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Abstract

Vision-Language Models (VLMs) remain un-
reliable when spatial reasoning requires com-
posing relations whose meanings depend on
frames of reference. Existing tool-augmented
spatial reasoning methods make reasoning
more explicit, but often rely on low-level ge-
ometric procedures and hard binary decisions
over noisy perception. We propose SATURN,
a neuro-symbolic framework for perspective-
aware compositional spatial reasoning. SAT-
URN reconstructs an approximate 3D scene,
derives soft perspective-aware spatial predi-
cates, and composes them with a training-free
Pythonic symbolic executor, separating per-
ception from reasoning while preserving un-
certainty through multi-hop inference. We
also introduce 3D FORCE, a diagnostic bench-
mark that controls reasoning depth, view, and
perspective composition for spatial arrange-
ment grounding (SAG) and referring expres-
sion grounding (REF). On 3D FORCE, VLMs
and spatially trained models degrade sharply
as depth and perspective complexity increase,
whereas SATURN degrades the least and out-
performs every baseline at each depth. On the
real-world MindCube benchmark, SATURN
achieves 78.06% overall accuracy, outperform-
ing the strongest baseline by 14 percentage
points.

Code: https://github.com/HLR/SATURN

1 Introduction

Many visually grounded instructions require resolv-
ing spatial relations in different frames of reference
(FoRs), such as the camera’s view, an agent’s view,
or an object’s intrinsic orientation as shown in Fig-
ure 1. A relation such as “left of the truck” can
change depending on whether the relation is inter-
preted from the camera, the agent, or the truck itself.
We define an FoR as the perspective induced by an
anchor’s 3D position and orientation; cameras and
oriented objects can therefore induce distinct FoRs.

Find the green object 
that is behind the blue 

car where 
the car is left of a truck 

(Agent 2’s view)

Agent 1's View

behind

Behind the blue car → Target Object

Left

Left of a truck (Agent 2’s view) → Blue Car

Agent 2's View

Agent 2

Agent 1

Truck

Target Object 1
(distractor)

Target Object 2
(correct answer)

Blue Car

Figure 1: An example illustrating 3D scene understand-
ing with multi-perspective reasoning.

Existing spatial benchmarks have demonstrated
VLMs’ failure in spatial reasoning (Yang et al.,
2026; Tong et al., 2024). Pure neural VLMs im-
plicitly encode spatial relations, making it diffi-
cult to ensure that the same relation is applied
consistently across different objects, views, and
FoRs (Zhang et al., 2026). Explicit reasoning
approaches, including neuro-symbolic pipelines
and tool-augmented agents, make spatial compu-
tation more exact. However, in practice, these ap-
proaches often require low-level geometric pro-
gramming and rely on pipelines of crisp decisions
during multi-hop reasoning, making them less ro-
bust when perceptual outputs are noisy. To over-
come these limitations, we introduce SATURN,
a neuro-symbolic framework for 3D perspective-
aware compositional reasoning. Rather than asking
VLMs to infer multi-hop spatial relations implic-
itly or generate low-level geometric code, SAT-
URN elevates the reasoning from raw 3D states to
soft FoR-aware predicates. This abstraction helps
downstream programs compose relations without
re-implementing geometry or thresholding percep-
tual evidence. SATURN first approximates a coarse
3D scene using neural perception and derives predi-
cates such as left and front under different FoRs.
A Pythonic symbolic executor then composes these
predicates to answer multi-hop spatial queries.

While we target perspective-aware composi-
tional spatial grounding, existing benchmarks do
not cleanly isolate this capability. Current spa-
tial reasoning benchmarks largely emphasize ei-
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ther primitive spatial judgments, such as rela-
tive position, orientation, depth, and perspective-
taking (Zhang et al., 2026; Wang et al., 2025c; Li
et al., 2025a), or broad embodied, navigational, and
long-horizon tasks (Li et al., 2025c; Sohn et al.,
2025; Zhao et al., 2026; Ma et al., 2026). Be-
tween these settings lies an intermediate capability:
perspective-aware compositional spatial ground-
ing, where a model must ground objects while re-
solving the frame of reference associated with each
spatial relation and composing multiple relations
into a single decision. For example, the spatial
component of an instruction such as “Pick up the
cup and place it on the desk on your left and in
front of me” requires resolving left in the agent’s
FoR, front in the user’s FoR, and composing these
relations over the relevant objects before any action
can be taken.

To evaluate this intermediate reasoning layer,
we introduce 3D Frames Of Reference Com-
position Evaluation (3D FORCE), a diagnostic
benchmark that controls relation depth, viewpoint,
and FoR composition. 3D FORCE contains two
complementary subsets: SAG, which evaluates
whether a multi-hop spatial arrangement is satisfied,
and REF, which evaluates whether a model can
ground the target object described by a perspective-
aware compositional referring expression. On
3D FORCE, SATURN consistently outperforms
general-purpose VLMs, spatially trained VLMs,
and tool-augmented baselines across both SAG
and REF. This gain is most pronounced in settings
that require composing relations across multiple
objects, views, and FoRs. While spatial-focused
tuned VLMs improve local spatial judgments, their
performance degrades as reasoning depth and FoR
composition increase. This suggests that current
spatial supervision improves relation recognition
more than systematic relation composition across
FoRs. We further evaluate SATURN on real-world
multi-view benchmarks MMSI (Yang et al., 2026)
and MindCube (Yin et al., 2025), showing its gains
beyond the controlled setting of 3D FORCE.

In summary, we make three contributions. 1)
We introduce SATURN, a neuro-symbolic frame-
work that converts noisy 3D visual perception
into reusable soft spatial predicates defined under
camera-centric, object-centric, and virtual-viewer
FoRs, then composes these predicates through
Pythonic symbolic execution. 2) We introduce
3D FORCE, a diagnostic benchmark that isolates
perspective-aware relation composition across spa-

tial arrangement and referring-expression ground-
ing while controlling relation depth, topology, view
count, and FoR assignment. 3) We show that cur-
rent VLMs become less reliable as relation depth
and FoR composition increase. SATURN degrades
the least while outperforming VLMs, spatially
trained VLMs, and tool-augmented baselines on
3D FORCE, and these gains transfer to the real-
world MindCube and MMSI benchmarks.

2 Related Work

Spatial Reasoning in Vision-Language Models.
Recent studies show that VLMs struggle with spa-
tial reasoning, including relative position, depth,
orientation, object localization, FoR ambiguity, and
multi-view reasoning (Kamath et al., 2023; Wang
et al., 2024; Liu et al., 2025; Daxberger et al., 2025;
Wang et al., 2025c; Zhang et al., 2025c; Yu et al.,
2025; Yang et al., 2026; Yin et al., 2025). A line
of work addresses these limitations by fine-tuning
models on spatial-focused data, incorporating ge-
ometric priors such as depth and 3D structure dur-
ing training, or injecting linguistic structure for
grounded compositional generalization (Chen et al.,
2024; Cheng et al., 2024; Wu et al., 2025a; Li
et al., 2025b; Wu et al., 2026; Ma et al., 2025c,b;
Fan et al., 2025; Kamali and Kordjamshidi, 2023).
While these methods improve performance on tar-
geted benchmarks, they still encode spatial rela-
tions as learned model priors rather than deriving
them explicitly from scene geometry, which can
limit generalization beyond the training distribu-
tion (Chen et al., 2025a; Mirzaee and Kordjamshidi,
2023). SATURN instead externalizes spatial rea-
soning by reconstructing a coarse 3D scene, de-
riving FoR-aware predicates, and composing them
through symbolic execution.
Tool-Augmented Spatial Reasoning. Neuro-
symbolic frameworks vary in how they integrate
neural and symbolic components (Sinha et al.,
2026; Faghihi et al., 2021; Rajpal et al., 2026);
recent work also uses agents to generate neuro-
symbolic programs from task descriptions (Na-
far et al., 2026). Tool-augmented neuro-symbolic
methods translate visual queries into executable
programs or tool calls over objects and image re-
gions (Gupta and Kembhavi, 2023; Surís et al.,
2023). Recent methods extend visual programming
toward 3D reasoning, but differ from SATURN in
the level of abstraction exposed to the reasoner:
VADAR (Marsili et al., 2025) and TVP (Wu et al.,
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Program Generation & Execution3

Query Scene State
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car = score("Is the object in the red bounding box a car?")

silver = score("Is the object in the red bounding box silver?")

# reference object: x1 (silver car)

silver_car = (car(x1) & silver(x1)).iota(x1)

# candidate cars to the left of x1 in x1’s frame

left_cars = (car(x2) & scene.obj_left(x2, x1)

& silver_car)

# count with soft scores

return left_cars.exists(x1).count(x2)

4

Figure 2: SATURN overview. The framework combines scene estimation, perceptual grounding, geometry-based
computation of spatial predicates, and symbolic program execution for FoR-aware compositional reasoning.

2025b) reason over 3D APIs, GCA (Chen et al.,
2025a) uses agentic tool calls to extract 3D object
properties and invoke Python tools, pySpatial (Luo
et al., 2026) combines 3D reconstruction with
Python-based novel-view synthesis for perspective-
aware reasoning, and TIGeR (Han et al., 2026)
fine-tunes a VLM to generate geometric tool calls
rather than prompting a frozen model. In contrast,
SATURN does not generate programs to perform
low-level geometric calculations. It first derives
soft FoR-aware spatial predicates from estimated
scene state (objects and cameras), such as left and
behind, under camera-centric, object-centric, or
custom FoRs. The generated program then com-
poses these soft predicate scores in Python, follow-
ing NePTune (Kamali and Kordjamshidi, 2026).
FoR-SALE (Premsri and Kordjamshidi, 2026) also
treats FoR explicitly, but for image editing: it con-
verts intrinsic spatial expressions to the camera
perspective and uses layout mismatches to guide
diffusion-based corrections.
Spatial Reasoning Benchmarks. Recent spatial
reasoning benchmarks evaluate different levels of
spatial understanding. Atomic benchmarks typi-
cally focus on primitive spatial abilities, such as
spatial relation recognition, egocentric direction,
relative position, depth estimation, and object ori-
entation (Yang et al., 2019; Kamath et al., 2023;
Rajabi and Kosecka, 2024; Du et al., 2024; Xu
et al., 2025; Zhang et al., 2025c; Mirzaee et al.,
2021; Premsri and Kordjamshidi, 2025; Li et al.,
2025a; Zhang et al., 2026; Yang et al., 2026; Yin
et al., 2025; Yeh et al., 2025; Gholami et al., 2025).
Recent benchmarks evaluate broader embodied or
long-horizon spatial skills, such as 3D awareness,
6D spatial relations, object localization, counting,
functional knowledge, multi-view fusion, dynamic

scene understanding, and perspective-aware reason-
ing (Ma et al., 2025a; Wang et al., 2025c; Zhang
et al., 2025b; Gong et al., 2025; Jia et al., 2025;
Ray et al., 2025; Tang et al., 2025; Zhu et al., 2026;
Wei et al., 2026). 3D FORCE fills a gap between
primitive spatial tests and broad embodied tasks
by evaluating compositional object-level spatial
reasoning under camera-centric and object-centric
FoRs. It explicitly controls hop count, relation
topology, number of views, and the FoR associated
with each relation. This benchmark consists of
two complementary subsets: REF for frame-aware
referring expressions and SAG for multi-view spa-
tial arrangement grounding. Together, they assess
whether models can compose mixed-frame spatial
relations within a single reasoning problem.

3 Method

We introduce SATURN, a neuro-symbolic frame-
work for answering perspective-aware spatial ques-
tions. As shown in Figure 2, given a natural-
language query Q and a visual context C, SAT-
URN decomposes the reasoning into three stages.
First, query-guided scene estimation identifies the
objects required for the query and estimates their
3D positions and orientations. In addition, when
the query states facts about the camera setup, such
as two views sharing a position or being separated
by a rotation, SATURN uses these facts to refine
the estimated camera states. Second, the spatial
engine converts the resulting object and camera
states into soft spatial predicates (i.e., probabil-
ity scores) under camera-centric, object-centric,
or virtual-viewer frames of reference. Finally, a
symbolic executor runs an LLM-generated Python
program over semantic and spatial predicates.
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3.1 Query-Guided Scene Estimation

The first stage estimates the query-relevant geomet-
ric state of the scene. A VLM-based parser reads
the query, given the context, and identifies the can-
didate objects, their descriptions, and the visible
view needed for reasoning. The object descriptions
are passed to an object grounder, which detects
candidate object instances in the visual context.

Let N be the number of candidate object in-
stances kept after grounding, and let V be the num-
ber of images (e.g., cameras). For each candidate
object i, SATURN estimates a 3D position xi and
orientation Ri. For each selected camera view v,
SATURN estimates an initial camera position x0

v

and orientation R0
v from the images. We denote

these object and camera states as

P = {(xi,Ri)}Ni=1, Γ0 = {(x0
v,R

0
v)}Vv=1.

Here, P is the set of candidate object states, while
Γ0 is the set of initial image-derived camera states
before any text-stated pose constraints are applied.
Together, P and Γ0 form the geometric scene state
passed to the spatial engine.

Text-Stated Pose Constraints Some multi-view
queries explicitly describe how the camera views
are arranged. For example, a query may state that
two images are taken from the same position, or
that one view is rotated by a fixed angle relative
to another. These statements provide constraints
on the camera poses that can improve the image-
derived camera estimates. SATURN extracts these
statements as pose constraints and uses them to re-
fine the initial camera states Γ0 before computing
spatial predicates. We consider two types of con-
straints: rotation constraints, which specify relative
yaw (horizontal orientation) between camera views,
and same-position constraints, which specify that
multiple views share a camera position.

For each rotation constraint, SATURN refines
the orientation of the constrained view by setting
its yaw to the stated offset relative to its anchor
view. For each same-position group, SATURN
moves all cameras in the group to the position of the
group’s lowest-indexed view. Camera views with-
out extracted constraints keep their image-derived
poses. The refined camera states Γ, together with
the object states P , are then passed to the spatial
engine. Additional details on constraint extraction
and anchor-based propagation are provided in Ap-
pendix F.

3.2 Spatial Engine
The spatial engine converts the geometric scene
state (P,Γ) into soft qualitative spatial predicates.
The key challenge is that spatial relations depend
on the FoR: object X may be to the left of object Y
from one viewpoint but to the right from another.
SATURN handles this by representing each frame
of reference as a local coordinate system attached
to an anchor a = (xa,Ra), where xa is the an-
chor’s 3D position and Ra is its orientation. The
anchor can be a camera, an object, or a virtual
viewer. As a result, camera-centric relations use
a camera anchor, object-centric relations use the
reference object as the anchor, and virtual-viewer
relations use the virtual viewpoint as the anchor.

To define predicates uniformly across these
cases, let E = {e1, . . . , eM} denote the entities
that can participate in spatial predicates, includ-
ing candidate objects, camera views, and optional
virtual viewers. Each entity ei has an associated
state (xi,Ri), where xi is its 3D position and Ri

is its orientation. For a target entity ei, a reference
entity ej , and an anchor a, the spatial engine first
expresses the displacement from ej to ei in the
local coordinate system of a:

∆a
ij = R⊤

a (xi − xj).

Here, ∆a
ij is the target-reference displacement ex-

pressed from the perspective of anchor a. Its signed
coordinates provide score functions for directional
relations such as LEFT, FRONT, and ABOVE. Some
predicates also depend on orientation. For these
predicates, we express the orientations of the target
and reference entities in the same anchor frame:

Ra
i = R⊤

a Ri, Ra
j = R⊤

a Rj .

Thus, each relation can use both relative position
and relative orientation when computing the score.

Each relation r has a scoring function hr that
maps these local geometric quantities to a scalar
value. The evidence is then converted into a predi-
cate score:

Sa
r [i, j] = σ

(
hr(∆

a
ij ,R

a
i ,R

a
j )−mr

τr

)
,

where Sa
r [i, j] ∈ [0, 1] measures how strongly en-

tity ei stands in relation r to entity ej from anchor
a’s perspective. The margin mr controls how much
evidence is needed for relation r, and the tempera-
ture τr controls how sharply the score changes near

56169



that margin. This formulation supports directional
predicates such as LEFT, FRONT, and ABOVE; di-
rectional combinations such as FRONT-LEFT; and
orientation-based predicates such as PERPENDICU-
LAR and fixed-angle relations. Detailed predicate
definitions are provided in Appendix B.

3.3 Program Generation and Soft Execution

Given the query Q, this module produces an ex-
ecutable Python program that specifies how the
query should be answered. We use an LLM with
few-shot examples and API documentation to gen-
erate the program. The generated code does not
perform low-level geometry. Instead, it calls three
interfaces exposed by SATURN: semantic scoring,
open-ended querying, and spatial predicates from
the spatial engine.

For semantic predicates, SATURN follows NeP-
Tune and provides a score interface. Given a
natural-language predicate and the entity set E ,
score queries the backbone VLM over candidate
objects and returns scores aligned with E . For
unary predicates (n = 1), it returns a score vec-
tor; for binary predicates (n = 2), it returns a
pairwise score matrix aligned with E × E . Entries
involving invalid entity types, such as cameras for
object-only predicates, are set to zero.

For example, score("Is the object in the
red box a car?", n=1) scores each candidate
object, while a binary predicate can ask whether
two objects have the same color or shape. When
the program needs an open-ended value rather than
a probabilistic score, it calls query, which returns a
textual answer such as an object’s color or category.

The generated program is executed directly in
Python. During execution, it binds variables to can-
didate entities, retrieves semantic evidence through
score or query, retrieves FoR-aware spatial predi-
cates from the spatial engine, and composes these
values to produce the final answer. This explicit
execution separates reasoning from direct VLM
answer prediction: the VLM provides the atomic
semantic concepts, while the program specifies
how predicates should be combined. SATURN
preserves uncertainty by keeping semantic and spa-
tial predicate values as continuous scores in [0, 1],
rather than thresholding them into hard predicates.
The executor composes these scores with soft log-
ical operators (Zadeh, 1965), such as A ∧ B =
min(A,B). This allows multi-hop programs to
propagate uncertainty from object grounding, 3D
estimation, and spatial predicates. Additional com-

position functions are provided in Appendix C.

4 Benchmark

To isolate perspective-aware spatial composition,
we introduce 3D FORCE, a diagnostic benchmark
that keeps perception and object grounding simple
while controlling reasoning depth, relation topol-
ogy, view count, and FoR assignment. It combines
high-resolution scenes with controlled multi-hop
relation structures over objects, views, and FoRs.
Each instance is paired with a formal logical repre-
sentation following prior work (Hsu et al., 2024),
making relation depth and composition structure
explicit. Appendix D provides detailed comparison
with existing benchmarks. 3D FORCE contains
two complementary subsets: REF for perspective-
aware compositional referring expression ground-
ing and SAG for perspective-aware spatial arrange-
ment grounding. Figure 3 illustrates examples of
both subsets. Answers are derived deterministi-
cally from the scene graphs used to render each
scene. The full image-rendering setup, instance-
generation and verification procedures, and dataset
statistics (hop count, perspective settings, and view
count) are provided in Appendix E.

4.1 3D FORCE-SAG

The SAG subset evaluates VLM spatial reasoning
by introducing a visual-spatial arrangement ground-
ing task. Specifically, given a spatial configuration
S = ⟨T,R⟩, where T includes object specifications
(e.g., object 1 is a blue minivan) and R describes
a set of spatial relations between pairs of objects
(e.g., object 1 is left of object 2) in natural language
text, the task is to determine whether the spatial
configuration S is satisfied given the visual context
C. The output is a binary answer A ∈ {Yes,No}.

4.2 3D FORCE-REF

The REF subset evaluates spatial reasoning ability
in terms of compositionality and multi-hop reason-
ing using a referring-expression grounding task.
Specifically, given a spatial referring expression Sq

and a visual context(s) C, the task is to determine a
bounding box B for the target object in C. The re-
ferring expression consists of a sequence of spatial
relations that require multi-hop reasoning.

5 Experiments

We organize our experiments around five research
questions. RQ1: How well do current VLMs and
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Figure 3: Overview of 3D FORCE benchmark containing two subsets: SAG, evaluates multi-hop spatial arrangement
grounding, and REF, evaluates perspective-aware compositional referring expressions.

tool-augmented methods perform on composing
spatial relations with various FoRs? (§5.2) RQ2:
How does performance vary across camera-centric,
object-centric, and mixed-FoR settings? (§5.3)
RQ3: How does performance vary with relation
depth and topology? (§5.4) RQ4: What is the effect
of soft symbolic reasoning on performance? (§5.5)
RQ5: Do improvements on our synthetic bench-
mark transfer to real-world benchmarks? (§5.6)

5.1 Experimental Setting

We use 3D FORCE for RQ1–RQ4 because it pro-
vides controlled annotations for task type, FoR,
reasoning depth, and relation topology while keep-
ing perception and object grounding simple. These
controlled axes let us isolate the effects of perspec-
tive and compositional complexity. For RQ5, we
evaluate SATURN on the real-world multi-view
benchmarks MindCube-1K (Yin et al., 2025) and
MMSI (Yang et al., 2026) to test whether the find-
ings extend beyond synthetic scenes. Appendix G
describes these benchmarks and provides imple-
mentation details.
Baselines. We compare SATURN against general-
purpose VLMs, spatially trained VLMs, and
tool-augmented spatial reasoning systems. The
general-purpose VLMs include Qwen3-VL (Qwen
Team, 2025), Qwen3.5 (Qwen Team, 2026), In-
ternVL3.5 (Chen et al., 2025b), Molmo (Clark
et al., 2026), Gemma 4 (Team, 2026), GLM-
4.5V (Team et al., 2026), GPT (OpenAI Team,
2026), and Gemini (Comanici et al., 2025; Google
DeepMind, 2026). The spatially trained VLMs
include SpaceQwen2.5-VL (Remyx AI, 2025b),
SpaceOm (Remyx AI, 2025a), SpaceThinker (Re-
myx AI, 2025c), and Cosmos-Reason (NVIDIA
et al., 2025). The tool-augmented group in-

cludes GCA, pySpatial, and TIGeR. Unless other-
wise stated, we use Qwen3-VL-8B-Instruct as the
VLM backbone for parsing and semantic scoring
and DeepSeek-V4-Flash (DeepSeek-AI, 2026) for
program generation. Grounding, reconstruction,
and orientation use SAM3 (Carion et al., 2026),
VGGT (Wang et al., 2025a), and Orient Anything
V2 (OAv2) (Wang et al., 2026). GCA and pySpatial
run on the same VLM, code generator, and percep-
tion modules, which controls for differences in the
principal neural components and leaves the reason-
ing procedure as the main distinction. For TIGeR,
we use its own fine-tuned weights. Appendix I de-
tails each tool-augmented method’s configuration.
All SATURN numbers are the mean and standard
deviation over three runs.
Evaluation Metrics. For SAG, MMSI, and Mind-
Cube, we report exact-match MCQ accuracy. For
REF, we evaluate grounding using IoU between the
predicted and ground-truth bounding boxes, count-
ing a prediction as correct when IoU > 0.5. For
REF baselines, all models are prompted to output
a bounding box in the same format; malformed or
missing boxes are counted as incorrect.

5.2 Perspective-Aware Reasoning

We evaluate how well current models compose
spatial relations across frames of reference (RQ1).
The three strongest VLMs cluster at about 57.7%
overall (Table 1): Qwen3.5-9B, Qwen3.5-35B,
and Gemini-3.1-Pro fall within 0.12 percentage
points of one another, spanning a small open model,
a mid-sized one, and a frontier proprietary sys-
tem. Within Qwen3-VL, 8B, 32B, and 235B reach
24.31%, 28.81%, and 26.44%, whereas Qwen3.5-
9B reaches 57.75%. Similarly, the evaluated spa-
tially trained VLMs are the weakest group and fall
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Method Micro Avg. SAG REF BBox

Random choice 18.80 50.17 1.53 –
Qwen3-VL-8B 24.31 65.91 1.39 99.28
Qwen3-VL-32B 28.81 72.26 4.89 99.81
Qwen3-VL-235B 26.44 73.22 0.67 99.81
Qwen3.5-9B 57.75 74.87 48.32 98.75
Qwen3.5-35B 57.63 76.35 47.32 99.76
InternVL3.5-8B 24.46 53.30 8.57 99.04
InternVL3.5-14B 29.09 52.35 16.28 99.62
InternVL3.5-38B 30.82 58.26 15.71 99.81
Molmo2-4B 21.09 57.65 0.96 88.07
Molmo2-8B 19.89 54.61 0.77 98.61
Gemma4-2B 20.69 52.78 3.02 98.23
Gemma4-4B 21.62 55.74 2.83 98.95
Gemma4-31B 26.25 64.35 5.27 99.66
GPT-5.1 29.80 71.39 6.90 99.43
Gemini-3.1-Pro 57.63 75.30 47.89 91.19

SpaceQwen-3B 13.96 37.74 0.86 72.22
SpaceOm-3B 17.79 49.39 0.38 95.35
SpaceThinker-3B 17.51 48.00 0.72 97.13
Cosmos-Reason1-7B 13.47 37.04 0.48 78.74

GCA 24.24 51.00 9.50 –
pySpatial 44.84 48.35 42.91 –
TIGeR 20.38 30.43 14.85 –
SATURN (ours) 82.89±0.40 85.88±0.13 81.24±0.68 –
SATURNGT-BBox 88.85±0.55 87.57±0.97 89.56±0.67 –
SATURNOracle 3D 95.94±0.35 94.40±0.68 96.79±0.39 –

Table 1: Overall results on 3D FORCE. BBox is the
parsing success rate of output boxes. Oracle 3D uses
ground-truth geometry. SATURN rows report the mean
and standard deviation over three runs.

below random choice on SAG, suggesting that nei-
ther model scale nor spatial supervision alone is
sufficient for FoR composition.

Tool augmentation does not close the gap either:
despite using explicit 3D geometry, the strongest of
these systems, pySpatial, reaches only 44.84%. By
comparison, SATURN reaches 82.89%, exceed-
ing pySpatial by 38.1 percentage points and the
strongest VLM by 25.1 percentage points.

5.3 Frame of Reference Analysis

The aggregate results in Table 1 do not show how
performance changes across FoRs. To answer RQ2,
we group SAG and REF by the perspective required
for reasoning and report the strongest baselines in
Figure 4. Every VLM shown performs best in the
single-camera setting and declines when reason-
ing involves an object frame or a second camera
frame. Across the five settings, each VLM varies
by at least 22 percentage points between its best
and worst result, while SATURN varies by about 7
percentage points on SAG and 13 percentage points
on REF. For example, Qwen3.5-35B falls from
62% in the single-camera setting to 33% in the
object-centric setting, while SATURN falls from
86% to 74%.

The breakdown also distinguishes models with

nearly identical aggregate performance. Qwen3.5-
35B and Gemini-3.1-Pro both achieve about 57.6%
overall, yet Gemini is 8 percentage points weaker
on object-only REF and 12 percentage points
stronger on multi-camera REF. Similar overall per-
formance can therefore mask different sensitivities
to perspective.
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Figure 4: Accuracy on SAG (top) and REF (bottom)
across perspective settings for top-performing models.

5.4 Reasoning Complexity Analysis
In addition to FoR, compositional depth and rela-
tion topology also affect task difficulty. To answer
RQ3, we group REF by the number of reasoning
hops. Figure 5 reports performance by hop count,
pooled over topologies, while Appendix H.3 sepa-
rates the results by topology. Every model performs
substantially worse at six hops than at zero hops:
SATURN falls from 94% to 67%, Qwen3.5-35B
from 74% to 29%, Gemini-3.1-Pro from 80% to
33%, and InternVL3.5-38B from 42% to 9%. SAT-
URN shows the smallest decline and outperforms
every baseline at each hop count.
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Figure 5: Accuracy on REF by number of reasoning
hops, pooled over topologies.

The pooled results are not monotonic because
the available topologies change with hop count.
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Method MindCube MMSI

Overall Rotation Among Around Overall Positional Motion Attribute MSR

Qwen3-VL-8B-Instruct 38.86 43.50 32.83 49.60 29.40 32.18 27.33 31.54 22.22
Qwen3-VL-235B-Thinking 47.30 87.00 35.00 47.30 32.60 33.70 23.30 40.00 31.80
GLM-4.5V 39.60 60.00 42.20 25.50 33.80 35.60 29.30 36.90 30.30
Gemini-2.5-Pro 57.50 89.50 48.80 54.50 36.90 39.00 33.30 36.20 34.30

SpaceQwen2.5-VL-3B 34.95 25.50 40.20 30.00 27.10 28.93 20.00 30.00 25.76
SpaceOm 41.90 30.50 41.50 52.00 26.60 28.35 20.67 26.15 26.77
SpaceThinker-3B 35.14 30.00 40.00 27.60 27.60 27.78 24.67 30.77 27.27
Cosmos-Reason1-7B 36.67 39.50 34.20 40.40 26.90 28.54 22.67 28.46 24.75

TIGeR 26.95 18.50 27.50 32.40 25.50 28.35 22.00 23.85 21.72
GCA235B-Think 64.20 82.00 59.80 61.80 41.90 46.74 44.00 36.92 30.81
GCA8B 32.19 34.00 34.00 26.40 37.69 40.88 42.18 30.23 30.81
pySpatial 53.14 38.50 50.30 71.60 28.20 30.27 35.33 17.69 24.24
Qwen3VL + scene state 60.86 49.50 60.50 70.80 39.40 41.38 42.67 42.31 29.80
SATURN (ours) 78.06±1.05 85.67±2.93 77.00±1.02 74.53±2.31 48.77±0.61 53.19±0.73 50.44±1.39 45.38±2.04 38.05±0.29

Table 2: Results on MindCube and MMSI. Refer to Appendix K for paired confidence intervals.

Five-hop queries use only the chain topology, while
six-hop queries use only hybrid; the increase at five
hops therefore reflects a shift to an easier topology
rather than improved performance at greater depth.
The topology-specific results in Appendix H.3 sup-
port this interpretation: performance remains rela-
tively stable across chain depth, while the VLMs
decline as star depth increases. We also vary the
number of images and camera frames composed
by each query to test other dimensions of input
complexity. Neither produces a systematic trend
for SATURN, whose performance remains between
76% and 93% on REF as shown in Appendix H.2.

5.5 Soft Symbolic Reasoning Effect

To isolate the contributions of the declarative pred-
icate interface and continuous predicate scores
(RQ4), we compare three variants that use the same
scenes built from the benchmark’s ground-truth
bounding boxes. Geometric Programming has no
declarative API and asks the backbone LLM to
write low-level Python code. Crisp Predicates pro-
vides the declarative interface but with binary 0 or
1 predicate scores. Soft Predicates uses the same
symbolic reasoning predicates but with continuous
scores. The last two variants therefore differ only
in thresholding. Geometric Programming reaches
75.43% on REF (Figure 6). Adding the declarative
predicate interface raises performance to 79.07%,
a gain of 3.6 pp, while retaining continuous scores
further raises it to 89.6%, a gain of 10.5 pp. Both
components contribute to performance, with the
larger gain coming from preserving uncertainty.
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Figure 6: Ablation of symbolic reasoning variants.

5.6 Real-World Multi-View Reasoning

To test whether the gains on 3D FORCE extend to
real images (RQ5), we evaluate on the multi-view
benchmarks MindCube and MMSI. As shown in
Table 2, SATURN achieves the best overall perfor-
mance on both benchmarks, reaching 78.06% on
MindCube and 48.77% on MMSI. On MindCube,
SATURN outperforms GCA by 13.9 percentage
points in its released configuration and by 45.9
percentage points when GCA uses the same back-
bone as SATURN. SATURN also achieves the best
performance on the Among and Around categories.
On Rotation, however, Gemini-2.5-Pro and Qwen3-
VL-235B remain stronger. SATURN incorporates
textual rotation cues through its pose-constraint
module, but this category remains sensitive to er-
rors in constraint extraction and view alignment.

On MMSI, SATURN outperforms all baselines
overall and achieves the best performance in the
positional, motion, attribute, and multi-step rea-
soning categories. The scene-state control helps
separate the contributions of scene estimation and
symbolic composition. Providing SATURN’s es-
timated scene as text to Qwen3-VL-8B raises per-
formance from 38.86% to 60.86% on MindCube
and from 29.40% to 39.40% on MMSI. Compos-
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Model Overall Rotation Around Among

VGGT 79.14 (+1.71) 84.50 (+6.00) 77.20 (+2.40) 78.17 (+0.00)

DA3 75.05 (+0.76) 81.50 (+3.50) 70.40 (+1.20) 74.83 (-0.33)

CUT3R 76.25 (+2.53) 85.00 (+9.00) 72.00 (-0.40) 75.10 (+1.60)

Table 3: Per-backbone single runs on MindCube. Paren-
theses show the gain from pose constraints.

ing predicates over the same scene further increases
performance by 17.2 and 9.4 percentage points, re-
spectively. Thus, scene estimation and symbolic
composition each account for roughly half of the
improvement over direct VLM inference. These
results show that the gains on 3D FORCE extend to
real images, while performance on rotation-heavy
queries remains sensitive to view alignment.

6 Analysis

6.1 3D Backbone and Pose Constraints

To test whether SATURN’s performance depends
on the 3D reconstruction backbone, we evalu-
ate it with VGGT, DA3 (Lin et al., 2025), and
CUT3R (Wang et al., 2025b) on MindCube. As
shown in Table 3, overall accuracy varies by at
most 4.1 percentage points, so its performance is
not tied to a single reconstruction backbone. Pose
constraints also improve overall performance for
every backbone, with the largest gains on Rotation,
where accurate view alignment is crucial.

6.2 Error Sources

To identify the main sources of error in SATURN’s
end-to-end pipeline, we manually trace errors from
one MindCube run to their earliest identifiable
source. As shown in Table 4, nearly half occur
while connecting the question to the images: the
query parser selects the relevant objects and views,
while the grounder locates those objects; together,
these steps account for 46.6% of failures. Another
23.7% arise from 3D reconstruction estimating ob-
ject and camera positions and orientations, while
VLM-based semantic scoring contributes 18.6%.
Only 6.8% come from program generation, indi-
cating that the main bottleneck is supplying the
program with the correct objects and geometry. We
provide qualitative examples in Appendix L.

6.3 Cost

Table 5 reports end-to-end per-query latency on
MindCube. SATURN is slower than pySpatial, di-
rect inference, and TIGeR, but faster than GCA.

Earliest identified source Share

Visual grounding / detection 33.9%
Reconstruction / camera pose 22.9%
Semantic scoring 18.6%
Query parsing / object selection 12.7%
Program generation 6.8%
Ambiguous reference 4.2%
Object orientation 0.8%

Table 4: Earliest identified source among manually cat-
egorized MindCube failures.

Most of SATURN’s cost is due to visual processing
and can be amortized across queries related to the
same scene; Appendix H.4 breaks the total down
by stage. However, additional computation from
the visual processing alone is not the only reason
for the SATURN’s performance gain. The VLM +
scene state baseline using chain of thought prompt-
ing is slower end-to-end yet 17.2 percentage points
less accurate than SATURN. Moreover, all meth-
ods in §5.5 share the same perception tools, yet
their accuracy ranges from 75.4% to 89.6%.

Method Median (s) Mean (s)

pySpatial 7 7
Qwen3-VL-8B (direct) 12 15
TIGeR 25 28
SATURN 91 105
VLM + scene state 114 174
GCA8B 123 205

Table 5: Per-query end-to-end latency on MindCube.

7 Conclusion

We introduced SATURN, a neuro-symbolic frame-
work for FoR-aware spatial composition, and 3D
Frames Of Reference Composition Evaluation, a di-
agnostic benchmark for this capability. 3D FORCE
shows VLMs remain unreliable when composing
relations across objects, views, and FoRs. SAT-
URN addresses this limitation by composing soft
camera- and object-centric predicates over an esti-
mated 3D scene. It outperforms general-purpose
and spatially trained VLMs and tool-augmented
systems on 3D FORCE and performs best overall
on the real-world multi-view benchmarks Mind-
Cube and MMSI. Together, these results identify
FoR-aware composition as a distinct spatial reason-
ing challenge and show the value of explicit spatial
predicates with soft truth values.
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Limitations

Although SATURN achieves robust performance, it
remains a neuro-symbolic framework whose effec-
tiveness is bounded by the capabilities of the under-
lying neural backbone and the reliability of exter-
nal tools, which may introduce noisy intermediate
predictions. SATURN depends on accurate cam-
era and object orientation estimates; errors in view
alignment can propagate directly into derived pred-
icates. 3D FORCE is a diagnostic benchmark for
compositional grounding across multiple frames of
reference. It is rendered from a controlled simula-
tor, so results on it measure how well a system com-
poses relations under multiple frames of reference.
It does not establish generality to open embodied
environments. In general, constructing benchmarks
that fully capture the intricacies of real-world envi-
ronments remains a fundamental limitation of this
line of work and embodied AI applications. Fur-
thermore, our framework assumes access to sub-
stantial GPU resources to support VLM backbones
of varying sizes. These computational demands
may limit accessibility for researchers with con-
strained resources.
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A Ethical Considerations and Artifacts

This work uses and creates scientific artifacts, in-
cluding vision-language models, 3D perception
models, existing spatial reasoning benchmarks, and
the proposed 3D FORCE benchmark. Existing arti-
facts are used for research evaluation and are cited
in the relevant sections. 3D FORCE is a synthetic
diagnostic benchmark built from rendered scenes,
scene graphs, and template-based spatial expres-
sions. It does not contain human subjects, person-
ally identifying information, or real-world images
of people. Generated instances were spot-checked
for labeling errors and inappropriate content.

3D FORCE is intended for research on com-
positional spatial reasoning and should not be
used as evidence that a system is safe for real-
world robotic, navigation, or surveillance deploy-
ment. We will release the 3D FORCE dataset for
non-commercial research use under the Creative
Commons Attribution-NonCommercial 4.0 Interna-
tional license (CC BY-NC 4.0), and the SATURN

code under the Apache License 2.0. The release
will include only artifacts for which we have redis-
tribution rights; third-party source assets, models,
and benchmarks remain subject to their original
licenses and terms of use.

B Details of Anchor-Aware Spatial
Predicate Computation

Anchor representation. The spatial engine rep-
resents objects, cameras, agents, and virtual view-
ers through a unified anchor abstraction. Let

E = {e1, . . . , eM}

denote the set of entities available to the symbolic
executor. Each entity ei is associated with an an-
chor state

ai = (xi,Ri),

where xi ∈ R3 is a 3D position and Ri ∈ R3×3 is
an orientation in the global coordinate frame. Each
anchor state induces a frame of reference (FoR).
The selected FoR anchor is denoted by

a = (xa,Ra),

which may correspond to an object, camera, agent,
or virtual viewer constructed during program exe-
cution.

For implementation, we use the semantic axes
induced by each entity anchor:

ri = Rieright, ui = Rieup, qi = Riefront,

where ri, ui, and qi denote the right, up, and for-
ward directions of entity ei’s anchor state. All
object, camera, agent, and virtual-viewer anchors
are converted into this semantic-axis representation
before predicate computation, avoiding ambiguity
from different native camera or object coordinate
conventions.

Anchor-conditioned predicates. For a selected
FoR anchor a and spatial relation r, the spatial
engine produces an anchor-conditioned predicate
matrix

Sa
r ∈ [0, 1]|E|×|E|.

Each entry Sa
r [i, j] scores whether entity ei is in

relation r to entity ej , evaluated in the FoR induced
by anchor a.

Object-centric predicates are a special case in
which the reference object supplies the FoR anchor.
When ej is an oriented object, we define

Sobj
r [i, j] ≡ S

aj
r [i, j].
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Thus, Sobj
r [i, j] evaluates the relation between ei

and ej from ej’s own perspective.

General soft predicate scoring. For an anchor-
conditioned relation, the target-reference displace-
ment between entities ei and ej is expressed in the
FoR induced by anchor a. Assuming Ra maps co-
ordinates from anchor a’s local frame to the global
frame, we compute

∆a
ij = R⊤

a (xi − xj).

We also express the local orientations of the two
entity anchors in the same FoR:

Ra
i = R⊤

a Ri, Ra
j = R⊤

a Rj .

Here, ∆a
ij is the displacement from reference entity

ej to target entity ei, expressed in anchor a’s local
coordinate frame. The matrices Ra

i and Ra
j are the

orientations of entities ei and ej , also expressed in
anchor a’s FoR.

Each spatial relation is implemented through a
relation-specific evidence function

hr(∆
a
ij ,R

a
i ,R

a
j ),

which is mapped to a soft predicate score:

Sa
r [i, j] = σ

(
hr(∆

a
ij ,R

a
i ,R

a
j )−mr

τr

)
.

Here, mr is a relation-specific margin and τr con-
trols the softness of the predicate. This formulation
covers directional and orientation-based predicates
using the same interface.

Scene-scale normalization. To make positional
margins comparable across scenes, we normalize
spatial evidence by a robust scene scale. Let

sscene = quantile0.9
{
∥xp − xq∥2 : p < q

}
,

with a small constant ε for numerical stability. The
normalized displacement is

∆̄a
ij =

∆a
ij

sscene + ε
.

Pairwise directional predicates use ∆̄a
ij ; egocentric

direction labels use bearing evidence that depends
only on the direction of the displacement and is
therefore scale-invariant by construction; orienta-
tion predicates use dot-product evidence between
anchor forward axes and therefore do not require
scene-scale normalization.

Predicate type Margin Temperature

Directional mdir = 0.0 τdir ≈ 0.0714
Directional combination mcomb = 0.0 τcomb ≈ 0.0714
Direction label md = 0.0 τd = 1
Parallel m∥ = 0.70 τori ≈ 0.0714
Perpendicular m⊥ = 0.30 τori ≈ 0.0714

Table 6: Default hyperparameters for soft spatial predi-
cates. Directional predicates project the local displace-
ment onto the anchor’s semantic axes; orientation predi-
cates use dot-product evidence between anchor forward
vectors. Direction labels use bearing-alignment evi-
dence hd = 2 ln cot(δd/2).

Default hyperparameters. We use a small set
of fixed hyperparameters across all experiments.
These values are not tuned per benchmark or per
task. For directional predicates, we use

mdir = 0.0, τdir ≈ 0.0714.

For directional-combination predicates, we use

mcomb = 0.0, τcomb ≈ 0.0714.

For egocentric direction labels, md = 0 and τd =
1; the bearing evidence carries its own scale. For
orientation-based predicates, we use

m∥ = 0.70, m⊥ = 0.30, τori ≈ 0.0714.

These defaults are summarized in Table 6 and
are fixed across all experiments; we do not tune
them per benchmark.

Directional predicates. Directional relations are
computed from signed projections of the normal-
ized displacement ∆̄a

ij onto the local axes of the
selected FoR anchor a. Because ∆̄a

ij is already ex-
pressed in anchor a’s local coordinate frame, we
use the canonical semantic axes. In a Y -up right-
handed coordinate system, we define

hright(∆̄
a
ij) = ⟨∆̄a

ij , eright⟩,

hleft(∆̄
a
ij) = −⟨∆̄a

ij , eright⟩,
habove(∆̄

a
ij) = ⟨∆̄a

ij , eup⟩,
hbelow(∆̄

a
ij) = −⟨∆̄a

ij , eup⟩,
hfront(∆̄

a
ij) = −⟨∆̄a

ij , efront⟩,
hbehind(∆̄

a
ij) = ⟨∆̄a

ij , efront⟩.
Here FRONT follows occluder semantics: “ei is in
front of ej” means ei lies nearer the observer along
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the anchor’s viewing axis. The corresponding soft
predicate is

Sa
r [i, j] = σ

(
hr(∆̄

a
ij)−mdir

τdir

)
.

Directional combinations such as FRONT-LEFT

and BEHIND-RIGHT are computed from the same
local displacement vector. For a relation r com-
posed of component directions C(r), we define

hr(∆̄
a
ij) = min

c∈C(r)
hc(∆̄

a
ij),

and score it as

Sa
r [i, j] = σ

(
hr(∆̄

a
ij)−mcomb

τcomb

)
.

This implements combined directions as soft geo-
metric conjunctions without requiring additional
tool calls or query-specific geometric programs.

Egocentric direction labels. In addition to the
pairwise axial predicates above, SATURN ex-
poses egocentric direction labels that classify
where a target lies relative to an anchor: eight
horizontal directions with target bearings θd ∈
{0◦,±45◦,±90◦,±135◦, 180◦}, plus ABOVE and
BELOW. Their evidence is bearing alignment: let
δd be the angle between the displacement ∆a

ij —
projected onto the anchor’s horizontal plane for
horizontal labels — and the label’s target direction.
The evidence and hyperparameters are

hd = 2 ln cot(δd/2), md = 0, τd = 1,

which under the general scoring interface reduces
to the closed form

Sa
d = σ(hd) = cos2(δd/2) =

1
2

(
1 + cos δd

)
;

the implementation computes this closed form di-
rectly. Because δd depends only on the direction of
the displacement, label scores are scale-invariant
and require no scene-scale normalization, and di-
agonal labels are ordinary labels at ±45◦ bearings
rather than conjunctions. argmaxd S

a
d is exactly

nearest-direction classification, so the label family
acts as a soft direction classifier.

Orientation-based predicates. Orientation pred-
icates compare local orientation axes of entity an-
chors. Let

qa
i = R⊤

a Riefront, qa
j = R⊤

a Rjefront

denote the forward axes of entities ei and ej , ex-
pressed in the FoR induced by anchor a.

A parallel predicate is scored as

Sa
parallel[i, j] = σ

( |⟨qa
i ,q

a
j ⟩| −m∥
τori

)
.

A perpendicular predicate is scored as

Sa
perpendicular[i, j] = σ

(
m⊥ − |⟨qa

i ,q
a
j ⟩|

τori

)
.

A fixed-angle predicate with target angle θ⋆ is
scored using dot products:

Sa
θ⋆ [i, j] = σ



mθ −

∣∣∣(qa
i )

⊤qa
j − cos θ⋆

∣∣∣
τori


 .

This implements relations such as PARALLEL, PER-
PENDICULAR, and fixed-angle predicates such as
60◦, without explicitly computing angles; mθ is the
margin of the instantiated relation, m∥ or m⊥ in Ta-
ble 6. If signed orientation is needed, the predicate
can instead use cross-product evidence.

Constructed anchors. In addition to object- and
camera-induced anchors, SATURN supports vir-
tual anchors instantiated at arbitrary 3D positions
and orientations. Existing anchors can also be
transformed through rotation and translation. A
constructed anchor supplies a frame of reference
to the same predicate interface without enlarging
the entity set E , allowing the symbolic program to
evaluate spatial relations from arbitrary viewpoints.

Overall, the spatial engine is predicate-
extensible: any relation that can be expressed as a
soft evidence function over estimated anchor states
can be added as an hr. Our current instantiation
covers directional, directional-combination, and
orientation-based predicates.

C Symbolic Composition Functions

A component of SATURN is the symbolic execu-
tor, which runs the LLM-generated program. SAT-
URN uses the hybrid soft-execution model from
prior Pythonic neuro-symbolic reasoning, adapting
it to compose both semantic grounding scores and
geometry-derived spatial predicate scores.

Soft Compositional Reasoning. To reason about
visual concepts themselves, we employ a set of soft
logical operations based on fuzzy logic principles
similar to (Hsu et al., 2024; Kamali et al., 2025; Ka-
mali and Kordjamshidi, 2026). Instead of operating
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on binary true/false values, these operations work
directly on the uncertainty scores obtained from the
grounding interface and the spatial engine. This is
implemented through custom data structures that
encapsulate scores for a given predicate and over-
load standard Python operators, such as & for AND,
| for OR, and not for negation, to perform the cor-
responding logical operations. Details of these op-
erations are shown in Table 7. The table lists both a
differentiable form and the form the executor actu-
ally evaluates; since SATURN performs inference
only, we use the non-differentiable executed forms.
For example, when the program executes αx&αy,
our framework takes the element-wise minimum of
the two corresponding score vectors, implementing
the fuzzy t-norm for conjunction. Similarly, rela-
tional composition between an object-centric score
vector αx and a relational score matrix βxy pre-
serves uncertainty while propagating object-level
evidence through spatial relations.

Imperative Reasoning. Our symbolic executor
leverages a standard Python interpreter to handle
the program’s overall structure and control flow.
This is possible because we define iteration and
Boolean operations on concept objects, allowing
the generated programs to express complex pro-
cedural logic, including conditionals, loops, and
variable assignments. As a result, the framework
retains the expressive power of a general-purpose
programming language while allowing the underly-
ing predicates to remain uncertainty-aware. Some
operations, such as counting over string sets, may
break the computation graph, but this hybrid design
enables the system to reason flexibly under uncer-
tainty while still supporting the program structures
needed for compositional spatial reasoning.

D Comparison to Existing Spatial
Reasoning Benchmarks

Existing spatial reasoning benchmarks vary along
several orthogonal axes: whether they evaluate
multi-view inputs, whether they support both
camera-centric and object-centric frames of ref-
erence (FoRs), whether they allow a single query
to mix FoRs, the type of compositionality they eval-
uate, and whether they control multi-hop depth and
topology. Table 8 summarizes these axes for the
most closely related benchmarks. 3D FORCE is
the only benchmark in this set that explicitly con-
trols all four axes simultaneously: multi-view, FoR
mixing within a single query, relation-level compo-

sitionality, and controlled multi-hop depth.

E Benchmark Construction and
Validation

E.1 Image Rendering Setup

Our benchmark generation pipeline uses
Blender3D as the simulation environment for im-
age rendering. We include 50 diverse backgrounds
to increase visual variety across scenes. The scene
generation process contains 12 object categories:
airliner, biplane, double bus, fighter plane, minivan,
school bus, scooter motorcycle, sedan, SUV, truck,
horse, and tank. Each object is assigned one of five
colors—blue, brown, green, red, and yellow—with
assignments chosen to preserve visual realism.
For example, horses are always assigned the color
brown rather than arbitrary colors from the palette.

E.2 Image and Scene Graph Generation

To render the underlying scenes, we use the
image-generation pipeline of Spatial457 (Wang
et al., 2025c) with several modifications, including
higher-resolution images, less ambiguous object
categories and names, and a revised color palette.

For the standard multi-view setting, we render
additional views by placing cameras at approxi-
mately uniform azimuth intervals around the scene.
For two, three, and four views, cameras are sepa-
rated by roughly 180◦, 120◦, and 90◦, respectively.
This produces controlled viewpoint variation while
keeping the query-relevant objects visible across
the views. For the partial-view setting, camera
positions and orientations are randomized to cre-
ate incomplete individual observations. We con-
strain this randomization so that every pair of views
shares at least one visible object, and the union of
all views contains all objects required by the query.
Thus, partial-view examples require integrating in-
formation across images rather than solving the
query from a single complete view. Each scene
contains 6-12 objects.

Scene graphs are then constructed using each ob-
ject’s 3D world coordinates (X, Y, Z), 2D image co-
ordinates (X’, Y’), and pose direction derived from
3D orientation. Based on the resulting scene graph,
we render additional views to create multi-image
subsets of 2, 3, and 4 images, with the visibility
constraints of the standard and partial-view settings
described above.
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Syntax Logical Form Description Differentiable Form Inference

αx.exists() ∃xαx Existential quantification max(αx) max(αx)
αx.forall() ∀xαx Universal quantification min(αx) 1[minx αx > 0.5]
αx&αy αx ∧ αy Logical conjunction min(αx, αy) min(αx, αy)
αx&βxy αx ∧ βxy Relational conjunction min(αx, βxy) min(αx, βxy)
αx |αy αx ∨ αy Logical disjunction max(αx, αy) max(αx, αy)
αx.implies(αy) αx → αy Logical implication max(1− αx, αy) max(1− αx, αy)
not αx ¬αx Logical negation 1− αx 1− αx

αx.iota(var) ι(var, α) Best-match α−minα
maxα−minα+ε

α−minα
maxα−minα+ε

αx.count() count(αx) Count
∑

x αx
∑

x 1[αx ≥ 0.5]

s1 == s2 s1 = s2 Equality σ

(
2γ − |s1 − s2|

2γτ

)
σ

(
2γ − |s1 − s2|

2γτ

)

s1 > s2 s1 > s2 Inequality σ

(
s1 − s2 + γ

τ

)
1[s1 > s2]

Table 7: Soft compositional operators used in symbolic execution. Here, α represents an object-centric 1D score
vector, β relational kD (k ≥ 2) score matrix, τ = 0.25 is a temperature parameter, γ = 0.25 is a margin.

E.3 Benchmark Instance Generation

3D FORCE-SAG To generate 3D FORCE-SAG,
we use a simulation environment in which a set
of images, along with their corresponding scene
graphs, is rendered. For each image, we randomly
select k objects from the scene graph to generate ob-
ject descriptions, T , and sample l object pairs from
k to generate the spatial relation descriptions R.
The object and relation descriptions are generated
based on a set of sentence templates. The number
of hops of reasoning is limited to a maximum of
five. These instances constitute the set of positive
examples in our benchmark. To generate negative
examples, we mutate one or more relations in the
relation set by reversing their directions (e.g., "A to
the left of B" is changed to "B is to the left of A").
For each image, the descriptions are generated mul-
tiple times under different camera perspectives to
support multi-view evaluation. Before generation,
each instance is randomly assigned to either the
positive or negative set, which determines whether
the generated spatial configuration is satisfiable.
For each instance, the maximum number of objects
and spatial relations is 5. In total, we generate
1,150 questions, including 972 standard multi-view
questions and 178 partial-view questions. Detailed
statistics are provided in Table 9 and 10.

3D FORCE-REF To generate 3D FORCE-REF
instances, we first construct a random topology
graph for each instance to encode multi-hop rea-
soning, where nodes represent entities and edges
represent spatial relations. We consider three topo-
logical structures, chain, star, and hybrid, as il-
lustrated in Figure 3. Next, we identify objects
and spatial relations that align with the constructed

topology using a brute-force search over all feasi-
ble object–relation combinations in the rendered
scene graph. We enforce that the full relational
chain is necessary to identify the target, such that
any partial subset of relations is insufficient, and
ensure that each instance contains a unique solu-
tion. The number of hops of reasoning is limited to
a maximum of six. After selecting the objects and
relations, we generate referring expressions using
predefined spatial-relation templates conditioned
on the topology graph. Similar to 3D FORCE-SAG,
the descriptions are generated multiple times under
different camera perspectives to support multi-view
evaluation. Separate parameter configurations are
defined for each topology structure used to encode
multi-hop reasoning. For the chain structure, we
allow up to 5 reasoning hops. For the star struc-
ture, the number of hops is limited to 2–4 to ensure
that the complete query is required to identify the
target object, while any partial query remains insuf-
ficient. For the hybrid structure, we generate only
4-hop and 6-hop instances, as the hybrid topol-
ogy requires an even number of reasoning hops
for valid construction. In total, we generate 2,088
questions for 3D FORCE-REF. Detailed statistics
are provided in Table 9 and 10. We do not define
train/dev/test splits because 3D FORCE is intended
as an evaluation-only diagnostic benchmark for
zero-shot compositional spatial reasoning.

E.4 Examples

We provide the examples of 3D FORCE, including
3D FORCE-SAG and 3D FORCE-REF in Figure 7.
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Benchmark Multi-view FoR FoR Mixing Compositionality Multi-hop

Camera Object Type Chains Controlled depth

CLEVR (Johnson et al., 2017) ✗ ✓ ✗ ✗ Relation ✓ ✓
BLINK (Fu et al., 2024) ✓ ✓ ✗ ✗ Perception ✗ ✗
SpaCE-10 (Gong et al., 2025) ✗ ✓ ✗ ✗ Skill ✗ ✗
3DSRBench (Ma et al., 2025a) ✗ ✓ ✓ ✗ 3D skill ✗ ✗
SPHERE (Zhang et al., 2025b) ✗ ✓ ✓ ✗ Skill ✗ ✗
ViewSpatial (Li et al., 2025a) ✗ ✓ ✓ ✗ Perspective ✗ ✗
Spatial457 (Wang et al., 2025c) ✗ ✓ ✓ ✗ 6D relation ✗ ✗

FoREST† (Premsri and Kordjamshidi, 2025) ✗ ✓ ✓ ✗ Perspective ✗ ✗
MMSI-Bench (Yang et al., 2026) ✓ ✓ ✓ ✗ Perspective ✓ ✗
OmniSpatial (Jia et al., 2025) ✗ ✓ ✓ ✗ Skill ✗ ✗
MindCube (Yin et al., 2025) ✓ ✓ ✓ ✗ Mental-model ✗ ✗
SPINBENCH (Zhang et al., 2026) ✓ ✓ ✓ ✗ Perspective ✗ ✗
COMFORT (Zhang et al., 2025c) ✗ ✓ ✓ ✗ Perspective / FoR ✗ ✗
Spatial-MM (Shiri et al., 2024) ✗ ✓ ✓ ✗ Relation ✓ ✗
SPAR-Bench (Zhang et al., 2025a) ✓ ✓ ✗ ✗ Skill ✗ ✗
Ego3D-Bench (Gholami et al., 2025) ✓ ✓ ✗ ✗ 3D skill ✗ ✗
MV-RoboBench (Feng et al., 2026) ✓ ✓ ✗ ✗ Skill ✗ ✗

3D FORCE (ours) ✓ ✓ ✓ ✓ Relation ✓ ✓

Table 8: Comparison of spatial reasoning benchmarks across evaluation capabilities. ✓ marks a capability as an
explicitly evaluated axis; ✗ marks absence or only incidental support. Multi-view: whether the benchmark evaluates
multiple images, views, or viewpoint changes together as part of the task design. FoR: whether questions are
anchored to the camera/viewer frame or to an oriented object’s intrinsic frame. FoR Mixing: whether a single query
composes relations stated in different reference frames. Compositionality Type: Relation chains atomic spatial
relations between specific objects; Skill composes heterogeneous capabilities such as recognition, localization,
counting, or functional reasoning; 3D skill evaluates 3D spatial capabilities such as height, location, orientation, and
multi-object reasoning; 6D relation evaluates spatial relations involving 3D position and orientation; Mental-model
requires constructing an internal scene representation across partial views; Perspective evaluates viewpoint or
frame-of-reference transformations; Perception evaluates low-level visual perception skills. Multi-hop / Chains:
questions chain ≥2 atomic spatial relations between specific objects. Multi-hop / Controlled depth: hop count and
topology are explicit, controlled axes. †FoREST is primarily a text/LLM frame-of-reference benchmark.

Benchmark 0-Hop 1-Hop 2-Hop 3-Hop 4-Hop 5-Hop 6-Hop

3D FORCE-SAG 150 158 199 223 204 216 -
3D FORCE-REF 200 320 360 356 342 280 230

Table 9: Distribution of reasoning hops in 3D FORCE-SAG and 3D FORCE-REF. 3D FORCE-REF additionally
includes 6-hop reasoning instances.

F Text-Stated Camera-Pose Constraint
Extraction

Some multi-view inputs contain explicit natural-
language facts about the camera setup. For exam-
ple, a question may state that one image was cap-
tured after rotating the camera 90◦ from another im-
age, or that several images were captured from the
same physical position. These statements are not
target spatial relations to be inferred from the scene;
they are auxiliary geometric facts about the camera
poses. We therefore extract them before code gen-
eration and apply them to the reconstructed camera
states used by the spatial engine.

Constraint extraction. Given the query Q, the
extractor returns a set of structured pose constraints.
We use a lightweight keyword filter to avoid call-
ing the extractor when Q does not mention camera-

pose information. When the filter fires, a VLM-
based extractor classifies candidate clauses as ei-
ther stated camera facts or hypothetical observer
motions. Only stated camera facts are extracted.
For instance, “image 2 was taken after rotating the
camera 90◦ from image 1” is extracted, while “if
I stand at image 2 and turn right” is treated as an
imagined observer motion and ignored.

The current implementation supports two con-
straint types:

K = Kr ∪ Kp.

A rotation constraint (u, v, θ) ∈ Kr states that cam-
era v’s orientation is related to camera u’s orienta-
tion by a yaw angle θ. A same-position constraint
S ∈ Kp states that all cameras in S share the same
world-frame translation. Extracted constraints are
schema-validated before application; records with
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Setting 3D FORCE-SAG 3D FORCE-REF

Single-image 313 524
Multi-image 285 631
Object-centric 200 435
Object-centric + Single-image 228 154
Object-centric + Multi-image 124 344

1 View 232 436
2 Views 228 463
3 Views 267 548
4 Views 423 641

Table 10: Distribution of perspective settings and number of views in 3D FORCE-SAG and 3D FORCE-REF.

invalid camera indices or malformed yaw values
are discarded.

Rotation propagation. Let Γ0 =
{(x0

v,R
0
v)}Vv=1 be the camera states produced by

image-based reconstruction. SATURN selects
a single anchor camera a: the lowest-indexed
camera appearing in any rotation constraint. Yaw
offsets are composed along the constraint graph
by a breadth-first traversal from a. The anchor
rotation is initialized from R0

a.
When multiple constrained cameras provide ev-

idence for the anchor, SATURN can refine the
anchor by back-projecting each camera’s image-
derived rotation to an implied anchor rotation. For
a camera v connected to a, let θa→v be the com-
posed yaw along the path from a to v. The implied
anchor rotation from camera v is

R̂(v)
a = Ryaw(−θa→v)R

0
v.

The anchor rotation R̃a is obtained by averag-
ing these implied rotations on SO(3) with uni-
form weights. If this averaging step is disabled,
R̃a = R0

a.
The remaining cameras reachable from the an-

chor are then assigned by forward propagation:

R̃v = Ryaw(θa→v)R̃a.

Cameras not reachable from any rotation constraint
keep their original image-derived orientations.

Same-position constraints. Same-position con-
straints modify translations but not rotations. For
each group S ∈ Kp, SATURN moves every camera
in the group onto the position of its lowest-indexed
member. Since spatial predicates depend only on
relative positions, the choice of the shared location
does not change predicate scores; using the lowest-
indexed member keeps camera 0 at the origin of
the reconstruction frame. Cameras not included in

any same-position group keep their original trans-
lations.

Output. The output is a refined camera-state set

Γ̃ = {(x̃v, R̃v)}Vv=1.

These refined camera states replace the initial cam-
era states in the scene representation, so all down-
stream spatial predicates and generated programs
operate on the corrected camera poses. This pro-
cedure applies text-stated constraints as hard ge-
ometric facts rather than as soft penalties; there
is no joint optimization objective or loss-weight
tradeoff.

G Experimental Details

G.1 External Benchmarks

G.1.1 MindCube
Throughout the main paper we refer to this evalua-
tion set simply as MindCube. The specific subset
is the 1K split of Yin et al. (2025)’s benchmark
(also referred to as MindCube-tiny in the original
release), which evaluates spatial mental modeling
from limited visual observations. The benchmark
tests whether a model can construct and manipu-
late a 3D representation of a scene from a small set
of 2D images. We use MindCube as an external
multi-view benchmark to evaluate whether SAT-
URN transfers beyond our controlled 3D FORCE-
REF and 3D FORCE-SAG benchmarks.

MindCube contains three primary sub-tasks. Ro-
tation evaluates whether a model can infer the
complete environment from partial visual infor-
mation and maintain consistency across sequential
views. Around evaluates whether a model can
infer the scene from a novel viewpoint, requiring
interpolation and extrapolation over an implicit 3D
scene representation. Among evaluates whether a
model can reason about 3D spatial arrangements
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Figure 7: Examples from 3D FORCE-SAG (top) and 3D FORCE-REF (bottom), showing two examples from each
benchmark together with the corresponding ground-truth answers.

from four orthogonal views with substantial occlu-
sion, requiring consistency across perspectives and
relative-position reasoning over partially hidden
objects.

G.1.2 MMSI-Bench
MMSI-Bench (Yang et al., 2026) evaluates multi-
image spatial reasoning, where models must in-
tegrate information across multiple views rather
than answer from a single image. We use MMSI
as a real-world transfer benchmark to test whether
SATURN’s explicit spatial predicates and symbolic
composition remain useful outside our controlled
3D FORCE setting. Following the original bench-
mark, we report performance on four subcategories:
Positional Relationships, which evaluates relative
positions among objects, cameras, and semantic
regions across views; Motion, which tests reason-
ing about object or camera movement; Attribution,
which evaluates spatially relevant object properties
such as shape, size, or length; and Multi-Step Rea-
soning, which requires chaining multiple spatial
cues to answer a query. Together, these categories

provide a complementary real-world evaluation
of multi-view spatial understanding and compo-
sitional reasoning.

G.2 Implementation Details

SATURN is evaluated without task-specific train-
ing or fine-tuning. The program generator is pro-
vided with API documentation and in-context ex-
amples; therefore, the setting is zero-shot with re-
spect to benchmark supervision but not prompt-
free. We use Qwen3-VL-8B-Instruct (Qwen Team,
2025) for visual interpretation and semantic scor-
ing, and DeepSeek-V4-Flash (DeepSeek-AI, 2026)
in non-thinking mode for Python program genera-
tion. Unless otherwise stated, program generation
uses greedy decoding with temperature 0 and a
maximum output length of 16,000 tokens.

For perception, we use SAM3 (Carion et al.,
2026) for segmentation, VGGT (Wang et al.,
2025a) as the default depth and 3D reconstruction
module, and OAv2 (Wang et al., 2026) for object
orientation estimation. VGGT is used as the de-
fault geometry backbone to keep the comparison
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with prior 3D visual-programming methods fair.
The spatial engine converts the resulting object and
camera states into soft perspective-aware predicate
tensors, which are composed by the Pythonic sym-
bolic executor.

All SATURN variants use the same perception
modules, program-generation setup, and symbolic
executor unless explicitly stated. Spatial predicate
margins, temperatures, and symbolic composition
operators are fixed across benchmarks and are not
tuned per dataset. For hard symbolic variants, pred-
icate scores are thresholded at 0.5. For experi-
ments reporting mean and standard deviation, we
run SATURN three times and report mean ± stan-
dard deviation. For paired comparisons between
two variants evaluated on the same items, we report
the difference in accuracy with a 95% confidence
interval from a bootstrap over items with 10,000
resamples, and a p-value from an exact McNemar
test on the discordant pairs. Pairing on items re-
moves between-item variance, so these intervals
are tighter than the run-to-run standard deviations
above and answer a different question: whether
one variant beats the other on the same questions,
not how much either varies across runs. Varia-
tion across runs comes from nondeterminism in
perception and model-serving backends; decoding
settings are kept fixed.

We use vLLM 0.19.1 for VLM inference and
Ray for scalable serving of tool calls. The main
SATURN pipeline runs on four GPUs in our imple-
mentation: 2 GPUs for VLM inference and 2 GPUs
for perception/tool execution. For throughput, the
full experimental sweep was run on an 8-H100
node. The per-query cost in Table 5 was measured
on A6000 GPUs. The total compute budget for
each MindCube and MMSI is approximately 24
GPU-hours, including perception, VLM inference,
and program generation. For proprietary or API-
based baselines, model sizes and infrastructure are
not disclosed by the providers; for open-weight
models, we report the public model names and pa-
rameter scales in the main experiments.

H Additional Results

H.1 Backbone VLM and Reasoning Mode

Backbone VLM. Figure 8 compares three ways
of using the same VLM families on MindCube:
CoT prompting of instruction model, thinking-
mode, and using the VLM as the perception back-
bone inside SATURN. Thinking mode provides

limited gains over instruction prompting: it im-
proves the Qwen-based models, but gives no gain
for InternVL3.5. In contrast, SATURN substan-
tially improves all three backbones, with minimum
+29 percentage points gain. These results suggest
that the main improvement comes from explicit 3D
predicate computation and symbolic composition,
rather than from stronger language-side reasoning
alone. At the same time, the remaining variation
across backbones indicates that SATURN is still
affected by the quality of the underlying VLM per-
ception.
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Figure 8: Effect of VLM backbone and reasoning mode
on MindCube. Instruct and Thinking are single runs;
the SATURN bar is the mean over three runs with the
standard deviation as the error bar (0.54, 0.91, and 1.05
points for InternVL3.5-8B, Qwen3.5-9B, and Qwen3-
VL-8B).

H.2 Images and Camera Frames

Two scale axes are separate from reasoning depth:
the number of images a query spans, and the num-
ber of camera frames of reference it composes.
They are coupled in the benchmark, since a query
composes at most as many frames as it has images,
so Figures 9 and 10 hold both visible. Both restrict
to camera-perspective queries, so the column is an
exact frame count; pooling all perspectives would
make the axis ambiguous, because the zero-frame
column holds both object-anchored and camera-
anchored queries.

On REF, SATURN shows no systematic trend
on either axis, staying between 76% and 93%. The
VLMs share no pattern. InternVL3.5-38B falls
from 57% with a single image to at most 15% with
more, a step at the input boundary rather than a
gradient. Qwen3.5-35B declines along both axes,
from 65% to 33%. Gemini-3.1-Pro stays between
48% and 65%. The same holds on SAG.

H.3 Reasoning Topology

Figure 11 separates the topologies pooled in Fig-
ure 5. Chain is flat across hop counts, star degrades
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Figure 9: Accuracy on REF by number of images (rows) and number of camera frames of reference the query
composes (columns), on camera-perspective queries. Cells above the diagonal do not exist.
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Figure 10: Accuracy on SAG by number of images (rows) and number of camera frames of reference composed
(columns), on camera-perspective queries.

as hops grow for the VLMs, and hybrid is the weak-
est structure for every model. At a fixed four hops,
every model scores lower on hybrid than on chain:
SATURN falls from 81% to 68%, Qwen3.5-35B
from 54% to 34%, Gemini-3.1-Pro from 53% to
41%, and InternVL3.5-38B from 16% to 5%.

H.4 Per-Query Cost by Stage

Table 11 breaks down the per-query cost reported in
Table 5. Scene estimation dominates, and it can be
amortized when several queries concern the same
scene.

Stage Mean (s)

Scene estimation 97.0
Program generation 5.1
Symbolic execution 2.1
Scene assembly 0.7

Total 105

Table 11: Per-query cost of SATURN on MindCube, by
stage.

I Symbolic Baselines

We compare against three tool-augmented systems.
Each was released with its own backbone and its
own perception stack, so a direct comparison would
confound the reasoning method with the models it
happens to call. We therefore run GCA and pyS-

patial with the same perception backbone as SAT-
URN, Qwen3-VL-8B-Instruct, and change nothing
else in their reasoning. For TIGeR, we use its own
fine-tuned weights. This appendix records what
each system does, the configuration we ran it in,
and what we could not match.

Object boxes on REF. On REF we provide
all three tool-augmented baselines with the bench-
mark’s candidate object boxes. Each answers by
selecting a candidate, and we score the selected
box against the target.

I.1 GCA

GCA (Chen et al., 2025a) formalizes a query into
a reference-frame constraint and then has a vision-
language model emit tool calls and Python code
against a fixed tool set: 3D reconstruction, open-
vocabulary detection, box-to-3D projection, pose
estimation, scale estimation, OCR, and motion
analysis.

The released configuration uses Qwen3-VL-
235B-A22B-Thinking for both the reasoner and
the code generator. We run it with Qwen3-VL-8B-
Instruct as the reasoner and DeepSeek-V4-Flash as
the code generator, matching SATURN’s own back-
bone and generator, and route its perception calls
to the same SAM3, VGGT, and OAv2 services, so
the two systems see the same detections and the
same reconstruction.
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Figure 11: Accuracy on REF categorized by the topology structures used to encode multi-hop reasoning, chain
(left), star (center), and hybrid (right), evaluated across different reasoning-hop lengths for top-performing models.

I.2 pySpatial

pySpatial (Luo et al., 2026) has a code agent com-
pose calls to reconstruction, camera-pose recovery,
and novel-view synthesis. The program does not
compute spatial relations; it renders one or more
new views, and a vision-language model answers
from the original images together with the rendered
output.

We run it with Qwen3-VL-8B-Instruct as the
answering model and DeepSeek-V4-Flash as the
code agent, with VGGT for reconstruction.

I.3 TIGeR

TIGeR (Han et al., 2026) is a model rather than
a prompting method: GLM-4.1V-Thinking (Team
et al., 2026) fine-tuned on 300K tool-invocation
traces, so that it emits geometric code and calls
external libraries for exact computation. Because
the behavior is trained into the checkpoint, its back-
bone cannot be swapped the way the other two
can. We serve the released checkpoint and route
its perception calls to the shared VGGT and SAM3
services, which is the only part of its stack we can
match to SATURN.

TIGeR is therefore the one baseline whose rea-
soning model differs from ours by design. We
include it because it is the closest published system
that computes geometry rather than estimating it,
and we mark the mismatch wherever we report its
numbers.

J Error Analysis

J.1 Object Orientation Error

Table 12 reports orientation accuracy under ground-
truth boxes, isolating orientation estimation from
detection. Errors are small in the median, and the
mean is raised by a small share of front–back flips
on categories that are close to front–back symmet-
ric.

Orientation error (20,818 objects) Value

Median yaw error 5.4◦

Mean yaw error 11.4◦

Mean excluding front–back flips 6.9◦

Within 22.5◦ 95.4%
Front–back flips 2.7%

Table 12: Object orientation error on REF, measured
under ground-truth boxes.

J.2 Program Reliability

Table 13 reports what happens to the 5,288 pro-
grams SATURN generated across the four bench-
marks. Parse, Run, and Answer are measured after
retries, so we also report first-attempt success, the
share of queries that needed no regeneration. Pro-
gram generation is not a bottleneck, because the
program only composes predicates from a small
API.

Benchmark N Parse Run Answer First try

MindCube 1050 100.0 100.0 99.9 99.3
MMSI 1000 99.7 99.4 98.7 94.5
SAG 1150 100.0 100.0 100.0 100.0
REF 2088 100.0 99.8 99.8 99.2

Table 13: Program reliability (%). Parse, Run, and
Answer are measured after retries; First try is the share
of queries answered without regenerating the program.

K Paired Significance of the Baseline
Gaps

Table 2 reports the mean and standard deviation
over three SATURN runs. Those standard devi-
ations describe run-to-run variation; they do not
say whether SATURN beats a baseline on the same
questions. For that we pair the two systems on
the id-intersection of their predictions and test the
difference directly.

We use one SATURN run per benchmark for
the pairing and use the same run for every base-
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line comparison within that benchmark. For each
baseline we report the accuracy difference on the
matched set, a 95% confidence interval from a
paired case-resampling bootstrap with 10,000 re-
samples, and a two-sided exact McNemar test
on the discordant pairs. Because the pairing re-
moves between-question variance, these intervals
are much tighter than the run-to-run standard devi-
ations, and they answer a different question.

MindCube MMSI

Baseline ∆ 95% CI ∆ 95% CI

GCA8B +46.9 [43.0, 50.6] +11.4 [7.5, 15.4]
pySpatial +26.0 [22.5, 29.5] +21.1 [16.8, 25.3]
TIGeR +52.2 [48.6, 55.7] +23.4 [19.3, 27.5]
VLM + scene state +18.3 [15.0, 21.5] +9.5 [5.9, 13.1]
VLM (direct) +40.3 [36.7, 43.9] +19.5 [15.4, 23.6]

Table 14: Accuracy difference (SATURN − baseline)
in percentage points on the matched set, with a 95%
paired-bootstrap interval. Every difference is significant
at p < 0.001 by an exact McNemar test. n = 1050 on
MindCube and n = 1000 on MMSI, except pySpatial
on MMSI (n = 914).

L Qualitative Examples

Here we show six representative samples drawn
from 3D FORCE-REF, MindCube, and MMSI:
three where SATURN produces the correct answer
on a hard query and three where it fails, followed
by a full end-to-end trace (Example G).

Patterns across the examples. Two observations
stand out. First, because every step is explicit,
the failures can be traced to one stage. In Exam-
ple B the program is correct, but the estimated
front of one anchor object is flipped by 173.5◦. In
Example F the scene is sound, but the code gen-
erator binds north to the wrong vector, unlike the
structurally identical Example E, which asks about
the same eight frames. Second, keeping scores
soft lets a weak label still count. In Example G
the VLM gives the grey-green wall a label score
of only 0.438; without rescaling, option B would
score 0.438 and the dressing table (0.700) would
win. Because .iota rescales each label across the
objects, the wall’s label counts fully and the wall
wins (0.963 against 0.700).

M Prompt Templates

SATURN uses natural-language prompts to inter-
face its symbolic executor with external language

and vision-language models. We describe the
grounder and pose-constraint extractor prompts be-
low; the full templates are released with the code
at https://github.com/HLR/SATURN.

M.1 Grounder Prompt
The grounder prompt drives the VLM that parses
the natural-language question and emits a struc-
tured noun-phrase plan: which object categories
and descriptions to detect, and from which camera
views. The prompt contains a compact specifica-
tion of the expected output schema together with
a small set of in-context examples illustrating how
to extract role-indexed object phrases and assign
cam-id cues.

M.2 Pose Constraint Extractor
The pose-constraint extractor classifies clauses in
the question into stated camera facts versus hy-
pothetical observer motions, and emits schema-
validated yaw rotations and same-position groups
for the downstream geometric refinement step (Ap-
pendix F).
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Example A: 3D FORCE-REF, 6-hop hybrid (success)

Setup. 4 cameras, 12 detected objects, 6-hop hybrid topology, every relation FoR-tagged. (benchmark:

3D FORCE-REF; sample id: hybrid_d6_multiview_4_multi_cam_4_with_bbox_q108)

Question. Find the yellow object that is behind the green object (camera 2 view) and to the left of
the red object (the red object’s view), where the green object is behind the brown object (camera
3 view) and the brown object is to the left of the red double-decker bus (camera 3 view) and the
red object is in front of the sedan car (camera 0 view) and the sedan car is in front of the scooter
motorcycle (camera 1 view).

Planner groundings.
Phrase Description Unique

objects in the image - ✗

is_yellow = score("is the object in the red bounding box a yellow object?")
is_green = score("is the object in the red bounding box a green object?")
is_red = score("is the object in the red bounding box a red object?")
is_brown = score("is the object in the red bounding box a brown object?")
is_bus = score("is the object in the red bounding box a double-decker bus?")
is_sedan = score("is the object in the red bounding box a sedan car?")
is_scooter = score("is the object in the red bounding box a scooter motorcycle?")

cam2_behind = scene.cameras[2].third_person.behind
cam3_behind = scene.cameras[3].third_person.behind
cam3_left = scene.cameras[3].third_person.left
cam0_front = scene.cameras[0].third_person.front
cam1_front = scene.cameras[1].third_person.front

scooter = is_scooter("x1").iota("x1")
sedan = (is_sedan("x2") & cam1_front("x2", "x1") & scooter("x1")).iota("x2")
red_obj = (is_red("x3") & cam0_front("x3", "x2") & sedan("x2")).iota("x3")
brown_obj = (is_brown("x4") & cam3_left("x4", "x5") & is_bus("x5") & cam3_behind("x6", "x4") & is_green("x6")).iota("x4
")

green_obj = (is_green("x6") & cam3_behind("x6", "x4") & brown_obj("x4")).iota("x6")

target = (is_yellow("x7") & cam2_behind("x7", "x6") & green_obj("x6") & scene.obj_left("x7", "x3") & red_obj("x3")).
iota("x7")

return int(target.argmax())

SATURN answer: 11 Ground truth: box [435, 573, 608, 675] ✓ Success
Index to box. REF is scored by IoU against a box, while the program returns an entity index. In this setting the scene

is seeded from the released boxes, so entity i is box i: index 11 resolves to [435, 573, 608, 675], which is the

ground-truth box.
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Example B: 3D FORCE-REF, 2-hop star (failure)

Setup. 2 cameras, 7 detected objects, 2-hop star topology, both anchors object-centric. (benchmark:

3D FORCE-REF; sample id: star_d2_multiview_2_multi_cam_0_q1247)

Question. Find the green object that is in front of the red sedan car (the red sedan car’s view) and to
the left of the tank (the tank’s view).

is_green = score("is the object in the red bounding box a green object?")
is_red = score("is the object in the red bounding box a red object?")
is_sedan = score("is the object in the red bounding box a sedan car?")
is_tank = score("is the object in the red bounding box a tank?")

red_sedan = (is_red("x1") & is_sedan("x1")).iota("x1")
tank = is_tank("x1").iota("x1")

target = (is_green("x3") &
scene.obj_front("x3", "x1") & red_sedan("x1") &
scene.obj_left("x3", "x2") & tank("x2")).iota("x3")

return int(target.argmax())

SATURN answer: box [123, 193, 277, 316] Ground truth: box [798, 277, 877, 332]
✗ Failure
Diagnosis. The program is correct; the scene it reads is not. One anchor is accurate and the other
is inverted: the red sedan’s estimated front azimuth is off by 7.7◦, while the tank’s is off by 173.5◦

(76.2◦ ground truth against 262.7◦ estimated). Every other object in the scene is within 8◦. The
accurate anchor does not discriminate, because both green candidates lie in front of the red sedan
in the ground-truth and estimated scenes alike. The flipped anchor does: the target lies 5.6m to
the tank’s left in the ground-truth scene but 4.5m to its right in the estimated one, and the selected
double-decker bus inverts the same way, so the program returns it. The tank’s estimated front is
nearly parallel to the optical axis in both views, the configuration in which front and back are least
separable.
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Example C: MindCube Among, 4-view perspective shift (success)

Setup. 4 real-world photos taken around the chair (front, left, back, right); query references image 2’s
viewpoint explicitly. (benchmark: MindCube-Among; sample id: among_group525_q1_2_1)

Question. Based on these four images (image 1, 2, 3, and 4) showing the black chair from different
viewpoints (front, left, back, and right), with each camera aligned with room walls and partially
capturing the surroundings: If I am standing at the same spot and facing the same direction as
shown in image 2, what is behind me? A. Grey sofa B. Office area C. Two chairs on the corridor D.
Cabinet desk along a corridor

Planner groundings.
Phrase Description Unique

black chair black mesh-back office chair with chrome base and wheels, viewed from the front ✓
grey sofa large grey upholstered sofa with cushions, positioned against a wall ✓
office area workspace with desks, computers, and office chairs in the background ✓
two chairs on the corri-
dor

two office chairs side by side in a hallway, visible in the background ✓

cabinet desk along a cor-
ridor

long white cabinet desk with items on top, situated along a hallway ✓

# Allocentric anchor at camera 1 (image 2, 0-indexed)
anchor = scene.frame(position=scene.cameras[1].position,

orientation=scene.cameras[1].orientation)

# INVERSE Rule 1: geometric argmax FIRST - pick the scene object most behind me
target_idx = anchor.first_person.behind[:scene.objects_count].argmax()

# Score each option phrase against the chosen target's box (RAW score, target is fixed)
options = {"A": "grey sofa", "B": "office area", "C": "two chairs on the corridor", "D": "cabinet desk along a corridor
"}

return max(options, key=lambda k:
float(score(f"is the object in the red bounding box a {options[k]}?")[target_idx]))

SATURN answer: D Ground truth: D ✓ Success
Explanation. The question pins the reasoning anchor to image 2 (camera index 1). The gener-
ated program constructs the anchor as scene.frame(position=scene.cameras[1].position,
orientation=scene.cameras[1].orientation) and then takes the geometric argmax along the
anchor’s behind axis. The scene.frame call is the anchor-conditioned predicate interface at the core
of SATURN: a single call constructs a virtual viewer, after which standard predicates are applied.
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Example D: MindCube Rotation, 3-view 180◦ flip (failure)

Setup. 3 real-world bedroom photos at 0/90/180◦; text-stated rotation constraints extracted. (bench-

mark: MindCube-Rotation; sample id: rotation_group005_q1_2)

Question. These three images (image 1, 2, and 3) show the same scene from three different viewpoints.
The image 2 was taken after turning the camera 90 degrees to the right (clockwise) from the position
of image 1. For image 3, the camera was turned another 90 degrees right, so it’s basically facing the
opposite direction of image 1. Based on these three images: If I am standing at the same spot and
facing the same direction as shown in image 1, what is to my behind? A. Study table and black chair
B. Window C. Bed

Planner groundings.
Phrase Description Unique

study table and black
chair

light-wood desk with a black office chair tucked under it ✓

window window with blinds casting bright light, located on the left wall ✓
bed wooden bunk bed with a dark blue mattress, positioned against the right wall ✓

anchor = scene.frame(position=scene.cameras[0].position,
orientation=scene.cameras[0].orientation)

target_idx = anchor.first_person.behind[:scene.objects_count].argmax()

options = {"A": "study table and black chair", "B": "window", "C": "bed"}
return max(options, key=lambda k:

float(score(f"is the object in the red bounding box a {options[k]}?")[target_idx]))

SATURN answer: B Ground truth: A ✗ Failure
Diagnosis. The pose-constraint extractor correctly captured the rotations (yaw 90◦ from cam 0 to
cam 1 and 180◦ from cam 0 to cam 2), and the program anchors at camera 0 (image 1). The failure
is in grounding: the room has two desks with black chairs, one in view 1, in front of the viewer, and
one in view 3, behind the viewer. The VLM grounded “study table and black chair” to the desk in
view 1, so the object most behind the viewer is the window, and the program answers B rather than
the ground-truth option A.

56194



Example E: MMSI Multi-Step Reasoning, 8 cameras (success)

Setup. 8 consecutive first-person frames; north is set by the direction from the TV to the nightstand.
(benchmark: MMSI-MSR; sample id: 298)

Question. Where is the trash can in the room if the nightstand near the window faces north relative
to the TV? Options: A: Near the east wall, B: Southeast corner, C: Near the west wall, D: Northwest
corner

Planner groundings.
Phrase Description Unique

TV black flat-screen television on top of a wooden dresser ✓
nightstand wooden nightstand with a lamp and tissues, next to the bed ✓
window large window with vertical blinds, letting in bright light ✓
trash can green plastic trash can with a lid, on the floor ✓

# Find the TV and nightstand
tv_idx = score("is the object in the red bounding box a black flat-screen television on top of a wooden dresser?").iota
("x1").argmax()

nightstand_idx = score("is the object in the red bounding box a wooden nightstand with a lamp and tissues, next to the
bed?").iota("x1").argmax()

trash_can_idx = score("is the object in the red bounding box a green plastic trash can with a lid, on the floor?").iota
("x1").argmax()

# The nightstand faces north relative to the TV
# This means the direction from TV to nightstand is north
north_vec = scene.objects[nightstand_idx].position - scene.objects[tv_idx].position
scene.set_cardinal_vector(north_vec)

# Build anchor at the TV with its intrinsic orientation
anchor = scene.frame(

position=scene.objects[tv_idx].position,
orientation=scene.objects[tv_idx].orientation

)

# Score each cardinal direction for the trash can
options = {"A": "east", "B": "south-east", "C": "west", "D": "north-west"}
return max(options, key=lambda k: float(anchor.first_person(options[k])[trash_can_idx]))

SATURN answer: A Ground truth: A ✓ Success
Explanation. The query states that “the nightstand near the window faces north relative to the TV”.
The code generator interprets this as a position-difference cardinal binding, emitting north_vec =
nightstand.position − tv.position and binding the world-frame north axis to this vector. The
TV-anchored frame is then constructed, and the trash-can’s position is evaluated against the cardinal
axes derived from this north. This matches the MMSI ground-truth convention for object-anchored
cardinal bindings, and is the interpretation that Example F fails to reproduce on a structurally
identical query.
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Example F: MMSI Multi-Step Reasoning, 8 cameras (failure)

Setup. 8 consecutive frames, 4 detected objects; cardinal direction is defined by the same template
as Example E (X near window faces north relative to Y), so the contrast pair holds query structure
fixed; both questions are asked about the same eight frames. (benchmark: MMSI-MSR; sample id: 223)

Question. The bedside table near the window faces north relative to the television; where is the light
switch in the room located? Options: A: Southeast corner, B: Northwest corner, C: Near the east
wall, D: Near the west wall

Planner groundings.
Phrase Description Unique

television black flat-screen TV on top of a wooden dresser ✓
bedside table wooden nightstand with a lamp and tissues, next to the bed ✓
window large window with vertical blinds, letting in bright light ✓
light switch white rectangular switch plate on a beige wall, near a doorway ✓

# Get indices for the objects
bedside_table_idx = score("is the object in the red bounding box a bedside table?").iota("x1").argmax()
television_idx = score("is the object in the red bounding box a television?").iota("x1").argmax()
light_switch_idx = score("is the object in the red bounding box a light switch?").iota("x1").argmax()

# The bedside table faces north, so its front vector is north
scene.set_cardinal_vector(scene.objects[bedside_table_idx].front_vec)

# Build anchor at the television with its intrinsic orientation
anchor = scene.frame(

position=scene.objects[television_idx].position,
orientation=scene.objects[television_idx].orientation

)

# Score each cardinal direction for the light switch
options = {"A": "south-east", "B": "north-west", "C": "east", "D": "west"}
return max(options, key=lambda k: float(anchor.first_person(options[k])[light_switch_idx]))

SATURN answer: D Ground truth: C ✗ Failure
Diagnosis. The failure is at code generation. For the cardinal-anchor clause
“the bedside table faces north relative to the television”, the code generator emitted
scene.set_cardinal_vector(bedside_table.front_vec) — using the table’s own facing axis
as north — rather than the position-difference interpretation table.position − tv.position
that the structurally identical Example E correctly used. The two programs differ in the line that
sets north, but the resulting world-frame north is rotated, and the program answers west where the
ground truth is east.
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Example G: MindCube Rotation, end-to-end trace (success)

Setup. 3 views, 3 detected objects, two stated rotations. (benchmark: MindCube-Rotation; sample id:

rotation_group020_q2_6)

Question. The image 2 was taken after turning the camera 90◦ to the right from image 1, and
image 3 another 90◦ right. If I am standing at the same spot and facing the same direction as shown
in image 2, then I turn 90◦ to the right, what is behind me? A. Dressing table B. Grey-green
decorative wall C. Window

(1) Planner groundings. The planner expands each question phrase into a description.

Phrase Description Unique

dressing table wooden dressing table with a large mirror and drawers, cluttered with items ✓
grey-green decorative wall wall painted in a grey-green gradient with a framed picture hanging on it ✓
window large window with white frames and a view of trees outside ✓

(2) Pose constraints and estimated scene. The extractor reads the stated turns from the question and applies them to the

cameras: rotation(cam 1→2, yaw 90◦) and rotation(cam 1→3, yaw 180◦). The table lists the estimated objects

and, below, the camera headings before and after the constraints are applied.

Id Label Centre (x, y, z) Azimuth View

0 dressing table (+0.01,+0.07,+0.28) −78.9◦ 2
1 window (−0.83,+0.33,−0.44) −22.1◦ 3
2 grey-green decorative wall (−0.30,+0.10,+0.76) 129.0◦ 1

camera headings, reconstruction only: c1 0.0◦, c2 89.2◦, c3 154.0◦ (turns 89.2◦, 64.8◦)
after applying the constraints: c1 −7.7◦, c2 82.3◦, c3 172.3◦ (turns 90.0◦, 90.0◦)

(3) Soft scores. One vector per call over the three objects. back is read from camera 2’s frame turned 90◦ right; .iota

rescales each label vector so that its best object scores 1.

obj 0 obj 1 obj 2

first_person.back 0.700 0.171 0.963
“. . . a dressing table?” 1.000 0.000 0.000
“. . . a grey-green decorative wall?” 0.000 0.000 0.438 → 1.000
“. . . a window?” 0.000 1.000 0.002

(4) Generated program. Boilerplate wrappers elided.
anchor = scene.frame(position=camera(2).position, orientation=camera(2).orientation).rotate(yaw=90)
J = anchor.first_person.back('x1')
options = {'A': 'dressing table', 'B': 'grey-green decorative wall', 'C': 'window'}
return max(options, key=lambda k: float(

(J & score(f'is the object in the red bounding box a {options[k]}?').iota('x1')).exists()))

(5) SATURN answer: B Ground truth: B ✓ Success Option values: A 0.700, B 0.963, C 0.171.
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