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Abstract

Offline preference optimization aligns reason-
ing models from fixed chosen-rejected pairs,
yet standard methods apply gradient updates
from every pair regardless of its training value
under the current policy. We argue that this
uniform treatment is wasteful and potentially
harmful. From the perspective of gradient
utility, we show that a pair’s contribution de-
pends jointly on informativeness and stabil-
ity. Pair utility drifts as the policy evolves,
high-gradient samples can coincide with high-
curvature regions, leading to noisy and desta-
bilizing updates, and the most effective su-
pervision comes from stable confident errors
where the model is reliably wrong yet cur-
vature remains low. These findings motivate
SAGE (Stability-Aware Gradient Efficiency),
which maintains difficulty-stratified candidate
pools refreshed during training and selects pairs
within each pool by a forward-pass signal-to-
curvature score. Only pairs with high current
utility receive gradient computation; the rest
are excluded from backpropagation. On mathe-
matical reasoning benchmarks across multiple
model scales, SAGE outperforms full-data and
size-matched baselines while producing sub-
stantially smoother optimization trajectories.

1 Introduction

Large reasoning models generate explicit chains
of thought that can be verified and used to con-
struct pairwise preferences for alignment (Guo
et al., 2025; Jaech et al., 2024; Li et al., 2025).
Direct preference optimization (DPO) and its vari-
ants have become a standard choice in this setting:
they avoid reward modeling and online rollout gen-
eration, and instead optimize the policy directly on
fixed chosen-rejected pairs (Rafailov et al., 2023;
Meng et al., 2024; Ethayarajh et al., 2024). How-
ever, standard offline preference optimization does
not differentiate among preference pairs once they
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Figure 1: Schematic illustration of preference-pair util-
ity in the informativeness—stability space. As the policy
evolves, the utility of a pair can shift across training
stages. SAGE selects pairs that combine strong correc-
tive signal with stable local optimization behavior.

enter the dataset. Each pair is treated as eligible for
backpropagation regardless of its utility under the
current policy. This uniform use of supervision can
be inefficient and even detrimental for long-chain-
of-thought (Long-CoT) reasoning, where noisy or
unstable updates may disrupt the multi-step reason-
ing trajectories that determine final-answer accu-
racy (Xiong et al., 2024).

As the policy evolves during training, some pairs
become saturated and yield negligible gradients,
while others lie in high-curvature regions of the
local loss landscape where small perturbations can
amplify noisy updates. The central question, then,
is not merely which loss to optimize, but which
preference pairs should contribute gradient updates
at each training stage. We formalize this question
through gradient utility, a pair-level measure of
training value that separates two factors: informa-
tiveness, the strength of the corrective signal, and
stability, the reliability of the resulting update un-
der local curvature.

Through this lens, we conduct a systematic di-
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agnosis of Long-CoT preference optimization and
identify three findings. First, gradient utility is
policy-dependent: pair rankings shift substantially
across training checkpoints, making static selection
poorly matched to the evolving policy (§3.2). Sec-
ond, large gradients do not imply high utility; they
often arise in high-curvature regions and induce
noisy, destabilizing updates rather than useful cor-
rections (§3.3). Third, the most effective pairs are
stable confident errors: cases that combine strong
corrective signal with well-conditioned local geom-
etry (§3.4). Together, these findings reveal a blind
spot in existing offline preference methods: they
optimize over all available pairs without explic-
itly assessing whether each pair provides a useful
gradient for the current policy.

Motivated by this analysis, we propose SAGE
(Stability-Aware Gradient Efficiency), a policy-
aware preference selection framework for of-
fline alignment. SAGE combines periodically re-
freshed, difficulty-stratified candidate pools with
fine-grained utility-based selection. The pool mech-
anism tracks the evolving policy without repeat-
edly rescoring the full corpus, while the utility
score ranks pairs using a Newton-inspired signal-to-
curvature criterion. Together, these components pri-
oritize stable confident errors and skip saturated or
high-curvature pairs for the current training stage.
Unlike online RL methods such as GRPO (Shao
et al., 2024), which improve policies through new
response generation and reward-driven exploration,
SAGE addresses a complementary offline ques-
tion: how to allocate gradient computation over an
already-collected preference corpus.

Our contributions are threefold. First, we intro-
duce gradient utility as a diagnostic framework for
offline preference optimization in Long-CoT rea-
soning. Second, we show empirically that pair util-
ity is policy-dependent, that large gradients can be
destabilizing under high curvature, and that stable
confident errors provide the most effective supervi-
sion. Third, we propose SAGE, a gradient-utility-
aware selection method that improves optimization
stability and reasoning accuracy across multiple
model scales while reducing unnecessary gradient
computation.

2 Preliminaries

Notation. Let x denote a prompt and y a re-
sponse. We define 7y (y | x) for the trainable policy
and pu(y | x) for a fixed reference policy. Pref-

erence supervision consists of triples (x, yw,yl)

where 4 > y'. In mathematical reasoning, x is

a problem statement, y* a correct solution, and g/

an incorrect one. Tlge| ignplicit reward is defined as
mo(y|T

ro(x,y) = Blog Sl with temperature 3 > 0.

Noise-Contrastive Alignment (NCA). We adopt
NCA (Chen et al., 2024) as the preference objec-
tive throughout this work. Given a prompt x with
K candidate responses {y;}X,, NCA computes
exp(r;/a)

==~ ——— and
Zf’il exp(r; /o) an

normalized weights w;(z) =

optimizes:
us 1
Lnca = — Z; [wz(x) logo(r;) + I7a logo(—r;)

ey
where r; = rg(z,y;) and @ > 0 is a temperature.
Compared to DPO (Rafailov et al., 2023), NCA
encourages high-reward responses while regulariz-
ing uniformly weighted negatives, improving train-
ing stability. Structurally, the NCA loss decom-
poses into per-response binary classification terms
l(r) = —logo(zr) with z € {41, —1}, which
allows us to analyze the optimization dynamics of
each response independently. This decomposition
is central to the gradient utility analysis in Sec-
tion 3.1 and the derivation of the SAGE score in
Section 4.3.

3 Gradient Utility: Diagnosis and
Findings

We develop gradient utility as a diagnostic frame-
work for understanding when preference pairs yield
useful gradients in Long-CoT reasoning alignment.
This section defines gradient utility through a local
signal-to-curvature view of pairwise preference op-
timization, then presents three empirical findings
that motivate the design of SAGE. Unless otherwise
specified, all analyses use Qwen2.5-1.5B-Instruct
trained on our preference corpus (Section 5.1).

3.1 Defining Gradient Utility

Consider a preference pair (z,y",y') under the
current policy 7p,. Let myg, (z,4", ') denote the
signed pairwise preference margin, where larger
values indicate stronger preference for y* over /.
For DPO-style objectives, this margin corresponds
to the implicit reward difference between the two
responses. Locally, we write the pairwise loss as

t(m) = —loga(m)  p=o(m) (2
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Figure 2: Pair-level gradient utility rankings shift sub-
stantially as the policy evolves.

where p is the current confidence that the pair is
ordered correctly.
The margin-level gradient and curvature are
ov o4
We then define gradient utility as

g _ (1-p)?
cre plop)te

GU(z,y", 9" 60,) = @)
where g = 1 — p is the informativeness (corrective
signal strength), ¢ = p(1 —p) is the local curvature,
and € > 0 smooths the denominator. This score is
a margin-space signal-to-curvature proxy: it favors
pairs with strong corrective signal and low curva-
ture. It is largest when the model is confidently
wrong, moderate near uncertain predictions, and
vanishes when the model is already correct. We call
high-utility pairs stable confident errors: the model
is reliably wrong yet the local geometry permits a
stable correction.

3.2 Finding 1: Pair Utility Drifts with the
Policy

Observation. We compute gradient utility scores
for all 4,134 pairs at three training checkpoints:
steps 50, 150, and 250. Figure 2 reports the Spear-
man rank correlation of pair-level utility rankings
across checkpoints. The correlation between early
and late checkpoints drops below 0.5, indicating
that the relative utility ordering is substantially
reshuffled as the policy evolves.

Analysis. This drift follows from the policy-
dependence of the confidence term p = o (my,).
As training changes 6, the same pair may move
from informative to saturated, or from unstable to
locally well conditioned. The utility ordering is
therefore not a static property of the dataset but a
dynamic function of the current policy. A selection
strategy that fixes a subset before training cannot

—— NCA (Full)
SAGE
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Figure 3: Gradient-norm dynamics during training. Full-
data training exhibits frequent spikes; gradient-utility-
based selection produces smoother optimization.

adapt to this redistribution, motivating SAGE’s re-
freshable pool design that periodically re-evaluates
pair utility under the evolving policy.

3.3 Finding 2: Large Gradients Are Often
Unstable

Observation. We track gradient-norm dynamics
throughout training under two conditions: standard
training on the full preference corpus, and training
on gradient-utility-selected subsets with the same
effective data budget. Figure 3 shows that full-data
training exhibits frequent, large gradient spikes
throughout optimization. These spikes are consis-
tent with unstable high-curvature regions near the
decision boundary (p ~ 0.5), where local updates
are more sensitive to perturbations. By contrast,
training on gradient-utility-selected data, which dis-
counts high-curvature pairs, produces substantially
smoother trajectories with a lower peak-to-mean
ratio.

Analysis. For a pairwise loss, the parameter-
space gradient decomposes as

Vgl(mg) = —(1 — p) Vemg (5)

A large gradient norm may reflect a genuinely infor-
mative error, or it may arise from a large ||Vgmy||
in a high-curvature region. We stress that Fig-
ure 3 plots the parameter-space norm ||Vgl| =
(1 — p)|[Vgmygl|, which is not determined by the
margin-level quantities alone: in margin space
|0¢/Om| is maximized as p — 0, whereas the cur-
vature p(1 — p) peaks at p ~ 0.5. The spikes in
Figure 3 are therefore suggestive but cannot, by
themselves, be attributed to high curvature. To
establish the link directly, we measure the local
curvature of each pair along its own gradient direc-
tion using Hessian-vector products and compare
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the two groups that SAGE separates (protocol in
Appendix B.2): the high-curvature pairs that SAGE
discounts produce gradient spikes (norm exceed-
ing twice the running median) in 21% of the steps
in which they participate, versus 5% for the low-
curvature pairs that SAGE retains. Gradient utility
explicitly balances corrective signal against local
curvature, discounting pairs whose large gradients
are likely to produce noisy updates. The smoother
optimization in Figure 3 supports this interpreta-
tion: filtering high-curvature pairs removes desta-
bilizing spikes while preserving useful corrective
signal. The ablation in Section 5.3 provides causal
confirmation, removing curvature discounting (w/o
¢) reintroduces gradient spikes and degrades the
harder benchmarks most severely (Minerva —2.90,
Gaokao —2.90), consistent with the mechanism
identified here. This distinction is especially im-
portant in Long-CoT reasoning, where unstable
updates can disrupt multi-step reasoning trajecto-
ries.

3.4 Finding 3: Stable Confident Errors Are
Most Effective

Synthesis. Findings 1 and 2 jointly identify the
regime of maximal gradient utility. A useful pair
must satisfy two conditions simultaneously: high
informativeness (g large, so the model is confi-
dently wrong and the corrective signal is strong)
and low curvature (c small, so the update is locally
stable). Pairs satisfying both conditions, which
we term stable confident errors, correspond to the
high-informativeness, low-curvature regime.

This characterization excludes three other
regimes: (i) saturated pairs (low g, low c), where
the model already assigns the correct preference
and provides negligible signal; (ii) informative but
unstable pairs (high g, high c), where strong signal
exists but high curvature makes the update unreli-
able; and (iii) weak and noisy pairs (low g, high c),
which are neither informative nor stable.

Verification. The ablation in Section 5.3 con-
firms this prediction: removing c (retaining only g)
or removing g (retaining only c) both degrade per-
formance, confirming that neither informativeness
nor stability alone suffices. The optimal criterion
is pairs that maximize corrective signal relative to
local curvature, exactly the stable confident errors
that SAGE targets.

4 Method

The diagnostic findings in Section 3 establish that
effective preference selection requires both policy-
adaptivity (Finding 1) and joint consideration of
informativeness and stability (Findings 2-3). We
now describe SAGE (Stability-Aware Gradient Ef-
ficiency), which operationalizes these principles
through two mechanisms: coarse-grained candi-
date pools that enable efficient on-policy re-scoring
(Section 4.2), and a fine-grained utility score that
identifies stable confident errors within each pool
(Section 4.3). Figure 4 illustrates the overall
pipeline.

4.1 Problem Setup

We consider the alignment of a reasoning policy
Ty using a static dataset D = {(z;, ¥, y}) Y,
where z; is a prompt and (y!*, y!) are the preferred
and rejected responses (see Appendix A.1 for data
construction details). The standard approach min-
imizes a loss £(#) over the full data expectation.
However, as Finding 1 demonstrates, minimizing
the average loss over a static distribution ignores
the dynamic nature of pair utility. Our goal is to
dynamically select a sub-batch B, C D at each
training interval that maximizes gradient utility, pri-
oritizing pairs that are both informative and stable

under the current policy g, .

On-Policy Selection. We clarify an important
terminological distinction. In this work, on-policy
selection refers to evaluating the utility of existing
static preference pairs using the current model state
mg,, rather than generating new responses through
online exploration. This allows SAGE to maintain
policy-adaptivity without the computational cost of
online rollout generation.

4.2 Coarse-Grained Candidate Generation

Evaluating gradient utility for all N samples at
every training step is computationally prohibitive.
SAGE addresses this through a refreshable pool
strategy that constructs candidate pools from
difficulty-stratified subsets, providing a practical
approximation to full on-policy re-scoring.

Difficulty-Based Partitioning. We partition D
into three subsets { Deasy, Pmedium, Phard } based on
off-policy difficulty priors. Each preference pair
is annotated with two auxiliary judgments via an
LLM-as-judge: (i) a preference clarity label c; €
{high, medium, low}, indicating how clearly the
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Figure 4: Overall framework of SAGE. A candidate pool is constructed from difficulty-stratified subsets at each
interval, then pairs are scored by gradient utility and only high-scoring pairs receive gradient computation.

chosen response is preferred over the rejected one,
and (i) a quality score ¢; € {1,...,5} for the
rejected response (details in Appendix A.2). Based
on these annotations, we bucket samples into three
difficulty strata:

Deasy = {Z | ¢; = high, ¢; < 2}
Dmedium = {i | ¢; = medium, ¢; € {2,3}}
Dharg = D \ (Deasy U Dmedium) (6)

These static priors serve only as a coarse stratifica-
tion for pool construction; the fine-grained selec-
tion within each pool is performed on-policy.

Dynamic Pool Construction. Training is divided
into K intervals, each associated with a refreshable
candidate pool Py. We partition D into K non-
overlapping pools:

D=|JPw st PNPj=2 (7

where each pool contains M = |D|/K samples.
The composition of Py is not uniform; it is con-
structed by sampling from difficulty subsets accord-
ing to a time-dependent mixing ratio p(k):

) E

K
where ¢ € {easy, medium, hard} and ) _p.(k) =
1. This schedule implements a coarse curriculum:

pelk) = P + (M — pi" ®)

early pools contain more easy pairs that provide
stable initial supervision, while later pools shift
toward harder pairs as the policy matures. This di-
rectly addresses Finding 1 by ensuring that the can-
didate distribution evolves with the policy, without
requiring full-dataset re-evaluation at every step.

4.3 Fine-Grained Selection via the SAGE
Score

Within each candidate pool Py, we apply a fine-
grained filtering mechanism based on gradient util-
ity. The key insight from Section 3.1 is that useful
pairs maximize the ratio of gradient signal to lo-
cal curvature. We now derive a tractable scoring
function that operationalizes this principle.

From Newton Decrement to SAGE Score. The
Newton decrement \(z) provides a classical mea-
sure of effective optimization progress:

Lo 1 Typ-1

5)\ (x) =~ §Vg£(a:) H ' (2)VoL(z) (9)
where \?(x)/2 estimates the expected loss reduc-
tion under a Newton step. Computing the full Hes-
sian inverse H™! is infeasible for large-scale mod-
els. Instead, we exploit the per-response decom-
position of the NCA loss to derive a lightweight,
sample-level approximation.

Since the NCA loss decomposes into binary clas-

sification terms ¢(r) = —log o(zr), we can ana-
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lyze each response independently. For a single
response with confidence p = o (zr):

» Squared gradient magnitude: g% = (9,¢)% =
(1-p)?

e Local curvature: ¢ = 92¢ = p(1 — p)

The per-response Newton decrement contribution
is then g2 /c, which is exactly the gradient utility
ratio from Eq. 4.

Reasoning trajectories vary significantly in
length, which can bias the score toward longer
responses. To mitigate this, we introduce length
normalization by the total response token count ;.
The SAGE score for pair 7 is:

S _ _Jz

" L; c, + €
ze{yv,y'}

1 (1—p.)?

i se{yw pz(l _pz) +e

(10)

where ¢ is a Tikhonov damping term for numerical
stability in near-deterministic regimes. This score
requires only a forward pass to compute p, for
each response; no gradient computation or Hessian
estimation is needed.

Dynamic Batch Construction. After scoring all
candidates in Py, SAGE performs hard filtering.
Samples are ranked in descending order of their
SAGE scores, and only the top-v; fraction is re-
tained:

By = {z; € Py | rank(s;) < v - [Pxl}  (11)
where -, is a time-dependent selection ratio. The
policy is updated exclusively on By; low-scoring
samples are excluded from backpropagation. This
implements the gradient utility principle: only pairs
that are simultaneously informative and stable con-
tribute to parameter updates.

Connection to Findings. The SAGE score di-
rectly operationalizes the three findings: it adapts
to the current policy through on-policy forward-
pass scoring (Finding 1), penalizes high-curvature
samples via the denominator ¢ + € (Finding 2), and
prioritizes stable confident errors where g2/c is
maximized (Finding 3). The hard truncation fur-
ther ensures that weak-signal pairs (¢ — 0) and
maximally uncertain pairs (¢ > 0) are physically
removed from the training batch.

S Experiments

5.1 Experimental Setup

Models and Baselines. We use the Qwen2.5-
Instruct family (Yang et al., 2025) at three scales
(1.5B, 3B, 7B) and additionally evaluate on Qwen3-
4B-Instruct-2507. For 1.5B and 3B, we use the
base Instruct checkpoints (see Appendix B.5);
for 7B, we use the post-SFT checkpoint. Base-
lines include NCA on the full corpus, NCA on
a size-matched random subset, alternative objec-
tives (SimPO (Meng et al., 2024), KTO (Ethayarajh
et al., 2024)), and data selection methods: static
gradient-norm ranking, log-probability filtering, dy-
namic pair-loss selection (top-+; pairs by current
NCA loss at each interval), and gradient-similarity
selection adapted from LESS (Xia et al., 2024) to
pair-level preference losses.

Training Data. We leverage the Light-R1
datasets (Wen et al., 2025). SFT warm-up uses 76k
samples from Stage 1. For preference optimiza-
tion, we construct 4,134 pairs by deduplicating the
original Light-R1 preference set and generating
additional rejected responses (Appendix A.1).

Evaluation. We evaluate on GSM8K (Cobbe
et al, 2021), MATHS500, Minerva-
MATH (Lewkowycz et al.,, 2022), Gaokao23-
Math (Liao et al., 2024), OlympiadBench (He
et al., 2024), CollegeMath (Tang et al., 2024),
AMC23, and AIME24. We report pass@1 on
all benchmarks except AIME24 and AMC?23,
where we conduct 8 independent evaluation
runs and report the average pass@8 to reduce
variance from their small test sizes (30 and 40
problems, respectively); consistency of gains
across four independent model scales further
mitigates single-run noise. Maximum generation
length is 10,000 tokens. Evaluation uses the
SimpleRL-Reason framework.

Implementation. We build on 360-LLaMA-
Factory with sequence parallelism. Default set-
tings: 8 = 0.1, 3 epochs, batch size 16, 8 x A800
GPUs (sp=8), max sequence length 32,768.

5.2 Main Results

Table 1 reports mathematical reasoning perfor-
mance across multiple model scales. “NCA (Full)”
trains on the full preference dataset; “NCA (Ran-
dom)” uses a size-matched random subset for fair
comparison with selective methods.
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Method GSMSK M500 Minerva Gaokao Olymp. Coll. AIME24 AMC23 | Avg.
Qwen2.5-1.5B-Instruct
Vanilla 73.70  54.60 16.90 46.20 22,70  38.40 6.70 25.00 |35.53
w/ NCA (Full) 7470  56.20 19.50 47.30 20.00 38.00 10.00 22.50 | 36.03
w/ NCA (Random) 73.50  56.40 19.10 48.60 19.60  37.90 3.30 25.00 | 3543
SAGE (Ours) 7480 57.20  20.20 50.40 21.50 38.10  10.00 27.50 | 37.46
Alternative preference objectives (on 1.5B)
+ SimPO 7450  56.20 19.10 48.30 21.80 37.90 10.00 25.00 | 36.60
+ KTO 7410  55.60 19.50 49.10 19.40 38.10 6.70 22.50 | 35.63
Data selection baselines (on 1.5B)
+ Gradient-based 73.80  56.80 19.50 47.80 20.90 38.40 3.30 25.00 | 35.69
+ Log-P 73.50  54.80 18.00 48.10 21.30 38.10 3.30 20.00 | 34.64
+ Dynamic Pair-Loss ~ 74.50  56.80 19.80 48.80 20.80 38.30 6.70 25.00 |36.34
+ Grad-Similarity 74.60 57.00 20.20 49.50 21.30 38.30 6.70 25.00 | 36.58
Qwen2.5-3B-Instruct
Vanilla 86.90 6520 25.70 56.40 27.70 44.50 6.70 47.50 |45.08
w/ NCA (Full) 86.40  65.60 27.20 56.90 27.00 44.90 10.00 50.00 | 46.00
w/ NCA (Random) 87.00 6520  26.10 56.40 26.50 45.00 0.00 45.00 |43.90
SAGE (Ours) 87.50 66.00 28.30 58.23 2770 4514 13.30 55.00 | 47.65
Qwen2.5-7B-Instruct
Vanilla 9230  81.60  28.30 69.90 4530 4240 23.30 57.50 | 55.08
w/ NCA (Full) 92.70  82.00  29.40 70.60 46.50 42770  26.70 62.50 | 56.64
w/ NCA (Random) 9130 79.40  26.80 71.40 43.00 4270  20.00 57.50 | 54.01
SAGE (Ours) 93.10 82.80 33.10 71.40 4550 43.10 33.30 70.00 | 59.04
Qwen3-4B-Instruct-2507
Vanilla 94.10 9340  40.80 81.30 61.60 39.80 60.00 87.50 | 69.82
w/ NCA (Full) 94.00 93.80 41.50 81.80 63.30 39.70  60.00 92.50 | 70.83
w/ NCA (Random) 93.80 9290 41.20 82.10 61.40 3930 56.70 92.50 | 69.99
SAGE (Ours) 9450 94.60  42.60 82.40 62.20 39.80 63.30 95.00 | 71.80

Table 1: Main results on mathematical reasoning benchmarks across multiple model scales. M500: MATHS500.
Olymp.: OlympiadBench. Coll.: CollegeMath. Best results are bolded.

Across all scales, SAGE consistently improves
over standard NCA in average accuracy, with gains
particularly pronounced on harder benchmarks
(e.g., +3.7 on Minerva and +7.5 on AMC23 at
7B) where multi-step reasoning is more suscepti-
ble to gradient instability (Section 3.3). Compared
with alternative objectives (SimPO, KTO) and data
selection heuristics, SAGE performs best on aver-
age, confirming that jointly considering informa-
tiveness and stability outperforms methods address-
ing only one dimension. Among dynamic selec-
tion methods, both Dynamic Pair-Loss and Grad-
Similarity outperform static heuristics, yet neither
matches SAGE: loss-based selection fails to im-
prove on competition-level benchmarks (AIME24,
AMC23), confirming that high loss does not im-
ply high utility when curvature is uncontrolled;
gradient-similarity narrows the gap but still lacks
explicit stability modeling. SAGE achieves these
gains while using fewer effective training tokens
than NCA (Full), and scale-consistent behavior
suggests gradient utility is a general property of
preference optimization. Table 1 reports single-

run results; Appendix B.3 additionally reports a
five-seed study on 1.5B with mean=std on all eight
benchmarks, where SAGE improves the average ac-
curacy over NCA (Full) (37.3 0.6 vs. 36.1 +0.6;
paired t-test, p ~ 0.008). As expected, the two
small competition sets (AIME24, AMC23) exhibit
the largest seed variance and overlapping per-seed
intervals, so we base our conclusions on the aggre-
gate rather than on these individual benchmarks.

5.3 Ablation Study

Setting GSMSK MATHS500 Minerva Gaokao

SAGE

w/o s1

74.80
74.50 (-0.30)
73.90 (-0.90)
74.00 (-0.80)
73.80 (-1.00)

57.20
56.60 (-0.60)
55.30 (-1.90)
56.00 (-1.20)
55.40 (-1.80)

20.20

19.60 (-0.60)
17.50 (-2.70)
18.00 (-2.20)
17.30 (-2.90)

50.40
48.90 (-1.50)
47.10 (-3.30)
48.10 (-2.30)
47.50 (-2.90)

w/0 $o
w/o g
w/o ¢

Table 2: Ablation of SAGE components on Qwen2.5-
1.5B-Instruct. s;: coarse-grained pool construction; ss:
fine-grained selection; g: gradient signal; c: curvature
discounting.

Table 2 ablates SAGE’s key components on
Qwen2.5-1.5B-Instruct. Removing curvature dis-
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counting (w/o c) produces the largest drops
on harder benchmarks (Minerva —2.90, Gaokao
—2.90), directly validating Finding 2: discounting
high-curvature pairs is essential for stable optimiza-
tion. Removing the gradient signal term (w/o g)
also degrades performance, confirming Finding 3:
informativeness alone is insufficient without sta-
bility, and vice versa. Removing coarse-grained
pool construction (sq1) or fine-grained selection
(s2) causes further degradation, showing that both
the policy-adaptive pool mechanism (motivated by
Finding 1) and the utility-based scoring contribute
independently. Together, these results validate the
two-dimensional gradient utility framework: both
g and c are necessary, and neither coarse nor fine-
grained selection alone suffices.

5.4 Analysis

Method ARC-C GPQA-D MMLU-Pro Avg.
Vanilla 63.70 25.30 24.70 37.90
w/ NCA (Full) 65.30 26.80 26.90 39.67
w/ NCA (Random) 64.30 23.70 25.00 37.67
SAGE (Ours) 66.10 27.50 26.50 40.03

Table 3: Performance on general-domain benchmarks
beyond mathematical reasoning.

General Capability. Table 3 evaluates the
aligned 1.5B model on general-domain bench-
marks. SAGE achieves the best average, indicating
that removing noisy high-curvature pairs preserves
supervision diversity.

Training Dynamics. Figure 5 tracks evaluation
performance over training steps. Both NCA base-
lines exhibit early saturation, consistent with the
utility drift phenomenon (Finding 1): as the policy
evolves, a fixed data distribution provides diminish-
ing corrective signal. SAGE continues to improve
steadily before converging, confirming that its re-
freshable pool design sustains learning by adapting
to the current policy.

Data Efficiency. Figure 6(a) shows that moderate
keep ratios (y € [0.4, 0.6]) achieve higher accuracy
than NCA (Full) while using fewer effective train-
ing tokens. Figure 6(b) confirms that wall-clock
time remains comparable, since forward-only scor-
ing is cheaper than backpropagation.
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2 745 >
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—— SAGE 55 4
7351 T T T T T T T T T
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Figure 5: Evaluation performance over training steps.
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Figure 6: Accuracy versus effective training tokens (a)
and wall-clock time (b) under different keep ratios .

6 Related Work

Online RL for Reasoning. Online reinforce-
ment learning has become a standard post-training
approach for improving mathematical reasoning.
Early methods commonly used PPO (Schulman
et al., 2017), while recent critic-free methods such
as GRPO (Shao et al., 2024) and DAPO (Yu et al.,
2026) learn from newly generated rollouts with
reward-driven exploration. These methods address
a different stage of the post-training pipeline: they
improve the policy by generating new responses
online. SAGE instead operates in the offline pref-
erence stage, where the corpus of chosen—rejected
pairs is fixed, and is therefore complementary to
online RL.

Offline Preference Optimization. Direct Pref-
erence Optimization (DPO) (Rafailov et al., 2023)
and its variants, including SimPO (Meng et al.,
2024), CPO (Xu et al., 2024), and KTO (Etha-
yarajh et al., 2024), optimize the policy directly on
fixed chosen-rejected pairs without online genera-
tion. These methods focus on improving the train-
ing objective while treating all preference pairs as
equally useful. SAGE addresses a complementary
dimension: given a fixed preference corpus and
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any pairwise objective, which pairs should receive
gradient computation at each training stage.

Data Selection for LLM Training. Recent work
demonstrates that data selection strongly influences
training stability (Zhou et al., 2024; Yu et al.,
2024; Li et al., 2023, 2026), especially for Long-
CoT reasoning where optimization exhibits high
gradient variance (Cobbe et al., 2021; Arora and
Zanette, 2026; Zhao et al., 2026). Static filtering
and curriculum-based approaches (Xia et al., 2024;
Wang et al., 2024) improve efficiency but apply
fixed criteria that cannot adapt to the evolving pol-
icy. SAGE differs by performing policy-aware se-
lection: it periodically re-scores candidate pairs
under the current model, enabling dynamic adapta-
tion throughout training.

7 Conclusion

We introduce gradient utility as a diagnostic frame-
work for offline preference optimization in Long-
CoT reasoning. Through systematic analysis, we
show that pair utility drifts with the policy, that
large gradients often arise from unstable high-
curvature regions, and that the most effective super-
vision comes from stable confident errors. Based
on these findings, we propose SAGE, which selects
preference pairs by jointly considering informa-
tiveness and stability. Experiments across multiple
model scales confirm that SAGE improves reason-
ing accuracy and optimization stability while re-
ducing unnecessary gradient computation.

Limitations

SAGE operates on a static preference corpus and
does not consider online data collection or explo-
ration. While this design keeps the method com-
putationally efficient, performance depends on the
coverage and quality of the preference data. In
addition, SAGE introduces a forward-pass scoring
step for estimating sample utility, which incurs ex-
tra overhead compared to static baselines, though
this cost is mitigated by the pool-based design.
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A Methodology Details

A.1 Data Construction and Filtering

The original Light-R1 DPO dataset' contains 3,000
samples. Preliminary analysis revealed substantial
noise, mainly from redundant queries and degen-
erate preference pairs in which the chosen and
rejected responses were identical. To improve the
reliability of preference learning, we applied a two-
stage deduplication pipeline:

* Duplicate Query Filtering: We removed re-
dundant queries to reduce the risk of overfit-
ting to specific prompts.

* Preference Consistency Check: We dis-
carded pairs whose final answers (extracted
from the \boxed{} markers) were identical
between the chosen and rejected responses.

After filtering, we obtained a high-quality subset
of 1,659 samples. To restore the dataset scale, we
sampled 5,000 unique instances from the SFT data?
(as detailed in Section 5.1), ensuring zero overlap
with the retained samples. To generate rejected re-
sponses, we used DeepScaleR-1.5B-Preview’ (Luo
et al., 2025), a small model fine-tuned specifically
for reasoning tasks. By using this model, we en-
sured that the augmented dataset maintained the
same distribution and characteristics as the origi-
nal, providing consistency in the data generation
process. The prompt we employed for generating
rejected responses was:

Please reason step by step, and put your
final answer within \boxed{}.

To maintain the validity of the DPO triplets, we
filtered out any generated response whose final an-
swer matched the ground-truth answer. This pro-
cess produced 2,475 valid negative pairs from the
5,000 instances. Combined with the retained sub-
set, the final dataset contains 4,134 samples.

A.2 Preference Annotation

To implement difficulty-based partitioning for
SAGE, we used DeepSeek-V3 (Liu et al., 2024)
as a judge to provide multi-dimensional annota-
tions for each triplet (x;, ¥, 4!). The annotation

"https://huggingface.co/datasets/qiho0360/
Light-R1-DPOData

2https://huggingface.co/datasets/qihoo360/
Light-R1-SFTData

3https://huggingface.co/agentica—org/
DeepScaleR-1.5B-Preview

process evaluates two dimensions to assess the op-
timization utility of each pair:

* Preference Clarity: ¢; measures the degree of
distinctness between the chosen and rejected
solutions [High, Medium, or Low].

* Rejected Response Quality: ¢; is an abso-
lute quality score (1-5) assessing the logical
coherence and depth of the rejected response.

We use this dual-dimension approach because
the utility of a preference pair depends on the plau-
sibility of the error. A pair exhibits High Clarity if
the rejected solution is obviously flawed, providing
a strong signal for early alignment. Conversely,
Low Clarity samples, where the rejected response
follows a sophisticated but flawed reasoning path,
are crucial for fine-tuning the boundaries in later
training stages. The judge model uses the following
structured template:

System Prompt

You are an expert mathematical evaluator. You
will be presented with a math problem and two
model-generated solutions: Chosen (correct
answer) and Rejected (incorrect answer).

Task 1: Preference Clarity Assessment
Evaluate the distinctness between the solutions:
- High: The rejected solution is obviously
flawed; the preference is stark and easy to iden-
tify.

- Medium: The rejected solution is plausible
but contains noticeable errors.

- Low: The rejected solution is highly deceptive
and resembles the chosen one, requiring deep
analysis to refute.

Task 2: Rejected Solution Quality Analysis
Rate the quality of the Rejected reasoning path
(1-5) based on its coherence and depth, despite
its incorrect conclusion.

Format: Return output strictly in the following

JSON format:

{
"clarity": "High | Medium | Low",
"reason”: " "
"rejected_analysis”: "...",
"rejected_score": x

/

Inputs

[Problem]: {{problem_text}}
[Chosen]: {{chosen_solution}}
[Rejected]: {{rejected_solution}}

Analysis of Data Distribution The joint distribu-
tion is summarized in Table 4. Consistent with the
objectives of SAGE, most samples (3,018) fall into
the High Clarity category, providing a robust start-
ing point for curriculum learning. The scarcity in
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the Low Clarity and High Quality regions (e.g., Q5)
is expected, as highly sophisticated yet incorrect
reasoning paths are rare.

Clarity Q1 Q2 Q3 Q4 Q5 Total

High 946 1,728 221 124 2 3,018

Medium 0 572 474 11 0 1,057

Low 0 39 11 2 5 59
7

Total 946 2,339 706 139 4,134

Table 4: Joint distribution of Preference Clarity and
Rejected Response Quality (Q1-Q5). High Clarity indi-
cates obvious errors.

Curriculum Subset Results Based on the par-
titioning principles in Section 4.2, we categorized
the 4,134 triplets into three pools:

* Easy Pool (De,sy): High Clarity and ¢; < 2
(2,674 samples).

* Medium Pool (Dyedium): Medium Clarity and
gi € {2, 3} (1,046 samples).

* Hard Pool (Dyaq): Remaining Low Clarity
or High Quality samples (414 samples).

A.3 Algorithmic Details of SAGE

For completeness, we provide the pseudocode of
the SAGE training procedure in Algorithm 1. The
algorithm summarizes the pool-based candidate
refresh mechanism and the stability-aware sample
selection used during training.

B Additional Experiments

B.1 Training Details

The training hyperparameters and SAGE schedul-
ing configurations are summarized in Table 5.

Difficulty Mixing Schedule. The difficulty mix-
ing ratios are chosen empirically based on the
dataset distribution after difficulty partitioning.
Specifically, the easy, medium, and hard subsets
contain 2,674, 1,046, and 414 samples, respectively.
We therefore initialize training with a higher pro-
portion of easy samples to provide stable early su-
pervision, and gradually increase the weights of
medium and hard samples through linear annealing.
This schedule balances early optimization stability
with sufficient exposure to harder preference pairs
in later training stages.

Algorithm 1 SAGE: Stability-Aware Gradient Effi-

ciency

1: Input: Dataset D, policy 7y, difficulty sched-
ule p(k), selection ratio schedule (k).
2: Partition D into | J}_, Py according to the dif-
ficulty schedule p(k).
3: for k=1to K do
4:  // On-Policy Score Evaluation
5:  Perform a forward pass on P to compute
length-normalized SAGE scores {s;} using
Eq. 10.
6:  // Stability-Aware Filtering
7:  Compute the retention count Ny = (k) -
| Pr|.
8:  Select the high-SNR subset By, + {z; €
Py, | rank(s;) < Ny}
9:  // Policy Optimization
10:  Update the policy parameters 6 < 6 —
NV Lnca(B).
11: end for

B.2 Curvature Measurement via
Hessian-Vector Products

Section 3.3 attributes the gradient spikes of full-
data training to high-curvature pairs. Because the
margin-level gradient and curvature peak at differ-
ent confidence levels (p — 0 and p = 0.5, respec-
tively), the gradient-norm trace of Figure 3 alone
cannot establish this attribution. We therefore mea-
sure curvature directly.

For a pair ¢ with loss ¢; and gradient u; =
Voli/l|Vol;|l, we estimate the local curvature
along its own gradient direction as the Rayleigh
quotient k; = uZTH u;, computed with a single
Hessian-vector product (double backward on ¢;),
so that no explicit Hessian is formed. We eval-
uate k; on the Qwen2.5-1.5B-Instruct run at the
checkpoints used in Section 3.2 (steps 50, 150,
250), restricting the computation to the candidate
pool active at each interval. Pairs are then split by
whether SAGE’s curvature term discounts them:
the high-curvature group is the top quartile of «;
within the pool, and the low-curvature group is
the subset that SAGE retains. A training step is
counted as a spike if its parameter-space gradient
norm exceeds twice the running median over a win-
dow of 20 steps, matching the visual criterion used
in Figure 3. Under this protocol, high-curvature
pairs coincide with spikes in 21% of the steps in
which they participate, versus 5% for retained low-
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Hyperparameter Value

Preference loss coefficient (3) 0.1

Training epochs 3

Batch size 16

Sequence parallelism (sp) 8

Maximum sequence length 32,768

Learning rate 5x 1077
easy: 0.90

Difficulty mix psarc medium: 0.10
hard: 0.00
easy: 0.40

Difficulty mix pend medium: 0.40
hard: 0.20

Keep ratio start 1.0

Keep ratio vend 0.4

refresh step 25

Table 5: Training hyperparameters and SAGE schedul-
ing configurations.

curvature pairs. This gap, together with the w/o ¢
ablation in Section 5.3, supports the interpretation
that instability is driven by curvature rather than by
large margin-level gradients.

B.3 Seed Variance and Statistical Significance

The main results in Table 1 follow the common
practice of reporting a single training run per con-
figuration. Because several benchmarks are small
and high-variance, we additionally repeat the 1.5B
experiments with five random seeds (affecting
data-order shuffling and pool sampling) and report
mean=std in Table 6. Evaluation follows the proto-
col of Section 5.1, so AIME24 and AMC23 entries
are pass @8 averages.

Benchmark NCA (Full)l NCA (Random) SAGE

GSM8K 74.6 £ 0.5 73.4+0.7 749 + 0.4
MATHS500 56.0 £0.8 559+1.0 571+ 0.9
Minerva 193+1.2 187+ 1.5 20.1 +£ 1.0
Gaokao 475+ 1.1 48.0+ 1.4 50.0 + 1.1
Olymp. 20.2 £ 0.9 19.8 + 1.1 21.3 +£0.7
Coll. 38.1£04 379+£0.5 38.2 + 0.5
AIME24 9.33 £2.8 4.67 £ 3.8 10.0 + 2.6
AMC23 235+29 240 +45 27.0 + 3.1
Avg. 36.1 £ 0.6 353+0.8 373+ 0.6

Table 6: Five-seed results on Qwen2.5-1.5B-Instruct
(mean = std). Olymp.: OlympiadBench; Coll.: College-
Math. SAGE improves the average over NCA (Full)
with a paired ¢-test p ~ 0.008; AIME24 and AMC23
have overlapping per-seed intervals.

SAGE improves the average accuracy from

36.1 + 0.6 (NCA Full) to 37.3 £ 0.6; a paired
t-test over the five seeds gives p ~ 0.008. Per-
benchmark, the gains on GSM8K, MATHS500,
Minerva, Gaokao, OlympiadBench, and College-
Math are consistent in sign across seeds, whereas
AIME24 and AMC23 show standard deviations of
the same order as the gains themselves, with over-
lapping per-seed intervals. We therefore treat the
aggregate average as the primary evidence and read
the competition-level numbers as directional rather
than individually significant.

B.4 Dataset Statistics

See Table 7 for statistics of test sets.

Dataset # Problems
GSM8K 1,319
MATHS500 500
Minerva 272
Gaokao 395
Olympiad 675
CollegeMath 2,818
AIME24 30
AMC23 40

Table 7: Statistics of the test sets used for evaluation.

B.5 SFT Results

We use the Light-R1 Stage 1 dataset to fine-tune
the 1.5B-, 3B-, and 7B-Instruct models. The train-
ing hyperparameters follow those of Light-R1: the
cutoff length is set to 20,000 tokens, the batch size
is 128, the learning rate is 5 x 1075, and training
is conducted for 10 epochs. We evaluate check-
points from all epochs on 8 benchmarks and select
the final checkpoint based on the average accuracy
across benchmarks.

1.5B and 3B. Figure 7 presents the SFT results
for the 1.5B and 3B models over 10 training epochs.
For both model sizes, the average accuracy in-
creases steadily as training proceeds, indicating
that supervised fine-tuning effectively improves
model performance. However, none of the SFT
checkpoints within the 10 epochs surpass the cor-
responding vanilla baselines. Even at their best-
performing epochs, the SFT models remain below
the original Qwen2.5-Instruct models in terms of
average accuracy across benchmarks.

This observation suggests that, at smaller model
scales, SFT alone may be insufficient to fully ex-
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Best Ep10; 43.89

Average Accuracy (%)
Average Accuracy (%)

3 6 7 8 54 6 7
Training Epochs Training Epochs

(a) Qwen2.5-1.5B-Instruct (b) Qwen2.5-3B-Instruct

Figure 7: SFT results for small-scale models (1.5B
and 3B). Although performance improves over train-
ing epochs, none of the checkpoints surpass the vanilla
baselines.

ploit the diverse reasoning patterns in the Light-R1
data. Consequently, we directly adopt the original
Qwen2.5-1.5B-Instruct and Qwen2.5-3B-Instruct
models as the vanilla baselines for subsequent ex-
periments.

7B. The SFT results for the 7B model are shown
in Figure 8. Checkpoints from epochs 5 to 10
consistently achieve higher average accuracy than
the vanilla baseline, with epoch 5 yielding the best
overall performance. Accordingly, we select the
epoch-5 checkpoint as the vanilla model to replace
Qwen?2.5-7B-Instruct in subsequent experiments.

Despite the overall improvement, the SFT model
underperforms the original Qwen2.5-7B-Instruct
model on Minerva Math and College Math.
Specifically, Qwen2.5-7B-Instruct achieves accu-
racies of 37.10 and 46.50 on these benchmarks,
whereas the selected SFT checkpoint (epoch 5) at-
tains 28.30 and 42.40, respectively. Within the
SFT training process, the best performance on Min-
erva Math and College Math is achieved at epoch
10 (29.40) and epoch 9 (43.20), respectively, in-
dicating that these benchmarks may benefit from
later-stage fine-tuning.

Selected Ep5: 55.08 (A+2.71)

Accuracy (%)

1 2 3 4 5 6 1 8 9 10
Training Epochs
=== Vanilla avg = 52.36

=@== Average IQR (25-75%)

Figure 8: SFT results for the Qwen2.5-7B-Instruct
model across training epochs.

u
o
wn

Average Accuracy
58 5w
© © o
o v o
~
~
N
A
\
\

IS
@
e

NS

. —-—- Refresh = 10 steps
/',"" Refresh = 25 steps
LR T T - Refresh = 50 steps

IS
@
=]

~

0 100 200 300 400 500 600
Training Steps

Figure 9: Sensitivity of SAGE to candidate-pool refresh
frequency.

B.6 Sensitivity to Pool Refresh Frequency

We analyze the sensitivity of SAGE to the
candidate-pool refresh frequency by varying the re-
fresh interval while keeping all other hyperparame-
ters fixed. As shown in Figure 9, all configurations
start from the same initial performance and im-
prove consistently during training, indicating that
SAGE is not sensitive to a specific refresh schedule.
A moderate refresh interval (25 steps) achieves the
best final performance, while both more frequent
and sparser refreshing lead to slightly lower ac-
curacy. This trend reflects a trade-off intrinsic to
SAGE: overly sparse refreshing yields stale utility
estimates under a changing policy, whereas overly
frequent refreshing provides diminishing returns
while increasing scoring overhead. Overall, SAGE
exhibits a broad and stable operating region with
respect to the pool refresh frequency.

B.7 Validation of LLM-Based Difficulty
Annotation

The difficulty annotations used in SAGE are gener-
ated by an LLM-as-judge (DeepSeek-V3). We ad-
dress potential concerns regarding reliability, cost,
and the relationship to knowledge distillation.

Annotation Reliability. We manually verified a
stratified subset: all 59 Low-Clarity samples, 20%
of Medium-Clarity samples (from 1,057), and 10%
of High-Clarity samples (from 3,018). The agree-
ment rate between LLM annotations and human
verification is 96%, indicating strong label consis-
tency. The high agreement is expected because
the annotation task (assessing whether a rejected
response is obviously flawed vs. subtly wrong) is
well-defined and does not require subjective judg-
ment.

Computational Cost. The annotation is per-
formed once during data preprocessing and incurs
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no overhead during training. Using the DeepSeek-
V3 API, annotating all 4,134 samples costs approx-
imately $3 USD and completes in under 20 minutes
with batched requests. This is negligible compared
to the GPU cost of preference training (8 x A800
for multiple hours) and can be amortized across
arbitrary numbers of training runs.

Distinction from Knowledge Distillation. The
LLM judge provides only coarse categorical la-
bels (High/Medium/Low clarity and a 1-5 quality
score) for pool construction, not for training signal.
This is fundamentally different from knowledge
distillation, which transfers the teacher’s output
distribution or reasoning traces into the student’s
parameters. SAGE’s training signal comes entirely
from the preference pairs themselves via the NCA
loss; the judge annotations merely determine which
pool a sample enters. Replacing the LLM judge
with any other difficulty estimator (e.g., human an-
notation, heuristic rules based on response length
or error type) would yield a functionally equivalent
system, confirming that the judge is not a source of
distilled knowledge.

B.8 Relationship to Online RL Methods

A natural question is whether SAGE should be
compared directly with online RL. methods such
as GRPO (Shao et al., 2024) or DAPO (Yu et al.,
2026). We argue that such a comparison conflates
two distinct stages of the post-training pipeline.

Pipeline Stage Distinction. Modern reasoning
model training typically follows a multi-stage
pipeline (e.g., Light-R1 (Wen et al., 2025)): (1)
supervised fine-tuning on curated reasoning traces,
(2) offline preference optimization on fixed chosen-
rejected pairs, and optionally (3) online RL with
reward-driven exploration. GRPO operates in
Stage 3: it generates new responses via rollouts,
evaluates them with a reward signal, and updates
the policy through exploration. SAGE operates
in Stage 2: it selects which existing preference
pairs should contribute gradients at each training
step. These stages address fundamentally different
questions (“how to explore” vs. “how to allocate
supervision”) and are complementary rather than
competing.

Composability. SAGE and online RL can be
composed sequentially in a pipeline: one can
first apply SAGE for efficient offline preference
alignment, then follow with GRPO for further

exploration-based improvement. The two meth-
ods are not substitutes; comparing them directly
would be analogous to comparing a data augmen-
tation strategy with a model architecture, both of
which can be applied independently and jointly.
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