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Abstract

Parameter-Efficient Fine-Tuning (PEFT) adapts
large language models (LLMs) by training only
a small fraction of parameters. Adapter-based
approaches reduce the number of trainable pa-
rameters, but introduce practical overhead from
the additional adapter path (e.g., extra kernel
launches and activation storage). Adapter-free
approaches avoid this structural overhead by
directly updating pretrained weights; however,
random index selection can fragment the train-
able subspace, while calibrated weight selec-
tion incurs extra cost, limiting accuracy or ef-
ficiency. We propose Recursively Aligned
Pathway Adaptation (RAPA), an adapter-free
PEFT method that forms index-consistent path-
ways through depth. RAPA follows two princi-
ples: (i) selecting balanced submatrices that
maximize the number of weights alignable
across layers, and (ii) recursively aligning these
indices across layers and residual connections.
In experiments, RAPA matches or surpasses
strong PEFT baselines across most benchmarks
while preserving adapter-free efficiency with
minimal memory and compute overhead.

1 Introduction

Large Language Models (LLMs) now match or
surpass expert-level performance in many natural
language processing tasks (OpenAl et al., 2024;
Team et al., 2024; Dubey et al., 2024; DeepSeek-Al
et al., 2025; Jiang et al., 2024; Chowdhery et al.,
2023). In particular, to specialize these LLMs for
downstream applications, fine-tuning is commonly
employed to adjust their parameters using task-
specific data. However, fine-tuning these large-
scale models for specific tasks demands substantial
computational resources and memory (Brown et al.,
2020; Zhao et al., 2024; Kaplan et al., 2020), posing
significant challenges to practical applications.
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Figure 1: 5-shot MMLU performance comparison
across representative PEFT methods. Numbers in paren-
theses indicate peak GPU memory usage (GB), which
is also encoded by marker color and size. Methods are
evaluated under comparable trainable-parameter bud-
gets. The x-axis shows training efficiency, measured as
the inverse of training time (1/hours).

To address these challenges, a wide range of
Parameter-Efficient Fine-Tuning (PEFT) schemes
have been proposed, aiming at reducing computa-
tional costs and memory footprints required dur-
ing fine-tuning. Representative techniques such as
Adapter Tuning (Houlsby et al., 2019; Pfeiffer et al.,
2020), Low-Rank Adaptation (LoRA) (Hu et al.,
2022) and its variants (Liu et al., 2024; Wu et al.,
2024) significantly improve efficiency by freezing
pre-trained weights and introducing a small number
of trainable adapter parameters.

In theory, adapters introduce only a small
amount of additional computation, but they can
result in significant training-time overhead in prac-
tice; the base and adapter paths are executed se-
quentially, and computing gradients for adapter
parameters typically requires retaining full input
activations, which can increase kernel launches
and activation memory. By contrast, adapter-free
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approaches avoid these structural overheads by
directly updating pretrained weights, but weight
selection remains a key challenge. Random
or structure-based selection methods, such as
PaCA (Woo et al., 2025) and S?FT (Yang et al.,
2024), may fragment trainable pathways across
layers, while calibrated selection methods such
as SMT (He et al., 2025) incur additional selec-
tion cost. Our study focuses on characterizing
these trade-offs and designing a calibration-free,
pathway-aligned adapter-free PEFT approach.

In this paper, we first analyze the sources of train-
ing overhead in widely used adapter-based meth-
ods. We then introduce Recursively Aligned Path-
way Adaptation (RAPA), an adapter-free PEFT
algorithm that selects and aligns indices across all
layers so that the updated weights form a consis-
tent gradient pathway. By aligning the trainable
coordinates through depth (and, when applicable,
choosing shape-balanced submatrices), RAPA aims
to enhance representational capacity and stabilize
gradient flow while avoiding both adapter-induced
overhead and per-layer re-sampling costs.

We evaluate RAPA across diverse models and
tasks. Specifically, we conduct 5-shot MMLU
fine-tuning (Hendrycks et al., 2021) (Figure 1),
commonsense reasoning benchmarks, and instruc-
tion tuning followed by MT-Bench evaluation. All
methods are compared under matched trainable-
parameter budgets and comparable optimization
settings to ensure fair comparison with prior PEFT
baselines. Full datasets, hyperparameters, and eval-
uation protocols are provided in the experimental
setup for reproducibility.

2 Background and Motivation

2.1 Challenges in Adapter-based PEFT

Fine-tuning LLMs typically incurs significant mem-
ory and computation costs. This is mainly because
back-propagation requires storing all intermediate
activations and updating a massive set of parame-
ters. These requirements hinder practical deploy-
ment of LL.Ms, especially on resource-constrained
hardware.

To address these challenges, PEFT methods aim
to reduce the number of trainable parameters while
maintaining task accuracy. One widely used ap-
proach is LoRA (Hu et al., 2022), which introduces
additional rank-constrained matrices to the existing
pre-trained weights as below:

W=Wy+AW =Wy+s-BA

where A € R™*dn B ¢ R%ux" and s is a scal-
ing factor. While LoRA reduces the number of
trainable parameters, it still requires storing all in-
put activations in memory, as the gradients for the
low-rank adapter matrices must be computed with
respect to the original input activation. In addition,
LoRA introduces sequential computation steps and
hence suffers from latency overhead during train-
ing; the forward propagation of LoRA proceeds
sequentially through the pre-trained weights and
the low-rank adapter, which hinders hardware-level
parallelism. It was reported that LoRA incurs ap-
proximately 33% training-time overhead compared
to full fine-tuning, as the forward pass must com-
pute both the pre-trained weight and the low-rank
adapter in series rather than in parallel (Hu et al.,
2022; Woo et al., 2025). In addition, its low-rank
structure limits representational capacity on com-
plex tasks.

2.2 Approaches to Weight Selection in
Adapter-Free PEFT

The central challenge in adapter-free PEFT is se-
lecting which subset of weights to update. Ex-
isting strategies range from random or structure-
aware selection, which prioritizes speed and im-
plementation efficiency (Woo et al., 2025; Yang
et al., 2024), to importance-based approaches that
score weights via gradient magnitudes or acti-
vation sensitivities (He et al., 2025). However,
random or efficiency-oriented selection may still
yield fragmented trainable pathways across depth,
while importance-driven methods typically require
a costly precalibration step, introducing additional
overhead and potential sensitivity to the calibration
data.

In this work, we propose a calibration-free,
structure-aware selection strategy that aligns train-
able coordinates across layers (Section 3.2). By
leveraging the inherent model architecture, our
method avoids precomputation overhead while
yielding tight seed-to-seed variability (Appendix A)
and achieving high performance across tasks.

3 Analysis and Method

In this section, we first characterize the training-
time overhead of adapter-based PEFT. We then
introduce Recursively Aligned Pathway Adaptation
(RAPA), a calibration-free, structure-aware weight
selection method. The alignment is applied recur-
sively across all layers—mirroring the top-down

53592



Forward GEMM kernels (meanzstd)

Forward overhead (meanztstd)

N
i

N
a
o
(=2}
=)

3.00x

200 J

1.00x

a

o
o
o

o

o
N
o

1.00x

Forward overhead [%)]

Launched GEMM kernels
[42]
o

+0.0%

o

+41.0%

x
°
3 AB (b=1, s=128) AF (=1, 5=128)
<13 & AB (b=4, 5=256) AF (oot 9-256)
o ‘A AB (b-8. 5=512) -A- AF (b=8, 5512)
>
o ......... A
32 A e 4
2| R s
S 1.1 "I -
°
a A

+6.0% N e S X
S
'S

Baseline  Adapter-based Adapter-free Baseline

(a) Forward GEMM kernels

Adapte;'-based Adaptér—free

(b) Forward-time overhead

0 20 40 60 80 100 120
Rank (r)

(c) Matmul-time ratio across r with varying b, s

Figure 2: (a) Forward GEMM kernel launches. Adapter-based (AB) issues ~ 3 x more kernels than the baseline. (b) Forward-
time overhead. AB increases latency by ~40%, whereas adapter-free (AF) closely matches baseline. (¢) Forward-propagation
matmul time ratio (each method to baseline). Overhead depends more on batch size b and sequence length s than to rank r.

flow of backpropagation—to form coherent path-
ways. This is achieved by tuning balanced square
submatrices of pretrained weights, enforcing cross-
layer consistency in the chosen coordinates, and
maximizing shared indices across layers under a
fixed parameter budget. In experiments, RAPA
achieves faster convergence and higher accuracy
while preserving adapter-free training efficiency
and avoiding calibration or per-layer resampling
overhead.

3.1 Revisiting Adapter-based PEFT Overhead

To motivate our adapter-free (AF) approach, we
conduct a controlled microbenchmark to isolate
the sources of overhead in adapter-based (AB)
methods. On a single linear layer (4096 %4096,
bfloat16) using an NVIDIA A100 (80 GB) GPU,
we compare an AB setup (LoRA (Hu et al., 2022))
against an AF setup and a frozen baseline, keeping
the trainable parameter budget identical for both
AB and AF. For AF, we directly tune a kxk sub-
block of the frozen weight matrix W. We measure
throughput with CUDA events and collect CUDA-
kernel statistics using torch.profiler; results are
aggregated over multiple trials (median, with 95%
bootstrap confidence intervals).

As illustrated in Figure 2(a), the AB method sub-
stantially increases the number of General Matrix
Multiplication (GEMM) kernel launches—by over
3x on average, which corresponds to a forward-
time overhead of ~41% (Figure 2(b)). In contrast,
AF keeps the kernel count essentially unchanged
and incurs only a small overhead (~6%).

These results indicate that the dominant ineffi-
ciency is not added FLOPs but the proliferation
of small, sequential kernel launches that underuti-
lize the GPU (Shi et al., 2016). Figure 2(c) shows
that the forward matrix-multiplication overhead is
more sensitive to batch size b and sequence length

s than to the adapter rank r. Simply scaling b or s
to improve utilization is often impractical due to
activation-memory growth in deep models. This
structural overhead of separate adapter modules
motivates RAPA, which aims to retain high perfor-
mance without incurring this computational burden.
We further confirm that this trend holds consistently
for both a smaller and a larger model; the corre-
sponding overhead measurements are reported in
Appendix B.

3.2 Recursively Aligned Pathway Adaptation
3.2.1 Balanced Submatrix Selection

Let W € R%9 be a pretrained weight matrix.
LoRA with rank r learns a low-rank update AW =
BA and introduces 2rd trainable parameters. We
keep the same budget, but allocate it to a square-
shaped indexed submatrix:

K =2rd = k~+V2rd, (1)

(where k can be rounded to an integer in practice).

We tune a square-shaped submatrix of W with
size k x k, i.e., we directly update k2 entries while
keeping the rest of W frozen. This changes where
parameters are placed (a 2-D block) without chang-
ing how many are trained.

An important structural consequence is the
width of the selected pathway. For index sets [
and J, both the rank of a selected update and
the bottleneck dimension of the paired pathway
W}?I’Q)W](f}f) are upper-bounded by wpan =
min(|7|, |J]). Under the fixed parameter budget
|I]|J| = 2rd, wpatn is maximized when |I| ~ |J].
Thus, balanced selection maximizes the local rank
ceiling and the number of coordinates that can be
consistently coupled across adjacent projections
under the same budget.

In terms of training-time compute, LoRA intro-
duces an additional low-rank update path, whereas
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Figure 3: Comparison between independent and recursively aligned index selection. (a) Independent selection
can fragment the trainable support across connected projections, disrupting the continuity of the selected trainable
pathway.(b) RAPA aligns balanced submatrices across layers, residual endpoints, and depth, maintaining a coherent
trainable pathway; this alignment accelerates loss convergence in our ablation.

our implementation keeps the base linear matmul
and computes/updates only the selected (row, X
col,) block via index-based gather/scatter and a
custom backward on pruned activations. Thus, the
dominant cost for learning the update remains com-
parable to LoRA up to lightweight indexing over-
head, with the exact runtime depending on the im-
plementation. The ratio sweep in Section 4.1 sup-
ports this structural choice: accuracy improves as
the selected support approaches a balanced regime,
with the best result near |I| = |.J|.

3.2.2 Structural Index Alignment for
Coherent Trainable Pathways

RAPA recursively aligns selected row and column
coordinates across connected projections and resid-
ual endpoints, forming a depth-consistent trainable
support. The shared coordinates provide a common
pathway for selected weights to co-adapt across
depth, while frozen pretrained weights remain ac-
tive in the full forward and backward computations.
Throughout this paper, we use the term block to
denote a Transformer sub-module, namely an atten-
tion or a feed-forward network (FFN) block. For
notational clarity, we model each block as two con-
secutive linear layers whose input and output are
linked by a residual connection (He et al., 2016b,a).
We consider three levels of index alignment:

» Layer-wise alignment: the output indices of
one linear layer match the input indices of the
next.

* Block-wise alignment: the residual in-
put/output indices match within a two-layer
residual block.

* Global alignment: the same residual in-
dex set is reused across multiple residual-
connected blocks.

Method. Figure 3 overviews the mechanism.
With a kx k trainable submatrix per projection, in-
dependently sampled index sets may mismatch the
selected output coordinates of one projection with
the selected input coordinates of the next, fragment-
ing the direct pathway among trainable weights.
RAPA instead reuses compatible indices across
residual-connected projections to build a shared
aligned pathway.

(i) Define a shared row/column index struc-
ture under a fixed parameter budget.

(i1) Tie this structure across residual-connected
layers so updates stay on the same coordi-
nates.

This shared-index tying induces layer-wise,
block-wise, and global alignment.

We place trainable weights within block b on
W[(i’]l) for the first linear layer and Wﬁ?f) for the
second, so the intermediate activation lives on [
and the residual input/output lives on J:

x(fb,l) _ D)

g Ty
’ (2)
) =) 4 WP 0D,

Eq. 2 illustrates layer-wise alignment via the
shared intermediate index set I across the two
linear layers, and block-wise alignment via the
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Table 1: Effect of index alignment on 5-shot MMLU accuracy.

Method Hums. STEM Social. Other Avg.
Random 482 413 602 594 51.7
Layer Align 493 421 59.8 584 52.0
Block Align 494 415 599 579 518

Layer+Block+Global 49.3 421 603 59.1 523

shared residual index set J between the block input
:L‘Sb) and output x(bﬂ)

Global ahgnment is obtained by reusing the
same residual index set .J across multiple residual-
connected blocks. Define the within-block trans-
formation (restricted to the aligned subspace) as
F®)(.), which maps a:f,b) to the residual update on
J. Then the forward propagation through block b
can be written as

xE,b—H) _ (b) ]_-(b)( (b)) (3)

s Wi Wi ey @

and over m consecutive residual-connected blocks,

D Z FOH)(g

These rules organize the selected updates into
a depth-consistent support; they do not remove
frozen coordinates from the full computation graph.

In the tested LLaMA2-7B setting, full alignment
is associated with lower training loss (Figure 4) and
higher final MMLU accuracy than random selec-
tion (Table 1). Multi-seed loss curves are provided
in Appendix F.

(b+m) b+] ) (5)

Depthwise support continuity. RAPA preserves
coordinate compatibility between consecutive train-
able submatrices and residual endpoints, allowing

updates in connected projections to co-adapt within
a common coordinate system across depth. Frozen
pretrained weights remain active in the dense for-
ward and backward computations; alignment or-
ganizes the direct coupling among trainable coor-
dinates. Appendix C provides the detailed layer-,
block-, and global-level derivations, while Appen-
dices D and G extend the same construction to
attention and MoE blocks.

We directly test this support-continuity property
with a restricted-VJIP (Vector-Jacobian Product)
diagnostic on pretrained Qwen3-4B (Yang et al.,
2025). Let By denote the full Jacobian of block b,
including frozen weights and residual connections,
and let P;, project onto K = 384 selected resid-
ual coordinates. Applying g1 = ijilBI;r Py, ap
through all 36 blocks, the geometric mean of the
per-block retained VJP fraction is 0.864 with a
shared J and 0.385 with block-specific J;, an ab-
solute difference of 0.478 (95% CI [0.462, 0.495]);
the shared construction is higher in all five paired
selector seeds. This diagnostic indicates stronger
depthwise continuity within the shared selected
support. Separate masked-training ablations on
LLaMA2-7B are reported in Figure 4 and Table 1,
while Appendix K provides the full restricted-VJP
protocol and analysis.

4 Experiments

We evaluate RAPA on MMLU (Hendrycks et al.,
2021), eight commonsense reasoning tasks (Clark
et al., 2018, 2019; Zellers et al., 2019; Mihaylov
et al., 2018; Bisk et al., 2020; Sap et al., 2019;
Sakaguchi et al., 2020), MT-Bench instruction tun-
ing (Zheng et al., 2023), and task-specific code gen-
eration and mathematical reasoning on Qwen3-4B,
with an additional code and efficiency evaluation on
SmollLM3-3B-Base (Bakouch et al., 2025). Unless
otherwise stated, experiments use a single NVIDIA
A100 80GB GPU with 16-bit mixed precision (Mi-
cikevicius et al., 2018) and AdamW (Loshchilov
and Hutter, 2019). For the main LLaMA?2/Mistral
comparisons, we compare adapter-based baselines
(LoRA (Hu et al., 2022), DoRA (Liu et al., 2024),
MosLoRA (Wu et al., 2024)) and adapter-free base-
lines (PaCA (Woo et al., 2025), SMT (He et al.,
2025), S’FT (Yang et al., 2024)) under matched
trainable-parameter budgets, following the target
modules of the original papers or released im-
plementations when available. Detailed settings,
module choices, ablations, and additional weight-
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selection comparisons are provided in Appendix J
and Appendix M.

4.1 Effects of Balanced Weight Selection and
Alignment
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Figure 5: Effects of weight shape (row/column ratio)
and index alignment on MMLU accuracy.

We investigated how the column-to-row ratio of
trainable weights influences task accuracy and how
this relationship changes after index alignment is
applied. Figure 5 plots MMLU accuracy as a func-
tion of the selected column-to-row ratio on x-axis,
comparing cases without index alignment (blue
curve) and with index alignment (yellow curve).
We fine-tuned the LLaMA2-7B model (Touvron
et al., 2023) on the MMLU dataset for this analy-
sis; the detailed experimental setup is provided in
Appendix J (Table 13).

As shown in Figure 5, selecting a symmetric
subset of weights yields higher accuracy compared
to extreme cases where only row or column weights
are selected. Focusing on the random selection
case (blue curve), a balanced (50/50) ratio achieves
an accuracy of 47.4%, outperforming the extreme
column-only case (100/0) and row-only (0/100)
configurations by 1.8% and 4.2%, respectively.

This trend remains consistent when the index
alignment method is applied: balanced selection
again achieves the highest accuracy. Moreover,
the aligned variant consistently outperforms the
random baseline across all settings. In the bal-
anced case, index alignment improves performance
to 48.9%, 1.5% higher than the random selection
method at 47.4%. Even in the column-only set-
ting, alignment increases accuracy from 45.6% to
47.3%, and in the row-only setting, from 43.2%
to 45.1%, confirming that alignment enhances per-
formance even under asymmetric or suboptimal
weight configurations.

4.2 Fine-tuning for Downstream Tasks

We validate the task accuracy and efficiency of
RAPA using the MMLU 5-shot benchmark, which
evaluates complex reasoning across 57 academic
subjects. All methods were evaluated on LLaMA2-
7B under comparable trainable parameter budgets,
using LoRA ranks 7=8 and matching the other
PEFT methods accordingly. Additional scalabil-
ity experimental results using LLaMA?2-13B are
reported in Appendix L. The results from addi-
tional experiments across various rank settings are
reported in Appendix H, and the detailed configu-
rations are provided in Appendix J.

4.2.1 MMLU

On the MMLU benchmark, RAPA achieves the
highest average accuracy among PEFT methods
on LLaMA2-7B (Table 2). It outperforms the
strongest adapter-free baseline, SMT, by 1.3 points
while maintaining comparable or faster training
time. RAPA also surpasses adapter-based baselines
in average accuracy and trains substantially faster
than DoRA. Thus, RAPA improves the accuracy—
efficiency trade-off over both random/structure-
based and calibrated adapter-free baselines.

4.2.2 Commonsense Reasoning

We further evaluated RAPA on eight canonical com-
monsense reasoning tasks, comparing it against the
same adapter-based and adapter-free baselines. All
experiments were conducted on the LLaMA2-7B
model and we fine-tuned it on a commonsense rea-
soning dataset consisting of 170k samples. De-
tailed hyperparameters are listed in Appendix J.

Table 3 reports that RAPA achieves the highest
macro-average accuracy of 69.7%, outperforming
the strongest adapter-based baseline, MosLoRA
(69.1%), by 0.6 points and the strongest adapter-
free baseline, PaCA (68.2%), by 1.5 points. RAPA
also improves over SMT (68.1%) and S?FT
(67.8%) by 1.6 and 1.9 points, respectively.

Despite higher accuracy, RAPA keeps the com-
putational footprint close to other adapter-free
methods: 42.1 GB peak GPU memory and 4.1
hours of wall-clock time, comparable to PaCA
(41.5 GB, 4.0h) and S?FT (42.0 GB, 4.2h). In con-
trast to SMT, RAPA is calibration-free, whereas
SMT requires a 100-iteration calibration stage that
adds about 28 minutes in our setup. Relative to
adapter-based baselines, RAPA uses about 20%
less memory than LoRA and MosLoRA and less
than half the training time of DoRA.
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Table 2: MMLU 5-shot results on LLaMA2-7B.

Type Method

Params Mem Time

Accuracy (%)

Hums. STEM Social. Other Avg.

— Baseline - - - 436 371 514 53.0 459
LoRA 20.0M 22.6G 4.1h 485 412 573 56.5 50.6

AB DoRA 21.4M 28.0G 8.7h 48.7 423 583 576 513
MosLoRA 20.0M 22.6G 43h 466 422 60.8 574 5l1.1
PaCA 21.8M 19.5G 3.2h 48.7 417 587 576 512

AF SMTT 20.0M 25.5G 3.6h 477 420 59.7 587 515
S?FT 19.8M 209G 32h 446 38.6 534 539 473
RAPA (Ours) 20.1M 19.6G 32h 50.1 42.6 60.8 59.1 52.8

Note: AB and AF denote adapter-based and adapter-free PEFT methods, respectively.
f Method with an additional calibrated selection stage; Mem and Time include this

stage.
Table 3: Commonsense reasoning results on LLaMA2-7B.

Type Method Params Mem Time ARC-c¢ ARC-e BoolQ Hella OBQA PIQA SIQA Wino Avg.
— Baseline - - - 433 746 717 760 442 79.1 46.1 69.1 63.8
LoRA 320M 532G 4.8h 430 726 80.6 67.8 446 766 549 743 643

AB DoRA 321M 753G 8.8h 521 80.0 737 764 49.0 804 584 82.0 69.0
MosLoRA 324M 534G 5.0h 530 812 707 763 50.2 80.8 58.8 82.1 69.1
PaCA 348M 415G 4.0h 510 785 737 754 48.8 80.2 57.5 80.3 68.2

AF SMT' 320M 38.6G 4.8h 488 783 780 755 478 793 574 79.8 68.1
S?FT 320M 42.0G 42h 505 764 752 742 474 80.1 58.0 804 67.8
RAPA (Ours) 320M 42.1G 4.1h 531 81.1 764 771 498 804 589 80.8 69.7

Note: AB and AF denote adapter-based and adapter-free PEFT methods, respectively.
 Method with an additional calibrated selection stage; Mem and Time include this stage.

These results reinforce the MMLU findings:
RAPA improves accuracy across diverse reasoning
tasks while retaining the memory and runtime ad-
vantages of adapter-free fine-tuning. The gains sug-
gest that structured square selection and cross-layer
index alignment provide a more effective trainable
subspace than random, structure-only, or calibrated
selection under comparable parameter budgets.

4.2.3 Instruction Tuning

We evaluated RAPA on the Mistral-7B model,
which was instruction-tuned for one epoch on the
OASST1 dataset using a single NVIDIA A100
GPU. Performance was subsequently measured
using the MT-Bench benchmark, which averages
scores over two conversational turns. We used GPT-
4o0-mini as the evaluator for this benchmark (see
Table 18 in Appendix J for further details).

As shown in Table 4, RAPA achieves the highest
average MT-Bench score among all methods. This
indicates that RAPA improves the accuracy limita-
tions of prior adapter-free methods while retaining
their training efficiency, and also surpasses strong
adapter-based baselines.

4.2.4 Code Generation and Mathematical
Reasoning

We evaluate task-specific code generation and
mathematical reasoning on Qwen3-4B under
matched trainable parameter budgets of approxi-
mately 88M (low) and 627M (high). RAPA, LoRA,
and PaCA use the same seven target projection
types and matched trainable parameter budgets.
Code evaluation covers all 164 HumanEval (Chen
et al., 2021) and 257 MBPP (Austin et al., 2021)
problems with greedy decoding, while mathemati-
cal reasoning is evaluated on GSM8K (Cobbe et al.,
2021) and MATH-500 (Lightman et al., 2024). Sep-
arately, we conduct an additional paired RAPA—
LoRA comparison on SmolLM3-3B-Base to exam-
ine code-generation performance and end-to-end
training efficiency. Exact parameter counts and
profiling details are provided in Appendix I.1.

In the low-budget Qwen3-4B code setting, the
prespecified fixed run gives a macro score of 69.53
for RAPA, compared with 65.36 for LoRA and
64.79 for PaCA. At the high budget, the correspond-
ing single-run scores are 68.00, 65.42, and 66.51.
For low-budget mathematical reasoning, RAPA ob-
tains 63.38, compared with 61.41 for LoRA and
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Table 4: MT-Bench instruction-tuning results on Mistral-7B (Jiang et al., 2023).

Type Method

Params Mem Time Hum. STEM Role Extr. Writ. Reas. Code Math Avg.

—  Baseline ~  —  — 185 320295 3.15 250 1.70 230 1.40 2.38
LoRA 168M 52G 47m 6.40 575 435 520 525 420 330 1.95 4.55
AB DoRA 169M 69G 93m 6.70 5.60 430 4.40 5.75 4.50 3.85 1.95 4.63
MosLoRA 16OM 52G 48m 5.80 6.05 4.85 5.00 5.00 3.75 3.65 2.00 4.51
PaCA 176M 47G 41m 535 545 4.15 450 455 2.55 320 1.95 3.96
AF SMT' 170M 54G 45m 6.05 5.75 555 4.72 5.12 397 3.05 1.75 4.49
S2FT 170M 47G 38m 5.10 4.85 495 430 4.60 3.05 2.55 1.50 3.86
RAPA (Ours) 168M 48G 42m 6.70 5.82 5.65 520 5.85 420 3.22 2.05 4.84

Note: AB and AF denote adapter-based and adapter-free PEFT methods, respectively.
 Method with an additional calibrated selection stage; Mem and Time include this stage.

Table 5: Code and math performance on Qwen3-4B (top),
and code performance and efficiency on SmolLM3-3B-Base
(bottom). Code averages HumanEval and MBPP, and Math
averages GSM8K and MATH-500. Low/high correspond to
approximately 88M/627M trainable parameters.

Setting LoRA PaCA RAPA
Code (low) 6536 6479  69.53
Code (high) 6542 66.51 68.00
Math (low) 61.41 62.66 63.38
Metric LoRA RAPA A
Code 1 54.94 55.19 +0.25
MBPP 1 61.09 63.42 +2.33
Time (s) | 45121 29715 —34.14%
Memory (GiB) |  39.61 2776 —29.92%

62.66 for PaCA. Table 5 states the run protocol
for each row. A separate fixed-ledger Qwen3-4B
comparison against 12 additional baselines gives
RAPA the highest seed-42 Code Macro (68.45);
Appendix 1.2 reports the full protocol and panel.
In the SmolLM3-3B-Base comparison, RAPA at-
tains a Code Macro of 55.19 and an MBPP score of
63.42, compared with 54.94 and 61.09 for LoRA.
RAPA also reduces training time from 451.21s
to 297.15 s and peak memory from 39.61 GiB to
27.76 GiB. Thus, RAPA improves both code per-
formance and training efficiency over LoRA.

4.3 Architecture-level Ablation: MoE
Compatibility

Finally, we examine whether RAPA’s alignment
principle extends beyond dense Transformer blocks.
We conduct a controlled ablation on DeepSeek-
MOoE-16B (Dai et al., 2024), comparing square-
random and square-aligned index selection under
the same trainable parameter budget with fixed
router parameters. As shown in Table 6, square-
aligned selection reduces PPL from 4.34 to 3.74
and improves 5-shot MMLU accuracy from 50.5
to 51.9. Figure 6 further shows lower training loss,

Table 6: MoE compatibility ablation on DeepSeek-MoE-16B.
PPL is training perplexity; MMLU reports 5-shot accuracy.

Method PPL| MMLU Avg.
Baseline 8.71 44.8
Square-random 4.34 50.5
Square-aligned (RAPA) 3.74 51.9

MoE Training Loss: Random vs Aligned Index Selection

=@— Square-random
=¥ Square-aligned (RAPA)
2.04

Training Loss

0 200 400 600

Training Step

Figure 6: MoE training loss under square-random and
square-aligned index selection.

indicating improved optimization as well as final
accuracy. The full MoE derivation is provided in
Appendix G.

5 Related work

Adapter-based PEFT Adapter-based PEFT
methods freeze pretrained weights and train mod-
ules or low-rank branches. Early adapter methods
insert bottleneck modules into each layer (Houlsby
et al., 2019; Pfeiffer et al., 2020), while LoRA (Hu
et al., 2022) and its variants (Liu et al., 2024,
Wu et al.,, 2024) learn low-rank updates that
can be merged into the base model at inference.
These methods are effective, but the additional
adapter path can increase activation storage, kernel
launches, and training-time overhead.
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Adapter-free and sparse PEFT. Adapter-free
and sparse PEFT methods restrict adaptation to se-
lected pretrained parameters or sparse task-specific
updates. Existing approaches mainly differ in
the criterion used to choose trainable weights.
PaCA (Woo et al., 2025) uses random partial con-
nections, which keeps selection overhead negli-
gible but does not explicitly coordinate selected
coordinates across layers. S2FT (Yang et al., 2024)
applies structured sparsity over organized units,
such as projection components or channels, to
make sparse updates more compatible with ef-
ficient dense computation. FISH Mask (Sung
et al., 2021) and SMT (He et al., 2025) use task-
dependent Fisher or gradient signals to construct
fixed supports; PaFi (Liao et al., 2023) instead
uses a task-agnostic pretrained magnitude criterion,
and SPEFT (Liu et al., 2025) systematically com-
pares salience metrics and static versus dynamic
masking. LT-SFT (Ansell et al., 2022) identifies
large-change coordinates through preliminary fine-
tuning and rewinding, while Diff Pruning (Guo
et al., 2021) jointly learns a sparse task-specific
difference vector. SpIEL (Ansell et al., 2024) pe-
riodically prunes and regrows sparse parameter
deltas, whereas LISA (Pan et al., 2024) periodi-
cally resamples the intermediate layers optimized
in full rank. RAPA instead constructs a fixed, depth-
consistent trainable support by recursively reusing
row and column indices across connected pro-
jections and residual endpoints throughout depth,
avoiding the additional overhead of task-dependent
weight search or calibration.

6 Conclusion

We presented RAPA, an adapter-free PEFT method
that increases capacity and stabilizes optimization
without adding modules or extra calibration passes.
RAPA reallocates a parameter budget to balanced
square submatrices and aligns their indices across
depth, forming coherent trainable pathways and
yielding more expressive updates under the same
budget. Across MMLU, commonsense reasoning,
MT-Bench, and code/math tasks, RAPA achieves
strong accuracy under comparable parameter bud-
gets while retaining adapter-free training efficiency.
Controlled ablations further show that balanced se-
lection and index alignment improve optimization
and final accuracy. We summarize broader impacts
in Appendix O.

Limitations

Although we evaluate RAPA across representa-
tive models, tasks, and training configurations, the
observed accuracy—efficiency trade-offs may vary
with model architecture, downstream data distribu-
tion, parameter budget, and target module choices.
As with other PEFT methods, further validation
under broader settings would help better character-
ize its generality. Future work will explore more
adaptive pathway alignment strategies and extend
the analysis to a wider range of PEFT scenarios.

Ethical Considerations

RAPA is a general-purpose PEFT method evalu-
ated on standard public benchmarks and does not
introduce new user data, annotation, or deployment-
specific applications. While lower-cost adaptation
can improve accessibility, it may also reduce the
barrier to unintended or harmful model adaptation;
we therefore limit our claims to benchmark-level
accuracy and efficiency rather than deployment-
level safety.

Artifact use and licenses. We use publicly re-
leased models, datasets, and evaluation tools only
for research and reproducibility purposes, follow-
ing their standard benchmark protocols and origi-
nal licenses or terms of use. We do not redistribute
original model weights, datasets, or derived data;
released code is intended for reproducing the ex-
periments and should be used together with the
licenses and access conditions of the correspond-
ing upstream artifacts.
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A Robustness of Fine-tuning vs. Initial
Weight Sensitivity

Table 7: MMLU 5-shot accuracy comparison. The rows with
the lowest (blue) and highest (red) average scores for each
method are highlighted.

Method Setting Accuracy (%)
Hums. STEM Social. Other Avg.
Baseline - 43.6 37.1 514 530 459
Seed #1 34.0 31.8 385 428 364
Prunin Seed #2 399 35.9 48.3 499 430
to Zerog Seed #3 39.5 38.3 474  49.1 43.1
Seed#4 404 375 496 506 44.0
Mean+Std. (Avg.): 41.6+£3.5
Seed #1 50.2 44.1 63.2 604 54.0
Finetuni Seed#2 513 432 626 609 54.1
INCHUNINE geed#3 512 426 621 605 53.7
Seed#4 512 443 628 60.6 54.3

Mean=+Std. (Avg.): 54.0+0.3

To determine whether the initial weight sensitiv-
ity of a model to a downstream task could predict
its final fine-tuning performance, we used the per-
formance degradation from our "Pruning to Zero"
experiment as a proxy for sensitivity (Table 7). The
results revealed a high variance in sensitivity de-
pending on the random seed; for instance, the accu-
racy drop from the baseline ranged from a minimal
1.9 % (Seed #4 from the previous table) to a sub-
stantial 9.5 % (Seed #1), indicating different sets
of weights with varying importance were pruned.

Notably, we observed no correlation between
this initial weight sensitivity and the final fine-
tuning accuracy. Despite the wide disparity in the
pruning outcomes, all fine-tuning runs converged to
a narrow and high-performance bracket (53.7 % to
54.3 %). This suggests that the fine-tuning process
is highly robust and overriding the initial weight
state of the model to find a consistent solution.

B Overhead Ablation

To verify that the overhead pattern observed in
the main text is not specific to a particular model
width, we repeat our profiling on two decoder-only
Transformer models with different hidden dimen-
sions: a smaller model with hgj, = 1024 and a
wider model with hg;, = 8192. For each model,
we compare a frozen baseline, an adapter-based
(AB) method, and an adapter-free (AF) counterpart
under the same benchmarking protocol as in our
main-text overhead analysis.

Figures 7(a)—(d) report the absolute number of
GEMM kernel launches and the corresponding

forward-time overhead for the two widths. In both
regimes, the AB method consistently triggers ap-
proximately 3x more GEMM kernels than the
baseline, translating to a 35-45% forward-time
overhead. By contrast, the AF method closely
tracks the baseline in both kernel count and run-
time, incurring only a few percent overhead.

Figures 7(e)—(h) further break down the kernel-
count and matrix-multiplication time ratios across
a range of batch sizes, sequence lengths, and
adapter ranks r. The overhead of AB is largely
insensitive to r and hgim, but grows with batch size
and sequence length due to the structural cost of ex-
ecuting additional small kernels. In all settings, AF
remains near parity with the baseline. These results
confirm that the structural inefficiency of adapter
modules is robust across model width, and that our
adapter-free design can retain high efficiency even
for wider models.

GEMM kemel launches (forward) — mean # std

GEMM kernel launches (forward) — mean + std

200 367

1

1.00% 100x

# of GEMM kemel launches

o 8

#0f GEMM kemel launches

Baseline Adapter-based Adapter-free Baseline Adapter-based Adapter-free

(a) GEMM kernels, hgm = (b) GEMM Kkernels, hgim =
1024. 8192.

Forward overhead vs Baseline (%) — mean # std
567%
T

Forward overhead vs Baseline (%) — mean # std

g 2

+23.9%

Forward overhead (%]

Forward overhead %)
8

e
+0.0%

Baseline Adapter-based

Adapter-free Baseline Adapter-based Adapter-free

(c) Forward-time overhead, (d) Forward-time overhead,
haim = 1024. hdgim = 8192.

(e) GEMM kernel count ratio, (f) GEMM kernel count ratio,
haim = 1024. hdaim = 8192.

(g) Matmul time ratio, hgim =
1024.

(h) Matmul time ratio, hgim =
8192.

Figure 7: Overhead ablation for adapter-based (AB) and
adapter-free (AF) methods on two model widths. (a,
b) GEMM kernel counts; (c, d) forward-time overhead;
(e, f) kernel-count ratios; (g, h) matmul-time ratios, all
relative to the frozen baseline.
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C Gradient Analysis of Index Alignment

Input (Block b+1)
1 | J—

— +)
Layer () Layer [I+1) v A

Output: |

Input (Block b)

Figure 8: Example of disrupted gradient flow in the absence of index alignment

This section isolates the direct coupling between consecutively selected trainable submatrices. The
full Transformer computation remains dense: frozen pretrained weights and residual paths continue
to propagate activations and gradients outside this restricted selected-support component. We use [
(intermediate) and .J (residual) as the aligned index sets of size k, consistent with Section 3.2.2. To
illustrate failure cases, we first write a misaligned two-linear residual block using arbitrary sets K,T C
{1,...,d} (also of size k). The aligned case is recovered by setting 7" = I (layer-wise) and K = J
(block-wise).

zp ) =wi)al), ©)
ij(ﬂ) = azgl() + W}g}l) ngﬂ). (7)

C.1 Layer-wise Alignment: Aligning Output-Input Indices across Layers

In layer-wise alignment, the output indices of a layer are matched with the input indices of the next layer
to enhance gradient propagation. Based on the forward propagation defined in Eqgs. 6 and 7, the loss

gradient with respect to the trainable weight W]((HTU at layer [ + 1 is given by

Y Vo
owihD  odlTP ew Y

(®)

The weights corresponding to the selected subspace of layer [ + 1 are updated during back-propagation as
follows:

oL
ow D’

Wik« wihh - )
where 7 is the learning rate.
By applying the chain rule, we can similarly compute the gradient of the selected subspace weights at
layer [, W}l}, as
oc oL adl gLty (10)
ow™ 02l oD gy
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Key subtlety (misalignment). Eq. 7 uses only mgrlﬂ) as input to the next linear layer. Therefore, if

the upstream output indices I and the downstream input indices 7" are not aligned, only their overlap
contributes to the direct selected-to-selected coupling isolated here. Let

U:=1INnT
L (I+1) . (I+1) . . ()
denote the overlapping index set. Then x;;" " is the only part of z; ' that is both influenced by W;;
and consumed by the next layer. Accordingly, the middle Jacobian in Eq. 10 effectively becomes

Bxy(”) _ (‘):c;lfz) _
ax§z+1) &Tgﬂ) KU >

(and it is zero on I \ T'), while

Therefore, the gradient for the effective trainable portion Wg ?] becomes

oL oL (1+1) (1)
- WD O 11)
oW, aaltry T

Eq. 11 shows that the gradient coupling from layer ({+1) to layer [ is governed by the overlap U: when
T # I, |U| can be small (or even U = (), weakening (or eliminating) this direct selected-to-selected term.

Aligned case. When the index sets are aligned (1" = I), we have U = I, and Eq. 11 reduces to

oL oL WD (0

= (12)
owl, et T

Crucially, under alignment (1" = I), the connector weights W}?}l) are themselves contained in the
selected trainable subspace of layer (I+1) (since the trainable block is indexed by (K,7") and T' = I). In
contrast, when 1" = I, only the overlap U = I NT participates in this two-layer gradient path: coordinates

(1+2)
(IZH) but are not consumed by the next layer, so their contribution to “ 4 is

in I \ T influence x —a
\ 8$(Il+1)

zero. Equivalently, the effective coupling term reduces from WI((ZJ;U to W[(éJrUl) (Eq. 11), which can be
substantially weaker when |U| is small. As a result, alignment makes the gradient coupling between
consecutive tuned subspaces more coherent, accelerating convergence as discussed in Section 3.2.2.

C.2 Block-wise Alignment: Aligning within Residual-connected Layers

The residual connection within the block transmits both activations and gradients directly across layers.
Such residual paths preserve gradient magnitude and stabilize the training of deep neural networks (He
etal., 2016b).

Two gradient branches (linear vs. residual). We focus on a single residual block whose final layer
index is [+2. Recall the (un-aligned) forward definition:

2t =W, (13)
2@ = w2l 4 2, (14)
Let g = %. Back-propagation to the block input xf]l) has two additive contributions:
K
oL

li sidual
— jnear_|_ residual

9 l
S)



(1) Linear branch. The second linear layer consumes $§£+1)’ while the first layer produces x

Hence, only the overlap

(1+1)
I

U:=1INT

can transmit gradients through the two-layer path. Concretely,

0wy _ a9V
+1) — KU > n o uJ
8:15%] ) axf,)
Therefore,
_ 92U+ g1+
}}near _ oL L L = gk W[(i—&-Ul)Wg?] (15)

8:cgl(+2) (9.%'(Ul+1) 81‘9)

(2) Residual branch. The shortcut adds x&? directly to x%ﬁ), o)
142
oalr?)
o 1!
Ox !

However, we are differentiating w.r.t. :U(Jl), not xy{) Thus, only coordinates in the intersection J N K

receive this identity gradient. Let II j~x denote the projection that keeps entries in J N K and zeros out
the rest. Then

residual
J

= llnK 9k, (16)

which is equivalent to the element-wise statement
(gf]eSid“al)T =1fr e JNK]|(9x), forr e J.

Combined gradient. Combining Egs. 15 and 16, we obtain

oL
PO = 9K (WEEI)WI(JZD + Ik 9K, U=1InNT. (17)
X

J

Aligned (block-wise) case. Block-wise alignment enforces K = J, so Il jnx = I and the residual
contribution becomes a full identity term on the tuned subspace. If we additionally apply layer-wise
alignment inside the block (IT' = I), then U = I and Eq. 17 simplifies to

oc  oC
fojl) 8£Cf]l+2)

(1+wiow), (18)

highlighting the explicit I (identity) shortcut term that appears only when the same index set is used on
both sides of the residual connection (X = J). This direct term shortens the effective gradient route and
stabilizes training, matching the empirical convergence improvements in Figure 4.

C.3 Global Alignment: Index Alignment across Residual Blocks

Residual connections benefit optimization not only within a single block but also across a sequence of
blocks. To exploit this, we fix a single index set J C {1,...,d} with |J| = k and reuse it across all
consecutive residual blocks. As a result, the forward (and backward) dynamics of the selected pathway
evolve consistently in the same k-dimensional subspace, i.e., xff) € R*. We denote by I, € RF*¥ the
identity matrix on this aligned subspace.
For a residual block indexed by b (cf. Eq. 3 in Section 3.2.2), the aligned-subspace forward propagation
can be written as
200 =20 FOED), (19)
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where F ) (+) denotes the block transformation restricted to the J-subspace (e.g., the two-layer layers

induced by W}b;r D and Wl(b}). Unrolling Eq. 19 for m successive blocks yields

m—1
2 =20 ST FOH P, (20)
i=0
Back-propagation with a direct shortcut. Let gy) = aﬁ) denote the gradient on the aligned subspace.
xr
By the chain rule for each residual block, we have !
& FO(z Y
gy = gyt (Ik + Eb)‘] ), 1)
oz

which can be equivalently written as the additive decomposition

0F0 (a)
S

via learned weights

g?): gy+m +_g?+n

direct shortcut

(22)

The first term in Eq. 22 comes purely from the residual shortcut and does not traverse intermediate
weights.
Applying Eq. 21 repeatedly across m blocks yields

0L _ 9L Fimi(y +af<b+i>(xf,"”)) -
&cgb) B 8xfjb+m) =\ xf}ﬂri) 7 (

where we define the reverse-ordered product as ﬁﬁ‘olfli = Ap—1Am—2o -+ Ag. Expanding the product
in Eq. 23 always contains the identity contribution (the shortcut-only path), which retains an explicit
shortcut contribution throughout the J-projected recurrence. This direct gradient path:

* Shortens the effective back-propagation path length.
* Strengthens early-layer updates.
» Mitigates vanishing gradients even across many blocks.

D Attention-layer index alignment

In this section, we clarify (i) which attention parameters are selected by RAPA, (ii) why hidden-dimension
index alignment still matters after forming the attention scores S = QK /\/d,, and (iii) how this interacts
with the multi-head structure and the low-rank nature of QK.

D.1 Which attention parameters are selected?

In each multi-head attention block, we write the projections as
Q=2Wqy, K=zWg, V=zWy, z=AV, y=zx+2zWo,

where € R%mowl s the residual stream and A is the attention weight matrix.

The core RAPA update always includes Wy, and Wp, using the same input/output index sets as the
residual stream and FFN layers. As an extension, we also align the index sets of W and W with those
of Wy /Wo. This additional Q/K alignment is not required for RAPA to function, but it further improves
gradient flow, as shown by the ablation in Section D.4.
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D.2 Why hidden index alignment still matters
After forming

QK™

Vdp
the hidden dimension is no longer explicitly visible: each entry S;; is a scalar score between a query token
¢ and a key token j. However, each score is still a bilinear function of the hidden coordinates:

S =

TXT
e R* >,

1 1 &
Sij = ﬁ(%k‘ﬁ . N ;::16]@'[5] k€]

RAPA’s index alignment acts before this contraction over the head dimension. Let I C {1,...,d,} be
the aligned index set shared by W, Wi, Wy, Wo and the FEN blocks, and decompose

a=(d,q) k=&, k.

RAPA only trains the slices of W and W that produce qZ-I and kJI ; the remaining coordinates qZ-I , k:]] stay
essentially frozen. For a small update, the change in the score is then

As; = —=((al, k) + (ol ARD).
because the non-aligned coordinates I do not move.

In other words: (i) only the aligned hidden coordinates I contribute to the frainable part of the score
change AS, and (ii) those same coordinates I are exactly where Wy, W, and the FFN are updated.
Thus, even though S lives in token—token space, the directions along which we are allowed to change S
are controlled by which hidden indices we make trainable in W and Wi . Aligning Q/K indices with
V/O/FFN indices ensures that changes in the attention scores are produced by the same hidden channels
that later carry the value and residual updates.

D.3 Gradient view and projection

The above intuition is reflected in a gradient-based view. For a single head, with

S QK7 A = softmax(S), z=AV, y=x+ W
= 5 = X 5 = 5 = O,
vy,
a small change in Wy, leads to
1
ALg = —=(Gg, AWg),
@ = 77-(Ga: AWq)

where the effective gradient on W, factors as
Go = 7 T (S)TG(VWo) K.

Here G = 0L /0y and Jsm (S) is the Jacobian of the row-wise softmax.
RAPA restricts updates to a projected subspace,

AWq « PEX AWg PE

out »

so the useful loss decrease is governed by

PR GoPIE

out

~ALg x ]

F

Choosing Pl(;?K and ng to share the same indices as the projections used for Wy, Wy, and the FFN

means that the gradient directions that matter for Q/K and for V/O/FFN coincide. This is precisely the
pathway alignment principle extended from FFNs to attention.
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D.4 Empirical effect of Q/K alignment

We now make the empirical role of Q/K alignment
explicit via an ablation on LLaMA2-7B (5-shot
MMLU). We compare: (i) a variant that aligns
only V/O and FFN indices, and (ii) a variant that
additionally aligns Q/K indices.

Table 8: Q/K-alignment ablation on LLaMA2-7B (5-shot
MMLU). PPL denotes training-loss perplexity.

Alignment PPL | Hum. STEM Soc. Other Avg.
V/O+FFN 4.62 491 421 604 590 522
V/O+FFN+Q/K 449 50.0 424 60.8 59.1 52.7
Training Loss: Random vs Partial/Full Index Alignment
20 Index Selection

—e— Random
Partial Alignment
—=— Full Alignment

Training Loss
~

0 100 200 300 400 500 600
Training Step

Figure 9: Training loss for LLaMA2-7B under three
index-selection schemes. Random uses random indices.
Partial Alignment uses aligned indices for V/O and FFN
only. Full Alignment uses aligned indices for V/O, FFN,
and Q/K. Thin curves show raw per-step training loss,
and thick curves show a moving-average smoothed loss
over steps.

On LLaMAZ2-7B, aligning only V/O and FFN in-
dices yields 52.2% average MMLU accuracy, while
additionally aligning Q/K indices increases this
to 52.7% (+0.5 points) with a slightly lower per-
plexity (Table 8). Figure 9 shows the correspond-
ing training-loss trajectories for the three index-
selection schemes. As suggested by the analysis
above, Q/K alignment has a smaller effect than
aligning FFN and V/O (since Q/K influence the
loss more indirectly through attention scores), but
it still provides consistent gains on top of the core
RAPA pathway alignment.

E Implementation Details

Algorithm 1 instantiates all three alignment rules
in a single pass over the residual blocks.

Algorithm 1 Index Alignment of Trainable
Weights (RAPA)

1: Input: residual blocks (By, . . .

, BL), hidden size d, block size k, seed s

/I global residual indices
// shared intermediate indices

J < RANDOMPICK(d, k, s)

I < RANDOMPICK(d, k, s+1)
: forb =1to Ldo

// first linear: train Wl(b}l), freeze others

// second linear: train W§bi2), freeze others
/I enforce:
alignment)

. end for
. return aligned index sets (I, J) for all blocks

block input/output indices are J (block-wise + global

Ve D Nhwy

F Detailed Training Loss Curves

Training Loss Comparison Across Seeds (Grouped Colors)
Aligned, seed#1

2.0 Random, seed#1

Random, seed#2
—#- Random, seed#3
@~ Random, seed#4

Aligned, seed#2
—#- Aligned, seed#3
—&— Aligned, seed#4

19

Training Loss
= =
~ =]

g
o

15

1.4

0 100 200 300 400 500 600
Training Step

Figure 10: Detailed training loss curves for aligned
vs. random index selection across four different ran-
dom seeds. The grouped colors (blue hues for aligned,
green hues for random) and unique markers identify
each individual run. This demonstrates that the faster
convergence of the aligned method is consistent and
robust across various initializations.

53609



G Extension of RAPA to MoE Residual Blocks

We show that the index alignment mechanism for dense Transformers extends to MoE architectures. By
rewriting MoE residual blocks in an aligned subspace and applying the same residual-path analysis, we
obtain an analogous “identity + aligned update” structure for expert FENs, while the router acts as a
smooth reweighting factor.

G.1 MoE residual blocks still admit the same pathway structure.

Notation. Each expert is a two-layer FFN parameterized by weights W) and we omit the weight
argument for brevity: Fe(b)(a;) = fe(b)(W(b’e), x). For J C {1,...,d} with |.J| = k, let z; € R denote
the restriction of 2 € R to coordinates in .J.

MOokE residual block. At layer b,
E
2@ = g® 4 37 0 (xa))) FO (xa))) :
e=1

where péb) (+) are router probabilities.

Aligned subspace restriction (trainable update confined to J). Choose an aligned index set J C
{1,...,d} with |J| = k (and optionally I C {1,...,dg} with |I| = k). We restrict each expert so that
the trainable residual update is confined to J. Concretely, for a two-layer FFN expert

fe(b) (l’) — W(b,e,?) ¢(W(b’e’1)$) ,

we enforce trainability only on the aligned blocks Wl(bf’l) and W}b}e’m (shared (1, J) within the layer).

Define the induced expert output on the J-subspace:
b be,2 be,1
fé}(m) = Wif ) ¢<WI(7J6 ) xJ) .
Then the J-projected residual update is captured by the induced MoE update
3 E
FO@) = 3 o0 @) Flj ().
e=1

so that 3
xt(]bﬂ) = mf]I)) + F®) (x(b)) .

Here, F(")(2) depends on x; through F, e(b}(x J) and on the full  through p,(gb) (z).

Exact residual-stack Jacobian (chain rule). Stacking m such blocks from layers b,...,b+m — 1
gives
xgb-&-t—i-l) — xf]ln+t) 4 F+) (x(b+t)) 7 t=0,... m—1.

Define the J-subspace Jacobian of a single block (partial Jacobian w.r.t. z ;):

btt+1 ~
A0 (%S +1) . HF(b+1) (a;(b+t))
: btt b+t
axf] ) axf] )

By the chain rule over the composition of residual blocks,

(b+m)
Oz — Ab+m=1) g(b+m=2) . 4(®)

8x(Jb)
53610



Equivalently, for any loss £ depending on xf,ber),

oL _ oL (A(b+mfl)A(b+m*2)...A(b)>,
I

Thus each block contributes an identity shortcut on x; plus an aligned update confined to the same
J-subspace.

G.2 Router gradients and stability.
Router-induced Jacobian terms. Using 7 (z) = ZE 1 pib)( ) F, e(b}(x 7), the product rule yields

®) ()
OF® (2®) x(b Zpe ( )W + f:f(b}<$9)) (V >pff)( ()))T'
J

e=

The first term is the usual expert Jacobian scaled by router weights, and the second term is the router-
gradient contribution when pg ) depends on xg) Importantly, A®) =T + AF® ( b)) / 8:5 still retains

the “identity + aligned update” structure in the aligned .J-subspace.

Stability in practice. In our experiments, we do not update router parameters: the router is kept fixed to
the MoE baseline setting (i.e., no router training and no RAPA-specific constraint on router weights). We
did not observe any instability attributable to RAPA under this setting. Hence, the core residual-alignment
argument (identity + aligned MoE updates in J) continues to hold, while the router acts only as a smooth,
subspace-preserving reweighting mechanism.
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H 5-Shot MMLU Accuracy Comparisons
under Various Ranks

Table 9: 5-shot accuracy (%) on MMLU dataset by rank and
method.

Accuracy (%)

Method r Param.

Hum. STEM Soc. Oth. Avg.
Baseline - - 436 37.1 51.4 53.0 459
LoRA N/A - - - - - -
DoRA N/A - - - - - -
MosLoRA N/A - - - - - -
PaCA 1 1.4M 446 38.1 54.0 53.8 47.2
SMT - 14M 456 40.0 53.8 56.0 484
S2FT - 1.4M 437 369 51.5 52.8 45.9
RAPA 60 14M 46.7 40.6 56.3 56.4 49.6
LoRA 1 2.5M  46.7 42.6 57.9 57.6 50.6
DoRA 1 39M 475 41.8 58.8 58.0 51.0
MosLoRA 1 25M  48.2 40.9 59.8 58.6 51.4
PaCA 2 27M 465 39.8 55.7 54.7 48.8
SMT - 25M 453 404 54.1 555 484
S?FT - 25M 460 40.355.6 55.1 48.8
RAPA 80 2.5M 47.6 41.8 58.8 58.4 51.1
LoRA 8 20.0M 485 41.257.3 56.5 50.6
DoRA 8 214M 487 423583 57.6 51.3
MosLoRA 8 20.0M 46.6 42.2 60.8 57.4 51.1
PaCA 16 21.8M 487 41.7 58.7 57.6 51.2
SMT - 200M 477 42.059.7 58.7 51.5
S?FT - 19.8M 446 38.6 534 539 473
RAPA 228 20.1M 50.1 42.6 60.8 59.1 52.8
LoRA 64 160M 51.2 43.1 61.7 60.1 53.6
DoRA 64 161M 51.0 43.6 61.8 60.1 53.7
MosLoRA 64 16IM 504 42.8 61.5 59.5 53.1
PaCA 128 174M  50.7 43.3 63.5 60.1 53.9
SMT - 160M 489 41.459.1 574 51.3
S?FT - 160M 502 433620 60.2 534
RAPA 644 160M 51.2 44.3 62.8 60.6 54.3
LoRA 128 320M  50.6 43.3 61.9 59.5 534
DoRA 128 32IM  51.8 43.1 61.9 60.1 53.9
MosLoRA 128 324M  50.7 42.4 60.5 58.2 52.6
PaCA 256 348M  50.7 43.3 63.5 60.1 53.9
SMT - 320M 477 40.6 57.8 56.4 50.2
S?FT - 320M 51.5 43.6 624 60.8 54.1
RAPA 910 320M 514 44.4 64.3 60.2 54.6

I Additional Qwen3-4B Experiments

I.1 Controlled Full-Model Profiling

We profile the complete Qwen3-4B training graph
rather than an isolated linear layer. RAPA, LoRA,
and PaCA target the same seven projection types
and run in fresh processes on one H100 80GB GPU
with bf16 AdamW and zero weight decay. The
fixed replay uses 256 examples from MMLU auxil-
iary training data; each method processes the same

two warm-up batches and 20 timed batches, total-
ing 14,255 non-padding tokens. The replay seed is
31, the batch size is 2, and the maximum sequence
length is 512. A loss-equivalence gate requires the
profiled and control runs to agree within 1076,

At the low budget, RAPA provides 9.53% higher
throughput and 17.76% lower peak allocated mem-
ory than LoRA; at the high budget, the correspond-
ing margins are 29.53% and 12.94%. The compari-
son with PaCA is mixed, with all observed through-
put and memory differences between RAPA and
PaCA remaining within 4.2% and 1.6%, respec-
tively.

For five predeclared detailed steps, we partition
RAPA device time into mutually exclusive CUDA-
event leaves. The entries in Table 11 sum to 100%
at each budget up to rounding. Selected-weight
scatter is the largest RAPA-specific component,
and its share increases with the trainable-parameter
budget.

The FP32 trainable parameter footprint is
0.328/2.334 GiB at the low/high budgets, with
0.656/4.668 GiB of corresponding AdamW state.
A complete corrected 6,248-example code-
training pass yields 390.2s, 7186.1 tokens/s, and
36.216 GiB for RAPA; 559.2s, 5013.7 tokens/s,
and 49.915 GiB for LoRA; and 371.3 s, 7552.0 to-
kens/s, and 35.275 GiB for PaCA. Since concurrent
cluster load differed across these complete passes,
we treat them as supporting measurements and base
the quantitative comparison on the controlled re-
play above.

1.2 Expanded Fixed-Ledger Code
Comparison

This panel is distinct from the task-specific Qwen3-
4B rows in Table 5. It compares a broader set
of selection and sparse-tuning methods under one
fixed data ledger and training order. Starting from
50,002 code-training examples, we remove 585
examples with exact or 13-gram overlap with Hu-
manEval or MBPP, leaving 49,417 examples. A
deterministic SHA-256 ordering selects one fixed
6,248-example ledger, which every final training
run consumes exactly once.

All runs use Qwen3-4B, bfloat16 AdamW, zero
weight decay, gradient clipping at 1.0, dropout
0, a cosine schedule with 20 warm-up updates
and a minimum learning-rate ratio of 0.1, and se-
quence/response limits of 1024/512. The phys-
ical and effective batch sizes are both 4, yield-
ing 1,562 optimizer updates. The target modules
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Table 10: Controlled full-model replay on Qwen3-4B. Low and high denote approximately 88M and 626M trainable-parameter

budgets. Peak memory is peak allocated GPU memory.

Budget Method Trainable params Throughput (tok/s) Peak mem. (GiB)

RAPA 88,100,352 3223.77 15.585
Low LoRA 88,768,512 2943.15 18.950
PaCA 88,473,600 3109.07 15.345
RAPA 626,577,408 2936.68 22.236
High LoRA 627,572,736 2267.21 25.541
PaCA 625,950,720 3063.22 21.948

Table 11: RAPA device-time breakdown in the controlled
Qwen3-4B replay (percent of measured device time).

Component Low  High
Selected-weight scatter 32.127 57.870
Scale/cast 0.638 0.678
Dense projection forward 9.040 3.325
Activation gather 2.354  1.225
Custom forward residual 2315 0.609
Dense input-gradient GEMM 8515 5590
Output-gradient gather 1.997 1.651
Selected-weight-gradient GEMM  4.433  3.812
Custom backward residual 2.057 1.327
AdamW 1.692  4.837
Base/other remainder 34.833 19.076

are q_proj, k_proj, v_proj, o_proj, gate_proj,
up_proj, and down_proj. Seed-42 rows share the
identical flattened example order. RAPA, LoRA,
and PaCA use (r,a,LR) = (384,192,2e—4),
(43,22,3e—4), and (80,80,2e—4), respectively,
with approximately 88.1M trainable parameters in
each case.

Evaluation uses greedy decoding on all
164 HumanEval and 257 MBPP problems
(do_sample=false, one beam, and 512 generated
tokens). A completion is correct only when it
passes all provided unit tests, with a 10-second
subprocess timeout. Code Macro is the unweighted
mean of HumanEval and MBPP accuracy.

Table 12: Fixed-order Qwen3-4B code comparison. Search
denotes examples consumed in a separate support-selection
pass before final training. Baseline rows use seed 42; cross-
method differences are descriptive.

Method Search HumanEval MBPP Macro
RAPA 0 66.46 7043  68.45
LISA 0 67.07 69.65 68.36
LT-SFT 6,248 67.07 6926 68.17
PaCA 0 6524  68.09 66.67
SPEFT-Mag. 0 6524 6732 66.2

SpIEL-AG 0 63.41 68.48  65.95
SPEFT-Rand. 0 60.37 6887 64.62
PaFi 0 59.76  66.54  63.15
LoRA 0 5732 6848 6290
RMSNorm-only 0 5732 6732 6232
SPEFT-Grad. 1,024 5549 6342 5946
Diff Pruning 6,248 5854 5992  59.23
Fisher 1,024 45.12 5486  49.99

RAPA’s three predeclared training seeds yield
a Code Macro of 67.70 = 1.60 (sample standard
deviation). The baseline methods use only seed
42, so Table 12 is a common-seed, common-order
point comparison rather than a paired training-seed
significance test. LISA and RMSNorm-only auxil-
iary (Zhang and Sennrich, 2019) retain their natural
instantaneous parameter budgets.

J Experimental Details

Table 13: Hyperparameters for the row/column weight-ratio
sweep on LLaMA2-7B.

Fixed hyperparameters

Method RAPA
Precision 16-bit mixed
Trainable weights 4,096 / layer
Optimizer AdamW
LR scheduler Cosine
Batch size 8
Seq. length 512
Epochs 1
Target modules Q. K, V,0
Sweep configuration
Col. rank Row rank Col.:row «a
1 4096 100/0 4
2048 92/8 8
64 64 50/50 64
2048 8/92 8192
4096 1 0/100 16384

Column rank is swept over powers of two from 1 to 4096, with row rank x
column rank fixed to 4096. Representative settings are shown.

Table 14: Target module sets for different PEFT methods.

Index Target modules
1 Q. K.V, O, Up, Down, Gate
2 QK YV
3 O, Down
4 Down




Table 15: Hyperparameters for fine-tuning LLaMA2-7B on
MMLU. Common settings apply to all methods.

Common settings

Precision 16-bit mixed

Optimizer AdamW

LR le-4, 2e-4, 3e-4

Scheduler cosine

Batch / Accum. 2/4

Seq. length 512

Warmup / Epochs 100/1
Method-specific settings

Method Rank a Drop. Target Calib.

LoRA 8 32 0.1 1 -

DoRA 8 32 0.1 1 -

MosLoRA 8 32 0.1 1 -

PaCA 16 64 - 1 -

S%FT - - - 3 -

SMT - - - 2 100

RAPA 228 912 - 1 -

Target refers to the module-set index in Table 14; Calib. denotes extra
calibration steps.

Table 16: Hyperparameters for fine-tuning LLaMA2-13B on
MMLU. Common settings apply to all methods.

Common settings

Precision 16-bit mixed

Optimizer AdamW

LR le-4, 2e-4, 3e-4

Scheduler cosine

Batch / Accum. 4/2

Seq. length 512

Warmup / Epochs 100/1
Method-specific settings

Method Rank a Drop. Target Calib.

LoRA 128 64 0.1 1 -

DoRA 128 64 0.1 1 -

MosLoRA 128 64 0.1 1 -

PaCA 256 128 - 1 -

S%FT - - - 3 -

SMT - - - 2 100

RAPA 1018 509 - 1 -

Target refers to the module-set index in Table 14; Calib. denotes extra
calibration steps.

Table 17: Hyperparameters for fine-tuning LLaMA2-7B on
commonsense reasoning. Common settings apply to all meth-
ods.

Common settings

Precision 16-bit mixed
Optimizer AdamW
LR 2e-4, 3e-4
Scheduler cosine
Batch / Accum. 81/1
Seq. length 512
Warmup / Epochs 100/1
Method-specific settings
Method Rank «@ Drop. Target Calib.
LoRA 128 64 0.1 1 -
DoRA 128 64 0.1 1 -
MosLoRA 128 64 0.1 1 -
PaCA 256 128 - 1 -
SFT - - - 3 -
SMT - - - 2 100
RAPA 910 455 - 1 -

Target refers to the module-set index in Table 14; Calib. denotes extra
calibration steps.

Table 18: Hyperparameters for instruction tuning Mistral-7B-
v0.3 on OASST1. Common settings apply to all methods.

Common settings

Precision 16-bit mixed

Optimizer AdamW

LR le-3, 5e-4

Scheduler linear

Batch / Accum. 2/8

Seq. length 1024

Warmup / Epochs 61/1
Method-specific settings

Method Rank « Drop. Target Calib.

LoRA 64 1 0.1 1 -

DoRA 64 1 0.1 1 -

MosLoRA 64 1 0.1 1 -

PaCA 128 1 - 1 -

S?FT - - - 4 -

SMT - - - 2 100

RAPA 602 8 - 1 -

Target refers to the module-set index in Table 14; Calib. denotes extra
calibration steps.

53614



Table 19: Restricted-VJP diagnostic on Qwen3-4B. Each se-
lector seed is evaluated on four validation batches; entries
aggregate the five paired selector seeds.

Metric Shared J Block-specific J;,
Final selected-cotangent norm  1.129586 2.603x10
Geometric retention / block 0.863530 0.385449
Mean log-norm AUC —0.316583  —15.362204

K Selected-Support Continuity Analysis

K.1 Restricted-VJP diagnostic

Diagnostic graph. Let h, = fy(hy—1) denote
Transformer block b, and let B, = 0hy/0hy_1
be its full Jacobian. Thus, B} includes the dense
pretrained weights, nonlinearities, and residual
connection of the block. For a selected residual-
coordinate set .Jp, let P;, denote the corresponding
orthogonal coordinate projector. Starting from a
unit-normalized cotangent gy, at the final block, the
diagnostic recursively applies

91 = By Py, q, g—1 =Py, gp—1, (24)

for b= L,...,1. The projectors define the diag-
nostic recurrence; RAPA training retains the full
dense forward and backward graph.

Protocol and metrics. We run the diagnostic on
pretrained Qwen3-4B with L = 36 blocks and
K = 384 selected residual coordinates. We com-
pare (i) a shared set, J, = J for all blocks, and (ii)
independently sampled block-specific sets Jp, each
with cardinality /. Model weights, four validation
batches, selected width, terminal cotangent, and se-
lector seeds {7,42,123,2024, 31415} are paired;
only the coordinate topology is changed.

At transition b, the retained fraction of the full
block VJP is

B | Py o1,

Ty = == (25)
||9b—1”2

We report the final selected-cotangent norm || gg||2,
the geometric mean exp (L‘l 25:1 logry |, and
the mean log-norm AUC over depth.

Results. The shared construction is higher for all
five paired selector seeds. For the final norm, the
paired shared-minus-block-specific difference has
a 95% confidence interval of [1.010355, 1.248818].
The geometric retention difference is 0.478081,
with a 95% interval of [0.461618,0.494545], and
the mean log-norm-AUC difference is 15.045621,

with a 95% interval of [14.654831,15.436411].
These results show that reusing one coordinate set
preserves substantially more of each block VIP
within a common selected support across depth.
The corresponding masked-training behavior is
evaluated separately in Figure 4, Table 1, and Ap-
pendix F.

K.2 Restricted second-moment recursion

The projector-defined graph in Eq. 24 admits a
compact recursive interpretation. Let &, be a zero-
mean stochastic perturbation and define

Ay =Py, By Py, G =Py & (26)
The restricted cotangent follows
-1 =Apgp + G, E[& | F] =0 @27)
Let
w=Elgl3, =42 v =ElG]S.
(28)

When the perturbation is conditionally uncorrelated
with g, submultiplicativity gives

Vp—1 < PEUb + Up. (29)
Unrolling over L blocks yields
L
vy < (H p%) vL (30)
b=1
L /i-1
+> <H p%) i 31
i=1 \b=1

The product term summarizes depthwise signal
retention in the selected support, while the sum
accumulates projected perturbations. Under an
isotropic-noise approximation and a rank-K co-
ordinate projector,

K
Vp ﬁEH&JH%-

(32)

Because the shared and block-specific diagnostics
use the same K, this approximation assigns them
the same expected projected-noise scale. Their dif-
ference is therefore expressed through the restricted
operators A; and the realized retention measured in
Table 19. The restricted-VJP experiment directly
supplies this comparison by measuring the real-
ized selected-support retention in the pretrained
network.
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Training Loss: Random vs Index Alignment
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Training Gradient Norm: Random vs Index Alignment
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(b) Trainable-gradient norm

Figure 11: Complementary training dynamics under random and recursively aligned selected supports. The gradient
norm is reported as a descriptive training statistic alongside the loss and accuracy ablations.

Connection to masked training. Figure 11
shows lower training loss and a larger trainable-
gradient norm for aligned selection in the reported
run. Appendix F repeats the loss comparison across
four seeds, and Table 1 reports the corresponding
accuracy ablation. The restricted VJIP identifies the
depthwise continuity of the selected support, while
these masked-training results measure its observed
optimization outcome.

L Scalability to LLaMA2-13B on MMLU

We further evaluate RAPA on LLaMA2-13B under
matched trainable-parameter budgets. As shown
in Table 20, RAPA achieves the highest average
accuracy among the compared PEFT methods.
Compared with the strongest adapter-free baseline,
PaCA, RAPA improves the average accuracy by
0.6 points while maintaining comparable training
time.

M Performance Comparison of Weight
Selection in Adapter-Free Fine-Tuning

In this section, we compare three weight-selection
strategies under a comparable trainable-parameter
budget: (i) random selection, (ii) SMT-style
gradient-calibrated selection over all target layers,
and (iii) our aligned selection. This appendix is
a diagnostic all-layer comparison of selection cri-
teria, and is not intended as a reproduction of the
original SMT setting. In the SMT paper, the main
experiments allocate trainable parameters only to
Q, K, and V vectors in attention layers.

Random selection. We uniformly sample train-
able weights at random under a fixed parameter

budget. This approach is calibration-free and intro-
duces no search overhead, but the selected subspace
can be fragmented across layers.

SMT-style all-layer calibration. We apply
SMT’s gradient-calibrated block scoring to all tar-
get weight matrices. Specifically, each target ma-
trix is partitioned into fixed 256 X 256 square sub-
blocks, and a 100-iteration full fine-tuning calibra-
tion is used to accumulate gradient magnitudes.
We then select the top-ranked sub-blocks until the
trainable-parameter budget matches the other meth-
ods, and fine-tune only those selected blocks. This
all-layer variant intentionally stresses the calibra-
tion stage: compared with SMT’s QKV-only main
setting, scoring all target weight matrices greatly
expands the candidate space and exposes the mem-
ory and runtime overhead of calibrated selection.

Aligned selection (Ours). We select the same
number of trainable weights but enforce cross-layer
index alignment, so that the tuned coordinates form
a consistent channel subspace along residual path-
ways. This alignment is calibration-free: it does
not require any warm-up full fine-tuning to score
weights, thereby avoiding precomputation over-
head while maintaining adapter-free training ef-
ficiency.

Tables 21 and 22 compare runtime, peak mem-
ory, and downstream accuracy under comparable
trainable-parameter budgets on a single NVIDIA
H200 GPU. Random and Alignment require no
search stage, thus matching the standard adapter-
free fine-tuning cost. In contrast, calibration (SMT)
adds a 100-iteration warm-up, increasing peak
memory from 43 GB to 253 GB (~5.9x) and in-
curring approximately 10% runtime overhead. In
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Table 20: MMLU 5-shot results on LLaMA2-13B. Type denotes adapter-based (AB) and adapter-free (AF) PEFT. T indicates
methods with an additional calibrated selection stage; Mem and Time include this stage when applicable.

Type Method Params Mem Time Accuracy (%)
Hums. STEM Social. Other Avg.
— Baseline - - - 532 442 628 60.8 550
LoRA 501M 60.3G 59h 564 475 679 642 58.6
AB DoRA 503M 80.3G 12.0h 570 478 67.6 64.6 589
MosLoRA 505M 60.6G 6.1h 555 460 674 642 579
PaCA 545M 527G 5.1h 572 475 675 65.1 59.0
AF SMT? 501M 525G 73h 507 453 645 604 54.7
SFT 501M 532G 53h 564 473 67.0 643 58.6
RAPA (Ours) 501M 529G 52h 579 481 67.6 659 59.6

Table 21: All-layer adapter-free weight-selection comparison on MMLU (LLaMA2-7B). Time and memory report fine-tuning +

search.
Method Params Mem Time Hums. STEM Social. Other Avg.
Random 320M  41G 78m 50.1 43.0 637 604 53.8
All-layer calibration 320M 253G 88m+ 10m 493 428 60.6 588 524
Alignment (Ours) 320M 41G 78m 514 444 643 602 54.6

Table 22: All-layer adapter-free weight selection results on commonsense reasoning (LLaMA2-7B). Time and memory report

fine-tuning + search.

Method Params Mem Time ARC-C ARC-E BoolQ Hella OBQA PIQA SIQA Wino Avg.
Random 320M  41G  116m 55.0 822 778 715 500 81.6 584 83.5 708
All-layer calibration 320M 253G 130m+10m 52.9 80.4 819 753 51.6 812 574 80.6 702
Alignment (Ours) 320M 41G 116m 55.2 81.8 86.5 77.6 51.8 82.0 584 82.0 71.9
Dataset Train Val. Test Avg.chars  Benchmark Train  Dev/Val. Test Eval ex.
MMLU FT corpus 99,842 0 0 1,688.5 MMLU 99,842 285/1,531 14,042 14,042
CSR FT corpus 147,580 0 0 218.1 BoolQ 9,427 3,270 3,245 3,270
OASST1/Guanaco 9,846 0 518 1,4479  PIQA 16,113 1,838 3,084 1,838
Social IQA 33,410 1,954 - 1,954
Table 23: Statistics of the datasets used for fine-tuning. CSR %&%lla?}wagd 2(9)’282 1(1)’(2)‘61% 1(1)’(7)23 1?’3461'%
denotes the commonsense reasoning corpus. OASST1 reports Am(? rande 2’2 5 ’ 0 2’3 6 2’3 6
grlll i:iﬁi?; test split, but only the training split was used for A}é C:](E:?lsa)l/. 1: | 1; ;g 9 1: 1; 5 1: 1; >
OpenBookQA 4,957 500 500 500

addition, Alignment achieves the best accuracy on
average: 54.6 on MMLU (vs. 53.8 Random / 52.4
Calibration) and 71.9 on commonsense reasoning
(vs.70.8/70.2).

N Statistics for Data

Table 23 summarizes the datasets used for fine-
tuning. For MMLU and commonsense reason-
ing, we used the LMFlow text_only formatted
corpora. The training script used the full train-
ing corpus without creating an internal valida-
tion split. For instruction tuning, we used the
timdettmers/openassistant-guanaco version
of OASSTI.
For evaluation, we used

harness (Sutawika et al., 2024).

Im-evaluation-
MMLU was

Table 24: Evaluation benchmark statistics. MMLU is eval-
uated in the 5-shot setting; commonsense benchmarks are
evaluated in the zero-shot setting. For datasets without public
test labels in the harness, the validation split is used as the
evaluation split.

evaluated as a 5-shot multiple-choice benchmark
over 57 subjects using the official test split.
Commonsense reasoning was evaluated in the
zero-shot setting over eight standard tasks: BoolQ,
PIQA, Social IQA, HellaSwag, WinoGrande,
ARC-Easy, ARC-Challenge, and OpenBookQA.

O Broader Impacts

RAPA may help reduce the cost of maintaining
many task-specific model variants. Unlike LoRA-
style methods that introduce a separate adapter
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branch, RAPA stores updates on a small square-
aligned subset of pretrained weights, avoiding an
additional inference path and reducing the per-
task update footprint. This property is relevant
to multi-tenant serving, on-device adaptation, and
cost-sensitive deployment, although full serving-
system evaluation remains future work.

Our DeepSeek-MoE-16B ablation further shows
that the square-aligned selection principle is com-
patible with routed expert architectures: under a
fixed router and matched trainable-parameter bud-
get, square-aligned selection improves both train-
ing perplexity and 5-shot MMLU accuracy over
square-random selection. This suggests that RAPA
can serve as a lightweight mechanism for spe-
cializing expert modules without separate adapter
branches. At the same time, deployment at scale
requires further study of scheduling, storage for-
mats, and interference among many task-specific
updates. Since lower-cost adaptation may also re-
duce the barrier to adapting models for unintended
or harmful uses, we limit our claims to standard
public benchmarks and do not claim deployment-
level safety.
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