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Abstract

Diversity in LLM mathematical reasoning is
critical for exploration, but common diversity
metrics mostly capture surface-level variation
rather than differences in how a problem is
solved. We address this gap by introducing
approach-level diversity: variation in strate-
gies across correct solutions to the same prob-
lem. Using a human-calibrated LLM judge
framework, we show that prior diversity mea-
sures are unreliable proxies for approach-level
diversity, and this mismatch carries over to
diversity-aware RLVR, where target metrics
are preserved while approach-level diversity
declines. Investigating when approach-level
diversity helps and whether it can be directly
induced, we find that approach-diverse can-
didate sets improve test-time scaling. How-
ever, optimizing an LLM judge diversity re-
ward during training causes the policy to ex-
ploit judge-specific preferences rather than
broaden its approaches, leaving direct opti-
mization of approach-level diversity as an open
problem. Together, our work introduces the
notion of approach-level diversity and uncov-
ers a systematic divergence between surface-
and approach-level signals, marking a step to-
ward LLMs that reason in genuinely diverse,
human-like ways. Our code and data are
publicly available at https://github.com/
helmsman12/LLM_reasoning_diversity.

1 Introduction

Diversity in large language models (LLM) gen-
erations has become practically important across
tasks where useful outputs span a range of plausi-
ble alternatives, such as creative writing (Gémez-
Rodriguez and Williams, 2023) and synthetic data
construction (Shumailov et al., 2024). In complex
reasoning tasks, this importance is amplified by
test-time scaling methods such as verifier-based se-
lection (Lightman et al., 2023) and multi-agent col-
laboration (Wu et al., 2024a), where downstream
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performance depends on the range of candidate
solutions sampled from the model.

However, recent studies report that reinforce-
ment learning with verifiable rewards (RLVR), a
dominant paradigm for post-training language mod-
els, reduces the diversity of a trained policy (Kirk
et al., 2024; He et al., 2025; Yue et al., 2025;
Wu and Choi, 2025), prompting diversity-aware
RLVR methods that attempt to preserve diversity
during training. Yet we find that these methods
typically operationalize diversity by surface-level
diversity—differences in the observable form of
outputs—through measures such as lexical over-
lap (Lanchantin et al., 2025), embedding distance
(Chen et al., 2026), or symbolic representations like
the ratio of unique equations (Hu et al., 2026). Such
measures reveal whether solutions differ in word-
ing or representation, but leave open a more fun-
damental question: are models producing surface-
level variants of the same strategy, or exploring
genuinely different ways to solve the problem?

To address this gap, we introduce approach-
level diversity as a distinct axis of LLM reason-
ing behavior: variation in the underlying solution
strategies used to arrive at the correct answer, be-
yond differences in wording, notation, or exposi-
tion. Prior work measures diversity at two common
levels: lexical, typically via N-gram distance, and
semantic, typically via cosine similarity over em-
beddings. We first evaluate whether these standard
metrics align with human judgments of approach-
level diversity. We find that these metrics are sus-
ceptible to paraphrastic variation in math reasoning,
where changes in wording, layout, or symbolic ex-
pression can inflate the apparent diversity among
solutions with the same reasoning approach.

Building on these observations, we design a scal-
able evaluation framework for approach-level anal-
ysis built around a human-calibrated LLM judge.
Using this framework, we extend the analysis to
a wider range of prior measures, including math-
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Problem
Find k such that 3x+5y+k=0 is tangent to the parabola y2=24x.

Solve the line for x
x=(-5y-Kk /3. (-3/5 x - k/5) 2 = 24x.
Substitute into the parabola:
y2 = 24((-5y - k) / 3)

y? = -40y - 8k

y? + 40y + 8k = 0.

Expand:

For tangency, this quadratic has exactly
one solution, so its discriminant is 0:
402 - 4(1)(8k) = 0, 1600 - 32k = 0

(k = 50. |

k = 50.

SAME APPROACH (A - B)
N-gram: 0.9127 / Cosine: 0.0921

. — ) ) —— w ( .
("solution A ("soution 8 Solution C
Parabola: y? = 24x Rewrite the line as: Rewrite the line:
Line:3x + 5y + k =0 y = -3/5x - k/5. Sy = -3x - k
y = -3/5x - k/5.

Substitute into y? = 24x:

9x2 + (6k - 600)x + k2 = 0.
For tangency, discriminant = 0:

(6k - 600) 2 - 4(9(k») =0
36k? - 7200k + 360000 - 36k? = 0

|
DIFFERENT APPROACH (B - C)
N-gram: 0.8542 / Cosine: 0.0892

So the slope is m = -3/5.

For y2 = 24x, we have 4a = 24,so0a = 6.
Using the tangent form condition for the
parabola:

c=a/m=6/(-3/5 = -10.

Thus the tangent line is: y = -3/5 x - 10.
Convert to standard form: 3x + 5y + 50 = 0.

Figure 1: A real-world failure case of conventional diversity metrics. Conventional metrics assign a higher
diversity score to a pair of solutions that follow the same approach than to a pair that uses different mathematical
approaches, illustrating a mismatch between surface-level variation and approach-level diversity.

domain-specific diversity metrics, and show that
they remain unreliable for detecting fine-grained
differences in approaches. This mismatch between
surface- and approach-level diversity persists in re-
cent diversity-aware RLVR algorithms. Although
these methods preserve the diversity proxies they
optimize, this does not imply that approach-level
diversity is preserved. In practice, training often
increases surface variation within a narrower set
of approaches, making outputs look more diverse
even as approach-level diversity declines.

We finally ask two questions: what practical
benefits approach-level diversity can provide, and
whether an LLM judge approach-diversity signal
that works for evaluation can also be used as a
training reward. Our results reveal a gap between
measuring and optimizing approach-level diversity.
Candidate sets containing distinct approaches yield
larger gains under test-time scaling, suggesting
that approach-level diversity can improve inference-
time performance. However, when directly opti-
mized for the LLM judge approach-level diversity
signal, the policy learns to satisfy the judge by ex-
ploiting its bias rather than generating genuinely di-
verse approaches, calling for a training-compatible,
robust approach-level diversity metric.

Together, our work introduces approach-level di-
versity as a distinct axis for analyzing mathematical
reasoning in LLMs, along with a human-calibrated
framework for measuring it. Using this framework,
we uncover a systematic gap between surface-level
and approach-level diversity: existing metrics and
diversity-aware training methods capture how so-

lutions are written rather than how problems are
solved. By discovering this gap, our work marks a
step toward developing LLMs that exhibit greater
strategic flexibility in mathematical reasoning.

2 Background

2.1 Related Work

Diversity collapse in RL post-training RL-
based post-training has substantially improved the
generation quality of LLMs (Schulman et al., 2017;
Shao et al., 2024). Recent work, however, reports
that RL post-training can reduce generation diver-
sity, leading to narrower task coverage (Wu and
Choi, 2025; Yue et al., 2025; Kirk et al., 2024; Cui
et al., 2025) and more homogeneous outputs (Chen
et al., 2026; Hu et al., 2026). This has motivated
diversity-aware RLVR methods that aim to pre-
serve diversity during training by adding auxiliary
rewards or regularizers based on likelihood (He
et al., 2025; Lanchantin et al., 2025), embedding-
space distance (Chen et al., 2026, 2025), or token-
level overlap (Hu et al., 2026; Lanchantin et al.,
2025). Because most of these works focus on math
reasoning tasks—a dominant testbed for RLVR
methods—several have proposed diversity mea-
sures for mathematical reasoning to analyze such
diversity collapse and guide mitigation efforts.

Measuring diversity in mathematical reasoning
Diversity in mathematical reasoning has been mea-
sured with lexical overlap (Hu et al., 2026), sym-
bolic proxies (Wu et al., 2024b; He et al., 2025),
embedding similarity (Chen et al., 2026), and LLM-
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Metric Signal I\godel— Structure-
ased aware
N-gram Lexical X X
Self-BLEU Lexical X X
Cosine Semantic v X
Distinct-EQ Symbolic X v
RPD Reasoning v v

Table 1: Taxonomy of diversity metrics analyzed.

based reasoning-path decompositions (Ju et al.,
2026). However, these metrics define difference
through their chosen representation, leaving open
whether they align with human judgments of dis-
tinct solution strategies. Although human-aligned
diversity has been studied in open-ended genera-
tion (Jiang et al., 2025; Zhang et al., 2025b), it
remains less explored in mathematical reasoning.
Existing LLM-judge-based evaluations in this do-
main (Li et al., 2025; Ju et al., 2026; Zhu et al.,
2026) do not explicitly define the notion of diversity
they measure or validate judge decisions against
human judgments. We address this gap by for-
malizing approach-level diversity as strategy-level
variation among correct solutions and by testing
whether existing diversity measures and diversity-
aware RLVR methods align with this definition.

2.2 Diversity Metrics under Evaluation

We summarize the diversity metrics serving as base-
lines in our evaluation. We evaluate five diversity
metrics covering lexical, semantic, symbolic, and
reasoning-level signals. N-gram distance (Kondrak,
2005) and Self-BLEU (Zhu et al., 2018) measure
token-level lexical overlap, while cosine distance
over Qwen3-Embedding-8B (Zhang et al., 2025a)
measures semantic similarity. We also include
two math-specific metrics: Distinct-Equations (Wu
et al., 2024b), which measures the ratio of unique
equations in a solution set, and RPD (Ju et al.,
2026), which decomposes solutions into reason-
ing steps and aggregates step-level embedding dis-
tances. Formal definitions are in Appendix A.2.

3 Conventional Metrics Do Not Capture
Approach-level Diversity

We begin by defining the object of study: approach-
level diversity in closed-ended mathematical rea-
soning. We collect human reference labels for this
notion and use them to diagnose where representa-
tive conventional metrics fail, tracing these failures
to structural properties of mathematical solutions.

3.1 Defining Approach-level Diversity

We define approach-level diversity as the variation
in the underlying problem-solving strategies used
to solve the same mathematical problem correctly.
This is distinct from surface-level diversity, which
refers to the variation in the observable form of a so-
lution, such as wording, notation, formatting, equa-
tion layout, or exposition style. Two solutions can
look different while following the same strategy, or
share much of their observable form while relying
on different mathematical mechanisms. Approach-
level diversity captures the latter distinction, which
we operationalize as follows.

Definition of Different Approaches

We say two solutions follow different approaches if
they diverge meaningfully along at least one of the
following three dimensions:
* Mathematical tools — the techniques invoked
(e.g., algebraic vs. geometric).
 Structural definitions — how the problem is set
up (e.g., auxiliary function vs. direct substitution).
¢ Representational viewpoint — the perspective
taken (e.g., coordinate vs. synthetic geometry).

3.2 Human Judgments of Approach Diversity

To test whether conventional diversity metrics cap-
ture approach-level diversity, we construct a hu-
man reference for metric comparisons. Follow-
ing Section 3.1, annotators judge whether two cor-
rect solutions to the same problem use the same
underlying approach. Our annotation set con-
tains 80 solution pairs from 20 problems from
the MATH (Hendrycks et al., 2021) training set,
with four model-generated pairs per problem. Each
item includes the problem and two correct model-
generated solutions, and receives two independent
labels from 17 annotators. All annotators hold at
least a bachelor’s degree in an engineering-related
field, a requirement we impose to ensure sufficient
familiarity with mathematical reasoning.
Annotators agreed on 80% of the items, suggest-
ing that the definition can be applied with reason-
able consistency. The disagreements were resolved
by the authors. After this, we use the resulting la-
bels as the human reference for the analyses below.
Further details are provided in Appendix B.2.

3.3 Failure Modes of Conventional Metrics

We compare the human labels with two represen-
tative conventional metrics: bigram distance and
cosine distance. The metrics disagree with human
judgments in both directions: they sometimes as-
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Figure 2: Limitations of conventional diversity metrics. (a) Conventional metrics fail to discriminate approach
signals under heavy scaffolding. (b) Conventional metrics remain sensitive to realistic paraphrases.

sign high distances to same-approach pairs and low
distances to different-approach pairs. We trace this
mismatch to two properties of solutions in mathe-
matical reasoning.

Two Confounds Behind the Disagreement The
disagreement stems from two factors that conven-
tional metrics cannot separate from the actual ap-
proach. The first is shared scaffolding: content
that most correct solutions to a problem include
regardless of approach, such as restated condi-
tions, common setup steps, and answer formatting.
The second is approach-preserving paraphrasing:
changes in wording, notation, equation arrange-
ment, or exposition that alter how a solution looks
while leaving its underlying approach unchanged.
Figure 1 illustrates a real-world example. So-
Iutions A and B use the same discriminant-based
approach but differ in local algebra, while Solutions
B and C use different mechanisms but share similar
notation. Thus, the metrics assign higher diversity
to the same-approach pair than to the different-
approach pair, reversing the human decision.

Scaffolding Weakens Approach Signals When
solutions share substantial scaffolding, conven-
tional metrics may struggle to isolate approach-
specific signals. We test this by asking whether
their discriminative ability degrades on high-
scaffolding problems. For each problem in our hu-
man annotation set, we compute a scaffolding score
as the ratio of overlapping unigrams among correct
solutions, and split problems at the median into
low- and high-overlap groups. The median overlap
is 61.2%, suggesting that shared setup accounts for
a large portion of solutions. As Figure 2a shows,
both metrics become substantially less discrimi-
native in the high-overlap group. This indicates

that shared scaffolding can dominate solution-level
similarity scores, masking the smaller portion that
reflects the approach. Details of the scaffolding-
ratio computation are provided in Appendix C.1.

Sensitivity to Paraphrasing Even pure reword-
ing can prevent conventional metrics from measur-
ing approach-specific differences. To test this, we
generate approach-preserving paraphrases at two
levels. Starting from each original solution (LO),
L1 applies local wording or notation rewrites (e.g.,
y = mx+bas mx—y-+b = 0), while L2 addition-
ally changes the global presentation format (e.g.,
verbose versus compact exposition); we generate
three paraphrases for each original solution.

We then compare the distance distributions of
rewritten same-approach solution pairs with those
of original different-approach pairs. Figure 2b
shows that even L1 rewrites are enough to push
same-approach pairs farther apart than different-
approach pairs, and the small gap between L1 and
L2 indicates that most of this distortion already
arises from local rewording rather than presenta-
tion shifts. Thus, conventional metrics are vulnera-
ble even to realistic paraphrases, reflecting how a
solution is written rather than how it is solved.

4 Approach Mismatch Persists at Scale

The previous section showed that conventional met-
rics cannot reliably capture approach-level diver-
sity, motivating an evaluation framework that looks
beyond surface form. We build such a framework
around an LLLM judge and use it to scale our analy-
sis to real model generations, broadening the set of
metrics under study and applying the framework to
recent diversity-aware RLVR methods.
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4.1 Approach Evaluation with LLM Judge

In this section, we describe our LLM-judge-
based evaluation framework and explain the de-
sign choices behind it. Implementation details are
provided in Appendix B and H. To build a robust
and reliable evaluation framework, we consider the
following requirements.

* D1: Approach-feasible evaluation. Approach-
level diversity can be meaningfully evaluated
only on problems that admit multiple approaches.

e D2: Scalable and interpretable labeling. Eval-
uation should scale across many problems and
models while producing labels that can be reused
in downstream analyses.

* D3: Human-calibrated decision boundary.
The judge should align with human judgments,
especially on clear cases where annotators agree.

We address these three requirements as follows.

Approach-feasible problem set First, we fil-
ter for problems that admit multiple correct ap-
proaches. For each candidate problem, we (i)
prompt GPT-5.2 (OpenAl, 2025) to generate four
distinct approaches, (ii) ask Qwen3-4B to solve the
problem with each one and keep only those that
reach the correct answer, and (iii) use a GPT-5.2
judge to confirm that the surviving approaches are
mutually distinct. We retain only problems with at
least three unique and correct approaches, giving
469 problems sampled from the MATH training set
(Hendrycks et al., 2021). The remaining analyses
in this section are performed on this evaluation set.
The cost report for the pipeline can be found in
Appendix B.

Clustering with an LLM judge To obtain scal-
able and reusable approach labels, we ask the judge
to cluster correct solutions for each problem by
their underlying approach. Given a problem x and
a set of correct solutions S, an LLM Judge J pow-
ered by GPT-5.2 partitions S into approach-level
clusters,

._7(37751;) :Cla“'chzv

K,
Se=|]Ci
=1

Each cluster C; contains solutions judged to follow
the same approach, and K, denotes the number of
distinct approaches identified for problem z.

Agreement with human annotations We vali-
date the judge against the human labels from Sec-
tion 3.2. The judge achieves 85.0% agreement
with the human reference labels, comparable to
the 80.0% inter-annotator agreement. Moreover,
among the 64 clear cases on which all annotators
agreed, the judge disagreed on only 2, indicating
that the judge aligns well with human judgments.

We adopt GPT-5.2 as the main backbone model
due to its high reasoning and instruction-following
ability. To account for a possible judge-specific
bias, we re-ran all judge-dependent stages of our
pipeline, such as problem filtering and approach
classification, with an independent Claude Son-
net 5 (Anthropic, 2026) judge. As shown in Ap-
pendix B, all conclusions in this paper hold under
either judge.

4.2 Existing Measures Fail to Capture
Fine-Grained Differences

Using our evaluation framework, we show that the
limitations in Section 3.3 persist across a broader
set of diversity measures introduced in Section 2.2:
prior metrics detect whether a solution set uses one
approach or many, but lose discriminative power
on finer differences within approach-diverse sets.

Concordance analysis We evaluate each diver-
sity metric D with a simple ranking question: given
two solution sets, how often does D assign the
higher score to the more approach-diverse one? We
denote this measure as concordance. For each prob-
lem, the LLM judge first clusters correct solutions
by approach. We then sample equal-sized pairs
(Shighy S]OW> with ‘Shigh‘ = ’S]OW‘ = k, where
Shigh covers more distinct approaches than Sy
The solutions are distributed as evenly as possible
across distinct approaches. For each question, we
repeat the test B times, and count how often the
metric gets it right,

set Z]l |: S}(f;gh > D(Sl((l:x?v) )
2

which is then averaged over the problems. For
pairwise distance metrics, D(.S) denotes the mean
pairwise distance within S. Solutions are drawn
from three base models: Qwen2.5-32B-Base
(Team, 2024), Qwen3-8B-Base (Team, 2025), and
OLMo3-32B-Base (Olmo et al., 2026). We report
results with k£ = 4 in the main text.
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Figure 3: Set-level concordance (Cy.) at subset size k = 4 across solver models. Bars show mean concordance
with 95% confidence intervals. Asterisks indicate values that are significantly above the random baseline at p = 0.05.

From coarse to fine-grained comparisons The
easy case is when Sj,y, uses just one approach,
where solutions look nearly identical, so even
surface-level metrics can tell them apart from a var-
ied Shigh. The more important question is whether
a metric can detect a finer difference when S).y
itself already induces substantial surface diversity.
To separate these cases, we use a tiered evalua-
tion. At Tier n, Sjow contains solutions from n dis-
tinct approaches, while Sy, contains n+1 distinct
approaches. Tier 1 then compares one approach
against two, acting as a coarse contrast. Tiers 2
and 3 are stricter: they ask whether a metric can
detect the incremental gain from adding one more
approach to an already multi-approach set. These
higher tiers test whether a metric truly captures
approach-level diversity beyond surface form.

Results Figure 3 shows a consistent pattern
across metrics and generator models. Existing met-
rics perform well in Tier 1, where the compari-
son is between a single-approach set and a multi-
approach set. However, their concordance drops
substantially in Tiers 2 and 3, where both sets al-
ready contain multiple approaches. Thus, prior
metrics can detect coarse diversity contrasts, but
struggle to resolve incremental gains in approach-
level diversity once both solution sets are already
diverse. We experiment with more ablations such
as extended math reasoning benchmarks, more em-
bedding models, and different aggregation methods
in Appendix C.2. The results consistently shows
the same pattern under all settings.

4.3 What Diversity Does Diversity-Aware
RLVR Preserve?

Diversity-aware RLVR methods aim to preserve
generation diversity, but typically optimize surface-

Qwen2.5-3B Qwen2.5-7B

Quality Diversity Quality Diversity

Pass@1 Pass@32 Cov@16 Pass@1 Pass@32 Cov@16

Base 15.19 60.30 2.302 19.10 66.52 1.956
GRPO 27.81 64.44 1.786 37.08 71.70 1.761
DQO 26.48 63.85 1.853 31.86 66.20 1.508
DIVER-TD 28.22 65.93 1.519 38.36 72.19 1.524
DIVER-ED 29.31 66.67 1.884 39.42 71.11 1.573

Table 2: Quality and diversity comparison across differ-
ent diversity-aware RL algorithms.

level measures. Given the gap between these mea-
sures and approach-level diversity, we ask whether
such methods broaden the set of approaches or
merely produce surface variants of the same ones.
We study two recent baselines: DQO (Chen et al.,
2026), which rewards embedding diversity, and
DIVER (Hu et al., 2026), which combines textual
diversity (TD) via pairwise BLEU with equation di-
versity (ED) via distinct equations. Appendix D.2
provides full descriptions.

Measuring approach coverage We measure
approach-level diversity of a policy 7 with expected
coverage cov@N': the expected number of distinct
approach clusters observed when sampling N cor-
rect solutions from 7. This captures not only the
number of covered approaches, but also how evenly
the policy samples across them. For a problem z,
we define this over sets S, of IV correct samples:
covy(N,m) =Eg, [|T(x,S)|], [Sz|] =N,

3
where J (z, S,) is the clustering produced by the
judge from Section 4.1. We average this value
across validation problems to obtain a policy-level
coverage score cov@/N. Estimation details are de-
ferred to Appendix D.1.
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Figure 4: Analysis of DIVER. DIVER preserves its target TD and ED metrics, but the recovered diversity mostly
reflects within-approach variation rather than broader approach coverage. See Appendix D.2 for details.

Experimental setup We train Qwen2.5-3B/7B-
Base models on the MATH training set for 100
steps. For each trained policy, we measure quality
by accuracy on OlympiadBench (He et al., 2024).
For diversity, we evaluate approach coverage on
150 problems from the approach-feasible problem
set in Section 4.1, retaining only those for which
every Qwen2.5-3B checkpoint, including the base
model, produces at least 16 correct solutions. This
restriction ensures that coverage is estimated from
enough correct samples for a reliable comparison.

Results Table 2 shows that approach-level diver-
sity declines after RLVR across all settings, in-
dicating that RLVR’s diversity decline also ap-
pears at the approach level. Moreover, preserv-
ing the optimized proxy does not imply preserving
approach-level diversity: DIVER maintains its tex-
tual or equation-level diversity signals during train-
ing (Figure 4a), but still loses approach coverage.

To understand what these targeted gains repre-
sent, we decompose DIVER’s target-metric im-
provements between steps 25 and 100, where
the optimized metrics increase. The decomposi-
tion shows that the gains come mainly from mak-
ing solutions within the same approach more var-
ied, rather than from producing more diverse ap-
proaches. In Figure 4b, 80.6% of the textual-
diversity gain comes from greater variation among
same-approach pairs. Figure 4c shows a similar
pattern for equations: same-approach equation di-
versity rises sharply, while cross-approach equation
diversity remains relatively consistent.

These results reveal an implication: optimizing
surface-level diversity can make generations look
more diverse without widening the set of strate-
gies the policy uses. Instead, it produces varied
realizations of a narrower set of reasoning strate-
gies. Thus, the surface—approach diversity gap also

Qwen2.5-3B GPT-40-mini

0.72
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0.65 0.7

O
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A
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WY

0.48 0.32 0.58
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o
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Number of samples (m)
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Figure 5: Approach-controlled test-time scaling with
varying numbers of unique approaches. 95% confidence
intervals are computed across problems.

reflects a limitation of the surface-level objective
rather than merely an evaluation artifact. Further
details on the analysis and additional experiments,
including variance across training seeds and longer
training runs, are provided in Appendix D.

5 The Utility and Limits of Optimizing
Approach-Level Diversity

Having shown that conventional metrics misalign
with approach-level diversity, we now ask two ques-
tions: does approach-level diversity help down-
stream performance, and can we induce it directly?
We address the first through approach-controlled
test-time scaling, and the second through reward
optimization with an LLM judge.

5.1 Approach diversity for Test-Time Scaling

We first test whether approach-level diversity im-
proves test-time scaling. Given equally sized candi-
date sets that differ only in the number of covered
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approaches, we compare three representative scal-
ing methods: self-consistency (Wang et al., 2023),
best-of-N (Lightman et al., 2023), and pass @k,
using a setup inspired by Handa et al. (2026).

Approach-controlled subsets For this experi-
ment, we use the approach-feasible set from Sec-
tion 4.1, where z is associated with valid and dis-
tinct approach plans C = {¢y, ..., cx }. For each
plan cg, we prompt a solver model py to generate
R independent solutions,

K
S = U Sky Sk = {sk5 ~pol- | $7Ck)}f:1~
k=1

We then form subsets S’m,u C S, where m is the
total number of solutions and u is the number of
covered approaches. For fixed m, we vary u by
sampling u approach plans and drawing m/u so-
lutions from each. By construction, the expected
single-solution quality is the same among subsets,
so higher performance after test-time scaling di-
rectly indicates higher gains.

Results Across three model families—Qwen2.5-
3B-Instruct (Team, 2024), Llama3.2-3B-Instruct
(Al@Meta, 2024), and GPT-40-mini (OpenAl,
2024)—Figure 5 shows a consistent trend: cov-
ering more approaches leads to better test-time
scaling, achieving higher performance for a given
sampling budget, suggesting that approach-level
diversity provides practical utility at inference time.
However, this utility is not applicable to arbitrary
problems. Appendix F shows that fine-tuning a
model to seek multiple approaches improves accu-
racy primarily on problems where the alternative
approaches are reachable, i.e., the model can solve
the problem by following each of approach, im-
plying that approach-level diversity pays off only
when the model can execute those approaches.

Exact numerical values and additional results
with non-oracle, self-generated labels are provided
in Appendix E.1.

5.2 Optimizing an LLM Judge Reward
Amplifies Judge Bias

We next ask whether approach-level diversity can
be directly encouraged during training through an
LLM-judge-based reward. Section 4.3 showed that
surface-level rewards maintain their target proxies
but that approach-level diversity declines. A natu-
ral question is to reward approach-level diversity
directly, using an LLM-judge-based reward. We

Quality Diversity (Cov@16)

. . GPT Qwen
Pass@1 Pass@32 (held-out) (in-loop)

Base 15.19 60.30 2.302 2.031
GRPO 27.81 64.44 1.786 1.702
Judge reward

Sqrt 29.71 65.04 1.426 1.657
Sqrt+prior  29.43 64.30 1.499 1.786
Linear 29.53 66.22 1.492 1.708

Table 3: Results of training with LLM-judge-based di-
versity rewards under the DIVER framework. Quality
is measured by accuracy on OlympiadBench. Diversity
is measured by Cov@ 16 with two judges: Qwen, the
in-loop judge used to compute the training reward, and
GPT, a held-out judge not used during training.

Coverage@16 during Training

=@= GPT === Qwen

2.4
(]
2.2
52 .\
@1 8 -18% -38%
3| o—m @ Yl m
Y16 > ® ]
1.4 o @) —Q
base 10 25 50 75 100

Training Step(Checkpoint)

Figure 6: Approach-level diversity (Cov@ 16) on the
evaluation set across training checkpoints, as measured
by the in-loop Qwen judge (red) and the held-out GPT
judge (blue).

instantiate this with a 35B open-source judge, but
find that direct optimization fails in a different way:
the policy learns judge-specific preferences rather
than broadening its set of approaches.

Setup We use the judge from Section 4.1, replac-
ing the backbone with Qwen3.5-35B-A3B (Team,
2026), as using a proprietary judge during training
is costly. Given a problem and the correct rollouts,
the judge clusters them into approaches following
Equation 1. Each correct rollout s; € C; then re-
ceives a diversity reward rg;, determined by the
size of its cluster, n = |C}|. We consider three
formulations of 74;y:

1. Sqrt: r4;y = 1/4/n, where total per problem
is maximized under a balanced distribution
across approaches, aligning with our expected-
coverage metric.

2. Sqrt+prior: 74y = /(1 +a)/(n+a), a
smoothed variant of Sqrt with prior « that
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accounts for the limited number of rollouts
per problem.

3. Linear: rg;, = 1/n, a variant with sharper
decay, also explored in prior work (Li et al.,
2025).

We plug each reward into DIVER, keep the rest
of the training setup from Section 4.3, and train
Qwen2.5-3B on the MATH training set.

Results Despite optimizing an explicit approach-
diversity reward, judge-reward training fails to im-
prove approach-level diversity. Under our human-
calibrated GPT judge, all three variants yield lower
diversity than quality-only GRPO (Table 3). More-
over, the two judges disagree in a revealing manner:
for policies never trained against the Qwen judge
(Base and GRPO), GPT reports higher diversity,
whereas for every judge-reward variant the Qwen
judge assigns a higher diversity score.

Figure 6 shows how this reversal emerges dur-
ing training with the Sqrt reward. Before training,
GPT rates rollouts as more diverse than Qwen;
as training proceeds, diversity under the in-loop
Qwen judge degrades only modestly (18%), while
diversity under the held-out GPT judge collapses
sharply (38%), flipping the ordering within the first
few steps. This suggests that the policy is learning
to produce rollouts that are distinct only to the in-
loop judge, while an independent judge sees the
underlying strategies collapsing.

Naively plugging an LLM judge into the reward
therefore cannot preserve approach-level diversity,
leaving an open challenge: designing diversity sig-
nals that capture genuine strategy-level differences
and remain robust to when optimized against.

6 Discussions

Future Research Directions Our results suggest
two directions for future work. First, useful di-
versity is likely to become increasingly domain-
specific as LLMs are applied to more complex
tasks. While mathematical reasoning offers a con-
trolled setting, domains such as scientific discovery,
program synthesis, and open-ended planning may
demand different notions of strategic variation, mo-
tivating domain-aware definitions and evaluations
of approach diversity. Second, approach-level di-
versity can be further studied as a training objec-
tive. Our evaluation framework makes it possible
to identify and analyze approach-level variation
at scale, opening a path toward diversity-aware

optimization. The key challenge is designing ob-
jectives that preserve the human-relevant structure
of approach-level diversity while remaining robust
under direct optimization—a step toward training
methods that encourage genuinely distinct reason-
ing rather than surface-level variation.

Conclusion We introduce approach-level diver-
sity as a distinct axis for analyzing mathematical
reasoning in LLMs. Our results show that existing
metrics and diversity-aware training methods often
conflate surface variation with genuinely distinct
solution strategies. By making this gap explicit,
we believe our analysis points toward training and
evaluation that better reflect human-aligned notions
of diversity in mathematical reasoning.

Limitations

Focus on Mathematical Reasoning The experi-
ments and the analysis of this paper is focused to
closed-ended mathematical reasoning at the small
to medium sized models model. We focus on such
because the distinction between surface form and
approach-level structure is relatively clear, and be-
cause recent diversity-aware RLVR methods are
largely studied on math benchmarks. Moreover,
while our judge-reward RLVR experiments reveal
a concerning potential failure mode, they are lim-
ited to a single model scale, and experiments across
larger model sizes are needed to determine whether
this phenomenon generalizes. A natural next step
is to extend this analysis to domains where higher-
level strategic diversity may provide more direct
benefits, such as program synthesis, scientific dis-
covery, or open-ended planning.

Non-exhaustive Coverage We evaluate represen-
tative diversity metrics and recent diversity-aware
RLVR methods, but do not exhaustively cover all
possible metrics, training objectives, or decoding
strategies. Our results should therefore be read as
evidence of a mismatch in commonly used diver-
sity proxies, rather than as an exhaustive survey of
diversity methods.

No General Mitigation Method Our work iden-
tifies and analyzes the mismatch between diversity
proxies and approach diversity, but does not pro-
vide a general method for preserving or inducing
approach diversity during training. Future work
may require both more faithful reward signals and
training algorithms that can optimize them without
proxy exploitation.
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A Experimental Setup
A.1 Sampling and Verification

Sampling prompt Unless otherwise specified,
we use the sampling prompt in Figure 7 for all solu-
tion generation. This includes both offline solution
generation for analysis and rollout sampling during
RLVR training and evaluation.

Answer verification We verify final-answer cor-
rectness using the Qwen3-4B model with the
prompt in Figure 8. For each generated solution,
we extract the predicted answer from the \boxed{}
expression; if no boxed answer is found, we use
the last 300 characters of the solution instead. The
verifier judge is then given the predicted answer
and the ground-truth answer, and is instructed to
output either correct or incorrect.

We use a judge-based verifier following its ro-
bustness compared to rule-based matching for gen-
eral mathematical answers, where equivalent an-
swers may be written in different forms.

### Problem: {problem}

Please reason step by step, and put your answer within
\boxed{}

### Solution:

Figure 7: Solution generation prompt.

System message:

You are a math expert.

You are given a golden answer and a predicted answer from
a solver.

You need to verify if the predicted answer is correct.
Only output "correct” or "incorrect”.

Few-shot messages:

User:

Golden answer: 540, Predicted answer: The total number of
ways the cars

can stack up so that all three lanes are occupied is
calculated to be 750.

Assistant:
incorrect

User:
Golden answer: 3, Predicted answer: The ratio
\frac{AC}{AE} = 3.

Assistant:
correct

Query message:

User:

Golden answer: {golden_answer}, Predicted answer
{predicted_answer}

Output constraint:
Assistant:

correct

or
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incorrect

Figure 8: Answer verification prompt. The model is
instructed to determine whether a predicted answer
matches the golden answer, using few-shot examples
and constrained to output either “correct” or “incorrect”.

A.2 Diversity Metrics under Analysis

Full list of analyzed diversity metrics and their
detailed definitions are listed below:

* Cosine Embedding given two solutions s 4,
sp, and an embedding model F, the distance
between the two soh(lti())ns( is)calculated as

1 E(sp)-E(sp
d(sa58) = 1 = TEE)HTEGHT

* Self-BLEU Proposed by Zhu et al. (2018),
Self-BLEU measures lexical homogeneity by
treating each solution as a hypothesis against
the rest as references:

N
1
Self-BLEU(S) = += 3 BLEU(s;, 5\ {s:}).
=1

We report 1 — Self-BLEU(S).

* N-gram Distance Given the n-gram multisets
Gr(sa) and G, (sp), the pairwise distance is
defined as the Jaccard distance:

|Gn(s4) N Grlsp)|
|Gn(s4) UGn(sB)|
Our main analysis uses n = 2. Ablations

for different values of n can be found in Ap-
pendix C.2

dn(SA,SB) =1-

* Distinct-Equations (Distinct-EQ) Wu et al.
(2024b) The calculation of this metric is done
in two steps: extracting equations from the
input solution set and computing the ratio of
unique equations. Let Eq(.S) denote the mul-
tiset of all extracted equations from .S. Then:

_ |[Unique(Eq(9))|
PealS) = =55

* RPD Suggested by Ju et al. (2026), this met-
ric aims to discriminate between two solu-
tions for a math problem by their reasoning
trajectory. Given two solutions s4 and sp,
it first extracts step-level representations us-
ing an LLM: Ly = ay,a9,...,am, Lp =

b1,ba, ..., by,. Each representation is then en-
coded into an embedding vector, yielding a
step-level distance:

€q; * Ep:
di = ‘min <1 - M)
j=1,...;n ll€a |l - llew, |

The overall distance is calculated as the aver-
age of step-level distances

1
d(SA,SB) = Ezdl

=1

A.3 Diversity-Aware RLVR Baselines

DQO. DQO (Chen et al., 2026) adds a group-
level semantic diversity objective to RL post-
training. For a prompt z, let Y = {y1,...,y¢}
be a group of responses and let z; = E(y;) be
the embedding of response y;. DQO computes an
embedding-similarity matrix M (Y") over the group
and uses its determinant as the diversity signal:

DDQo(Y) = log det(M(Y) + 6]).
The objective can be summarized as

IpQo(0) = Eyry(fz) [R(Y) + aDpqo(Y)],

where R(Y) denotes the quality reward and « con-
trols the strength of the diversity objective.

DIVER. DIVER (Hu et al., 2026) adds an
intrinsic diversity reward to the verifiable re-
ward in RLVR. Given a group of rollouts ¥ =
{y1,...,ya}, each correct rollout receives a diver-
sity bonus based on its dissimilarity to the other
rollouts:

(2, Yi) = Tver(T, Yi)
+ B U{ryer(x,y;) = 1}Di(Y),

where 7., is the correctness reward and 3 controls
the diversity strength.

We experiment with two conventional diversity
measures introduced in DIVER. Textual diversity
(TD) computes D;(Y") from pairwise BLEU:

1
DIP(Y) = a1 Z (1 —BLEU(yi, y5)) -
J#i
Equation Diversity (ED) computes D;(Y") with the
ratio of distinct equations:

ED B ’Eq(yi)\Uj;éi Eq(y;)
P = max{|Eq(y;)|, 1}
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Hyperparameter Value
Learning Rate (LR) 1x107¢
Optimizer AdamW
Training Batch Size 128
PPO Mini-batch Size 32
Rollouts per Question (V) 8

KL Coefficient 0.001
Rollout Temperature 1.0
Max Input Tokens 1024
Max Response Tokens 4096

Table 4: Common hyperparameters used for diversity-
aware RLVR training.

A.4 RLVR Training Details

Unless otherwise stated, all diversity-aware RLVR
experiments use the training hyperparameters in Ta-
ble 4. Method-specific hyperparameters not listed
in the table are inherited from the official imple-
mentations. For 3B models, we run all training on
2x A100 GPUs. For 7B models, we use 4x A100
GPUs for GRPO/DIVER-TD, and 2x H200 GPUs
for DQO/DIVER-ED. We used the verl framework
(Sheng et al., 2024) for experiments.

For quality evaluation on OlympiadBench, we
sample 32 solutions per problem with temperature
0.7, following common practice. For approach cov-
erage analysis, we sample 64 solutions per problem
with temperature 1.0 to better capture the range of
approaches each policy can generate.

B Human Annotation and LLM Judge

B.1 Details in Dataset Construction

For the main analysis in the paper, we selected
problems guaranteed to have multiple solution ap-
proaches, as we observed that the number of unique
and valid approaches to solving the problem was
often constrained by the problem itself, e.g., when
it is too simple or, conversely, very difficult. To this
end, we introduce a four-stage filtering pipeline.

1. Difficulty Filtering: Given a problem x, we
generate 16 solutions using the Qwen3-4B
model. In this step, we filter out problems
with a pass rate below 0.2 and problems with
an average solution length lower than 300 to-
kens. By this stage, we aim to filter out prob-
lems that are either too simple or, conversely,
too difficult to produce reachable, valid ap-
proaches.

2. Plan Generation: Given a problem z, we
prompt the GPT-5.2 model to generate

four distinct candidate approaches, C' =
{c1, 2, c3, cq}. For this, we used the prompt
in Figure 20.

3. Correctness Validation: For each ¢ € C, we
prompt a smaller language model 0., to
generate N = 8 solutions from the condi-
tioned distribution py_, (-|z,c). We retain
only those plans that yield at least one correct
solution. By this, we aim to ensure both the
correctness and ‘reachability’ of a specific ap-
proach - not only validating that this approach
can lead to a correct answer, but also whether
medium-sized language models, our primary
generators in this paper, will be able to exploit
such an approach effectively.

4. Distinctness Judge: Among the filtered plans,
the GPT-5.2 judge assesses whether the sur-
viving plans constitute meaningfully distinct
approaches, and problems with fewer than
three such approaches are excluded. When
tested on 50 validation problems with human
labels, the LLM judge reported a precision of
0.9644, a recall of 0.8714, and an F1 score of
0.9156 across 5 independent runs.

We used the GPT-5.2 model for the concept gener-
ator e, and uniqueness judge 7, and the Qwen3-
4B model with thinking mode as 0g,1v.. When
applied to the MATH training dataset, this yields a
training set of 2000 problems and an evaluation set
of 469 problems; all analyses are conducted on the
evaluation set unless otherwise specified.

Cost analysis The dataset construction stage
(plan generation, correctness validation, and dis-
tinctness filtering over all 7,500 MATH training
problems) cost approximately $110 in GPT-5.2
Batch API calls. Coverage analysis (clustering
up to 64 solutions for each of 150 problems) costs
approximately $7 per policy evaluated.

B.2 Constructing Human Annotation Set

Candidate problems were drawn from the multi-
approach problem set of Section 4.1. For each
candidate, we generated 32 solutions per problem
from each of three base models: Qwen3-8B-Base,
Qwen2.5-32B-Base, and OLMo3-32B-Base.

We then constructed annotation items in two
steps. First, we manually filtered the generated so-
lutions, keeping only those correct in both the final
answer and the intermediate reasoning. Second, for
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each problem, the authors inspected the remaining
solutions and assigned approach labels, retaining
the problem only if two same-approach pairs and
two different-approach pairs could be formed from
a single model’s solutions. These author-provided
labels were used solely to balance the annotation
set and were not shown to annotators.

Problems were drawn from three problem types
in the MATH dataset—Intermediate Algebra, Ge-
ometry, and Counting & Probability—using the
type labels provided by the dataset. Inter-annotator
agreement varied notably across types: 91% for In-
termediate Algebra versus 67% for both Geometry
and Counting & Probability. Further investigating
how agreement varies across problem types, as well
as across annotators with different mathematical
backgrounds, would be an interesting direction for
future work.

Annotators were recruited from graduate stu-
dents and participated voluntarily without monetary
compensation. Before annotation, they were in-
formed that their labels would be used for ML/NLP
research on evaluating diversity in LLM-generated
mathematical reasoning. The exact instruction is
shown in Figure 9.

B.3 Details of the LLM Judge Prompt

This section provides the full prompt template used
for the LLM judge in Section 4.1, and explains the
design principles behind it.

Prompt design principles. The prompt was de-
signed to enforce a conservative decision bound-
ary. First, it explicitly defines different approaches
in terms of their underlying mathematical mecha-
nisms and conceptual interpretations. Second, it
instructs the judge to merge solutions when a dis-
tinction is ambiguous, weakly supported, or mainly
about presentation. Third, it requires reusable out-
puts for downstream analysis.

In preliminary trials, we found that naively
prompting the judge to cluster different approaches
often led to over-splitting: solutions using the same
mathematical idea were sometimes separated due
to notation, formatting, verification steps, or equiv-
alent reformulations. The final prompt, therefore,
includes an explicit negative list of surface-level
differences that should not define a new approach,
as well as a final verification step that asks the
judge to merge groups that differ only in execution
details. Overall, the prompt separates solutions
only when their main mathematical mechanism,

structural definitions, or representational viewpoint
clearly differs; otherwise, it merges solutions that
differ only in presentation. All analyses were per-
formed using the OpenAl Batch API with default
sampling parameters. We set the reasoning effort
to None, as we observed minimal performance gain
with more reasoning budget.

Prompt development We developed the judge
prompt using a separate validation set with only
author-provided labels, constructed independently
of the human annotation set in Section 3.2. The
human annotation set was not used during prompt
development and was reserved only for the final
alignment evaluation.

B.4 Clustering procedure

Given a list of correct solutions, we perform cluster-
ing in two stages using the same clustering prompt
throughout. We first split the solutions into chunks
of at most eight and apply the LLM judge to each
chunk independently. We then select one represen-
tative from each intermediate cluster and run a final
clustering pass over the representatives, without
further chunking. Finally, we assign each original
solution to the final cluster of its representative.
Figure 23 presents an unedited real-world clus-
tering example from our evaluation pipeline.

B.5 Cross-model Validation

Our suggested framework depends on the use of
LLM-based system, especially on problem filtering
and approach clustering. In our work, we adopt
GPT-5.2 as the main backbone model due to its
high reasoning and instruction-following ability.
However, relying on a single judge model can pro-
duce judge-biased results. Following this concern,
we reran the judge-dependent components using
an independent Claude Sonnet 5 (Anthropic, 2026)
and re-evaluated the downstream results.

Problem Filtering First, we cross-validate GPT-
5.2 and Claude Sonnet 5 as interchangeable plan
generators and distinctness judges against human
labels (Table 5). Precision—the critical quantity
for dataset soundness—remains high (0.87-0.98)
across all configurations, and swapping the judge
on a fixed plan set changes the final decision only
marginally (0.914 vs. 0.865). This indicates that
the judgement of approach distinctness is not an
artifacts of a particular model, but is applicable
across the two widely-used proprietary models.
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Instructions

For each item, you will see one problem and two correct solutions, Solution A and Solution B.

Your task. Decide whether the two solutions use the same high-level mathematical approach.

When judging the approach, consider

such as algebraic vs. geometric methods.

Mathematical tools: the core techniques used to solve the problem,

Structural definitions: the variables, objects, or constructions introduced

to frame the solution, such as defining an auxiliary function vs. direct substitution.

such as coordinate geometry vs. synthetic geometry.

Choose one of:
- Same approach
- Different approach

Problem:
[Problem statement here]

Solution A:
[First correct solution here]

Solution B:
[Second correct solution here]

Representational viewpoint: the conceptual frame used to interpret the problem,

Figure 9: Human annotation prompt. Instructions and item format shown to annotators for pairwise approach
judgments. Each item contains one problem and two correct model-generated solutions, and annotators decide
whether the two solutions use the same high-level mathematical approach.

Plans x Judge P R F1

GPT x GPT 0.980 0.857 0.914
GPT x Claude 0.938 0.804 0.865
Claude x Claude 0.865 0.804 0.833
Claude x GPT 0.930 0.714 0.808

Table 5: Problem filtering results across different plan
generator and distinctness judge combinations.

C Analyses of Conventional Metrics

C.1 Scaffolding Ratio

We measure shared scaffolding with a soft unigram-
overlap ratio. For each problem z, let S, =
{s1,...,sn} be all correct solutions. We lower-
case each solution and tokenize it by whitespace.
For each token w, we first compute its prevalence
across correct solutions:

pz(w) = %Zl[w e Uy,
i=1

where U; is the set of unique tokens in solution
s;. The scaffolding ratio of a solution is then the
average prevalence of its tokens:

1
i) = g D pal),

weT;

where T; is the token sequence of s;. Finally, the
problem-level scaffolding ratio is

n

Scaffold(z) = % Z (84).

i=1

This score is high when a large fraction of solution
tokens also appear in many other correct solutions
to the same problem, capturing shared setup, re-
peated notation, restated conditions, and answer-
formatting patterns.

C.2 Detailed Concordance Implementation

For each problem and model, we sample N = 32
solutions at temperature 7' = 1.0, keep only cor-
rect ones, and cluster them into approach groups
using the LLM judge. For each tier ¢ and subset
size k, we construct comparison pairs (Shigh, Slow)
of size k, where S}, covers ¢ distinct approaches
and Shign covers t + 1, with solutions allocated as
evenly as possible across the selected approaches
within each set. We retain a problem for a given
(t, k) setting only if at least B = 500 valid pairs
can be constructed; Table 6 reports the result-
ing counts. Higher-tier settings yield fewer fea-
sible problems, but each retained problem still con-
tributes B = 500 pair comparisons.
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LLM Judge Prompt f pproach Clustering

You are an expert Mathematician specializing in the comparative analysis of
problem-solving strategies.

Your task is to evaluate a set of solutions, cluster them based on their
conceptual and mathematical distinctions, and provide a descriptive summary
for each cluster.

### DEFINITION OF DIFFERENT APPROACHES (STRICT)
You must apply the following definition strictly. Focus on the mechanism,
not surface features.

"When determining whether two solutions represent the same or different
approaches, focus on the underlying mathematical mechanism AND the conceptual
interpretation used in the reasoning.”

Two solutions must be classified as DIFFERENT approaches if they rely on:
1. Different Mathematical Tools:
(e.g., Calculus vs. Geometry vs. Number Theory).
2. Different Definitions/Structures:
(e.g., Explicit formula vs. Recurrence relation).
3. Different Representational Viewpoints:
(e.g., Geometric locus vs. Vector algebra; Slope as ratio vs.
Trigonometric angle).

### CONSERVATIVE DECISION POLICY

The three criteria above define valid reasons for distinguishing approaches,
but you should create a separate group only when the difference is substantial,
central, and clearly changes the main proof route.

When the distinction is ambiguous, weakly supported, or mostly about
presentation, prefer merging rather than splitting.

If two solutions can be summarized by the same one-sentence explanation of why
the method works, they should usually be placed in the same group.

Do not create a separate group for differences that are only about notation,
variable names, order of steps, level of detail, algebraic cleanup,
verification steps, or equivalent reformulations of the same core idea.

### OUTPUT INSTRUCTIONS

For each identified group, you must provide:

1. Group Name:
A concise technical label for the approach.

2. Core Idea:
A 1-2 sentence plain-text explanation of the underlying mechanism.
Explain what mathematical concept is the driver and how it frames the
problem.

3. Solution IDs:
The list of solution numbers belonging to this group.

Place each solution in only one approach group.

### FORMAT REQUIREMENTS

Output exactly one JSON object and nothing else.

Do not use Markdown code fences.

Do not use LaTeX, backslashes, or escaped math notation in any string field.
Use short plain-text strings only.

Use an ASCII snake_case style label for each group_name.

reasoning_trace must be 1-2 short plain-text sentences.

### FINAL VERIFICATION

Before finalizing, review every pair of groups and ask:

"Is the difference here about the core mathematical mechanism, or just about
execution details?”

If two groups use the same mathematical tool, structure, and viewpoint, merge
them, even if their step-by-step procedures look different.

### OUTPUT FORMAT

{
"reasoning_trace”: "(Brief overall analysis of how the solutions differ conceptually...)",
"groups”: [
{
"group_name”: "...",
"core_idea": "...",
"solution_ids": [1, 3]
}
{
"group_name”: "...",
"core_idea": "...",
"solution_ids": [2]
}
]
}

Figure 10: LLM judge prompt for approach clustering.
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Figure 11: Effect of n-gram size on alignment with approach-level distance. Smaller n yields stronger alignment,

with n=2 performing best among n € 2, 3, 4.
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Figure 12: Set-level concordance (Cyet) at subset size k = 6 across solver models. Metrics are compared on their
ability to rank higher-approach-diversity subsets above matched lower-diversity subsets.

Tier k  Qwen2.5-32B  Qwen3-8B  OLMo3-32B
Tier1 4 102 178 130
Tierl 6 59 131 93
Tier2 4 92 112 96
Tier2 6 35 64 47
Tier3 4 57 58 60
Tier3 6 30 43 35

Table 6: Number of feasible problems used in the con-
cordance evaluation for each tier, subset size k, and
generator model.

C.3 Ablations on Conventional Measures

We report ablations on conventional measures by
varying the N-gram order n (Figure 11), the em-
bedding backbone for cosine distance (Figure 13),
and the subset size k in set-level concordance eval-
uation (Figure 12). Results are consistent with the
main paper: across tiers 2 and 3, all metrics fail
to reliably capture approach-level diversity beyond
coarse surface differences.

Embedding model ablation We test whether the
weakness of cosine distance depends on the embed-
ding backbone. We compare two general-purpose

models, BAAI/bge-m3 (Chen et al., 2024) and
the OpenAl embedding API (OpenAl, 2024), with
two code-oriented models, nomic-ai/nomic-embed-
code (Suresh et al., 2025) and jina-embeddings-v2-
base-code (Giinther et al., 2024). We include the
latter as long-context, domain-specialized alterna-
tives, since long-context math-specific embedding
models are limited. Figure 13 shows that the con-
clusion is unchanged: cosine distance still degrades
in Tiers 2 and 3.

C.4 Pairwise Distance Evaluation

The set-level failure observed in the previous sec-
tion could, in principle, stem from aggregation
rather than the metrics themselves. To isolate this,
we evaluate pairwise distances directly. For each
problem z, we form same-approach pairs Psame ()
and different-approach pairs Pgig (), and measure
the pairwise concordance from Equation 4.

Costd) = Yt fafill)
b=1

> d((si, Sj)éfﬁneﬂ
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Figure 13: Set-level concordance (Csct) at subset size k = 4 across different embedding models.
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Figure 14: Pairwise concordance (Cp,iy) of N-gram distance, cosine distance, and RPD across solver models.
Higher is better, indicating stronger alignment with approach-level differences.

Figure 14 mirrors the set-level ranking: cosine
distance is weakest across all three models, N-gram
distance strongest in two of three, and RPD — de-
spite its LLM-based summarization and step de-
composition — does not surpass simple bigram
overlap. We also note that pairwise concordance
falls within a similar range to the Tier 1 set-level
results, where surface and approach diversity are
most easily separable, indicating the failure lies
in the distance metrics themselves rather than in
the set-level aggregation. Per-problem variance is
also substantial, indicating that the pairwise met-
rics often struggle to discriminate between same-
and different-approach solution pairs.

C.5 Analysis on Additional Math Reasoning
Benchmarks

To evaluate whether our findings hold beyond
MATH-sourced problems, we apply our approach-
feasibility filtering pipeline to two widely used
benchmarks of differing difficulty: easy GSM8K
(Cobbe et al., 2021) and harder OlympiadBench.
The proportion of multi-approach-feasible prob-
lems rises monotonically with difficulty: 0.7% on
GSMBS8K (9/1319), 32.9% on the MATH training
set (2469/7500), and 48.6% on OlympiadBench
(328/675), indicating that approach-level diversity
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Figure 15: Set-level concordance (Chair) of N-gram
distance, cosine distance, and RPD on OlympiadBench-
sourced problems.

becomes more prevalent on harder benchmarks.

As GSMB8K yields only nine problems after
filtering, we conduct the additional analysis on
OlympiadBench only, following the procedure of
the main paper (N = 32 solutions from Qwen3-
8B-Base, temperature 1.0, subset size k£ = 4). The
results in Figure 15 mirror our main results in Fig-
ure 3: all metrics retain reasonable discriminative
power in Tier 1, while concordance drops substan-
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tially in Tiers 2 and 3, with the same qualitative
ordering of metrics.

This support the generalizability of our findings
in two respects: (i) the surface—approach gap per-
sists on other mathematical benchmarks, and (ii)
the fraction of multi-approach-feasible problems
grows with difficulty, suggesting that our frame-
work is applicable to more challenging settings.

D Diversity-aware RLVR
D.1 cov@N Estimator

In Section 4.3, we use cov, (N, ), the expected
number of distinct approaches observed when sam-
pling N correct responses from a policy 7 for a
problem x, as our primary measure of approach-
level diversity:

COVI(Na 7T) = ESwNW('lx) [ ’j(sm)‘ ] ) 5

where S, is a set of V correct solutions and 7 (S;)
denotes the set of approach clusters from S,.

Estimation For each problem = we draw rollouts
from 7 (- | x), and collect only correct solutions
Sk with [S3| = M > N. Clustering S} at the
approach level yields a partition

C(SU) = {01702,...,Ck}7 n; ‘= |CZ| (6)

We can then estimate cov, (N, 7) by following
the procedure below. Let I; denote the indicator
that cluster C} is represented in such a subsample;
cluster Cj; is absent iff all NV items are drawn from
the M — n; solutions outside C}, so

("x™)
N (7)
§9)
By linearity of expectation, this yields the unbiased
estimator:

k
cova(N,7) = E [Z Hi]
=1
€))

We set N = 16 and M = 64, and restrict the
analysis to problems for which every checkpoint of
Qwen2.5-3B models—including the base model—
yields at least N correct solutions, ensuring that
the estimate is comparable across all checkpoints.

Pr[l; = 0] =

i=1 N

D.2 DIVER Gain Decomposition

Section 4.3 shows that preserving a target diver-
sity metric does not necessarily preserve approach

-£f-t)

diversity. For DIVER, the recovered textual and
equation-level diversity mainly reflects greater vari-
ation within the same approach, not broader cover-
age of distinct approaches. We provide the detailed
measurement and decomposition below.

Textual diversity To understand what the in-
crease in TD actually represents, we decompose
TD into three parts. Let o, be the fraction of same-
approach pairs, and let & denote its average over the
two checkpoints being compared. Also, £i"**® and
pinter are the average distances within and across

approaches. Then
TDt — Oét,uitntra + (1 o at)lulinter.
The change in TD between two checkpoints is

ATD = &Aﬂintra + (1 _ @)Auin‘cer
+ Aa(laintra _ ﬁinter)'

Here, the first term captures changes in distances
among same-approach pairs, the second term
captures changes in distances among different-
approach pairs, and the third term captures changes
in the pair composition. This decomposition allows
us to identify where the increase in TD stems.

Equation diversity We analyze the ED gain
by comparing two types of four-solution subsets:
same-approach subsets, where all solutions share
the same approach, and mixed-approach subsets,
where two solutions are drawn from each of two
distinct approaches. ED increases mainly for same-
approach subsets, while remaining relatively stable
for mixed-approach subsets. This suggests that
the ED gain mostly reflects greater equation-level
variation within the same approach.

D.3 Robustness of the RLVR Findings

Training seeds To account for the variance in
RLVR training, we retrain every RLVR method on
Qwen2.5-3B with three random seeds and report
the results in Table 7. The results are consistent
with our main findings: every algorithm fails to
preserve the approach coverage of the base model,
with a gap of roughly 47 standard deviations of
the seed distribution. Moreover, the mean =+ std
intervals of approach coverage for the diversity-
aware methods overlap with that of vanilla GRPO,
again showing that optimizing a surface-level di-
versity objective does not preserve approach-level
diversity.
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Quality Diversity
Pass@1 Pass@32 Cov@16
Base 15.19 60.30 2.302
GRPO 28.44 £ 0.79 65.13 £ 0.62 1.707 4+ 0.091
DQO 25.78 £ 0.65 62.96 £ 0.78 1.690 4+ 0.141
DIVER-TD 28.75 £ 0.56 66.47 £+ 0.82 1.613 4+ 0.088
DIVER-ED 29.31 £0.25 65.23 £ 1.25 1.753 +0.124

Table 7: Quality and diversity comparison across different diversity-aware RL algorithms, trained on Qwen2.5-3B
model. Training was done across three different random seeds, reported values are mean + std over seeds.

Quality Diversity
Method Pass@1 Pass@32 Cov@16
GRPO 31.39 63.70 1.450
DQO 25.87 64.74 1.587
DIVER-TD  32.37 66.22 1.453

Table 8: Quality and diversity comparison across differ-
ent diversity-aware RL algorithms, trained for 200 steps
with Qwen2.5-3B model.

Training length We further examine how
diversity-aware RLVR methods behave under
longer training. We train Qwen2.5-3B with DQO
and DIVER-TD for 200 training steps and report
the results in Table 8. Although DQO retains rela-
tively higher approach coverage at step 200, it gains
essentially no accuracy gains from the extra 100
training steps. Moreover, regardless of whether a
method is diversity-aware, approach diversity con-
tinues to decline as training progresses.

Judge model Next, we evaluate the approach
clustering results with the Claude judge. When
evaluated against the human-annotations in Sec-
tion 3.2, the Claude judge matches the GPT judge’s
overall agreement with human annotations (85%),
and agrees on 89.1% of the 64 unambiguous cases
where all annotators concur (vs. 96.9% for GPT).

We then re-examined cov@ 16 for the Qwen2.5-
3B checkpoints in Section 4.3. The results in Ta-
ble 9, show that both central findings hold under
either judge: (1) every RLVR-trained model falls
below the base model, and (2) no diversity-aware
method significantly preserves coverage relative to
naive GRPO.

Method GPT judge Claude judge
Base 2.302 2.129
Naive GRPO 1.786 1.791
DQO 1.853 1.766
DIVER-TD 1.519 1.756
DIVER-ED 1.884 1.712

Table 9: cov@16 of Qwen2.5-3B checkpoints intro-
duced in Section 4.3 under two judge models, GPT-5.2
and Claude-Sonnet-5

E Test-Time Scaling and Judge-Reward
RLVR

E.1 Approach-Controlled Test-Time Scaling

For concept-conditioned solution generation, we
follow the prompt and hyperparameters of Handa
et al. (2026). For best-of-IN, we use Qwen2.5-
Math-PRM-7B (Zhang et al., 2025¢). Each solution
is scored by the lowest step score assigned by the
PRM. We pick the answer of the highest scoring
solution.

Numerical values The exact numerical values,
with 95% confidence intervals, of the results in Fig-
ure 5 are given in Table 10. The effectiveness of
test-time scaling consistently improves as the num-
ber of covered approaches increases from one to
four, with gains ranging from 5% to over 10%. We
emphasize that this improvement is solely due to in-
creased approach coverage, since the total number
of samples is held fixed.

Ablation with self-generated approaches To
further evaluate our findings in a more practical
setting, we directly follow Handa et al. (2026),
in which the model self-generates concepts rather
than receiving them from an external oracle. Un-

52986



| Qwen2.5-3B | Llama-3.2-3B | GPT-4o-mini
Strategy Mlu=1 u=2 u=4|u=1 u=2 u=4|u=1 u=2 u=4
| 510 541 566 | 364 406 456 | 607 641 660
[47.7,54.3] [50.7,57.5] [53.0,60.2] | [33.6,39.2] [37.5,43.7] [42.1,49.1]|[57.4,64.0] [60.7,67.5] [62.5,69.5]
o 556 599 618 | 413 473 524 | 644 676 695
Majority voting 8
[52.2,59.1] [56.3,63.5] [58.0,65.5] | [38.2,44.4] [43.9,50.7] [48.7,56.1]|[60.9,67.8] [64.1,71.1] [65.9,73.1]
6| 581 629 649 | 450 514 574 | 652 696 TL6
[54.6,61.7] [59.2,66.6] [61.1,68.8] | [41.6,48.4] [47.8,55.0] [53.5,61.3]][61.6,68.8] [66.1,73.2] [67.9,75.2]
| 589 619 637 | 405 452 489 | 663 701 718
[55.6,62.1] [58.6,65.3] [60.2,67.1] | [37.4,43.5] [42.0,48.5] [45.3,52.4]][63.1,69.5] [66.9,73.3] [68.5,75.0]
Bestof-N (PRM) g | 037 672 686 | 437 488 526 | 7001 736 762
[60.4,67.0] [63.9,70.5] [65.2,72.0] | [40.5,46.9] [45.4,652.2] [48.9,56.3]]|[66.9,73.3] [70.5,76.8] [73.1,79.4]
6| 670 709 727 | 465 514 549 | 726 763 788
[63.6,70.4] [67.6,74.2] [69.3,76.0] | [43.1,49.9] [47.8,55.0] [51.1,58.8]|[69.4,75.8] [73.2,79.4] [75.7,82.0]
,| 672 704 719 | 523 575 615 | 735 775 797
[64.1,70.3] [67.3,73.6] [68.7,75.2] | [49.1,55.5] [54.2,60.9] [57.9,65.0]|[70.5,76.6] [74.5,80.5] [76.7,82.7]
753 785 803 | 61.7 666 704 | 795 831 853
pass@Fk 8
[72.3,78.3] [75.6,81.5] [77.3,83.2] | [58.4,65.0] [63.3,70.0] [66.9,73.9]]|[76.7,82.4] [80.3,85.8] [82.5,88.1]
16| 817 846 862 | 693 741 770 | 839 873 892
[78.9,84.5] [81.9,87.2] [83.6,88.9] | [66.0,72.6] [70.8,77.4] [73.6,80.4] | [81.2,86.6] [84.8,89.8] [86.8,91.7]

Table 10: Exact numerical values with 95% confidence intervals of the results in Figure 5

der this setup, we experiment with gpt-4o-mini on
our evaluation set of multi-approach-feasible prob-
lems, keeping all other procedures unchanged. The
results in Table 11 show a consistent trend: final
accuracy after test-time scaling increases with the
number of covered approaches, even when the con-
cepts are non-oracle and self-generated.

Statistical significance We also report the statis-
tical significance of the improvement from v = 1,
where the solution set covers only a single ap-
proach, to u = 4, where the solution set covers four
distinct approaches. Specifically, we test whether
the 95% confidence interval of the mean paired per-
problem difference excludes zero (note that this
different with checking whether the confidence in-
tervals of average accuracy foru = 1 and u = 4
are disjoint). For the GPT-generated labels in Ta-
ble 10, the improvement is significant in all settings.
For the self-generated labels in Table 11, the im-
provement is significant in all settings except BoN
with m = 16. These results further support the
robustness of our findings.

E.2 Judge-Reward RLVR

Judge setup To run the Qwen judge used during
training, we set the thinking-token budget to 2048.

For all other sampling parameters, we use the de-
fault settings recommended in the official Hugging
Face repository for general-purpose tasks. We used
the hyperparameter of & = 2 in the Sqrt-prior setup.
Our additional experiments with different values of
a showed no difference in approach-level diversity
preservation.

F Additional Analysis: Approach-Seeking
SFT

While the main paper focuses on measuring
approach-level diversity, we also explore a com-
plementary question: can encouraging a model to
seek diverse approaches improve its reasoning?
We compare two supervised fine-tuning datasets
that share output structure but differ in approach-
seeking: approach asks for three distinct mathe-
matical approaches, while format asks for three
format variants of a single approach.

F.1 Dataset Generation

We adopt a sequential-solution generation setup in-
spired by Puri et al. (2026), in which a model gen-
erates multiple solutions in a single response. Both
datasets are generated by Qwen3-14B and used to
fine-tune Qwen3-4B, differing only in the gener-
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Figure 16: Additional analysis of approach-seeking behavior. (a) Distribution of approach-switching cues in
the Format and Approach checkpoints. (b) Average accuracy gain of Approach over Format across difficulty and
multi-approach feasibility partitions. Difficulty is defined by the number of correct solutions among 8 rollouts of
Qwen3-4B with thinking disabled: easy = 8, medium = 1-7, and hard = 0. Multi-approach feasibility is determined

using the pipeline introduced in Section 4.1.

Strategy M| u=1 u=2 wu=4

4 63.8 65.0 65.6
[60.2,67.4] [614,68.7] [61.9,69.3]

Majority voting 8 66.1 67.5 68.2
[62.3,69.8] [63.7,712] [64.4,72.0]

16 67.4 68.6 69.8
[63.6,71.2] [64.7,72.5] [65.9,73.7]

4 68.9 70.5 70.7
[65.5,72.2] [67.1,73.9] [67.3,74.2]

2.2 2 .

Best-of-IV (PRM) 8 7 & 737
[68.9,75.5] [69.9,76.6] [70.3,77.1]

16 74.6 75.6 75.8
[71.3,77.9]  [724,789] [72.4,79.1]

4 75.2 76.9 77.6
[72.0,784] [73.7.80.1] [74.4,80.8]

pass@k g 80.5 81.9 83.0
[77.5,83.5] [79.0,84.9] [80.0, 85.9]

16 84.6 86.1 86.7
[81.8,87.4] [83.4,88.8] [84.0,89.5]

Table 11: Accuracy (%) with 95% confidence intervals
with self-generated labels.

ation prompt (Figures 18 and 19). Starting from
2,000 problems in the training set of Appendix B.1,
we generate one response under each prompt and
retain only problems for which all three solutions
are correct in both responses.

another approach / another way

another method / different approach

first approach / second approach / third approach
let me check another way

Figure 17: Linguistic markers of approach switching.

OlympiadBench AIME

avg@3 pass@3 avg@3 pass@3
Format 55.51 65.78 47.78 58.33
Approach 67.56 69.78 50.00 56.67

Table 12: Downstream performance of the approach-
trained checkpoint. @ We compare the Format
and Approach checkpoints on OlympiadBench and
AIME24/25. avg@3 is the average accuracy over the
three solutions in a response, while pass@3 is the frac-
tion of problems where at least one solution is correct.

F.2 Behavioral and Ability Checks

We verify that the checkpoints differ in the in-
tended behavior and not in underlying reasoning
ability. For behavior, we count common approach-
switching cues such as “another approach” and “an-
other method” (full list in Figure 17). Figure 16a
shows that the Approach checkpoint uses these
cues substantially more than the Format check-
point. For ability, we compare accuracies under
the standard single-solution prompt (Figure 7):
the two checkpoints achieve 69.04% (approach)
and 68.30% (format), confirming that they are
matched in basic reasoning ability (Table 13).

Results Next, we turn to the main experimental
question: does stronger approach-seeking behavior
lead to higher final accuracy? Table 12 shows that
the Approach checkpoint outperforms the Format
checkpoint on both OlympiadBench and AIME,
suggesting that approach-seeking behavior can im-
prove accuracy in the sequential-solution setting.
The accuracy gain is concentrated on certain type
of problems. The per-problem breakdown in Fig-
ure 16b shows that gains are concentrated on prob-
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Metric Approach Format
Accuracy 69.04 68.30
Freq. of approach cues 3.10 2.18

Table 13: Results with base prompt. Comparison
between approach and format checkpoints, using the
base prompt in Figure 7.

Problem subset A Acc. (pp)  95% CI (pp)
Reachable 11.69 [7.32, 16.06]
Unreachable 3.50 [-0.42, 7.50]

Table 14: Accuracy gains by approach reachabil-
ity. We report accuracy improvements of approach
checkpoint over format, with 95% confidence intervals
shown in brackets.

lems with multiple approaches, and within this sub-
set improvements grow with difficulty.

Reachability of an approach matters For
approach-seeking supervision to help, it is not
enough that a problem admits multiple valid ap-
proaches; the solver must also be able to reach
them, i.e., solve the problem by following each
approach. Our main setup cannot separate these
two conditions: Qwen3-4B serves both as the cor-
rectness validator in the problem filtering pipeline
and as the fine-tuned solver, so the multi-approach
feasibility of a problem and its reachability for
the solver coincide by construction. To decou-
ple them, we re-ran the filtering pipeline with a
stronger validator, GPT-5.4-mini (OpenAl, 2026),
sampling one solution per candidate approach due
to inference cost. This yields 30 problems that are
multi-approach feasible under the stronger valida-
tor but were judged infeasible under Qwen3-4B—
problems whose alternative approaches exist but lie
beyond our solver’s reach. Table 14 reports the gain
of the Approach checkpoint over Format on these
problems: 3.50 percentage points with a 95% CI
that includes zero, versus 11.69 points on reachable
problems. Approach-seeking supervision thus pays
off only when the alternative approaches are within
the solver’s reach, not merely when the problem
admits them.

G The Use of Large Language Models

We used large language models to assist with the
preparation of this paper. Specifically, they were
employed for writing support, including grammar
correction, wording refinement, and minor stylistic
edits, as well as for developing code used in the
experiments.

H Prompts used for Dataset Construction

We list the prompts used for dataset construction in
Figures 20, 21, and 22.
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Multi-Approach Generation

You are an expert mathematics problem solver.

Your task is to produce EXACTLY THREE complete, correct solutions to the given problem.
Each solution MUST use a distinctly different mathematical approach or method.

Rules:

- The three approaches must be genuinely different (e.g., algebraic vs. geometric vs.
combinatorial; direct computation vs. symmetry argument; etc.).

- Each solution must be fully self-contained and independently correct.

- Every solution must end with \boxed{answer}.

- Do NOT mention "approach 1 / 2 / 3" or any meta-commentary about diversity.

- Wrap each solution with the XML-style tags shown below.

Output format (use EXACTLY this structure):

<solution 1>
[Full solution using the first approach]
</solution 1>

<solution 2>
[Full solution using the second approach]
</solution 2>

<solution 3>
[Full solution using the third approach]
</solution 3>

Figure 18: Approach-seeking SFT prompt. Prompt used to generate the approach-seeking SFT dataset.

Multi-format Generati

You are an expert mathematics problem solver.

Your task is to produce EXACTLY THREE complete, correct solutions to the given problem.
All three solutions MUST use the SAME underlying mathematical approach/method,
but each one must be written in a different presentation format:

- Solution 1 - Step-by-step: Clearly numbered steps; explain each step in plain language.

- Solution 2 - Compact equation: Minimal prose; mostly equations and short labels.

- Solution 3 - Verbose + detailed: Rich explanations, intuition, and context; show all
intermediate algebra.

Rules:

- The core mathematical method must be the same across all three solutions.

- Every solution must end with \boxed{answer}.

- Do NOT mention "format 1 / 2 / 3" or any meta-commentary about writing styles.
- Wrap each solution with the XML-style tags shown below.

Output format (use EXACTLY this structure):

<solution 1>
[Step-by-step format]
</solution 1>

<solution 2>
[Compact equation format]
</solution 2>

<solution 3>
[Verbose + detailed format]
</solution 3>

Figure 19: Format SFT prompt. Prompt used to generate the format SFT dataset.
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Strategy Enumeration Prompt

You are an expert strategy enumerator for math and algorithmic problems.

TASK
- For ONE given problem and an integer K, list up to K GENUINELY DISTINCT solving approaches.
- Return strategic plans only (high-level steps). Do NOT compute the final answer or show hidden internal reasoning.

WHAT COUNTS AS “DISTINCT”

- Same: share the same core mechanism, only differ in stylistic/verbal manner.

- Different: use a different paradigm/reduction/decomposition, feasibility oracle, proof style
(direct/induction/contradiction), or key transformation.

SCOPE & CONTENT

- Each approach: short title + 3-8 bullet steps describing the plan.

- Assume that the problem is only solvable by hand: one cannot access other tools such as writing a computer program.
- Keep concise, technical, and non-redundant. No paraphrase-only variants.

QUALITY BAR
- Before writing, brainstorm several candidate families.
- Merge/drop near-duplicates; output only truly distinct approaches. If fewer than K exist, return fewer.

INPUT
K: {k}
Problem: {problem}

OUTPUT SCHEMA

{
"problem_brief”: "one-sentence restatement of the task”
"approaches”: [

{
"name": "short, specific title capturing the core idea”,
"core_idea": "2-3 sentences describing the key mechanism or reduction”,
"plan”: [
"3-8 high-level steps; each item is a short imperative action”
s
"uniqueness_signature”: "one line that makes this approach different from others”
3
i
"num_approaches”: "total number of suggested approaches”

Figure 20: Strategy enumeration prompt. The model is instructed to generate up to K distinct solution approaches
at the level of high-level plans, while enforcing mechanism-level diversity.

Feasibility Check Prompt

You are a plan-faithful solver.

<INPUTS>
- PROBLEM: the problem statement.
- SELECTED_PLAN: one approach with title/core_idea/assumptions and a numbered list of plan steps (3~8 items).

<GOAL>
Produce a complete, correct solution by instantiating and expanding SELECTED_PLAN without changing its core mechanism.

<FIDELITY RULES>

- Execute steps in order following the plan

- Keep strictly to SELECTED_PLAN; do not introduce alternative approaches.

- If any step is invalid/underspecified, STOP and output a brief diagnosis starting with "PLAN MISMATCH:" and request a
revised plan. Do not improvise a new strategy.

<OUTPUT FORMAT>
Provide your reasoning and work through the problem step by step, following the plan.
Please reason step by step, and put your final answer within \\boxed{{}}.

Figure 21: Feasibility check prompt. The model is instructed to solve the problem by faithfully executing a
selected plan without changing its core mechanism.

Approach Uniqueness Judge Prompt

<identity>

You are an analytical judge for mathematical solution plans.
Your purpose is to determine whether two or more solution plans
for the same math problem use the same underlying approach

or fundamentally different mechanisms or interpretations.

You communicate in a clear, direct, and structured way.

Your goal is to make reliable, mechanism-level judgments.
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<task_overview>

You will be given a math problem and a list of solution approaches. You must examine all provided solution approaches,
identify which approaches share

the same core mechanism and interpretation, group them into clusters, and report the total number of unique approaches.

*Definition of different approachesx:

When determining whether two plans represent the same or different approaches, focus on the underlying mathematical mechanism
**kand*x the conceptual interpretation used in the reasoning.

Two plans must be classified as different approaches if they rely on different mathematical tools,

different definitions or theoretical structures, or different representational viewpoints (e.g., vector-based, geometric,
algebraic, functional, or symmetry-based interpretations).

Examples of distinct interpretations include:

- Viewing lines as geometric objects and constructing a triangle vs treating lines as vectors in linear algebra.

- Using slope as a trigonometric tangent quantity vs using direction angles with the x-axis.

- Treating a sequence via its explicit formula vs analyzing it through recurrence, symmetry, or linear-function view.

Do not merge plans just because they belong to the same domain.
Different interpretations or representational viewpoints count as different approaches.

<instructions>

Before analyzing any of the plans, first evaluate the problem itself.

Decide whether the problem is sufficiently complex to allow multiple, genuinely distinct solution approaches.
If the problem does not support meaningful approach diversity, apply the simplicity rule.

*simplicity_rulex:

Before evaluating any plan, first judge the inherent structure of the problem itself.
If the problem can be solved through a single dominant method that is standard,
forced, or mechanically determined, then treat all plans as the same approach.

A problem should be treated as "simple” (and unique approaches = 1) if:
- it reduces directly to writing one standard equation and solving it (linear, quadratic, or simple rational equation),
the solution follows automatically from a basic definition or identity,
- only one inequality or one standard condition (triangle inequality, discriminant condition,
distance formula, midpoint formula, Vieta, etc.) is required,

If the problem fits one of these conditions, set num_unique_approaches = 1 and return the decision.
Otherwise, follow the instructions below to compare different approaches.

1. Recognize the core mechanism of each approach.
- Recognize the key idea, transformation, lemma, or strategy.

2. Compare the mechanisms.
- Treat two plans as different approaches if they use different mathematical tools, structures, or representational
viewpoints—even when they compute the same quantity.
- If two plans rely on the same mathematical essence, categorize them as the same approach.

3. Count the number of unique approaches.
- The number of unique approaches is the number of different mechanisms used.

4. Provide a brief explanation.
- Explain the reasoning behind the decision, focusing only on the mechanisms use

5. Do NOT do the following:
- Do not solve the problem.
- Do not judge correctness beyond feasibility of the steps.
- Do not consider stylistic differences.
- Do not introduce new plans or speculate about hidden steps.
- Do not combine or rewrite the plans.

<context>

You will be given:

- the original math problem

- a list of candidate approaches (each with title, core idea, stepwise plan steps)
Use only the provided context to make judgments.

<output format>
Provide your final answer in the following structure:

EXPLANATION:
A brief explanation of how you grouped the plans and why.
You may discuss similarities, differences, and mechanism-level reasoning.

NUMBER OF UNIQUE APPROACHES:
\\boxed{{n}}

Where n is the number of unique approaches you identified.

Figure 22: Approach uniqueness judge prompt. The full system prompt used to cluster candidate plans based on
mechanism-level similarity and count the number of unique approaches.
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Clustering Example: Problem 161
Problem. In triangle ABC, AB =9, BC' = 12, AC = 15, and C'D is the angle bisector. Find the length of C'D.
Answer: 41/10

Correct Solutions (6 out of 32)

Solution 1.

1. Verify the Triangle Type: First, we should check if the given triangle is a right triangle. For this, we can use the
Pythagorean theorem. In triangle ABC, we have AB = 9, BC = 12, and AC = 15. The Pythagorean theorem
states that for a right triangle, the square of the hypotenuse (AC') should equal the sum of the squares of the other two
sides (AB and BC'). We can verify this as follows:

AC®*=AB*+BC® = 15°=9"+12° = 225=81+ 144 =225.
Since the equation holds true, triangle ABC' is indeed a right triangle with the right angle at B.

2. Use the Angle Bisector Theorem: The Angle Bisector Theorem states that the angle bisector of an angle in a triangle
divides the opposite side into segments that are proportional to the adjacent sides. In this case, C'D is the angle
bisector of ZAC B. Therefore, we can write the proportion:

AD _AC 15 5

DB~ BC 12 4
Let AD = 5z and DB = 4z. Since AD + DB = AB, we have:
S5t+4r=9 = 9r=9 = z=1.
So, AD =5and DB = 4.

3. Calculate the Length of C'D: To find the length of C'D, we can use the Angle Bisector Length Formula, which
states that for a triangle with sides a, b, and ¢, and an angle bisector C'D from vertex C' to side AB, the length of

CD is given by:
cD p(1- <
Ve ( _(a+b)2>'

In our case, a = 15, b = 12, and ¢ = 9. Substituting these values into the formula, we get:

92 81 8
D=4/1 1211 - ——5 ) =4/1 1—— ) =4/1 — =160 = 4v10.
C \/ 5 % ( (5 + 12)2> \/ 80( 729) 80 x 9 60 0

Therefore, the length of C'D is | 4v/10 |

Solution 2.

We start by noting that triangle ABC' is a right triangle with AB = 9, BC' = 12, and AC = 15. This is because
9% + 122 = 81 + 144 = 225 = 15°. Using the Angle Bisector Theorem, we know that

AD _AC 15 5
DB BC 12 4
Let AD = 5z and DB = 4x. Since AD + DB = AB, we have 5z + 4x = 9,50 9z = 9 and © = 1. Therefore, AD =5
and DB = 4.
We can now use Stewart’s Theorem to find the length of C'D. Stewart’s Theorem states that in triangle ABC' with cevian
CD,
AB-(CD?>+ AD-DB) = AC® - DB + BC? - AD.
Plugging in the values, we get
9(CD*+5-4) =15 -4 +12%-5.
Simplifying, we have
9(CD? +20) = 225 -4 + 144 - 5 = 900 + 720 = 1620,

s0 9(C'D? 4 20) = 1620. Dividing by 9, we get CD? 4 20 = 180, so C' D? = 160. Taking the square root of both sides,
we get

CD = v160 = 4V10.
Therefore, the length of C'D is| 410 |.

Solution 3.
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1. First, we need to find the length of AD and BD. Since D is on AB, we have AD + BD = AB = 9.

2. By the Angle Bisector Theorem,
AD AC 15 5

BD BC 12 4
3. Therefore, AD = 3 -9=5and BD = 5 -9 =4.
4. Next, we use the Law of Cosines to find cos A:

COSA*ABQ—FACQ—BCZ792—&—152—122781+225—1447@7§
- 2-AB-AC 2:9-15 270 270 5

5. Finally, we use the Law of Cosines on triangle AC'D to find C'D:

g

CD2:A02+AD2—2.AC-AD.cosA:152+52—2-15~5-5

Therefore, CD = /160 = | 410 |.

Solution 4.

= 225+ 25 — 90 = 160.

1. Understanding the Problem:

e We have a triangle ABC with given side lengths AB = 9, BC' = 12, and AC = 15.
e CD is the angle bisector of ZBC'A.
* We need to find the length of C'D.

2. Applying the Angle Bisector Theorem:

* The Angle Bisector Theorem states that the angle bisector of an angle in a triangle divides the opposite side
into segments that are proportional to the adjacent sides.

e Let D be the point on AB such that C'D is the angle bisector of ZBC'A.

* According to the Angle Bisector Theorem, % = g—g.
3. Calculating the Proportions:
* Given AC = 15 and BC' = 12, we have
40 15 _ B
BC 12 4

e Let AD = 5k and DB = 4k. Since AD +~ DB = AB = 9, we have 5k + 4k = 9.
* Solving for k, we get 9%k =9 — k= 1.
¢ Therefore, AD = 5 and DB = 4.

4. Using the Angle Bisector Length Formula:

 The length of the angle bisector C'D can be found using the formula:

2 AB?
CD? = AC Bc<1 (ACT BOE )

¢ Substituting the known values:

2 _ L BLA .
CD*=15-12 (1 729)_180 (9>—160,

CD = V160 = 4V/10.

The length of C'D is| 4v10 |.

Solution 5.

1. Recognize the triangle type: The given lengths AB = 9, BC = 12, and AC = 15 suggest that AABC'is aright
triangle with ZBAC' = 90° because 9% + 122 = 152 (i.e., 81 + 144 = 225).
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2. Use the Angle Bisector Theorem: The Angle Bisector Theorem states that the angle bisector of an angle in a triangle
divides the opposite side into segments that are proportional to the adjacent sides. For AABC with C'D as the angle
bisector of ZAC B, we have:

AD AC 15 5

DE_BC 12 1
3. Find the lengths of AD and DB: Let AD = 5z and DB = 4x. Since AD + DB = AB = 9, we have:
S5r+4r=9 — 9r=9 — z=1.
Therefore, AD = 5 and DB = 4.

4. Use the Angle Bisector Length Formula: The length of the angle bisector C'D can be found using the formula for
the length of the angle bisector in a triangle:

AB®
D*=AC-BC(1- ———— ).
¢ ¢-BC ( (AC + BC)2>
Substituting the given values:
9° 81 1 8
D*=15-12(1— = | =180 (1— ==~ | =180 (1— = ] =180 = = 160.
¢ g < (15 + 12)2) 80 ( 729) 80 ( 9) 80 9 60

Therefore, CD = /160 = 4+/10.

The length of C'D is| 410 |

Solution 6.

1. Analyze the Triangle: The given triangle ABC is a right triangle because AB*4+BC? = AC? (i.e., 9> +12% = 15%).
Therefore, /BAC = 90°.

2. Use the Angle Bisector Theorem: The angle bisector theorem states that the angle bisector of an angle in a triangle
divides the opposite side into segments that are proportional to the adjacent sides. In this case, C'D is the angle
bisector of ZAC B, and it divides AB into segments AD and DB.

3. Calculate the Segments AD and D B: Using the angle bisector theorem, we have:

AD _AC 15 5

DE_BC 12 1
Let AD = 5k and DB = 4k. Since AD + DB = AB = 9, we get:
Sk+4k=9 — 9%k =9 = k=1.
Therefore, AD = 5 and DB = 4.

4. Apply the Angle Bisector Length Formula: For a triangle with sides a, b, and ¢ (where a and b are the sides
adjacent to the angle being bisected, and c is the opposite side), the length of the angle bisector d is given by:

d:\/ab(l—(afb)z)

In this problem, a = 15, b = 12, and ¢ = 9. Plugging these values into the formula, we get:

92 8 96
CD_\/15~12(1M)_\/15-12(9>_ 15-3—\/16 = 4V/10.

Therefore, the length of C'D is | 4v/10 |

Judge Response (Clustering Result)
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"reasoning_trace”: "All solutions first use the angle bisector theorem to split AB into AD = 5 and DB = 4. They then differ
in the main mechanism used to compute CD: a closed-form angle-bisector formula, Stewart's theorem, or a Law of Cosines
computation.”,
"groups”: [
{
"group_name": "angle_bisector_length_formula”,
"core_idea": "These solutions compute CD by directly applying the standard closed-form formula for the length of an
angle bisector. The shared mechanism is to use the adjacent side lengths and the opposite side length in the
angle-bisector length formula after finding the split of AB.",
"solution_ids": [1, 4, 5, 6]

},

{
"group_name": "stewarts_theorem”,
"core_idea": "This solution treats CD as a cevian and uses Stewart's theorem to relate CD, AD, DB, and the three side
lengths. The main mechanism is a cevian-length relation rather than the specialized angle-bisector formula.",
"solution_ids": [2]

},

"group_name"”: "law_of_cosines”,
"core_idea": "This solution first computes the relevant angle using the Law of Cosines in triangle ABC, then applies the
Law of Cosines again in triangle ACD to obtain CD. The main mechanism is trigonometric angle computation followed by a
cosine-law length calculation.”,
"solution_ids": [3]
}
]
}

Figure 23: A real-world case of approach-level clustering. The judge correctly groups six correct-answer
rollouts generated by the Qwen3-8B-Base by their approach.

52996



