Beyond Homogeneous Attention: Memory-Efficient LLMs via
Fourier-Approximated KV Cache
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Abstract

Large Language Models struggle with memory
demands from the growing Key-Value (KV)
cache as context lengths increase. Existing
compression methods homogenize head dimen-
sions or rely on attention-guided token prun-
ing, often sacrificing accuracy or introducing
computational overhead. We propose Fourier-
Attention, a training-free framework that ex-
ploits the heterogeneous roles of transformer
head dimensions: lower dimensions prioritize
local context, while upper ones capture long-
range dependencies. By projecting the long-
context-insensitive dimensions onto orthogonal
Fourier bases, FourierAttention approximates
their temporal evolution with fixed-length spec-
tral coefficients. Evaluations on Llama and
Qwen models show FourierAttention achieves
the best long-context accuracy on LongBench
and Needle-In-A-Haystack (NIAH). Besides, a
custom Triton kernel, FlashFourierAttention,
is designed to optimize memory via stream-
lined read-write operations, enabling efficient
deployment without performance compromise.

1 Introduction

Large Language Models (LLMs) have achieved
remarkable progress in text generation, compre-
hension, and reasoning (Sun et al., 2024; OpenAl,
2024; Guo et al., 2025). However, their autoregres-
sive decoding relies on a Key-Value (KV) cache
whose memory cost grows linearly with context
length (Fu, 2024; Liu et al., 2025). This grow-
ing cache footprint becomes a major bottleneck
for long-context inference, especially in resource-
constrained deployment. Existing sparse attention
and KV cache compression methods reduce mem-
ory usage, but often introduce accuracy degrada-
tion, attention recomputation, or additional system
complexity (Cai et al., 2024; Yuan et al., 2025).

* Equal contribution.
" Corresponding Author.

Existing training-free KV cache compression
methods, like token eviction strategies (Xiao et al.,
2024b; Zhang et al., 2023; Li et al., 2024b), prune
sequence subsets but overlook the heterogeneous
roles of head dimensions, leaving dimension-aware
allocation largely unexplored. Similarly, hidden di-
mension compression (Chang et al., 2024; Saxena
et al., 2024) methods apply uniform ratios, both
neglect their distinct contribution across dimen-
sions (Liu et al., 2024b; Peng et al., 2024). These
approaches treat head dimensions as homogeneous,
static units rather than dynamically allocating re-
sources based on their importance.

Another limitation of existing methods lies in
their reliance on attention-guided strategies (Zhang
et al., 2023; Li et al., 2024b). Although these
methods prune tokens with limited accuracy loss,
they require attention scores for cache selection,
introducing extra memory and latency overheads.
Instead, we address this challenge by adapting
the HiPPO perspective (Gu et al., 2020): tem-
poral signals can be summarized as finite states
under orthogonal bases (Gu et al., 2020; He
et al., 2023). This motivates us to represent
long-context-insensitive KV dimensions with fixed-
length Fourier states, avoiding attention-guided
cache selection and achieving both memory effi-
ciency and computational efficiency.

Building on these insights, we introduce Fouri-
erAttention, a training-free KV cache compression
framework based on the translated Fourier trans-
form, shown in Figure 1. Unlike prior methods that
process head dimensions uniformly, FourierAtten-
tion preserves long-context-sensitive dimensions
and compresses others by a fixed set of Fourier
coefficients (N < L). Compared with polynomial
bases commonly used in HiPPO, Fourier bases
offer shift-invariance and efficient temporal par-
allelism. During decoding, a customized Triton
kernel FlashFourierAttention reconstructs KV
chunks on the fly inside attention computation, re-

49187

Proceedings of the 2026 Conference on Empirical Methods in Natural Language Processing, pages 49187-49205
October 24-29, 2026 ©2026 Association for Computational Linguistics



& local tokens

{‘ Preserve initial N\
|
|

Interleave

| I
| ( \l\
. o
e )
. J
|

commy 1! &=
- /

=
=
7]
=l
=
(]
=

Forward

New Token |

\
i
|
i
i
i
i
I
i
i

Figure 1: Overview of FourierAttention. During prefilling, we preserve the initial and local KV tokens, split the
middle into retained and compressed dimensions, and project the compressed dimensions into fixed-length Fourier
states. When new tokens arrive, tokens moving out of local window are incrementally folded into Fourier states.

ducing read-write overhead without materializing
the full decompressed cache. Our contributions can
be summarized as follows:

* We reveal head-dimension heterogeneity:
lower dimensions capture local context, while
upper dimensions model long-range depen-
dencies, motivating our dimension-aware KV
compression.

* We introduce FourierAttention, which opti-
mizes KV cache by projecting its tempo-
ral evolution onto a fixed set of orthogonal
Fourier bases. This method efficiently elim-
inates redundant components while preserv-
ing contextual fidelity, achieving a balance be-
tween memory and computational efficiency.

* Experiments on Llama and Qwen models
over LongBench and NIAH show FourierAt-
tention consistently outperforms strong KV-
cache baselines with lower memory usage.

2 Related Work

KV cache optimization is a crucial technique for
enhancing efficiency in attention-based LLMs (Fu,
2024; Liu et al., 2025). As context length increases,
the KV cache in LLMs grows linearly, creating sub-
stantial memory overhead that becomes a bottle-
neck for long-context applications. Beyond archi-
tectural modifications during pretraining (Ainslie
etal., 2023; Liu et al., 2024a), existing training-free
optimization approaches mainly involve token evic-
tion or compression. The former discards tokens
based on positional or attention patterns, including
StreamingLLLM (Xiao et al., 2024b), H20 (Zhang

et al., 2023), SnapKV (Li et al., 2024b), Pyra-
midKV (Cai et al., 2024), FastKV (Jo et al., 2025)
and LaCache (Shi et al., 2025), while the latter
compresses KV cache through quantization or low-
rank projection, such as KIVI (Liu et al., 2024c),
KVQuant (Hooper et al., 2024), and Palu (Chang
et al., 2024). However, these methods lack fine-
grained consideration of different head dimensions
in the KV cache, applying uniform optimization
across all dimensions. In contrast, our Fourier-
Attention compresses most dimensions to a fixed
length while preserving long-context-sensitive di-
mensions, effectively reducing KV cache size while
maintaining the original long-context capabilities.

3 Methodology

3.1 Head Dimension Heterogeneity

We analyze the heterogeneous sensitivity of trans-
former head dimensions to varying context lengths.
By visualizing attention scores across 128 dimen-
sions in Llama architecture (Figure 2), we identify
a bifurcation in attention patterns: 0-69 dimensions
exhibit sharp focus on short-range context, with
score distributions concentrated on recent tokens,
while 70-127 dimensions maintain a persistent bias
toward initial “sink tokens".

This contiguous dimension split is not acciden-
tal but closely relates to the characteristics of Ro-
tary Positional Embeddings (RoPE). Specifically
in Llama architecture, index 70 corresponds to the
“critical dimension” dexa (Liu et al., 2024b), which
is calculated based on the head dimension d, the ini-
tial pre-training length Ti;,in, and the initial rotary
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Figure 2: Visualization of average attention-score com-
ponents and NIAH perturbation results in Llama 3.1-8B
and Llama 3.2-3B over 32 sentences with 16 tokens.
Lower dimensions (0—69) align with the local branch,
while upper dimensions (70-127) correspond to the
global branch. Adding Gaussian noise to lower dimen-
sions has little effect, whereas perturbing upper dimen-
sions significantly degrades NIAH performance.

base (3 as below and detailed in Appendix A.

d Tirai
dextra =2 ’72 logﬁ ;r:rm—‘

ey

Head dimensions below dexra are trained with
complete positional information and are locally
monotonic, biasing them toward high-frequency

local features. In contrast, dimensions above dexira
have incomplete positional information and longer
monotonic intervals, focusing on low-frequency
global features (Wei et al., 2025; Barbero et al.,
2024). This divergence suggests distinct contextual
roles in head dimensions, where specialized subsets
prioritize local versus global signal retention.

To further validate the dimension bifurcation
hypothesis, we conduct a Needle-In-A-Haystack
retrieval test with sequences up to 32K tokens.
As shown in Figure 2, both unperturbed models
achieve an average score of 100.00. For Llama
3.1-8B, adding Gaussian noise to the first 70 di-
mensions only slightly reduces the score to 97.02,
whereas perturbing the latter 58 dimensions causes
a substantial drop to 53.20. An even more pro-
nounced trend is observed on Llama 3.2-3B: per-
turbing the first 70 dimensions yields a score of
87.46, while perturbing the latter 58 dimensions
reduces it to 37.62, with failures across different
retrieval depths and context lengths. These results
align with the critical-dimension analysis above, in-
dicating that upper dimensions are more important
for long-range information retention, while lower
dimensions mainly encode local context. Moti-
vated by this heterogeneity, FourierAttention com-
presses long-context-insensitive KV dimensions
into fixed-length states via the translated Fourier
transform, with compression-friendly dimensions
selected by reconstruction fidelity in Section 3.4.

3.2 Preliminary: HiPPO Framework

Inspired by HiPPO (Gu et al., 2020), we compress
these less context-sensitive dimensions into fixed-
length states to reduce KV cache storage. Under
the HiPPO framework, an infinitely long sequence,
f1...L, can be approximated by finite-length states,
c € RV, as the combining coefficients of finite-
order basis functions. HiPPO designs different
state update equations for various basis functions
under different measure functions, such as LegT
based on Legendre Polynomials in a translated
fixed window size. Among these methods, Fouri-
erT based on Translated Fourier Transform is most
suitable for token-wise parallelism in transformers,
because it can be expressed in matrix form and
performed independently in different order states.
Therefore, we adopt FourierT to compress cache,
K,V € R4 which also achieves better down-
stream performance in Section 5.1.
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3.3 Online Compression via HiPPO-FourierT

Frequency-domain operators have been increas-
ingly explored in large language model infer-
ence (He et al., 2023, 2026). Here, we use HiPPO-
FourierT for online KV-cache compression. We
set the translated window length in FourierT to
maximum context length, ensuring effective com-
pression within valid input-output ranges. In the
prefilling phase, we preserve all dimensions of the
initial L;p; and the local Ligcq tokens,

Kiv Kl = K[ Linit]7 K[_Llocal :]

i <l 2
ViVi= V[3 Linit]> V[_Llocal 3]
and distinguish the dimension indices DF¥,
Dke, DU Dv¢ in KV cache for uncompressing and
compressing, to enable training-free integration.

K™ = K|[Linit : —Lioca, D*,
V™ = V[ Linit : —Liocal, D], 3
K™ = K|[Linit : —Lioca, D™,
V™ = V[Linit © —Liocal, D).

We preserve K™“, V™ compress K™, V™" to
fixed-size K™¢ € ]R2NX|D’“|, yme ¢ R2Nx|[D|
and use the original KV for forward propagation.

ch — lmen7 VmC — lfvmn’
T T 4)
O = flash_attention(Q, K,V).

We detail the mathematical derivation in Ap-
pendix B. For the compression matrix in Fouri-
erT, originally, F € CN*Lmiate where Lpiage =
L — Linit — Liocas and F,; = ei%. However,
since caches in mainstream LLMs are real-valued,
we convert complex numbers to 2D vectors, trans-
forming N-order complex states into 2N -order real
states. We denote N/ = 2N, and the real com-
pression matrix in FourierT is F € RN *Lniatie 55
shown in Equation 5.

1 1 .. 1
0 0 . 0
1 cos 2% e cos w
F=10 sin 2% - sin WLYM
1 cos Z=1) cos 2N =1) (Lmigge—1)
T
[0 sin w sin w

5)
In the decoding phase, FourierAttention recon-
structs intermediate cache K™, V™ via inverse

Fourier transform in attention computation with
the current query vector g1,

Km[DkU] V. I{mu7 Km[ch} — :F-Tch
f/m[vau} « ‘/mu7 Vm[Dvc] . TTVmC
K =cat(K', K™ K'), V =cat(V,Vv™ V)
0111 = flash_attention(gi; 1, K, V).
(6)
and compresses tokens leaving the local window.
1
K™ K™ 4+ TfL +1Kl [07 ch]

middle

1
yme . yme + TfL e+1Vl [szDUc]

middl

fir1= [1 0 --- cos QW(Nf%)L'“id‘”e sin QW(Nf%)Lmidd"’ '
@)
For notational clarity, Eq. 6 presents full-cache
decompression. In practice, our Triton kernel
FlashFourierAttention fuses inverse Fourier recon-
struction with FlashDecoding, reconstructing only
block-wise K/V chunks in SRAM for attention.
Thus, the full decompressed KV cache is never ma-
terialized in HBM, preserving the memory benefit.
Details are provided in Appendix G.

3.4 Fine-Grained Compression Schema

To select compression-friendly KV dimensions, we
perform a lightweight offline calibration on the
32K NeedleBench dataset (Li et al., 2024a). We
compress and reconstruct KV states extracted from
forward passes, and use mean-squared error (MSE)
to measure reconstruction fidelity. Lower MSE
values identify inherently "smoother" dimensions,
indicating their suitability for our FourierAttention.
Based on further KV-cache observations, we
adopt a fine-grained asymmetric inverted-pyramid
compression schema. We analyze the temporal
standard deviation of each KV dimension across
layers, and find that K states generally vary more
than V states, while upper layers vary more than
lower layers in both Llama 3.1-8B and Llama 3.2-
3B (Figure 3). Accordingly, we compress more di-
mensions in the smoother V cache and lower layers,
while retaining more K dimensions and upper-layer
dimensions in their original temporal form.
Interestingly, this differs from most KV cache
compression approaches. Works like Cai et al.
(2024) and Xing et al. (2024) suggest preserving
more KV caches in lower layers, as attention be-
comes sparser in upper layers. However, in Fourier-
Attention, the optimization criterion is whether the
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Figure 3: Temporal standard deviation of the K and V
caches across layers in Llama 3.1-8B and Llama 3.2-
3B. Feature dimensions are arranged according to their
original indices within each attention head. In both mod-
els, K states generally exhibit greater temporal variation
than V states, and the variation tends to increase in up-
per layers.

dimension can be well reconstructed. Since caches
in upper layers exhibit more oscillatory features
due to more deterministic predictions, we retain
more dimensions to maintain output stability.

4 Experiment

4.1 Setup

We conduct experiments on Llama 3.2-3B, Llama
3.2-1B (Meta, 2024a), Llama 3.1-8B (Dubey et al.,
2024), Qwen2.5-1.5B, and Qwen2.5-3B (Qwen
et al., 2024). By default, FourierAttention uses
Linitk = 4, Ligca = 1024, and N = 512
Fourier states, corresponding to N/ = 1024 real-
valued states. The translated Fourier window is
set to cover the effective input-output range, i.e.,
Twindow = prompt_length 4+ max_out_len.

For dimension selection, we perform a
lightweight offline calibration on the prompt por-
tion of the 32K Needle-In-A-Haystack benchmark
in OpenCompass (Contributors, 2023), and select
dimensions with lower KV reconstruction error as
compression-friendly dimensions. Following the
asymmetric inverted-pyramid schema introduced
in Section 3.4, we compress 90%/95% of K/V di-
mensions in the first 14% layers, 50%/70% in the

last 28% layers, and 80%/80% in the remaining
layers. Overall, 76% of KV cache dimensions are
compressed into fixed-length Fourier states. We
further analyze the robustness of this percentage-
based schema in Section 4.4, showing that moder-
ate perturbations to the compression ratios remain
acceptable. All experiments are performed on an
NVIDIA H100 GPU with FP16 precision and ac-
celerated with FlashAttention2 (Dao, 2024).

4.2 Long-Context Evaluation

We evaluate FourierAttention on LongBench (Bai
et al., 2023) and Needle-In-A-Haystack
(NIAH) (Kamradt, 2023; Li et al., 2024a) in
OpenCompass (Contributors, 2023), with a
truncation context length of 32K. We compare with
StreamingLLLM (Xiao et al., 2024b), SnapKV (Li
et al., 2024b), PyramidKV (Cai et al., 2024),
FastKV (Jo et al., 2025), LaCache (Shi et al.,
2025), and Palu (Chang et al., 2024), covering
token eviction and feature compression.

We align baselines to the same effective KV-
cache budget using each method’s native budget
control. Since FourierAttention compresses 76%
of KV dimensions to fixed Fourier states, fully
reserving initial and local tokens, it yields an ef-
fective compression ratio of 71.1% at 32K context
length (Appendix C.1). Accordingly, SnapKV and
PyramidKYV retain 28.9% of KV positions, while
StreamingLLLM keeps 4 initial tokens and adjusts
its local window to the same budget. We set La-
Cache’s layer-span budget to 0.29, FastKV’s KV re-
tention rate to 30%, and Palu’s feature-compression
ratio to 70%, the closest available settings.

For LongBench as shown in Tables 1 and 6,
FourierAttention consistently achieves the best av-
erage performance among cache-optimized meth-
ods across Llama and Qwen models, remaining
closest to full attention. On NIAH (Figures 4
and 9), FourierAttention also preserves retrieval ac-
curacy better than baselines at 32K context. While
SnapKV and PyramidKYV still exhibit recall errors
and Palu degrades under high compression, Fouri-
erAttention maintains long-context capability by
preserving long-context-sensitive dimensions.

We further evaluate different values of Fouri-
erAttention’s N’ on Llama 3.2-3B, with SnapKV
configured under the same corresponding effective
KV budget. As shown in Figure 5, FourierAtten-
tion robustly outperforms SnapKV across different
budgets, and we use N’ = 1024 as the default
setting to balance performance and speed.
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Table 1: Results of Llama Series (Dubey et al., 2024; Meta, 2024b) and Qwen Series (Qwen et al., 2024) on
LongBench (Bai et al., 2023). Our FourierAttention (FA) achieves the best average performance among cache-
optimized methods, including Streamingl.LM (SLM), SnapKV, PyramidKYV, FastKV, LaCache, and Palu, and shows

the closest performance to LLMs with full attention.

Single-Doc Multi-Doc

Summary

Few-shot Synthetic  Code

Avg.

NQ Qsp MF HQ WQ Msqg GR QS MN TR TQ SS PC PR

LCC Re-P

Llama-3.2-3B 103 21.7 355 9.6 128 6.8 302
+ SLM 9.1 17.6 21.6 7.1 9.8 4.0 19.0
+ SnapKV 9.5 21.6 355 9.5 128 6.6 303
+ PyramidKV 9.5 21.6 355 95 128 6.6 303

+ FastKV 9.8 20.1 33.6 9.5 148 6.7 158
+ LaCache 9.7 214 356 9.6 129 6.8 19.1
+ Palu 20 19.2 204 58 103 2.7 134

+ FA (ours) 12.8 21.1 358 9.8 11.6 6.5 23.0

23.8 28.2 70.0 87.2 382 0.0 7.0 70.0 66.4 38.0
21.3 23.2 53.0 84.3 398 14 6.5 555 535 31.2
23.5 28.2 70.0 86.3 384 0.0 63 58.8 57.1 352
23.5 282 70.0 864 383 0.0 6.4 587 57.1 35.1
13.7 9.7
144 159 70.0 87.2 299 0.0 7.0 588
4.1 14.0 57.0 474 215 1.5 3.1 55.1
23.8 24.1 69.0 87.0 394 0.0 62 69.8 63.3 37.0

71.0 87.6 303 0.0 7.0 68.8 652 35.0
574 33.1

49.5 255

Llama-3.1-8B 13.2 20.2 32.8 12.0 13.6 8.7 29.7
+SLM 79 139 156 7.8 10.1 45 199
+ SnapKV 20.5 20.2 32.7 12.0 13.6 8.6 30.3
+ PyramidKV 20.5 20.2 32.7 12.0 13.6 8.6 303

+ FastKV 19.3 19.3 314 12.1 142 82 16.5
+ LaCache 21.4 20.2 324 12.0 13.8 8.7 18.5
+ Palu 45 18.0 21.6 95 113 52 173

+ FA (ours) 15.6 19.8 32.7 12.0 13,5 79 24.1

25.1 0.9 73.5 91.0 473 0.8 26.8
21.5 99 61.5 84.7 435 13 6.2
24.9 12.8 73.5 90.0 46.8 0.8
24.9 12.8 73.5 90.0 46.8 0.8
126 0.4 745 92.0 38.2 09 309 70.7 68.1 37.9
13.1 0.6 73.5 91.0 37.8 0.8 26.8 60.5
69 9.0 685 83.4 323 0.6 14.6 56.7
24.0 0.7

720 69.3 39.5
584 564 315
604 599 37.6
604 59.8 37.6

26.4
26.4

60.2 354
54.6 30.7

73.0 91.2 46.0 1.1 269 714 663 38.7

Qwen2.5-1.5B 10.6 24.5 36.6 234 21.8 11.0 30.2
+ SLM 12.7 13.6 26.1 10.2 14.6 53 215
+ SnapKV 8.8 24.7 36.6 22.5 21.8 10.5 30.2
+ PyramidKV 8.8 24.7 36.6 22.3 21.8 10.5 30.2
+ FastKV 12.5 21.4 30.5 243 203 9.6 144
+ LaCache 11.6 24.0 32.8 25.6 22.0 109 17.4
+ Palu 9.1 19.6 37.5 105 19.8 4.3 16.8
+ FA (ours) 6.7 242 344 229 21.8 103 21.6

235 26.1 71.5 779 429 20 7.5 56.1 58.8 36.7
20.4 23.9 56.5 56.6 40.5 1.4 5.8
23.1 26.1 71.5 77.2 42.6 2.0 175
23.1 26.1 71.5 77.2 425 2.0 7.5
17.5 13.1 62.0 76.8 31.3 2.0 6.0 53.5
17.2 157 71.5 775 31.7 20 9.5
12.6 124 70.0 68.3 222 1.6 3.5
23.0 25.0 63.5 76.5 42.0 2.0 85 559

489 469 289
45.6 503 33.9
457 50.4 33.9
5 560 324
458 504 32.1
472 465 28.4
554 34.8

Qwen2.5-3B 143 299 459 384 335 20.6 29.7
+SLM 139 17.6 25.6 21.3 23.6 7.8 223
+ SnapKV 14.5 29.9 459 37.5 34.0 19.8 29.4
+ PyramidKV 14.5 299 459 37.4 34.0 19.8 29.3
+ FastKV 16.8 19.1 36.1 39.2 30.3 19.8 13.8
+ LaCache 18.0 29.9 42.8 37.1 33.0 20.6 17.5
+ Palu 6.3 155 352 113 173 55 17.6
+ FA (ours) 6.4 27.7 43.3 30.4 31.7 163 22.0

242 252 69.0 89.5 453 2.0 8.0 69.3 656 42.7
19.9 245 515 79.1 424 15 6.5
23.8 25.2 69.0 88.6 449 1.5 80 578
23.8 25.2 69.0 89.0 448 1.5 8.0 578
17.9 13.6 59.5 87.9 33,5 2.0 8.0
17.8 159 69.0 89.4 346 1.5 85 578
114 142 68.0 78.3 26.1 47 50 581 553 315
234 24.7 66.5 88.9 452 2.0 7.5 689

56.0 52.7 332
55.6 39.7
55.6 39.7
65.0 63.8 37.9
56.4 379

62.0 40.1

4.3 Efficiency Validation

In addition to downstream performance, we com-
pare FourierAttention with SnapKV and Palu in
terms of memory usage and prefill latency, as they
represent token eviction and feature compression,
respectively. By fusing Fourier reconstruction with
FlashDecoding, our custom Triton kernel, Flash-
FourierAttention (Appendix G), avoids materializ-
ing the reconstructed KV cache in HBM and sub-
stantially reduces intermediate storage and mem-
ory traffic. As shown in Figure 6, this advantage
becomes increasingly pronounced with longer con-
texts, making FourierAttention the only method
that supports 80K inference on both Llama 3.1-
8B and Llama 3.2-3B using a single H100. Since
SnapKYV requires full attention during prefill, it may
encounter OOM errors in long-context settings.

Table 2: Prefill latency (s) for SnapKYV, Palu, and Fouri-
erAttention on the Llama series. OOM denotes out-of-
memory.

Method 8K 16K 32K 48K 64K 80K
Llama 3.1-8B Prefill Latency (s)

SnapKV 029 0.66 1.65 3.06 OOM OOM
Palu 031 0.69 1.81 3.33 523 OOM
FA (ours) 0.37 0.76 1.80 3.30 5.04 7.29
Llama 3.2-3B Prefill Latency (s)

SnapKV  0.15 036 093 1.75 OOM OOM
Palu 0.16 038 0.99 1.88 3.00 4.32
FA (ours) 0.21 044 1.03 195 299 444

Prefill latency across methods are shown in Ta-
ble 2. Our FFT-based Fourier transform remains
competitive with SnapKV and Palu whenever they
fit in memory, and matches or slightly outperforms
Palu in several long-context settings.
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Figure 4: Results of Llama 3.2-3B on Needle-In-A-Haystack (Kamradt, 2023). FourierAttention achieves the
highest average score over all baselines, and shows the closest performance with LLMs with full attention.
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Figure 5: Comparison between FourierAttention and
SnapKV on Llama 3.2-3B under matched effective KV
budgets for each N’ setting of FourierAttention.

4.4 Stability of Grouping Configuration

We evaluate the robustness of FourierAttention’s
configuration on Llama 3.2-3B and Qwen2.5-3B
(detailed in Appendix C). Variants include shifting
the boundary between low and high layers by +7%
of total layers (dis1/dis2), inversely adjusting the
compression ratios for K and V in low/high layers
by £5% (dis3/dis4) or slightly perturbing them for
dis5, and applying uniform compression across all
layers and between K/V (uniform2), while keeping
the total memory budget fixed.

Table 8 and Table 9 in Appendix C summarizes
the results for all LongBench subtasks. All per-
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16k 32k 48k 64k 80k
Context Length

(a) Memory cost of Llama 3.1-8B

g0 HEE SnapKV
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(b) Memory cost of Llama 3.2-3B

Figure 6: Memory comparison across context lengths
from 8K to 80K.

turbed variants remain above PyramidKV in most
tasks and average score, even the naive uniform
schema, confirming the robustness of our design.

5 Discussion

5.1 Choice of Basis Functions

Although FourierAttention employs HiPPO-
FourierT for compression, polynomial bases such
as LegT have been proposed in Gu et al. (2020)
with potentially superior reconstruction. We
compare LegT and FourierT on the same selected
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Table 3: Validation of basis function and compression schema in Llama 3.2-3B based on RULER in 4K context
length. Besides AGG tasks, FourierAttention achieves performance close to original model.

NIAH AGG QA Avg
SKI SK2 SK3 MKI MK2 MK3 MV MQ CWE FWE VT SQ HP

Llama 3.2-3B  100.0 100.0 100.0 99.0 100.0 99.0 100.0 99.8 60.0 89.7 97.0 77.0 53.0 90.3
+ FourierT 100.0 1000 98.0 99.0 99.0 1000 96.0 978 579 807 76.6 81.0 510 875
+ LegT 550 820 420 89.0 930 500 938 84.0 135 583 76.0 360 21.0 61.0
+ uniform 100.0 1000 99.0 990 990 980 93.0 988 59.7 773 782 80.0 50.0 87.1
+ KV inv. 100.0 100.0 100.0 99.0 99.0 100.0 935 988 543 797 726 800 53.0 869
+ layer inv. 1000 980 88.0 98.0 970 940 800 968 413 693 614 80.0 500 8I.1
+random10% 90.0 870 350 820 690 500 528 633 52 550 288 81.0 500 57.6

dimensions with identical compression schema.
Figure 10 illustrates reconstruction loss on 4
randomly selected KV dimensions from layer 0 of
Llama 3.2; FourierT consistently achieves lower
reconstruction error(MSE).

We further evaluate FourierT and LegT compres-
sion on Llama 3.2-3B using more discriminative
RULER benchmark (Hsieh et al., 2024) in 4K con-
text. Results in Table 3 show FourierT still per-
forms better, demonstrating that FourierT offers
better parallelizability for compression efficiency
and performance in downstream evaluation.

5.2 Validation of the Asymmetric
Inverted-Pyramid Schema

As mentioned in Section 3.4, we propose a more
fine-grained compression scheme based on addi-
tional observations of the KV cache. As shown in
Table 3, we compare four approaches: uniform
compression across all layers and between KV
(uniform), inverted KV compression schema by
K-priority over V (KV inv.), inverted layer-wise
compression schema by upper-layer priority over
lower-layer (layer inv.) and randomly swap 10%
of the identified non-sensitive dimensions with
sensitive ones within each layer. Results demon-
strate that our original V-priority and lower-layer-
priority compression schema achieves superior per-
formance on RULER 4K. Meanwhile, the perturba-
tion with 10% error rate leads to severe degradation,
which strongly demonstrate the high importance of
our dimension selection scheme.

5.3 Compressed Dimension Distribution

We analyze the dimension-selection frequencies
of FourierAttention, averaged across heads and
grouped into 16-dimension bins. Results in Fig-
ure 7 show that in both Llama 3.1-8B and Llama
3.2-3B, starting from layer 2, lower dimensions are
more frequently compressed while the upper di-

mensions tend to preserve complete temporal infor-
mation in our FourierAttention. This phenomenon
is more evident in upper layers, where fewer dimen-
sions are chosen to be compressed. As illustrated
in Figure 2, these uncompressed upper dimensions
primarily contribute to forming attention sinks and
capturing long-context semantic relationships, thus
requiring complete retention, whereas other dimen-
sions can be stored with limited length.

5.4 Comparison with Head-Level Methods

Although FourierAttention operates at the dimen-
sion level, long-context-sensitive dimensions are
unevenly distributed across attention heads, sug-
gesting a connection to head-level retrieval mech-
anisms. We compare the heads induced by our
sensitive-dimension counts with the retrieval heads
identified by DuoAttention (Xiao et al., 2024a) and
HeadKV (Fu et al., 2024). Across three model fam-
ilies, the Jaccard overlaps reach 0.713-0.884 and
0.725-0.875, respectively, indicating that retrieval-
head importance may arise from concentrated sen-
sitive dimensions. Detailed results are reported in
Table 11 Appendix E.

To isolate the effect of compression granularity,
we construct a head-level variant named HeadFA.
In each layer, HeadFA fully preserves the heads
containing the largest numbers of sensitive dimen-
sions and applies Fourier compression to all dimen-
sions in the remaining heads. The number of pre-
served heads is chosen to match the uncompressed-
dimension ratio of FourierAttention, ensuring a
comparable cache budget.

As shown in Table 4, HeadFA consistently un-
derperforms FourierAttention across all task cat-
egories under the same KV-cache budget. This
result indicates that preserving entire heads cannot
fully capture the fine-grained heterogeneity within
each head, supporting dimension-level allocation
as a more effective compression granularity.

49194



"0 16 32 48 64 80 96 112 128
Head Dimension

0 16 32 48 64 80 96 112 128
Head Dimension

(a) Llama 3.1-8B, Layer 0 (b) Llama 3.1-8B, Layer 2

16.1

16.0

14.0 14.0

12.0

5

2100

o

Y 8.0

e

2 60
4.0

2.0
0.0

0 16 32 48 64 80 96 112 128
Head Dimension

(e) Llama 3.2-3B, Layer 0

0 16 32 48 64 80 96 112 128
Head Dimension

(f) Llama 3.2-3B, Layer 2

0 16 32 48 64 80 96 112 128
Head Dimension

(c) Llama 3.1-8B, Layer 15

0 16 32 48 64 80 96 112 128
Head Dimension

(d) Llama 3.1-8B, Layer 30

16.1

14.0

12.0

Average Count

=

N o o O
o o o o o

o
°

0 16 32 48 64 80 96 112 128
Head Dimension

(h) Llama 3.2-3B, Layer 26

0 16 32 48 64 80 96 112 128
Head Dimension

(g) Llama 3.2-3B, Layer 13

Figure 7: Distribution of dimensions selected for compression in representative layers of Llama 3.1-8B and Llama
3.2-3B. The statistics are averaged across attention heads and grouped every 16 dimensions.

Table 4: LongBench comparison between dimension-
level FourierAttention and head-level HeadFA under
matched compression budgets on Llama 3.2-3B.

Table 5: Persistent KV-cache footprint and reserved
GPU memory (GB) of FourierAttention (FA), KIVI,
and FA+KIVI on Llama 3.2-3B. Lower is better.

Method SD MD Sum FS Syn. Code Avg. Method 8K 16K 32K 48K 64K 80K
Llama 3.2-3B 21.3 9.7 274 65.1 35 682 380 Persistent KV-Cache Footprint (GB)
+ HeadFA 18.7 9.1 227 642 25 652 357 FA 0448 0.645 1.038 1.420 1.824 2217
+FA (ours) 22.1 93 236 651 3.1 66.6 37.0 KIVI 0.261 0.517 1.030 1.543 2.055 2.568
FA+KIVI 0.256 0.317 0.440 0.563 0.686 0.809
Reserved GPU Memory (GB)
. . . .. FA 9.20 12.08 17.03 23.57 29.36 35.15
5.5 Integration with Low-Bit Quantization KIVI 1180 13.92 21.13 3149 4476 4125
FA+KIVI 7.79 10.53 12.57 16.87 20.66 24.95

Beyond its standalone use, FourierAttention can
potentially be combined with orthogonal KV-cache
compression techniques. While FourierAttention
reduces temporal redundancy by representing se-
lected dimensions with fixed-length Fourier states,
low-bit quantization reduces the numerical preci-
sion of stored elements, making it a natural com-
plement. We therefore integrate FourierAttention
with KIVI 4-bit quantization and evaluate the com-
bination on Llama 3.2-3B under identical settings.
As shown in Table 12, FA+KIVI maintains per-
formance close to both standalone methods across
LongBench task categories. Table 5 further shows
that FA+KIVI achieves the lowest persistent KV-
cache footprint and reserved GPU memory at every
tested context length from 8K to 80K, with the ad-
vantage becoming more pronounced at longer con-
texts. Detailed integration procedures are provided
in Appendix F. Overall, these results demonstrate
Fourier compression and low-bit quantization can
be effectively combined to further reduce memory
usage without substantial performance degradation.

6 Conclusion

We propose FourierAttention, a KV cache opti-
mization approach that compresses long-context-
insensitive dimensions without sacrificing contex-
tual awareness based on a phenomenon in trans-
former head dimensions: lower dimensions cap-
ture local features, while upper ones capture long-
context dependencies. Inspired by HiPPO, we
optimize the long-context-insensitive KV cache
through a translated Fourier transform into fixed-
length states in prefilling phase and reconstruct
the KV cache in decoding phase. FourierAtten-
tion shows the best performance on the Llama and
Qwen Series in LongBench and NIAH on average
and outperforms head-level compression. We also
improve the efficiency of FourierAttention through
a customized Triton-based kernel, FlashFourierAt-
tention, eliminating intermediate read-write opera-
tions and reducing memory overhead.
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Limitations

Although FourierAttention effectively reduces KV
cache memory while preserving long-context capa-
bility, its fixed-length Fourier approximation may
discard part of the high-frequency temporal infor-
mation in compressed dimensions. This can affect
tasks that rely on exact token-level details, such as
aggregation, counting, or variable tracing. More-
over, our experiments do not yet cover 70B-scale
models or architectures based on Multi-head La-
tent Attention (MLA). Evaluating the scalability
of FourierAttention on larger models and adapt-
ing it to MLA-based KV representations remain
important directions for future work.
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A Further Analysis of Dimension
Heterogeneity

Regarding the observation on K cache, there ex-
ists a relation between this dimension bifurcation
with RoPE. In Figure 2, we compare the attention
score components of the first 70 dimensions and
the last 58 dimensions of all QK states in Llama
3.1-8B and Llama 3.2-3B, as well as the effects
on the downstream NIAH task after adding noise.
The choice of the first 70 dimensions refers to the
concept of critical dimension in Liu et al. (2024b),
which corresponds to the number of dimensions
with complete position information observed dur-
ing the pre-training phase in LLMs with RoPE.
This dimension dexa can be calculated based on
the head dimension d, the initial pre-training length
Tirain> and the initial rotary base 3.

dextra = 2 E logg T;r:ﬂ

Some studies have found that the self-attention
components before and after the critical dimension
have different characteristics in long contexts (Liu
et al., 2024b; Wei et al., 2025), and when the ro-
tation angle is large, LLMs are not good at char-
acterizing long-context features (Men et al., 2024).
Therefore, we choose the critical dimension as the
split and find that different dimensions before and
after have different impacts on long-context tasks.
For Llama3 as well as Llama 3.1 and Llama 3.2,
d = 128, Tiain = 8192, 8 = 500000, and the
critical dimension size is 70.

We have also observed similar conclusions on
Llama 3-8B with short contexts as shown in Fig-
ure 8a. For the first 70 dimensions and the last 58
dimensions of Llama 3-8B, adding noise to the first
70 dimensions has almost no impact, while adding
noise to the last 58 dimensions leads to a significant
drop in performance within the pre-training length
(8K). As for the case of a larger rotation angle base,
we scale up the rotary base of Llama 3-8B by 13x
to support a 32K context. Similarly, as shown in
Figure 8b, for the NTK-extrapolated Llama 3-8B,
adding noise to the first 70 dimensions and the last
58 dimensions, respectively, we find that noise in
the first 70 dimensions has a weaker impact, while
noise in the last 58 dimensions has a greater impact.

We also validate this observation on Qwen3-
8B (Yang et al., 2025), as shown in Figure 8c.
For Qwen3-8B, the pre-training context length and
rotary base are 4096 and 10000, respectively, re-
sulting in a critical dimension of dexyra = 92. We
therefore separately perturb the first 92 and the last
36 dimensions. Once again, perturbing the upper
dimensions has a substantially greater effect on
NIAH performance than perturbing the lower di-
mensions, demonstrating that the observation gen-
eralizes across model families and RoPE configu-
rations.

To investigate whether RoPE is responsible for
this bifurcation, we further conduct experiments
on Jamba 1.5-Mini (Team et al., 2024), a hybrid
model whose attention layers do not use positional
encoding. Because only one out of every eight lay-
ers in Jamba uses self-attention, we apply stronger
Gaussian noise sampled from N (0, 16). As shown
in Figure 8d, perturbing the first and last 64 dimen-
sions produces degradation of similar magnitude.
Moreover, the two dimension groups do not exhibit
the distinct local-versus-global attention patterns
observed in RoPE-based models. Across the RoPE-
based models, upper dimensions contribute more
strongly to global attention and attention sinks,
whereas lower dimensions primarily contribute to
local attention. The absence of these phenomena
in Jamba further supports the connection between
ROPE and the observed dimension heterogeneity.

B Mathematical Derivation

We will present the derivation process of HiPPO-
FourierT in this section. Firstly, according to the
HiPPO framework (Gu et al., 2020), we give the
definitions of the basis functions and the measure
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Figure 8: Additional visualizations of average attention-score components and NIAH perturbation results. For the
RoPE-based models in (a)—(c), lower dimensions exhibit a predominantly local attention pattern, whereas upper
dimensions contribute more strongly to global attention. Accordingly, perturbing the upper dimensions causes
substantially greater performance degradation than perturbing the lower dimensions. In contrast, the NoPE-based
Jamba model in (d) does not exhibit a comparable dimension bifurcation, and perturbing either half of the dimensions

has a similar effect.

functions. We use the Fourier bases as the basis
functions g, (x, t), and adopt the translated average
measure p(z,t) within a fixed window. The for-
mulas are as follows, where the length of the fixed
window is equal to the maximum context length T
supported by the model.

i 2mnx

gn(l’, t) = ’ /,L(l‘, t) = H[t—T,t] 3)

Nl

Based on this, the input signal f(t), which is the
KV cache to be compressed, can be obtained as
the projection ¢, (t) of the basis functions gy, (z, t)
under the measure p(z,t).

cn(t) = (f<i(2), gn(z, t)>u(x,t)

t
9
- / (@) gul@t) - pe, )
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Then, we differentiate the state ¢, ().

¢
den(t) Ogn(z, 1)
dt —/f(l“) ot - p(zx, t)dx+
. (10)
/f(ﬂ”) g, 1) - aﬂfa?t) dz
Since 89"8(5 Y _ 0 and BM(I ) _ 0 0T e

=T T >
differentiation of ¢, () is 31mp11ﬁed as follows.

t
dcn B /

_ f(t) ei%

T

Considering that the actual storage of LLM is real
numbers, we calculate the derivatives of the real
and imaginary parts, respectively.

de, ()] f(2) 2mnt
Re{ p” }— T cos T

de,(t)]  f(t) . 2mnt
Im{ m }— T sin T

%dx—()
(11

gn$t

(12)

After discretizing them respectively, we obtain the
final state update equations. Regarding the choice
of discretization strategy, since the A matrix in
HiPPO-FourierT is an identity matrix, the results
obtained by different discretization methods in
HiPPO-FourierT are only different in step size. We
choose the simplest forward Euler discretization as
follows.

RO cgn) + ];5 cos 2t =2m
il c,gn) + J;ﬁ sin Q}"t n=2m+1 (13)
m=0,1,--- ,N -1

Then we can derive the compression, update, and
decompression functions as shown in Equation 5
in our paper,

1

Cii1 = T]:Nxtft
1 1 iy 1 1
0 0 . 0
1 CcoS 2% cos %

i 21 i 27t ’
Frns = 0 sin 7 sin <5

1 cos QW(]:\F[_D cos Qﬂ(]\;_l)t

. 2w(N-1) . 2n(N-1)t
10 sin = sin 7 |

(14)

where
_ [ (2k-2) (2k-1)]"
Ci+1 = |Gy Cq1r " 5 Gq1 G ]
ft - [f()ufla”' 7ft]T

Regarding discretization, since the A matrix
in HiPPO-FourierT is a zero matrix, the results
obtained by different discretization methods in
HiPPO-FourierT are only different in step size.
We finally chose the simplest forward Euler dis-
cretization. In the comparative experiments, we
have compared HiPPO-LegT with the bilinear dis-
cretization method, which is the best-performing
discretization method reported in Gu et al. (2020).

C Additional Experiment Results

In this section, we provide supplementary results
on decoding efficiency and generalization across
head dimensions, model scales, and parallel deploy-
ment settings, followed by detailed NIAH visual-
izations.

To demonstrate the effectiveness of our method
with different head dimension sizes (head_dim), we
also conduct the same experiments on the Llama
3.2-1B model (Meta, 2024a), which has a head di-
mension of 64, a significant difference from the
128 of the Llama 3.2-3B model. The results are
in Table 6. The result shows that our FourierAt-
tentionachieves consistent superiority over other
methods, and shows the closest performance with
LLMs with full attention. This strongly proves
that our method possesses good cross-architecture
generalization ability.

Beyond different head dimensions, we further
evaluate the scalability of FourierAttention to larger
models and distributed inference. Specifically, we
extend FourierAttention to Qwen2.5-14B-Instruct-
1M and run the evaluation with tensor parallelism
across two H200 GPUs. As shown in Table 6,
FourierAttention achieves the best average Long-
Bench performance among the compressed meth-
ods and remains closest to the full-KV baseline.
These results demonstrate that FourierAttention
generalizes beyond the smaller models evaluated
in the main experiments and can be naturally de-
ployed in a multi-GPU tensor-parallel environment.

Figure 9 presents the detailed “Needle-In-A-
Haystack” (NIAH) visualization for Llama 3.1-8B.
Consistent with our main results, FourierAttention
achieves performance closest to the original pre-
trained model across the 32K context length. While

49200



Table 6: Additional LongBench results on Llama 3.2-1B with a head dimension of 64 and Qwen2.5-14B-Instruct-1M
under tensor parallelism across two H200 GPUs. Full-KV results are shown in gray, and the best average results
among cache-optimized methods are bolded.

Single-Doc Multi-Doc Summary Few-shot Synthetic  Code

Avg.
NQ Qsp MF HQ WQ Msqg GR QS MN TR TQ SS PC PR LCC ReP

Llama 3.2-1B 5.1 20.2 249 9.1 103 6.2 28.2 20.8 234 67.5 82.1 395 14 34 56.7 572 33.1
+SLM 58 11.8 16.1 6.1 95 34 165 19.8 20.1 50.5 68.4 37.2 1.3 4.1 48.1 484 27.1
+ SnapKV 4.1 19.7 242 93 10.1 6.0 28.4 204 232 66.5 81.2 39.2 1.5 34 462 47.7 302
+ PyramidKV 43 19.6 243 9.1 10.1 6.0 284 20.5 23.1 67.0 81.3 39.3 1.5 34 462 47.7 302
+ FA (ours) 24 17.1 240 8.8 10.5 49 162 19.6 19.6 63.5 80.8 39.5 1.3 4.1 56.8 51.7 30.8
Qwen2.5-14B-Inst.-1M 22.3 46.5 49.0 59.1 61.0 36.1 33.0 24.1 22.5 81.0 89.0 48.3 16.1 99.0 68.8 67.9 54.2
+SLM 17.3 47.3 44.6 51.5 604 26.3 35.6 239 25.2 80.0 87.8 46.5 10.5 71.7 58.8 442 46.7
+ SnapKV 24.6 46.8 47.2 55.9 60.7 33.9 35.7 24.8 25.3 80.8 88.4 47.8 15.5 98.3 59.4 61.0 52.0
+ PyramidKV 254 46.8 47.2 56.1 60.7 33.9 354 24.8 25.3 80.8 88.9 47.8 155 98.3 594 609 52.1
+ FA (ours) 21.8 47.9 485 56.1 58.8 32.7 31.6 25.0 25.5 80.5 87.6 47.2 16.2 99.0 68.3 63.1 53.0

Overall Score: 17.57 Overall Score: 88.35

Overall Score: 100.00
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Figure 9: Results of Llama 3.1-8B (Dubey et al., 2024) on Needle-In-A-Haystack (Kamradt, 2023). FourierAttention
achieves the highest average score over StreamingLLM, SnapKV, PyramidKYV, and Palu, and shows the closest
performance with LLMs with full attention.

Table 7: Decoding throughput (tokens/s) for SnapKYV,
Palu, and FourierAttention on the Llama series. OOM
denotes out-of-memory.

erate compression, it suffers from significant per-
formance degradation at higher compression rates
(e.g., ~75%) due to insufficient granular analysis
of KV cache features. In contrast, by identify-
ing and preserving critical KV dimensions while
efficiently compressing the others, FourierAtten-

Method 8K 16K 32K 48K 64K
Llama 3.1-8B Decoding Throughput (tokens/s)

80K

SnapKV 775 404 197 165 OOM OOM : . :
Palu 109.5 509 27.6 173 137 OOM tion maximally retains long-context capabilities
FA (ours) 127.1 64.6 350 212 175 118

and demonstrates consistent superiority over other
cache optimization baselines.

Llama 3.2-3B Decoding Throughput (tokens/s)

SnapKV 1183 609 30.5 23.6 OOM OOM
Palu 152.8 70.7 39.4 300 187 149 . .
FA (ours) 1852 93.1 553 337 242 207 Table 7 reports decoding throughput across dif-

ferent context lengths. FourierAttention maintains
competitive throughput on both models and gener-
ally performs better than SnapKV and Palu in the
evaluated settings. It also supports longer contexts
where some baselines encounter OOM. These re-

methods like SnapKV and PyramidKV are theo-
retically suitable for retrieval tasks, they still ex-

hibit visible recall errors. Furthermore, although
Palu maintains stable approximation under mod-

sults suggest that the block-wise Fourier reconstruc-
tion in FlashFourierAttention introduces limited
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decoding overhead while preserving the memory
benefits of FourierAttention.

C.1 Effective KV-Cache Budget

We calculate the effective compression ratio by ac-
counting for both the dimensions retained in their
original temporal form and those represented by
fixed-length Fourier states. Let p denote the over-
all proportion of compressed KV dimensions and
Liniadle = L — Linit — Liocal. The effective reten-
tion and compression ratios are

- Linit + Llocal

Tret = -
(1 — p)Liidate + pN’
+ i ,

15)

Tcomp = 1 — 7ret.

Under our default setting, L = 32000, Liniy = 4,
Ligeal = 1024, N’ = 1024, and p = 0.76. Thus,
Lidale = 30972, and

441024 4+ 0.24 x 30972

F'comp = 32000
~0.76 x 1024 (16)
32000
~ 71.1%.

Therefore, FourierAttention retains an effective
KV-cache budget of approximately 28.9%, which is
used to configure the baselines in our experiments.

D Analysis of Method Design Choices

We examine three design choices of FourierAtten-
tion: the layer-wise and K/V compression configu-
ration, the numbers of initial and recent tokens, and
the basis function used for temporal compression.
These experiments evaluate the robustness of Fouri-
erAttention and justify its default configuration.

D.1 Robustness to Compression
Configurations

We evaluate configuration robustness on Llama
3.2-3B and Qwen2.5-3B. The variants shift the
boundary between low and high layers by +7%
(dis1/dis2), inversely adjust the K/V compression
ratios by +5% (dis3/dis4), apply a slight pertur-
bation (dis5), or use uniform compression across
layers and K/V caches (uniform). The number
of compressed dimensions, thus the effective KV-
cache budget, is fixed across all variants. Across

both models, all variants match or outperform Pyra-
midKYV in average score, while the original con-
figuration achieves the best overall performance.
These results demonstrate that FourierAttention is
robust to moderate configuration changes while
supporting our asymmetric allocation.

D.2 Ablation of Initial Local Tokens

Following StreamingLLM (Xiao et al., 2024b),
we use Lijniy = 4 to preserve attention sinks
and Lj,cay = 1024 to retain recent local and
high-frequency information. Meanwhile, we ex-
amine the sensitivity to these choices by vary-
ing Linit € {2,4,8} with Lo = 1024, and
Liocal € {512,1024,2048} with Liy;; = 4. As
shown in Table 10, FourierAttention remains sta-
ble across different numbers of initial tokens and
consistently outperforms the baselines under all
tested local-window sizes. The default setting
achieves the best overall performance while avoid-
ing a larger local window, providing a favorable
accuracy—memory trade-off.

D.3 Choice of Basis Function

We further ablate the choice of basis function used
for temporal compression. Although FourierAt-
tention employs HiPPO-FourierT for compression,
Gu et al. (2020) proposes and claims polynomial
basis functions like LegT generally offer superior
performance. To verify this in our context, we
compare LegT and FourierT in reconstructing KV
caches from LLMs while maintaining identical slid-
ing window sizes. As illustrated in Figure 10, we
evaluate their reconstruction effects on 4 randomly
selected KV cache dimensions from layer 0 of
Llama 3.2. Under equivalent state dimensions',
FourierT consistently achieves lower reconstruc-
tion loss than LegT. This empirical evidence sup-
ports our architectural decision to utilize FourierT
for effective KV cache compression.

E Comparison with Head-Level Methods

Although FourierAttention is a dimensionally het-
erogeneous approach, the uneven distribution of
long-context-sensitive dimensions across attention
heads intrinsically reflects heterogeneity at head
level. To investigate this phenomenon, we com-
pare FourierAttention with DuoAttention (Xiao
et al., 2024a) and HeadKV (Fu et al., 2024), both

"FourierT uses lower-order basis functions since Fourier-
Attention’s state size is twice the number of states.
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Table 8: LongBench ablation results on Llama 3.2-3B across subtasks for different configuration variants.

Single-Doc Multi-Doc Summary Few-shot Synthetic Code
NQ Qsp MF HQ WQ Msq GR QS MN TR TQ SS PC PR LCC Re-P

Llama-3.2-3B 10.3 21.7 355 9.6 128 6.8 30.2 23.8 282 70.0 872 382 0.0 7.0 70.0 66.4 38.0
+ PyramidKV 89 214 357 95 128 6.8 304 23.6 282 69.5 869 38.7 0.0 6.8 58.7 57.3 35.1
+ FA(ori) 12.8 21.1 358 9.8 11.6 6.5 23.0 23.8 24.1 69.0 87.0 394 0.0 62 69.8 63.3 37.0
+ FA(uniform) 6.9 19.8 340 105 129 64 189 209 252 69.0 864 375 0.1 52 69.8 62.1 36.0
+ FA(dis1) 5.8 21.0 35.0 10.1 13.1 7.3 21.6 22.4 243 69.5 86.5 37.8 0.0 56 69.7 622 363
+ FA(dis2) 5.1 20.7 349 10.7 133 6.7 22.0 23.2 243 69.5 87.0 379 0.0 4.8 70.0 623 364
+ FA(dis3) 6.2 20.1 347 105 129 74 19.7 222 245 70.0 86.7 37.6 0.0 5.1 695 613 36.0
+ FA(dis4) 47 202 355 10.6 12.7 6.5 225 238 249 69.5 87.1 37.8 0.0 55 699 62.6 365
+ FA(dis5) 4.7 205 35.6 10.5 134 6.6 225 237 254 695 86.7 37.8 00 53 699 629 365

Avg.

Table 9: LongBench ablation results on Qwen2.5-3B across subtasks for different configuration variants.

Single-Doc Multi-Doc Summary Few-shot Synthetic Code
Variant NQ Qsp MF HQ WQ Msq GR QS MN TR TQ SS PC PR LCC Re-P

Qwen2.5-3B  14.3 299 459 384 335 20.6 29.7 242 252 69.0 89.5 453 2.0 80 693 656 42.7
+ PyramidKV 14.5 30.0 45.6 37.1 33.5 19.7 294 23.8 25.0 69.0 88.5 450 1.5 80 574 552 395
+ FA(ori) 6.4 27.7 433 304 31.7 163 22.0 23.4 247 66.5 88.9 452 2.0 7.5 689 62.0 40.1
+ FA(uniform) 7.4 25.1 41.7 30.8 30.1 14.5 21.2 23.0 25.0 65.5 88.9 459 25 7.5 684 60.8 39.5
+ FA(dis1) 73 259 41.4 320 31.1 144 214 22.6 24.6 645 88.9 445 2.0 6.5 68.1 61.7 395
+ FA(dis2) 7.5 26.0 425 32.8 30.8 152 21.4 22.6 24.6 645 88.0 44.1 20 7.0 68.5 60.7 39.5
+ FA(dis3) 59 274 41.0 32.1 30.8 17.7 21.2 22.8 245 625 88.7 44.6 20 7.0 682 61.8 39.6
+ FA(dis4) 5.5 272 425 30.6 30.8 17.0 22.0 23.8 24.0 64.0 89.6 444 20 75 67.7 613 39.6
+ FA(dis5) 6.8 269 41.5 293 30.6 17.0 21.7 23.0 24.6 645 88.7 445 2.0 7.0 682 613 39.5

Avg.

Table 10: LongBench average scores on Llama 3.2-3B with different numbers of initial tokens L;,;; and local-
window sizes Lioca1. The best result in each column is bolded.

Initial Tokens (Liocar = 1024) Local Window (Linit = 4)
Method Linit = 2 Linit =4 Linit =8 Liocal = 512 Liocal = 1024 Ligcal = 2048
StreamingLLM  31.20 31.30 31.26 29.47 31.30 32.64
SnapKV 35.15 35.16 35.16 35.14 35.16 35.18
PyramidKV 35.15 35.15 35.16 35.16 35.15 35.19
FA (ours) 36.76 37.00 36.74 36.37 37.00 35.66

MSE: 0.4075 MSE: 0.2884 MSE: 01105 MSE: 0.0293
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(a) Cache reconstruction by HiPPO-LegT (b) Cache reconstruction by HiPPO-FourierT

Figure 10: Visualization of KV cache reconstruction in Llama 3.2-3B for different basis functions, LegT and
FourierT under HiPPO framework (Gu et al., 2020). FourierT outperforms LegT in cache reconstruction with lower
reconstruction loss.
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Table 11: Jaccard similarity of important heads on Fouri-
erAttention(Ours), DuoAttention, and HeadKV across
different models.

Model Cvs.A Cvs.B Avs.B
Llama 3.1-8B-Instruct 0.762 0.755 0.736
Llama 3-8B-Instruct 0.713 0.725 0.723
Mistral-7B-Instruct-v0.2  0.884 0.875 0.889

of which identify "Retrieval Heads" specialized in
long-context information and reasoning. We first
define three sets of heads for each method:

* Set A (DuoAttention): Based on Passkey Re-
trieval attention scores in DuoAttention, we
select heads exceeding a threshold ~ and de-
fine the set size as K.

* Set B (HeadKV): We select the Top-K heads
based on the importance scores provided by
HeadKV.

* Set C (Ours): We count the number of “long-
context-sensitive dimensions” (summing K
and V) identified by our method within each
head, and select the Top-K heads with the
highest counts.

We conduct experiments on Llama 3.1-8B-
Instruct, Llama 3-8B-Instruct, and Mistral-7B-
Instruct-v0.2 used in Xiao et al. (2024a); Fu et al.
(2024). We employ the Jaccard similarity coeffi-
cient to measure the overlap between these sets. As
shown in Table 11, our method exhibits high con-
sistency with DuoAttention and HeadKV, demon-
strating that the important heads derived from our
dimensional analysis largely overlap with the “Re-
trieval Heads” identified in prior work.

To further demonstrate the superiority of our fine-
grained “dimension-level” approach over coarse-
grained “head-level” strategies, we design a com-
parative experiment named ‘“HeadFA.” For each
layer, we fully retain the Top-t heads richest in
sensitive dimensions, where ¢t = [% X
total heads], and apply FA compression to the rest.

The results in Table 4 show that HeadFA under-
performs FourierAttention. This reveals a deeper
mechanism: the functional “importance” of an at-
tention head fundamentally stems from its con-
centration of “long-context-sensitive dimensions.”
This finding provides a perspective that is more fun-
damental and fine-grained than the “head” level for
understanding the intrinsic principles of attention
mechanisms.

F Integration with Low-Bit Quantization

FourierAttention and KIVI reduce KV-cache stor-
age along complementary axes. FourierAttention
reduces temporal redundancy by representing se-
lected KV dimensions with fixed-length Fourier
states, while KIVI reduces numerical precision
through asymmetric low-bit quantization. To com-
bine them, we retain the original dimension se-
lection and Fourier transformation of FourierAt-
tention, and apply KIVI 4-bit quantization to the
conventional token-wise KV entries that remain
explicitly stored by FourierAttention. Following
KIVI (Liu et al., 2024c¢), the K cache is quantized
per channel, whereas the V cache is quantized per
token. During decoding, the quantized token-wise
cache is dequantized on demand, while the Fourier-
compressed dimensions are reconstructed through
the original FourierAttention path. The two com-
ponents are then jointly used for attention com-
putation. This composition requires neither addi-
tional training nor modification of the dimension-
selection procedure.

We evaluate the combined method on Llama
3.2-3B under the same LongBench settings and
compare it with the full KV cache, full-precision
FourierAttention, and KIVI 4-bit quantization. As
shown in Table 12, FA+KIVI achieves an average
score of 36.8, closely matching FourierAttention
(37.0) and KIVI (36.8), compared with 38.0 for
the full KV cache. The combined method also
remains competitive across individual tasks and
outperforms both standalone methods on several
datasets, including HotpotQA, 2WikiMQA, and
SAMSum. These results indicate that the quanti-
zation error does not compound substantially with
Fourier reconstruction, supporting the compatibil-
ity between Fourier compression and low-bit KV-
cache quantization.

G Triton Implementation Details

Regarding Triton implementation details, since Py-
Torch itself already provides efficient support for
Fourier transforms, we only need to design and
integrate a custom kernel for the decoding stage,
focusing on solving the decompression calculations
involved in the decoding stage, and wrapping the
decompression within the attention calculations to
avoid the read-write of full-size KV cache. In this
process, we applied three techniques: FlashDecod-
ing, dimension reordering, and compression delay.

FlashDecoding is a fundamental method for de-
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Table 12: LongBench results on Llama 3.2-3B with the full KV cache, full-precision FourierAttention (FA), KIVI
4-bit quantization, and their combination. The best and second-best results among compressed methods are bolded

and underlined, respectively.

Single-Doc Multi-Doc

Summary

Few-shot Synthetic Code

Avg.

NQ Qsp MF HQ WQ Msq GR QS MN

TR TQ SS PC PR LCC Re-P

Llama 3.2-3B 10.3 21.7 -
+ FA (ours) 12.8 21.1

+ KIVI-4bit  12.5 22.1
+ FA+KIVI 12.0 204

)
O
n

9.6 12.8 6.8 302
9.8 11.6 65 23.0
9.1 119 7.0 251

103 122 68 22.9

(O8]
93]
o]

W W
N

23.8 282 70.0 87.2 382 0.0 7.0 70.0 66.4 38.0
23.8 24.1 69.0 87.0 394 0.0 6.2 69.8 63.3 37.0

22.8 24.3 69.0 86.5 38.6 0.0 7.6 669 63.7 36.8
23.2 242 69.0 86.9 409 0.0 57 68.6 62.7 36.8

coding acceleration (Dao et al., 2023). Building on
the iterative calculation of self-attention in FlashAt-
tention, it targets the parallel computation of atten-
tion in the decoding phase. During decoding, it
first segments and computes in parallel, and within
each segment, it calculates the attention numera-
tors, denominators, and max attention scores in a
block-cycling manner. Finally, it merges the re-
sults from different segments. Since the inverse
Fourier transform is essentially a matrix multipli-
cation that can be split and computed in parallel
along the sequential dimension, the decompression
logic of FourierAttention can naturally be adapted
to FlashDecoding. Each segment loads the com-
plete compressed state, first decompresses the K
cache within the corresponding block, concatenates
it with the retained part, multiplies QK, and then
gets the attention distribution. After that, it decom-
presses the corresponding V cache, concatenates
it with the retained part, and outputs the attention
result within the block.

Secondly, the dimension indices of the KV cache
that need to be compressed and those that need to
be fully retained, denoted as D¥*, Dke, Dv* Dve,
are theoretically discrete. However, to improve the
loading speed, following the approach in Duanmu
et al. (2024), we reorder the dimensions of the QK
and VO matrices according to these indices. Specif-
ically, the dimensions in D**, D" that do not need
to be compressed are placed at the lower part of
the QK features and VO features of each head, re-
spectively. Conversely, the dimensions in D¢, D¢
that need to be compressed are placed at the upper
part of the QK features and VO features of each
head. In addition, we also record the average value
and standard deviation of each dimension in the
original and reconstructed cache, and use these to
standardize, thus maintaining the numeric stability.

Finally, during the decoding process, theoreti-
cally, we need to continuously compress the KV
cache that exceeds the local length into an interme-

diate state. However, if the compression process is
called every time during decoding, it would lead to
a significant waste of computation. Therefore, we
set a delayed compression decoding step, and only
compress the exceeded local part of the KV cache
once after decoding for several steps, reducing the
impact of compression on latency.

49205



