can be
implemented via a modified gradient×input for-
mulation, enabling direct use of automatic differ-
entiation frameworks such as PyTorch (Achtibat
et al., 2024; Arras et al., 2025). Building on this
equivalence, we further exploit the batch dimen-
sion to propagate relevance from multiple attribu-
tion targets simultaneously, substantially reducing
computational cost.

Why gradients represent relevance. LRP aims
to decompose a scalar attribution objective, such
as a contrastive logit difference ∆ℓ as in this work,
into contributions from intermediate activations.
For non-linear architectures like transformers, re-
cent work has shown that LRP rules can be imple-
mented by patching the backward pass with cus-
tomized local propagation rules. Crucially, these
patched backward passes are equivalent to comput-
ing a modified gradient×input quantity, allowing
relevance to be obtained using standard automatic
differentiation (Achtibat et al., 2024; Arras et al.,
2025).

Under this formulation, the relevance of a hidden
state h

(i)
l ∈ Rd is approximated by

R
(i)
l ≈ h

(i)
l ⊙ ∂∆ℓ

∂h
(i)
l

, (4)

where the gradient indicates how sensitive the at-
tribution objective is to the hidden state. Thus,
gradients act as the carriers of relevance, and no
explicit relevance propagation rules need to be im-
plemented beyond the modified backward pass.
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Problem setup. We seek to construct an attri-
bution graph whose nodes correspond to hidden-
state relevances and whose edges describe how
relevance propagates between layers. Fix a source
layer s and a target layer t with s < t. Let

H(s) ∈ R1×n×d (5)

denote the source-layer hidden states for a sequence
of length n, and let

H(t) = Fs→t

(
H(s)

)
∈ R1×n×d (6)

denote the corresponding target-layer hidden states,
where Fs→t is the composition of transformer sub-
modules between layers s and t.

A single forward and backward pass from ∆ℓ
yields gradients

g
(i)
l =

∂∆ℓ

∂h
(i)
l

(7)

at every hidden state. These gradients determine
node relevances via gradient×input and are stored
for later use. At this stage, we know which hidden
states are relevant, but not how relevance flows
between hidden states across layers.

Edge attribution via gradient×input. To con-
struct attribution-graph edges, we propagate rele-
vance from a target-layer hidden state h

(j)
t to all

source-layer hidden states {h(i)
s }ni=1. We treat the

stored gradient g(j)
t = ∂∆ℓ/∂h

(j)
t as a fixed rel-

evance signal. Because automatic differentiation
requires a scalar objective, we define the attribution
target as the inner product

⟨h(j)
t ,g

(j)
t ⟩, (8)

which simply selects and weights the hidden di-
mensions that are relevant for the final decision.
Backpropagating this scalar through Fs→t yields
gradients with respect to H(s).

Relevance propagated from target token j to
source token i is then computed using the same
gradient×input rule:

Aj,i ≈
d∑

k=1

h(i,k)
s

∂⟨h(j)
t ,g

(j)
t ⟩

∂h
(i,k)
s

. (9)

This quantity defines a directed edge from node
(s, i) to node (t, j) in the attribution graph.

Batch-packed multi-target backpropagation.
Naïvely, computing Aj,i for all j ∈ {1, . . . , n}
would require O(n) separate backward passes, one
per target token. To avoid this cost, we exploit
the batch dimension to process multiple attribution
targets simultaneously, following recent work on
attribution graph construction with sparse features
in transcoders (Hanna et al., 2025).

Let J = {j1, . . . , jB} be a set of target indices.
We construct a batched source tensor

H̃(s) ∈ RB×n×d, H̃
(s)
b,:,: = H

(s)
1,:,:, (10)

so that each batch element contains an identical
copy of the source-layer hidden states. Forward
propagation yields

H̃(t) = Fs→t

(
H̃(s)

)
∈ RB×n×d. (11)

We then define a batched output-gradient tensor
G̃(t) ∈ RB×n×d such that batch element b injects
relevance only at its corresponding target index jb:

G̃
(t)
b,jb,:

= g
(jb)
t , G̃

(t)
b,j,: = 0 for j ̸= jb. (12)

A single automatic differentiation call computes
the corresponding gradients with respect to H̃(s),
yielding B independent relevance propagations in
parallel. Applying gradient×input and writing each
batch result into the appropriate row produces B
rows of the token-to-token interaction matrix.

Thus, by batching attribution targets, we reduce
the cost of constructing attribution-graph edges
from O(n) backward passes to O(⌈n/B⌉) passes,
while remaining fully compatible with LRP-style
relevance propagation through standard automatic
differentiation.

B Computational Efficiency of
Batch-Packed Backpropagation

This appendix provides empirical efficiency mea-
surements for the batch-packed multi-target back-
propagation method introduced in Appendix A. All
experiments are conducted on a single NVIDIA
A100 GPU using Qwen3-0.6B unless otherwise
stated.

Scaling with batch size. Table 2 reports latency
and peak GPU memory across different batch sizes
B and input token lengths. Each cell shows “la-
tency (seconds) / memory (MB)”.

Batching yields significant speedups across di-
verse input lengths (although the gain diminishes
for longer sequences), with memory scaling lin-
early as expected.
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Table 2: Latency and memory of batch-packed backpropagation across batch sizes (Qwen3-0.6B). Each cell shows
“latency (seconds) / memory (MB)”.

Token length B=1 B=4 B=8 B=16

63 0.26 / 3.5 0.08 / 14.0 0.05 / 27.9 0.02 / 55.8
252 1.26 / 13.7 0.25 / 53.7 0.14 / 107.1 0.09 / 215.3
754 2.63 / 42.4 1.02 / 164.6 0.77 / 327.0 0.63 / 643.6

1508 6.23 / 89.2 3.08 / 333.1 2.67 / 648.9 3.45 / 1290.0

Scaling with model size. Table 3 reports latency
and memory across different Qwen3 model sizes
at a fixed batch size of B=8.

Both latency and memory scale roughly propor-
tionally to model size, indicating that the method
remains efficient and scalable for larger models.

C Attribution Graph Pruning and
Connected Subgraph Extraction

This appendix describes the pruning strategy used
to construct a sparse and interpretable attribution
graph from the dense token-to-token interaction
matrices produced by batch-packed multi-target
backpropagation (Appendix A). The objective of
pruning is to remove low-relevance edges while
preserving the dominant relevance flows between
hidden states across layers.

Input representation. For each ordered pair of
layers (s, t) with s < t, we assume access to:

• a token-to-token interaction matrix

A(s→t) ∈ Rn×n, (13)

where A
(s→t)
j,i denotes the relevance prop-

agated from source-layer hidden state h
(i)
s

to target-layer hidden state h
(j)
t , as defined

by the gradient×input formulation in Ap-
pendix A;

• source-layer token relevances

R
(s)
i ≡

d∑

k=1

R(i,k)
s ; (14)

• target-layer token relevances

R
(t)
j ≡

d∑

k=1

R
(j,k)
t . (15)

Each nonzero entry of A(s→t) corresponds to a
candidate directed edge from node (s, i) to node
(t, j) in the attribution graph.

Graph construction. We construct a directed
graph G = (V,E), where each node is indexed
by a layer–token pair (l, i). For each layer transi-
tion (s, t), we:

1. add all source nodes (s, i) such that |R(s)
i | >

0;

2. add all target nodes (t, j) such that |R(t)
j | > 0;

3. add directed edges (s, i) → (t, j) for se-
lected entries A(s→t)

j,i after pruning, with edge
weight

w(s,i)→(t,j) = A
(s→t)
j,i . (16)

Pruning objectives. The interaction matrices
A(s→t) are generally dense, making direct graph
construction impractical. We therefore prune edges
using magnitude-based criteria applied to |A(s→t)|.
Pruning is performed independently for each layer
pair to preserve local attribution structure and avoid
conflating relevance scales across layers.

Let

E(s→t)
nz = {(j, i) | |A(s→t)

j,i | > 0} (17)

denote the set of nonzero candidate edges, and let

M (s→t) =
∑

(j,i)∈E(s→t)
nz

∣∣∣A(s→t)
j,i

∣∣∣ (18)

denote the total absolute relevance mass for that
layer transition.

Pruning modes. We support two pruning strate-
gies:

• Global threshold pruning. In this mode, we
retain all edges whose absolute relevance ex-
ceeds a fixed threshold τ > 0:

E
(s→t)
keep =

{
(j, i)

∣∣∣
∣∣∣A(s→t)

j,i

∣∣∣ > τ
}
. (19)

This mode enforces a uniform relevance scale
across all layer transitions and is most appro-
priate when attribution magnitudes are com-
parable across layers.

45632



Table 3: Latency and memory of batch-packed backpropagation across model sizes (B=8). Each cell shows “latency
(seconds) / memory (MB)”.

Token length Qwen3-0.6B Qwen3-1.7B Qwen3-4B Qwen3-8B

63 0.04 / 27.9 0.04 / 47.7 0.04 / 75.4 0.04 / 92.8
252 0.13 / 107.1 0.13 / 189.8 0.21 / 294.3 0.32 / 371.1
754 0.57 / 321.6 1.07 / 570.6 1.86 / 882.4 3.01 / 1117.6
1508 2.41 / 647.5 4.41 / 1147.0 9.99 / 1769.2 13.33 / 2228.1

• Per-layer cumulative mass pruning. In this
mode, pruning is performed adaptively per
layer transition by preserving a fixed fraction
of the total relevance mass. Let

{a1 ≥ a2 ≥ · · · ≥ aK}

denote the sorted absolute values of all
nonzero entries of A(s→t), where K =
|E(s→t)

nz |. Given a percentile parameter p ∈
(0, 1], we select the smallest index k∗ such
that

k∗∑

k=1

ak ≥ p ·
K∑

k=1

ak. (20)

The resulting dynamic threshold is

τ
(p)
s→t = ak∗ , (21)

and we retain all edges satisfying
∣∣∣A(s→t)

j,i

∣∣∣ ≥ τ
(p)
s→t. (22)

This strategy guarantees that a fixed propor-
tion of relevance mass is preserved for each
layer transition, even when absolute relevance
scales differ substantially across layers.

Connected attribution subgraph extraction.
After pruning, the attribution graph may be dis-
connected. Since our attribution objective is the
contrastive logit difference at the final token posi-
tion, we retain only the subgraph that contributes
to this prediction. Specifically, we select the tar-
get node corresponding to the hidden state at the
last layer and last token position, i.e., (L− 1, n),
and extract the induced subgraph consisting of all
nodes that can reach the target node via directed
paths. All nodes and edges not connected to this
target node are discarded.

Resulting graph properties. The final attribu-
tion graph Gconn is sparse, directed, and weighted.
Each node (l, i) is annotated with its layer index, to-
ken position, and scalar node relevance R

(l)
i , while

each directed edge encodes signed relevance flow
between hidden states across layers. By construc-
tion, every node and edge in Gconn lies on at least
one relevance path terminating at the final predic-
tion, enabling faithful path tracing, subgraph anal-
ysis, and visualization of dominant attribution cir-
cuits.

D More Details on Failure Case
Collection

Here we provide additional details on failure case
collection. For IFEval, MATH, and EvalPlus, we
disable the models’ thinking mode to simplify rea-
soning traces and enable clearer error attribution.
Prior work has shown that reflective reasoning can
introduce non-monotonic trajectories that compli-
cate analysis (Xu et al., 2025; Ashury-Tahan et al.,
2026). In contrast, for the GAIA2 benchmark,
we retain the default configuration with thinking
mode enabled, using the official Meta-ARE sys-
tem (Andrews et al., 2025), as GAIA2 involves
complex multi-turn tasks where thinking mode sup-
ports long-horizon coherence.

To verify that our conclusions are robust to this
design choice, we conduct a small controlled study.
Specifically, we compare attribution distributions
and failure mode classifications with and without
thinking mode on 21 clean IFEval cases using
Qwen3-0.6B. Of these, 16 cases yield identical
annotations. Among the 5 remaining cases, 1 re-
sults in unbounded generation (and is excluded),
while the other 4 exhibit shifts in the target–contrast
pairs due to altered reasoning trajectories, reflect-
ing changes in model behavior rather than insta-
bility in our method. Table 4 reports the distribu-
tion of failure patterns in the two settings. The
overall attribution patterns are largely preserved:
the majority of cases remain consistent, and URT
remains the dominant failure pattern in both set-
tings. This suggests that the overall patterns are
largely robust to the thinking mode setting. The
unbounded-generation case occurred only in the
with-thinking setting, accounting for the difference
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between N=20 and N=19 in Table 4.

Table 4: Failure pattern distribution on IFEval with and
without thinking mode (Qwen3-0.6B).

Metric w/o thinking w/ thinking

# Cases 20 19
URT 70.0% 58.0%
OIT 5.0% 10.5%
URT+OIT 25.0% 31.5%

E Contrast Token Pair Identification

This appendix consolidates the procedures for (i)
identifying the first error token (target token) in
a model-generated completion, and (ii) selecting
an appropriate contrast token for contrastive at-
tribution. The details on target token agreement
statistics and the discussions on the impact of our
existing contrast token selection strategy are also
presented.

E.1 Target Token Identification
For each failure case, we identify the earliest ex-
ternally observable divergence from a correct tra-
jectory and refer to the corresponding output to-
ken as the target token. This token is an anal-
ysis anchor and may be a downstream symp-
tom of an earlier internal error rather than its
mechanistic origin. We adopt a semi-automated
annotation procedure to identify the target to-
ken. Specifically, we prompt multiple pow-
erful LLMs including GPT-5.2-20251211 (Ope-
nAI, 2025b), GPT-OSS-120B (OpenAI, 2025a),
DeepSeek-V3.2 (DeepSeek-AI et al., 2025) and
Kimi-K2-Thinking (Team et al., 2025), to indepen-
dently predict the most likely target token for each
failure case. The token receiving the majority of
votes is selected as the automated result. Human
annotators then verify this prediction and correct
it when necessary, balancing efficiency with preci-
sion. The prompt template used in the above semi-
automated annotation procedure is unified across
all LLMs to ensure consistent and reproducible
identification of the target token. The full template
is shown below (using GAIA2 as an example). In
the prompt template, “causes the error” is annota-
tion shorthand rather than a claim of mechanistic
causation.
version: v1
system: |-
- You are an expert in localizing error

tokens in model\-generated text
completions.

- You will be provided with a prompt
and a model\-generated completion,
and your task is to localize and
output the FIRST token in the
completion that is erroneous or
causes the error.

- As the prompt and completion are
taken from a particular dataset,
refer to Section "Dataset
Description" for a brief overview
of the dataset.

- Refer to Section "On the Input Format
" for details on how the prompt and
completion will be presented to

you.
- Follow the "General Guidance \(

Dataset Agnostic\)" section for
general instructions on how to
approach the task of error token
localization.

- Refer to the "Dataset Specific
Instructions" section for any
additional instructions that are
specific to this dataset.

- Finally, adhere to the "On the Output
Format" section to ensure your

response is structured correctly.
- Note that the dataset specific

sections \(i.e., "Dataset
Description" and "Dataset Specific
Instructions"\) can be missing for
some datasets. In such cases,
simply skip those sections and
proceed with the rest of the
instructions.

# Dataset Description
Gaia2 is a benchmark dataset for

evaluating AI agents inside
simulated, dynamic environments
provided by the Meta Agents
Research Environments \(ARE\).

It contains time\-evolving scenarios
with apps/tools \(e.g., messaging,
calendar, filesystem, shopping,

city, contacts\) and multi\-agent
interactions.

Agents must plan, search, and act via
tool/API calls under temporal

constraints, dynamic events, and
noise.

The dataset evaluates dimensions such
as Execution, Search,

Adaptability, Time, Ambiguity,
and multi\-agent collaboration.

For details, see the dataset card and
ARE documentation on Gaia2.

# On the Input Format
- The input will be provided in the

following JSON format:
{
"prompt": "<The prompt text here>",
"completion": "<The model\-generated

completion text here>",
"indexed_completion": "<The model\-

generated completion text with
each token indexed, i.e., ‘
token_1[index_1]token_2[index_2
]‘"

"ground\_truth": "\<The ground truth

45634



answer text here\>" \(This field
may be absent in some cases\)

}
- An example of the input format is as

follows:
{
"prompt": "<|im_start|>user
What is the capital of France?<|

im_end|>
<|im_start|>assistant
",
"completion": "<think> okay, let me

see. The capital of France is
Lyon. </think>

\Lyon.",
"indexed_completion": "<think>[0]

okay,[1] let[2] me[3] see.[4]
The[5] capital[6] of[7] France
[8] is[9] Lyon.[10] </think>[11]

[12] Lyon[13] .[14]",
"ground_truth": "Paris, the capital

of France."
}

- The "indexed_completion" field
provides a tokenized version of the
completion, where each token is

followed by its index in square
brackets. This will help you
localize the position of tokens in
the completion.

- Both the "prompt" and "completion"
fields may contain special tokens,
e.g., "<|im_start|>", "<|im_end|>",
"<think>", "</think>", etc. These

tokens are part of the model’s
output format, specifically,

- "<|im_start|>" and "<|im_end|>"
denote the start and end of a
message in a multi-turn
conversation, e.g., "<|im_start|>
user

xxx <|im_end|>" indicates the start
of a user message, while "<|
im_start|>assistant

xxx <|im_end|>" indicates the start
of an assistant message.

- "<think>" and "</think>" denote the
start and end of the model’s

internal reasoning process.
- More on the internal thought process

of the model:
- The internal thought process of the

model is represented by the
reasoning tokens between the "<
think>" and "</think>" tokens.

- This part reflects the model’s
reasoning steps before arriving at
the final answer.

- The final answer to the prompt is the
text that comes AFTER the "</think

>" token.
# General Guidance (Dataset Agnostic)
- Refer to the following steps for

localizing an erroneous token in
the model-generated completion:

- Step 1: Carefully read dataset
description and the provided
prompt to understand the context
and requirements.

- Step 2: If "completion" and "
indexed_completion" fields
contain reasoning tokens (i.e.,
tokens between "<think>" and "</
think>"), separate the reasoning
part from the final answer part.

- Step 3: Examine the final answer
part of the completion first to
identify any errors. If no errors
are found in this part, skip the
rest of the steps and output "<

CORRECT>" as the final answer.
- Step 4: No matter whether the final

answer part contains errors,
proceed to examine the reasoning
part for potential errors.

- Step 5: Once an erroneous token is
identified, use the "
indexed_completion" field to find
its index.

- Additional strict requirements for
localizing the erroneous token:

- Always report the FIRST erroneous
token in the "completion" or "
indexed_completion" field.

- The localized erroneous token MUST
NOT be the special tokens used
for formatting (e.g., "<|im_start
|>", "<|im_end|>", "<think>", "</
think>").

- NEVER treat a token is erroneous
just because it is a subword or
punctuation mark, as the indexed
token str does NOT have to be a
single word; it can be a subword
or punctuation mark as per the
tokenization used by the model.

- On the difference between examining
the final answer part and the
reasoning part:

- For the final answer part (i.e.,
the part AFTER "</think>"):

- ALWAYS examine whether the tokens
in this part fulfill the format/
style requirements specified in
the prompt. If you identify a
token in this part that violates
the format/style requirements,

you SHOULD consider it as a
potential erroneous token.

- ALSO examine the factual
correctness and logical
consistency of the tokens in
this part. If you identify a
token in this part that is
factually incorrect or logically
inconsistent with the prompt,

you SHOULD consider it as a
potential erroneous token.

- For the reasoning part (i.e., the
part BETWEEN "<think>" and "</
think>"):

- NEVER examine whether the
reasoning tokens have fulfilled
the format/style requirements
specified in the prompt, as the
reasoning tokens between "<think
>" and "</think>" are often in a
free-form text format. For

example, if the prompt requires
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the model to "respond in a poem
format", you MUST NOT consider a
token in the reasoning part as

erroneous just because the
reasoning tokens are not in a
poem format.

- Focus on the factual correctness
and logical consistency of the
reasoning tokens. If you
identify a token in this part
that is factually incorrect or
logically inconsistent with the
prompt, you SHOULD consider it
as a potential erroneous token.

# Dataset Specific Instructions
- This dataset uses the ARE simulation

where agent messages may trigger
tool/API calls and receive
environment feedback.

- Messages labeled as tool outputs (e.g
., segments marked as ‘role=tool-
response‘ with content being tool
results) represent environment
feedback and MUST NOT be selected
as erroneous tokens. Only tokens
authored by the assistant are
eligible.

- Your goal is to localize the FIRST
token in the assistant completion
that commits the agent to a course
of action that makes the user
request unachievable in the
scenario context.

- "Unachievable" includes, but is not
limited to:

- Invoking a wrong or unavailable tool/
app (e.g., writing to filesystem
via ‘create__fs‘ when exploration
to locate a folder is required
first).

- Assuming nonexistent resources or
paths (e.g., hallucinated file/
folder IDs or directories).

- Attempting UI interactions that the
environment does not support (e.g.,
instructing to "open a user

interface" when no such UI exists
or is permitted).

- Skipping required discovery steps (e.
g., failing to locate a folder
before listing its contents) and
immediately issuing a write/
irreversible action.

- When such an action spans multiple
indexed tokens, localize the very
first token that begins the
erroneous action or argument (e.g.,
the first token that starts the

wrong tool name or the hallucinated
path string).

- Tie-break rules:
- If both planning text and an ensuing

call appear, choose the first token
that commits execution (e.g., the

token that starts the tool name or
the imperative "call"), not earlier
speculative text.

- If multiple independent errors appear
, always select the earliest by

index.
- IMPORTANT: Ignore input format issues

for tools (e.g., minor JSON/schema
/quoting/whitespace mistakes)
unless they change semantics. Such
surface-form errors should not be
selected as the FIRST error if the
underlying chosen action is already
incorrect.

- Likewise, ignore any content in ‘role
=tool-response‘ segments; they are
environment outputs, not assistant
errors.

- If no erroneous behavior is found and
the answer satisfies the prompt

and scenario constraints, output "<
CORRECT>".

# On the Output Format
- The output MUST be in the following

JSON format:
{
"error_token": "<The localized

erroneous token>",
"token_index": <The index of the

erroneous token in the completion
>,

"explanation": "<A brief explanation
of why this token is considered
erroneous. Less than 50 words.>"

}
- An example of the output format is as

follows:
{
"error_token": "Lyon",
"token_index": 10,
"explanation": "The token ’Lyon’ is

erroneous because the correct
capital of France is Paris, not
Lyon. This indicates a factual
error in the model’s completion."

}
- Ensure that the "token_index"

corresponds to the index provided
in the "indexed_completion" field.

- The "explanation" should be concise
yet informative, providing enough
context to justify the localization
of the error token.

E.2 Target Token Agreement Statistics

Here we report quantitative evidence for the relia-
bility of our target token identification procedure
described in the main text. We employ a two-stage
pipeline: (1) four independent LLMs each propose
the target token, and (2) human annotators validate
cases with majority (≥2) agreement.

Inter-agreement among LLM Proposers. We
use four independent validators: DeepSeek-
V3.2 (DeepSeek-AI et al., 2025), Kimi-K2-
Thinking (Team et al., 2025), GPT-5.2 (OpenAI,
2025b), and GPT-OSS-120b (OpenAI, 2025a). Ta-
ble 5 reports the fraction of samples reaching ≥2-
validator consensus within ±δ tokens, alongside
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the chance baseline for each benchmark. Table 5
shows that agreement rates are far above the chance
baseline on IFEval, MATH, and EvalPlus (GAIA2
is excluded from this validation due to its long-
context agent traces), indicating strong consistency
among independent LLM proposers.

Table 5: LLM inter-validator agreement on target token
identification. “Random” denotes the chance baseline;
“Exact (±0)” and “Relaxed (±3)” denote the fraction of
samples with ≥2-validator consensus within the respec-
tive token window.

Metric EvalPlus IFEval MATH

Random 7.1% 7.7% 1.2%
Exact (±0) 57.4% 74.3% 56.0%
Relaxed (±3) 86.7% 89.2% 88.0%

Human validation. We further conduct human
validation on the LLM majority-agreed cases. Ta-
ble 6 reports the fraction of cases approved by hu-
man annotators under ±3-token matching. The
high approval rates confirm that LLM consensus
aligns well with human judgment, validating the
reliability of our semi-automated target token iden-
tification pipeline.

Table 6: Human approval rates for LLM majority-agreed
target token identifications.

Benchmark Exact-agreed Relaxed-agreed

EvalPlus 80.0% 97.3%
IFEval 96.4% 90.1%
MATH 78.6% 86.4%

E.3 Contrast Token Identification

To analyze the model’s preference mechanism, we
pair the target token with a contrast token, a plausi-
ble alternative that would have led to a more correct
continuation. The selection follows the following
steps:

1. Assuming the target token is the model’s top-1
output token at the failure position (i.e., the
token with the highest logit).

2. Examining the model’s top-10 predicted to-
kens at that position. If any of these tokens,
when substituted, would plausibly lead to
a more correct continuation, we select the
highest-ranked such token as the contrast to-
ken.

3. If no suitable contrast token is found in the
top-10 predictions, we query a stronger sibling
model (e.g., Qwen3-1.7B for Qwen3-0.6B, or
Qwen3-8B for Qwen3-4B) and inspect its top-
10 predictions at the same position. If a valid
contrast token is found, we again select the
highest-ranked one.

4. If neither model yields a suitable candidate,
we manually infer a semantically appropriate
contrast token. In cases where multiple plau-
sible candidates exist, we choose the one with
the highest rank in the original model’s output
logits.

E.4 Impact of Contrast Token Selection and
Plausible Alternatives

Filtering breakdown. The strict requirement on
contrast tokens ensures high-confidence contrastive
pairs for attribution, but it also constitutes the pri-
mary source of case filtering. Table 7 summarizes
the filtering breakdown across processing stages.
The dominant filtering factor is the inability to iden-
tify a valid contrast token under the strict recovery
criterion, rather than ambiguity in target-token iden-
tification or failure to meet the logit threshold.

Dataset extension. The attribution-analysis col-
lection summarized in Table 1 was assembled in
two annotation passes: an initial pass yielding 71
clean cases across the four benchmarks, followed
by an extension that produced the final clean col-
lection reported in Table 1.

Stability across the extension. During the ex-
tension, we ran chi-squared tests of homogeneity
comparing the initial batch with the extended an-
notations; all tests yielded p > 0.05, and the domi-
nant attribution outcome (M-IA) and failure pattern
(URT) remained stable across all benchmarks. This
indicates that the reported population-level statis-
tics did not show a significant shift in this sample.

To investigate whether we could relax such strict
requirement on contrast token selection, we con-
structed three additional contrast-token pairs per
case on a random subset of 12 failure cases; on
average, 7.51 out of 10 top positively contributing
tokens overlap with those from the baseline pair,
indicating that qualitative conclusions are stable
across plausible alternatives.

This suggests that the strict recovery requirement
could, in principle, be relaxed to admit alternative
contrast tokens, even when the model cannot fully
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Table 7: Filtering breakdown by stage (% of original failure cases excluded at each stage).

Stage IFEval MATH EvalPlus GAIA2

Unbounded generation 7.0% 1.6% 0% 9%
Unable to identify token-pair 18.4% 24.2% 27.8% 31%
Logit-diff threshold 13.9% 14.5% 21.9% 20%

recover due to limited capability. However, we
adopt the stricter criterion to ensure clean, high-
confidence contrastive pairs, and leave the incorpo-
ration of more flexible alternatives to future work.

E.5 Robustness to Contrast-Pair Recovery

We ablate the recovery mechanisms in the identifi-
cation procedure above using three progressively
more restrictive configurations. Full uses all four
steps; w/o Step 4 removes manual identification
of a semantically appropriate contrast token; and
w/o Steps 3–4 additionally removes the stronger-
sibling-model search, leaving only the target and
base-candidate search in Steps 1–2. The filtering
rate is the share of collected failures removed at
token-pair identification. The rates in Table 8 refer
to the Qwen3-0.6B original failure pool.

Because the coverage changes are largest for
MATH and GAIA2, we report their attribution out-
comes and failure patterns under all three config-
urations in Table 9 and Table 10. These distribu-
tions are computed on Qwen3-0.6B configuration-
specific retained cases; they should not be read as
paired comparisons across configurations.

The recovery mechanisms change coverage most
for MATH and GAIA2. Within the tested variants,
M-IA remains the largest attribution outcome and
URT remains the largest failure pattern for both
datasets.

F Post-Training Recipe Analysis

We compare the SFT, DPO, and RL stages of
the OLMo3-7B-Thinking and OLMo3-7B-Instruct
paths on 24 IFEval failures shared across all six
checkpoints. In Table 11, each table entry is a re-
ported stage-level result for this fixed shared set.
“Logit difference / Total” denotes the target-token
logit minus the contrast-token logit, followed by
the normalized relevance summed over the Instruc-
tion, Query, and Answer segments. More negative
values indicate a stronger correction of the original
failure decision.

In Figure 9, the Thinking path changes gradu-
ally across DPO and RL, whereas the Instruct path
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Figure 9: Post-training recipe summary for OLMo3-7B-
Thinking and OLMo3-7B-Instruct on the fixed 24-case
shared IFEval set. The plotted points are the reported
stage-level results for this fixed shared set. The top
panel shows the target-minus-contrast logit difference
and total normalized relevance, where Total is the nor-
malized relevance summed over Instruction, Query, and
Answer segments. The bottom panel shows Instruction
/ Query / Answer normalized relevance.
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Table 8: Token-pair filtering rates under progressively more restrictive contrast-pair recovery configurations.

Dataset Full w/o Step 4 w/o Steps 3–4

IFEval 18.4% 19.4% 20.4%
MATH 24.2% 27.4% 32.3%
EvalPlus 27.8% 28.1% 28.1%
GAIA2 31.0% 43.0% 43.0%

Table 9: Attribution-outcome distributions for the contrast-pair recovery ablation.

Dataset Configuration M-IA NC-IA + M-AG NC-IA + AG

MATH Full 43.2% 21.6% 35.1%
w/o Step 4 45.7% 20.0% 34.3%
w/o Steps 3–4 46.9% 21.9% 31.2%

GAIA2 Full 80.0% 15.0% 5.0%
w/o Step 4 85.7% 10.7% 3.6%
w/o Steps 3–4 85.7% 10.7% 3.6%

shows its largest shift at DPO and only a modest
additional change at RL. Fixing both paths at 7B
partially controls for model-size confounding, but
it does not disentangle differences in training data,
objective, or the broader post-training recipe.

Figure 8 and Figure 6 provide the denser
Thinking-path trajectory that complements the
aligned six-checkpoint comparison in Figure 9.
They trace the fixed Thinking failure set across
all intermediate checkpoints, rather than only the
matched SFT, DPO, and RL stages summarized
here.

G Inter-Annotator Agreement Statistics
on Attribution Analysis

We also report inter-annotator agreement (IAA)
statistics for the two key annotation stages in our
analysis: (1) the classification of attribution out-
comes (M-IA, NC-IA + M-AG, NC-IA + AG) and
(2) the classification of failure patterns (URT, OIT,
URT + OIT). Table 12 reports agreement rates and
Wilson 95% confidence intervals for attribution out-
come classification, and Table 13 reports agreement
rates for failure pattern classification (among cases
categorized as M-IA or NC-IA + M-AG). The IAA
measurement follows a three-phase protocol:

• Pre-calibration (IFEval, MATH, EvalPlus).
Two annotators independently labeled a sub-
set of cases per benchmark to establish base-
line agreement and surface ambiguous category
boundaries; the resulting rates appear in the first
three rows of each table. GAIA2 is excluded
from IAA measurement because its long agentic
prompts (10k+ tokens) make double annotation
prohibitively costly.

• Calibration discussion. The two annotators
jointly reviewed disagreements, aligned category
definitions (notably the M-IA / NC-IA + M-AG
boundary and the URT / OIT distinction), and
produced a refined annotation guideline.

• Post-calibration spot check (EvalPlus only).
To verify that the refined protocol reduces ambi-
guity, both annotators independently re-labeled
a fresh batch of EvalPlus cases (disjoint from
the pre-calibration batch). EvalPlus was selected
because it exhibited the lowest agreement dur-
ing pre-calibration. Agreement rose to 88.2%
for attribution outcomes and 83.3% for failure
patterns.

The refined annotation protocol was then applied by
a single annotator to all four benchmarks (including
GAIA2) to produce the final labels used in the main
text.

H Comparison with Alternative
Attribution Methods

This appendix provides a direct comparison be-
tween AttnLRP (the attribution method adopted
in this work) and two representative baselines: an
alternative LRP-based method (CP-LRP (Ali et al.,
2022)) and a standard gradient-based method (Gra-
dient (Simonyan et al., 2014)). Our goal is not to
introduce a new attribution method, but to evalu-
ate whether AttnLRP provides faithful attributions
suitable for failure diagnosis and whether the di-
agnostic framework is compatible with alternative
faithful attribution methods.

Perturbation-based evaluation. We evaluate all
three methods using a perturbation-based proto-
col on 60 randomly selected failure cases across
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Table 10: Failure-pattern distributions for the contrast-pair recovery ablation.

Dataset Configuration URT OIT URT + OIT

MATH Full 50.0% 29.2% 20.8%
w/o Step 4 52.2% 26.1% 21.7%
w/o Steps 3–4 50.0% 27.3% 22.7%

GAIA2 Full 78.9% 13.2% 7.9%
w/o Step 4 81.5% 11.1% 7.4%
w/o Steps 3–4 81.5% 11.1% 7.4%

Table 11: Post-training-stage metrics for OLMo3-7B on 24 shared IFEval failures.

Path Metric SFT DPO RL

Thinking Logit difference / Total −0.76/ − 0.18 −1.88/ − 0.49 −2.63/ − 0.73
Instruction / Query / Answer −0.85/0.04/0.62 −0.95/ − 0.08/0.54 −1.01/ − 0.22/0.50

Instruct Logit difference / Total −1.18/ − 0.26 −4.23/ − 1.05 −4.87/ − 1.10
Instruction / Query / Answer −1.05/0.05/0.74 −1.39/ − 0.14/0.48 −1.41/ − 0.11/0.43

Table 12: Inter-annotator agreement on attribution outcome classification.

Phase Dataset N Agreement Wilson 95% CI

Pre-calibration IFEval 21 71.4% [50.0%, 86.2%]
Pre-calibration MATH 16 50.0% [28.0%, 72.0%]
Pre-calibration EvalPlus 19 47.4% [27.3%, 68.3%]
Post-calibration EvalPlus 34 88.2% [73.4%, 95.3%]

Table 13: Inter-annotator agreement on failure pattern classification.

Phase Dataset N Agreement Wilson 95% CI

Pre-calibration IFEval 18 38.9% [20.3%, 61.4%]
Pre-calibration MATH 5 40.0% [11.8%, 76.9%]
Pre-calibration EvalPlus 12 58.3% [32.0%, 80.7%]
Post-calibration EvalPlus 24 83.3% [64.1%, 93.3%]
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all four datasets (IFEval, EvalPlus, MATH, and
GAIA2). For each case, we rank input tokens by at-
tribution score and measure how many top-ranked
tokens must be masked to flip the model’s top-1
prediction away from the error token. Table 14
reports the average number of tokens required and
the overall fix rate.

Table 14: Perturbation-based evaluation of attribution
methods across 60 failure cases.

Method Avg. tokens to fix Fix rate

AttnLRP 1.7 100%
CP-LRP 2.0 100%
Gradient 3.7 96.7%

Both LRP-based methods achieve a 100% fix
rate, whereas the gradient baseline still fails in
some cases. Between the two LRP methods, the
difference is marginal (1.7 vs. 2.0 tokens), consis-
tent with the original AttnLRP paper where the
faithfulness gap between AttnLRP and CP-LRP is
also small.

Attribution sharpness. Beyond perturbation
accuracy, we measure how concentrated each
method’s attribution is on the most relevant tokens.
We compute two metrics: (1) the concentration
ratio, defined as the fraction of total attribution
mass captured by the top-10 content tokens (ex-
cluding special tokens such as <|im_start|>
and <think>), and (2) the Gini coefficient, mea-
suring the overall inequality of the attribution distri-
bution (1.0 = all mass in one token, 0.0 = uniform).
Results are reported in Table 15 and Table 16, re-
spectively.

Table 15: Concentration ratio (top-10 content tokens).

Method Mean Median Std

AttnLRP 0.5176 0.4889 0.1611
CP-LRP 0.5111 0.4738 0.1916
Gradient 0.4428 0.4198 0.1669

Table 16: Gini coefficient of attribution distributions.

Method Mean Median Std

AttnLRP 0.7326 0.7398 0.0664
CP-LRP 0.7061 0.7262 0.1046
Gradient 0.6817 0.6798 0.0629

As shown in Table 15 and Table 16, AttnLRP
achieves the highest mean and median on both met-
rics, indicating a marginally sharper attribution

signal. It also exhibits the lowest Gini standard
deviation (0.066 vs. 0.105 for CP-LRP), suggest-
ing more stable attribution sharpness across cases.
Both LRP methods substantially outperform Gradi-
ent, whose more diffuse attributions are consistent
with its lower perturbation efficiency.

Qualitative comparison. To illustrate the quali-
tative differences, consider an IFEval case in which
the model is asked to produce a Japan itinerary in
Shakespearean style without using commas:

“I am planning a trip to Japan, and I would
like thee to write an itinerary for my journey in a
Shakespearean style. You are not allowed to use
any commas in your response.”

The model produces an incorrect output by in-
serting a comma after “halls”:

“In the land of thy golden halls,”
We analyze input attributions for the decision

between the target token “,” and an alternative con-
trast token “ and”. Gradient assigns the strongest
signals to largely irrelevant content/style tokens
(e.g., “Japan”, “Shakespearean”). In contrast,
AttnLRP and CP-LRP assign higher importance
to constraint-related tokens (e.g., “not allowed”,
“commas”), with AttnLRP exhibiting a sharper and
more localized focus. This suggests that gradient-
based attributions are less faithful in this setting,
whereas LRP-based methods better capture the gov-
erning constraint, with AttnLRP providing a more
precise signal for debugging and improvement.

Overall, we acknowledge that AttnLRP and CP-
LRP perform comparably in this diagnostic setting,
and either could serve as the underlying attribution
method. Our choice of AttnLRP is motivated by its
slightly sharper signal and stronger performance
reported in the original paper. Our contribution
lies in the diagnostic framework rather than the
specific attribution method, and the framework is
compatible with any faithful attribution method.

I Sample Expanded Attribution Graphs

For clarity of exposition, the attribution graph
shown in the main text is a reduced representa-
tion that includes only the dominant layers, nodes,
and relevance pathways. Minor layers and low-
magnitude edges are omitted to avoid visual clut-
ter. The Figure 10 provides an expanded version
of the graph that preserves a larger portion of the
model’s internal relevance propagation. While the
full graph still prunes extremely low-contribution
edges for readability, it offers a more exhaustive
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view of the attribution structure used in our analy-
sis.

In addition to the representative cases discussed
above, we also observe another class of attribu-
tion graph patterns in the MATH dataset, as shown
in Figure 11. It further illuminates the model’s
internal decision dynamics. Specifically, the full
attribution graph for this example reveals that the
model’s preference for the target token is driven
overwhelmingly by internal biases, most notably
the BOS token, while receiving only minimal con-
tribution from the reasoning chain present in the
prompt. The relevance mass rapidly concentrates
along a small set of bias-dominated pathways, by-
passing the majority of intermediate reasoning to-
kens. This structure indicates that the model’s erro-
neous decision does not arise from misinterpreting
the logical steps in the prompt, but rather from an
inherent predisposition encoded in deep layers and
positional biases, which suppress the semantic evi-
dence that should have been propagated along the
reasoning chain.

J Statistical Analysis of Attribution
Graph Structure

This appendix presents an exploratory statistical
analysis of the attribution graphs constructed for
the failure cases studied in the main text. We ex-
amine the layer-wise relevance structure of the fi-
nal (prediction) token, decompose its attribution
into distinct source components, and investigate
whether these structural features give rise to clearly
separable failure categories. The analysis covers
the initial non-agentic graph-analysis subset of 57
clean traces (21 from IFEval, 19 from EvalPlus, 17
from MATH) for input-level relevance profiling, of
which 23 are categorized as NC-IA and undergo de-
tailed attribution graph analysis (Sections K.1–K.4).
Cross-model comparisons use Qwen3-0.6B, 1.7B,
4B, and 8B on the same failure cases (Section K.5).
This subset corresponds to the initial annotation
pass on non-agentic benchmarks; the stability anal-
ysis in subsection E.4 indicates that the structural
patterns reported below extend to the full clean col-
lection summarized in Table 1. As we show below,
while certain aggregate-level regularities emerge
robustly (e.g., layer-wise functional specialization
and consistent critical-layer locations), the data do
not exhibit cleanly separable clusters along any sin-
gle structural dimension, highlighting the challenge
of automated failure categorization from attribution

graph structure alone.

J.1 Relevance Profile Analysis

For each failure case, we extract the scalar rele-
vance R(l)

i of the last token (i.e., the token position
at which the next-token prediction is made) across
all L transformer layers, yielding a relevance pro-
file vector of dimension L+ 1 (including the em-
bedding layer). For Qwen3-0.6B, the raw relevance
at the embedding layer averages 0.66 and grows
monotonically to 18.85 at the final layer (L27), con-
firming that the contrastive logit difference is pro-
gressively amplified across the transformer stack.
To enable comparison across cases with different
logit-difference magnitudes, we normalize each
profile by subtracting the embedding-layer value
and dividing by the absolute value of the final-layer
relevance:

R̂(l) =
R(l) −R(−1)

|R(L−1)| , (23)

where R(−1) and R(L−1) denote the embedding-
layer and final-layer relevance, respectively. The
resulting normalized profiles reveal how relevance
accumulates across the transformer stack for differ-
ent failure cases.

Figure 12 visualizes the normalized relevance
profiles for all failure cases across the three bench-
marks (IFEval, MATH, and EvalPlus). While all
profiles share a monotonically increasing trend
by construction, distinct trajectory shapes emerge:
some cases exhibit rapid early growth followed by
saturation, whereas others show a delayed, late-
layer surge. To investigate whether these shape
differences correspond to meaningful failure cate-
gories, we perform an exploratory clustering analy-
sis.

Exploratory clustering of relevance profiles.
Since relevance profile analysis and attribution de-
composition require attribution graph construction,
which is not performed for cases already explained
by input attribution (M-IA), we restrict the follow-
ing analyses to the 23 failure traces categorized
as NC-IA (with or without subsequent attribution
graph explanation). We apply k-means clustering
to the normalized relevance profile vectors (each
29-dimensional), selecting k=3 via the elbow cur-
vature and silhouette score. The resulting clusters
(Figure 13) suggest three broad accumulation pat-
terns: (i) gradual near-linear growth (Cluster 0,
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Figure 10: Expanded attribution graph for case in Figure 3.
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Figure 11: Expanded attribution graph for an example case from MATH, with biases embedded in internal
representations.

45644



0 2 4 6 8 10 12 14 16 18 20 22 24 26
Layer Index

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0
N

or
m

al
iz

ed
 R

el
ev

an
ce

IFEval
MATH
EvalPlus

Figure 12: Normalized relevance profiles of the predic-
tion token across all failure cases, colored by dataset.
Each curve shows how relevance accumulates from the
embedding layer (L−1) to the final layer (L27).

n=13), (ii) early plateau followed by late-layer ac-
celeration (Cluster 1, n=3), and (iii) rapid early
growth with gentle late-layer progression (Clus-
ter 2, n=7). A PCA projection shows reasonable
separation in the first two principal components
(Figure 14), though as we show in the next sub-
section, this separation does not extend to other
structural dimensions. We also caution that Clus-
ter 1 contains only 3 traces, limiting the statistical
reliability of any conclusions drawn from it; the
clustering should therefore be interpreted as de-
scriptive rather than as evidence of discrete failure
types.
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Figure 13: Clustered relevance profiles (k=3). Each
panel shows individual traces (thin lines) and the cluster
mean (thick line).
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Figure 14: PCA 2D projection of the 29-dimensional
normalized relevance profiles, colored by k-means clus-
ter assignment.

J.2 Attribution Decomposition

To understand the sources of relevance at the pre-
diction token, we decompose the attribution at each
layer into three components using the edge struc-
ture of the attribution graph:

• Self Bias (SB): The residual relevance at the pre-
diction token not accounted for by any incoming
edges, i.e., the difference between the node rele-
vance and the total incoming edge weight. This
captures the model’s internal bias at that position.

• BOS Contribution (BOS): The total edge
weight from the beginning-of-sequence token
(position 0) to the prediction token. This cap-
tures the influence of the attention sink (Xiao
et al., 2024).

• Other-Token Contribution (OC): The total
edge weight from all other tokens (excluding
BOS and self-loops) to the prediction token. This
captures the influence of context tokens.

Formally, for the prediction token at position n
and layer l:

R(l)
n = SB(l)

︸ ︷︷ ︸
self bias

+ BOS(l)
︸ ︷︷ ︸

BOS contribution

+ OC(l)
︸ ︷︷ ︸

other contribution

,

(24)
where BOS(l) =

∑
e∈E(l)BOS→n

we, OC(l) =
∑

e∈E(l)other→n

we, and SB(l) = R
(l)
n − BOS(l) −

OC(l).
To obtain scale-invariant composition features,

we normalize each component by the mean abso-
lute total relevance |R| = 1

L+1

∑
l |R

(l)
n | and define

the composition proportions:

SB fraction =
SB

SB + OC

BOS fraction =
|BOS|

SB + OC

(25)

where (·) denotes the layer-wise mean of the nor-
malized values. The SB fraction measures the rel-
ative dominance of self bias over context integra-
tion, while the BOS fraction measures the relative
strength of the attention-sink effect.

Figure 15 shows the composition space as a scat-
ter plot of SB fraction versus total magnitude, col-
ored by profile cluster. The per-cluster mean com-
position statistics are shown in Table 17.
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Table 17: Per-cluster mean composition statistics (mean ± std).

Cluster SB/(SB+OC) |BOS|/(SB+OC) Magnitude

Cluster 0 (n=13) 0.516± 0.119 0.239± 0.112 0.164± 0.036
Cluster 1 (n=3) 0.332± 0.009 0.339± 0.055 0.259± 0.121
Cluster 2 (n=7) 0.528± 0.108 0.258± 0.098 0.104± 0.017
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Figure 15: Composition space: SB fraction vs. total
magnitude (SB+OC), colored by relevance-profile clus-
ter. Marker shapes indicate datasets.

Profile shape and composition are orthogonal.
A key finding is that the relevance-profile clus-
ters do not align with the composition structure.
The intra-cluster variance is 2.61× and 8.80×
larger than the inter-cluster variance for SB frac-
tion and BOS fraction, respectively, as shown in
Table 18. Moreover, direct k-means clustering on
the composition space yields near-zero agreement
with profile-based clusters (Adjusted Rand Index
= −0.004). This orthogonality demonstrates that
the attribution graph structure is inherently multi-
dimensional: how relevance accumulates across
layers (profile shape) is largely independent of
where the relevance originates (SB vs. BOS vs.
context). As a consequence, no single clustering
scheme can adequately capture the structural diver-
sity of failure cases, underscoring the difficulty of
building automated failure taxonomies from attri-
bution graphs at the current scale.

Table 18: Intra-cluster vs. inter-cluster variance ratio for
composition features.

Feature Intra-σ2 Inter-σ2 Ratio

SB/(SB+OC) 0.0105 0.0040 2.61×
|BOS|/(SB+OC) 0.0093 0.0011 8.80×
Magnitude (SB+OC) 0.0020 0.0022 0.90×

J.3 Layer-Wise Functional Specialization
In contrast to the clustering analyses above, which
reveal high structural heterogeneity across indi-

vidual traces, aggregating composition features by
layer segment exposes a robust and consistent pat-
tern. We partition the transformer layers into three
segments: Early (layers −1 to 8), Mid (layers 9
to 18), and Late (layers 19 to 27).3 We then com-
pute the mean composition features within each
segment (Figure 16).
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Figure 16: Distribution of composition features by layer
segment (Early/Mid/Late). Diamonds denote segment
means ± 1 standard deviation; dots show individual
traces.

Unlike the case-level clustering, this aggregate
analysis yields clear and consistent findings across
all 23 traces:

• Self bias dominates early layers. The SB frac-
tion is highest in early layers (mean ≈ 0.73) and
decreases to ≈ 0.49–0.51 in mid and late layers,
indicating that early-layer computations are pri-
marily driven by position-specific biases rather
than contextual information.

• Context integration peaks in mid layers. The
other-token contribution (OC fraction ≈ 0.51) is
highest in mid layers, indicating that the model’s
integration of contextual information is most ac-
tive in the middle of the transformer stack. This
finding is consistent with prior observations that
mid-layer attention heads are responsible for se-
mantic composition (Kobayashi et al., 2021).

• BOS influence grows in later layers. The BOS
fraction increases from early (≈ 0.15) to late lay-
ers (≈ 0.27–0.36), consistent with the attention-
sink phenomenon becoming more pronounced in
deeper layers.

3Layer indices are specific to Qwen3-0.6B (28 transformer
layers, indexed L0–L27). For models with different depths,
the segments are adjusted proportionally.
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This three-phase functional specialization (early
bias establishment, mid-layer context integration,
late-layer bias amplification) is the most robust
structural finding in our analysis: it holds across
all traces regardless of profile cluster, dataset, or
decomposition pattern. It also provides a mechanis-
tic explanation for the main-text findings: failures
amenable to input-level attribution (M-IA) corre-
spond to cases where mid-layer context integra-
tion goes awry, while failures requiring attribution-
graph analysis (NC-IA+M-AG) tend to involve late-
layer bias accumulation that overrides contextual
signals.

J.4 Critical Layer Identification

The second robust aggregate finding concerns the
location of critical transition layers. We compute
first-order differences (∆) of each decomposition
component across adjacent layers and locate the
peak transition layer for each trace, defined as the
layer transition at which the component changes
most in absolute value (Figure 17).

Despite the heterogeneity observed in case-level
clustering, the peak transition layers are remarkably
consistent: median peaks concentrate in layers 20–
26 across all clusters (Table 19). For BOS and
OC in particular, the peak transitions cluster tightly
around layers 23–26 (std ≤ 4.0), indicating that the
model’s final “decision moment,” i.e., the layer at
which the context-versus-bias tradeoff is resolved,
is largely invariant to the specific failure case or
profile shape.

This consistency has a direct practical implica-
tion: targeted interventions for correcting failure-
inducing biases (e.g., activation editing or attention
head pruning) should focus on the final 6–8 lay-
ers of the network, where the decisive attribution
transitions reliably occur.

J.5 Cross-Model Comparison of Attribution
Decomposition

Using attribution graphs from multiple Qwen3
model sizes (0.6B, 1.7B, 4B, 8B) computed on
the same 23 NC-IA failure cases, we compare how
the decomposition structure changes with model
scale. For each failure case, we extract the same
three components (SB, BOS, OC) and plot their
layer-wise trajectories for all four model sizes.

Representative cross-model decomposition com-
parisons are shown in Figure 18. Taking the MATH
case Number Theory_8 as an illustrative example,

the layer-averaged decomposition values across
model sizes are:

Several consistent patterns emerge across failure
cases:

• Total relevance shifts toward negative values
with scale. For corrected cases, the total rele-
vance shifts from positive (favoring the incorrect
token) in the 0.6B model to negative (favoring
the correct alternative) in larger models, reflect-
ing the corrected logit difference. For the above
example, the 0.6B model has a positive total rele-
vance of 0.693, whereas the 1.7B model already
reverses to −1.288.

• BOS contribution diminishes with scale. The
absolute BOS contribution generally decreases
from 0.6B to 8B (0.145 → 0.041 in the above
example), suggesting that larger models are less
reliant on the attention-sink shortcut.

• Context integration sign flips for corrected
cases. When a larger model corrects the failure,
the OC component typically flips sign (from pos-
itive to negative), indicating that the larger model
assigns contextual relevance that now supports
the correct token rather than the incorrect one.

These cross-model findings complement the
input-level attribution scaling analysis in Figure 5
(main text) by revealing that the improvement in
larger models is not merely a surface-level token
reweighting, but reflects deeper structural changes
in how relevance is composed and propagated
across the transformer stack.

J.6 Summary

This analysis reveals a tension between case-level
and aggregate-level structure in attribution graphs.
At the case level, the data are inherently multi-
dimensional: relevance profile shape and source
composition are orthogonal (ARI ≈ 0), and no sin-
gle clustering scheme captures the structural diver-
sity of failure cases. This underscores the challenge
of building automated failure taxonomies from at-
tribution graphs at the current scale and with cur-
rent decomposition granularity. At the aggregate
level, however, two robust patterns emerge that
are consistent across all traces: (1) a three-phase
functional specialization (early bias → mid-layer
context integration → late-layer bias amplification),
and (2) critical attribution transitions concentrated
in the final 6–8 layers. These aggregate regularities
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Figure 17: Layer-wise |∆| heatmaps for SB, BOS, and OC across all traces (rows). Black boxes mark the peak
transition layer for each trace. Darker colors indicate larger magnitude of change.
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Table 19: Median peak transition layer per cluster (layer i → i+ 1).

Cluster ∆SB peak ∆BOS peak ∆OC peak

Cluster 0 (n=13) 26.0± 6.8 26.0± 2.2 24.0± 2.1
Cluster 1 (n=3) 24.0± 0.0 24.0± 0.0 24.0± 0.9
Cluster 2 (n=7) 20.0± 10.0 24.0± 2.1 23.0± 4.0
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Figure 18: Cross-model attribution decomposition com-
parison for a representative failure case. Each panel
shows the layer-wise decomposition (Total, SB, BOS,
OC) for a different Qwen3 model size.

Table 20: Cross-model decomposition for a representa-
tive MATH failure case (Number Theory_8). Values are
layer-averaged.

Component 0.6B 1.7B 4B 8B

Total rel. 0.693 −1.288 0.168 −0.036
BOS contrib. −0.145 0.100 0.086 0.041
Other contrib. 0.246 −0.294 −0.147 −0.074
Self bias 0.118 −0.097 −0.008 −0.016

provide actionable guidance for model interven-
tions and connect mechanistically to the behavioral
failure patterns identified in the main text.

K Implications: Monitoring and
Alignment Training

We discuss two additional practical directions sug-
gested by our findings, complementing the vali-
dated prompt-debugging workflow described in the
main text (subsection 4.6, Appendix H).

Monitoring model behavior during training.
Our checkpoint-wise and model-scaling experi-
ments (Sections 4.3 and 4.4 of the main text)
demonstrate that attribution patterns can track
how failures evolve during training, serving
as a diagnostic tool for model development.
Such interpretability-based monitoring can reveal
whether failure correction via model scaling or con-

tinued training is due to genuine changes in the un-
derlying reasoning process (e.g., correctly weight-
ing relevant tokens) rather than superficial changes
(e.g., memorizing specific token patterns).

Token-level signals for alignment training. At-
tribution scores may provide a natural token-
importance signal for alignment training. Instead
of treating all tokens in a preferred or dispreferred
response equally, one could use attribution to em-
phasize the tokens that actually drive the failure
or preference gap. This suggests a natural integra-
tion with token-level preference optimization meth-
ods such as DPO (Rafailov et al., 2023). Recent
work on Token-Importance Guided Direct Prefer-
ence Optimization (Yang et al., 2025b) similarly
shows that token-importance weighting can im-
prove alignment robustness and stability, though
their approach relies on gradient-based token im-
portance, which can be noisy and less faithful. A
promising direction is to use more faithful attribu-
tion methods, such as LRP-based scores, to derive
token-importance signals for alignment training.
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