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Abstract

Test-Time Scaling (TTS) enhances the reason-
ing capabilities of large language models by
allocating additional inference compute to ex-
plore the solution space. However, existing par-
allel TTS methods typically keep branches iso-
lated during search: intermediate discoveries
remain branch-private and cannot guide other
branches in time. This information isolation
causes substantial redundant exploration, as
branches repeatedly rediscover information al-
ready found elsewhere and require more search
steps to collect complete decision information
needed to reach correct answers. To bridge
this gap, we propose Collaborative Paral-
lel Thinking (CPT), a training-free inference
framework that enables search-time informa-
tion sharing across parallel branches. CPT ex-
tracts compact intermediate information from
ongoing branches, maintains a deduplicated
query-level information pool, and broadcasts
pool entries through the input context, allowing
each branch in subsequent search steps to reuse
discoveries made by other branches rather than
rediscover the same information. Empirically,
experiments on HMMT and AIME show that
CPT consistently pushes the accuracy–latency
Pareto frontier beyond strong baselines across
rollout budgets and model scales, demonstrat-
ing the effectiveness of search-time collabora-
tion for efficient parallel TTS1.

1 Introduction

Test-time scaling (TTS) has emerged as a powerful
paradigm for improving the reasoning capabilities
of large language models (Brown et al., 2024; Snell
et al., 2024; Wu et al., 2025; Zhang et al., 2025;
Liu et al., 2025a). By allocating additional compu-
tation at inference time, TTS enables extended ex-
ploration of the solution space, allowing models to

*Equal contribution.
†Corresponding author.
1Our code and data have been released on https://

github.com/WangXinglin/CPT.

Figure 1: Information statistics during parallel search
on HMMT24–25 using QWEN3-30B-A3B-THINKING-
2507 with 64 parallel samples. At each 1024-token
search step, we count newly discovered and dupli-
cate information units, with details provided in Ap-
pendix B.1. As search proceeds, independent parallel
sampling yields more duplicate information units per
step, whereas Collaborative Parallel Thinking mitigates
this redundancy while maintaining a comparable num-
ber of newly discovered information units.

gather more decision-relevant information, reduce
uncertainty about the final answer, and thereby im-
prove performance on complex tasks such as mathe-
matical reasoning (OpenAI, 2024; Kimi Team et al.,
2025; DeepSeek-AI et al., 2025). Rather than con-
centrating exploration in a single trajectory, par-
allel TTS generates multiple reasoning branches
for the same problem simultaneously, accelerat-
ing solution-space exploration (Wang et al., 2023;
Lightman et al., 2024; Fu et al., 2025; Zheng et al.,
2026a,b).

While yielding promising performance gains,
existing parallel TTS methods share a common
bottleneck in information utilization (Wang et al.,
2025e): branch-level discoveries remain confined
to the trajectories that produce them, rather than
being converted into shared decision information
during search (Figure 2). Consequently, different
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Figure 2: Search-time collaboration reduces redundant parallel exploration. (Left) Independent parallel
sampling keeps branches isolated during search, so each branch must recover missing decision information
independently and may repeatedly rediscover information found elsewhere. (Right) Collaborative Parallel Thinking
(CPT) maintains a shared information pool that is provided to all branches. At fixed-token search steps, branch-level
information is extracted, merged, and deduplicated into this pool. When broadcasting is active, pool entries are
provided through the input context, allowing branches to reuse shared discoveries and converge faster once complete
decision information is collected.

Metrics Injection Ratio of Information (%)

0 20 40 60 80 100

Pass@1 (%) 48.95 53.34 54.82 55.89 56.20 55.86
Tokens 26714 16805 14128 12792 11924 11412
Latency (s) 395 269 235 223 219 220

Table 1: Effect of sharing branch-distributed infor-
mation via offline injection on HMMT24–25 using
QWEN3-4B-THINKING-2507 with 64 parallel samples.
Each injection ratio corresponds to randomly sampling
that proportion of entries from a deduplicated informa-
tion pool extracted from parallel branches and injecting
them into the initial context (details in Appendix B.2).

branches may repeatedly rediscover intermediate
information that has already been found elsewhere,
causing redundant exploration and slowing the ac-
cumulation of global decision information.

To validate this information-isolation bottleneck,
we conduct two preliminary studies that examine
both its induced redundancy and the utility of infor-
mation that remains unshared across branches dur-
ing search. To quantify the redundancy induced by
information isolation, we track information statis-

tics at each fixed-token search step by counting
newly discovered information units and duplicate
information units. Figure 1 shows that, as search
progresses, independent parallel sampling repeats
information already discovered by other branches,
wasting substantial computation for only dimin-
ishing marginal information gain. We further ask
whether branch-distributed discoveries are useful
once shared beyond the branches that originally
found them. As shown in Table 1, offline injec-
tion of information sampled from a deduplicated
branch-information pool supports more accurate
reasoning and faster search convergence. Together,
these results indicate that the bottleneck is not a
lack of useful intermediate information within indi-
vidual branches, but the absence of a search-time
mechanism for pooling and broadcasting branch-
private discoveries as reusable global decision in-
formation.

Motivated by this bottleneck, we propose Col-
laborative Parallel Thinking (CPT), a training-
free inference method that enables parallel reason-
ing branches to share and reuse decision-relevant
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information during search. Rather than treating
branch-level discoveries as private byproducts of
independent branches, CPT extracts compact in-
formation from ongoing branches and maintains it
in a deduplicated query-level pool. At fixed-token
search steps, pool entries are broadcast through the
input context, so subsequent generation chunks can
reuse discoveries made by other branches while
preserving each branch’s private reasoning history.
To avoid premature convergence of exploration di-
rections, CPT further adopts an adaptive broadcast
schedule that controls when to share: branches
first explore independently, broadcasting starts after
marginal new-information gain drops substantially,
and synchronization stops once further sharing of-
fers limited benefit.

We evaluate CPT with three policy models
across a broad range of rollout budgets on challeng-
ing mathematical reasoning benchmarks, includ-
ing HMMT24, HMMT25 (Balunović et al., 2025),
AIME25, and AIME26 (Dekoninck et al., 2026).
CPT consistently pushes the accuracy–latency
Pareto frontier beyond strong baselines, achiev-
ing higher accuracy at matched wall-clock latency.
Additional experiments on GPQA-Diamond (Rein
et al., 2024) and LiveCodeBench-v6 (Jain et al.)
further demonstrate that the benefits of search-time
collaboration generalize beyond contest mathemat-
ics to scientific reasoning and code generation.

To summarize, our main contributions are:

• We identify and validate an information-isolation
bottleneck in parallel TTS: branch-private dis-
coveries remain unshared during search, causing
redundant rediscovery and slowing convergence
toward correct answers.

• We propose Collaborative Parallel Thinking
(CPT), a training-free inference method that
enables parallel branches to share and reuse
decision-relevant information during search
through compact extraction, deduplicated pool-
ing, shared-context broadcasting, and adaptive
broadcast scheduling.

• We empirically validate CPT with three policy
models across diverse rollout budgets, demon-
strating a stronger accuracy–latency Pareto fron-
tier than strong baselines on HMMT24–25 and
AIME25–26, with additional results on GPQA-
Diamond and LiveCodeBench-v6 supporting
generalization beyond contest mathematics.

2 Related Work

Test-Time Scaling. The paradigm of scaling test-
time compute has emerged as a critical avenue for
enhancing reasoning capabilities (OpenAI, 2024;
DeepSeek-AI et al., 2025; Wu et al., 2025). Ex-
isting methods differ in how this compute is orga-
nized (Zhang et al., 2025). Sequential refinement
methods extend or revise a single reasoning tra-
jectory over time (Wei et al., 2022; Madaan et al.,
2023; Shinn et al., 2023), while structured search
methods such as Tree-of-Thoughts, MCTS-style
decoding, and verifier-guided search introduce ex-
plicit branching, scoring, and pruning over can-
didate prefixes (Yao et al., 2023; Liu et al., 2023;
Wan et al., 2024; Lightman et al., 2024; Wang et al.,
2025c). These methods improve the quality of
test-time search by steering computation toward
more promising reasoning states, but their reliance
on sequential refinement, intermediate evaluation,
or verifier-guided control can lengthen the criti-
cal inference path and introduce additional latency
overhead (Snell et al., 2024; Wang et al., 2025d;
Zheng et al., 2026a,b; Wang et al., 2026). Parallel
TTS instead generates multiple reasoning branches
for the same problem simultaneously, accelerat-
ing solution-space exploration through width scal-
ing (Wang et al., 2023; Li et al., 2024a; Wang et al.,
2025b; Fu et al., 2025; Zheng et al., 2025; Dai et al.,
2026). However, standard parallel sampling typ-
ically keeps branches independent during search
and aggregates their outputs only after generation,
leaving intermediate discoveries isolated within in-
dividual branches. The closest attempt to move
beyond this independent formulation is LeaP (Luo
et al., 2025), which introduces peer-path routing
for self-correction and helps reasoning paths re-
cover from poor prefixes during inference. Un-
like LeaP’s path-specific routing for self-correction,
CPT is efficiency-oriented: it maintains a dedu-
plicated query-level shared information pool and
broadcasts it globally through the input context,
turning branch-private discoveries into reusable de-
cision information to reduce redundant rediscovery.

Collaborative Reasoning with LLMs. Collab-
oration among LLM instances has been explored
through multi-agent debate and discussion, where
agents exchange arguments, critiques, or proposals
to encourage divergent reasoning, consensus for-
mation, or improved final decisions (Liang et al.,
2024; Chen et al., 2024; Estornell and Liu, 2024;
Liu et al., 2025b). Recent analyses further exam-
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ine when such interaction is beneficial compared
with single-agent prompting or voting-based ag-
gregation (Wang et al., 2024; Choi et al., 2026).
To improve efficiency, follow-up work studies
sparse communication topology, token-efficient de-
bate, group discussion, and selective debate trig-
gering (Li et al., 2024b; Zeng et al., 2025; Liu
et al., 2024; Eo et al., 2025). Beyond debate,
Mixture-of-Agents and scalable multi-agent col-
laboration frameworks aggregate or orchestrate
multiple model instances to exploit complemen-
tary strengths (Wang et al., 2025a; Qian et al.,
2025). These works organize collaboration mainly
at the agent, model, or response level. In contrast,
CPT studies collaboration among parallel reason-
ing branches of the same query during test-time
search, sharing compact intermediate information
through a deduplicated query-level pool to reduce
redundant rediscovery.

3 Methodology

Collaborative Parallel Thinking (CPT) is motivated
by a simple principle: parallel branches should
share useful discoveries during search instead of
repeatedly rediscovering information found else-
where. We therefore turn parallel TTS from iso-
lated branch-wise exploration into a search-time
information-sharing process, where compact dis-
coveries are extracted into a deduplicated query-
level pool and broadcast through the input context
to guide subsequent exploration. To keep sharing
lightweight and stable, CPT synchronizes branches
only at fixed-token search steps while preserving
their private reasoning histories.

The overall workflow of CPT comprises three
coordinated components: Collaborative Paral-
lel Search, which synchronizes branches at fixed-
token steps while preserving their private reason-
ing histories; Shared Information Pooling, which
extracts compact information, maintains a dedupli-
cated query-level pool, and broadcasts pool entries
through the input context; and Adaptive Broad-
cast Scheduling, which decides when to start and
stop broadcasting according to the relative rate of
newly discovered information. A detailed algo-
rithmic description is provided in Algorithm 1 in
Appendix A.

3.1 Collaborative Parallel Search

Given a problem x and a policy model π, CPT
launches K reasoning branches in parallel. At

search step t, each branch i maintains its own pri-
vate reasoning history hti, while the system main-
tains a query-level information pool Pt. Each
search step corresponds to a fixed-token genera-
tion chunk of length C. During a step, every unfin-
ished branch continues generation from its own pri-
vate history, optionally conditioned on the current
shared information block if broadcasting is active.
After the chunk is generated, CPT temporarily syn-
chronizes the branches and passes their newly gen-
erated segments to the information-pooling stage.

A key design choice is that CPT only synchro-
nizes at step boundaries. It does not rewrite the
generated reasoning trace, nor does it inject shared
content into the middle of a branch’s private chain.
Thus, each branch preserves its own exploration tra-
jectory, while the shared information block serves
as an additional context for subsequent search
steps. This design preserves branch-level explo-
ration while enabling search-time reuse of informa-
tion discovered by other branches.

3.2 Shared Information Pooling

Raw reasoning trajectories are too long and noisy
to be shared directly. CPT therefore asks the same
policy model π to extract compact search informa-
tion from each branch, such as intermediate conclu-
sions, constraints, observations, counterexamples,
and useful checks. Given the problem x, the cur-
rent branch history hti, and the newly generated
segment ∆hti, the extractor outputs a small set of
textual information units:

Zt
i = Extractπ(x, h

t
i,∆hti).

This extraction step converts unstructured reason-
ing traces into compact information units that can
be pooled and broadcast under a limited context
budget.

All extracted information units are maintained
in a deduplicated query-level pool Pt. When up-
dating the pool, CPT filters out candidates that
are semantically similar to existing entries under
an embedding-similarity threshold τdup, where
similarities are computed with text embeddings
ϕ(·). This keeps the pool compact and information-
dense, preventing repeated branch discoveries from
consuming the shared context budget.

When broadcasting is active, CPT samples at
most M entries from the deduplicated pool and se-
rializes them into the shared-information section of
the input context. Before the next search step, the
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same updated context is provided to all branches,
while each branch keeps its own private reasoning
history. In this way, branch-private discoveries be-
come reusable global decision information that can
guide subsequent parallel exploration.

3.3 Adaptive Broadcast Scheduling
Broadcasting is helpful only when the shared pool
contains information that can influence later search.
Starting too early may reduce exploration diver-
sity before enough local discoveries have been col-
lected, while continuing too late brings little new
information but still incurs synchronization and
prefilling overhead. CPT therefore uses the rate of
newly admitted pool entries as a lightweight proxy
for marginal information gain.

Let nt be the number of new entries added to the
pool at search step t. To make this signal stable,
CPT averages it over fixed windows of W search
steps. For the j-th window Wj , we compute

gj =
1

|Wj |
∑

t∈Wj

nt, rj =
gj

g1 + ϵ
,

where g1 is the average new-information count in
the first window and ϵ is a small constant for nu-
merical stability. The ratio rj measures how much
the current marginal information gain has declined
relative to the initial exploration stage. Using the
first window as a problem-specific reference allows
CPT to adapt to different reasoning lengths and
information densities.

CPT uses two thresholds, a start threshold τstart
and a stop threshold τstop, with τstop < τstart,
to control the broadcast schedule. In the probe
phase, branches explore independently while still
writing extracted information into the pool. When
rj < τstart, CPT enters the broadcast phase and
begins providing the shared pool to all branches at
subsequent search steps. When rj < τstop, CPT en-
ters the free-run phase, stops further synchroniza-
tion, and lets each branch decode until termination.
This schedule activates sharing when independent
exploration starts to yield fewer new discoveries,
and stops sharing when the marginal benefit of ad-
ditional broadcasts becomes low.

4 Experiments

4.1 Experimental Setup
Benchmarks and Models. We evaluate the pro-
posed CPT strategy on challenging mathemati-
cal reasoning benchmarks, including HMMT24,

HMMT25 (Balunović et al., 2025), AIME25,
and AIME26 (Dekoninck et al., 2026). These
benchmarks require complex multi-step reason-
ing and serve as reliable testbeds for evaluat-
ing whether test-time methods can efficiently ex-
plore solution spaces under practical latency bud-
gets. We primarily evaluate CPT on models
specialized for complex reasoning tasks, includ-
ing QWEN3-4B-THINKING-2507, QWEN3-30B-
A3B-THINKING-2507 (Yang et al., 2025) and
GPT-OSS-20B (Agarwal et al., 2025). To as-
sess generalization beyond mathematical reason-
ing, we further evaluate GPQA-Diamond (Rein
et al., 2024) for scientific question answering and
LiveCodeBench-v6 (Jain et al.) for code generation
(See Appendix F).

Baselines. We compare CPT against representa-
tive parallel test-time scaling and efficiency strate-
gies: (1) Base Parallel Sampling, which directly
samples multiple reasoning branches from the pol-
icy model without any additional search-time mech-
anism, reflecting the model’s raw parallel-sampling
capability; (2) DeepConf (Fu et al., 2025), which
uses confidence signals to identify and retain high-
quality reasoning traces; and (3) LeaP (Luo et al.,
2025), the closest cross-path interaction baseline,
which uses peer-path routing for self-correction dur-
ing inference. Since our focus is latency-efficient
parallel TTS, we do not compare against sequential
or structured search methods such as Self-Refine,
Tree-of-Thoughts, and MCTS-style search, whose
iterative refinement or lookahead procedures often
require additional serial computation and introduce
substantial end-to-end latency overhead.

Evaluation Protocol. Unless otherwise specified,
we evaluate each method under a range of parallel
rollout budgets K ∈ {8, 16, 32, 64, 128}, where
larger K corresponds to scaling test-time compu-
tation by launching more reasoning branches. For
each budget, we measure wall-clock latency from
the start of parallel decoding until all reasoning
branches finish decoding, and report two accuracy
metrics after answer normalization. Pass@1 mea-
sures the average correctness of individual sampled
branches, while MV@K measures the majority-
vote accuracy obtained by aggregating the final an-
swers produced under the corresponding K-branch
budget. To ensure statistical reliability, we con-
duct 8 independent runs for all experiments, and
report averaged results. Since our focus is latency-
efficient parallel TTS, we use wall-clock latency as
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Figure 3: Accuracy–Latency comparison across models and benchmarks under different rollout budgets.

the primary compute budget and compare methods
by their accuracy–latency Pareto frontier. For CPT,
the reported latency is end-to-end and includes all
operations executed by the method, including par-
allel generation, search-information extraction, se-
mantic deduplication, input-context broadcast, and
final answer aggregation. Prompt templates are
provided in Appendix I.

Implementation Details. All experiments are ex-
ecuted in parallel on a cluster with 512 NVIDIA
H800 GPUs, where each individual run is allo-
cated to 8 GPUs. For CPT, the same policy model
is used for both reasoning generation and search-
information extraction, without external reward

models, verifiers, or task-specific training. Unless
otherwise specified, CPT uses a search-step length
of 2048 tokens and samples at most M = 512
pool entries for each broadcast. For semantic
de-duplication, we encode extracted information
units with all-MiniLM-L6-v22 and use a cosine-
similarity threshold of τdup = 0.75. For adaptive
broadcast scheduling, we compute the relative new-
information gain over windows of W = 3 search
steps, with τstart = 0.4 and τstop = 0.1. For
Qwen3-Thinking Models, we follow the official
recommended sampling hyperparameters: temper-

2https://huggingface.co/sentence-transformers/
all-MiniLM-L6-v2
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ature T = 0.6, top-p = 0.95, top-k = 20, with
a maximum generation length of 38k tokens. All
CPT hyperparameters are kept fixed across bench-
marks, models, and rollout budgets unless explic-
itly ablated.

4.2 Main Results

The main results across mathematical reasoning
benchmarks and model scales are summarized in
Figure 3. CPT consistently establishes a stronger
accuracy–latency Pareto frontier than the compared
baselines across different rollout budgets, achiev-
ing higher accuracy under comparable wall-clock
latency. This advantage is observed on all policy
models, and across AIME and HMMT benchmarks,
indicating that search-time information sharing re-
mains effective across model scales and problem
distributions. The simultaneous gains in Pass@1
and MV@K indicate that CPT improves individ-
ual branch quality and the overall effectiveness of
parallel exploration through information sharing,
rather than simply increasing final-answer consis-
tency by prematurely aligning branch trajectories.
Overall, our results suggest that reducing redundant
rediscovery through search-time information shar-
ing is an effective mechanism for latency-efficient
parallel TTS.

4.3 Analysis

Information Redundancy Reduction. Beyond
the accuracy–latency frontier, we analyze how CPT
changes the information content of parallel search.
As shown in Figure 1, independent parallel sam-
pling yields more duplicate information units per
search step as search proceeds, while the number
of newly discovered information units decreases.
This indicates that later exploration increasingly
spends computation rediscovering information al-
ready found by other branches. In contrast, CPT
reduces per-step duplicate discovery while main-
taining a comparable level of new-information dis-
covery. This suggests that the gains of CPT do not
merely come from forcing branches to agree ear-
lier, but from reducing the residual search burden
through cross-branch information sharing.

Effect of Adaptive Broadcast Scheduling. Ta-
ble 2 analyzes the effect of the adaptive start and
stop thresholds. When fixing τstart = 0.4, setting
τstop = 0 disables early stopping of synchroniza-
tion, while larger τstop values stop broadcasting
earlier. The results show that moderate early stop-

ping generally provides a better accuracy–latency
trade-off than either never stopping or stopping too
aggressively, suggesting that continued synchro-
nization becomes less useful once marginal new-
information gain is low. When fixing τstop = 0.1,
setting τstart = 1.0 starts broadcasting immedi-
ately, while smaller values allow branches to ex-
plore independently before sharing begins. Im-
mediate broadcasting does not yield the best ac-
curacy, indicating that overly early sharing can
prematurely align exploration directions. Over-
all, these results support our adaptive scheduling
design: CPT should first preserve independent ex-
ploration, then activate sharing when redundant dis-
covery increases, and finally stop synchronization
once additional broadcasts provide limited benefit.

Hyperparameter Sensitivity. We analyze the
sensitivity of CPT to two key hyperparameters: the
broadcast size M and the semantic de-duplication
threshold τdup. As shown in Table 4, increasing
M generally improves Pass@1 and reduces both
generated tokens and latency, indicating that pro-
viding more shared information can help branches
avoid redundant exploration and converge more ef-
ficiently. However, the gain saturates when M be-
comes large, and M = 512 achieves the best accu-
racy in our setting. Table 5 shows that CPT is rela-
tively stable across a range of de-duplication thresh-
olds, with τdup = 0.75 giving the best Pass@1. A
threshold that is too low may filter out useful but re-
lated information, while a threshold that is too high
may admit redundant entries into the shared pool.
We therefore use M = 512 and τdup = 0.75 as the
default configuration in our main experiments.

Component-wise Runtime Cost. Table 3 reports
the component-wise latency and FLOPs of CPT at
N = 64. Parallel sampling remains the dominant
source of wall-clock latency, while information ex-
traction and semantic de-duplication/filtering add
moderate overhead. The FLOPs of information
extraction are small compared with sampling, sug-
gesting that the extraction itself is not the main com-
putational bottleneck. Instead, the main FLOPs
trade-off arises from prompt-level broadcasting,
which may require re-prefilling updated contexts
in standard decoding implementations. This moti-
vates future cache-aware or attention-level sharing
mechanisms to further reduce the computational
overhead of CPT.
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Benchmark Metrics Stop Threshold τstop Start Threshold τstart

0 0.10 0.20 0.30 0.30 0.40 0.50 0.60 1.00

HMMT24
Pass@1 (%) 57.86 58.35 56.60 56.75 53.94 58.35 58.78 56.74 53.05
Tokens (×106) 1.52 1.57 1.51 1.54 1.62 1.57 1.48 1.45 1.43
Latency (s) 482 457 413 395 436 457 453 447 449

HMMT25
Pass@1 (%) 66.94 66.79 65.33 64.58 59.67 66.79 65.28 66.22 63.37
Tokens (×106) 1.43 1.47 1.42 1.42 1.50 1.47 1.38 1.34 1.29
Latency (s) 410 403 380 354 380 403 400 395 393

Table 2: Sensitivity analysis of adaptive broadcast scheduling thresholds using QWEN3-4B-THINKING-2507 with
64 parallel samples. For the stop-threshold sweep, τstart = 0.4 is fixed; for the start-threshold sweep, τstop = 0.1 is
fixed.

Benchmark Model Latency FLOPs

Sampling Info Extract Dedup. & Filter Sampling Info Extract

AIME25 QWEN3-4B 307.90 35.65 18.16 112.43 1.66
QWEN3-30B-A3B 420.37 61.59 29.44 81.99 1.70

AIME26 QWEN3-4B 291.00 39.79 21.92 107.11 1.50
QWEN3-30B-A3B 415.13 50.42 24.86 82.02 1.80

HMMT24 QWEN3-4B 368.43 56.75 26.95 138.52 1.62
QWEN3-30B-A3B 607.90 83.55 34.46 141.12 2.64

HMMT25 QWEN3-4B 331.72 44.42 22.39 120.02 1.50
QWEN3-30B-A3B 582.40 75.03 32.27 132.76 2.35

Table 3: Component-wise latency and FLOPs of CPT with 64 parallel samples. Latency is reported in seconds and
FLOPs are reported in PFLOPs per question.

Metrics Broadcast Size M

32 64 128 256 512 1024

Pass@1 (%) 61.65 61.93 63.68 64.03 66.79 65.32
Tokens (×106) 1.53 1.48 1.43 1.42 1.47 1.42
Latency (s) 429 411 408 407 402 385

Table 4: Effect of broadcast size M on HMMT25 using
QWEN3-4B-THINKING-2507 with 64 parallel samples.
We vary the maximum number of pool entries inserted
into the shared-information section at each broadcast.

Generated Tokens and FLOPs. Although our
main comparison uses wall-clock latency as the pri-
mary compute budget, we also examine generated
tokens and FLOPs as auxiliary cost metrics in Ap-
pendix C. The accuracy–tokens results (Figure 4)
show that CPT achieves a stronger token-efficiency
frontier, indicating that search-time information
sharing reduces unnecessary decoding spent on
rediscovering information already found by other
branches. The FLOPs comparison (Figure 5) re-
veals a different trade-off: as CPT implements shar-
ing through input-context updates, standard decod-
ing implementations may require re-prefilling the
updated context, introducing additional computa-

Metrics Similarity Threshold τdup

0.65 0.70 0.75 0.80 0.85

Pass@1 (%) 62.60 64.57 66.79 65.92 66.66
Tokens (×106) 1.51 1.48 1.47 1.46 1.47
Latency (s) 383 385 402 400 405

Table 5: Effect of similarity threshold τdup on HMMT25
using QWEN3-4B-THINKING-2507 with 64 parallel
samples. We vary the semantic de-duplication threshold
used to filter information units before adding them to
the shared pool.

tion. Thus, CPT improves latency-efficient parallel
exploration and reduces redundant generated to-
kens, while more cache-aware or attention-level
sharing mechanisms are needed to further improve
FLOPs efficiency.

5 Conclusions

In this work, we identify and validate an
information-isolation bottleneck in parallel test-
time scaling through preliminary studies: branch-
private discoveries remain unshared during search,
leading to redundant rediscovery and slower con-
vergence toward correct answers. To bridge this
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gap, we introduce Collaborative Parallel Thinking
(CPT), a training-free inference framework that en-
ables search-time information sharing across paral-
lel branches. CPT builds a shared information pool
by extracting compact intermediate information
from ongoing branches and merging overlapping
entries. Pool entries are then broadcast through
the input context, turning branch-private discover-
ies into reusable global decision information. Em-
pirical evaluations on challenging mathematical
reasoning benchmarks demonstrate that CPT estab-
lishes a stronger accuracy–latency Pareto frontier
than strong baselines across rollout budgets and
model scales. Overall, our findings highlight that
the efficiency of parallel TTS depends not only
on launching more reasoning branches, but also
on enabling branches to share and reuse decision-
relevant information during search.

Limitations

Collaborative Parallel Thinking (CPT) uses a fixed-
token synchronous protocol to make branch dis-
coveries reusable during parallel search, balancing
timely information reuse against synchronization
and context-update overhead. Since the shared in-
formation pool is updated only after each search
step, discoveries made within a step cannot influ-
ence other branches until the next step, so dupli-
cate discoveries may still occur before the next
broadcast. In addition, broadcasting the updated
pool through the input context is not free: in stan-
dard decoding implementations, it can require re-
prefilling the updated context, introducing addi-
tional FLOPs and latency overhead. Future work
could reduce this cost by designing attention-level
or cache-aware mechanisms that reuse prior com-
putation, support lower-cost context updates, or
enable finer-grained sharing without repeatedly re-
computing the full prefix.
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A Collaborative Parallel Thinking
Algorithm

Algorithm 1 provides the full procedure of Collab-
orative Parallel Thinking (CPT). For a problem x,
CPT maintains K private branch histories {hi}Ki=1

and a query-level shared information pool P . The
procedure alternates between fixed-token parallel
generation and pool update: at each search step,
unfinished branches decode up to C tokens condi-
tioned on the current broadcast set B, after which
the same policy model extracts compact informa-
tion from the newly generated segments. Candi-
date information units are added to P only when
they are not semantically similar to existing entries,
keeping the pool as a compact and deduplicated
state of branch discoveries.

The broadcast schedule is controlled by the new-
information record N . CPT starts in the PROBE

mode, where branches explore independently while
still writing extracted information into the pool.
Once the windowed relative information gain falls
below τstart, CPT enters the BROADCAST mode
and samples pool entries to all branches through
the shared-information section of the input context.
When the relative gain further falls below τstop,
CPT enters the FREERUN mode and lets the remain-
ing branches decode until EOS or Lmax without
further synchronization. This implements bounded
search-time sharing while preserving each branch’s
private reasoning history.

4651



Algorithm 1 Collaborative Parallel Thinking (CPT)
Require: Problem x, model π, branch number K, search-step length C, maximum length Lmax, broadcast size M , deduplication

threshold τdup, window size W , start threshold τstart, stop threshold τstop, numerical constant ϵ.
Ensure: Final reasoning branches {hi}Ki=1.
1: Initialize branch histories hi ← ∅ for all i ∈ [K]; shared pool P ← ∅; mode← PROBE; new-information recordN ← [];

reference gain gref ← NONE.
2: while some branch is unfinished, i.e., it has reached neither EOS nor Lmax do
3: // Component 1: Collaborative Parallel Search (Sec. 3.1)
4: if mode = BROADCAST then
5: B ← P if |P| ≤M ; otherwise sample M entries from P .
6: else
7: B ← ∅.
8: end if
9: for each unfinished branch i ∈ [K] in parallel do

10: ∆hi ∼ π(· | Prompt(x, hi,B)) for at most C tokens, or until EOS or Lmax is reached.
11: hi ← hi ⊕∆hi.
12: end for
13: if all branches have reached EOS or Lmax then
14: break
15: end if
16: // Component 2: Shared Information Pooling (Sec. 3.2)
17: n← 0.
18: for each branch i with newly generated segment ∆hi do
19: Zi ← Extractπ(x, hi,∆hi).
20: for each z ∈ Zi do
21: if P = ∅ then
22: P ← P ∪ {z}; n← n+ 1.
23: else
24: s⋆ ← maxp∈P cos(ϕ(z), ϕ(p)).
25: if s⋆ < τdup then
26: P ← P ∪ {z}; n← n+ 1.
27: end if
28: end if
29: end for
30: end for
31: Append n toN .
32: // Component 3: Adaptive Broadcast Scheduling (Sec. 3.3)
33: if |N | ≡ 0 (mod W ) then
34: j ← |N|/W ; gj ← 1

W

∑jW
s=(j−1)W+1N [s].

35: if gref = NONE then
36: gref ← gj .
37: else
38: rj ← gj/(gref + ϵ).
39: if mode = PROBE and rj < τstart then
40: mode← BROADCAST.
41: else if mode = BROADCAST and rj < τstop then
42: mode← FREERUN.
43: end if
44: end if
45: end if
46: if mode = FREERUN then
47: for each unfinished branch i ∈ [K] in parallel do
48: Continue decoding branch i until EOS or Lmax is reached, without further synchronization.
49: end for
50: break
51: end if
52: end while
53: return {hi}Ki=1.
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B Details of Preliminary Studies

B.1 Information Statistics during Parallel
Search

We provide details for the information-statistics
experiment in Figure 1. The experiment is
conducted on HMMT24–25 using QWEN3-30B-
A3B-THINKING-2507 with 64 parallel reasoning
branches, where each search step corresponds to a
1024-token generation chunk. At each step, we use
the same information-extraction prompt as CPT,
detailed in Appendix I, to extract compact infor-
mation units from branch trajectories. For each
problem, we maintain a running analysis pool and
compare each extracted candidate with existing
pool entries using the same embedding-based se-
mantic de-duplication protocol as CPT: if its maxi-
mum similarity to existing entries is below the de-
duplication threshold, it is admitted into the pool
and counted as newly discovered information for
the current step; otherwise, it is counted as dupli-
cate information for the current step. Since one
search step consumes 64× 1024 generated tokens,
we normalize the raw information counts and re-
port the number of information units per 10,240
generated tokens, i.e., multiplying each per-step
count by 10,240/(64× 1024).

B.2 Offline Information Injection

We provide details for the offline information-
injection experiment in Table 1, which tests
whether information originally scattered across dif-
ferent reasoning branches is decision-useful once
shared. For each problem, we first collect parallel
reasoning trajectories, use the same information-
extraction prompt as CPT (Appendix I) to extract
compact information units, and merge them into
a deduplicated information pool using the same
semantic de-duplication protocol. Given an in-
jection ratio ρ ∈ {0, 20, 40, 60, 80, 100}, we ran-
domly sample ρ% of the deduplicated pool entries
and inject them into the initial shared-information
section of the prompt, where 0% denotes no in-
jected information and 100% denotes using the
full pool. We then run standard parallel sampling
with 64 branches on HMMT24–25 using QWEN3-
4B-THINKING-2507, without online search-time
extraction, pool updating, or broadcasting. All
branches receive the same injected context at the
beginning, and we report Pass@1, generated to-
kens, and wall-clock latency. All injected informa-
tion is extracted from model-generated trajectories,

without using gold answers, external verifiers, or
human annotations. We repeat each setting for 8
independent runs and report the averaged results.

C Analysis of Generated Tokens and
FLOPs

C.1 Additional Accuracy–Cost Results
We further provide supplementary cost-efficiency
results under generated-token and FLOPs metrics.
The token-based comparison (Figure 4) comple-
ments our latency evaluation by measuring the
amount of generated computation. CPT gener-
ally achieves a stronger accuracy–tokens trade-
off, suggesting that search-time information shar-
ing reduces redundant decoding caused by re-
peated rediscovery across parallel branches. In
contrast, the FLOPs comparison (Figure 5) reflects
the additional prefilling computation introduced by
prompt-level broadcasts. Since updating the shared-
information section changes the input context, stan-
dard decoding implementations may need to recom-
pute the prefix, making CPT less favorable under a
pure FLOPs budget. These results provide a fuller
view of the computational trade-offs of CPT: it im-
proves latency-aware and token-efficient parallel
exploration, while FLOPs efficiency remains an
important direction for future cache-aware imple-
mentations.

C.2 FLOPs Estimation
To explicitly quantify the computational efficiency
of different inference strategies, we estimate the
Floating Point Operations (FLOPs) following the
methodology used in the NVIDIA NeMo frame-
work (nem, 2025).

Unified FLOPs Estimator. We decompose an
inference process into a set of model requests, de-
noted by R. For each request r ∈ R, we define
Sr as the effective linear token term, which is used
to estimate the cost of linear projections, MLP lay-
ers, and vocabulary projection. We further define
Qr as the effective quadratic attention term, which
captures the cost of causal self-attention. The ag-
gregated statistics are:

S =
∑

r∈R
Sr, (1)

Q =
∑

r∈R
Qr. (2)

Let h denote the hidden size, Nℓ the number
of Transformer layers, A the number of attention
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Figure 4: Accuracy–Tokens comparison across models and benchmarks under different rollout budgets.

heads, G the number of key-value heads, V the
vocabulary size, and dactiveff the active FFN inter-
mediate dimension. For dense models, dactiveff is
the standard FFN intermediate dimension; for MoE
models, it is multiplied by the number of activated
experts per token.

The total FLOPs are decomposed into attention,
MLP, and vocabulary projection costs:

FLOPsattn = 2Nℓh
2

[(
2
G

A
+ 2

)
S +

Q

h

]
,

(3)

FLOPsmlp = 2Nℓh
(
3dactiveff

)
S, (4)

FLOPsvocab = 2hV S. (5)

Therefore, the total computational cost is:

FLOPstotal = FLOPsattn + FLOPsmlp

+ FLOPsvocab.
(6)

Full-prefill Generation. For a standard indepen-
dent generation request, let pr denote the number

of prompt tokens and or denote the number of gen-
erated output tokens. Since each request processes
the full prompt before autoregressive decoding, we
define:

Sr = pr + or, (7)

Qr = (pr + or)
2. (8)

CPT. CPT consists of two types of computa-
tion: normal reasoning generation and search-
information extraction. Let Rgen denote the set
of normal reasoning requests, and Rext denote the
set of information extraction requests.

For a normal reasoning request r ∈ Rgen, let Lr

be its effective sequence length. We use:

Sr = Lr, (9)

Qr = L2
r . (10)

For an information extraction request r ∈ Rext,
we estimate its cost under a cached-decoding as-
sumption. Let pr be the length of the extraction
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Figure 5: Accuracy–FLOPs comparison across models and benchmarks under different rollout budgets. See
Appendix C.2 for details on FLOPs estimation.

context and or be the number of tokens generated
during extraction. Since the context has already
been cached, the linear term only counts newly
generated tokens:

Sr = or. (11)

The attention term is:

Qr = 2pror + o2r . (12)

Thus, the overall token-dependent statistics for
CPT are:

SCPT =
∑

r∈Rgen

Lr +
∑

r∈Rext

or, (13)

QCPT =
∑

r∈Rgen

L2
r +

∑

r∈Rext

(
2pror + o2r

)
. (14)

LeaP. LeaP performs inference through multiple
consecutive segments, including normal reasoning,

intermediate summarization, comment insertion,
and final-answer generation. Since these segments
are generated sequentially within the same trajec-
tory, we estimate its cost using an incremental KV-
cache formulation.

For segment r, let Cr denote the number of to-
kens cached before this segment, and let

xr = pr + or (15)

denote the number of newly processed tokens in
the current segment, where pr is the newly inserted
prompt length and or is the generated output length.
The effective statistics are:

Sr = xr, (16)

Qr = xr(2Cr + xr). (17)
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Therefore, the overall statistics for LeaP are:

SLeaP =
∑

r∈RLeaP

xr, (18)

QLeaP =
∑

r∈RLeaP

xr(2Cr + xr). (19)

DeepConf. DeepConf is treated as a set of inde-
pendent sampled completions. For problem q, let
pq denote the prompt length after applying the chat
template, and let oq,i denote the generated length
of the i-th completion. Since each completion is
sampled independently, each one is counted as a
full-prefill request:

Sq,i = pq + oq,i, (20)

Qq,i = (pq + oq,i)
2. (21)

The overall statistics for DeepConf are:

SDeepConf =
∑

q

∑

i

(pq + oq,i) , (22)

QDeepConf =
∑

q

∑

i

(pq + oq,i)
2 . (23)

Finally, for each method, the corresponding S
and Q are substituted into the unified FLOPs esti-
mator to obtain the total computational cost.

D Mechanism Controls and Component
Ablations

To isolate whether CPT benefits from query-
relevant cross-branch sharing rather than from the
blackboard format or extra prompt context alone,
we conduct a matched control suite on HMMT25
using QWEN3-4B-THINKING-2507 with K = 64.
The controls keep the main experimental configura-
tion fixed while changing one aspect of information
construction or delivery: Empty blackboard retains
the blackboard serialization but provides no shared
items; Cross-problem blackboard supplies infor-
mation collected for other problems rather than
the current query; Broadcast without deduplication
removes the semantic filter; Fixed broadcast sched-
ule replaces the adaptive PROBE–BROADCAST–
FREERUN schedule; Extraction without cross-
branch broadcast retains information extraction but
prevents extracted notes from being disseminated
across branches; and No blackboard instruction
removes the explicit instruction for handling the
blackboard while retaining the broadcast content.
We do not alter any other setting for these controls.

As shown in Table 6, the controls form a clear hi-
erarchy. Empty and cross-problem blackboards, to-
gether with extraction without cross-branch broad-
cast, occupy the lowest accuracy tier despite pre-
serving either the serialization format, additional
context, or extraction compute. In particular, the
extraction-only control performs worst on Pass@1,
showing that producing useful notes is insuffi-
cient unless those notes become available to peer
branches. The matched comparison therefore rules
out blackboard formatting and generic context aug-
mentation as primary explanations: the shared con-
tent must be both query-relevant and disseminated
across active branches. The remaining controls
separate the roles of pool quality and scheduling.
Removing semantic de-duplication simultaneously
worsens accuracy and increases generated tokens,
consistent with redundant pool entries reintroduc-
ing the search work that sharing is intended to
avoid. Replacing the adaptive schedule preserves
much more of the accuracy but produces a revealing
token–latency inversion: it generates fewer tokens
yet takes longer, indicating that synchronization
timing affects the wall-clock critical path indepen-
dently of decoding volume. Thus, de-duplication
mainly improves the informational efficiency of the
pool, whereas adaptive scheduling controls when
the cost of sharing is worthwhile. Finally, remov-
ing the explicit blackboard instruction produces the
smallest and mixed accuracy changes among all
controls, with modest cost increases. This pattern
suggests that CPT’s main benefit comes from the
shared branch information and its delivery mecha-
nism rather than from a particular instruction word-
ing.

E Case Analysis

We provide a paired qualitative case study in Fig-
ure 7 to illustrate the “Share More, Search Less”
behavior of CPT. The example is taken from a
CPT run on a 13th-root-of-unity problem and a
no-broadcast continuation initialized from the ex-
act same prefix immediately before the Round 9
broadcast point. The comparison should therefore
be read as a same-prefix broadcast intervention:
before this point the two contexts are identical; af-
terward, only the CPT branch receives the shared
pool entries. Both branches have already reduced
the magnitude condition to a cosine/difference con-
straint, and then face the same remaining search
over candidate exponent sets. At Round 9, the
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Variant Pass@1 (%) MV@64 (%) Tokens (×106) Latency (s)

CPT (matched reference) 66.79 67.33 1.47 402.82

Empty blackboard 52.56 61.46 1.675 374.11
Cross-problem blackboard 52.44 59.83 1.508 564.16
Broadcast without deduplication 56.99 64.37 1.632 393.58
Fixed broadcast schedule 65.42 66.67 1.267 470.32
Extraction without cross-branch broadcast 52.06 59.58 1.597 449.81
No blackboard instruction 66.04 68.33 1.518 415.72

Table 6: Matched mechanism controls on HMMT25 using QWEN3-4B-THINKING-2507 with K = 64. Each row
reports the mean of eight independent runs; generated tokens are shown in millions and latency in seconds.

CPT branch receives selected pool entries through
the shared-information section of the input con-
text; these entries are automatically extracted from
model-generated branches and do not use the gold
answer, an external verifier, or human annotation.
To make the comparison precise, Figure 7 focuses
only on the two broadcast notes that are later redis-
covered by the no-broadcast trajectory. Note #47
states that the six pairwise positive differences
should be exactly {1, 2, 3, 4, 5, 6}, and note #53
identifies the concrete minimal instance {1, 2, 5, 7}.
Together, these notes provide the difference-set cer-
tificate

{1, 2, 5, 7} ; {1, 2, 3, 4, 5, 6},
which gives

D =
6∑

k=1

cos(2πk/13) = −1/2,

|S|2 = 4 + 2D = 3.

The broadcast branch receives this structural cer-
tificate from the pool and uses it immediately. The
matched no-broadcast trajectory starts from the
same prefix but receives no pool information. It
eventually reaches the same solution, but only
after a substantially longer private continuation
that rediscovers the same difference-set certificate
through enumeration.

Why this case is useful. The case illustrates that
CPT’s Shared Information Pool provides reusable
decision information rather than merely exposing
final-answer hints. The decisive object is not the
final number itself, but the intermediate difference-
set certificate that makes the modulus condition
checkable. With broadcast, this certificate is avail-
able before the branch would otherwise have to
find it. Without broadcast, the branch can still dis-
cover the same certificate on its own and finish
the problem, but it spends a much longer private
continuation doing the same search work.

F Generalization beyond Mathematical
Domains

To test whether search-time information sharing
transfers beyond contest mathematics, we evalu-
ate CPT on GPQA-Diamond (Rein et al., 2024), a
graduate-level scientific question-answering bench-
mark, and LiveCodeBench-v6 (Jain et al.), a code-
generation benchmark. We follow the rollout bud-
gets, latency accounting, baselines, and repeated-
run protocol of the main experiments, and report
results for both QWEN3-4B-THINKING-2507 and
QWEN3-30B-A3B-THINKING-2507.

On GPQA-Diamond, CPT ranks first at matched
rollout budget for both Pass@1 and MV@K in ev-
ery model–metric–budget comparison, while also
remaining faster than the interaction-based LeaP
baseline throughout the sweep. The consistency
across both individual-branch and majority-vote ac-
curacy shows that sharing improves branch quality
without weakening aggregate decision quality; the
result is a systematic frontier shift rather than an
isolated best operating point. LiveCodeBench-v6
presents a more conditional pattern. CPT ranks first
at four of the five rollout budgets on each backbone,
with both exceptions occurring in the low-budget
regime. Accuracy is also non-monotonic as the
budget grows, indicating that code generation does
not benefit uniformly from additional parallel ex-
ploration or shared context. Thus, the cross-domain
evidence is strongest for scientific reasoning, while
code generation supports a narrower claim: CPT
improves the upper accuracy–latency envelope, but
its benefit depends more strongly on the operating
point.

G Complete Accuracy–Latency Results

For completeness, Tables 7–9 and Tables 10–11
jointly report every point underlying the accuracy–
latency plots in Figures 3 and 6. Both sets follow
the common protocol in Section 4.1; the tables
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Figure 6: Accuracy–latency comparison on GPQA-Diamond and LiveCodeBench-v6 across rollout budgets. We
report Pass@1 and MV@K for GPQA-Diamond and Pass@1 for LiveCodeBench-v6.

retain the run-to-run variation so that the aggregate
patterns discussed below can be checked against
individual operating points.

Across the mathematical benchmarks, CPT leads
or ties in 102/120 matched accuracy comparisons
when Pass@1 and MV@K are considered jointly.
The cost pattern is more consistent across back-
bones: CPT is faster than DeepConf in every
matched configuration, with an average latency re-
duction of 39.4%. These two observations separate
a broadly stable latency advantage from an accu-
racy gain whose pointwise consistency depends on
the policy model.

The cross-domain tables reveal a parallel task
effect. GPQA-Diamond extends the broad domi-
nance observed on the Qwen3 mathematical bench-
marks, whereas LiveCodeBench-v6 concentrates
its gains away from the smallest budgets and ex-
hibits a non-monotonic response to additional roll-
outs. Taken together, the complete results sup-
port the accuracy–latency-envelope interpretation
in Section 4.2 and the cross-domain conclusions in
Appendix F, while locating the main exceptions by
model family and task rather than obscuring them
behind selected cell values.

H Theory: Collaborative Sharing
Improves Global Decision Information

We provide an information-theoretic analysis of
collaborative parallel thinking. The analysis ab-
stracts away implementation details such as when
to broadcast or how many items to broadcast, and
focuses on the core question: how does sharing in-
termediate search information affect the amount of
global decision information obtained from parallel
exploration?

Our main observation is that parallel reasoning
paths may produce substantial path-wise informa-
tion, but the information useful to the final decision
is not simply the sum of path-wise information
across paths. Different paths may rediscover the
same conclusions, constraints, or failure patterns,
causing overlapping information to be counted mul-
tiple times in isolated exploration. Collaborative
sharing can improve test-time scaling efficiency
by pooling path-private information into a shared
context, reducing redundant local information, and
converting it into globally useful decision informa-
tion.
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Benchmark Method Metric Rollout budget K

8 16 32 64 128

AIME25

CPT
Pass@1 83.85±1.42 81.67±1.82 83.88±1.03 82.59±0.99 82.52±0.69
MV@K 86.25±0.83 86.67±0.00 86.67±0.00 86.67±0.00 86.67±0.00
Latency 134.9±2.2 172.4±2.1 239.2±4.2 361.7±6.9 650.9±10.7

DeepConf
Pass@1 77.15±1.07 76.56±1.32 76.82±0.84 77.08±0.66 76.82±0.69
MV@K 85.00±1.78 86.25±1.18 86.67±0.00 86.67±0.00 86.67±0.00
Latency 227.6±3.9 289.0±5.4 385.9±4.0 585.8±4.8 971.5±3.9

LeaP
Pass@1 78.65±3.51 76.87±1.57 76.61±1.54 77.00±1.62 76.64±1.40
MV@K 79.58±3.30 77.50±1.54 77.50±1.54 78.33±2.52 77.92±1.73
Latency 92.5±1.4 122.0±2.6 171.6±2.7 260.0±4.0 432.9±6.2

Base
Pass@1 77.35±1.37 77.35±1.61 77.35±0.90 77.35±0.60 77.35±0.27
MV@K 84.83±3.09 85.89±1.10 86.40±1.10 86.63±0.00 86.67±0.00
Latency 128.8±2.0 161.4±2.2 220.3±2.4 317.5±2.6 497.9±1.9

AIME26

CPT
Pass@1 85.73±2.13 86.77±1.37 87.45±0.48 87.25±0.92 88.09±0.24
MV@K 87.08±2.10 90.00±0.00 90.00±0.00 90.83±1.67 90.00±0.00
Latency 133.0±3.2 172.3±2.5 237.4±1.6 352.7±4.2 671.0±6.0

DeepConf
Pass@1 77.10±1.64 77.87±1.12 78.53±0.97 79.13±1.55 78.67±0.52
MV@K 85.83±2.95 89.58±1.18 88.75±1.73 90.32±0.92 90.00±0.00
Latency 218.2±6.3 277.4±4.0 371.5±5.0 560.2±3.9 936.6±3.8

LeaP
Pass@1 76.93±1.81 78.76±4.14 79.47±2.67 79.95±2.30 80.53±1.64
MV@K 77.50±2.36 79.17±4.63 79.58±2.78 81.25±2.48 81.67±2.52
Latency 91.1±1.9 119.6±1.8 168.2±2.2 252.7±4.9 414.9±4.7

Base
Pass@1 79.45±1.09 79.45±1.05 79.45±0.68 79.45±0.32 79.45±0.25
MV@K 85.79±1.61 86.76±2.76 87.32±1.10 87.57±1.61 87.31±1.61
Latency 128.1±3.4 154.5±2.4 210.5±3.0 307.5±2.2 477.3±1.9

HMMT24

CPT
Pass@1 55.52±3.69 58.02±2.37 57.11±4.22 59.47±1.38 57.77±4.02
MV@K 58.54±3.48 62.50±3.19 59.17±3.19 61.67±1.92 62.50±3.19
Latency 166.7±3.3 216.2±3.9 298.2±8.2 452.1±4.8 846.5±29.7

DeepConf
Pass@1 42.54±1.04 42.29±1.38 42.95±0.91 42.69±0.60 42.38±0.46
MV@K 50.42±4.52 55.00±2.52 54.58±2.48 56.25±2.78 55.42±1.73
Latency 283.3±4.5 354.8±7.3 483.2±4.8 745.3±5.8 1246.5±9.8

LeaP
Pass@1 45.27±2.04 48.18±1.97 50.24±1.04 50.12±1.94 50.37±1.44
MV@K 45.56±1.92 48.89±1.92 52.22±1.92 52.22±1.92 51.11±1.92
Latency 100.9±1.2 133.8±1.9 190.8±4.1 285.8±3.1 479.6±6.5

Base
Pass@1 42.96±2.20 42.96±1.14 42.96±0.45 42.96±0.27 42.96±0.19
MV@K 48.24±2.60 49.70±3.51 50.60±3.63 51.49±3.23 52.31±1.67
Latency 159.6±2.4 199.4±3.7 279.3±3.0 410.2±3.3 676.0±5.3

HMMT25

CPT
Pass@1 62.71±3.15 65.00±2.27 66.35±0.74 64.93±1.54 66.37±1.58
MV@K 65.00±3.33 67.50±1.67 67.50±1.67 69.17±1.67 70.83±1.67
Latency 148.9±3.8 193.5±4.2 270.9±5.4 398.5±7.0 732.7±9.7

DeepConf
Pass@1 52.81±2.44 53.33±1.33 54.14±0.95 53.26±0.50 53.96±0.53
MV@K 60.83±5.84 63.33±6.17 66.67±2.52 67.50±2.36 69.17±1.54
Latency 272.9±3.1 343.5±2.3 458.4±2.6 702.6±4.8 1169.9±11.5

LeaP
Pass@1 51.66±2.72 56.38±2.52 55.16±5.68 57.34±3.25 58.51±1.15
MV@K 53.33±3.33 57.78±1.92 56.67±6.67 60.00±3.33 58.89±1.92
Latency 96.0±2.1 129.3±2.8 184.9±4.3 280.0±3.8 468.5±13.0

Base
Pass@1 54.02±2.00 54.02±1.07 54.02±1.01 54.02±0.54 54.02±0.24
MV@K 59.38±5.38 60.67±4.00 61.46±3.33 62.20±2.76 62.46±1.44
Latency 151.6±1.6 193.2±1.2 261.6±1.6 381.1±2.7 610.6±6.1

Table 7: Complete accuracy–latency results for QWEN3-4B-THINKING-2507 underlying Figure 3. Pass@1 and
MV@K are percentages; latency is in seconds. Each entry is the mean ± reported run-to-run variation over eight
independent runs. Accuracy is rounded to two decimal places and latency to one decimal place.
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Benchmark Method Metric Rollout budget K

8 16 32 64 128

AIME25

CPT
Pass@1 84.58±0.92 84.90±0.69 84.58±0.86 84.40±0.47 84.65±0.82
MV@K 86.67±0.00 87.09±0.84 87.50±1.67 86.67±0.00 86.67±0.00
Latency 190.5±4.7 243.0±3.8 334.0±3.8 511.4±8.2 906.7±28.9

DeepConf
Pass@1 79.96±1.38 82.12±1.89 81.04±0.51 81.20±0.80 81.12±0.41
MV@K 85.67±2.52 86.58±3.30 86.08±2.14 86.08±2.14 86.33±1.78
Latency 280.4±5.9 355.7±8.6 468.6±5.6 669.6±4.6 1041.0±11.8

LeaP
Pass@1 83.03±1.06 83.25±1.81 83.52±2.13 83.43±1.48 83.53±1.32
MV@K 83.33±1.78 84.58±1.73 85.00±2.52 85.83±1.54 85.42±1.73
Latency 261.1±6.1 334.8±12.4 450.0±16.0 633.7±23.1 1401.6±41.3

Base
Pass@1 82.72±0.83 82.72±0.85 82.72±0.66 82.72±0.51 82.72±0.27
MV@K 85.94±2.20 86.49±2.32 86.79±1.61 86.88±1.67 86.90±1.67
Latency 174.2±3.3 223.2±5.8 277.7±3.5 394.3±2.7 609.7±6.6

AIME26

CPT
Pass@1 90.31±1.29 91.56±0.69 89.82±0.23 90.21±0.88 90.57±0.91
MV@K 90.83±1.67 93.33±0.00 93.33±0.00 93.33±0.00 93.33±0.00
Latency 190.3±3.2 232.8±4.3 319.0±4.6 490.4±6.6 896.0±7.8

DeepConf
Pass@1 84.25±1.26 84.21±1.66 84.49±0.94 84.52±0.38 84.46±0.50
MV@K 91.25±1.73 93.33±0.00 93.33±0.00 93.33±0.00 93.33±0.00
Latency 274.5±9.1 348.2±7.3 453.4±8.8 645.0±8.2 993.5±9.9

LeaP
Pass@1 86.71±2.90 86.81±1.91 87.53±1.03 87.72±0.84 88.08±1.13
MV@K 87.08±3.30 87.50±2.36 87.92±1.73 88.75±1.73 88.75±1.73
Latency 250.6±6.2 319.8±3.8 427.9±6.0 601.5±8.0 1339.1±25.7

Base
Pass@1 86.15±0.77 86.15±0.75 86.15±0.35 86.15±0.40 86.15±0.28
MV@K 90.94±1.44 91.48±1.44 91.97±1.44 92.43±1.44 92.92±1.44
Latency 178.8±5.5 210.6±4.9 278.4±5.7 382.1±4.9 565.7±5.5

HMMT24

CPT
Pass@1 68.23±2.73 68.80±1.76 66.17±0.97 66.98±2.77 68.14±3.52
MV@K 73.33±2.72 76.25±0.83 72.92±2.85 74.58±1.59 78.73±3.54
Latency 263.9±6.5 338.4±5.2 462.8±11.8 725.9±14.2 1342.6±31.4

DeepConf
Pass@1 56.43±2.94 56.52±1.27 56.56±1.23 56.76±1.13 56.30±1.00
MV@K 68.75±3.54 70.42±3.75 70.42±2.78 71.67±1.78 70.83±1.54
Latency 388.4±10.6 487.6±6.2 637.7±5.9 916.0±6.3 1453.9±9.2

LeaP
Pass@1 49.68±3.17 51.38±2.72 51.82±1.39 51.10±1.85 51.35±1.56
MV@K 50.83±3.45 51.25±3.54 52.08±1.73 51.25±2.48 52.50±1.54
Latency 254.5±5.5 333.3±7.2 458.7±7.6 670.9±6.0 1665.6±24.1

Base
Pass@1 56.52±1.59 56.52±1.35 56.52±0.89 56.52±0.57 56.52±0.27
MV@K 64.96±2.89 66.93±2.60 68.27±3.31 68.84±1.44 68.94±2.00
Latency 236.6±6.2 293.0±3.4 386.5±3.9 540.4±3.9 891.6±5.6

HMMT25

CPT
Pass@1 75.31±0.52 74.64±2.50 73.23±1.70 75.33±2.38 76.54±1.10
MV@K 78.75±2.09 79.59±3.44 77.37±0.84 82.50±3.19 82.67±1.19
Latency 243.2±5.9 306.9±5.5 425.7±8.7 689.7±11.2 1284.7±18.8

DeepConf
Pass@1 64.37±2.10 64.72±1.13 64.83±0.84 65.40±1.07 65.23±0.55
MV@K 72.50±3.45 75.00±2.52 76.25±4.52 79.17±2.36 78.33±1.78
Latency 367.1±7.7 457.3±6.9 598.2±6.5 862.0±3.7 1373.3±12.1

LeaP
Pass@1 61.98±3.20 60.78±2.45 61.53±3.05 61.75±2.78 61.05±2.13
MV@K 63.75±3.30 63.75±3.30 64.58±2.48 65.00±3.56 64.17±4.27
Latency 240.1±5.5 326.3±5.8 446.0±5.1 639.1±8.9 1519.1±20.4

Base
Pass@1 66.37±1.10 66.37±1.37 66.37±0.82 66.37±0.58 66.37±0.37
MV@K 72.96±3.09 74.62±3.89 75.21±2.60 75.24±4.23 75.03±3.73
Latency 221.4±4.5 271.4±3.8 365.4±4.3 510.1±2.3 826.6±7.4

Table 8: Complete accuracy–latency results for QWEN3-30B-A3B-THINKING-2507 underlying Figure 3. Pass@1
and MV@K are percentages; latency is in seconds. Each entry is the mean ± reported run-to-run variation over
eight independent runs. Accuracy is rounded to two decimal places and latency to one decimal place.
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Benchmark Method Metric Rollout budget K

8 16 32 64 128

AIME25

CPT
Pass@1 54.48±2.60 66.82±0.69 71.38±1.48 69.11±1.72 71.52±1.76
MV@K 80.93±3.09 83.44±2.64 85.44±2.92 84.17±1.67 84.17±1.67
Latency 176.7±4.3 194.6±6.9 231.4±6.6 317.2±9.4 493.2±30.8

DeepConf
Pass@1 38.40±5.77 48.45±2.33 58.73±2.37 62.44±2.40 61.46±2.71
MV@K 46.67±9.43 71.67±7.77 82.58±4.69 84.50±3.88 85.92±3.05
Latency 272.1±10.1 389.2±2.8 510.3±6.7 914.6±26.8 1870.3±50.9

LeaP
Pass@1 41.53±13.61 64.09±2.95 69.57±1.69 70.99±2.57 69.62±1.31
MV@K 50.42±19.31 77.50±3.88 79.58±2.78 79.58±2.78 75.83±2.36
Latency 201.0±12.7 208.1±3.6 240.6±2.0 296.8±4.4 391.3±4.4

Base
Pass@1 65.26±1.37 64.82±1.29 65.29±0.52 64.90±0.52 64.99±0.33
MV@K 75.00±1.67 76.25±1.10 77.08±2.60 76.25±1.10 76.67±0.00
Latency 150.6±6.6 156.7±4.1 176.5±3.3 213.9±4.8 262.2±8.7

AIME26

CPT
Pass@1 60.31±2.77 69.32±1.30 75.98±1.85 76.34±2.07 77.36±0.74
MV@K 87.44±1.11 87.91±1.59 90.83±1.67 90.00±0.01 92.91±0.84
Latency 169.1±3.9 188.9±5.1 227.2±9.0 316.2±16.8 488.0±17.8

DeepConf
Pass@1 37.68±3.05 47.39±2.79 61.72±1.52 65.26±2.22 65.87±2.18
MV@K 45.83±10.50 67.50±6.84 88.83±2.95 88.25±2.48 91.18±2.56
Latency 272.8±5.8 367.5±5.8 510.7±11.7 870.7±26.4 1793.3±59.3

LeaP
Pass@1 54.06±5.13 69.18±3.87 75.86±1.18 75.57±2.71 76.48±0.91
MV@K 68.75±7.33 81.25±4.34 87.92±1.73 87.08±3.75 87.92±1.94
Latency 187.3±0.9 205.5±1.2 233.2±2.0 288.5±2.0 377.1±4.1

Base
Pass@1 67.34±2.26 67.84±1.61 68.37±0.65 68.44±0.89 68.17±0.31
MV@K 81.67±3.73 85.42±2.32 86.25±2.00 86.67±0.00 86.67±0.00
Latency 148.1±2.0 156.4±2.6 177.1±4.3 209.7±6.3 257.1±6.1

HMMT24

CPT
Pass@1 32.81±3.78 37.73±2.02 40.79±1.55 40.62±0.98 41.19±0.92
MV@K 44.44±1.54 53.10±3.79 53.80±4.33 58.33±1.92 61.68±4.07
Latency 181.1±3.3 207.2±4.9 265.2±10.2 377.8±13.9 603.2±32.5

DeepConf
Pass@1 20.47±4.26 23.88±2.67 35.12±1.75 36.35±0.80 36.59±2.97
MV@K 27.50±10.95 47.92±5.62 58.50±4.27 64.50±5.27 65.35±5.58
Latency 279.7±3.0 382.7±4.9 577.9±13.2 1067.5±32.8 2217.5±65.9

LeaP
Pass@1 23.34±8.87 36.11±2.97 38.62±3.10 40.07±1.77 39.99±1.10
MV@K 28.33±13.21 47.50±4.27 50.42±3.75 53.33±3.56 52.92±3.75
Latency 204.3±10.9 227.6±1.6 269.5±2.4 356.0±3.8 487.9±6.7

Base
Pass@1 37.66±2.10 37.73±1.36 38.35±0.66 37.59±0.44 37.92±0.31
MV@K 46.67±3.73 45.83±3.23 50.83±2.20 50.83±3.23 48.75±2.32
Latency 150.8±5.4 161.0±2.5 186.9±4.5 235.8±5.6 293.5±7.9

HMMT25

CPT
Pass@1 42.71±3.81 52.76±3.86 57.58±1.24 57.28±2.44 57.47±1.76
MV@K 63.32±2.36 71.85±1.83 75.70±2.24 77.50±1.67 76.25±0.83
Latency 176.3±5.4 205.8±5.1 259.9±7.1 383.0±13.4 596.6±21.1

DeepConf
Pass@1 28.97±1.69 35.83±2.26 50.08±2.48 52.54±1.24 53.51±3.25
MV@K 41.67±5.63 63.75±6.22 75.58±4.86 78.08±2.48 80.35±4.58
Latency 285.7±6.5 384.8±8.1 532.6±18.5 961.6±41.1 1989.0±71.9

LeaP
Pass@1 35.69±4.44 48.46±3.45 52.40±3.09 54.94±2.72 55.09±2.08
MV@K 44.58±4.69 58.33±3.98 61.67±5.63 64.58±3.96 62.71±2.51
Latency 192.6±1.0 220.7±2.1 260.9±3.4 336.6±2.2 460.7±5.3

Base
Pass@1 56.82±1.89 54.64±1.66 55.12±1.16 55.08±0.45 55.43±0.45
MV@K 68.33±3.33 69.58±2.60 67.50±2.76 67.50±2.20 70.00±2.36
Latency 145.9±2.6 159.2±2.7 184.5±3.7 227.8±4.7 277.6±6.5

Table 9: Complete accuracy–latency results for GPT-OSS-20B underlying Figure 3. Pass@1 and MV@K are
percentages; latency is in seconds. Each entry is the mean ± reported run-to-run variation over eight independent
runs. Accuracy is rounded to two decimal places and latency to one decimal place.
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Model Method Metric Rollout budget K

8 16 32 64 128

Qwen3-4B
Thinking-2507

CPT
Pass@1 64.50±0.80 67.06±1.09 66.89±0.26 67.97±0.94 68.63±0.64
MV@K 64.98±0.77 68.01±1.77 68.35±0.29 70.54±0.58 70.37±0.77
Latency 54.9±0.10 71.0±0.6 100.0±1.6 151.8±2.5 251.5±2.1

DeepConf
Pass@1 58.98±0.50 60.10±0.43 59.81±0.19 59.75±0.31 59.61±0.08
MV@K 60.77±1.05 62.63±1.01 62.46±1.05 62.96±0.77 62.79±0.58
Latency 84.5±0.8 104.3±0.6 134.8±0.2 197.2±1.2 320.0±1.2

LeaP
Pass@1 64.44±1.63 65.50±1.27 66.25±1.89 66.77±0.34 67.55±0.75
MV@K 63.97±1.62 65.82±1.54 67.51±2.49 66.50±0.58 68.01±0.58
Latency 64.2±0.5 85.0±0.7 119.4±1.1 181.9±1.5 294.1±0.7

Base
Pass@1 59.76±0.46 59.76±0.43 59.76±0.20 59.76±0.30 59.76±0.08
MV@K 60.72±0.99 61.59±1.06 62.17±1.02 62.66±0.83 62.99±0.58
Latency 45.6±0.4 55.3±0.3 70.0±0.1 94.0±0.6 136.8±0.5

Qwen3-30B-A3B
Thinking-2507

CPT
Pass@1 71.70±0.24 72.51±0.75 72.03±0.15 71.94±0.85 71.89±0.67
MV@K 71.89±0.29 73.74±1.34 73.06±0.77 72.90±0.29 73.31±1.13
Latency 88.1±1.0 111.5±0.7 152.2±2.1 219.3±2.6 352.7±4.2

DeepConf
Pass@1 68.51±0.27 68.37±0.47 68.91±0.30 68.93±0.41 68.97±0.37
MV@K 69.19±2.20 70.20±0.51 70.54±0.77 70.88±1.27 71.55±1.05
Latency 107.0±1.3 133.7±0.5 169.6±1.5 236.1±2.0 352.2±0.7

LeaP
Pass@1 71.31±1.74 71.91±1.87 71.74±0.70 71.18±0.56 71.24±0.69
MV@K 71.05±2.59 71.23±2.53 72.56±1.62 71.89±0.77 71.72±0.51
Latency 165.2±3.1 214.4±0.3 287.4±0.7 404.2±2.1 660.7±0.7

Base
Pass@1 69.40±0.25 69.40±0.47 69.40±0.32 69.40±0.40 69.40±0.38
MV@K 69.49±2.02 70.53±0.53 70.95±0.73 71.10±1.35 71.09±1.03
Latency 66.3±0.8 79.0±0.3 99.5±0.9 128.4±1.2 175.8±0.3

Table 10: Complete accuracy–latency results on GPQA-Diamond underlying Figure 6. Pass@1 and MV@K are
percentages; latency is in seconds. Each entry is the mean ± reported run-to-run variation over eight independent
runs. Accuracy is rounded to two decimal places and latency to one decimal place.

Model Method Metric Rollout budget K

8 16 32 64 128

Qwen3-4B
Thinking-2507

CPT Pass@1 53.57±0.62 54.38±0.25 54.60±0.86 54.85±0.14 54.56±0.09
Latency 118.9±1.4 167.5±2.7 261.7±2.8 435.9±5.8 845.3±8.9

DeepConf Pass@1 53.20±0.30 53.29±0.27 53.54±0.31 53.49±0.14 53.26±0.18
Latency 170.7±1.1 217.1±1.0 289.2±1.5 433.7±0.3 712.7±5.8

LeaP Pass@1 53.55±2.21 53.38±1.70 54.00±0.29 53.29±0.61 53.14±0.02
Latency 116.2±0.2 151.6±0.6 217.9±0.7 331.4±0.8 608.0±0.7

Base Pass@1 53.82±0.28 53.82±0.27 53.82±0.33 53.82±0.14 53.82±0.19
Latency 97.7±0.6 121.6±0.5 163.2±0.9 229.6±0.2 361.4±3.0

Qwen3-30B-A3B
Thinking-2507

CPT Pass@1 61.43±0.14 61.12±0.40 62.00±0.02 61.37±0.34 61.89±0.60
Latency 170.0±1.3 233.1±2.4 343.1±3.7 553.6±5.7 1085.2±15.5

DeepConf Pass@1 59.90±0.74 60.39±0.30 59.99±0.23 60.21±0.09 60.00±0.14
Latency 223.1±1.6 279.4±1.8 362.8±1.7 520.2±2.2 806.2±1.9

LeaP Pass@1 60.50±1.00 61.13±0.89 61.25±1.09 61.07±0.07 61.47±0.19
Latency 186.7±0.8 239.9±1.3 334.2±2.1 494.5±1.4 1093.3±4.9

Base Pass@1 61.00±0.70 61.00±0.31 61.00±0.21 61.00±0.09 61.00±0.15
Latency 143.7±1.0 170.9±1.0 221.6±0.9 302.9±1.4 477.6±1.1

Table 11: Complete accuracy–latency results on LiveCodeBench-v6 underlying Figure 6. Pass@1 is a percentage
and latency is in seconds; MV@K is not evaluated for this benchmark. Each entry is the mean ± reported run-to-run
variation over eight independent runs. Accuracy is rounded to two decimal places and latency to one decimal place.
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H.1 Decision information in parallel
reasoning

Fix a query q, and let Y denote the target answer
under an epistemic distribution over candidate an-
swers. Although the ground-truth answer is de-
terministic, the solver is uncertain about it before
reasoning; our information-theoretic quantities are
defined with respect to this uncertainty. At some
stage of inference, let S denote the information
state already available to the system. Suppose K
parallel reasoning paths continue exploration and
produce extracted search information

Z1:K = (Z1, . . . , ZK),

where Zi denotes the information extracted from
path i, such as intermediate conclusions, con-
straints, counterexamples, or failure patterns. We
interpret Zi as residual search information beyond
the current state S.

We measure the decision value of information by
its mutual information with the target answer. All
entropy and mutual-information quantities below
are assumed to be finite; the Gaussian example later
uses the continuous analogue.

Definition 1 (Pooled global decision information).
Given the current information state S, the pooled
global decision information gained from the next
parallel exploration step is

G(Z1:K | S, q) := I(Y ;Z1:K | S, q).

This quantity measures the decision information
obtained after pooling the extracted information
from all paths into a shared context.

Definition 2 (Aggregate path-wise information).
The aggregate path-wise information produced by
the K paths is

L(Z1:K | S, q) :=
K∑

i=1

I(Y ;Zi | S, q).

This quantity counts the decision information pro-
duced by each path separately, so overlapping in-
formation across paths is counted multiple times.

The quantity L measures how much decision-
relevant information each path appears to produce
in isolation. However, it can overestimate the
amount of new information available to the global
decision process, because different paths may pro-
duce overlapping information.

Definition 3 (Redundant local information). We
define the redundant local information as

R(Z1:K | S, q) := L(Z1:K | S, q)−G(Z1:K | S, q).

Intuitively, R measures the amount of path-wise de-
cision information that is repeatedly counted across
isolated paths but does not translate into additional
pooled global decision information.

Assumption 4 (Redundancy-dominated extracted
information). For the extracted search information
considered in this analysis, pooling information
across paths does not create more decision infor-
mation than the sum of its path-wise contributions:

G(Z1:K | S, q) ≤ L(Z1:K | S, q).

Equivalently,

R(Z1:K | S, q) ≥ 0.

This assumption abstracts the setting where ex-
tracted information units are self-contained inter-
mediate conclusions, constraints, counterexamples,
or failure patterns, and the main inefficiency comes
from repeated or overlapping information across
paths.

Decision value under log-loss. The mutual-
information objective has a standard decision-
theoretic interpretation. If the final predictor is
evaluated by log-loss, then the optimal expected
loss before observing additional information A is

H(Y | S, q),

whereas the optimal expected loss after observing
A is

H(Y | A,S, q).
Therefore, the expected improvement from observ-
ing A is

H(Y | S, q)−H(Y | A,S, q) = I(Y ;A | S, q).

Thus, maximizing pooled global decision infor-
mation is equivalent to maximizing the expected
log-loss reduction of an optimal Bayesian decision
rule.

H.2 From path-wise information to pooled
global information

The definitions above imply a simple but important
decomposition:

L(Z1:K | S, q) = G(Z1:K | S, q)+R(Z1:K | S, q).
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Equivalently,

G(Z1:K | S, q) = L(Z1:K | S, q)−R(Z1:K | S, q).

In words, aggregate path-wise information equals
pooled global decision information plus redundant
local information. This decomposition captures
the central inefficiency of independent parallel ex-
ploration: even if each path produces useful local
information, repeated discoveries across paths can
inflate the path-wise information total without in-
creasing the pooled global decision information.

We next relate redundant local information to
a standard information-theoretic dependence mea-
sure.

Definition 5 (Conditional total correlation). For
random variables Z1:K and conditioning variable
A, the conditional total correlation is

TC(Z1:K | A) :=
K∑

i=1

H(Zi | A)−H(Z1:K | A).

It measures statistical dependence among
Z1, . . . , ZK given A.

Proposition 6 (Redundant information and to-
tal correlation). For any joint distribution over
Y,Z1:K , S, conditioned on the fixed query q, we
have

R(Z1:K | S, q) = TC(Z1:K | S, q)
− TC(Z1:K | Y, S, q).

In particular, under the clean model where
Z1, . . . , ZK are mutually conditionally indepen-
dent given Y, S, q, we have

R(Z1:K | S, q) = TC(Z1:K | S, q) ≥ 0.

Proof. Let A = (S, q), B = (Y, S, q), and write∑
i for

∑K
i=1. By the definition of R,

R =
∑

i

I(Y ;Zi | A)− I(Y ;Z1:K | A)

=
∑

i

H(Zi | A)−H(Z1:K | A)

−
∑

i

H(Zi | B) +H(Z1:K | B)

= TC(Z1:K | A)− TC(Z1:K | B).

Restoring A = (S, q) and B = (Y, S, q) gives

R(Z1:K | S, q) = TC(Z1:K | S, q)
− TC(Z1:K | Y, S, q).

If Z1, . . . , ZK are mutually conditionally indepen-
dent given Y, S, q, then

H(Z1:K | Y, S, q) =
K∑

i=1

H(Zi | Y, S, q),

so TC(Z1:K | Y, S, q) = 0. Hence

R(Z1:K | S, q) = TC(Z1:K | S, q) ≥ 0,

since total correlation is nonnegative.

Proposition 6 shows that, under a clean
conditional-independence model, redundant local
information is exactly the total correlation among
path-level information variables. Thus, when differ-
ent paths repeatedly discover similar information,
the aggregate path-wise information can be large
while the pooled global decision information re-
mains limited.

H.3 When does collaborative sharing help?
We now compare independent parallel exploration
with collaborative exploration. Let

Z ind
1:K

denote the information variables produced by inde-
pendent parallel paths, and let

Zcol
1:K

denote those produced under collaborative sharing.
Both are conditioned on the same current state S
and query q.

Define

Gind := G(Z ind
1:K | S, q),

Gcol := G(Zcol
1:K | S, q),

and define Lind,Lcol and Rind,Rcol analogously.
The following result is a decomposition rather

than an unconditional dominance guarantee.

Theorem 7 (Collaborative gain decomposition).
The difference in pooled global decision informa-
tion between collaborative and independent explo-
ration satisfies

Gcol − Gind = (Lcol − Lind)

+ (Rind −Rcol) .

Consequently, collaborative sharing improves
pooled global decision information whenever

Rind −Rcol ≥ Lind − Lcol.

4664



In particular, if collaboration reduces redundant
local information without reducing aggregate path-
wise information, then

Gcol ≥ Gind.

Proof. By the path-wise to pooled decomposition,

Gcol = Lcol −Rcol, Gind = Lind −Rind.

Subtracting the two identities gives

Gcol − Gind = (Lcol −Rcol)− (Lind −Rind)

= (Lcol − Lind) + (Rind −Rcol) .

Thus Gcol ≥ Gind whenever

Rind −Rcol ≥ Lind − Lcol.

Theorem 7 formalizes the core intuition behind
collaborative parallel thinking. Sharing can help
not merely by producing more path-wise informa-
tion, but by reducing redundant local information
that prevents path-wise information from becoming
pooled global decision information. The theorem
also makes clear that sharing is not uncondition-
ally beneficial: if shared context reduces path-level
exploration too much, the decrease in aggregate
path-wise information may offset the reduction in
redundant local information.

H.4 A Gaussian redundancy model
The previous results are distribution-free identi-
ties. We now give a stylized Gaussian model to
illustrate how cross-path dependence reduces the
effective information width of parallel exploration.
This model is not intended as a literal model of
LLM reasoning; rather, it isolates the effect of cor-
related path-level information on global decision
information.

For simplicity, omit conditioning on S, q. Let

Y ∼ N (0, 1)

be a scalar latent decision signal. Each path pro-
duces a noisy residual information signal

Zi = Y + U + Vi, i = 1, . . . ,K,

where
U ∼ N (0, σ2

c )

is a common noise component shared across paths,
and

Vi ∼ N (0, σ2
u)

is path-specific noise. Assume U, V1, . . . , VK are
mutually independent and independent of Y . As-
sume σ2

u > 0 and σ2
c ≥ 0; the degenerate case

σ2
u = 0 is understood by continuity.
The common noise U represents shared uncer-

tainty or common bias induced by repeated deriva-
tions, similar failure modes, or correlated search
behavior across paths. The path-specific noise Vi

represents idiosyncratic uncertainty that can be av-
eraged out across independent paths.

Let

σ2 := σ2
u + σ2

c , ρ :=
σ2
c

σ2
u + σ2

c

.

Then σ2 is the marginal noise variance of each path,
and ρ is the pairwise noise correlation.

Proposition 8 (Effective parallel width under cor-
related search information). Under the Gaussian
redundancy model,

I(Y ;Z1:K) =
1

2
log

(
1 +

K

σ2
u +Kσ2

c

)
.

Equivalently,

I(Y ;Z1:K) =
1

2
log

(
1 +

Keff

σ2

)
,

where
Keff :=

K

1 + (K − 1)ρ
.

Proof. Let Z = (Z1, . . . , ZK)⊤ and let 1 ∈ RK

be the all-one vector. The observation model can
be written as

Z = 1Y + ε,

where
ε = U1+ (V1, . . . , VK)⊤

is Gaussian noise with covariance

Σ = σ2
uIK + σ2

c11
⊤.

For a scalar Gaussian signal observed through a
linear Gaussian channel,

I(Y ;Z) =
1

2
log

(
1 + 1⊤Σ−11

)
.

By the Sherman–Morrison formula,

Σ−1 =
1

σ2
u

IK − σ2
c

σ2
u(σ

2
u +Kσ2

c )
11⊤.

Therefore,

1⊤Σ−11 = K
σ2
u
− σ2

cK
2

σ2
u(σ

2
u+Kσ2

c )
= K

σ2
u+Kσ2

c
.
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Thus,

I(Y ;Z1:K) =
1

2
log

(
1 +

K

σ2
u +Kσ2

c

)
.

Using

σ2 = σ2
u + σ2

c , ρ =
σ2
c

σ2
,

we have

σ2
u +Kσ2

c = σ2
(
1 + (K − 1)ρ

)
.

Hence
K

σ2
u +Kσ2

c

=
1

σ2
· K

1 + (K − 1)ρ
.

Defining

Keff :=
K

1 + (K − 1)ρ

gives the claimed expression.

Proposition 8 shows that nominal parallel width
K can be much larger than the effective informa-
tion width Keff . When ρ = 0, the path-level noises
are independent and

Keff = K.

In this case, all paths contribute complementary
observations. When ρ → 1,

Keff → 1,

meaning that even many parallel paths behave like
a single effective information source. More gener-
ally, for fixed ρ > 0,

lim
K→∞

Keff =
1

ρ
,

so increasing the number of paths has diminishing
information returns when cross-path dependence is
high.

This closed-form model illustrates why indepen-
dent parallel sampling can be inefficient despite us-
ing many rollouts. If different paths produce highly
correlated residual search information, increasing
K does not linearly increase global decision infor-
mation. In this model, collaboration is useful when
it reduces the correlation of residual information
that remains to be discovered after conditioning on
the shared state. This does not require raw gen-
erations to become more diverse; rather, already
shared conclusions are removed from the residual
search problem, so subsequent paths can spend less
effort rediscovering the same information.

I Prompts

We list the prompt templates used by our CPT im-
plementation. The worker prompt is used for each
reasoning branch, while the information-extraction
prompt is used by the same policy model to distill
reusable intermediate notes from partial branch
transcripts. We distinguish the dataset-specific
templates for Math, GPQA-Diamond, and Live-
CodeBench below. Double braces in the templates
denote fields that are populated at runtime.

I.1 Math Prompts
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Case Analysis: Broadcast Notes vs. No-Broadcast Self-Discovery

Question. Let ζ = e2πi/13. Suppose a > b > c > d are positive integers and

∣∣∣ζa
+ ζ

b
+ ζ

c
+ ζ

d
∣∣∣ =

√
3.

Compute the smallest possible value of 1000a + 100b + 10c + d.

Answer. 7521 , attained by (a, b, c, d) = (7, 5, 2, 1). Pool broadcasting begins at Round 9 for the CPT branch.

Broadcast information.
• #47: the useful target is that the six pairwise positive differences are exactly {1, 2, 3, 4, 5, 6}, which gives the required

cosine sum.

• #53: the configuration {z, z + 1, z + 4, z + 6} with z = 1 gives the minimal concrete set {1, 2, 5, 7}, i.e., (a, b, c, d) =
(7, 5, 2, 1).

Reasoning snapshots: received broadcast information vs. self-discovered information.
Before receiving the broadcast, the branch has only reduced the problem to a cosine-sum condition:

|S|2 = 3 ⇒ 4 + 2D = 3 ⇒ D = −1/2,

where D is the sum of the six pairwise cosine terms. It first considers the real-sum/conjugate-pair simplification

T = {m, 13 − m,n, 13 − n},

but has not yet identified the difference-set certificate above.

AFTER POOL BROADCAST
CPT branch, after broadcast

Broadcast-guided snapshot. After receiving notes #47
and #53, the branch immediately tests the concrete set
{1, 2, 5, 7}:

7 − 5 = 2, 5 − 2 = 3, 2 − 1 = 1,

7 − 2 = 5, 7 − 1 = 6, 5 − 1 = 4.

Hence the six cosine terms are exactly the known complete set:

D =
6∑

k=1

cos(2πk/13) = −1/2.

This gives |S|2 = 4 + 2D = 3 without further broad subset
exploration.

After using the broadcast information, the branch only needs
the final verification:

(a, b, c, d) = (7, 5, 2, 1), 1000a + 100b + 10c + d = 7521.

NO-BROADCAST SELF-DISCOVERY
same prefix, no pool entries
· · · private enumeration over cosine/difference candidates · · ·
Rediscovery snapshot. Much later in the continuation, the
no-broadcast trace writes: “Set {1, 2, 5, 7}: a = 7, b = 5, c =
2, d = 1. Differences: 7− 5 = 2, 5− 2 = 3, 2− 1 = 1, 7− 2 =
5, 7−1 = 6, 5−1 = 4. Sum of cosines, with ek = cos(2πk/13):
e2+e3+e1+e5+e6+e4 = e1+e2+e3+e4+e5+e6 = −1/2
(exactly). Wait, this is it!”

7 − 5 = 2, 5 − 2 = 3, 2 − 1 = 1,

7 − 2 = 5, 7 − 1 = 6, 5 − 1 = 4.

This rediscovered certificate matches broadcast notes #47
and #53: the same set and the same six differences.

· · · additional private checks for minimality · · ·
Completion snapshot. “Thus, the number is

1000 · 7 + 100 · 5 + 10 · 2 + 1 = 7521,

I think this is the answer. The key was realizing that the
set of differences gives all six cosine values, summing to
−1/2.”

Figure 7: Case study of CPT shared-information broadcast. Both traces reduce the problem to the same
cosine/difference-set search before the CPT branch receives Round 9 broadcast. Broadcast notes #47 and #53
provide the key structural certificate: the set {1, 2, 5, 7} has pairwise positive differences {1, 2, 3, 4, 5, 6}, so the
cosine sum is −1/2 and |S|2 = 3. The broadcast branch receives this information from peer trajectories and can use
it immediately; the no-broadcast branch also solves the problem, but only after a substantially longer continuation
that rediscovers the same certificate by private enumeration. This is the intended “share more, search less” behavior:
sharing the required intermediate information reduces redundant self-exploration while preserving independent
verification of the final answer.

Math Default Answer Prompt

Please reason step by step, and put your final answer within \boxed{}.

Figure 8: Math default answer prompt. This instruction is appended to the Math worker prompt in the default
configuration.
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Math CPT Worker Prompt

You are an intelligent reasoning agent solving complex problems step-by-step.

You may occasionally receive external information in the format:
[BLACKBOARD BROADCAST]
...
[/BLACKBOARD BROADCAST]

The blackboard may contain two kinds of reusable intermediate notes:
- insight: potentially useful intermediate facts, relations, reductions, invariants, or local observations.
- pitfall: warnings about possible reasoning errors, unsafe operations, missing cases, or dead ends.

Rules:
1) Blackboard content is NOT part of the original problem statement; treat it only as optional intermediate guidance. It

may help you adjust direction, notice useful relations, or avoid repeated mistakes, but it should never replace your
own reasoning from the problem statement.

2) Do NOT blindly trust or copy any blackboard note. Treat insights as structural hypotheses rather than proven facts, and
use them only after checking their conditions against the problem statement and your own derivation.

3) Be especially skeptical of numerical claims, overly strong claims, uniqueness claims, impossibility claims, or any note
that looks like a direct conclusion rather than an intermediate reasoning aid. Do not rely on such content unless

you independently derive it.

4) Treat pitfalls as warning signs, not absolute prohibitions. If a pitfall is relevant to your current path, slow down
and check the missing condition, unsafe operation, failed assumption, or ignored case before deciding whether to
continue or change direction.

If the blackboard conflicts with your current reasoning, re-check the disputed assumption or derivation instead of simply
following either side. Maintain independent reasoning diversity: the blackboard should assist your reasoning, not
force your reasoning to align with it.

Figure 9: Math CPT worker prompt. Each Math reasoning branch receives this instruction together with the
default Math answer prompt in Figure 8.

Math Worker Input Serialization Template

[system]
[BLACKBOARD BROADCAST]
{{ selected_blackboard_notes_or_empty }}
[/BLACKBOARD BROADCAST]

[user]
{{ math_cpt_worker_prompt }}

{{ math_default_answer_prompt }}

[user]
{{ math_problem }}

[assistant]
{{ branch_reasoning_continuation }}

Figure 10: Math worker input serialization template. The shared-information block occupies the leading system
message so that shared notes always appear before the Math branch continues its private reasoning trace.
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Math Information-Extraction System Prompt

You are a strict Strategic Reasoning Distiller for a shared blackboard.

Your task is to extract only NEW, high-confidence, reusable intermediate notes from a partial solution transcript. These
notes will be broadcast to other reasoning paths, so noisy, weak, or overly broad notes can actively harm future
reasoning.

You may also receive:
[HISTORY BROADCAST]
...
[/HISTORY BROADCAST]

These are notes already extracted in previous rounds.

Core principles:
- Treat the transcript as a partial and possibly incomplete reasoning process. Focus only on intermediate information that

remains locally valid and reusable.
- Before writing any note, verify that it is directly supported by the transcript, standard mathematical facts, or a

clearly valid local derivation. All necessary conditions, assumptions, cases, and scopes must be stated explicitly.
If another reasoning path could not safely reuse the note without reading the original transcript, omit it.

- Be conservative. Do not write guesses, intuitions, pattern-based claims, conclusions supported only by small examples,
or statements stronger than what has actually been justified. If a claim is only partially supported, either narrow
its scope precisely or omit it.

- Do not repeat or lightly paraphrase ideas already covered in HISTORY BROADCAST. Prefer fewer high-confidence notes over
many medium-confidence notes; an empty block is better than a noisy block.

What to write:
- insight = a locally verified, reusable intermediate fact, relation, invariant, formula, reduction, or scoped observation

.
- pitfall = a concrete negative constraint or warning, such as a non-equivalent transformation, unsafe division, missing

case, circular argument, unjustified generalization, dead-end strategy, or contradiction.
- For final-answer-like claims in the transcript, extract only the reusable intermediate relation, condition, or risk

behind them, not the final result, total count, uniqueness claim, or impossibility claim itself.

Output format:
- Output ONLY:
[BB_WRITE]
...
[/BB_WRITE]

- Each bullet must start with:
- (type=insight|pitfall)

- One sentence per bullet.
- Keep the total output concise
- If no note passes the rules, output:
[BB_WRITE]
[/BB_WRITE]

Figure 11: Math information-extraction system prompt. This prompt instructs the model to extract concise,
reusable, and conservative mathematical notes from a partial branch transcript.
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I.2 GPQA-Diamond Prompts

GPQA-Diamond Default Answer Prompt

You are solving a difficult scientific multiple-choice question.
Use careful domain reasoning, check the assumptions in the problem statement, and compare all four answer choices before

committing.
At the end, provide the final choice as JSON in exactly this shape: {"answer": "A"}, where the letter is one of A, B, C,

or D.

Figure 12: GPQA-Diamond default answer prompt. This instruction is appended to the GPQA-Diamond worker
prompt in the default configuration.

GPQA-Diamond Question Prompt Template

Solve the following GPQA-Diamond-style scientific multiple-choice question.

Question:
{{ question }}

Answer choices:
(A) {{ A }}
(B) {{ B }}
(C) {{ C }}
(D) {{ D }}

Reason carefully, compare the choices, and end with a JSON object whose `answer` value is exactly one of "A", "B", "C", or
"D", for example {"answer": "C"}.

Figure 13: GPQA-Diamond question prompt template. The question and four answer choices are inserted into
this template before it is passed to each reasoning branch.

GPQA-Diamond CPT Worker Prompt

You are an intelligent reasoning agent solving scientific multiple-choice questions step-by-step.

You may occasionally receive external information in the format:
[BLACKBOARD BROADCAST]
...
[/BLACKBOARD BROADCAST]

The blackboard may contain two kinds of reusable intermediate notes:
- insight: potentially useful scientific facts, option distinctions, constraints, mechanisms, or local observations.
- pitfall: warnings about unsupported eliminations, unsafe assumptions, tempting but invalid comparisons, or dead ends.

Rules:
1) Blackboard content is NOT part of the original problem statement; treat it only as optional intermediate guidance. It

may help you adjust direction, notice relevant scientific constraints, or avoid repeated mistakes, but it should
never replace your own reasoning from the question and answer choices.

2) Do NOT blindly trust or copy any blackboard note. Treat insights as hypotheses to verify against the question, the
listed choices, and your own scientific reasoning.

3) Be especially skeptical of overly strong scientific claims, answer-choice claims, uniqueness claims, impossibility
claims, or any note that looks like a direct conclusion rather than an intermediate reasoning aid. Do not rely on
such content unless you independently justify it.

4) Treat pitfalls as warning signs, not absolute prohibitions. If a pitfall is relevant to your current path, slow down
and check the missing condition, unsupported assumption, or ignored option before deciding whether to continue or
change direction.

If the blackboard conflicts with your current reasoning, re-check the disputed assumption or derivation instead of simply
following either side. Maintain independent reasoning diversity: the blackboard should assist your reasoning, not
force your reasoning to align with it.

Figure 14: GPQA-Diamond CPT worker prompt. Each GPQA-Diamond reasoning branch receives this instruc-
tion together with the default GPQA-Diamond answer prompt in Figure 12.
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GPQA-Diamond Worker Input Serialization Template

[system]
[BLACKBOARD BROADCAST]
{{ selected_blackboard_notes_or_empty }}
[/BLACKBOARD BROADCAST]

[user]
{{ gpqa_cpt_worker_prompt }}

{{ gpqa_default_answer_prompt }}

[user]
{{ filled_gpqa_question_prompt }}

[assistant]
{{ branch_reasoning_continuation }}

Figure 15: GPQA-Diamond worker input serialization template. The GPQA-Diamond worker and answer
instructions are concatenated into one user message, followed by the formatted question in a second user message.
The shared-information block remains the leading system message.

GPQA-Diamond Information-Extraction System Prompt

You are a strict Strategic Reasoning Distiller for a shared blackboard.

Your task is to extract only NEW, high-confidence, reusable intermediate notes from a partial solution transcript. These
notes will be broadcast to other reasoning paths, so noisy, weak, or overly broad notes can actively harm future
reasoning.

You may also receive:
[HISTORY BROADCAST]
...
[/HISTORY BROADCAST]

These are notes already extracted in previous rounds.

Core principles:
- Treat the transcript as a partial and possibly incomplete reasoning process. Focus only on intermediate information that

remains locally valid and reusable.
- Before writing any note, verify that it is directly supported by the transcript, established scientific knowledge, or a

clearly valid option comparison. All necessary conditions, assumptions, and scopes must be stated explicitly. If
another reasoning path could not safely reuse the note without reading the original transcript, omit it.

- Be conservative. Do not write guesses, surface-level familiarity judgments, pattern-based claims, or statements stronger
than what has actually been justified. If a claim is only partially supported, either narrow its scope precisely or
omit it.

- Do not repeat or lightly paraphrase ideas already covered in HISTORY BROADCAST. Prefer fewer high-confidence notes over
many medium-confidence notes; an empty block is better than a noisy block.

What to write:
- insight = a locally verified, reusable scientific fact, option distinction, constraint, mechanism, formula, or scoped

observation.
- pitfall = a concrete negative constraint or warning, such as an unsupported elimination, ambiguous wording, missing

condition, unjustified generalization, dead-end comparison, or contradiction.
- For answer-choice-like claims in the transcript, extract only the reusable relation, condition, or risk behind them, not

the final choice itself.

Output format:
- Output ONLY:
[BB_WRITE]
...
[/BB_WRITE]

- Each bullet must start with:
- (type=insight|pitfall)

- One sentence per bullet.
- Keep the total output concise
- If no note passes the rules, output:
[BB_WRITE]
[/BB_WRITE]

Figure 16: GPQA-Diamond information-extraction system prompt. This prompt instructs the policy model to
extract concise, reusable, and conservative scientific notes from a partial GPQA-Diamond branch transcript.
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I.3 LiveCodeBench Prompts

LiveCodeBench Default Answer Prompt

Reason about the programming problem step by step, then provide the final answer as a complete Python solution in exactly
one ```python ... ``` code block. If starter code is provided, complete that function or class interface; otherwise
write a full stdin/stdout program.

Figure 17: LiveCodeBench default answer prompt. This instruction is appended to the LiveCodeBench worker
prompt in the default configuration.

LiveCodeBench Problem Prompt Template (with Starter Code)

### Question:
{{ question_content }}

### Format: Use the starter code below as the required scaffold for your solution, and return the completed Python code
inside delimiters.

```python
{{ starter_code }}
```

### Answer: (use the provided format with backticks)

LiveCodeBench Problem Prompt Template (without Starter Code)

### Question:
{{ question_content }}

### Format: Write a complete Python program that reads from stdin and writes to stdout. Do not hard-code sample tests.
Return the code inside delimiters.

```python
# YOUR CODE HERE
```

### Answer: (use the provided format with backticks)

Figure 18: LiveCodeBench problem prompt templates. The implementation selects the upper template when
starter code is provided and the lower template otherwise.
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LiveCodeBench CPT Worker Prompt

You are an intelligent programming agent solving competitive-programming style code generation problems step-by-step.

You may occasionally receive external information in the format:
[BLACKBOARD BROADCAST]
...
[/BLACKBOARD BROADCAST]

The blackboard may contain two kinds of reusable intermediate notes:
- insight: potentially useful facts about the input/output contract, constraints, algorithmic structure, invariants, data

structures, or implementation details.
- pitfall: warnings about possible bugs, invalid complexity assumptions, edge cases, unsafe parsing, or dead-end

approaches.

Rules:
1) Blackboard content is NOT part of the original problem statement; treat it only as optional intermediate guidance. It

may help you adjust the algorithm, check edge cases, or avoid implementation mistakes, but it should never replace
your own reading of the problem statement and starter code.

2) Do NOT blindly trust or copy any blackboard note. Treat insights as hypotheses about the task, and use them only after
checking their conditions against the problem statement, constraints, and examples.

3) Be especially skeptical of complexity claims, overly broad algorithm choices, final-code claims, or notes that ignore
input bounds or hidden tests. Do not rely on such content unless you independently verify it.

4) Treat pitfalls as warning signs, not absolute prohibitions. If a pitfall is relevant to your current path, check the
missing condition, unsafe operation, failed assumption, or ignored case before deciding whether to continue or
change direction.

If the blackboard conflicts with your current reasoning, re-check the disputed assumption or implementation detail instead
of simply following either side. Maintain independent reasoning diversity: the blackboard should assist your

solution process, not force all paths into the same code.

Figure 19: LiveCodeBench CPT worker prompt. Each LiveCodeBench reasoning branch receives this instruction
together with the default answer prompt in Figure 17.

LiveCodeBench Worker Input Serialization Template

[system]
[BLACKBOARD BROADCAST]
{{ selected_blackboard_notes_or_empty }}
[/BLACKBOARD BROADCAST]

[user]
{{ livecodebench_cpt_worker_prompt }}

{{ livecodebench_default_answer_prompt }}

[user]
{{ filled_livecodebench_problem_prompt }}

[assistant]
{{ branch_reasoning_continuation }}

Figure 20: LiveCodeBench worker input serialization template. The LiveCodeBench worker and answer
instructions are concatenated into one user message, followed by the formatted programming problem in a second
user message. The shared-information block remains the leading system message.
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LiveCodeBench Information-Extraction System Prompt

You are a strict Programming Note Distiller for a shared blackboard.

Your task is to extract only NEW, high-confidence, reusable programming notes from a partial solution transcript. These
notes will be broadcast to other solution attempts, so noisy, weak, or overly broad notes can actively harm future
code.

You may also receive:
[HISTORY BROADCAST]
...
[/HISTORY BROADCAST]

These are notes already extracted in previous rounds.

Core principles:
- Treat the transcript as a partial and possibly incomplete programming attempt. Focus only on intermediate information

that remains locally valid and reusable.
- Before writing any note, verify that it is directly supported by the transcript, the problem statement, the starter code

, or a clearly valid local derivation. All necessary conditions, assumptions, cases, and scopes must be stated
explicitly. If another solution path could not safely reuse the note without reading the original transcript, omit
it.

- Be conservative. Do not write guesses, intuitions, claims supported only by small examples, or statements stronger than
what has actually been justified. If a claim is only partially supported, either narrow its scope precisely or omit
it.

- Do not repeat or lightly paraphrase ideas already covered in HISTORY BROADCAST. Prefer fewer high-confidence notes over
many medium-confidence notes; an empty block is better than a noisy block.

What to write:
- insight = a locally verified, reusable programming fact, input/output rule, invariant, recurrence, reduction, complexity

observation, data-structure choice, or implementation detail.
- pitfall = a concrete warning, such as an invalid parsing assumption, wrong boundary condition, unsafe mutation, missing

case, excessive complexity, sample-only shortcut, or contradiction.
- For final-code-like claims in the transcript, extract only the reusable condition, invariant, interface requirement, or

implementation risk behind them, not the final solution code or a "passes all tests" claim.

Output format:
- Output ONLY:
[BB_WRITE]
...
[/BB_WRITE]

- Each bullet must start with:
- (type=insight|pitfall)

- One sentence per bullet.
- Keep the total output concise
- If no note passes the rules, output:
[BB_WRITE]
[/BB_WRITE]

Figure 21: LiveCodeBench information-extraction system prompt. This prompt instructs the policy model to
extract concise, reusable, and conservative programming notes from a partial LiveCodeBench branch transcript.

4674


