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Abstract

Open-world logical entailment requires decid-
ing whether a set of premises entails a con-
clusion, entails its negation, or leaves it un-
decided. Many existing methods are deduc-
tive in spirit, searching for a proof and read-
ing the label from whether that proof succeeds.
When implemented through LLM-based proof
search, this makes the prediction depend on a
single unstable trajectory, and a failed or par-
tial search is easily mismapped to the wrong
label. We propose ABED (Assumption-Based
Bidirectional Entailment Diagnosis), a training-
free inference-time framework that reframes
entailment classification as missing assumption
diagnosis. Instead of asking only whether a
conclusion can be proved, ABED asks what
assumption is missing for it to hold, and classi-
fies that gap as already closed by the premises
(Null), contradicted by them (Contra), or left
open (Admissible). It applies this diagnosis
to both a conclusion and its negation, and
determines the label from the resulting dual
gap pair. Across FOLIO, ProofWriter, Pron-
toQA, and LogicNLI, ABED consistently out-
performs prompting-based, symbolic, solver-
based, and deductive baselines, improving over
the strongest baseline on each dataset by 3.4,
5.3, 0.8, and 4.4 points with GPT-4.1.

1 Introduction

Large language models have achieved strong per-
formance across many reasoning tasks (Brown
et al., 2020; Ouyang et al., 2022; Patel et al., 2022;
Guo et al., 2025; Yang et al., 2025), yet logical rea-
soning under open-world semantics remains chal-
lenging (Wei et al., 2022; Cheng et al., 2025; Liu
et al., 2025a). Many existing approaches to logi-
cal entailment are deductive in spirit. They derive
a conclusion from the premises, or seek evidence
against it, and assign a label from the resulting
proof process (Pan et al., 2023; Xu et al., 2024,
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Premise (P) and Conclusion (C)

P1: If George likes music, then George wants to compose.

P2: If George has access to a program, then George can compose.
P3: If George can compose and wants to compose, then George
will compose.

C: If George will not compose, then George cannot compose.
Gold label : Unknown

SymbCo'l

Takes the contrapositive of P3, finds a counterexample
where George can compose but doesn't want to, and
concludes the statement is False €

ABED

C bridging hypothesis: George wants to compose
(Admissible)

— C bridging hypothesis: George can compose
and does not want to compose

(Admissible)

Both C and — C require extra assumptions not present
in the premises.
(Admissible, Admissible) => Unknown @

Figure 1: Motivating example where a proof-search
baseline over-reads a counterexample as False, while
ABED identifies open gaps for both C' and —C' and
predicts Unknown.

2025; Tian et al., 2021). This is natural, since
entailment is traditionally defined through deriv-
ability. However, when deduction is implemented
through LL.M-based proof search, predictions can
be affected by proof-search failures, incomplete
reasoning, and overconfident interpretations of par-
tial evidence (Saparov and He, 2022; Pan et al.,
2023; Xu et al., 2024; Song et al., 2025). Under
open-world semantics, where a conclusion may be
supported, contradicted, or left undecided, infer-
ence should diagnose what the premises establish,
contradict, or leave open, rather than rely only on a
single proof trace (Han et al., 2024; Tafjord et al.,
2021).

Figure 1 illustrates this failure mode. Given the
premise “If George can compose and wants to com-
pose, then George will compose” and the conclu-
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sion “If George will not compose, then George
cannot compose,” a proof-search model may find
a counterexample where George can compose but
does not want to compose. This only shows that
the conclusion is not guaranteed; it does not show
that the premises entail its negation, so the correct
label is Unknown. ABED targets this mapping er-
ror by diagnosing what is missing for both C' and
—(C, rather than trusting a single proof trajectory.

To reduce this dependence on unstable proof-
search outcomes, we diagnose the missing assump-
tion behind a conclusion. When a conclusion is not
immediately established, we ask what additional
assumption would make it follow, and whether that
assumption is supported, contradicted, or left open
by the premises. This turns an open-ended proof
search into a bounded check on a single named
proposition. The assumption itself is never returned
as an answer or treated as evidence. It exists only
to make the gap explicit enough to verify. Re-
lated ideas appear in NLP work on explanation
selection and missing-fact generation (Bhagavatula
et al., 2019; Tafjord et al., 2021), where generating
a missing hypothesis is the task itself. In ABED it
is instead an internal diagnostic step, and deductive
checks determine how the diagnosed gap relates to
the premises.

We propose ABED (Assumption-Based Bidi-
rectional Entailment Diagnosis), a training-free
inference-time framework for missing assumption
diagnosis. For a target conclusion, ABED rea-
sons backward to a candidate bridging hypothe-
sis and classifies the gap as already closed by the
premises (Null), contradicted by them (Contra),
or neither (Admissible). It applies this diagnosis
to both the conclusion and its negation, mapping
the resulting dual gap pair to True, False, or Un-
known. Labels are thus read from verified gap
states rather than from whether a single proof of
C succeeds, unlike deductively grounded meth-
ods (Xu et al., 2024, 2025); and unlike prior NLP
work that treats missing-hypothesis generation as a
standalone task (Bhagavatula et al., 2019; Tafjord
etal., 2021), ABED uses it as an internal diagnostic
signal within entailment classification.

Returning to the example, ABED finds that deriv-
ing the conclusion requires the assumption “George
wants to compose.” This assumption is neither
stated nor contradicted, so it forms an Admissible
gap. Establishing the opposite conclusion requires
that George can compose and does not want to com-
pose. This is also neither stated nor contradicted.

Since both gaps remain open, ABED predicts Un-
known because the underdetermination is explicitly
diagnosed.

ABED consists of four stages: assumption gap
estimation, boolean gap verification, consistency-
constrained dual alignment, and a restricted sym-
bolic audit for unresolved admissible cases.

Across four logical reasoning benchmarks,
ABED achieves 80.4 on FOLIO (Han et al., 2024),
95.5 on ProofWriter (Tafjord et al., 2021), 100.0
on ProntoQA (Saparov and He, 2022), and 74.7 on
LogicNLI (Tian et al., 2021) with GPT-4.1, consis-
tently outperforming prompting-based, symbolic,
solver-based, and deductive reasoning baselines.

Our contributions are as follows.

* We reframe open-world logical entailment
classification as missing assumption diagno-
sis.

* We propose ABED, a training-free inference-
time framework that diagnoses both a conclu-
sion and its negation using Null, Contra, and
Admissible gap states, combining assumption
gap estimation, boolean verification, consis-
tency alignment, and a localized symbolic au-
dit.

* We show that ABED consistently improves
over prompting-based, symbolic, solver-
based, and deductive baselines across four
logical reasoning benchmarks.

2 Related Work

Large language models still show systematic weak-
nesses in logical reasoning, particularly on tasks
involving multi-step inference, conditionals, or in-
complete premises.

2.1 Prompt-Based Logical Reasoning

Prompt-based methods guide LLM reasoning
through structured prompts without modifying pa-
rameters. Chain-of-Thought prompting (Wei et al.,
2022) elicits intermediate reasoning steps before
the final answer, and self-consistency (Wang et al.,
2022) samples multiple reasoning paths and ag-
gregates them by majority vote. As concerns grew
that natural-language CoT may not preserve logical
structure reliably, later work injected symbolic rep-
resentations into the reasoning process. SymbCoT
(Xu et al., 2024) translates problems into symbolic
logic before stepwise reasoning, LoT (Liu et al.,
2025b) adds propositional logic expressions to the
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input context, and Aristotle (Xu et al., 2025) inter-
nalizes formal reasoning patterns and introduces
an entailment classifier based on resolution and
proof by contradiction. These methods make rea-
soning more explicit, but the final judgment still
rests largely on the model’s own generated proof.
Maieutic Prompting takes a different route within
prompting, recursively generating a tree of expla-
nations for both a proposition and its negation and
resolving them as a satisfiability problem over their
logical relations (Jung et al., 2022). Consistency
there is a constraint on generation rather than a
diagnosed state.

2.2 Solver-Based Logical Reasoning

Solver-based methods translate natural-language
problems into formal representations such as first-
order logic, logic programming, or SAT and SMT
formulations, and then delegate inference to exter-
nal engines. Logic-LM (Pan et al., 2023) passes
LLM-translated symbolic forms to external solvers.
LINC (Olausson et al., 2023) aggregates multiple
symbolic translations to reduce translation errors.
More recent work decomposes complex premises
into verifiable sub-formulas (Ryu et al., 2025) or
combines LLMs with reasoning engines in a solver-
agnostic manner (Callewaert et al., 2025). These
methods offer formal verifiability, but depend on
complete and accurate symbolic translation. Errors
introduced during translation propagate through the
pipeline, especially when premises contain implicit
or underspecified relations that are hard to formal-
ize. SymBa instead lets a symbolic solver con-
trol the proof process, calling the LLM only when
the solver needs new information, which yields
complete SLD-resolution-style backward chaining
over the recovered theory (Lee and Hwang, 2025).
ABED shares the goal of limiting what the LLM
decides, but applies it at a different granularity.
The LLM proposes a single named proposition
whose status is then checked, rather than supplying
premises to a solver-driven search.

2.3 Missing-Hypothesis Generation for
Incomplete Information

A long line of work infers a plausible missing con-
dition from an observed outcome, which is use-
ful when information is incomplete (Denecker and
Kakas, 2002; Abe et al., 2024; Salimi et al., 2026).
In NLP, the oNLI benchmark casts this as select-
ing the most plausible explanation for a narrative
transition (Bhagavatula et al., 2019), and later work

exploits mutual exclusivity among candidate expla-
nations to distinguish plausible ones from merely
fluent ones (Zhao et al., 2023). ProofWriter in-
cludes a mode that generates missing facts for un-
proven conclusions (Tafjord et al., 2021), and other
work applies similar ideas to filtering irrelevant in-
formation (He and Lu, 2024) or backward-chaining
search from the conclusion (Kazemi et al., 2023).
In these settings the generated hypothesis is the an-
swer. ABED uses the same operation for a different
purpose. The bridge it generates is an intermediate
object, and the label is read from how that bridge
stands against the premises.

3 Method

We propose ABED, a missing assumption diagno-
sis framework for open-world logical entailment.
Standard deductive methods ask directly whether
a conclusion C follows from a premise set P, and
read the answer from whether that proof succeeds.
ABED instead asks a reverse-direction question:
what is missing for a target hypothesis to follow
from the premises? It applies this question sym-
metrically to both C' and its negation ~C', and com-
pares the two diagnosed gaps to decide whether the
answer is True, False, or Unknown.

Realizing this idea requires four steps. As-
sumption Gap Estimation (AGE) proposes a
compact missing assumption for each target.
Boolean Gap Verification (BGV) checks this pro-
posal through constrained yes/no entailment ques-
tions. Consistency-Constrained Dual Alignment
(CCDA) aligns the two independently verified di-
rections into a valid dual-pair decision. Finally,
Admissibility Verification applies restricted Sym-
bolic Forward Chaining (SFC) only to unresolved
admissible pairs.

3.1 Problem Setup and Logical Preliminaries

Given a set of natural-language premises
P = {pi,...,pn} and a conclusion C,
the task is to predict one of three labels,
A € {True, False, Unknown}. Following the
derivability-based formulation in Aristotle (Xu
et al., 2025), we define the labels as in Equation (1).

True <— PFC,
False <= P+ —C, (1
Unknown <— P C AN PH-C.

Here, P + C denotes that C' is derivable from
P. We assume P is internally consistent unless
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Figure 2: Overview of ABED. Given premises P and a conclusion C, Stage 1 generates the strict negation =C
to form the two targets C' and —~C'. Stage 2 performs assumption gap diagnosis with AGE and BGYV, producing
verified gap states for both directions. Stage 3 applies CCDA to route the resulting dual gap pair, keeping valid
pairs, repairing incomplete asymmetric pairs by determinate priority, and rechecking symmetric conflicts. Stage 4
invokes SFC only for unresolved (Adm,Adm) cases, using a localized symbolic audit to recover missed forward
proofs. The final answer is obtained by mapping the verified dual pair to True, False, or Unknown.

stated otherwise. For binary yes/no benchmarks,
we output yes only when P + C, and map both
False and Unknown to no.

Rather than assigning a label from a single proof
attempt, ABED characterizes the gap between P
and a target hypothesis H € {C,—~C'} through a
gap state (P, H), defined in Equation (2).

Null, if PHH,
Y(P,H) ={ Contra, if PU{H}F 1, (2)
Adm, otherwise.

Null means H already follows from the premises,

and Contra means assuming H contradicts them.

Adm means H is compatible with the premises but
not derivable from them; it is therefore not evidence

for H, but a signal that the premises leave H open.

Applying this diagnosis to both C' and —C yields
the dual gap pair I'(P, C) = (y(P, C),~(
When P is consistent, the valid pairs map to labels
as in Equation (3).

(Null, Contra) —  True,
(Contra,Null) —  False, 3)
(Adm,Adm) —  Unknown.

P,=0)).

The goal of ABED is therefore to obtain a reli-
able dual gap pair for C and —~C'. Equations (2)—
(3) define ideal semantic gap states, but in prac-
tice ABED observes estimated states produced by
LLM-based diagnosis. Asymmetric pairs such
as (Null, Adm) or (Contra, Adm) should therefore
not be read as valid semantic states, but as under-
verified outputs that the subsequent stages are de-
signed to resolve.

3.2 Stage 1: Generation of —=C

ABED first generates the proposition-level nega-
tion =C of the conclusion, making the complemen-
tary target explicit for later comparison, following
proof-by-contradiction formulations in prior work
(Bishop, 1967; Xu et al., 2025). A constrained
LLM prompt produces a strict semantic negation
rather than a surface “not” prefix, handling uni-
versal, existential, and conditional forms while pre-
serving entity names. The output is the shared tuple
(P, C,—C) used by all subsequent stages.

3.3 Stage 2: Assumption Gap Diagnosis

Stage 2 diagnoses the gap between the premises
P and each target hypothesis H € {C,-C}. It
consists of two components. AGE first identifies
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what is missing for H to follow from P, and BGV
then verifies whether the proposed gap is genuine.

Given (P, H), the Assumption Gap Estimator
(AGE) reasons backward from the target hypothesis
H. Tt outputs an initial gap state ~o(P, H) and a
bridging hypothesis A, as shown in Equation (4).

AGE(P,H) — (y(P,H),h). “4)

The bridging hypothesis A is not evidence for
H. It is a diagnostic artifact that describes what
additional assumption would be needed to make H
derivable from the premises. AGE is constrained
not to generate arbitrary explanations. The bridge
should be compact, relevant to deriving H, and ex-
pressed using predicates or entities already present
in the problem whenever possible. When multiple
bridges are plausible, AGE is prompted to prefer
the weakest bridge that closes the derivational gap
without adding unrelated information. For example,
if the premises state that a condition is sufficient for
a result and also state that the result holds, the orig-
inal condition does not follow from the premises
alone. Deriving it would require an unsupported
converse assumption. AGE exposes this missing
assumption and therefore marks the case as admis-
sible rather than entailed.

Because AGE relies on open-ended LLM gener-
ation, Boolean Gap Verification (BGV) verifies the
proposed diagnosis with four boolean checks. BGV
is not a second open-ended proof-generation step.
Each check is formulated as a constrained binary
entailment question with a fixed output schema,
and the final state is assigned by a deterministic
priority rule. The first check, b1, asks whether the
target M is already derivable from P. The second
check, b2, asks whether assuming H contradicts
P. The third check, b3, asks whether the proposed
bridge h is already supported by P. The fourth
check, b4, asks whether adding h to P is suffi-
cient to derive H without introducing a contradic-
tion. Together, b3 and b, detect pseudo-gaps, where
AGE reports a missing assumption that is actually
already licensed by the premises and sufficient to
close the gap.

BGYV assigns the verified gap state using the top-
down priority rule in Equation (5). The rule is
evaluated in order.

Null, b1,

R Contra, bo,

A(P,H) = ®)
Null, b3 A by,
Adm, otherwise.

The rule assigns Null when H is entailed (b;)
or when a pseudo-gap is detected (b3 A by), Con-
tra when H contradicts P (by), and Adm other-
wise. Applying AGE and BGV to both C' and
—C produces the verified dual gap pair f(P, C) =

(3(P,C),4(P,=C)).
3.4 Stage 3: Dual-Pair Consistency Alignment

Because BGV verifies C' and —~C' separately, the
resulting dual pair may still need alignment. It
may be incomplete, with one direction determi-
nate and the other Adm, or logically invalid, with
both directions giving mutually incompatible de-
terminate states. CCDA handles the former with
a determinate-priority rule and the latter with an
entailment re-judgment.

The determinate-priority rule rests on an asym-
metry between the two kinds of states. Null and
Contra are positive verification outcomes: BGV
has actively confirmed derivability or incompatibil-
ity through its boolean checks. Adm, in contrast, is
not a positive finding but a residual state, meaning
only that neither derivability nor contradiction was
established. These two kinds of signals are there-
fore not equally reliable, and this is not merely
an assumption: as we report in Section 4.5 and
Table 4, post-BGV determinate signals reach a pre-
cision of 0.92 to 1.00 across all datasets. When a
determinate state and an Adm state disagree within
a pair, it is thus far more likely that the Adm side is
under-verified than that the high-precision determi-
nate side is wrong. CCDA accordingly anchors the
decision on the determinate side, treating the pair
as under-verified rather than logically inconsistent.

This justifies the repair rule for incomplete asym-
metric pairs in Equation (6).

(Null, Adm) — True,
(Adm, Null) — False,
(Contra, Adm) — False,
(Adm, Contra) — True.

(6)

For example, (Null, Adm) is repaired to True: C
has been positively verified as derivable, while the
—(C direction only failed to reach a determinate
state, so the verified side is taken as the decision.
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The other three cases follow by the same reasoning,
with Contra on a side acting as positive evidence
against that target.

For logically invalid symmetric conflicts, the
pairs (Null, Null) and (Contra, Contra) are impos-
sible under a consistent premise set. Here nei-
ther side can be preferred on reliability grounds,
since both are determinate, so CCDA does not ap-
ply the priority rule. Instead, it resolves the con-
flict with one additional LLM-based entailment
re-judgment over C' and —C" if only C is judged
entailed, the pair becomes (Null, Contra); if only
—C'is judged entailed, it becomes (Contra, Null);
and if neither is confirmed, CCDA conservatively
maps it to (Adm, Adm). The output is the repaired
pair ['(P,C) = (y(P, C),7(P,~C)).

3.5 Stage 4: Symbolic Audit and Final
Prediction

Stage 4 runs only when the repaired pair remains
(Adm, Adm). ABED does not immediately finalize
this as Unknown, since the pair may reflect genuine
underdetermination or a missed forward proof. To
separate the two, ABED invokes Symbolic Forward
Chaining (SFC) as a localized audit.

SFC is intentionally lightweight. Rather than
translating the whole problem into a logic pro-
gram or calling a general-purpose solver, it asks the
LLM to extract a minimal symbolic representation
S(P) = (F,R,D, L), consisting of ground facts,
simple implication rules, ground disjunctions, and
predicate-level subsumption relations. Because this
extraction is restricted to a small fragment and is
invoked only for the few unresolved (Adm,Adm)
cases, its translation surface is far smaller than that
of solver-based pipelines, which limits the transla-
tion errors that such pipelines tend to propagate. A
deterministic forward chainer then applies a small
set of rules, including modus ponens, modus tol-
lens, disjunctive syllogism, subsumption propaga-
tion, and case-split closure. SFC is thus a restricted
audit, not a complete theorem prover.

SFC checks whether either side produces a one-
sided contradiction. We write OC(H ) when SFC
derives a contradiction from P U { H} while the
opposite assumption does not. The audited pair is
given in Equation (7).

(Null, Contra) if OC(=C),
I'*(P,C) = ¢ (Contra,Null) if OC(C), (7)
(Adm,Adm) otherwise.

OC(—C) supports C, and OC(C') supports —~C';
if both or neither side yields a contradiction, the
pair stays (Adm, Adm). The final prediction applies
the mapping in Equation (3) to I'*(P, C'). SFC is
triggered only after both directions remain admissi-
ble and can change the decision only on a one-sided
contradiction, so it functions as a conservative au-
dit against false Unknown predictions rather than
as a general-purpose solver.

4 Experiments

4.1 Experimental Settings

LLMs We evaluate ABED and all baselines
using GPT-4.1 (Achiam et al., 2023), GPT-
4.1-mini (Achiam et al., 2023), and DeepSeek-
V3.2 (Liu et al., 2024) as backbone models, span-
ning a strong proprietary model, a smaller variant,
and a non-OpenAl model. Unless otherwise stated,
all methods are evaluated under the same backbone
for fair comparison.

Datasets We evaluate on four logical reasoning
benchmarks. ProntoQA (Saparov and He, 2022)
contains synthetic multi-step deductive chains eval-
uated as a binary yes/no task, while the other
three use three-way True/False/Unknown labels.
ProofWriter (Tafjord et al., 2021) consists of rule-
based reasoning over synthetic facts and rules under
the open-world assumption, with annotated reason-
ing depth. FOLIO (Han et al., 2024) is an expert-
written first-order logic benchmark with more natu-
ralistic premises, and LogicNLI (Tian et al., 2021)
is an NLI-style first-order reasoning benchmark
mapped to the same scheme. Further dataset de-
tails are provided in Appendix A.

Baselines We compare ABED with prompting-
based, logic-oriented, and symbolic or solver-based
baselines. The prompting baselines include Naive
Prompting and Chain-of-Thought prompting (Wei
et al., 2022). Logic-oriented baselines include De-
termLR (Sun et al., 2024) and Aristotle (Xu et al.,
2025). Symbolic and solver-based baselines in-
clude SymbCoT (Xu et al., 2024), Logic-LM (Pan
et al., 2023), and LINC (Olausson et al., 2023). All
baselines are re-run with the same backbone model
as ABED whenever applicable, with further details
in Appendix B.

Evaluation We report accuracy for all datasets.
FOLIO, ProofWriter, and LogicNLI are evaluated
as three-way classification over True, False, and
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Method GPT-4.1 GPT-4.1-mini DeepSeekV3.2
FOLIO PW Pronto Logic FOLIO PW Pronto Logic FOLIO PW Pronto Logic
Vanilla 70.1  60.8 76.0 68.0 69.2 533 782 650 68.1 71.0 61.6 633
CoT 67.7 60.5 92.0 683 759 772 90.0 670 68.3 720 588 65.0
LogicLM 76.0 733 964 658 73.5 685 953 683 73.7 83.6 822 648
SymbCoT  77.0 78.8 98.2 70.3 75.8 698 973 620 74.8 883 954 617
LINC 715 902 98.0 673 66.1 80.2 955 652 68.3 852 943 620
Aristotle 703 865 99.2 675 70.8 783 978 69.8 712  83.0 93.8 63.1
DetermLR  70.6 79.0 99.0 61.6 72,5 69.0 934 605 69.2 725 950 615
ABED 804 955 100.0 74.7 77.0 903 993 74.6 784 93.0 97.0 68.7

Table 1: Accuracy comparison across four logical reasoning benchmarks under three backbone models: GPT-4.1,
GPT-4.1-mini, and DeepSeek-V3.2. PW denotes ProofWriter, Pronto denotes ProntoQA, and Logic denotes

LogicNLI.

—#— Direct
9 CoT
é —4&-- SymbCoT
3' Logic-LM
E —--#- DetermLR
3 704 —=e— Aristotle
Y ~ - LINC
< ol /I —@— ABED (ours)

504

<0 <1 =2 <3 <5
max reasoning depth

Figure 3: Accuracy by ProofWriter reasoning depth un-
der GPT-4.1. ABED remains robust as depth increases,
showing stronger stability on deeper multi-hop reason-
ing.

Unknown, using the full ABED pipeline. ProntoQA
is evaluated as a binary yes/no task. ABED applies
the same gap diagnosis to the conclusion, but col-
lapses non-entailed states into no. A Null state is
mapped to yes, while Contra and Adm states are
mapped to no.

4.2 Main Results

Table 1 reports the main accuracy results on
the four benchmarks. ABED achieves the best
accuracy on all four datasets under all three
backbones, outperforming every prompting-based,
logic-oriented, and solver-based baseline. With
GPT-4.1, ABED improves over the strongest base-
line on each dataset by 3.4 points on FOLIO (77.0
to 80.4), 5.3 on ProofWriter (90.2 to 95.5), 0.8 on
ProntoQA (99.2 to 100.0), and 4.4 on LogicNLI
(70.3 to 74.7). The margins are largest on FOLIO
and ProofWriter, two open-world benchmarks that
admit a genuine Unknown label, where high accu-
racy cannot be reached by determinate predictions
alone. The gain on ProntoQA is by contrast small,

w/o AGE+BGV
[] wioBGV

777 wlo CCDA
3 w/o SFC

Full (ABED)

100 —
95|
90|
85- 7
801 ‘
754
70
65-
60-
554

7

Accuracy (%)

NN VA

N\ R
ProofWriter

N\

FoLIO ProntoQA ogicNLI

Figure 4: Ablation study of ABED on four benchmarks
under GPT-4.1. The figure compares the full model with
variants removing AGE+BGYV, BGV, CCDA, and SFC.

since the benchmark is close to saturation: it con-
sists of synthetic, regularly structured deductive
chains with binary labels, and the strongest base-
lines already score 98 to 99, so ABED reaching
100.0 reflects a near-saturated benchmark rather
than an outlier. The same pattern holds under
the other two backbones, with the largest gain on
ProofWriter (10.1 points under GPT-4.1-mini), con-
firming that the gap-diagnosis mechanism is not
tied to a single proprietary backbone. The improve-
ment is most pronounced when the backbone is
weaker and more likely to miss or incompletely
track multi-step proof chains. Overall, these re-
sults support our main hypothesis: reasoning about
what is missing between the premises and both C
and —C provides a stronger decision signal than
directly asking the model for a final answer or a
forward proof. ABED achieves these gains at a
cost comparable to the strongest symbolic baseline;
we report a full token and call-count analysis in
Appendix D and pairwise statistical significance
over all baselines in Appendix F.
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Dataset # Invalid Inv—Unk. +CCDA
FOLIO 36/204 (17.6%) 16.7 66.7
ProofWriter  70/600 (11.7%) 15.7 85.7
LogicNLI 60/300 (20.0%) 38.3 56.7

Table 2: Effect of CCDA under GPT-4.1 on invalid dual-
gap pairs. Unk. denotes Unknown; directly mapping
invalid pairs to Unknown discards many recoverable
cases, while CCDA repairs them under valid-pair con-
straints.

4.3 Depth-wise Analysis on ProofWriter

To examine robustness under increasing reason-
ing complexity, we analyze ProofWriter accuracy
by maximum reasoning depth. As shown in Fig-
ure 3, ABED stays at 97.0 or above through depth
< 3 and only declines to 94.0 at depth < 5, while
most baselines degrade far more sharply: even the
strongest, SymbCoT and Aristotle, fall to 87.0 and
82.2. As aresult, ABED’s margin over every base-
line widens with depth, from a tie at depth < 0 to
a 7.0-point lead over SymbCoT at depth < 5. This
suggests that assumption gap diagnosis stabilizes
multi-hop reasoning by explicitly checking what
is missing for both C' and —C, rather than relying
on a single forward proof trajectory that becomes
increasingly fragile as proof chains grow longer.

4.4 Ablation and Module Analysis

Figure 4 reports the ablation results with GPT-4.1.
Full ABED achieves the strongest performance on
FOLIO, ProofWriter, and LogicNLI, while Pron-
toQA remains nearly saturated across variants. The
largest drops appear when AGE+BGYV is removed,
with accuracy falling by roughly 20-30 points on
the three-way datasets, showing that assumption
gap diagnosis is the core source of ABED’s im-
provement. Removing BGV, CCDA, or SFC also
reduces performance, especially on ProofWriter,
confirming that verification, dual-pair alignment,
and symbolic audit further stabilize open-world
multi-hop reasoning. We further analyze the two
repair stages in Tables 2 and 3. Invalid dual-gap
pairs are frequent, accounting for 11.7-20.0% of
all instances across the three-way datasets. Both
CCDA and SFC recover a substantial fraction of
cases that direct Unknown assignment would lose,
with the largest SFC gain on ProofWriter. Pron-
toQA varies little because it is evaluated in a binary
setting where non-Null states are collapsed into
no and most instances are already resolved at the
diagnosis stage.

Dataset Unk. +SFC A

FOLIO 62.5 69.0 +6.5
ProofWriter  72.5 96.1 +23.5
LogicNLI 75.0 78.0 +3.0

Table 3: Effect of SFC on symmetric Adm/Adm cases
under GPT-4.1. Unk. directly maps unresolved pairs to
Unknown, while +SFC applies the localized symbolic
audit.

Dataset Track n Prec. Rec.
FOLIO fc or 096 09
ProofWriter  ~ C 5(9)2 (1)83 (1)(9)(9)
tosieNl S 18] 003 g
ProntoQA  C/=C 500 1.00 1.00

Table 4: Post-BGV single-target diagnosis quality under
GPT-4.1. For each target, C' or ~C', we evaluate cases
where BGV outputs a determinate state, i.e., Null or
Contra. Precision and recall measure how reliably these
determinate signals are identified before CCDA.

4.5 Single-target Diagnosis Quality

Table 4 evaluates whether BGV produces reliable
determinate signals before dual-pair alignment. For
each example, ABED runs BGV separately with
the original conclusion C' and with its negation
—(C as the target. We then evaluate the cases
where BGV outputs a determinate state, namely
Null or Contra, for each target direction. Across
datasets, these determinate signals show high pre-
cision: above 0.92 for both C' and —~C on all three-
way datasets, and perfect on ProntoQA. This sup-
ports CCDA’s determinate-priority repair. When
one target direction is assigned a determinate state
and the other remains Adm, CCDA can rely on
the determinate side as the more reliable decision
signal without making an additional LLM call.

4.6 Unknown Boundary Analysis

Overall accuracy does not show whether ABED
improves the boundary that motivates it. A method
can raise Unknown precision by predicting Un-
known less often, or raise Unknown recall by pre-
dicting it more often, and either move can leave
the underlying confusion unchanged. We there-
fore evaluate the Unknown class directly. Figure 5
reports Unknown precision, recall, and F1 under
GPT-4.1. ABED reaches the highest Unknown F1
on all three datasets, improving over SymbCoT
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Figure 5: Unknown-class precision, recall, and F1 under GPT-4.1. ABED reaches the highest Unknown F1 on all
three datasets. The baselines lean toward either precision or recall and the direction of that lean changes across

datasets, whereas ABED stays high on both.

over-reading missed proof

SymbCoT 10 33
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Figure 6: Unknown-boundary errors on FOLIO under
GPT-4.1. Bars to the left of zero are gold Unknown
instances read as determinate, and bars to the right are
gold determinate instances left as Unknown. ABED
shortens both sides.

from 73.3 to 81.0 on FOLIO, from 76.3 to 95.6
on ProofWriter, and from 69.9 to 75.1 on Logic-
NLI. The two component metrics show that this
gain does not come from one side alone. Aristotle
reaches 91.3 recall on FOLIO at 53.4 precision,
and 100.0 precision on ProofWriter at 59.5 recall,
so which axis it favors changes with the dataset.
ABED stays high on both axes across all three. The
margin tracks how much of the boundary the later
stages recover. It is largest on ProofWriter, where
Unknown precision reaches 99.5 and the symbolic
audit resolves the largest share of unresolved (Adm,
Adm) pairs, and smallest on LogicNLI, where those
stages recover less.

Figure 6 separates the two error types behind
these numbers on FOLIO, where 69 of the 204 in-
stances are gold Unknown. SymbCoT reads 10 of
them as determinate and 8 of these as False, which
is the mapping error illustrated in Figure 1. ABED
reduces these to 5 and 2. In the opposite direc-
tion, gold True or False instances that are left as

Unknown fall from 33 to 25. Both sides shorten,
so the improvement is not a shift in how often
Unknown is predicted but a change in which in-
stances receive it. The second direction is where
the symbolic audit acts. It fires only on instances
already diagnosed as open on both sides, and can
only promote them when one side contradicts, so it
removes false Unknown predictions without intro-
ducing new ones.

5 Conclusion

We presented ABED, a training-free framework
that reframes open-world logical entailment as
missing assumption diagnosis. Instead of reading a
label from a single proof-search outcome, ABED
asks what assumption is missing for a conclusion
to hold, classifies the resulting gap as Null, Contra,
or Admissible, and applies this diagnosis symmet-
rically to a conclusion and its negation, resolving
the dual gap pair through verification, consistency
alignment, and a restricted symbolic audit. Across
four benchmarks and three backbones, ABED con-
sistently improves over prompting-based, symbolic,
solver-based, and deductive baselines and remains
stable as proof chains grow longer, showing that di-
agnosing this gap is a more reliable decision signal
than committing directly to a proof verdict. A class-
wise analysis locates these gains at the boundary
the framework targets. ABED obtains the highest
Unknown F1 on every three-way dataset, reducing
both the cases where an undecided conclusion is
read as determinate and the cases where a provable
one is left undecided. The gain is thus a change in
which conclusions are left open, not in how often
the model abstains.
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6 Limitations

ABED has several limitations. First, it relies on
a fixed inference-time pipeline of LL.M calls that
includes negation generation, assumption gap esti-
mation, boolean verification, and conditional repair
and audit. This increases inference cost relative
to single-pass prompting, and the number of calls
grows further for cases that trigger consistency re-
pair or the symbolic audit, a cost we did not opti-
mize. Second, the gap diagnosis is produced by an
LLM, so an incorrectly estimated bridge can still
mislead the verification stage when its errors are
not caught by the boolean checks. Third, the sym-
bolic audit is intentionally restricted. It extracts
only ground facts, simple rules, disjunctions, and
subsumption relations, and it applies a small set of
inference rules, so it does not recover proofs that
fall outside this fragment. Fourth, our evaluation
covers four English logical reasoning benchmarks
whose premises are explicitly given and assumed
to be internally consistent, and we do not evalu-
ate inconsistent premise sets, multilingual inputs,
or settings where premises must first be retrieved.
Finally, our main evaluation uses GPT-4.1, GPT-
4.1-mini, and DeepSeek-V3.2, all relatively large
or API-based models. We report additional results
with an open-weight 9B model in the appendix,
where the same gains hold, but behavior at smaller
scales remains to be examined.
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A Dataset Details

We evaluate ABED on four logical reasoning
benchmarks. For FOLIO, ProofWriter, and Pron-
toQA, we use the dataset versions released by
Logic-LM (Pan et al., 2023), so that our results are
directly comparable to prior prompting-based and
solver-based work that adopts the same splits. FO-
LIO (Han et al., 2024) is an expert-written natural
language reasoning dataset grounded in first-order
logic. Each instance pairs a set of premises with
a conclusion, and the task is three-way classifica-
tion over True, False, and Unknown. Proof Writer
(Tafjord et al., 2021) consists of rule-based reason-
ing problems over synthetic facts and rules. We use
the open-world assumption (OWA) split, in which
a conclusion can be True, False, or Unknown. In-
stances are annotated with the maximum reasoning
depth required, which we use in the depth-wise
analysis (Section 4.3). ProntoQA (Saparov and
He, 2022) is a synthetic benchmark of multi-step
deductive chains. Each instance is a binary yes/no
entailment question, and we evaluate it as a binary
task. LogicNLI (Tian et al., 2021) is an NLI-style
benchmark for first-order logical reasoning, with
four labels: entailment, contradiction, neutral, and
self-contradiction. We use 300 instances, exclud-
ing self-contradiction since it marks internally in-
consistent premises outside our open-world setting
(Section 3.1). The remaining labels map to True,
False, and Unknown.

B Baseline Details

We compare ABED against seven baselines span-
ning prompting-based, logic-oriented, and sym-
bolic or solver-based approaches. For every base-
line, we use the official code released by the origi-
nal authors, and re-run all methods on our bench-
marks under the same backbone models (GPT-4.1
and GPT-4.1-mini) for a fair comparison. We
keep each method’s original prompts and hyper-
parameters as provided in its public implementa-
tion, changing only the backbone model and the
evaluation data.

Prompting-based. Vanilla prompts the back-
bone model to directly output a label for the conclu-
sion without intermediate reasoning steps. Zero-
shot CoT (Wei et al., 2022) prepends a chain-of-
thought instruction so that the model produces in-
termediate reasoning before its final answer. These
two baselines measure how far a backbone model

Stage General ProntoQA
Negation generation 1 1
AGE 2 2
BGV 2 2
CCDA 0-1 0-1
SFC 0-1 0
Total 5-7 5-6

Table 5: Per-stage LLM call budget of ABED. The
general setting applies to three-way open-world bench-
marks, while ProntoQA uses the same gap diagnosis but
collapses non-Null states into the binary no label.

can go without any logic-specific scaffolding.

Logic-oriented. DetermLR (Sun et al., 2024)
reformulates logical reasoning as a progression
from indeterminate to determinate premises, iter-
atively accumulating and prioritizing derived con-
ditions. Aristotle (Xu et al., 2025) introduces a
logic-complete decompose-search-resolve frame-
work, with an entailment classifier based on resolu-
tion and proof by contradiction.

Symbolic and solver-based. SymbCoT (Xu
et al., 2024) translates a problem into a symbolic
logic representation and performs stepwise rea-
soning over it before producing a verdict. Logic-
LM (Pan et al., 2023) converts natural-language
premises into a formal representation and delegates
inference to an external symbolic solver. LINC
(Olausson et al., 2023) generates multiple sym-
bolic translations of a problem, runs an external
first-order-logic prover on each, and aggregates
the results by majority vote. For all baselines,
we follow the same evaluation protocol as ABED.
FOLIO, ProofWriter, and LogicNLI are evaluated
as three-way classification, and ProntoQA as a
binary task. When a baseline’s official imple-
mentation does not natively support the three-way
TruelFalse/Unknown setting of a given benchmark,
we adapt only its output-parsing layer to the three-
way label space, leaving its reasoning procedure
unchanged.

C Implementation Details

Models and APIs. We access GPT-4.1 and GPT-
4.1-mini through the OpenAl API, and DeepSeek-
V3.2 through the Novita AI API. For all models
and all methods, we use greedy decoding with tem-
perature 0.0, a maximum generation length of 2048
tokens, and a fixed random seed of 42, so that re-
sults are as reproducible as the underlying APIs
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Method FOLIO PW Pronto LogicNLI
Direct 291 298 257 439
CoT 297 304 263 445
Logic-LM 2,011 1,463 1,630 2,472
LINC 2,110 2,369 2,359 3,054
SymbCoT 9,886 11,831 10,204 10,307
ABED 13,155 12,087 7,224 12,987
DetermLR 19,192 8,830 38,325 22,276
Aristotle 42,602 54,652 17,377 44,386

Table 6: Average total token usage per example under
GPT-4.1 across four benchmarks. Total tokens include
both input prompt tokens and output completion tokens.

Method FOLIO PW Pronto LogicNLI
Direct / CoT 1.0 1.0 1.0 1.0
Logic-LM / LINC 1.0 1.0 1.0 1.0
SymbCoT 3.0 3.0 3.0 3.0
ABED 5.8 58 5.0 5.0
DetermLR 13.1 8.8 459 16.6
Aristotle 12.8 16.3 9.0 14.7

Table 7: Average number of LLM calls per example
under GPT-4.1.

allow.

Number of LLM calls. ABED is an inference-
time pipeline, so its cost is determined by the num-
ber of LLM calls per instance rather than by train-
ing. The number of calls is not fixed. It depends on
how far an instance progresses through the pipeline,
since later stages are triggered only for unresolved
cases. Table 5 summarizes the per-stage call budget.
Negation generation, AGE, and BGV are always
executed, contributing five calls per instance: one
for negation generation, two for AGE (one per tar-
get), and two for BGV (one per target). CCDA
adds at most one call, and only when the post-BGV
dual pair is invalid and matches a repair target.
SFC adds at most one call for symbolic parsing of
the premises, and only when both directions still
remain ADM after the preceding stages. In total,
ABED uses between five and seven LLM calls per
instance, with the higher end reached only by the
relatively few cases that require consistency repair
or symbolic auditing. For ProntoQA, the upper
bound is six calls since SFC is not invoked under
the binary evaluation setting.

D Cost Analysis

Total token usage. Since ABED is an inference-
time pipeline, we analyze its computational cost in
terms of token usage. Table 6 reports the average to-
tal tokens per example across the four benchmarks,

Method  FOLIO PW Pronto LogicNLI
Direct 09 1.0 0.5 0.8
CoT 06 07 0.6 0.8
Logic-LM 26 32 32 52
LINC 1.2 1.0 1.0 1.3
SymbCoT 21.6 127 20.1 18.2
ABED 27.1 20.8 23.8 249
DetermLR 19.6 11.1 48.2 22.7
Aristotle 352 39.8 27.5 69.7

Table 8: Average wall-clock time per example under
GPT-4.1, reported in seconds. Wall-clock time includes
the end-to-end inference time for each method.

Method FOLIO PW Pronto LogicNLI Total
Direct / CoT 0.06 0.18 0.13 0.13  0.50
Logic-LM 041 0.88 0.82 0.74 2.84
LINC 043 142 1.18 092 395
SymbCoT 202 7.10 5.10 3.09 17.31
ABED 2.68 7.25 3.61 390 17.44
DetermLR 392 530 19.16 6.68 35.06
Aristotle 8.69 32.79 8.69 13.32 63.49

Table 9: Total token usage on the full development sets
under GPT-4.1, reported in millions of tokens. The
dataset sizes are 204 for FOLIO, 600 for ProofWriter,
500 for ProntoQA, and 300 for LogicNLI.

including both input prompt tokens and output com-
pletion tokens. ABED operates in a token regime
comparable to SymbCoT, the strongest symbolic
baseline. Averaged over the four datasets, ABED
uses about 11.4K tokens per example, while Symb-
CoT uses about 10.6K, a difference of under 10%,
despite ABED achieving higher accuracy on every
benchmark (Table 1). At the same time, ABED
is substantially cheaper than more decomposition-
heavy logic-oriented baselines. DetermLR uses
about 22.2K tokens per example on average, nearly
twice the cost of ABED, and Aristotle uses about
39.8K tokens on average, more than three times
the cost of ABED. The gap is especially large on
FOLIO, ProofWriter, and LogicNLI, where Aris-
totle exceeds 40K tokens per example. Prompting
baselines such as Direct and CoT are far cheaper,
using only a few hundred tokens, but trail ABED
in accuracy by a wide margin. Overall, ABED
occupies a favorable point on the cost—accuracy
trade-off: it remains close to the token budget of
the strongest comparable symbolic baseline while
improving accuracy, and avoids the much heavier
cost of decomposition-based reasoning methods.

LLM calls Table 7 reports the average number
of LLM calls per example under GPT-4.1. Single-
pass methods such as Direct, CoT, Logic-LM, and
LINC require only one LLM call, while Symb-
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CoT uses three calls for translation, planning, and
solving. ABED requires 5.0 to 5.8 calls per ex-
ample because it performs dual-target assumption
diagnosis, verification, and conditional repair. Al-
though this is higher than single-pass prompting, it
remains substantially lower and more stable than
decomposition-heavy methods such as DetermLLR
and Aristotle. For example, DetermLLR requires
45.9 calls per example on ProntoQA and Aristotle
requires 16.3 calls on Proof Writer, whereas ABED
stays below six calls across all datasets.

Wall-clock time. Table 8 reports the average
wall-clock time per example under GPT-4.1. As
expected, single-pass methods are the fastest be-
cause they require only one LLM call. ABED is
slower than Direct, CoT, Logic-LM, and LINC due
to its multi-stage inference-time pipeline, but its
runtime remains comparable to other structured
reasoning methods. In particular, ABED takes 20.8
seconds on ProofWriter and 24.9 seconds on Logic-
NLI, while Aristotle requires 39.8 and 69.7 seconds
on the same datasets. Compared with DetermLR,
ABED is slower on FOLIO and ProofWriter, but
faster on ProntoQA and comparable on Logic-
NLI. Compared with Aristotle, ABED is faster
on ProofWriter and LogicNLI, slightly faster on
ProntoQA, and slower on FOLIO. These results
show that ABED introduces additional latency over
single-pass prompting, but avoids the substantially
higher runtime of some decomposition-heavy rea-
soning pipelines.

Full development token usage Table 9 reports
the total token usage on the full development sets
under GPT-4.1. Across all four datasets, ABED
uses 17.44M tokens, which is nearly identical to
SymbCoT’s 17.31M tokens. In contrast, DetermLLR
uses 35.06M tokens, about twice the total cost of
ABED, and Aristotle uses 63.49M tokens, more
than three times the cost of ABED. This shows that
ABED remains in the same overall token regime as
the strongest symbolic baseline, while avoiding the
much larger total token budget of decomposition-
heavy logic-oriented methods.

E Self-consistency.

Table 10 reports the effect of applying self-
consistency to direct prediction. SC provides small
gains on FOLIO, ProofWriter, and ProntoQA, but
the improvements are limited and it even slightly
degrades performance on LogicNLI. This suggests

that simply sampling or repeating the same rea-
soning process does not resolve the core failure
mode in open-world logical reasoning. When the
model repeatedly maps an underdetermined case to
a decisive label, majority voting tends to reinforce
the same error rather than diagnose the missing
entailment relation.

F Statistical Analysis

Table 14 reports pairwise statistical significance
tests under GPT-4.1. We evaluate the statistical
significance of performance differences between
ABED and each baseline using paired bootstrap re-
sampling. For each dataset and baseline, we repeat-
edly resample the evaluation set with replacement
for 10,000 iterations and compute the accuracy
difference between ABED and the corresponding
baseline. The reported difference corresponds to
the mean improvement over the bootstrap samples,
and the 95% confidence interval is obtained from
the 2.5th and 97.5th percentiles of the bootstrap
distribution.

ABED shows statistically significant improve-
ments over every baseline on all four datasets, with
consistently positive 95% confidence intervals. The
strongest gains appear on Proof Writer, while Pron-
toQA shows smaller but still significant improve-
ments due to near-saturated baseline performance.
These results indicate that ABED’s accuracy gains
are statistically reliable rather than incidental.

G Example of a Full ABED Trace

To illustrate how the four stages of ABED interact
on a concrete instance, we walk through a com-
plete trace on FOLIO_dev_4, shown in Figure 7.
The gold label is Unknown, and ABED predicts
Unknown.

Setup. The premises describe generic rules about
employees, managers, lunch locations, and remote
work (P1-P6), together with a disjunctive fact
about James (P7): James is either a manager who
appears in the company today, or not a manager
and absent today. The conclusion is C': James has
lunch in the company. Crucially, P7 leaves the dis-
junction unresolved, so the truth of C' depends on
which case holds, and the premises alone do not fix
this.

Stage 1: Generation of ~C'. ABED first gener-
ates the strict negation —C": James does not have
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Dataset CoT SC A
FOLIO 6777 725 +4.8
PW 60.5 63.7 +3.2

Pronto 920 942 +2.2
LogicNLI 683 673 -1.0

Table 10: Effect of self-consistency. SC improves over
CoT prediction on most datasets, but the gains remain
limited and do not resolve systematic reasoning errors.

lunch in the company. The two targets C' and -C
are then diagnosed independently.

Stage 2: Assumption Gap Diagnosis. For the
C track, AGE reasons backward and proposes the
bridging hypothesis James is a manager and ap-
pears in the company today, the case of P7 under
which C can be settled: from being a manager,
P6 gives that James does not work remotely from
home; by contraposition of P4, James does not have
lunch at home; and with P3, James must have lunch
in the company. For the =C track, AGE proposes
the opposite case, James is not a manager and does
not appear in the company today, under which P1
and P2, by contraposition, give that James does
not have lunch in the company. BGV then checks
each proposal with the four boolean tests. On both
tracks, the target is neither derivable from P (b)
nor contradicted by it (by), and the bridge is not
already supported by P (b3) but does close the gap
when added (by). By the BGV priority rule, both
tracks are therefore assigned Adm.

Stage 3: CCDA. The verified dual pair is
(Adm, Adm), which is already a valid pair. CCDA
performs no repair, since neither an incomplete
asymmetric pair nor a logically invalid symmetric
conflict is present.

Stage 4: SFC. Because the pair remains
(Adm,Adm), ABED invokes the symbolic audit.
SFC extracts the rule set from the premises and
runs forward chaining, but with no grounding fact
that fixes which case of P7 holds for James, neither
C nor —C yields a one-sided contradiction. The
pair is therefore kept as (Adm, Adm).

Outcome. Mapping the final pair (Adm, Adm) to
a label gives Unknown, matching the gold label.
The trace shows the intended behavior of ABED:
rather than committing to a label from a single
proof attempt, it diagnoses that each side of the
disjunction is genuinely open, and reports the un-
derdetermination explicitly.

H Example of an SFC Audit

Figure 8 shows a case where the symbolic audit
recovers a proof that the language-level diagnosis
misses. The conclusion C' (the bald eagle is round)
is in fact derivable, but only through a five-step
forward chain. Because AGE and BGV reason
over natural language and do not trace this chain to
its end, both directions are left Adm; mapping the
pair directly to Unknown would therefore be a false
negative. The repaired pair remains (Adm,Adm),
which triggers SFC.

SFC first extracts a restricted symbolic form
S(P) = (F,R,D,L), retaining only ground
facts, simple implication rules, ground disjunc-
tions, and subsumption relations.  For this
instance the relevant content is a handful of
ground facts (e.g., COLD(squirrel), KIND(squirrel),
COLD(bald_eagle)) and four implication rules;
there are no disjunctions or subsumptions to ex-
tract. A deterministic forward chainer then sat-
urates the premises under each assumption. As-
suming —C', repeated modus ponens fires the chain
COLD(sq) — CHASESCAT(sq) — ROUND(sq) —
EATSBE(sq) — ROUND(bald_eagle), which de-
rives ROUND(bald_eagle) and directly contradicts
the assumption “ROUND(bald_eagle).

This is a one-sided contradiction OC(—C): only
the —=C' assumption collapses, so the audit promotes
the pair from (Adm,Adm) to (Null, Contra) and
ABED predicts True. The example illustrates the
intended role of SFC—a conservative check that
converts a small number of false Unknown predic-
tions into correct determinate ones, without acting
as a general-purpose solver: it fires only on unre-
solved (Adm,Adm) pairs and changes the decision
only when one side, and not the other, saturates to
a contradiction.

I Prompts

ABED is a training-free pipeline, and all stages are
realized through constrained LLM prompts. We
list the five prompts here so that the pipeline can
be reproduced. Each prompt fixes the task, gives
explicit logical rules, and constrains the output to
a fixed schema; placeholders such as {premises}
and {target} are filled in at run time.

Negation (Stage 1). Figure 9 shows the prompt
that generates the proposition-level negation —=C
of the input conclusion. It specifies rewrite rules
for quantified and conditional statements and re-
quires a single-sentence output with entity names
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ABED
Gold\Pred True False Unknown
True 51 5 16
False 5 49 9
Unknown 3 2 64
SymbCoT
Gold\Pred True False Unknown
True 49 4 19
False 0 49 14
Unknown 2 8 59

Table 11: Gold-by-prediction confusion matrices on
FOLIO under GPT-4.1.

Dataset #Inst. CoT ABED A
FOLIO 204 63.7 71.5 +13.8
ProofWriter 600 54.8 89.0 +34.2

Table 12: Accuracy with Qwen3.5-9B as the backbone,
under the same protocol as the main experiments.

preserved.

Assumption Gap Estimation (Stage 2). Fig-
ure 10 shows the AGE prompt. It diagnoses the gap
between the premises and a target as NULL, CON-
TRADICTORY, or ADMISSIBLE, and for admissible
cases proposes a compact bridge hypothesis 5.

Boolean Gap Verification (Stage 2). Figure 11
shows the BGV prompt. It audits the bridge A
proposed by AGE through the four boolean checks
b1-by, without generating or revising h.

Consistency-Constrained Dual Alignment
(Stage 3). Figure 12 shows the CCDA conflict-
recheck prompt. It is invoked only for symmet-
ric determinate conflicts and directly re-evaluates
whether P entails C and —C.

Symbolic Parser (Stage 4). Figure 13 shows
the parser prompt used by SFC. It converts
the premises and conclusion into a normalized
symbolic form; a separate deterministic forward
chainer then operates on this output.

J FOLIO Confusion Matrices

Table 11 reports gold-by-prediction confusion ma-
trices on FOLIO under GPT-4.1 for ABED and
SymbCoT, the strongest baseline on this dataset.
These are the counts summarized in Figure 6. Of
the 204 instances, 72 are gold True, 63 are gold
False, and 69 are gold Unknown.

Bridge type n Yo

Atomic fact gap or other 154 755
Disjunction / case selection 20 9.8
Multi-step / multi-premise 18 8.8

Explicit single-rule antecedent 12 5.9

Table 13: Manual annotation of the bridges diagnosed
for all 204 FOLIO instances under GPT-4.1.

K Smaller Open-Weight Backbone

Our main experiments use GPT-4.1, GPT-4.1-mini,
and DeepSeek-V3.2, all of which are large or API-
based. To check whether the gains hold on a
smaller open-weight model, we additionally eval-
uate Qwen3.5-9B on FOLIO and ProofWriter, the
two open-world benchmarks with the largest pro-
portion of gold Unknown instances. We follow
the same splits, prompts, evaluation protocol, and
greedy decoding setting as in the main experiments,
changing only the backbone.

Table 12 reports the results. ABED improves
over CoT by 13.8 points on FOLIO and by
34.2 points on ProofWriter. The larger gain on
ProofWriter is consistent with Section 4.2, where
the improvement is most pronounced when the
backbone is weaker and more likely to lose track
of multi-step proof chains. Unknown recall on FO-
LIO also rises from 53.6 to 72.5, so the boundary
behavior described in Section 4.6 is preserved at
this scale.

L Types of Diagnosed Gaps

AGE produces a bridging hypothesis for each
target, and the four boolean checks then decide
whether the diagnosed gap is genuine. To charac-
terize what kinds of gaps this step actually surfaces,
we manually annotated the bridges diagnosed for
all 204 FOLIO instances in our main GPT-4.1 run.

Table 13 reports the distribution. Most bridges
are atomic fact gaps, where a single missing propo-
sition separates the premises from the target. The
remaining categories are structurally different. In
8.8% of cases the bridge is a composite hypothe-
sis that requires several premises before the target
follows, and in 9.8% it is a choice of which branch
of a stated disjunction holds. The FOLIO trace in
Appendix G is an instance of the latter, where each
bridge is one case of the disjunction in P7 and the
premises leave that case undecided. Only 5.9% of
bridges are the antecedent of a single rule whose
consequent is the target.
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The annotation is descriptive and covers one
dataset, so it does not measure how the gap type
relates to accuracy. It indicates that the diagnosed
gaps are not of a single kind, and that a substan-
tial fraction involve premise composition or case
selection rather than a single missing antecedent.
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Dataset Baseline ABED Acc.  Diff. 95% CI p-value

Vanilla +10.3  [6.4,147] < 0.001"**
CoT +12.7  [8.3,17.6] < 0.001"**
Logic-LM +44  [20,74]  <0.001°**
FOLIO SymbCoT 80.4 +3.4 [1.0,5.9] 0.001**
LINC +8.8  [49,127] < 0.001***
Aristotle +10.3  [64,147] < 0.001"*
DetermLR +9.8  [59,142] < 0.001***
Vanilla +34.7 [30.8,38.5] < 0.001"**
CoT +35.0 [31.2,38.8] < 0.001"**
Logic-LM +22.2  [18.2,26.2] < 0.001"**
ProofWriter ~ SymbCoT 95.5 +16.7 [13.7,19.7] < 0.001***
LINC +5.3 [2.5,8.3] < 0.001***
Aristotle +9.0 [6.8,11.3] < 0.001™**
DetermLR +16.5 [13.7,19.5] < 0.001™**
Vanilla +24.0 [20.4,27.8] < 0.001"**
CoT +8.0 [5.8,10.4] < 0.001**~
Logic-LM +3.6 [2.0,5.4] < 0.001***
ProntoQA SymbCoT 100.0 +1.8 [0.8, 3.0] < 0.001***
LINC +2.0 [0.8, 3.4] < 0.001***
Aristotle +0.8 [0.2, 1.6] 0.039*
DetermLR +1.0 [0.2,2.0] 0.009**
Vanilla +6.7 [4.0,9.7] < 0.001***
CoT +6.3 [3.7,9.3] < 0.001***
Logic-LM +9.0  [60,123] < 0.001%**
LogicNLI SymbCoT 74.7 +4.3 [2.3,6.7] < 0.001%**
LINC +7.3 [4.7, 10.3] < 0.001***
Aristotle +7.3 [4.7,10.3] < 0.001***
DetermLR +13.0  [93,167] < 0.001***

Table 14: Pairwise statistical significance of ABED over each baseline. ABED accuracy is shown for each dataset,
and Diff. denotes the percentage-point improvement over the corresponding baseline. Confidence intervals are 95%
intervals for the accuracy difference.
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Premises P:

P1: If an employee schedules a meeting with customers, then they appear in the company today.
P2: If an employee has lunch in the company, then they schedule a meeting with customers.

P3: Every employee has lunch in the company or has lunch at home.

P4: If an employee has lunch at home, then they work remotely from home.

P5: If an employee is in other countries, then they work remotely from home.

P6: If an employee is a manager, then they do not work remotely from home.

P7: James is a manager and appears in the company today, or James is not a manager and does not appear in the
company today.

Conclusion C': James has lunch in the company. Generated —C': James does not have lunch in the company.
P7 is a disjunction over two cases for James, and the premises do not fix which case holds.

C track (target: James has lunch in the company)

AGE bridge h James is a manager and appears in the company today.
(closes via) P6, P4, P3 give “has lunch in company”

b1: target derivable from P? No

ba: target contradicts P? No

bs: bridge already supported by P? No

bs: P U{h} derives target? Yes

Verified gap Adm

—C track (target: James does not have lunch in the company)

AGE bridge h James is not a manager and does not appear in the company today.
(closes via) P1, P2 give “no lunch in company”

bi1: target derivable from P? No

ba: target contradicts P? No

bs: bridge already supported by P? No

bs: P U{h} derives target? Yes

Verified gap Adm

Each bridge is one case of the P7 disjunction; since the premises leave the case undecided, both gaps stay open.
CCDA: valid pair, no repair. SFC: no one-sided contradiction, so the pair is kept. (Adm,Adm) — Unknown
(gold: Unknown).

Figure 7: A successful ABED trace on FOLIO (FOLIO_dev_4). The premises contain a disjunction (P7) with two
cases for James, and the conclusion’s truth depends on which case holds. For each target, AGE recovers the case
that would close it: James is a manager and appears today closes C' (via P6, P4, and P3, James must have lunch in
the company), and James is not a manager and does not appear closes ~C' (via P1 and P2, James cannot have lunch
in the company). The boolean checks b;-b, confirm each bridge is consistent with the premises but not entailed by
them. Since the premises do not decide the disjunction, both directions are Adm, CCDA keeps the pair, and SFC
finds no one-sided contradiction, so ABED correctly predicts Unknown.
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Conclusion C: The bald eagle is round. Generated —~C'": The bald eagle is not round. AGE+BGV: (Adm, Adm)

Reaching ROUND(bald_eagle) needs a five-step chain that the language-level diagnosis does not complete, so both
directions are left Adm and SFC is triggered.

Step 1 — Symbolic extraction S(P) = (F, R, D, L):
F ground facts: COLD(squirrel), KIND(squirrel), COLD(bald_eagle), ...

R implication rules: COLD(z) —CHASESCAT(z); CHASESCAT(z)AKIND(z) —ROUND(z); ROUND(z) —
EATSBE(x); EATSBE(x)ACOLD(be)—-ROUND(be)

D ground disjunctions: none

L subsumptions: none

Step 2 — Forward chaining under P U {—~C'} (modus ponens):

COLD—>CHASESCAT A KIND(sq)
COLD(sq) ————————— CHASESCAT(sq) ————— ROUND(sq)
——
F

ROUND—EATSBE A coLD(be)

——————— EATSBE(sq) ————— ROUND(be)

Step 3 — Contradiction. The chain derives ROUND(be), but —C asserts —ROUND(be).  Witness:
{ROUND(be), "ROUND(be)} = L. The C side stays consistent.

OC(=C): (Adm,Adm) SN (Null, Contra) — True (gold: True)

Figure 8: An SFC audit recovering a missed proof on ProofWriter (be = bald_eagle, sq = squirrel). AGE and BGV
leave both directions Adm because the language-level diagnosis does not trace the five-step chain to ROUND. SFC
extracts a restricted symbolic form S(P) = (F, R, D, L)—ground facts, implication rules, ground disjunctions, and
subsumption relations—and forward-chains under each assumption. Under P U{—C'} the chain derives ROUND(be),
contradicting the assumption, while the C' side stays consistent. This one-sided contradiction promotes the pair to
(Null, Contra), so ABED predicts True rather than a false Unknown.

You produce the proposition-level negation of a statement.

Rules:
- Negate at the proposition level (not just adding “not” or “It is not the case that”).

- Preserve quantifiers correctly:

“All X are Y” -> “Some X is not Y.”
“Some X is Y” ->  “No X is VY.”
“If A then B” ->  “A holds but B does not.”

- For a simple atomic statement “S P”, produce “S does not P.” with grammatical agreement.
- Keep entity names (proper nouns) unchanged.
- Output exactly one English sentence ending with a period.

STATEMENT :
“{target}”

Figure 9: The constrained prompt used in Stage 1 to generate the proposition-level negation —C' of the input
conclusion. The placeholder {target} is replaced with the conclusion C.
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You are a strict logical diagnostician under open-world reasoning.

Your task is to diagnose the gap between the PREMISES and the TARGET. Do not produce a final
task label. Do not rely on closed-world reasoning.

Choose exactly one gap_type:

1. NULL

The TARGET is already entailed by the PREMISES.

Use this when the premises logically force the TARGET, even if the wording is different.
2. CONTRADICTORY

The TARGET is incompatible with the PREMISES.

Use this only when assuming the TARGET leads to a contradiction with the premises.
3. ADMISSIBLE

The TARGET is compatible with the PREMISES but not entailed by them.

In this case, propose a compact bridge hypothesis h that would make the TARGET

follow if h were added to the premises.

The bridge h must not already be entailed by the premises.

Important rules:

- Do not infer the converse of a conditional.

- Do not use closed-world reasoning: absence of proof is not false.

- Use contraposition only for clearly stated strict logical rules.

- Do not introduce outside commonsense or unstated background facts.

- If the proposed bridge is already entailed by the premises, the gap is NULL, not ADMISSIBLE.
ADMISSIBLE means the target is left open; it is not evidence that the target is true.

Reasoning steps:

1. Check whether the TARGET is entailed by the PREMISES. If yes, output NULL.

2. Check whether the TARGET contradicts the PREMISES. If yes, output CONTRADICTORY.

3. Otherwise, identify the weakest compact bridge h that would make the TARGET follow.
If h is not already entailed and is consistent with the premises, output ADMISSIBLE.

PREMISES:
{premises}

TARGET:
“{target}”

Output strictly according to the provided JSON schema.

Figure 10: The Assumption Gap Estimation (AGE) prompt used in Stage 2. AGE diagnoses the gap between the
premises and the target as NULL, CONTRADICTORY, or ADMISSIBLE, and proposes a bridge hypothesis h for
admissible cases. The placeholders {premises} and {target} are filled in at run time.
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You are a meticulous logical auditor for open-world natural-language FOL problems.

Your task is to verify a proposed bridge hypothesis h for a TARGET. Do not generate a new bridge
hypothesis. Do not revise, replace, or strengthen h. Only audit the given h.

Definitions:

- P: the numbered premises below. Treat them as the only source of facts and rules.

- TARGET: the hypothesis being diagnosed in this direction.

- h: the proposed bridge hypothesis from AGE. If h is empty, vague, or unusable, do not infer
a replacement. Mark bridge-related checks as false and explain briefly.

Answer exactly four boolean checks:

1) premises_entails_target

Does P alone entail TARGET?
2) target_contradicts_premises

Is TARGET inconsistent with P? Equivalently, does P union {TARGET} lead to a contradiction?
3) bridge_entailed_by_premises

Is h already entailed by P? If yes, h is a pseudo-gap rather than an independent bridge.
4) premises_plus_bridge_entails_target

Does P union {h} entail TARGET? This should be true only if h is usable,

consistent with P, and sufficient for TARGET.

Rules:

- Use only the premises and their strict logical consequences.

- Do not use closed-world reasoning: absence of proof is not falsity.

- Do not infer unstated converses from conditionals.

- Use contraposition only for clearly stated strict logical rules.

- Do not introduce outside commonsense or unstated background facts.

- Lexical overlap is not entailment.

- Trivial reformulation is allowed only when it preserves the same stated meaning.

- If h is already entailed by P, it may help close the target, but it is not an independent gap.

PREMISES:
{premises}

TARGET:
“{target}”

PROPOSED_BRIDGE_H:
{hypothesis}

Output strictly according to the provided JSON schema.

Figure 11: The Boolean Gap Verification (BGV) prompt used in Stage 2. BGV audits the bridge hypothesis
proposed by AGE through the four boolean checks b;—by, without generating or revising h. The placeholders
{premises}, {target}, and {hypothesis?} are filled in at run time.
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You are a consistency-recheck auditor for dual abductive entailment.

This recheck is used only for symmetric determinate conflicts: (NULL, NULL) or (CONTRADICTORY,
CONTRADICTORY) .

Assume the premise set P is internally consistent. Under open-world FOL, the valid final dual

states are:
1. (NULL, CONTRADICTORY) => P entails C => True
2. (CONTRADICTORY, NULL) => P entails not-C => False

3. (ADMISSIBLE, ADMISSIBLE) => P entails neither C nor not-C => Unknown

The prior diagnosis produced a symmetric conflict. Your task is not to repair the previous
trace. Your task is to directly recheck whether P entails C and whether P entails not-C.

PRIOR DIAGNOSIS:
gap_C = {gap_c} for C = “{target_c}”
gap_not_C = {gap_nc} for not-C = “{target_nc}”

Procedure:
1. Decide p_entails_c: Does P alone entail C?
2. Decide p_entails_not_c: Does P alone entail not-C?

Use strict open-world reasoning:

- Use only the premises and their strict logical consequences.

- Do not use closed-world reasoning: absence of proof is not falsity.

- Do not infer unstated converses.

- Use contraposition only for clearly stated strict logical rules.

- Do not introduce outside commonsense or unstated background facts.

- Trivial reformulation is allowed only when it preserves the same stated meaning.

Decision mapping:
- If p_entails_c is true and p_entails_not_c is false:

truth_class = “True”, repaired_pair = [“NULL”, “CONTRADICTORY”]
- If p_entails_c is false and p_entails_not_c is true:
truth_class = “False”, repaired_pair = [“CONTRADICTORY”, “NULL”]
- If both are false:
truth_class = “Unknown”, repaired_pair = [“ADMISSIBLE”, “ADMISSIBLE”]

- If both appear true: recheck carefully, since this contradicts the assumption that P
is consistent. If the conflict cannot be resolved from P alone, set both to false:
truth_class = “Unknown”, repaired_pair = [“ADMISSIBLE”, “ADMISSIBLE”]

PREMISES:
{premises}

PRIOR TRACE for C (sanity-check only; do not trust it over P):
{trace_c_excerpt}

PRIOR TRACE for not-C (sanity-check only; do not trust it over P):
{trace_nc_excerpt}

Output strictly according to the provided JSON schema.

Figure 12: The CCDA conflict-recheck prompt used in Stage 3. It is invoked only for symmetric determinate
conflicts, (NULL,NULL) or (CONTRADICTORY,CONTRADICTORY), which are impossible under a consistent
premise set. The recheck directly re-evaluates whether P entails C' and whether P entails ~C, and maps the result
to a valid dual pair. The placeholders are filled in at run time.
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You are a SYMBOLIC PARSER. You convert natural-language logic premises and a conclusion into
a normalized symbolic form. You DO NOT solve the problem. A separate deterministic forward
chainer will run on your output.

OUTPUT RULES (mandatory):
1. Use SHORT, snake_case predicate names. Strip articles, demonstratives, and adjectives that
do not carry logical content (unless the predicate IS the adjective). Example: “John has a
child” -> has_child(john).
2. Use the SAME predicate spelling everywhere.
3. For named entities, use lowercased snake_case constants. For variables in universal premises,
use single lowercase letters x, y, z.
4. For each premise, decide its TYPE:
- GROUND FACT  -> append to premise_facts.
- UNIVERSAL RULE -> append to premise_rules with variable in args.
- DISJUNCTION  -> append to premise_disjunctions (>= 2 options).
- DEFINITIONAL -> append to subsumptions.
5. For “If A or B then C”, split into TWO rules (A -> C) and (B -> C).
6. For “X is EITHER A OR B”, emit ONE entry in premise_disjunctions with options [A(x), B(x)].
Do NOT emit a rule with BOTH consequents — that asserts “A AND B”, which is logically WRONG.
7. For “A iff B”, emit BOTH rules (A -> B) and (B -> A).
8. For “no X are Y”, emit a rule X(x) -> not Y(x).
9. For “every / all / each / any X is Y”, emit X(x) -> Y(x).
10. For ANY existential statement, emit GROUND FACTS with fresh skolem constants. An existential
is NEVER a universal disjunction; it is always one or more ground skolem facts.
11. CONCLUSION: emit conclusion_atom_c for C and conclusion_atom_nc for its negation, same
pred and args, neg flipped.
PREDICATE NORMALIZATION TIPS:
- “is X” -> is_X ; “has X” -> has_X
- Prefer neg=true on a positive predicate over inventing “not_X”.
- The predicate dictionary MUST list every predicate used, with a gloss.
PREMISES (numbered):
{premises}
CONCLUSION (C):
{conclusion}
Return JSON only, matching the schema exactly. Do NOT include reasoning prose; only the JSON
object.

Figure 13: The symbolic parser prompt used in Stage 4 (SFC). The LLM only parses the premises and conclusion
into a normalized symbolic form; a separate deterministic forward chainer operates on the output. The placeholders
{premises} and {conclusion} are filled in at run time.
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Algorithm 1 ABED Pipeline for a Single Logical Entailment Instance

Input: premises P = {p1, ..., pn}, conclusion C
Output: final answer A € {True, False, Unknown}

(1) Complementary Target Construction
—C' < Negate(C)
H <« {C,~C}

(2) Assumption Gap Diagnosis
For each H € H:

(vw(P,H),h) < AGE(P, H)

by < [P+ H]
by« [PU{H}F 1]
by < [P+ h]
by <+ [PU{h} - H]
Null, bl,
Cont b
Y(PH) T
Null, b3 N by,
Adm, otherwise.

(}) Dual-Pair Consistency Alignment
[(P,C) « (3(P,C),3(P,~C))
I'(P,C) < CCDA(T'(P,C))

(4) Local Symbolic Audit
If T, (P,C) = (Adm,Adm):

S(P) «+ (F,R,D,L)

(Null, Contra), OC(=C),
I'(P,C) « < (Contra,Null), OC(C),
(Adm,Adm), otherwise.

Otherwise: I*(P,C) « ') (P, C)

(5) Final Label Mapping
True, I'*(P,C) = (Null, Contra),
A « { False, I'*(P,C) = (Contra, Null),

Unknown, T*(P,C) = (Adm,Adm).

return A

> proposition-level negation
> bidirectional targets

> initial gap and bridge

> target is entailed

> target is contradictory
> bridge is supported

> bridge closes the gap

> BGV priority rule

> verified dual gap pair
> consistency alignment and repair

> restricted symbolic form

> SFC audit

> final prediction
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