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Abstract

Reasoning LLMs under fixed token budgets
often commit before verification finishes, or
spend the budget on deliberation that never
reaches a final answer. Existing inference-time
controllers regulate reasoning length, which
does not indicate whether the current prefix
is ready to be finalized. We introduce PAR-
ENTINGLLM, an inference-time controller that
paces reasoning maturity, defined as the pre-
fix’s readiness to commit given the remaining
budget, against a user-specified target schedule,
without fine-tuning the underlying LLM. The
maturity estimate combines consumed budget
with a forked forced-commit probe; the con-
troller injects WAIT when the estimate runs
ahead of the schedule and HURRY when it
lags. On MATH-500, GPQA-Diamond, AIME
24+25, and GSM-Hard with three Gemma-4
models and Qwen3.5-9B, PARENTINGLLM
improves over prior inference-time baselines,
with the largest gains on AIME 24425 under
a tight budget (—22.6 burst rate, +4.0 to +7.3
accuracy at B = 1024).

1 Introduction

Reasoning models such as OpenAl’s 01/03 se-
ries (OpenAl, 2024, 2025), DeepSeek-R1 (Guo
et al., 2025), Qwen3 (Yang et al., 2025a), and
Gemma 4 (Google, 2026) improve mathemati-
cal and scientific reasoning by generating longer
chains of intermediate steps (Muennighoff et al.,
2025). Allocating more compute at inference, i.e.,
test-time scaling, has become an alternative to scal-
ing model size.

Longer reasoning, however, is not free. Each
generated token extends autoregressive decoding,
consumes additional GPU compute and KV-cache
memory, and contributes directly to serving la-
tency. Modern LLM serving systems therefore
optimize scheduling and memory management un-
der throughput and latency/SLO constraints (Yu
et al., 2022; Kwon et al., 2023; Zhong et al., 2024),
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Figure 1: Two symmetric failures (red lines) of fixed-
budget reasoning. Above: underthinking: premature
commitment. Below: overthinking: budget wasted be-
fore finalization. Our method injects WAIT/HURRY
cues to pace maturity along the target schedule (blue).

making uncontrolled generation length a practical
systems concern. A response that exceeds its bud-
get may be truncated mid-reasoning and provide
little utility. The deployment-relevant question is
therefore not how much a model can think in the ab-
stract, but how effectively it uses a fixed reasoning
budget.

A reasoning LLM’s decision to terminate in-
volves two quantities: what the candidate answer
is, and whether the model is ready to commit to it.
Existing termination signals conflate these. Next-
token entropy (Wang et al., 2025a) peaks mid-trace,
since a model performing late-stage verification
can hedge cautiously even while its candidate is
stable. Answer confidence from a forced trial an-
swer (Yang et al., 2025b) captures certainty in the
candidate, but reasoning models routinely hold a
high-confidence candidate while continuing to self-
verify. Inter-boundary consistency (Fu et al., 2024)
flags when the candidate stops changing, but a sta-
ble candidate under ongoing verification reflects
cautious decoding rather than readiness to stop.
None of these asks whether the model itself would
terminate cleanly if forced to. A model that is ready
to commit will assign high probability to ending its
turn once a candidate answer is in place; a model
still mid-verification will not, even when the same
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candidate is on the table. This distinction is observ-
able from the model’s own distribution and does not
require a separate confidence estimate. We define a
signal that asks exactly this: Pgor, the end-of-turn
probability after a forced-commit suffix.

This gap motivates the two failure modes we
address (Fig. 1). Underthinking occurs when the
model becomes willing to finalize too early, com-
mitting after only superficial verification and leav-
ing useful budget unused. Overthinking, in our
usage, is a trace-level budget failure: the model
spends tokens on low-yield deliberation, redundant
checks, or unproductive branches, so its commit-
ment readiness fails to keep pace with the budget
and the response risks truncation before finaliza-
tion.! We argue that both failures are best under-
stood as failures of commitment readiness under
budget, not merely of length. We call this latent
state reasoning maturity.

We propose PARENTINGLLM, an inference-
time controller that paces reasoning maturity under
a fixed token budget against a user-specified target
schedule. At each reasoning boundary, PARENT-
INGLLM applies a forced-commit probe to read
the end-of-turn probability after an elicited candi-
date answer, combines this signal with the current
budget consumption to estimate reasoning matu-
rity, and compares the estimate to the schedule. If
the estimate exceeds the schedule, a WAIT cue is
injected to delay commitment; if it lags, a HURRY
cue is injected to apply finalization pressure. Bidi-
rectional test-time scaling thus emerges from the
sign of the maturity gap, without fine-tuning the
underlying LLM.

Our contributions are as follows:

* We reformulate fixed-budget reasoning con-
trol as pacing reasoning maturity, and frame
underthinking and overthinking as symmetric
failures of maturity pacing.

* We propose PARENTINGLLM, a maturity-
gap controller that realizes bidirectional test-
time scaling via a forced-commit probe, im-
plemented as a fork-and-discard path inside
vLLM. The target maturity schedule exposes
an operator-facing knob that shifts the con-
troller between earlier commitment and longer
verification, without fine-tuning.

"Prior work uses overthinking for post-solution surplus
deliberation or within-step token redundancy; we use it in a
trace-level, budget-relative sense.

2 Related Work

Budget-aware reasoning and inference-time
steering. A growing line of work studies reasoning
under explicit computational constraints (Alomrani
et al., 2025). TALE-EP (Han et al., 2025) exposes
the budget to the model and relies on its in-context
self-regulation; Han et al. (2025) show that this
works well when the LLM can produce accurate
budget estimates (e.g., GPT-40-mini), but the stated
limit may still be treated as a soft preference and
exceeded. Training-based methods such as Bud-
getThinker (Wen et al., 2025), L1 (Aggarwal and
Welleck, 2025), and ThinkPrune (Hou et al., 2025)
achieve tighter length control by updating model
parameters, at the cost of portability across base
models. Inference-time alternatives avoid retrain-
ing: sl-style budget forcing (Muennighoff et al.,
2025) inserts WAIT tokens to extend reasoning,
while Budget Guidance (Li et al., 2025) uses an
auxiliary length predictor to align reasoning length
with a budget. Related steering methods inject cues
at reasoning transitions, including SmartSwitch’s
deepening prompts (Zhang et al., 2025), certainty-
guided reflection suppression (Huang et al., 2026),
and difficulty-adaptive slow-thinking (Shen et al.,
2025). These methods primarily control reasoning
length along a single direction. PARENTINGLLM
is complementary along a different axis: it treats
commitment readiness as the control target and
exposes the desired pacing as an operator-facing
schedule rather than a fixed length policy. The con-
troller chooses WAIT, HURRY, or no intervention
from the sign of a maturity gap, addressing cases
where length control or self-regulation alone does
not produce timely finalization.

Overthinking and underthinking. Sui et al.
(2025) survey overthinking, where reasoning mod-
els generate verbose or redundant chains without
improving answer quality, and Wang et al. (2025b)
study underthinking, where models prematurely
abandon promising paths; SmartSwitch (Zhang
et al., 2025) addresses the latter by injecting deep-
ening prompts after backtracking. We build on this
distinction in a budgeted form: underthinking as
becoming willing to finalize before adequate verifi-
cation, and overthinking as deliberation that fails
to keep commitment readiness on pace with the
budget. PARENTINGLLM unifies the two under
maturity pacing, using a single controller to de-
lay premature commitment or apply finalization
pressure depending on the sign of the maturity gap.
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Probe-based signals and uncertainty. Closer
to our setting, training-free methods probe the
model during generation to inform termination.
DEER (Yang et al., 2025b) exits when an elicited
trial answer is high-confidence; EAT (Wang
et al., 2025a) exits when next-token entropy sta-
bilizes; Dynasor-CoT (Fu et al., 2024) monitors
trial-answer consistency across transitions. A
broader literature on LLM uncertainty, semantic
entropy (Kuhn et al., 2023; Farquhar et al., 2024),
relevance-weighted aggregation (Duan et al., 2024),
semantic entropy probes (Kossen et al., 2024), and
momentum-based uncertainty (Yan et al., 2025),
estimates uncertainty over answers or reasoning
steps, typically for post-hoc analysis or compute
allocation. PARENTINGLLM extends this line in
two ways: our forced-commit probe captures com-
mitment willingness, whether the model would ter-
minate cleanly if forced to answer now, rather than
answer-level uncertainty; and the signal is used
bidirectionally, prolonging reasoning when pre-
mature commitment is detected as well as stop-
ping it when ready. Trial-answer changes between
boundaries serve as an auxiliary prolongation sig-
nal (Sec. 4.4), related to Dynasor-CoT’s consis-
tency monitoring but used in the opposite direction.

3 Problem Definition

A reasoning LLM M generates a response y to a
prompt x under a hard token budget B: generation
is terminated once |y| = B, regardless of whether
M has produced a final answer. Under this con-
straint, the two complementary failures of Fig. 1,
underthinking and overthinking, are not reliably
addressed by M itself: even when B is stated in
the prompt, the model does not enforce it as a hard
external constraint.

We seek a controller 7 that intervenes during in-
ference to maximize expected answer quality under
the budget, without training the parameters of M:

max E,p [Q(y \ .%',ﬂ',./\/l)] s.t. |y| < B,
(1
where () scores final answer quality (e.g., task ac-
curacy) and 7 injects steering tokens (e.g., Hurry
up, Wait - let me think again) at chosen reasoning
boundaries. The controller may rely on lightweight
auxiliary components fit offline, but M itself is
never updated, and all generated tokens, including
intervention cues, count toward B.
Because () depends on the final answer, it is
unobservable at inference time and cannot be op-

timized directly by w. We instead introduce an
intermediate control variable, reasoning maturity:
the degree to which the current prefix is ready to
support a reliable final answer given the remain-
ing budget. Maturity is a control-time notion of
commitment readiness, not a quality measurement:
a mature prefix can still produce a wrong answer.
The controller’s task is to keep maturity on pace
with budget consumption at every boundary; the
next section instantiates this via a forced-commit
probe paced against a user-specified target sched-
ule.

4 Proposed Method

4.1 Preliminaries

PARENTINGLLM controls generation at reasoning
boundaries rather than at every token. A reasoning
boundary is a natural segmentation point in the
trace; in our experiments we use newline-delimited
reasoning steps (Appendix A.2). At each boundary
t;, the controller observes the current prefix yi.,
and the fractional budget consumption

where ¢; counts all output tokens generated so far.

4.2 Forced-Commit Probe

To estimate whether the current prefix is becoming
ready to finalize, we run a side probe on a tran-
sient path: we append a commit suffix (e.g., “The
final answer is”)to x @ y1.,. Because the task
prompt instructs the model to wrap its final answer
in \boxed{. ..}, this elicits a boxed candidate an-
swer a;. Let ¢; = x D y1.4, © commit suffix @ a;
denote the resulting probe context. We read the
probability of the end-of-turn token immediately
after the closing brace:

Peor,i = Pry(EOT | ¢;). 3)

Intuitively, Pror,; asks whether the model would
terminate cleanly if forced to answer now. This is
distinct from answer confidence: a model can be
confident in a candidate answer while still continu-
ing to verify or revise it. We therefore treat Pgor,;
as a probe-based measurement of commitment will-
ingness.

The probe is a side computation: the boxed can-
didate answer a; is used to compute Pgor,; and to
detect inter-boundary answer changes; it is never
appended to the returned trace. Sec. 4.5 describes
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Figure 2: Inference-time pipeline of PARENTINGLLM. At each reasoning boundary, the runtime forks a transient
probe path, appends a commit suffix, and reads Pgor,;; the maturity estimator fp maps (u;, Pgor,;) to 71;, and the
controller selects WAIT, HURRY, or CONTINUE from the sign of the maturity gap 7i; — m(u;). The probe path is
discarded after the read; only the selected cue (if any) is written to the main path.
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Figure 3: Per-benchmark trajectories as a function of
reasoning progress (u, binned into deciles), averaged
across traces. Left: estimated maturity m from Pgor.
Right: mean answer-token entropy.

how this is implemented as a fork-and-discard path
in vLLM.

Figure 3 contrasts Pgor-based maturity with
next-token entropy, a common uncertainty surro-
gate in prior early-exit methods (Wang et al., 2025a;
Yan et al., 2025). Maturity rises monotonically
with progress across all four benchmarks, while
entropy is non-monotonic and peaks mid-trace. A
signal that cannot distinguish a near-final prefix
from a mid-deliberation one is unsuitable as a ma-
turity proxy; we therefore use Pgor, together with
budget consumption, as the input to the maturity
estimator.

4.3 Maturity Estimation and Target Schedule

The same forced-commit signal can mean different
things early and late in the budget, so we combine
it with u; in a lightweight maturity estimator:

mi = fo(ui, Peor,i) € [0,1]. “4)

We instantiate fy as a gradient-boosted regressor
(LightGBM (Ke et al., 2017)), fit once offline on
boundary-level traces. Training labels are judge-
derived maturity scores: an external LLM judge
rates how ready a prefix is for reliable finalization
under the remaining budget (prompt and rubric in
Appendix B.2). These labels are used only to fit
fo; at inference, the controller observes only u;
and Pgor;. fe is fit once per base model, and the
parameters of M are never updated.

We compare 1m; against a user-specified target
maturity schedule m : [0, 1] — [0, 1], where m(u)
specifies the desired commitment readiness at bud-
get fraction u. The schedule is a pacing preference,
not a measurement of problem-solving progress: a
more concave m tolerates late maturity and biases
the controller toward WAIT, while a flatter m de-
mands earlier maturity and biases toward HURRY.
Unless otherwise stated, we use the default

mu) =1—(1—u)? 5)

a neutral concave shape that matches the empiri-
cally observed maturity trajectory of unconstrained
Gemma-4 traces (Fig. 3, left). Operators can shift
along this axis without retraining fy or M: m is a
fixed function with no parameters fit from data.

4.4 Maturity-Gap Intervention

At each boundary, PARENTINGLLM computes the
maturity gap

(6)
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Algorithm 1 Maturity-Gap Parenting Controller

1: Input: prompt x, model M, estimator fj,
schedule m, budget B, threshold (v, 7f7)

2: y <+ 0;

3: while |y| < B and M has not terminated do

4:  Extend y by generating from M (z®y) until

the next reasoning boundary ¢;

5 U; <— tl/B

6: (PEOT,ia (Alz) — PROBE(M, x, yl;ti)

7 1y + fo(ui, Peot,i)

g

9

: if A; > 7 then
10: Append WAIT cue to y;
11:  elseif A; < —7y then
12: Append HURRY cue to y;
13:  else
14: if a; 75 a;—1 then
15: Append WAIT cue to y;
16: else
17: CONTINUE;
18: end if
19:  end if

20: end while
21: return y

and selects an action among
{CONTINUE, WAIT, HURRY} from its sign.
WAIT appends a short cue that encourages further
verification; HURRY appends a cue that encourages
concise commitment; CONTINUE is a no-op (cue
strings in Appendix A.3).

A positive gap signals a risk of underthinking:
the model appears more commit-ready than desired
at the current budget position, and may finalize
before adequate verification. When A; > 7y, the
controller injects WAIT. A negative gap signals
a risk of overthinking in our budget-level sense:
deliberation is failing to translate into sufficient
commitment readiness relative to the consumed
budget. When A; < —7p, the controller injects
HURRY. Otherwise it takes CONTINUE.

The thresholds 7y, 77 > 0 encode an asymmet-
ric cost: a spurious WAIT mainly consumes extra
tokens, while a spurious HURRY can force commit-
ment on a still-unresolved problem. We therefore
set 7 > Ty, using Ty = 0.1 and 7y = 0.15 held
fixed for every model, benchmark and budget. We
additionally cap the total number of cue injections
per request at three. Beyond this, repeated cues be-
gin to overwrite the model’s in-progress reasoning
rather than redirect it, degrading answer quality in

preliminary runs.

As an auxiliary safeguard, the controller also
caches the probe’s candidate answer a; (Sec. 4.2)
across boundaries: when a; # a;—1 and the
maturity-gap rule would otherwise select CON-
TINUE, the controller substitutes a WAIT cue. A
change in the trial answer between consecutive
boundaries indicates that the prefix is still being
revised, and prolonging reasoning prevents final-
ization on an unstable hypothesis. The safeguard
only fills in boundaries where the maturity gap is
inconclusive and never overrides WAIT or HURRY
from the main rule.

4.5 Runtime Integration

PARENTINGLLM is implemented as an inference-
time controller inside a modified vLLM (Kwon
et al., 2023) runtime (Fig. 2). For each user re-
quest, the runtime maintains a single main decod-
ing path whose tokens form the returned response.
At each reasoning boundary, the runtime forks the
main path into a transient probe path, appends the
commit suffix only on the probe path, and gener-
ates a boxed candidate answer to read Pgor ;. The
probe path is then immediately discarded. Thus, the
forced-commit answer is never shown to the user,
never enters the returned trace, and never modifies
the main decoding state.

Only the controller’s selected action affects the
returned response. If WAIT or HURRY is triggered,
the corresponding cue is written to the main path
and counts toward the response budget B. If CON-
TINUE is selected, the main path simply resumes
decoding from its original pre-probe state. Probe
tokens do not consume B because they are not
part of the returned response, but their KV-cache
footprint and forward-pass cost are real overheads,
which we report in Sec. 5. The fork-and-discard
design is compatible with vLLM-style continuous
batching: transient probe paths can be scheduled
alongside ordinary decoding paths and discarded
after the probe is read.

S Experiments

5.1 Experimental Setup

Models. We evaluate PARENTINGLLM on
Gemma-4-31B-it and Gemma-4-E4B-it (Google,
2026) together with Qwen3.5-9B (Qwen Team,
2026) from a different model family; Gemma-
4-26B-A4B-it is reported in Appendix C. This
tests whether the controller generalizes both across
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model scale and across model families.

Datasets. We use four test split of reasoning
benchmarks spanning mathematics and science:
MATH-500 (Hendrycks et al., 2021), a 500-
problem subset of MATH; GPQA-Diamond (Rein
et al., 2023), graduate-level multiple-choice ques-
tions in physics, chemistry, and biology; AIME
24+25 (60 problems combined), competition-level
mathematics, and GSM-Hard (Gao et al., 2023),
an adversarial variant of GSM8K with larger nu-
meric operands. The first three benchmarks are
split into calibration and evaluation portions and
used to fit the maturity estimator fy and tune the
thresholds (7, 777); GSM-Hard is held out from
calibration and used solely for evaluation, serving
as a held-out generalization test. All tasks are eval-
uated with exact-match accuracy on the boxed final
answer.

Token budgets. We evaluate at two budgets:
B € {1024, 2048} output tokens. The lower bud-
get stresses the controller’s ability to force timely
finalization; the higher budget tests whether the
controller avoids spurious interventions when bud-
get is less constraining.

Baselines. We compare against four inference-
time baselines that, like PARENTINGLLM, do not
modify the parameters of the base reasoning model:
(i) Vanilla: the model decodes freely; if |y| = B
before termination, the response is hard-truncated
and the most recent boxed answer in y (if any) is
taken as the prediction, otherwise the request is
scored as incorrect. (ii) s1 (Muennighoff et al.,
2025): iterative budget forcing that suppresses
end-of-turn with a WAIT cue until the budget is
exhausted; no reduction direction. (iii) TALE-
EP (Han et al., 2025): the budget B is stated ex-
plicitly in the prompt (e.g., “Please answer using
less than B tokens for your reasoning.”), and no fur-
ther intervention is applied. This tests whether the
model self-regulates when made aware of the bud-
get. (iv) DEER (Yang et al., 2025b): confidence-
triggered early exit. At each paragraph break an an-
swer is elicited on a trial path and generation is ter-
minated as soon as that answer is high-confidence.
Like ours it reads a discarded continuation, but it
acts in one direction only and always terminates
rather than pacing commitment (Appendix A.5).

Metrics. We report three answer-quality metrics
per (model, dataset, budget, method) cell: (i) Ac-
curacy (%), exact-match on the boxed answer; (ii)

Token utilization (%), defined as 100 - |y|/B where
@ is the mean response tokens per request (includ-
ing all intervention cues for PARENTINGLLM);
this measures how well a method exploits the avail-
able budget rather than the raw token count; (iii)
Burst rate (%), the fraction of requests reaching B
without a well-formed boxed answer.

5.2 Main Results

PARENTINGLLM improves the accuracy—budget
trade-off across three models and four reasoning
benchmarks (Table 1; per-model maturity trajecto-
ries and representative cases in Fig. 4). It raises
example-weighted average accuracy over Vanilla
by 0.4-10.5 points and reduces burst rate by up
to 12.1 points, achieving the best accuracy in 17
of 24 and the best burst rate in 14 of 24 model-
benchmark—budget settings.

The strongest gains concentrate on AIME
24425, the hardest benchmark. At B = 1024,
where the budget binds hardest, PARENTINGLLM
reduces average AIME burst from 85.3% to 62.7%
and improves accuracy by 4.0 to 7.3 points over
the best baseline on each model. At B = 2048
the burst reduction persists (57.6% to 37.1%) but
the accuracy advantage largely disappears on the
Gemma models: 23.7 against TALE-EP’s 24.7 on
Gemma-4-E4B-it and 61.0 against 61.3 on Gemma-
4-31B-it, though it holds on Qwen3.5-9B (28.7
against 26.7). Once the budget is loose enough
for the model to finalize on its own, pacing com-
mitment mainly buys reliable termination. HURRY
interventions are most useful when maturity lags
behind budget consumption (Fig. 4(d)).

TALE-EP confirms that exposing the budget in
the prompt can help, but does not fully solve bud-
geted commitment control: on AIME 24+25 it
reduces burst over Vanilla, yet PARENTINGLLM
reduces it further, especially at B = 2048. The
relative strength of the two methods varies with
base-model capability: TALE-EP is competitive
on Gemma-4-31B-it for MATH-500 and GPQA-
Diamond, where sufficiently capable models self-
regulate from the prompt alone, while PARENT-
INGLLM'’s gains concentrate on the smaller model
(E4B-it) and the hardest benchmark (AIME 24+25),
where prompt-based self-regulation leaves sub-
stantial residual burst. The two are complemen-
tary rather than competing. sl-style budget forc-
ing mostly increases token utilization with only
marginal accuracy gains, consistent with its one-
sided design: it can extend reasoning but cannot ap-
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Table 1: Main results across three models, four benchmarks, and two budgets (B € {1024, 2048}), each cell
averaged over 5 seeds (temperature 0.7). Acc denotes Accuracy (%), Util denotes Token Utilization (%, mean
response tokens divided by B), and Burst denotes Burst Rate (%, fraction of requests reaching B without a well-
formed boxed answer). Avg is the example-weighted average of each metric across the four benchmarks, with A
relative to Vanilla shown in parentheses (+ improvement for Acc, — improvement for Burst).

MATH-500 GPQA-Dia. AIME 24+25 GSM-Hard Av
B | Method | Q g
‘ ‘Acc. Util. Burst‘Acc. Util. Burst‘Acc. Util. Burst‘Acc. Util. BurstH Acc. (A) Util. Burst (A)
Gemma-4-E4B-it
Vanilla | 602 688 323 |13.6 956 805 | 47 993 953 | 364 51.8 125 39.040.3 61.440.1 26.1403
sl 594 749 323|143 974 79.8 | 43 99.5 957 |423 657 12.1 || 42.7403 (+3.7) 71.9+03 25.8402(—0.3)
1024 | TALE-EP | 632 67.6 292 [ 155 949 775 | 50 99.0 947 |36.1 50.8 11.5 || 39.8405(4+0.8) 604402 24.44+03(—1.7)
DEER |53.0 580 21.6 | 144 933 747 | 57 968 89.0 [39.0 414 4.6 || 39.0+£05(40.0) 51.9403 17.8404(—8.3)
OURS | 684 613 14.7 | 248 842 524 |12.0 877 57.0 |47.8 568 6.1 || 49.5+£05(+10.5) 61.4+02 14.1+02(—12.1)
Vanilla | 765 44.1 123 |40.0 77.5 40.0 |24.0 90.6 703 |37.9 285 12 47.040.6 38.7403 9.640.4
sl 754 480 11.0 [38.1 821 41.7 |240 924 703 |433 368 1.1 || 50.0+06(+3.0) 454402 9.4404(—0.2)
2048 | TALE-EP | 76.9 44.0 11.1 | 383 77.7 425|247 894 67.7 |37.7 291 13 || 46.8406(—0.1) 39.1£03 9.5+04(—0.1)
DEER |603 357 83 |43.0 71.1 293 |[19.0 87.1 67.0 [40.0 21.7 0.3 || 44.6+£08(—2.4) 31.6+01 7.0+04(—2.6)
OURS | 748 421 50 |463 658 229 237 724 343 |47.6 374 07 || 53.3+07(+6.4) 422401 4.8402(—4.7)
Gemma-4-31B-it
Vanilla | 744 519 94 |66.6 724 205|293 923 683 | 609 353 5.1 63.840.5 44,5402 9.4+05
sl 735 586 9.6 |659 784 199 [293 953 680 | 625 444 5.1 64.5+0.1 (40.8) 52.5+0.1 9.4403 (—0.0)
1024 | TALE-EP | 755 50.1 82 |684 68.6 157 |33.7 91.0 633 |61.3 342 42 || 64.6+04(40.9) 43.0+0.1 8.0+02(—1.4)
DEER |672 452 42 |638 60.1 9.7 |[257 887 59.0 [585 30.8 0.9 || 60.1£03(—3.6) 387402 4.2+0.1(—5.2)
OURS | 774 584 48 |71.0 713 104 |41.0 882 477 | 623 527 23 || 66.2+04(+2.4) 56.8+02 5.0403(—4.4)
Vanilla | 797 28.1 20 |772 401 39 |573 702 323|610 193 23 66.940.3 24.9402 3.2403
sl 789 321 1.6 767 448 41 |613 750 313 |627 243 23 || 67.9+03(4+0.9) 29.6+0.1 3.240.1(—0.1)
2048 | TALE-EP | 799 280 1.6 |764 408 52 |61.3 685 303 |61.1 197 22 || 67.1£03(40.2) 25.1£0.1 3.1+0.1(—0.1)
DEER |692 234 04 |685 316 15 [453 630 267 [584 157 03 || 61.6+£07(—5.3) 204401 1.2+02(—2.0)
OURS | 792 392 0.7 |772 506 32 |61.0 670 133 | 633 361 08 || 684+05(+1.5) 39.1+0.1 1.4402(—1.9)
QOwen3.5-9B
Vanilla | 638 639 268|240 932 726 | 67 992 923 | 584 436 14.1 54.940.5 54.840.1 25.040.6
sl 557 80.1 265 [247 98.1 714 | 50 997 913|560 72.1 13.6 || 51.5405(—3.5) 77.3+£03 24.5+04(—0.5)
1024 | TALE-EP | 632 663 269 [279 928 687 | 80 984 90.0 |56.7 481 159 || 54.1+06(—0.8) 582402 25.7+04(4+0.8)
DEER |61.6 572 207 |272 913 692 | 87 98.1 87.7 [58.0 40.5 10.0 || 54.5+08(—0.4) 51.0+£0.5 20.5+0.4 (—4.5)
OURS | 675 648 19.2 | 374 872 559 |127 964 833 |564 604 158 || 56.0+0.6 (+1.0) 65.0+02 22.4406(—2.6)
Vanilla | 749 408 128 | 463 749 47.7 | 263 889 703 |59.8 275 89 61.240.3 37.040.2 153404
sl 72.1 549 12.1 | 463 86.7 479 |223 946 687 |585 49.6 8.6 || 59.6+05(—1.6) 557403 14.9402(—0.4)
2048 | TALE-EP | 73.0 454 145 [ 415 79.6 54.1 |267 89.7 703 |582 342 122 || 59.3+02(—1.9) 429403 18.4+04(+3.1)
DEER |693 350 9.0 |49.8 717 425 [250 863 66.0 [59.0 238 4.9 || 59.6+£07(—1.6) 329406 11.2+05(—4.1)
OURS |751 420 88 [56.2 709 34.6 |28.7 862 63.7 |588 402 85 || 61.6+04(4+0.4) 449+0.1 12.7403(—2.6)

ply finalization pressure when maturity lags. DEER
attains the lowest burst rate in 10 of 24 settings, but
the lowest accuracy among the baselines in four
of the six model-budget blocks, and falls below
Vanilla in five of six. Because it terminates as soon
as a trial answer is confident, it cannot recover a
problem that needed more reasoning: on AIME
24425 at B = 1024 it scores 5.7, 25.7 and 8.7
where we score 12.0, 41.0 and 12.7. Fig. 4(a—c)
shows this directly: OURS pulls the maturity tra-
jectory toward the target schedule across all model
scales, while Vanilla drifts above or below depend-
ing on the benchmark.

GSM-Hard as a held-out generalization test.
GSM-Hard (Gao et al., 2023) also serves as a dis-
tribution shift in our setting, since no GSM-family
data is used to fit fy or tune (7, 7r). PARENT-
INGLLM improves Vanilla accuracy in four of six
model-budget settings, with the largest gains on
Gemma-4-E4B-it (4+11.4 and +9.7 points), but
loses 2.0 and 1.0 points on Qwen3.5-9B. Burst-rate
reductions are also mixed and DEER attains a lower
burst rate on every model (Fig. 4(e) shows a rep-
resentative underthink case). Accuracy therefore
transfers out of domain within the calibrated family
but not across it, which suggests the estimator’s
calibration is tied to a family’s chain-of-thought
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Estimated maturity ri
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--=- Target schedule ri(u)
—o— Vanilla

—=— Ours

Estimated maturity /i

Estimated maturity /i

(a) Gemma-4-E4B

(b) Gemma-4-26B-A4B

Budget consumption

(c) Gemma-4-31B

(d) Case : Overthink

(e) Case : Underthink

Figure 4: Schedule tracking and representative cases at B = 2048. (a—c) Per-model average maturity trajectories:
estimated maturity 1 averaged across all evaluation traces. Vanilla (red) is the model’s natural trajectory; OURS
(green) adds the maturity-gap controller. The black dashed line is the target schedule m(u) = 1 — (1 — u)?; OURS
tracks m more closely than Vanilla across all model scales. (d) A representative best-case sample where Vanilla
overthinks: maturity lags the schedule and the budget is exhausted before finalization; the controller injects HURRY
to apply finalization pressure. (e) A representative best-case sample where Vanilla underthinks: maturity exceeds
the schedule and the model commits prematurely; the controller injects WAIT to delay commitment.

Table 2: Signal ablation on Gemma-4-E4B-it: alterna-

tive inputs to the maturity estimator fy.

Table 3: Direction ablation on Gemma-4-E4B-it: bidi-

rectional control vs. WAIT and HURRY-only variants.

B =1024
Acc. Burst
Vanilla 39.0+03 26.1+03
WAIT only 44,1404 (+5.0)  28.8+04 (+2.7)
HURRY only  48.1+03 (4+9.1)  13.0+04 (—13.1)
OURS 49.5+05 (+10.5) 14.1+02(—12.1)
B = 2048
Acc. Burst
Vanilla 47.040.6 9.6+04
WAIT only 52.3+04 (4+5.3) 10.1+02 (40.6)
HURRY only  51.8+06 (+4.9) 4.2+04 (—5.4)
OURS 53.3+07 (+6.4) 4.8+02 (—4.7)

B = 1024
fo inputs Acc. Burst
Vanilla 39.0+03 26.1+03
u; only 48.64+07 (+9.6)  13.7+03 (—12.5)
u; +entropy  49.1+06 (+10.0) 13.0+04 (—13.1)
u; + Peor 49.5+05 (+10.5) 14.1+02(—12.1)
B = 2048
fo inputs Acc. Burst
Vanilla 47.0+0.6 9.6+04
u; only 52.4+06 (+5.4) 44403 (—=5.1)
u; + entropy 52.8408 (+5.9) 4.7+04 (—4.9)
u; + Pror 53.3+07 (+6.4) 4.8402 (—4.7)
distribution.

5.3 Ablation Studies

We isolate the contribution of each design choice
through two ablations on Gemma-4-E4B-it across
all four benchmarks.

Al. Signal ablation. We replace the input to fj
with alternative signals (Table 2): u; alone (bud-
get consumption only), u; paired with next-token
entropy, and the full (u;, Pzor). The full config-
uration is the most accurate at both budgets but
has the highest burst rate of the three: u; alone
recovers +9.6 of its +10.5 gain at B = 1024 with
lower burst (13.7 against 14.1). Most of the gain
therefore comes from the intervention rather than
the signal, and entropy matches Fgor end-to-end
despite being non-monotonic in reasoning progress
(Fig. 3).

A2. Direction ablation. We isolate the value of
bidirectional control by comparing single-direction

variants (Table 3): Wait-only (no HURRY), Hurry-
only (no WAIT), and the full bidirectional controller.
The bidirectional version is the most accurate at
both budgets. Wait-only fails under tight budgets
(B = 1024): without finalization pressure, addi-
tional verification cues push more requests past
the budget, raising burst rate. Hurry-only attains
the lowest burst rate at both budgets (13.0 and 4.2)
but is less accurate than the bidirectional controller
(48.1 and 51.8 against 49.5 and 53.3), because pre-
mature commitment is not corrected on problems
that would benefit from extended reasoning. The
bidirectional rule resolves both failure modes by se-
lecting the intervention direction from the maturity-

gap sign.

5.4 Probe and Serving Overhead

Table 4 reports probe cost on Gemma-4-E4B-it at
B = 2048. Each probe is short because the commit
suffix elicits only a boxed answer. On AIME 24+25
the HURRY cues remove more main-path tokens
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Table 4: Probe overhead on Gemma-4-E4B-it at B =
2048, per-request means. [V,: probes per request. T};:
total probe tokens. T},,: main-path tokens for OURS and
Vanilla. Net A: total forward-pass tokens vs. Vanilla.

Dataset N, T, TR Tym Net A
AIME 24425 132 242 1483 1856 —7.1%
MATH-500 10.8 169 863 904 +14.2%
GPQA-D 12.4 275 1347 1587 +2.2%
GSM-Hard 11.1 215 765 584 +68.0%

Table 5: Serving cost of the probe loop on Gemma-4-
E4B-it (MATH-500, B=1024, H200) as a function of
request concurrency C. Decode rate is returned output
tokens per second per request. Parenthesised values are
the ratio of OURS to Vanilla.

Latency p95 (s) | Decode rate (tok/s) T
C  Van. OURS Van. OURS
1 7.14 998(x1.40) 1428 110.7(x0.78)
4 592 11.27(x1.90) 158.1 89.5(x0.57)
16 6.67 14.40(x2.16) 142.7 64.4(x0.45)
32 752 17.71(x2.36) 117.0  50.7(x0.43)

than the probes add, so the net forward-pass cost
is —7.1%; on MATH-500 and GPQA-D the offset
is partial, leaving +14.2% and +2.2%. On GSM-
Hard, Vanilla traces are short (584 tokens) and the
controller injects WAIT more often than HURRY,
prolonging the main path; the +68.0% net cost re-
flects intervention against premature commitment
rather than probe overhead.

Forward-pass tokens understate the cost of a syn-
chronous probe. Table 5 measures the same con-
troller under load: per-request decode rate falls
to 0.78x Vanilla at concurrency 1 and to 0.43x
at concurrency 32, while p95 latency rises from
1.40x to 2.36x. The degradation tracks concur-
rency rather than response length: each probe stalls
the main path for its own decode, and the transient
probe branches occupy batch slots and KV blocks
that would otherwise serve other requests. Peak
memory can transiently reach 2x Vanilla while the
main and probe KV states coexist.

6 Conclusion

We controlled reasoning under a fixed token bud-
get by pacing how ready a prefix is to be finalized
rather than how long it is. PARENTINGLLM reads
an end-of-turn probability from a forced-commit
probe at reasoning boundaries and injects WAIT or
HURRY depending on whether that estimate leads
or lags a schedule set by the operator. Across four

benchmarks and four base models this raises ac-
curacy and lowers burst rate, most clearly at the
tighter budget. Budget consumption alone recovers
most of the accuracy gain, and the probe accounts
for a large share of the serving cost. A cheaper
maturity signal is the most useful thing to look for
next.

Limitations

Model coverage. Our experiments span three
Gemma-4 scales and one model from another fam-
ily (Qwen3.5-9B). Other reasoning families such
as DeepSeek-R1 remain untested.

Serving cost of the probe. The probe forks
a path at every reasoning boundary and is syn-
chronous in our implementation, so the main path
stalls while it decodes. Under load this reduces
per-request decode rate to 0.78%x Vanilla at con-
currency 1 and 0.43 % at concurrency 32 (Table 5),
and peak memory can transiently reach 2x Vanilla.
The controller is therefore currently suited to set-
tings where per-request budget adherence matters
more than aggregate throughput.

Speculative decoding suggests a way to hide
most of this cost. Because the probe is short and
its output is discarded, it behaves like a specula-
tive draft that is always rejected, and a runtime
that already verifies drafted tokens in one batched
pass could verify it there instead of stalling the
main path. The probe would still need its own KV
branch, since the commit suffix changes its prefix.

Maturity label dependency. Training labels for
fo come from an LLM judge whose monotone out-
put is enforced by clamping (Appendix C.2); the
estimator therefore inherits the judge’s biases, and
the monotonicity of m along u is partly an artefact
of the label-shaping procedure. Replacing judge
supervision with a task-grounded target (e.g., final-
answer correctness on held-out samples) is a natu-
ral next step.
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A Implementation Details

A.1 Experimental Environment

All experiments are run on a single node with
8xNVIDIA H200 GPUs (141 GB HBM3e each),
CUDA 12.8, and PyTorch 2.10. Inference uses
our modified vLLM runtime, built on the public
vLLM v0.19.0 codebase, with continuous batch-
ing enabled. The maturity estimator fy is trained
with LightGBM 4.6.0 on a separate CPU node.
All methods and baselines use temperature=0.7,
top_p=1.0. Each reported cell is the mean over
five seeds (0—4); + values are the standard devia-
tion across seeds.

A.2 Reasoning Boundary Definition

A reasoning boundary is a paragraph-level segmen-
tation point in the generated trace at which the
controller is invoked. Concretely, the sampler fires
a boundary when (i) the last emitted token termi-
nates the current paragraph(either a single token
whose decoding ends in \n\n, or two consecutive
single-newline tokens) and (ii) the next token’s
argmax falls within the set of Step-prefixed tokens
(e.g., Step, Step._1, Step:). This pattern matches
the explicit Step_1:...._Step_2:_... chain-of-
thought format that the instruction-tuned Gemma-4
models follow by default under our task prompt
template. The set of \n\n-ending tokens and Step-
prefix tokens is derived per model at engine startup
by scanning the tokenizer vocabulary, so the same
definition transfers to other instruction-tuned mod-
els without changes; this vocabulary scan is per-
formed once per model load and adds no runtime
overhead during inference.

Empirically, at least one boundary fires on >
99.8% of reasoning traces across all four evalua-
tion datasets (AIME 24425, MATH-500, GPQA-
Diamond, GSM-Hard) and all Gemma-4 model
sizes.

Models that do not emit step markers, including
Qwen3.5-9B, use a variant that fires on paragraph
seams alone, without inspecting the following to-
ken. All Qwen3.5-9B results in this paper use this
variant; the Gemma-4 results use the step-header
rule above.

The probe is read at every boundary, giving the
N, ~ 10-15 calls per request in Table 4. Cues
are written only when the maturity gap exceeds
a threshold, and at most three times per request
(Sec. 4.4).
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A.3 Wait and Hurry Cue Strings

Both cues are short natural-language insertions ap-
pended directly to the main decoding path. The
exact strings used in all experiments are framed as
out-of-band user interjections (mimicking a user
breaking into the assistant’s mid-response), since
instruction-tuned models react more strongly to
a perceived user message than to a self-uttered
hedge:

e WAIT cue: “(user: wait, check your
answer)”
e HURRY cue: “(user: hurry up and

finalize)”

The user-interjection framing was selected af-
ter preliminary experiments showed that politer
hedges in the assistant’s own voice (e.g., “Based
on the analysis so far, the answer is”)
produced weaker termination behavior on AIME
24+25, where the model otherwise tends to over-
elaborate. The two strings above are used verbatim
in every experiment reported here and in the re-
leased implementation. Both strings are tokenized
by the model’s native tokenizer and count toward
the response budget B.

A.4 Maturity Estimator Training

The maturity estimator fy is a LightGBM (Ke
et al., 2017) gradient-boosted regressor mapping
(u;, Peor,i) € [0,1]? to a scalar maturity score in
[0, 1]. Hyperparameters (Table 6) are shared across
all base models; we did not tune them per model.

Training data. For each base model, we
generate probe-only boundary traces(the con-
troller’s PROGRESS_MEASURE mode, which in-
serts the probe at every boundary but performs no
WAIT/HURRY injection) on the calibration splits of
MATH-500, GPQA-Diamond, and AIME 24425 at
B = 2048. Each boundary yields one (u;, Pgor,i)
feature pair and a judge-derived maturity label (Ap-
pendix B.2). GSM-Hard is held out and used only
as an out-of-distribution evaluation set.

Judge model. Labels come from an open-weight
judge, openai/gpt-oss-12@b, served locally on
the same vLLM cluster. The judge outputs a mono-
tone non-decreasing cumulative progress array (Ap-
pendix B.2); scores are clipped to [0, 1] and used
directly as the regression target. The judge is in-
voked only at training time and never at inference.

Table 6: LightGBM hyperparameters for fy, shared
across all base models.

Parameter Value
num_boost_round 500 (early stop 30)
learning_rate 0.05
num_leaves 31
min_data_in_leaf 50
feature_fraction 0.9
bagging_fraction 0.9
bagging_freq 5

Objective regression (RMSE)

A.5 Baseline Implementations

All baselines use the same sampling parameters as
PARENTINGLLM and run inside the same vLLM
runtime to isolate the contribution of the controller.

Vanilla. The model decodes freely until either it
emits the end-of-turn token or |y| = B. If hard-
truncated, we attempt to extract the most recent
well-formed \boxed{. ..} answer from y; if none
exists, the request is scored as incorrect.

sl. A client-side re-implementation of budget
forcing (Muennighoff et al., 2025). We iteratively
suppress termination: whenever the model emits
the end-of-turn token (finish_reason="stop")
with budget remaining, we append the literal cue
“_Wait” and re-issue the request, conditioning on
the accumulated assistant text. This repeats until
either the model fails to emit a boxed answer be-
fore exhausting B, or no budget remains. If the
final continuation overruns B mid-generation, we
recover the last brace-balanced \boxed{. ..} from
the prior natural-stop turn rather than the truncated
tail. Cues are injected only on natural stop, never
after length truncation.

TALE-EP. Following Han et al. (2025), the
prompt is augmented with the explicit instruction
“Please answer using less than B tokens
for your reasoning.”, where B is the actual
budget. No further inference-time intervention
is applied. This isolates whether the model self-
regulates when made aware of the budget.

DEER. We re-implement confidence-triggered
early exit (Yang et al., 2025b) as a client-side con-
troller over stock vLLLM, matching our prompts,
budget and main-path sampling. At each paragraph
break past 256 tokens it forks a trial path, appends
DEER’s answer inducer, and decodes it greedily
for at most 24 tokens; the geometric mean of the
per-token maximum probability is the confidence,
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and generation stops once it exceeds A. Otherwise
the inducer is revoked, so DEER never writes to the
main path and can only terminate, never prolong.
We use its reference setting (A=0.95, paragraph
markers).

B Prompts
B.1 Task Prompt Templates

The wuser message concatenates a domain-
specific instruction, the problem, and the
META_DUAL_EXEMPLAR control-signal block. This
block is shared across all methods (including
vanilla, s1, and TALE-EP) for prompt parity; sig-
nals are injected only by PARENTINGLLM.

Mathematics (MATH-500, AIME 24+25, GSM-
Hard).

Solve the math problem step by step.
Format each reasoning step on its own
with a ‘Step N:’ header. Separate steps
with a blank line so each new step starts
with “\n\nStep N:”. After all reasoning
steps, on a new paragraph write exactly
‘The Final Answer is \boxed{<answer>}.’

Problem: {problem}
Begin your solution with ‘Step 1:7.
{META_DUAL _EXEMPLAR?}

GPQA-Diamond. Four options are determinis-
tically permuted using SHA-256 of the record ID
and pre-concatenated as “A) , B) , C) , D) ”.

You are an expert answering hard
graduate-level science multiple choice
questions. Solve the question step by
step. Format each reasoning step on
its own with a ‘Step N:’ header.

After all reasoning steps, write exactly

‘The Final Answer 1is \boxed{<single
letter>}.’ where <single letter> is A,
B, C, or D.

Question (choose one letter):
{problem with embedded “A) ...\nB) ...”}

Begin your solution with ‘Step 1:’.

{META_DUAL_EXEMPLAR}

{META_DUAL_EXEMPLAR}

**Important control signals*x (the
SYSTEM may insert one of these phrases
between your reasoning steps as an
interruption from the user side):

- “(user: hurry up and finalize)’ — the
user is impatient. Briefly acknowledge,
then continue with much shorter, more

clipped phrasing.
self-explanation.

Drop filler and

- ‘(user: wait, check your answer)’
— the user wants you to double-check
the previous step. Briefly acknowledge
(“Let me reconsider”), then revisit
the most recent step with a careful
re-derivation.

Example
problem):

(both signals on the same

Problem: Find the roots of x"2 - 5x + 6
= 0.

Step 1: Discriminant 25 - 24 = 1, perfect
square; roots are integers.

Step 2: Factors of 6 summing to -5: (-2,
-3).

(user: wait, check your answer)

Step 2 (re-check): (x-2)(x-3) = x"2 - 5x
+ 6. Matches.

Step 3: From (x-2)(x-3) = @, one factor
is zero.

(user: hurry up and finalize)
Step 4: x = 2 or x = 3.
The Final Answer is \boxed{2, 3}.

CRITICAL: Do NOT generate these (user:
...) phrases yourself.

The two phrases are the exact strings injected by
PARENTINGLLM’s controller at \n\n boundaries.

B.2 Judge Prompt for Maturity Labels

Training labels for fy come from an external judge
(openai/gpt-oss-120b) that scores all reasoning
steps of a single trace jointly as a monotone non-
decreasing cumulative progress curve. The trace is
split on blank-line boundaries (regex \n\s#*\n) into
N steps; each step is truncated to 800 characters
with a “...[trunc]” marker when needed. The
judge sees the ground-truth final answer (target)
to ground its progress estimates; this is acceptable
because labels are used only for training of fy.

You are evaluating a reasoning trace.
CORRECT FINAL ANSWER: {target}

The trace below is split into {N}
numbered steps separated by blank lines.
For EACH step, output the CUMULATIVE

progress fraction toward the final
answer at the end of that step, as a
decimal in [0.00,1.00].

Guidelines:

0.00-0.15: just started; 0.15-0.40:
approach chosen, derivation begun;
0.40-0.70: main reasoning; ©0.70-0.95:
approaching answer; 0.95-1.00: final

answer committed (boxed).
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Table 7: Results for Gemma-4-26B-A4B-it across four benchmarks and two budgets (B € {1024,2048}), each
cell averaged over 5 seeds (temperature 0.7). Acc denotes Accuracy (%), Util denotes Token Utilization (%,
mean response tokens divided by B), and Burst denotes Burst Rate (%, fraction of requests reaching B without a
well-formed boxed answer). Avg is the example-weighted average of each metric across the four benchmarks, with
A relative to Vanilla shown in parentheses (+ improvement for Acc, — improvement for Burst).

MATH-500 GPQA-Dia. AIME 24+25 GSM-Hard Av
B | Method | Q g
‘ ‘Acc. Util. Burst‘Acc. Util. Burst‘Acc. Util. Burst‘Acc. Util. BurstH Acc. (A) Util. Burst (A)
Gemma-4-26B-A4B-it
Vanilla |66.2 606 18.1 |43.0 86.6 503 |21.3 96.1 76.7 |59.6 486 17.3 585403 56.5+0.2 224405
sl 662 688 174 | 434 926 497 | 227 993 757 |61.7 622 177 |[59.9405(+1.4) 67.8403 22.440.6(+0.0)
1024 | TALE-EP | 68.0 589 156 | 493 837 414 |243 947 740 | 602 475 150 || 60.0£04 (+1.5) 55.14+0.1 19.4402(—3.0)
DEER |615 53.1 113 453 792 397 [ 193 922 700 | 580 39.4 4.7 ||56.5403(—2.0) 48.0+02 11.5+0.4(—10.9)
OURS |71.6 620 9.9 |537 81.1 315|320 924 63.0 | 627 59.1 8.6 ||63.14+0.6(+4.6) 628403 12.6404(—9.7)
Vanilla |754 351 55 | 640 588 20.7 |453 792 520 |60.8 313 11.5 64.2404 36.2+02 12.1+0.1
sl 742 417 55 | 645 650 214|423 861 543|639 397 118 || 658403 (+1.6) 44.0403 12.54+04 (4+0.3)
2048 | TALE-EP | 75.0 360 6.0 |66.6 59.8 19.5 [473 794 510 |613 31.7 11.1 || 64.7403(+0.5) 36.840.1 11.8403(—0.3)
DEER |66.1 294 2.6 |634 504 14.6 |383 752 453 |57.8 214 23 ||59.8407(—4.4) 27.7+03 4.84+05(—7.3)
OURS |763 448 3.6 |678 626 156 |50.3 789 423 | 644 444 47 || 67.240.1(4+3.0) 473402 6.54+05(—5.6)
The  values  must  be  MONOTONE Table 8: Sensitivity of the maturity estimator to its label
NON-DECREASING.  Output STRICTLY a pipeline, on Gemma-4-E4B-it at B = 1024.

JSON array of EXACTLY {N} floats in
order. NOTHING ELSE.

STEPS: [1] {step_1_text}
{step_2_text} ... [N] {step_N_text}

[2]

Non-monotone outputs are clamped post-hoc by
running maximum. Step k’s label is paired with
the budget consumption wu at the matching \n\n
boundary.

B.3 Forced-Commit Probe Suffix

At every \n\n boundary, the probe path forks the
main KV cache and appends the literal suffix

“ The Final Answer is”

(leading space; re-tokenised per tokenizer at engine
startup for cross-model portability). The probe
freely generates up to 64 tokens with logprobs =
20; a brace-balanced parser locates the proper clos-
ing } of \boxed{. . .}. The probe terminates—and
its KV blocks are freed—once five positions are
emitted beyond the closing brace; Pgor; is the
maximum end-of-turn probability over those five
trailing positions after the closing brace.

C Additional Results

C.1 Gemma-4-26B-A4B-it

Table 7 reports the third Gemma-4 scale, which
we moved out of the main table for space. The
pattern matches the two scales in Table 1: PAR-
ENTINGLLM raises example-weighted average ac-
curacy by 4.6 and 3.0 points and lowers burst rate

Label pipeline Acc.

Ours (clamped, gpt-oss-120b)  49.5+05
No monotonicity clamp 49.8+0.2
Judge — Qwen3.5-397B 49.2+03

by 9.7 and 5.6 points, and DEER again reaches a
lower burst rate at the cost of accuracy.

C.2 Sensitivity to Judge Supervision

The maturity estimator is trained on labels from
an external judge whose output is clamped to be
monotone (Appendix B.2). Two properties of
that pipeline could drive our results rather than
the controller itself: the clamp, and the choice
of judge. We varied each in turn on Gemma-4-
E4B-it at B = 1024 (Table 8). Removing the
running-maximum constraint, so that the judge
may lower a progress score after a backtrack or
an error, changes accuracy by +0.3 points. Replac-
ing gpt-oss-120b with Qwen3.5-397B, a judge
roughly three times larger and from a different
model family, changes it by —0.3.
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