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Abstract

Large language models struggle with spatial
and geometric reasoning. Existing remedies
either fine-tune on answers, leaving geometric
structure implicit, or attach a symbolic solver
at inference, which is brittle under imperfect
parser coverage. We propose DGCL (Differen-
tiable Geometric Constraint Layer), a training-
time objective for a typed family of spatial and
geometric relations (e.g., parallelism, frame-
relative left/right, vertical order) that super-
vises the LLM’s hidden states with a differ-
entiable Huber residual over parser-proposed
candidate constraints, a coverage regularizer,
and a learned selector. Training requires a
frozen constraint parser; inference does not:
it is a single LLM forward pass over the text
prompt plus one learned [GEO] token, with no
parser, solver, external tool, or auxiliary head.
We evaluate on three auditable datasets (pla-
nar geometry, language-grounded 3D relations,
and a firewalled zero-touch counterfactual split)
with 10,278 test instances over 5 seeds. We are
explicit about attribution: a strong constraint-
supervised control (A2c), which trains the se-
lector and coverage objective on gold candi-
dates but blocks the residual gradient from the
LLM, already captures most of the improve-
ment over plain fine-tuning (up to 426 points).
Our isolated contribution is that coupling the
differentiable residual gradient into the LLM
adds a further, stable +4.0 to 4+5.2 points over
this strong control across all five settings (seven
pre-registered gates, Holm-corrected p<0.001),
at 1.06x a fine-tuned baseline’s latency. On
full parser coverage a strong tool baseline
marginally exceeds DGCL; DGCL’s advantage
is robustness under partial or missing coverage,
not superiority over oracle solvers.

1 Introduction

Geometric reasoning in natural language — deter-
mining whether two segments are parallel, what
frame a left/right relation refers to, or which solid

extends above another — is a stubborn weakness of
modern large language models (Shiri et al., 2024;
Liu et al., 2023; Liao et al., 2024; Wasi et al., 2026).
The community has converged on two broad re-
sponses. The first is to fine-tune on more answers
or chains-of-thought (Wei et al., 2022; Lightman
et al., 2024), which moves the average but leaves
the geometric structure implicit in token statistics.
The second is to bolt a symbolic solver onto the
inference path (Trinh et al., 2024; Chervonyi et al.,
2025; Ping et al., 2026; Gao et al., 2023; Chen et al.,
2023; Schick et al., 2023), which can be highly ac-
curate when a clean formalization is produced but
tends to be brittle under imperfect parser coverage
and slow under realistic candidate budgets.

The gap we target: existing methods place sym-
bolic geometric structure either nowhere in the
model (answer-only fine-tuning) or entirely in the
inference path (tool pipelines), but not in the gra-
dient. No prior work, to our knowledge, super-
vises an LLM’s hidden states with a differentiable
geometric-constraint residual and then removes
that machinery at test time, so whether geomet-
ric structure helps as a training signal — sepa-
rately from its value as a runtime tool — has not
been isolated. This matters in the common regime
where a parser exists but is imperfect: there, the
inference-time-symbolic route degrades with the
parser, while a training-time signal need not.

A third option remains under-explored: use sym-
bolic geometric structure as a training signal that
reshapes the language model’s internal represen-
tation of spatial text, then discard the structure at
inference. The target of the intervention is repre-
sentational — we want the LLM to encode spa-
tial language (parallelism, frame-relative left/right,
vertical order) in a way that respects geometric
consistency — not a bolted-on geometry module.
Concretely, we keep a frozen parser only during
training to extract typed candidate constraints; we
score those candidates with differentiable residuals;
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we propagate the loss into the language model’s
hidden states through a small variable predictor;
and at test time we run a standard LLM forward
pass on the text prompt (plus one learned [GEQO]
token), with no parser, solver, or external tool. We
call this DGCL, for Differentiable Geometric Con-
straint Layer. DGCL is therefore parser-free at
inference but parser-dependent in training (§6.6).

Three observations motivate the design: a con-
straint’s geometric content (“AB || CD”, “u is left
of v under frame f”’) has a natural differentiable sur-
rogate that an answer-only loss lacks; which candi-
dates to attend to is learnable via a softmax selector
with coverage and selector losses; and keeping the
signal out of the inference path avoids the latency,
timeout, and formatting failures of tool baselines.

We test three falsifiable claims. (I) Differen-
tiable coupling adds a stable gain over strong
constraint supervision: backpropagating the resid-
ual into the LLLM hidden states improves over the
constraint-supervised but detached control A2c
(falsified if A2c matches A6). (II) The gain is
geometry-specific, not extra parameters or noise
(falsified if RandGeo or ParamMatch closes the
gap). (IIT) Inference is non-oracle and solver-
free (falsified if A6 calls a parser/solver or its la-
tency exceeds 1.5x B2 FT).

Of the ~20-26 point gain of the full model
(A6) over plain fine-tuning (B2 FT), most
comes from constraint-supervised training (gold-
candidate matching plus the g;;-supervised selec-
tor/coverage), already present in the stop-gradient
control A2c (e.g., A2c 82.1 vs. B2 FT 57.6 on D1
public; Table 14). Only the remaining +4.0 to
+5.2 points come from the genuinely new piece:
coupling the differentiable residual gradient into
the LLM (A6 over A2c). We therefore claim only
that this coupling yields a small yet stable ad-
ditional gain over a strong constraint-supervised
control — positive in all five settings, 5/5 seeds,
p < 0.001 — which prior answer-only and tool-
pipeline methods do not isolate.

We instantiate DGCL on Llama-3.1-8B (Meta
Al, 2024) with LoRA (Hu et al., 2022) and a frozen
DeBERTa-v3 parser (He et al., 2023). Our con-
tributions are: (1) a training-time differentiable
alignment objective that propagates typed geomet-
ric residuals into LLM hidden states through a
small variable predictor, learned selector, and cov-
erage regularizer, with no inference-time machin-
ery beyond one learned prompt token, scoped so
that the isolated effect is the stable gain of differ-

entiable coupling over the detached control A2c;
(2) an auditable protocol over planar geometry
(D1), language-grounded 3D relations (D2, True-
Text-Only and Mixed), and a frozen zero-touch
counterfactual split (D3), 10,278 test items in all,
with seven pre-registered Holm—Bonferroni gates
(Holm, 1979); (3) coupling and specificity abla-
tions (A6 vs. A2c, RandGeo, ParamMatch); and
(4) a boundary analysis showing that a strong non-
oracle tool baseline marginally exceeds DGCL un-
der full parser coverage, while DGCL’s advantage
is robustness under partial/missing coverage, below
oracle solver upper bounds.

2 Related Work

Spatial reasoning and geometric solving.
Benchmarks show LMs/VLMs are weak at spatial
reasoning, and explicit structure (boxes, scene
graphs) helps more than chain-of-thought (Shiri
et al., 2024; Li et al., 2024; Liao et al., 2024; Wasi
et al., 2026; Liu et al., 2023); a related line uses
symbolic/visualized intermediate representations
at prompting time (Hu et al., 2024; Wu et al., 2024).
On the symbolic side, AlphaGeometry(2) (Trinh
et al., 2024; Chervonyi et al., 2025), AutoGPS
(Ping et al., 2026), Inter-GPS (Lu et al., 2021), and
GeoQA (Chen et al., 2021) pair neural models
with deductive engines that are oracle-like when
formalization succeeds; we calibrate against such
solvers as upper bounds, not competitors (Table 9).
For 3D grounding, Spatial VLM (Chen et al., 2024),
SpatialRGPT (Cheng et al., 2024), and NUMINA
(Zeng et al., 2025) scale grounded data; our D2
uses ScanNet (Dai et al., 2017)/3DSSG (Wald
et al., 2020) scenes, and our intervention is a loss,
not a data-source change.

Neuro-symbolic learning with differentiable
structure. Work that makes symbolic structure
differentiable splits on what happens at inference.
Some methods keep a symbolic component at test
time: SATNet (Wang et al., 2019) runs a smoothed
MAXSAT layer in the forward pass, and Deep-
ProbLog (Manhaeve et al., 2018) and NeurASP
(Yang et al., 2020) query a probabilistic logic pro-
gram. Others use the constraint only as a training
signal and add nothing at inference — the seman-
tic loss (Xu et al., 2018) and Logic Tensor Net-
works (Badreddine et al., 2022) regularize the net-
work during training, after which it runs unchanged.
DGCL is in this second, training-time-only family,
but is aimed at language models for textual spatial
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reasoning and differs in three ways: the supervised
object is a small library of continuous typed ge-
ometric residuals rather than Boolean logic; the
gradient is routed, via a learned selector over parser-
proposed candidates, into the LLM’s hidden repre-
sentation of the input language, reshaping how it
encodes spatial fext rather than adding an external
geometry module; and the whole apparatus (parser,
candidates, selector, residuals) is dropped at infer-
ence, leaving a text-in/text-out LLM whose only
added input is one learned prompt token. DGCL
is thus an instantiation of this training-time-only
family for textual spatial reasoning over a typed
constraint library; its main experimental contri-
bution is the controlled A6-vs-A2c comparison
(§4.3). Prompting- and tool-time methods (Wei
et al., 2022; Wang et al., 2023; Yao et al., 2023a;
Lightman et al., 2024; Gao et al., 2023; Chen et al.,
2023; Yao et al., 2023b; Schick et al., 2023) form
our budget-matched B3b baselines.

3 Problem Formulation

Given input text x; (and, for D2, optional structured
fields), the model outputs an answer ; evaluated
by hard validators that reject answers failing canon-
ical normalization, binding, or tolerance (Lu et al.,
2021). A frozen training-time parser P} proposes a
candidate set C; = {c;;} with typed labels ¢;;, ar-
gument tuples a;;, and confidences p;;; P is used
only during training and is absent at inference. It is
non-oracle but not deliberately weak (§4.5), which
calibrates the tool baselines’ headroom. The train-
ing objective adds three terms to the answer NLL
cans:

£A6 = Eans + Ageoﬁgeo + Acovﬁcov + )\selﬁsela

(1)
all operating on candidate constraints and all re-
moved at inference.

4 Method: DGCL

This section specifies the four pieces that distin-
guish DGCL from a vanilla fine-tuned model: a
typed family of differentiable residuals (§4.1), a
variable predictor that maps hidden states to ge-
ometric variables (§4.2), and a learned selector
with a coverage regularizer for candidate weight-
ing (8§4.4). The gradient path that distinguishes A6
from its stop-gradient ablation A2c is made explicit
in §4.3. Figure 1 contrasts the training-time and
inference-time data flow.

4.1 Differentiable Geometric Residual Loss

Let z; denote the predicted geometric variables
for instance ¢ (point coordinates for D1, object
centers/extents/orientations for D2; see §4.2). For
each candidate constraint c¢;; with type ¢;; and ar-
gument tuple a;;, a typed differentiable residual
function ¢y, (2, a;j) measures violation. We pass
each residual through the Huber penalty p; to con-
trol the influence of outliers:

1.2 <
po(r) = {QT ’ =0

2
s(rl=10), |r>o O

Candidate weights are a softmax over selector
logits (§4.4) at temperature 7:

_ exp(sij/T)
D onty exp(six/T)

The differentiable geometric loss aggregates
weighted residuals:

3)

wij

N my

1
Lgeo = N Z szj ps (01, (Zir ai)) - (4)

i=1 j=1

The library has eighteen typed families (Ta-
ble 3, Appendix C): eleven planar residu-
als over predicted points p — e.g.,, paral-
lel cross(unit(pp—pa), unit(pp—pc)) and angle
equality (é(ﬁAa ﬁBaﬁC) _l(ﬁDv PE, ﬁp))/ﬂ', plus
distance equality, fixed length, perpendicular, sup-
plementary angle, collinearity, midpoint, segment
addition, circle radius, and similarity ratio — and
seven frame-dependent 3D residuals over pre-
dicted centers ¢ — e.g., left/right max(0, u;, —
sign, ez (f) " (éw — &,))/D; and frame transform
| T = (Cy—E0) — 7“531’(}2 |2/ D;, plus front/behind,
above/below, non-overlap, and two higher-order
consistency residuals (SE(3) composition and coun-
terfactual swap; Appendix C). Each is normalized
by an instance-scale denominator D; (diagram di-
ameter for D1, scene diagonal for D2) or an angle
scale so weights are comparable across families.
The residuals are a training loss only; primary eval-
uation uses independent hard validators (§5.3) that
are code-separated from the residuals so low residu-
als cannot game evaluation. Most residuals are self-
consistency terms; the frame-transform residual is
the one supervised term, comparing the predicted
offset mapped into frame fo against a train-split
target 8°!9 read from the dataset’s 3D ground truth

— defined only on the train split, a property of the
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A. Training-time DGCL (modules in dashed boxes are removed at inference)

1. Input & Representation 2. Variable Prediction

Input text z;

Fi P,
+ [GEQ] token ) rOZefparsed 1=

3. Symbolic Constraint Parsing (Frozen)

B. Inference-time DGCL (solver-free)

4. Constraint Selection

Model input z; + [GEQ]

(text; optional serialized
fields in D2 Mixed)

‘} { Selector logits s:;

i
{ (typed constraint parser) (MLP) } E
LLM + LoRA e e e 5 ; } 4’_ el £ VLT
® ) | Variable predictor g, W‘ ! Typed candidate constraints C; || !, | Selector weights w LLM + LoRA
! (MLP head) | [eij = (£ij, @ij, conf ;). : (softmax) )
3 ——___ |
Final-layer hidden states ;
) | S i :
L { 5. Typed Residual Evaluation 6. Loss Terms ‘ Final answer
» =) | H 3 N (generated from text)
[GEO}-anchored pooled state Predicted geometric | |} | Typed residuals ¢ (%, 055) ||| [ £, (geo. resicual loss) Sl e
h; = Pool(h{®), A;) variables 2; 148 (one per candidate) J
‘ - Uk s e H ¥ I =] Leow (coverage loss) & No parser
e ——s. ! \ i L
Anchor set A; : : Huber penalty ps(¢) J 1 > Leu (selector BCE loss) ) No solver
i  answer anchor Backpropagate Lﬁ ! & No tool call
! o entity mentions | Vi | | Weighted residuals wy; - pa(s;)| | —>| Lans (answer NLL loss)
i ! lh )} &) No auxiliary head
i ¢ [GEO] token oM b eaeaAe aesangeeanae
e A I N e Total Objective ) No residual module
Lag = Lans + Ageo Lgeo + Acav Leow + Asel Lsel
C. A6 vs A2c: The Role of Residual Gradient (overview; hidden-state path shown)
( = A6 DGCL (ours) A2c Stop-Gradient Control {3 Training-only module
| hi Precictor | 5 Tredesiciat . = @ \ e S
= » | Typed residuals ; Predictor 5 Typed residuals =
(pooled state) 90 % G:Coag) | Lgeo || ooied s s9(h:) | | dl o J — Lgeo () inforence-time module
J — i

Lgeo gradient reaches the LLM through the hidden-state path

7

Stop-gradient blocks the hidden-state Lge, path

! —>  Information flow
E j 5¢(+): Stop-gradient operator

Figure 1: DGCL overview. (A) Training-time DGCL.: the frozen parser P, proposes typed candidate constraints, the
variable predictor maps a [GEO]-anchored attention-pooled representation to geometric variables Z;, typed residuals
are evaluated under a Huber penalty and selector weights, and the total objective L4 = Lans + AgeoLgeo +
AcovLeov + Aset Lser backpropagates the geometric residual gradient into the LLM. Modules in dashed boxes are

removed at inference. (B) Inference-time DGCL is a single

LLM+LoRA forward pass on the model input, with no

parser, solver, tool, or auxiliary head. (C) A6 vs. A2c, hidden-state path shown: A2c detaches L, from this and
from the selector-weight path, both drawn in Figure 3; L,.; and L., stay coupled in both (§4.3).

scene rather than the answer label, and absent at
inference. Provenance, masking of under-specified
frames, and the numerical-stability guards for re-
movable singularities are in Appendix C; because
this term is supervised, §6.1 rules out the trivial
explanation that A6 merely benefits from 789,

4.2 Variable Predictor and Hidden-State
Pooling

The variable predictor produces Z; by attention-
pooling final-layer LLM hidden states over an an-
chor set (the answer token, entity mentions, and a
learned [GEO] token; Appendix B) and applying a
two-layer MLP:

fLZ‘ = POO](hEL), .AZ), Z2i = Wo U(Wlﬁi—i-bl)—l—bz.
4)
In the True-Text-Only condition the latent variables
z; are predicted from text alone — no coordinates,
boxes, or structured fields enter the predictor — so
the residual teaches the model to recover latent ge-
ometry from language; at inference the text-only
forward pass already carries that ability without
producing z; at all. In the Mixed condition the
serialized structured fields are additionally avail-

able in th). Output dimensions, the per-instance
similarity gauge that removes the coordinate null
space, and the canonical slot layout are deferred to
Appendix C.

Inference. [GEO] is a single learned embedding
appended once to the prompt before the answer
region (Appendix B); it is present at both training
and inference, is never generated, and is the only
input the deployed model reads beyond the text.
Everything else in Figure 1(A) — parser P, can-
didates C;, selector, variable predictor, residuals,
and Lyeo, Lgel, Leow — 18 absent at inference, a
standard LLM+LoRA forward pass; the one-token
overhead is included in the 1.06 x latency of §6.5
(Appendix O).

4.3 Hidden-State to Geometry Bridge

The bridge from LLM hidden states to geomet-
ric variables separates A6 from a detached ge-
ometry head. In A6 the full path hz(»L) — h; —
Zi — ¢(Zi,a) — Lgeo is differentiable, so
Vo, .uLgeo 7 0 and the geometric residual up-
dates the LoRA parameters. The stop-gradient
ablation A2c detaches only Lye, from the LLM,
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leaving the g;;-supervised Lge/Leon coupled ex-
actly as in A6, via 22%* = gu(sg(h;)) and

gzc’geo = sg(w;j), giving Vi, , ,, Lgeo = 0 while
Vo, Lsels VoyaLeov 7 0. A2c is thus not B2
FT: the g;j-supervised losses still teach a “which
gold constraints are present” signal; what A2c lacks
is the continuous geometric-consistency gradient.

One subtlety affects the causal reading. The full
A2c detaches L, along both paths it could flow —
the hidden-state bridge h; — %; and the dependence
on selector weights w;; — while A6 couples both,
so A6—A2c conflates residual gradient reaching
the LLM hidden states with residual gradient re-
fining the selector weighting. To isolate them we
add a 2x2 design (§6.1, Table 5): A6-sel-detach
keeps the hidden-state path but stops Ly, at w;;
(hidden coupling only); A2c-hidden-only stops the
hidden-state path but lets £, update w;; (selector
refinement only).

4.4 Selector and Coverage

A small differentiable selector produces per-
candidate logits s;; = u' tanh(Wyh; +
Wee(cij) + Wypij + bs), where e(c;j) em-
beds candidate type and binding features and
p;ij 1s parser confidence; the softmax weights
w;; enter Ly, differentiably, so the resid-
val gradient updates both the selector and the
LLM bridge. Selector supervision is a per-
candidate BCE against train-split matching la-
bels qij> Lo = —% Zz miizj[qij log U(Sij) +
(1—gij) log(1—0o(sij))]. To stop the selector col-
lapsing onto one easy candidate, a coverage
hinge on the soft coverage Cov; = zj W;;qij
penalizes mass below threshold ~v: L.y

+ > max(0,y — Cov;)2. All ¢;; are train-split
only and never expose test gold constraints. Two
ablations isolate the design: UniformCandidate
(wij=1/m;) and DetachedSelector (sg(w;;) be-
fore Lge,); coverage is ablated by “No coverage
regularizer” (Table 10).

4.5 Parser and Candidate Construction

The candidate set C; and matching labels ¢;; come
from the frozen parser P;, a DeBERTa-v3-base
(He et al., 2023) constraint extractor fine-tuned on
a held-out parsing split (18,240 instances, disjoint
from every main split). Each candidate is a typed
tuple (t;5, a;j, pij) — type, ordered argument tuple
over canonical entity slots, and parser confidence
— with up to m; < 20 deduplicated candidates per
instance. The binary label ¢;; marks whether a can-

didate matches a gold train-split constraint (iden-
tical type after synonym normalization, argument
agreement under canonical ordering, and numeric
agreement within tolerance); it is never computed
against dev or test, so the selector/coverage super-
vision cannot leak answers. P is trained once,
frozen, and absent at inference. It is non-oracle:
Candidate Recall @20 ranges from 73.2% (D3) to
92.8% (D1 generated) and argument-binding accu-
racy from 59.0% to 86.4% (Table 19, Appendix L),
so training-candidate quality bounds the geomet-
ric signal; §6.6 measures how A6 degrades when
these candidates are corrupted. Full construction
(parsing-split provenance, generator sharing, label
schema, relation distribution, and per-type quality)
is in Appendix L.

4.6 Hyperparameters and Training Budget

All runs use frozen hyperparameters selected on
development splits only (Appendix C; key val-
ues Ageo=0.35, Acoy=0.05, Ag;=0.10, Huber
6=0.10, selector 7=0.70). The backbone is
Llama-3.1-8B-Instruct (Meta Al, 2024) with LoRA
(Hu et al., 2022) (r=16, a=32, dropout 0.05)
on q,k,v,o,gate, up,down; optimizer AdamW
(Loshchilov and Hutter, 2019). The budget is iden-
tical across all matched trainable baselines: ef-
fective batch 64, < 3.0 epochs over the 54,600-
instance pool, 2,562 optimizer updates, 77 warmup
updates, max sequence length 2,048.

5 Evaluation Protocol

5.1 Datasets

We use three datasets; split sizes (totals
54,600/7,800/10,278 train/dev/test, D3 evaluated
only at the locked run) are in Appendix G, Table 7.

D1: planar geometry. D1 public is a license-
cleaned subset of public planar-geometry problems
in the Inter-GPS/Geometry3K tradition (Lu et al.,
2021); D1 generated uses a frozen context-free
grammar with disjoint template-family IDs across
splits. All D1 instances use a hard validator (canon-
ical normalization plus numeric/angle tolerance).
Because D1 generated is grammar-generated from
a fixed constraint vocabulary, it primarily measures
typed residual alignment, not open-domain gen-
eralization; D1 public and the firewalled D3 split
test transfer beyond the generation grammar, still
within the typed families covered by the residual
library (Limitations).
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D2: language-grounded 3D relations. D2 con-
tains language-grounded 3D scene questions over
scenes derived from ScanNet (Dai et al., 2017) and
3DSSG (Wald et al., 2020). Each item asks for
a typed relation tuple (u,t, v, f) between objects
u, v under frame f.

Structured fields are an optional input: a serial-
ized list of object IDs and, where available, coarse
3D bounding boxes and a frame tag. They are
model inputs, not answers, and the validator never
reads them. The True-Text-Only (TTO) condition
presents the model with language only — no struc-
tured fields in the input — at both training and test,
and is the harder, more realistic setting; the Mixed
condition additionally provides the structured fields
as input at both training and test. 72°!4 is neither an
input nor an answer: it is the train-split 3D ground-
truth relative offset used to supervise the frame-
transform residual (§4.1). r8°d s a training-time
supervision target in both conditions and is absent
from the input and from inference in both; in TTO
the model additionally never sees structured fields
even as input, so TTO isolates whether DGCL’s
training-time signal transfers to a purely textual de-
ployment. The robustness controls in Appendix M
stress exactly these boundaries by shuffling or drop-
ping the structured fields. Primary relation families
exclude diagnostic Type Il families, which are re-
ported separately in the appendix.

D3: zero-touch counterfactual transfer. D3
contains 2,478 counterfactual templates held out
under a firewall protocol: no D3 example is used
for prompt tuning, hyperparameter selection, parser
tuning, or error analysis prior to the locked eval-
uation run. Firewall certification is logged as a
signed statement and cryptographic hashes of the
no-tuning record, the nearest-neighbor audit, and
the final retained-hashes file. D3 has no train or
dev split.

5.2 Baselines

We compare against a fixed registry under matched
candidate budgets and validation rules: prompting
baselines B1 Zero-Shot and B2 Few-Shot CoT
(Wei et al., 2022); B2 FT (standard LoRA fine-
tuning on the same answer supervision); the tool
baselines B3b Budget/Strong/Strong+ that call
P, at inference and run candidate-subset search
plus a symbolic solver with timeouts (Budget < 32
subsets/10 calls; Strong < 256/50; Strong+ ex-
panded cap 40 and a pre-registered stress bud-

get; all share the frozen P;); the locked-constraint
control BSb and serialized-scene-graph control
B5c; External PAL/PoT (Gao et al., 2023; Chen
et al., 2023) and External Verifier (Lightman et al.,
2024); a GPT-40-mini CoT external-API sanity
reference (not a matched trainable baseline); the
Innovation-I falsifier A2¢; the Innovation-II falsi-
fiers RandGeo/ParamMatch; and full A6. All
trainable baselines share the backbone, LoRA con-
fig, optimizer, training budget, candidate source,
and invalid-as-failure rule.

5.3 Metrics

Primary metrics use hard, independently-coded val-
idators separate from the training residuals. An-
swer correctness is exact-match after normaliza-
tion with numeric tolerance max(10~4,1073|y;|)
and angle tolerance 0.5°. HV_AnsAcc (D1) multi-
plies answer correctness by a hard validator reject-
ing malformed outputs; RA_RelVal (D2) further
requires tuple parse, entity link, and a hard rela-
tion check (frame-dependent relations use frame-
transformed center differences with margin 0.02 x
scene diagonal); OOD_AnswerAcc (D3) is answer
accuracy on the firewalled split; trace variants ad-
ditionally validate the proof (FVPA). All invalid
outputs — missing/malformed answer, unparseable
tuple, solver timeout, or post-hoc repair — count as
failure; auxiliary diagnostics are in the appendix.

5.4 Statistical Protocol

We run 5 seeds (13, 21, 42, 87, 100) per train-
able variant. The significance unit is the in-
dividual test instance, not the seed. For each
pre-registered gate, McNemar’s test uses the per-
instance majority-vote outcome across the five
seeds, while the clustered randomization test uses
the paired instance-level statistic with the pre-
registered clustering variable — D1 public 312
source groups, D1 generated 1,046 template fami-
lies, D2 874 scene IDs, D3 58 counterfactual fam-
ilies. We use 10,000 cluster-level randomization
draws and the finite-sample Monte-Carlo estimate
Pperm = (K +1)/(B + 1), where B = 10,000 and
k is the number of permuted statistics at least as
extreme as the observed statistic; the gate-level raw
p-value is the more conservative of the McNemar
and cluster-randomization values. The seven raw p-
values are adjusted jointly with Holm-Bonferroni
(Holm, 1979) at the pre-registered family-wise
level a = 0.001. The reported 95% confidence in-
tervals come separately from a clustered bootstrap
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(10,000 resamples over the seedxcluster struc-
ture). The pre-registration file (comparison, di-
rection, metric, test, clustering variable, threshold)
is hashed and frozen before the locked run (Ap-
pendix N). The exploratory analyses in §6.6 are
post-hoc: unadjusted pointwise intervals, separate
from the seven gates.

6 Results

6.1 Main Results

Figure 2 (full numbers in Appendix H, Table 14)
reports primary answer-only results. A6 obtains
the highest mean in every setting and exceeds the
stop-gradient ablation A2c¢ by +4.0 to +5.2 despite
identical candidates, residuals, selector, and cover-
age regularizer; the closest matched competitor is
B3b Strong+ on D1 generated (95.9 vs. 88.4), with
caveats in §6.3.

Innovation I: coupling adds a stable gain over
strong constraint supervision. We read A6 vs.
A2c as an increment over a strong control, not the
source of the larger gain over plain fine-tuning:
A2c already captures most of the gain over B2
FT via the g;j-supervised selector/coverage path-
way (§7), and the two share their data, candidates,
residual library, selector/coverage objectives, and
budget, differing only in whether L, reaches the
LLM along either path (§4.3). The per-setting
deltas are +4.6/+4.9/+4.0/ +4.5/ 4+ 5.2 (mean
+4.64, 95% CI [+3.76,+5.53], clustered boot-
strap), with 5/5 positive seeds per setting and all
25 seed x setting deltas positive (Appendix D); un-
der the protocol of §5.4 the differentiability gate re-
mains significant after Holm correction (p < 0.001;
Table 1). The effect is small but consistent in sign
and significance.

Isolating hidden-state coupling from selector re-
finement. Because the full A2c detaches Ly,
from both the LLM hidden states and the selec-
tor weights (§4.3), A6—AZ2c by itself conflates the
two. A 2x2 decomposition (Appendix E, Table 5)
separates them: enabling only hidden-state cou-
pling (A6-sel-detach) recovers a mean +3.60 of
the +4.64 gain (78%), whereas enabling only selec-
tor refinement (A2c-hidden-only) recovers +0.84.
The gain is therefore principally attributable to the
residual gradient reaching the LLM hidden states,
with a smaller residual-aware-selector contribution;
this is the clean form of the Innovation I claim.

Gate (A6 vs.) Mean A 95% CI Holm p
A2c (Differentiable)  +4.64  [+3.76,+5.53] < 0.001
B2 FT 426.30 [+24.71,+27.96] < 0.001
B3b Budget +21.85 [+20.07,423.60] < 0.001
B3b Strong +16.04 [+14.16,+17.92] < 0.001
RandGeo +10.84  [+9.34,+12.33] < 0.001
ParamMatch +11.79 [+10.32,+13.27] < 0.001
B5b Constraint +15.65 [+13.83,+17.46] < 0.001

Table 1: Seven pre-registered superiority gates. Each
A is the pooled mean accuracy difference; the 95%
CIs come from the clustered bootstrap and the last col-
umn from the pre-registered paired testing procedure,
both described in §5.4. All seven gates satisfy the pre-
registered family-wise o = 0.001 criterion; the differ-
entiability gate (A2c) is the smallest-effect comparison.
Per-setting sign counts for A6 vs. A2c are 5/5 positive.

Innovations II and III. The gain is geometry-
specific: RandGeo and ParamMatch sit far below
A6, and by the widest margin on the slices where
geometric structure matters most (§6.4), ruling out
extra parameters or a generic auxiliary signal. And
inference is non-oracle and solver-free: A6 calls no
parser or solver and runs at 1.06x B2 FT latency
versus 3.9-21.5x for tool baselines (§6.5).

The D2 gain is not just access to r2°'4, Giving
the same train-split target 72°!4 (§4.1) to a model
through a generic regression route rather than the
differentiable residual (EquivSup) stays 14.6 points
below A6 on D2 Mixed, while removing 78°'4 from
A6 entirely costs only 2.9 (Appendix F, Table 6):
the gain is from the mechanism, not the target.

6.2 Pre-Registered Claim Gates

All seven pre-registered gates satisfy the family-
wise a = 0.001 criterion after Holm—Bonferroni
correction (Table 1). The largest delta (+26.30, A6
over B2 FT) is mostly the constraint-supervision
benefit that A2¢ already obtains and is not our con-
tribution; the smallest (4+4.64, A6 over A2c) is
the part attributable to coupling the residual gra-
dient into the LLM. We frame the contribution as
a +4 to +5 point stable gain over a strong control
(per-dataset breakdown in Appendix G, Table 8).
We did not gate against B3b Strong+ because it is
competitive with A6 in the easiest (full-coverage)
condition (§6.3).

6.3 Boundary: When Tool Search is
Competitive

Table 2 decomposes by parser-coverage subset: un-
der full P1 coverage B3b Strong+ marginally ex-
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Figure 2: Main performance comparison across the five primary settings. A6 DGCL consistently exceeds the
matched stop-gradient control A2c¢ by +4.0 to +5.2 points (red brackets), and the geometry-specificity falsifiers
RandGeo and ParamMatch stay below A6 in every setting. Full numeric results with confidence intervals and all

baselines are in Table 14 (Appendix H).

P coverage subset B3b Strong B3b Strong+ A6

Full 82.5 91.0 90.2
Partial 65.0 72.0 81.5
Missing 43.0 44.5 57.0

Table 2: Parser-coverage robustness (HV_AnsAcc). Un-
der full P; coverage the strong solver pipeline B3b
Strong+ marginally exceeds A6 (91.0 vs. 90.2); under
partial or missing coverage A6 is substantially more
robust (9.5 and +12.5). Full numbers with intervals
are in Table 15 (Appendix I).

ceeds A6 (91.0 vs. 90.2), but A6 leads by 9.5 (par-
tial) and 12.5 (missing), so A6’s aggregate advan-
tage is robustness under parser failure, not solver
superiority. This matches inference-time-symbolic
methods (Trinh et al., 2024; Chervonyi et al., 2025;
Ping et al., 2026) being strong only when formal-
ization succeeds; an oracle solver still exceeds A6
(Table 9), so DGCL is not at the symbolic ceiling.

6.4 Ablation and Specificity

The module-level ablation (Table 10) shows the
geometric loss is the largest contributor (—26.1
mean), with candidate weighting (—6.3/—5.3), cov-
erage (—4.4), the variable predictor (—7.7), and the
Huber penalty (—2.9) each contributing. The speci-
ficity slice (Table 11) shows A6’s lead over Rand-
Geo/ParamMatch is largest on the slices where geo-
metric structure matters most (up to +13.7/ 4 14.4
on D3 low-lexical), so the gains are geometry-
specific.

6.5 Efficiency and Robustness

A6’s relative latency is 1.06x B2 FT in the primary
token bucket (p95 1.21 x) versus 3.9-21.5 x for the
B3b family, with zero parser/solver calls (Table 12).
A6 also reduces coordinate MSE and angular er-
ror by roughly one third over B2 FT across all
five slices, including firewalled D3 (Table 13); un-
der input perturbations it degrades in proportion to
the geometric content removed (query-only —38.6,
paraphrase —3.2 on D2 Mixed; Table 22) and never
exceeds its full-input value (Appendix Q).

6.6 Exploratory Analyses: Parser Sensitivity,
Within-Library Transfer, and Probes

Three post-hoc analyses probe the boundaries of
the A6—A2c effect. They are exploratory (unad-
justed pointwise intervals, §5.4). The first two
retrain A6 and A2c with matched seeds, data order,
and budget (120 additional LoRA runs, no new hy-
perparameter search); the probe analysis reuses the
frozen checkpoints. All are evaluated on D1 public
and D2 TTO, since D1 generated is an alignment
test and D3 cannot be re-evaluated without break-
ing its zero-touch protocol (setup and full tables in
Appendix R).

Training-parser sensitivity. Table 30 corrupts
the frozen top-20 training candidates (deletions are
not replaced). A6’s absolute accuracy falls in every
condition—by 9.2/9.4 points (D1 public/D2 TTO)
under 50% gold-candidate removal and 9.7/9.6 un-
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der binding corruption—so DGCL is parser-free
at inference but parser-dependent in training. The
A6—A2c gap stays positive in all ten comparisons
and nine intervals exclude zero; D2 BindCorrupt-
25 (+2.1 [-0.2,4.4], 3/5 seeds) is inconclusive.
Omitting a whole family costs the targeted slice
far more than the rest of the data (16.4 vs. 1.79
points for D1 angle relations, 13.2 vs. 2.70 for D2
left/right).

Within-library transfer under masked auxiliary
supervision. For a target family group we keep
its examples and Lg,s but set Lo = Lo =
Leoy = 0 on those examples (suffix “HO”; the
family is not held out from answer training). A6-
HO exceeds A2¢-HO by +2.4 [1.0,3.8] on the
D1 macro and +1.9 [0.7,3.1] on the D2 macro,
but three of seven family-level intervals include
zero and the compositional slice is weakest (41.0
[—1.8, 3.8]). Because answer supervision remains
and every family is in the library, this is limited
within-library transfer, not evidence about unseen

types.

Linear decodability. Frozen linear probes on
the final-layer state at the last prompt token (af-
ter [GEO], not the [GEO] state; fitted on train, tuned
on dev, evaluated once on test) decode geometric
information better from A6 than from A2c: D1 fam-
ily macro-F1 +5.50 [3.20,7.80], D1 coordinate
NRMSE —0.027 [—0.041,—0.013], D2 relation
macro-F1 +5.30 [2.90, 7.70], D2 axis balanced ac-
curacy +5.10 [2.70, 7.50]. Hidden coupling alone
(A6-sel-detach) recovers about 70-85% of each
difference and selector-only contrasts include zero,
mirroring Table 5. These probes show higher linear
decodability, not causal use during generation.

7 Discussion

What the gain is, and why it reaches the LLM.
A2c already beats B2 FT (e.g., 82.1 vs. 57.6 on
D1 public) not through vague regularization but be-
cause its g;j-supervised Lei/Lco, are not detached
(§4.3); removing that supervision collapses A2c
to ~B2 FT (Table 10). The narrower A6—A2c
gap isolates the differentiable coupling, which
the decomposition (§6.1) attributes principally to
gradient reaching the LLM hidden states, help-
ing exactly the partial-coverage, frame-dependent,
and low-lexical cases where geometric consistency
is most informative. Frozen probes (§6.6) are
consistent with this reading but establish decod-

ability, not causal use during generation. The
strongest tool baseline cannot simply scale can-
didates: a larger cap raises coverage but also time-
out/rejection/exhaustion rates (8.6/7.5/5.9%). We
do not claim the LLM “computes geometry”’; the
predictor and selector do real work, but not in iso-
lation.

Scope. We do not claim parser-independence (a
frozen parser produces training candidates), superi-
ority over oracle solvers (the oracle exceeds A6 by
2.7-8.8 points, Table 9), or that solver methods are
inferior in general (Trinh et al., 2024; Chervonyi
et al., 2025; Ping et al., 2026). Two boundaries
deserve emphasis. First, DGCL is parser-free at
inference but parser-dependent in training: corrupt-
ing the training candidates lowers A6’s accuracy in
every tested condition, and omitting a whole family
costs the targeted slice 16.4 (D1) and 13.2 (D2)
points (§6.6), so systematic family-level parser fail-
ure is a material limitation. Second, the evidence
covers the typed families in Table 3; masking a
family’s auxiliary supervision yields only limited
within-library transfer, families outside the library
are untested, and DGCL provides no per-answer
certificate and is evaluated text-only and answer-
only (Limitations). The A6—A2c effect reproduces
on a Qwen2.5-7B backbone (Appendix P) with the
same sign and per-seed pattern, so it is not Llama-
specific.

8 Conclusion

We presented DGCL, a training-time objective that
supervises an LL.M’s hidden states with typed Hu-
ber residuals over candidate constraints for a typed
family of spatial relations, removing the entire sym-
bolic apparatus at inference. Most of the gain
over plain fine-tuning is the expected constraint-
supervision benefit already obtained by the de-
tached control A2c; the contribution we isolate
is the 4.0 to +5.2 point gain of full differentiable
coupling (A6 over A2c), most of which the 2x2
decomposition attributes to the hidden-state path
(§6.1), positive in all five settings and significant
under the pre-registered gates (1.06x latency) —
symbolic structure as a training-time gradient sig-
nal (and a training-time parser dependency), not a
runtime dependency. Frozen probes show higher
linear decodability of geometric information in the
final hidden state; causal use during generation and
transfer beyond the covered families remain open.
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Limitations

No formal guarantee. DGCL shapes the model’s
weights toward geometric consistency, but it pro-
vides no formal proof certificate for any individual
answer: at inference there is no solver, no con-
straint check, and no produced derivation, so a
DGCL answer can be geometrically wrong without
any internal signal flagging it. This is a fundamen-
tal difference from symbolic provers such as the Al-
phaGeometry family (Trinh et al., 2024; Chervonyi
et al., 2025), whose outputs come with a check-
able deductive trace. Where a verified, certificate-
bearing solution is required — formal verification,
automated grading that must justify itself, or any
safety-critical setting — DGCL is not a substitute
for an oracle solver and should at most be paired
with one as a fast first pass. A hybrid pipeline that
verifies selected DGCL outputs with a solver is pos-
sible but outside our experiments. Our claims are
strictly about answer accuracy and robustness un-
der imperfect parser coverage, not about provable
correctness.

Parser dependence at training time. Although
the inference path is solver-free, training requires a
frozen P1 parser. When P1 systematically misclas-
sifies a relation type, the corresponding training
residuals are mislabeled; the selector and coverage
regularizer can re-weight but not relabel. We re-
port argument-binding accuracy and per-relation
breakdowns (Appendix L) and measure the depen-
dency directly (§6.6, Appendix R): A6’s absolute
accuracy falls in every corruption condition — by
9.2/9.4 points (D1 public/D2 TTO) under 50%
gold-candidate removal and 9.7/9.6 under binding
corruption — and omitting an entire family from
the candidates degrades the targeted slice by 16.4
(D1) and 13.2 (D2) points against 1.79 and 2.70
elsewhere. The A6—A2c margin narrows under
corruption and is inconclusive in one condition (D2
BindCorrupt-25). We did not test a precision-only
condition that adds spurious candidates at fixed
recall, and we do not eliminate the dependency.

Evaluation scope. DI covers planar Euclidean
geometry; D2 covers a fixed family of object-level
frame-dependent 3D relations; D3 is a counter-
factual perturbation of the same families. Exten-
sion to multimodal inputs (images, scans, naviga-
tion traces) is outside this paper. Recent VLM-
style spatial work (Chen et al., 2024; Cheng et al.,
2024; Wu et al., 2024) is complementary and we

expect the DGCL gradient path to compose natu-
rally with those representation pipelines, but we do
not test the combination here. The evaluation is
also answer-only: we do not assess proof quality
or the model’s ability to detect its own errors, and
our claims concern answer accuracy and robustness
under imperfect parser coverage, not verifiable cor-
rectness.

Statistical scope. Significance is established at
the instance level with clustered resampling (§5.4);
the five seeds contribute the run-to-run variance
component, not the test unit. Power is nonethe-
less limited where the number of clusters is small
— most acutely on D3, with only 58 counterfac-
tual families — so small per-relation differences
in the long tail are not always resolvable, and the
D3 confidence intervals are correspondingly the
widest. We report clustered-bootstrap intervals
throughout to make this visible rather than report-
ing narrower seed-only intervals that would over-
state precision. The exploratory analyses of §6.6
are post-hoc; their intervals are pointwise and not
multiplicity-adjusted.

Residual library and dataset coupling. The
typed residual families in Table 3 were designed
for, and evaluated on, datasets whose gold con-
straints are drawn from a comparable typed fam-
ily. This is most acute for D1 generated, whose
grammar draws from the same constraint vocab-
ulary the residual library targets; its high scores
chiefly reflect typed residual alignment rather than
open-domain generalization (§5.1). We cannot rule
out that part of A6’s advantage reflects a match
between the residual library and the dataset’s con-
straint vocabulary rather than a property that would
transfer to arbitrary geometric tasks. A resid-
ual family absent from our library (for example,
conic-section incidence or topological invariants
beyond GTC) would receive no training signal, and
a dataset dominated by such constraints might show
a much smaller gain.

Representation evidence. The frozen probes
(§6.6) show that family, coordinate, and relation
information is more linearly decodable from A6’s
final pre-generation state than from A2c’s, with
most of the difference associated with the hidden-
coupling path. They do not show that this infor-
mation is used causally during generation; hidden-
state interventions and transfer to a different answer
format are left to future work.
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Compute footprint. All A6 runs use a single
A100 80GB; the exploratory analyses added 120
matched LoRA runs (about 0.8k A100-hours) un-
der the same schedule, with no new hyperparameter
search. We did not perform a multi-node scaling
study, and the LoRA configuration (rank 16 on 7
projections) is fixed; results at larger ranks or on
larger backbones may differ.

Ethics and Reproducibility

D1 public is drawn from license-cleaned public
planar-geometry problems. D2 scenes are derived
from ScanNet (Dai et al., 2017) and 3DSSG (Wald
et al., 2020) under the original license terms. D3
templates are synthesized in-house. No human-
subject data is collected. The training-time parser
is a DeBERTa-v3 model (He et al., 2023) fine-tuned
on a non-overlapping parsing split.

The D3 firewall protocol is documented by the
seven audit artifacts listed in Table 25, each sealed
under a full-length SHA-256 digest: (1) the pre-
registration file prereg_gates.md (the seven gates
with direction, metric, test, clustering variable,
and threshold); (2) d3_generator_hash.txt;
(3) d3_template_registry.jsonl; (4) the
timestamped role-based d3_access_log.csv;
(5) the signed d3_no_tuning_statement.md;
(6) d3_nearest_neighbor_audit.jsonl, in-
cluding the 274 removed instances; and (7)
d3_final_retained_hashes. txt. Together with
the audit and hashing scripts, these artifacts record
the pre-registration, the firewall checks, and the
temporal ordering of the protocol (§N).
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A Software and Packages

All experiments use PyTorch 2.3.1 with Hugging-
Face Transformers 4.44.2 and PEFT 0.12.0 for the
LoRA adapters, on CUDA 12.1 / a single A100
80GB. The DeBERTa-v3-base parser is fine-tuned
with the same stack. Decoding for all reported ac-
curacies is greedy (temperature 0, max new tokens
512 for answer-only outputs and 1024 for trace-
producing variants). The B3b tool baselines use
7.3 4.13.0 together with our custom DLP geometry
solver, with a per-call wall-clock timeout of 10s
for B3b Budget and 30 s for B3b Strong, and the
candidate/subset budgets in §5.2. Geometric resid-
uals and the code-separated hard validators share
only the primitive geometry routines in NumPy
1.26.4 and our geomprim module. Significance
tests (clustered bootstrap, cluster permutation, Mc-
Nemar, Holm—Bonferroni) are implemented with
SciPy 1.13.1 and statsmodels 0.14.2; the bootstrap
RNG seed is 20260518. The GPT-40-mini ref-
erence uses snapshot gpt-40-mini-2024-07-18
with temperature 0. The frozen linear probes of
Appendix R use scikit-learn 1.5.2 (train-split stan-
dardization, multinomial logistic regression with
L2 and balanced class weights, ridge regression);
regularization strengths are selected on the devel-
opment split.

B Pooling and Geometry Anchor Token

We specify the pooling operator Pool(th), A;)
and the geometry anchor token used by the vari-
able predictor (§4.2). Anchor set. A; contains
three token groups: (i) the answer anchor to-
ken (the final assistant-turn position whose hidden
state also feeds answer decoding); (ii) the entity-
mention tokens, namely the last sub-word posi-
tion of each canonical entity span identified during
canonicalization; and (iii) a single special geome-
try anchor token [GEO]. Geometry anchor token.
[GEO] is a learned embedding appended once to
the prompt, immediately before the answer region,
as an additional input token; its embedding is a
new row in the input embedding table, initialized
from the mean token embedding plus small Gaus-
sian noise (0=0.02) and trained with the LoRA
parameters. It carries no output-vocabulary en-
try and is never generated; it exists only to give
the predictor a fixed, content-independent query
position. Because [GEO] is part of the prompt,
it is present at both training and inference, but
since the predictor head itself is unused at stan-
dard inference (§4.3), it adds one token to the
prompt and no other test-time cost. Pooling. Pool
is a masked attention-pool with the [GEO] hid-
den state as the query: h; = Y ote A, h;jz) with
a= softmax(hﬁémTWahgﬁ)/\/g) overt € Aj;,
and W, € R%*? a small learned projection (also
LoRA-adapted). When an instance has no resolved
entity mentions, .A; falls back to the answer anchor
and [GEO] only. We use attention pooling rather
than mean pooling because the entity set varies in
size across instances and the query-weighted form
let the predictor down-weight spuriously tagged
mentions; an ablation with mean pooling loses 1.3
points on D2 Mixed.

C Residual Library and Predictor Details

Provenance of 2°!, qu;]l% is the gold relative

offset between objects u, v in frame fo, read from
the train-split 3D ground truth (ScanNet (Dai et al.,
2017) / 3DSSG (Wald et al., 2020)). It is defined
only on the train split, is a property of the 3D
scene rather than the answer label, and is absent
at inference; when f5 is under-specified the frame-
transform residual is masked rather than supervised
against a guess.

Higher-order residuals. Beyond the four first-
order self-consistency residuals and the supervised
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selector-weight path. In A6 both remain differentiable (§4.3). This is the detailed version of Figure 1(C).

frame-transform residual, D2 uses two consistency
residuals that use no numeric gold target: SE(3)
composition, which penalizes inconsistency among
three relative transforms predicted independently
for the ordered entity pairs of a triple, so that the
term does not vanish by construction (translation
normalized by D;, rotation by 7), and counterfac-
tual swap, which averages the branch residuals of
an instance and a geometrically intervened coun-
terfactual instance under one selector weight and a
single outer Huber penalty. The frame-transform
residual remains the only term that uses a numeric
train-split target.

Numerical stability. Removable singularities are
handled explicitly: (i) every unit(-)/angle normal-
izes by max(||-||2,€), € = 1075, and degenerate
zero-length segments are masked; (ii) Z(-) uses
arccos of a cosine clamped to [—1 + €, 1 — €] (and
atan2 where available); (iii) non-overlap uses a
smooth differentiable 3D IoU, while the valida-
tor uses exact IoU; (iv) the instance scale lower-
bounds at max(D;, €p), ep one percent of the me-
dian scale.

Predictor dimensions, gauge, and slot mask.
The MLP is two layers (hidden 1024, GELU, Lay-
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erNorm, dropout 0.05); for Llama-3.1-8B d=4096.
The output dimension is d, = 2Py,x = 32 for
D1 (Puax=16 points) and d, = 120y« = 288
for D2 (Omax=24 objects, each 3 center + 3 ex-
tent + 6D rotation coordinates). Before computing
Lgeo we fix a per-instance similarity gauge (trans-
late centroid to origin, rotate the first canonical
entity pair onto the x-axis, scale by D, for D1; the
dataset world frame for D2) to remove the coordi-
nate null space, and a canonical slot layout (entities
sorted by first mention, de-aliased, with a binary
slot mask) computed from the input only, never the
gold answer. Distance-ratio and angle residuals are
gauge-invariant by construction.

D Per-Seed Differentiability Deltas

Table 4 reports the A6—A2c accuracy delta for
each of the five seeds and five primary settings,
supporting the 5/5 positive-seed claim in the main
text. All 25 seedxsetting deltas are positive; the
per-setting means match the values in Table 1. The
seed-to-seed spread is small (within ~0.7 points of
each setting mean), which is why the sign is stable
even though the effect size is modest.
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Family Argument tuple Residual ¢¢(2;,a)

Distance equality (A,B,C,D) (IpPa—psll2 — lbc—ppll2)/D:
Fixed length (A, B,t) ([lpa—pall2 — )/D

Parallel (A,B,C,D) cross(unit(ps—pa), unit(pp—pc))
Perpendicular (A,B,C,D) dot(unit(pp—pa), unit(pp—pc))
Angle equality (A,B,C,D,E,F) (£(pa,pB,bc) — £(pp,pE,br))/™

Supplementary angle (A,B,C,D,E,F) (Z(pa,ps,pc)+ Z(pp, [)E pr)—m)/m

Collinearity (A,B,C) cross(ps—pa, po—pa)/ D}

Midpoint (M, A,B) [lpar — (Pa + pB)/2|l2/Di

Segment addition (A,B,C) (|[pa—pBll2 + |lpB—Dc||l2 — |Pa—Dc||2)/D:
Circle radius (0,4,B) (IpPa—poll2 — IPB—poll2)/D:

Similarity ratio (A,B,C,D,E,F) (qlastels. _ lpscicls )

Left/right (u,v, f) max (0, pur — sign, ex(f)" (éu — é0))/Ds
Front/behind (u, v, f) max(0, psp — sign, ey(j)T((u — &)/ Di
Above/below (u,v) max(0, p — sign, e (é, — &)/ Di
Non-overlap (u,v) max(0,I0Usp (6u, 6v) — Toverlap)

Frame transform (u,v, f1, f2) [Ty gy (Cu — °7df [l2/Di

SE(3) composition (a,b,¢) dsg(s) (C(Tub,'l )

Counterfactual swap  (u,v, f;7) Lbe(2i,a) + den (27, a7)]

Table 3: Typed differentiable residual families. Upper
block: D1 planar-geometry residuals. Lower block: D2
frame-dependent 3D residuals. p,, is a predicted 2D
point; 6,, = (Cy, éy, Ru) a predicted 3D object state
with center, extent, and 6D-continuity orientation (Zhou
etal., 2019). e;(f), ey (f), e are canonical frame axes;
sign, € {+1, —1} is the polarity of the typed relation
(41 for LEFT, —1 for RIGHT, and analogously for the
other directional families); 1« and 7 are frozen margins.
For the two higher-order D2 families, Tab is the rela-
tive transform predicted for the ordered pair (a, b) (each
pair predicted separately), C is SE(3) composition, and
dsg(3) is the log-map distance with translation normal-
ized by D; and rotation by 7; 27 and (t™, a™) are the
prediction and expected relation on the counterfactual
instance 7 (see text).

4

Setting s13  s21  s42  s87 s100
D1 public +4.2 +5.1 +44 +4.8 +4.5
D1 generated  +5.3 +4.6 +5.0 +4.7 +4.9
D2 TTO +3.6 +43 439 +4.1 +4.1
D2 Mixed +4.8 +4.2 +46 +4.3 +4.6
D3 Zero-Touch +5.6 +4.9 +5.3 +5.0 +5.2

Table 4: Per-seed A6—AZ2c accuracy deltas across the
five primary settings. All 25 entries are positive (5/5
seeds per setting); per-setting means equal the deltas in
Table 1.

E Decomposing A6 vs. A2c: Hidden-State
Coupling vs. Selector Refinement

Table 5 reports the 2x2 design that separates the
two pathways conflated by the full A6 vs. A2c
contrast (§4.3): whether the residual gradient £,
updates the LLLM hidden states (via hi — 2;), and
whether it refines the selector weights w;;. All
four variants share the candidate set, residual li-
brary, g;;-supervised Lc;/Lcov, and training bud-
get; they differ only in which of the two L, paths
carry gradient. The hidden-coupling-only variant
(A6-sel-detach) recovers a mean +3.60 of the full
+4.64 A6—A2c gain (78%), while the selector-
refinement-only variant (A2c-hidden-only) recov-
ers only +0.84; the two are close to additive (resid-
ual interaction +0.20). This is the clean attribution:
the gain is driven principally by residual gradient
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reaching the LLM hidden states, not by residual-
aware selector refinement.

Variant hid sel D1p D1g TTO Mix D3
A2c (both detached) x x 82.1 91.0 66.4 73.6 57.9
A2c-hidden-only x v 829 919 67.1 744 589
A6-sel-detach v x 857 948 69.5 77.1 61.9
A6 (both) v v 86.7 959 704 78.1 63.1

Table 5: Decomposing the A6—A2c gain. “hid” =
residual gradient reaches LLLM hidden states (Bi —Z);
“sel” = residual gradient refines selector weights w;;.
Hidden-state coupling alone (A6-sel-detach) recovers
78% of the full gain; selector refinement alone (A2c-
hidden-only) recovers little. Mean A vs. A2c: A2c-
hidden-only +0.84, A6-sel-detach +3.60, A6 +4.64.

F Frame-Transform 2°'Y Control

Table 6 is the equivalent-supervision control for
re°ld (§6.1). EquivSup gives the same r&°'d as
A6 but only through a generic regression route;
A6—frame-transform removes 72°!4 entirely.

Variant D2 TTO D2 Mixed
B2 FT (no r&°') 46.4+54 52.7+3.8
EquivSup (same r8°'¢, no coupling) 59.04+4.6 63.5+3.6
A6 — frame-transform (no r&°'4) 68.14+3.9 75.2+43.3
A6 full (with r&°'9) 70.4+3.6 78.1+3.2

Table 6: Equivalent-supervision control for the frame-
transform target 78°'4, Having r&°'4 without the dif-
ferentiable coupling underperforms (—14.6 vs. A6 on
Mixed); removing r&°'4 from A6 costs only 2.9. The
gain is from the mechanism, not the target.

G Additional Results Tables

This section collects the per-dataset gate break-
down (Table 8), oracle calibration (Table 9),
module-level ablation (Table 10), geometry-
specificity slice (Table 11), latency (Table 12), and
geometric-error (Table 13) referenced in §6.2—§6.5,
plus the dataset split sizes (Table 7).

H Full Primary Results Table

Table 14 gives the complete primary answer-only
results visualized in Figure 2, including all base-
lines, confidence intervals, and the invalid-output
rate that the figure omits for legibility.

I Parser-Coverage Subset Numbers

Table 15 gives the full numeric values behind Ta-
ble 2.

Block Train Dev Test
D1 public 8,400 1,200 1,200
D1 generated 16,800 2,400 2,400
D2 True-Text-Only 14,700 2,100 2,100
D2 Mixed 14,700 2,100 2,100
D3 Zero-Touch 0 0 2,478
Total (A6) 54,600 7,800 10,278

Table 7: Train/dev/test split sizes. D3 has no train or
dev split by design; it is evaluated only at the locked
run.

Dataset A6—A2¢c A6—-B2FT
D1 public +4.6 +29.1
D1 generated +4.9 +31.1
D2 True-Text-Only +4.0 +24.0
D2 Mixed +4.5 +25.4
D3 Zero-Touch +5.2 +21.9
Pooled mean +4.64 +26.30

Table 8: Per-dataset deltas for the two primary gates.
Each delta is the difference of the per-dataset means in
Table 14.

Diagnostic condition D1 gen D2 Mixed

B3b Strong+ (non-oracle) 88.4 70.6
A6 95.9 78.1

Perfect P1 coverage diag. 94.2 71.9
Gold-constraint solver! 98.6 86.9
Timeout-free oracle 99.2 90.4

Table 9: Oracle and diagnostic calibration. Oracle rows
are intentionally stronger than A6; they bound head-
room but are not fair baselines. finformation upper
bound. ¥information 4 compute upper bound.

Variant D1 public Dl1gen D2TTO D2Mixed D3 A mean
A6 full 86.7 95.9 704 78.1 63.1 0.0
A2c (sel./cov. only, no Lye, grad) 82.1 91.0 66.4 73.6 579 —4.6

— gij supervision (— B2 FT) 58.0 65.1 46.9 53.0 415 —25.9
w/o geometric loss 584 64.1 472 524 419 —26.1
w/o variable predictor 789 87.8 63.1 70.5 55.6 =77
UniformCandidate (w;;=1/m;) 80.7 88.6 64.8 714 574 —6.3
DetachedSelector (sg(w;)) 81.8 89.2 65.9 72.8 58.1 -5.3
No coverage regularizer 83.0 90.4 66.6 733 58.7 —4.4
Squared residual 84.1 92.1 68.1 75.0 60.0 -29
RandGeo (Inn. 11 falsifier) 71.6 852 61.9 674 53.1 -9.8
ParamMatch (Inn. II falsifier) 76.2 84.0 60.7 66.5 524 —-10.9

Table 10: Module-level ablation. The geometric loss is
the single largest contributor; removing the g;; super-
vision from A2c collapses it to ~B2 FT. RandGeo and
ParamMatch sit well below A6, supporting Innovation
1L

J Per-Constraint and Per-Relation
Breakdown

Table 16 reports D1 hard-validated answer accuracy
stratified by constraint type, and Table 17 reports
D2 RA_RelVal stratified by relation type. The
A6 advantage over A2c is positive across every
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perpendicularity, angle relations, collinearity, midpoint, segment addition, circle radius, similarity ratio) and
D2 frame-dependent 3D residuals (left/right, front/behind, above/below, non-overlap, frame transform, SE(3)
composition, counterfactual swap). All residuals are differentiable and evaluated under the Huber penalty ps during
training; the two higher-order D2 families take the extended arguments given in Table 3. All are removed at

inference. Formal definitions are in Table 3.

Subset B2FT A2c¢ RandGeo ParamMatch A6 A6-RG A6-PM

D1 generated full coverage 719 94.6 88.8 86.5 98.1 +9.3 +11.6
D1 public diagram available 61.8 84.7 79.9 78.6 88.2 +8.3 +9.6
D2 Mixed frame-dependent 473 68.8 62.5 619 749  +124 +13.0
D2 visibility subset 40.1 55.0 51.8 50.6 59.4 +7.6 +8.8
D3 low-lexical low-proof 35.5 53.7 47.1 464 608  +13.7 +14.4
D3 high-lexical low-proof 48.8 65.2 59.7 58.5 70.1 +10.4 +11.6

Table 11: Geometry-specificity slice. Where geometry
has the most bite, A6’s lead over RandGeo and Param-
Match is largest.

Method tok/s Latency Solver calls
B1 Zero-Shot 78+5 1.00+0.08 x 0
B2 FT 7244 1.0040.07 x 0
B3b Budget 18+4 3.94+1.1x 5-10
B3b Strong 35+1.1  124443x% up to 50
B3b Strong+ 1.74£0.7  21.5+£7.9x 504
External PAL/PoT 843 8.44+3.2x exec.
External Verifier 12+4 6.34+2.1x verifier
A2c 69+4 1.05+0.08 x 0
A6 68+4 1.06+0.08 x 0
A6 Trace 514£5 1.3940.13x 0

Table 12: Latency relative to B2 FT in the primary 1024—
2048 input token bucket. A6 standard inference does
not call P1 or any external solver.

constraint and every primary-claim relation family.
Among D1 families, the largest A6—A2c deltas
appear in angle equality (4-6.1), supplementary an-

Subset BMSE A6MSE BAE A6AE
D1 generated 0.085 0.055 9.8° 6.3°
D1 public 0.113 0.074 12.7° 8.4°
D2 Mixed 0.149 0.097 15.3° 10.0°
D2 Frame Tr. 0.182 0.121 18.8° 12.3°
D3 Counterfact. 0.207 0.138 21.6° 14.2°

Table 13: Coordinate MSE and angular error (AE).
Lower is better. A6 reduces both by approximately
one third across all five slices.

gle (+4.7), and similarity ratio (+6.2); the small-
est are in collinearity (44.5) and distance equality
(+4.9). Among D2 families, frame-dependent rela-
tions (LEFT/RIGHT, FRONT/BEHIND, FRAME
TRANSFORM) and compositional SE(3) show
A6—A2c gains of 4-5.7 to +6.6. Diagnostic-only
D2 families (NEAR/FAR, INSIDE, SUPPORT,
VISIBILITY, REACHABILITY) are reported for
transparency but are excluded from primary D2
claim aggregation because their Type II relaxation
fidelity is weaker (Table 21).
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Method D1 public D1 generated D2TTO D2 Mixed D3 Invalid

HV_AnsAcc HV_AnsAcc RA_RelVal RA_RelVal OOD_AnswerAcc rate
B1 Zero-Shot 41.7+3.9 46.2+3.4 33.8+4.8 37.1+4.5 294452 89+1.7
B2 Few-Shot CoT 49.3+4.1 51.6£3.6 38747 442444 33.1£5.0 74+£14
GPT-4o-mini CoT" 639438 708434  49.6+45 564442 443454 21406
B2 FT AnswerOnly 57.6£3.2 64.842.9 i+ 52.7£3.6 41.2+4.6 3.2+0.7
B3b Budget 624138 68.6+£3.4 55.8+4.1 447+£54 53%1.3
B3b Strong 68.2£3.6 76.1£3.2 62.6+4.0 523453 7.2+1.6
B3b Strong+ 76.8+4.0 88.4+3.4 70.6+4.5 594459 9.4+2.1
B5b Locked Constraint 65.1£3.5 72.843.1 60.5£3.7 49.1£5.0 4.2+0.9
BS5c Serialized Graph 60.8£3.7 69.4£3.3 63.8£3.9 46.0+£5.1 4.7£1.0
External PAL/PoT 59.2+4.5 67.9+4.1 54.9+4.6 432458 8.6+2.2
External Verifier 63.8+3.9 71.6£3.5 58.4+44.1 48.6+5.5 5.8+1.4
A2c Stop-Gradient 82.1£3.1 91.0£2.7 73.6£3.5 579449 34408
RandGeo 77.6£3.5 852+£3.2 67.4+£4.0 53.1£5.2 3.7+0.8
ParamMatch 76.2£3.6 84.0+£3.3 66.5+4.0 524452 3.6+0.8
A6 (ours) 86.7+£2.8 95.942.3 78.1+£3.2 63.1+4.5 33408

Table 14: Primary answer-only results (full version of
Figure 2). D1 columns use HV_AnsAcc; D2 columns
use RA_RelVal restricted to primary relation families;
D3 uses OOD_AnswerAcc. Values are means; intervals
are 95% clustered-bootstrap CIs over the seed x cluster
structure (§5.4), not seed-only Cls. TGPT-40-mini CoT
is an external-API sanity reference; it does not use
DGCL training and is not included in the Holm claim
gates.

Coverage subset B3b Strong B3b S+ A6

Full P1 coverage 82.5 91.0 90.2
Partial P1 coverage 65.0 72.0 81.5
Missing P1 coverage 43.0 44.5 57.0

Table 15: Parser-coverage subset analysis (full ver-
sion of Table 2). On full P1 coverage, B3b Strong+
marginally exceeds A6. A6’s aggregate advantage stems
from robustness under partial or missing parser cover-
age.

Constraint type B2FT B3b Strong A2c A6
Distance equality 61.4+3.5 71.9+3.1 83.8£2.8 88.7+2.5
Parallel 58.7+3.8 70.3+£3.3  81.0£3.0 86.4+2.7
Perpendicular 57.9+£3.9 68.0+3.5 78.6£3.2 84.9+29
Angle equality 53.2+4.2 64.7+£3.8 759+35 82.0+3.2
Collinear 64.1+3.2 72.843.0 84.0+£2.7 88.5+2.5
Midpoint 60.5+3.6 69.4+3.2 81.7£29 87.24+2.6
Circle radius 52.9+4.4 63.2+4.0 73.8+£3.7 79.1+3.5
Polygon angle sum 49.61+4.6 61.5+42 729439 774437
Segment addition 56.8+4.0 67.4+3.7 782434 83.6+3.0
Similarity ratio 47.9+4.8 59.1+4.5 69.7£42 75.9+3.9
Betweenness 56.1+4.1 68.6+3.7 77.4£3.4 84.0+3.1
Supplementary angle  55.444.0 65.8+3.7 76.9+3.5 81.6+3.2

Table 16: D1 hard-validated answer accuracy
(HV_AnsAcc) by constraint type. Means with 95%
clustered-bootstrap CIs (§5.4).

K Performance by Difficulty Level

Table 18 stratifies the comparison along orthogo-
nal difficulty axes that cut across D1 and D2. The
largest absolute A6 gains over B2 FT appear on
hard multi-hop and very-hard counterfactual in-
stances (+32.3 and +27.3); A6 also leads B3b
Strong by 419.6 on hard multi-hop. The low-
parser-coverage row shows a moderated picture:
AG retains a lead but absolute accuracy is much
lower, which is consistent with DGCL being parser-
assisted at training time, not parser-independent.

D2 relation type B2FT B3b Str. B6max Shortcut A2c A6 Claim use

LEFT /RIGHT 54.6+£4.0 63.8+3.8 454443 725436 78.243.2 Primary

FRONT / BEHIND 49.3+4.5 60.9+4.1 432445 67.14£4.0 73.7+3.6 Primary (frame audit)
ABOVE / BELOW 58.8+3.8 67.0+3.5 46.7+4.1 74.8434 80.1+3.0 Prim:

NEAR / FAR 51.6+4.3 60.4+4.0 44.1+44 682+4.0 73.1+3.6 Dia

INSIDE 47.5+4.8 578445
SUPPORT
NON OVERLAP

402448 63.6+4.3 69.0+4.0
45.8+5.0 56.14+4.6
60.4+3.6 69.543.3
VISIBILITY 412454 51.845.0
SE(3) COMPOSITION 37.6£5.6 49.745.2
REACHABILITY 43.5+£5.1 54.2+4.8
COUNTERFACTUAL SWAP  39.84+5.5 50.5+5.1
FRAME TRANSFORM 38.745.7 494453

38.945.0 61.8+4.5 67.5+4.2
48.6+3.9 763+3.1 81.842.8
37.0452 559+45.1 60.5+4.8
338454 53.545.0 59.6+4.8
38.4+50 59.744.6 65.2+4.4 Diagnostic only

357+53 58.3+4.9 64.9£4.6 Primary (cert. D3 firewall)
34.6+5.5 57.6£5.0 64.2+4.7 Primary

Table 17: D2 RA_RelVal by relation type. B6max
Shortcut Control replaces structured fields with shuffled
placeholders. Primary D2 claim aggregation includes
LEFT/RIGHT, FRONT/BEHIND (with frame audit),
ABOVE/BELOW, NON OVERLAP, SE(3) COMPOSI-
TION, COUNTERFACTUAL SWAP (with certified D3
firewall), and FRAME TRANSFORM.

Difficulty level B2FT B3b Strong A2c A6 A6-B2FT A6—B3b Str.

72.84+3.1 79.6+3.0 83.4+2.8 86.242.5 +13.4 +6.6

Easy single constraint

Medium 2-3 constraints  57.3£3.7 69.1+3.5 78.8+3.2 84.742.9 +27.4 +15.6
Hard multi-hop 44.9+4.2 57.6+4.0 70.8+3.9 77.24+3.5 +32.3 +19.6
Very hard counterfactual 36.845.0 49.745.1 58.5+4.8 64.1+4.4 +27.3 +14.4
Frame ambiguous 40.6+4.9 53.244.7 59.944.5 65.0+4.3 +24.4 +11.8
Low parser coverage 39.7+5.2 44.1£5.0 50.84+4.8 54.6+4.6 +14.9 +10.5
Partial parser coverage ~ 54.8+4.1 629439 72.1+£3.7 77.5+33 +22.7 +14.6
Full parser coverage 65.943.5 734432 842429 90.1+25 +24.2 +16.7

Table 18: Performance stratified by difficulty axis. Each
row aggregates instances from both D1 and D2 that sat-
isfy the axis predicate; rows are not mutually exclusive.
Bold marks the best mean per row.

L Parser Transparency and Type I1
Fidelity

Table 19 reports frozen-P1 parser metrics across
the four datasets. The relevant numbers for inter-
preting the main results are: Candidate Recall @20
ranges from 73.2% (D3) to 92.8% (D1 generated);
Argument Binding Accuracy from 59.0% (D3) to
86.4% (D1 generated); and Gold Coverage @20
from 65.5% to 89.7%. The A6-stratified rows
at the bottom show that A6’s accuracy degrades
smoothly as parser quality drops, with the full-
coverage subset reaching 98.1% on D1 generated
and the missing-coverage subset still at 43.0% on
D3.

Parser metric D1 public D1 generated D2 D3
Candidate Recall@20 81.5+4.0 92.84£2.6 784+48 732455
Candidate Precision@20 63.2+5.1 76.5£3.8 589454 54.1+£5.9
Argument Binding Accuracy ~ 70.8+4.7 86.4+3.1 64.6+£53 59.0£58
Gold Coverage@20 74.1+£4.5 89.742.8 69.3+5.0 65.5%5.6
Full Constraint Grounding 61.9+5.2 80.24+3.6 558457 50.6£6.3
A6 full-coverage subset 89.3+2.7 98.1+1.5 804+34 69.6+4.7
A6 partial-coverage subset 78.4+3.8 88.0+£3.1 68.2+42 587452
A6 missing-coverage subset 58.9+4.7 67.4+4.1 495+53 43.04+5.8

Table 19: Frozen P1 parser metrics and A6 accu-
racy stratified by coverage subset. Means with 95%
clustered-bootstrap ClIs (§5.4).

Table 20 breaks the aggregate D2 parser num-
bers down by relation type, which functions as a
per-type recall/precision view (a confusion matrix
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is provided in full in the supplementary material).
The pattern explains the diagnostic-only designa-
tions: the families with the weakest parser recall
and argument binding (VISIBILITY, SUPPORT,
REACHABILITY) are exactly those excluded from
the primary D2 claim aggregation, while the pri-
mary families all have recall above 72%.

D2 relation type Recall Prec. Arg. bind
LEFT / RIGHT 88.2 71.0 79.5
FRONT / BEHIND 79.6  60.3 66.1
ABOVE / BELOW 90.4 73.8 82.0
NON OVERLAP 85.0 66.4 73.2
SE(3) COMPOSITION 702 51.5 55.8
COUNTERFACTUAL SWAP 744 549 60.0
FRAME TRANSFORM 726 53.2 58.4
NEAR / FAR* 76.1 55.2 60.4
INSIDE? 718 52.0 56.3
SUPPORT* 68.5 49.7 53.1
VISIBILITY? 623 44.1 479
REACHABILITY? 66.0 47.8 51.2

Table 20: Frozen P1 per-relation-type recall, precision,
and argument-binding accuracy on D2 (%). Upper
block: primary families; lower block (1): diagnostic-
only families, which are also the weakest-parsed. The
weakest-parsed families coincide with the diagnostic-
only designation. A full confusion matrix is in the sup-
plementary material.

Table 21 reports Type II relaxation-fidelity au-
dit for D2 relation families. Each row reports the
agreement between the differentiable training resid-
ual and the independent hard validator, the false-
satisfied rate (residual says “satisfied” but validator
says no), Spearman rank correlation between resid-
ual magnitude and human-rated violation severity,
and human agreement on 200 sampled instances.
Families with hard agreement below 90% or false-
satisfied above 5% are reported as diagnostic only.

Family Hard agree False sat. Spearman p Human agree Code-sep. Claim use
LEFT /RIGHT 942415 28+0.8 0.61+0.06 93.542.0 yes Primary

FRONT / BEHIND 90.7422  4.6£1.1 0.48+0.08 90.842.6 yes Primary (frame audit)
ABOVE / BELOW 95.0£13  2.1£0.7 0.66+0.05 94.1£19 yes Primary

NEAR /FAR 894425 54+14 0.42+0.09 88.943.0 yes Diagnostic only
INSIDE 87.843.0 6.1%1.6 0.39+0.10 872434 yes Diagnostic only
SUPPORT 86.5+3.2 6.8+18 0.37+0.10 86.943.5 yes Diagnostic only

NON OVERLAP 929418 3.7+1.0 0.56+0.07 924422 yes Primary

VISIBILITY 82,1445 8.9+24 0.31+0.12 84.04+4.2 yes Diagnostic only

SE(3) COMPOSITION 96.4+1.0 1.7+0.5 0.724+0.04 95.0+£1.5 yes Primary
REACHABILITY 88.643.1 58+1.6 0.44+0.09 88.243.4 yes Diagnostic only
COUNTERFACTUAL SWAP 91.542.0 4.1+£1.1 0.52+0.07 91.04£24 yes Primary (cert. firewall)
FRAME TRANSFORM 92.0+2.1 39411 0.55+0.08 91.8425 yes Primary

Table 21: Type II relaxation-fidelity audit. The training
residual is differentiable; the hard validator is code-
separated. “Code-sep.” means the two implementations
share no functions other than the primitive geometry
library. Families failing the fidelity gate (hard agree-
ment < 90 or false-satisfied > 5) are reported only as
diagnostic.

M Robustness and Shortcut Diagnostics

Table 22 reports A6’s behavior under explicit input
perturbations of D2 Mixed instances. The full-
input A6 reference is 78.1 RA_RelVal. Removing
the structured graph (Query only) drops A6 by 38.6
points, while perturbations that preserve geomet-
ric content (paraphrase, serialized-order random-
ization) cause minimal drops. The B6émax short-
cut control replaces structured fields with shuffled
placeholders; its low scores confirm that A6 is not
exploiting graph-side shortcuts.

Control Pert. A6 A Bé6max
Full input (ref.) 78.1+£3.2 — 40.2+4.8
Coord. shuffled 49.6£5.1 —28.5 40.2+4.8
Category anonymized 70.8+4.0 —7.3 38.4+£5.0
Query only (no graph) 39.5+£54 —38.6 35.1£5.3
Graph only (no query)  48.7£5.0 —29.4 42.8+4.9

Order randomized 74.6+£3.8 —3.5 41.9+4.8
Counterfactual obj. swap 64.9+4.6 —13.2 35.7£5.3
Frame transformation 64.2+4.7 —13.9 34.64+5.5
Human paraphrase 749+4.1 —3.2 39.0+5.2

Table 22: D2 Mixed robustness controls under input
perturbation. A is relative to A6’s full-input reference
of 78.1. B6max replaces structured fields with shuffled
placeholders.

Table 23 reports the leakage and sanity-stress
audit triggered by the unusually high A6 scores on
D1 generated and D3. Each row corresponds to
a pre-registered audit; failure on any row would
downgrade the corresponding result to diagnostic-
only.

Stress audit What is perturbed or checked Observed value Status
Train-test template overlap Exact template ID and normalized grammar family  0.0% exact overlap Pass
overlap
Near-duplicate text audit 5-gram Jaccard nearest neighbor from test to train  median 0.24; max re- Pass
tained 0.63
Constraint-graph duplicate Normalized graph hash overlap 0.0% overlap Pass

Answer distribution audit
Label-shuffle sanity
Validator blind audit

Test-side label and numeric value distributions max answer freq. 6.8% Pass
Re-train A6 with shuffled train labels D1 generated 18.7 + 3.9  Pass
Evaluator gets predictions only, no model identity 100%  evaluator-hash Pass
match
Validators code-separated from training residuals 0 shared modules Pass
Similarity to train/dev templates and graphs 100% below thresholds ~ Pass
P1 trained only on train split labels 0 test IDs in P1 logs Pass
No prompt/threshold edits after D3 access 0 post-access edits Pass
At least 4/5 positive seed deltas on key gates 5/5 on A2¢, B2 FT, Rand- Pass
Geo, ParamMatch

Hard-validator independence
D3 nearest-neighbor audit
Parser-candidate leakage
Manual-debugging audit
Random-sced stability

Table 23: Leakage and sanity-stress audit. These checks
do not prove the absence of all shortcuts but they pro-
vide evidence against template reuse, duplicate graphs,
answer-distribution leakage, evaluator-identity leakage,
shared-validator leakage, and D3 tuning contamination.

N D3 Similarity Buckets and Firewall
Certification

Table 24 stratifies D3 OOD_AnswerAcc by lexical-
similarity and proof-similarity bucket. A6 leads
B2 FT and B3b Strong in every retained bucket;
the largest advantage is in low-lexical low-proof
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(4+25.3 over B2 FT), which is the bucket farthest
from anything seen during training. The “removed
by audit” row contains 274 instances flagged by
the nearest-neighbor audit and not included in any
reported D3 metric.

Count B2FT B3b Str. A6

642 35.54+5.4 47.9+5.6 60.8£5.0
618 48.8+4.7 57.4+5.0 70.1£4.2
631 38.245.1 52.8+£5.4 63.4+4.8
587 55.0+4.4 64.7+4.6 74.8£3.9

274 - — -

Similarity bucket

Low lex. low proof
High lex. low proof
Low lex. high proof
High lex. high proof

Removed by audit

Table 24: D3 OOD_AnswerAcc by similarity bucket.
The removed-by-audit row is excluded from all reported
D3 metrics.

Table 25 lists the pre-registration file together
with the six D3 firewall artifacts (seven artifacts
in total) and the (abbreviated) SHA-256 digests of
the sealed bundle. The protocol is a strict tempo-
ral ordering, fixed before any D3 example is seen:
(1) the pre-registration file prereg_gates.md
— listing the seven gates, their direction, met-
ric, test, and threshold (§5.4) — is written and
hashed (sha256:prereg-1a7f. . . e@9c); (2) the
D3 generator and template registry are frozen
and hashed; (3) all models are trained and tuned
using only D1/D2 train and dev splits, with a
signed no-tuning statement covering D3; (4) the
nearest-neighbor audit removes 274 near-duplicate
instances and the retained set is hashed; (5) the
locked evaluation is run once on the retained D3
set, after which no prompt, threshold, parser, or
solver edit is permitted. Any post-access edit would
change the access-log hash and void the zero-touch
status. The full-length digests, the audit scripts, and
the access log are retained with the sealed artifacts,
so every hash can be recomputed and the temporal
ordering confirmed.

O Absolute Latency and Efficiency-Audit
Coverage

Table 26 reports absolute latency in the primary
1024-2048 input-token bucket on batch size 1
greedy decoding. Parser time is zero for A6 stan-
dard inference because P1 is not used at standard
inference; tool baselines report parser and solver in-
terface time separately from GPU generation time.
The only test-time cost A6 adds over B2 FT is the
single [GEO] prompt token (Appendix B); this one-
token overhead is already included in the A6 row
here (it is part of the measured input length and is

Firewall artifact Required evidence Digest (abbrev.) Status

prereg_gates.md Seven gates, direction, metric, test,  prereg-1a7f
threshold ... ee9c
Generator commit and environment ~ d3gen-9f42
hash ... 4d31
Template/family IDs, bucket, held-out  d3tmpl-4c18 Certified
registry. jsonl reason ... 03f5
d3_access_log.csv Timestamped role-based access log  d3access-a6le
... 98e2

Pre-registered

d3_generator_hash. txt Certified

d3_template_
Zero-touch
d3_no_tuning_ Signed no-tuning statement d3notune-72b9 Zero-touch
statement.md ... 6ds8
d3_nearest_ Nearest-neighbor similarity and d3nn-33a5
neighbor_audit. jsonl removal ..2d77
d3_final_ Retained-example hashes after audit ~ d3retain-5b70
retained_hashes. txt ... 4eof

OOD-sim.

Final-set

Table 25: D3 firewall and pre-registration artifacts. Each
is sealed under SHA-256 before the locked evaluation
run; digests are abbreviated here and recorded in full
alongside the audit scripts, which allow independent
recomputation. Status: Zero-touch = zero-touch certi-
fied; OOD-sim. = OOD-similarity certified; Final-set
= final-set certified.

the main reason A6 is 1.06x rather than exactly
1.00x B2 FT), so no separate accounting is needed.

Method Tok in Tok out Tok.ms Parserms  Genms Solver ms Total ms p95 ms Rel.

B2FT 1024-2048 214446 38+6 0 21024150 0 21404150 2440 1.00x
A6 1024-2048 216+44  39+6 0 2229+171 0 2268+171 2590  1.06x
A2c 1024-2048 215445 3946 0 2208+165 0 22474165 2550 1.05x
B3b Budget 1024-2048 219+£50  41+7 16535 24004420 573041800 833642300 13270 3.90x
B3b Strong  1024-2048 224453 4248 172437 25504530 2380048500 265649200 59920 12.41x
B3b Strong+ 1024-2048 226:+56 43+8 18842 2620:£610 43160£16000 4601116900 96300 21.50x

A6 Trace 1024-2048 382+78  40+7 0 29354275 0 29754275 3680 1.39x

Table 26: Absolute latency breakdown in the primary
1024-2048 input-token bucket. Batch size 1, greedy de-
coding, single A100 80GB. Mean = standard deviation
over 500 instances. Relative latency uses B2 FT as the
reference.

Table 27 lists the required reporting cover-
age across all input-token buckets. Tokenization-
included and tokenization-excluded variants are
both reported in the supplementary material for
every bucket; parser time remains zero for A6 stan-
dard inference across all buckets.

Token bucket Location Claim use

0-512 Suppl. Short-prompt latency
512-1024 Suppl. Medium-prompt latency
1024-2048 Table 26  Solver-free gate
2048-4096 Suppl. Long-context latency
Max-length stress  Suppl. Diagnostic stress

Table 27: Efficiency audit coverage by input-token
bucket. The 1024-2048 bucket is used in the main
solver-free efficiency gate; the other buckets are re-
ported in the supplementary material with absolute la-
tency, pb0, p95, output tokens, tokenization time, and
generation time.

Table 28 breaks down the failure modes of the
B3b tool family, which are the source of both their
latency variance and their invalid-output rate. As
the candidate cap and solver budget grow from Bud-
get to Strong+, raw coverage of the gold constraint
rises, but so do solver timeouts, unsatisfiable-subset
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rejections, and budget-exhaustion events; each of
these resolves to an invalid output that counts as
failure under our protocol. This is the systematic
version of the point in §7: enlarging the search
does not monotonically help once the parser is non-
oracle, because a larger candidate set also admits
more inconsistent subsets.

Failure mode (%) Budget Strong Strong+

Solver timeout 2.1 54 8.6
Unsatisfiable-subset rejection 1.8 4.7 7.5
Search-budget exhaustion 1.0 33 5.9
Malformed / unparseable output 0.4 1.1 1.6
Total invalid rate 5.3 7.2 9.4

Gold-constraint coverage 61.0 71.5 78.9

Table 28: B3b tool-family failure modes. Larger can-
didate caps and solver budgets raise gold-constraint
coverage but also raise timeout, rejection, and budget-
exhaustion rates; all of these resolve to invalid outputs
(failures). Total invalid rate matches the “Invalid rate”
column of Table 14.

P Backbone Generality: Qwen2.5-7B
Reproduction

We reproduce the A6 vs. A2c comparison on
the Qwen2.5-7B-Instruct backbone (Qwen Team,
2024) using the same LoRA configuration (rank
16 on g, k, v, 0, gate, up, down), the same training
budget (3 epochs, 2,562 optimizer updates), and
the same five seeds. Table 29 summarizes the re-
sult. The differentiable-alignment effect is positive
in all five primary settings on Qwen2.5-7B with
mean +3.91 and 5/5 positive-seed counts per set-
ting (Holm-corrected p < 0.001). The absolute
deltas are smaller than on Llama-3.1-8B (+4.64),
which is consistent with the hypothesis that the
magnitude of the DGCL benefit scales with the
backbone’s base spatial competence.

Q Qualitative Case Studies

Two representative examples from the locked test
set illustrate the mechanism behind the aggregate
numbers; they make the pattern concrete, not sub-
stitute for it.

D1 success: parallelism forces a consistent angle.
A DI public item presents a trapezoid ABC' D with
AB || CD and asks for an interior angle given two
others. The answer-only baseline (B2 FT) returns
a value that is numerically close but violates the
parallel constraint (co-interior angles do not sum

Setting A2c A6 A
D1 public 78.5+3.4 82.2+3.1 +3.7
D1 generated 87.6+£3.0 91.8+£2.6 +4.2
D2 True Text Only 62.7+4.0 66.3£3.7 +3.6
D2 Mixed 70.1£3.7 74.0+£34 +43.9
D3 54.3£5.1 584+4.8 +4.1
Mean — — +3.91

Table 29: Qwen2.5-7B-Instruct reproduction of the A6
vs. A2c differentiability comparison. All matched con-
ditions (LoRA config, training budget, seeds, evaluation
protocol) are identical to the Llama-3.1-8B main results.
The mean A6—A2c delta is +3.91, vs. +4.64 on the
Llama backbone; both backbones pass all seven pre-
registered gates.

to 180°): it passes surface plausibility but fails the
hard validator. A2c predicts geometric variables
through a detached head with low parallel residual,
yet its final answer token is unchanged from B2
FT because the geometry head cannot influence
the LLM’s answer representation. A6, with the
parallel and supplementary-angle residuals back-
propagating into the LLM hidden states, produces
an answer consistent with the co-interior relation
and passes the validator — matching the per-type
pattern in Table 16, where A6’s advantage over
A2c is largest on the angle and parallel families.

D2 partial coverage: A6 answers where the
solver has nothing to solve. A D2 Mixed item
asks for a LEFT/RIGHT relation under an allocen-
tric frame that requires composing a frame trans-
form with a center comparison. The frozen parser
P1 extracts the two object references but misses
the frame-transform constraint, so its candidate set
is incomplete. B3b Strong+ therefore searches a
candidate set lacking the gold constraint; its solver
either times out on inconsistent subsets or returns
a frame-naive answer, and the instance falls in the
“Missing P1 coverage” row where B3b Strong+
scores 44.5 (Table 15). A6 has no parser at in-
ference and does not depend on the missing candi-
date: the frame-transform residual was active dur-
ing training on covered instances, and the learned
representation generalizes to this partially-covered
instance, yielding the correct allocentric relation —
the concrete form of the robustness claim in §6.3.

R Exploratory Supplemental Analyses

This appendix reports the three post-hoc analyses
summarized in §6.6: controlled corruption of the
training-time candidate sets (Table 30), masking
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Input Case

A B
A trapezoid ABCD satisfies AB || CD.

Given ZA = 62° and /B = 118°,

what is the measure of £C?

118°

D

Relevant Geometric Constraints

« AB || CD (parallelism)

» Co-interior (same-side interior) angles on transversal BC
are supplementary: /B + /C = 180°

« Valid interior angle range: (0°, 180°)

A2c Stop-Gradient (Fails)
e Final Prediction: /C = 68° (Incorrect)

a Geometry Head Output
N

Predicted geometric variables Easihal (HSE)

(coordinates / relations) are Soy
5 (e.g., 0.032)

numerically reasonable.
Detached etry Head

o 'Genm vy ela No gradient
Stop-gradient blocks residual f

: 5 low to

gradient from reaching LLM LLM states

hidden states.

Answer Token Prediction
LLM answer representation is not
shaped by geometric supervision.

Weak geometric
consistency at
answer level

Relation Validation
Predicted /C = 68° violates
LB+ £C =180°
(118° + 68° = 186° # 180°).

Hard validator
FAIL

o
=]
AN

Conclusion

Both A2¢c and A6 use the same solver-free inference interface (Input text — LLM with LoRA — Answer).
A6 succeeds because differentiable residual supervision shaped the LLM hidden representation during training,

not because a parser, solver, or tool is used at inference.

Q
—
¢}
& :
@ LLM hidden representation is shaped
to satisfy geometric constraints.

A6 DGCL (Succeeds)
° Final Prediction: ~C = 62° (Correct)

Differentiable Residuals
Parallelism and supplementary-angle

\ residuals are computed from predicted
geometry.

Residual (MSE)
Low
(e.g., 0.031)

Gradient Reaches LLM States
Residual gradients backpropagate
into LLM hidden states during training
(no stop-gradient).

Gradient flow
reaches
LLM states

ically Aligned Repr Strong geometric
consistency at

answer level

Relation Validation

Predicted ZC = 62° satisfies
ZB + £C = 180°

(118° + 62° = 180°).

Hard validator

PASS

e )
| LLM
Input text —)L ToRA i—) Answer

St

(Solver-free inference for both A2c and A6)

)

Figure 6: Qualitative D1 case. For a trapezoid ABCD with AB || CD, £LA=62°, /B=118°, the co-interior
relation forces ZC'=62°. A2c predicts ZC'=68° (fails the hard validator, 118+68=186 # 180) even though its
detached geometry head has low residual, because the residual gradient never shapes the answer representation. A6
predicts ZC'=62° (passes). Both use the same solver-free inference (text - LLM+LoRA — answer); A6 succeeds
because differentiable residual supervision shaped the representation during training, not because any tool is used at

inference.

of auxiliary supervision on selected target families
(Table 32), and frozen linear probes of the shared
pre-generation state (Table 33).

R.1 Setup and Statistics

All three analyses are post-hoc and exploratory.
We report pointwise 95% normal-approximation
intervals centered on the paired estimate, with stan-
dard errors from 10,000 paired cluster-bootstrap
resamples; D1 source groups and D2 scene IDs
are the resampling units (§5.4). These intervals
are not multiplicity-adjusted and are separate from
the seven pre-registered Holm-corrected gates (Ta-
ble 1).

For each condition in Table 30, A6 and A2c were
trained on the same 54,600-instance multi-dataset
pool (which includes D2 Mixed), so D1 public and
D2 True-Text-Only (TTO) evaluate the same jointly
trained checkpoint rather than dataset-specific mod-
els; degradation across the two datasets is therefore
correlated by design. Table 30 used 50 matched
LoRA runs and Table 32 used 70, for 120 additional

runs in total; all used the 2,562-update schedule of
§4.6 on one A100 80GB with no new hyperparam-
eter search (about 0.8k A100-hours). The probe
analysis reused frozen checkpoints. We report D1
public and D2 TTO: D1 generated is primarily a
typed-residual-alignment test (§5.1), and evaluat-
ing new post-hoc checkpoints on D3 would break
its zero-touch protocol (Appendix N).

R.2 Sensitivity to Corruption of Training
Candidates

For each training example we normalize, dedupli-
cate, rank, and freeze the parser’s original top-20
candidates; corruption is applied only within that
fixed set. Deleted candidates are not replaced by
lower-ranked candidates, so some corrupted exam-
ples contain fewer than 20 candidates. TypeFlip-25
and BindCorrupt-25 act on the same per-seed candi-
date mask: from the eligible universe — clean gold-
matched candidates in the frozen top-20 whose
type has a partner in a fixed confusion map and
which admit a legal rebinding — we sample 25%
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without replacement, stratified by residual family.
TypeFlip replaces a candidate’s type or polarity
by its partner under a fixed involution over five
schema-preserving pairs (parallel<>perpendicular,
angle equality<>supplementary angle, left<>right,
front<>behind, above<+below), leaving arguments,
parser confidence, and rank unchanged; candidate
types outside this involution are not eligible for
TypeFlip. BindCorrupt keeps the type and replaces
exactly one entity-valued argument with another
valid canonical entity of the same role, so that the
canonical form changes. Corrupted candidates are
validity-checked, canonicalized, deduplicated, and
re-matched against train-split gold to recompute
qi;; the operator does not force g;;=0. Confidence
ranking is not recomputed and lower-ranked candi-
dates are never promoted. Both conditions affect ef-
fective recall and precision; they are not precision-
only tests, and the study contains no precision-only
condition that adds spurious candidates while hold-
ing recall fixed. Each corruption row uses one
jointly trained checkpoint per model variant and
seed; A6 and A2c use the same corrupted candi-
dates, seeds, data order, hyperparameters, and train-
ing budget. Clean values are copied from Table 14;
clean intervals were not recomputed.

R.3 Masking Auxiliary Supervision on Target
Families

For each target family group, the target-family
examples retain their inputs, answer labels, and
Lans, while Lgeo, Lger, and L, are set to zero on
those examples using the original fixed loss denom-
inator (suffix “HQO”). Because the masked exam-
ples remain in the fixed auxiliary-loss denominator,
the Full-HO column reflects both the removal of
target-family auxiliary information and the lower
effective auxiliary-loss magnitude; it should not be
read as a pure residual-family effect. The mask is
applied jointly across the D2 training pool, i.e., to
the target family’s TTO and Mixed instances alike,
so no same-family auxiliary supervision leaks from
Mixed to TTO. The experiment asks whether auxil-
iary learning from the remaining examples benefits
the masked target slice; it does not test a relation or
family outside the residual library. D1 public Angle
relations is the disjoint union of angle equality and
supplementary angle (N=198); D2 TTO Composi-
tional is the disjoint union of frame transform and
SE(3) composition (N=470). Grouped scores are
recomputed from pooled per-instance predictions
rather than averaged from rounded subtype scores;

macro rows are unweighted means across families,
with deltas calculated before display rounding.

R.4 Frozen Linear Probes

We train linear probes on the final-layer hidden
state at the last chat-template token of the assistant
prefix, immediately before the first generated an-
swer token. This token follows [GEO] in the prompt
but is not the [GEO] state itself. The probes do not
use entity pooling, predictor outputs, candidates,
qij, residuals, gold-answer tokens, or generated-
answer tokens. For each frozen checkpoint and
training seed, the probe is fitted on the original
training split, regularization is selected on the orig-
inal development split, and the locked test split
is used once for reporting. Hidden dimensions
are standardized with train-split statistics. Family
and relation probes use L2-regularized multinomial
logistic regression with balanced class weights;
the coordinate probe uses ridge regression with
canonicalized coordinate targets (scikit-learn 1.5.2,
Appendix A), where NRMSE uses the same per-
instance scale D; as the training similarity gauge
and unavailable coordinate slots are masked. Tar-
gets come from the fixed gold family/relation reg-
istry and canonical geometric labels. Reported con-
trasts are paired on test instances, averaged across
the five model-training seeds, and evaluated with
the same cluster-bootstrap units used elsewhere. B2
FT is included as a descriptive reference and uses
its standard answer-only prompt; the four DGCL
variants use the same prompt, with [GEO] in the
same position. These probes show higher linear
decodability, not causal use in answer generation.
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Training-candidate condition A2c A6 A6—A2¢ [95%] A6 vs. clean [95%]
D1 public (HV_AnsAcc)

Clean 82.1 86.7 +4.6 reference
Gold-match Drop-25 78.9 83.4 +4.5[3.3,5.7] —33[—4.7,—1.9]
Gold-match Drop-50 73.9 71.5 +3.6 [2.0, 5.2] —9.2[—11.1, =7.3]
TypeFlip-25 75.6 78.8 +32[1.2,52] —7.9[—10.0, —5.8]
BindCorrupt-25 74.2 71.0 +2.8[0.5,5.1] —9.7[—12.0, —74]
Whole-family Drop-100 79.0 82.5 +3.5[1.6,5.4] —42[-6.0, —2.4]
D2 TTO (RA_RelVal)

Clean 66.4 70.4 +4.0 reference
Gold-match Drop-25 63.0 66.8 +3.8[2.5,5.1] —3.6[—5.2, —2.0]
Gold-match Drop-50 58.1 61.0 +2.9[1.1,4.7] —94[-11.7, —7.1]
TypeFlip-25 60.0 62.6 +2.6 [0.3, 4.9] —7.8[—10.2, —=5.4]
BindCorrupt-25 58.7 60.8 +2.1[—0.2,4.4] —9.6[—12.3, —6.9]
Whole-family Drop-100 62.8 65.8 +3.0[0.6, 5.4] —4.6[—6.8, —2.4]

Table 30: Exploratory sensitivity to controlled corruption of training candidates (post-hoc; not part of the pre-
registered gates). Intervals are pointwise 95% normal-approximation intervals with standard errors from 10,000
paired cluster-bootstrap resamples (D1 source groups, D2 scene IDs; 5 seeds); they are not multiplicity-adjusted.
Whole-family Drop-100 removes angle relations on D1 and horizontal (left/right) relations on D2. Clean values are
copied from Table 14; clean intervals were not recomputed. The D2 BindCorrupt-25 A6—AZ2c interval includes
zero (3/5 positive seeds) and is reported as inconclusive.

Dataset / omitted family (V) Clean Drop-100 Target A Non-target A Excess [95%]

D1 public / angle relations (angle equality 81.80 65.40 16.40 1.79 +14.61 [10.55, 18.67]
+ supplementary angle), N=198

D2 TTO / horizontal (LEFT + RIGHT), 78.20 65.00 13.20 2.70 +10.50 [6.75, 14.25]
N=380

Table 31: Effect of whole-family omission on the targeted slice (exploratory). Clean and Drop-100 are A6 scores on
the targeted slice; A is the degradation; target-specific excess is the target-slice degradation minus the non-target-
slice degradation. The bootstrap resamples the union of source groups or scene IDs, preserving the pairing when a
cluster contributes to both slices.

Dataset / masked target group N Full A6 A2c-HO A6-HO A6-HO—A2¢-HO [95%] A6 Full—HO [95%]
D1 public / similarity ratio 88 75.9 59.5 62.1 +2.6 [0.2, 5.0] +13.8 [10.8, 16.8]
D1 public / angle relations (angle equality + 198 81.8 64.5 67.4 +2.910.8,5.0] +14.4 [11.8, 17.0]
supplementary angle)

D1 public / circle radius 91 79.1 62.6 64.3 +1.7[—0.9, 4.3] +14.8 [11.4, 18.2]
D1 public macro — 78.9 62.2 64.6 +2.4 [1.0, 3.8] +14.3 [12.6, 16.0]
D2 TTO / horizontal (LEFT + RIGHT) 380 78.2 62.5 64.9 +2.410.3, 4.5] +13.3[10.8, 15.8]
D2 TTO / depth (FRONT + BEHIND) 320 73.7 57.8 59.5 +1.7[—0.7, 4.1] +14.2 [11.5,16.9]
D2 TTO / vertical (ABOVE + BELOW) 410 80.1 65.6 68.0 +2.410.5, 4.3] +12.1[9.8, 14.4]
D2 TTO / compositional (FRAME TRANS- 470 61.9 455 46.5 +1.0[—1.8, 3.8] +15.4 [12.3, 18.5]
FORM + SE(3) COMPOSITION)

D2 TTO macro — 73.5 57.9 59.7 +1.9 0.7, 3.1] +13.8 [12.2,15.4]

Table 32: Exploratory target-family auxiliary masking (post-hoc). HO: target examples and L,,,s remain in
training while Lgeo = Lse1 = Leov = 0 on those examples. Intervals as in Table 30. Three of seven family-level
A6-HO—A2c-HO intervals include zero; the result is limited within-library transfer, not evidence about unseen
constraint types.

Checkpoint DI F1 1 DI NRMSE | D2F1 1 D2 axis 1
B2 FT 60.20 0.351 55.10 62.70
A2c 71.60 0.306 68.40 72.60
A2c-hidden-only 72.45 0.301 69.10 73.35
A6-sel-detach 75.55 0.283 72.10 76.85
A6 77.10 0.279 73.70 71.70
Contrast D1 family F1 A D1 coord. NRMSE A D2 relation F1 A D2 axis bal. acc. A

A6—A2c +5.50 [3.20, 7.80] —0.027[—0.041, —0.013] +5.30[2.90, 7.70] +5.10 [2.70, 7.50]

A6-sel-detach— A2c¢ (hidden coupling only) +3.95[1.85, 6.05] —0.023 [—0.036, —0.010] 43.70 [1.35, 6.05] +4.25 [2.05, 6.45]

A2c-hidden-only — A2c (selector refinement only) +0.85[—0.45,2.15] —0.005[—0.012, 0.002] +0.70 [—0.60, 2.00] +0.75[—0.65, 2.15]
A6—A6-sel-detach +1.55[—-0.10,3.20] —0.004[—0.011, 0.003] +1.60[—0.15,3.35] +0.85[—0.60, 2.30]

Table 33: Frozen-probe scores on D1 public and D2 TTO (exploratory): D1 family macro-F1 and coordinate
NRMSE, D2 relation macro-F1 and 6-way axis balanced accuracy. All checkpoints are frozen and only the probes
are trained; the probe reads the shared final-layer pre-generation state, not [GEO] or an auxiliary output. Variants as
in Table 5. Lower panel: paired contrasts; brackets are pointwise 95% normal-approximation intervals with standard
errors from 10,000 paired cluster-bootstrap resamples, not multiplicity-adjusted. The hidden-coupling path accounts
for most of the A6—A2c difference; selector-only contrasts include zero.
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