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Abstract

Reasoning-intensive retrieval often requires ev-
idence whose relevance is not captured by
keyword or embedding similarity alone, ex-
posing a core limitation of traditional IR sys-
tems. An emerging direction - LLM-guided
hierarchical search - addresses this limitation
by letting an LLM directly traverse a seman-
tic tree over the corpus. Such methods so
far work well only with a frontier LLM in
the search loop, which makes inference expen-
sive. We propose HSEARCH-R1, a distilla-
tion recipe for learning compact (4B) LLMs
that perform efficient LLM-guided hierarchical
search. The recipe distils a frontier teacher’s
per-step value estimates from its search trajec-
tories into a much smaller LLM (Qwen3.5-4B)
via RL, using a composite reward that matches
the teacher’s ranking and score distribution
at each step; this outcome-level RL distilla-
tion substantially outperforms supervised fine-
tuning on teacher outputs. We further propose
a retrieval-prior-informed variant of the search
that injects a cheap retriever’s shortlist as a
prior into the tree and adds robustness when
the offline index is stale. The base HSEARCH-
R1-4B matches or closely tracks frontier LLMs
on the seven static BRIGHT-StackExchange
subsets at roughly 50× lower per-query cost.
Adding the retrieval prior brings HSEARCH-R1
to 52.5 nDCG@10 on StackExchange and 45.6
across all 12 BRIGHT subsets, within 1 nDCG
of the strongest published ensembled baselines
while remaining substantially cheaper.

1 Introduction

Search systems are increasingly asked to retrieve
evidence for questions whose relevance signal is
not captured by keyword overlap or embedding
similarity alone. In reasoning-intensive retrieval
settings such as deep research, scientific discov-
ery, and technical question answering, a relevant
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Figure 1: Cost versus quality on BRIGHT-
StackExchange (StackExchange-7 avg nDCG@10).
HSEARCH-R1 (4B) matches LATTICE-Gemini-2.5-
flash at ∼50× lower per-query cost.

document may be useful because it completes an
argument, instantiates an abstract condition, or con-
nects to the query through a chain of inference
rather than through surface similarity (Su et al.,
2025; Shao et al., 2025).

Recent work therefore tries to bring LLM rea-
soning earlier into the retrieval process. Most
dominant line of work keeps the embedding re-
triever fixed and uses the LLM on the query side:
the model rewrites the query, generates a hypo-
thetical answer, or runs an agentic retrieve-refine
loop before reranking the returned candidates (Gao
et al., 2023; Wang et al., 2023; Jin et al., 2025).
These methods can improve the query presented
to the retriever, but the corpus is still accessed
through the retriever’s similarity function, and on
BRIGHT most of the benefit of added compute
in such pipelines comes from the reranking stage
rather than from query expansion (Apparaju and
Gupta, 2026). The LLM can suggest where to look,
but it does not choose documents directly from
the corpus. A second line, LLM-guided search,
changes this interface: the corpus is organized into
a navigable structure (a tree or a document graph),
and a relevance model, a cross-encoder or an LLM,
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traverses that structure as part of the search algo-
rithm (MacAvaney et al., 2022; Edge et al., 2024;
Rathee et al., 2025b; Xu and Chen, 2026; Gupta
et al., 2025). This gives the model a chance to in-
spect the corpus at multiple granularities, semantic
regions defined by the structured index and to make
relevance decisions that are not forced through a
fixed embedding geometry.

In this work we build upon LATTICE (Gupta
et al., 2025), a strong instance of the latter
paradigm. It constructs a hierarchical index whose
leaves are documents and whose internal nodes are
LLM-written summaries of the document clusters
below them. At query time, a frontier LLM runs
best-first search over this tree: it scores the children
of the currently expanded node, updates the fron-
tier with the resulting scores, and repeats until the
search budget is exhausted. The score assigned to a
child is naturally interpreted as a value estimate for
that subtree, namely an estimate of how much rele-
vant evidence can be found below that node. Under
this view, LATTICE is a learned-value tree search
method over a corpus index, where the value func-
tion is supplied by a frontier LLM reading node
descriptions.

The main obstacle to deploying this form of
search is cost. LATTICE calls an LLM at ev-
ery search step, and a typical query requires 20
to 40 such calls. With a frontier closed-source
model in the inner loop, this costs roughly $0.40
per query, which is one to two orders of magni-
tude more expensive than common retrieve-then-
rerank systems and too costly for high-throughput
retrieval (Figure 1). This raises the central question
of this paper: can the frontier LLM in LATTICE-
style search be replaced by a compact learned value
model while preserving the reasoning advantage of
hierarchical traversal? Off-the-shelf open models
such as Qwen3.5-9B and smaller variants trail fron-
tier LLMs by 10 to 15 nDCG@10 on BRIGHT, a
gap large enough to erase the practical value of the
lower inference cost.

Our approach. We propose HSEARCH-R1, a
training recipe for LATTICE-style search: the
search algorithm and index are kept, and the con-
tribution is the compact value model and the study
of how to train it. We treat the LATTICE per-step
score as the object to be learned. Rather than train-
ing a compact model to retrieve documents directly,
we train a 4B student LLM to imitate the frontier
teacher’s value estimates on the slates encountered

during hierarchical search. The distinction is im-
portant: the search algorithm consumes a ranked
and calibrated score vector over a slate of sibling
subtrees, not merely a fluent explanation or a fi-
nal document ranking. Supervised fine-tuning on
the teacher’s JSON output optimizes token-level
imitation, but it does not directly optimize the slate-
level decision that determines how the frontier
evolves. We therefore train the student with RL
on teacher rollouts. The reward combines three sig-
nals: a slate-nDCG term that rewards matching the
teacher’s ranking of children, a slate-KL term that
rewards matching the teacher’s score distribution,
and a format term that enforces valid structured
outputs. This objective supervises the outcome of
the student’s generation in the space where search
actually uses it.

We also explore a lightweight mechanism for re-
trieval augmentation. A cheap retriever provides a
top-K shortlist, which is converted into a prior over
leaves and propagated into the hierarchical search.
During traversal, this prior biases the frontier to-
ward subtrees already supported by the retriever; at
the end, leaf scores combine the hierarchical-search
signal with the retriever signal. This augmentation
is not meant to replace LLM-guided search. In-
stead, it supplies a complementary source of ev-
idence, especially on dynamic-corpus subsets of
BRIGHT where the offline tree summaries can be-
come stale and the retriever has access to fresher
or more query-specific surface evidence.

Key results. On BRIGHT, the base 4B
HSEARCH-R1 reaches 51.6/41.1 nDCG@10 on
the StackExchange-7 and full 12-subset averages,
respectively (Table 1). On the StackExchange
subsets, it matches LATTICE-Gemini-2.5-flash
(52.0) and is competitive with the strongest ensem-
bled retrieve-then-rerank baselines, DIVER v3
(51.8) and BGE-Reasoner full (52.0), while
costing $0.008 per query instead of $0.40 for
LATTICE-Gemini-2.5-flash. The remaining gap
on the full 12-subset average is concentrated on
the dynamic-corpus subsets. Adding the retrieval
prior raises HSEARCH-R1 to 52.5/45.6, making
it the strongest method on the StackExchange
average and bringing it within 1 nDCG point of
the strongest published ensembled baselines on the
full average, while remaining substantially cheaper
than those systems (Figure 1, Table 2).

Our controlled comparisons support the under-
lying search claim. When we fix the LLM and
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Iteration t
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Figure 2: Overview of HSEARCH-R1. (a) Inference: at iteration t, the student LLM scores the children of the
top frontier node n∗

t and the frontier is updated. (b) Training: a teacher LLM (Gemini-3-flash) navigates a tree
built on 1% of ReasonIR queries, yielding ∼20k (q, slate, sT ) tuples; per slate, the student πθ (Qwen3.5-4B, LoRA)
generates G=4 score vectors, each scored by R(ŝ) = Rndcg +RKL +Rfmt against sT .

the retrieval shortlist and vary only the search al-
gorithm, hierarchical search Pareto-dominates flat
sliding-window reranking at moderate and high
token budgets on every BRIGHT-StackExchange
subset (Figure 3). A model-size sweep from 0.8B
to 9B shows smooth scaling and identifies 4B as the
cost-quality knee: the 9B model adds essentially
no further nDCG at higher cost (Table 3). Training
ablations show that both slate-level reward terms
are necessary. Removing either ranking nDCG or
KL to the teacher degrades average nDCG sub-
stantially, and pure SFT on teacher outputs lags
the RL-trained model by 8 points (Table 4). To
our knowledge this is the first systematic study of
training a language model to navigate a hierarchi-
cal semantic index, in the spirit of the distillation
recipes that turned frontier listwise reranking (Sun
et al., 2023) into standard open rerankers (Pradeep
et al., 2023a,b).

2 Related Work

Hierarchical and tree-based retrieval. LAT-
TICE (Gupta et al., 2025) is the closest base;
it imposes a top-down LLM-built tree and nav-
igates it with a calibrated listwise scorer. RE-
TREEVER (Gupta et al., 2026) learns a hierarchy
via contrastive routing over embeddings without
an LLM in the loop. RAPTOR (Sarthi et al.,
2024) recursively summarises clusters bottom-up;
GRAPHRAG (Edge et al., 2024) builds entity / com-
munity hierarchies for global summarisation, and
HIPPORAG (Gutiérrez et al., 2024) a knowledge
graph traversed with personalised PageRank. Clas-
sical hierarchical ANN structures (HNSW (Malkov
and Yashunin, 2020), IVFPQ (Jégou et al., 2011),
FAISS (Johnson et al., 2021)) defined what “hi-

erarchical retrieval” meant pre-LLM; we replace
the navigation policy with a learned LLM-heuristic
value function over the tree.

Value-guided tree search and learned heuris-
tics. Heuristic tree search guided by a scalar eval-
uator dates to Pearl (1984) and Korf (1985); the
modern neural-heuristic-search line replaces hand-
designed heuristics with learned ones (Agostinelli
et al., 2019; Yonetani et al., 2021). ALPHAGO (Sil-
ver et al., 2016) and ALPHAZERO (Silver et al.,
2017) are the most prominent modern instantiations
of value-guided tree search but operate in adversar-
ial game environments and pair the value function
with Monte-Carlo Tree Search. Our setting (deter-
ministic transitions, fixed corpus tree, no opponent)
reduces to greedy best-first heuristic search and in-
herits the value-distillation abstraction without in-
heriting MCTS. Within NLP, tree-of-thoughts (Yao
et al., 2023) and graph-of-thoughts (Besta et al.,
2024) apply LLM-guided tree search over reason-
ing states; we apply it over a corpus index, an
orthogonal tree structure with explicit relevance
labels.

Distilling frontier rankers and recipe studies.
RANKGPT (Sun et al., 2023) showed that fron-
tier LLMs rerank listwise; RANKVICUNA and
RANKZEPHYR (Pradeep et al., 2023a,b) con-
tributed the distillation recipes that compressed this
into open 7B models, and RANK1 (Weller et al.,
2025) did the same for reasoning-style relevance
judgments. Our work plays this role for LLM-
guided hierarchical search. Controlled studies of
supervision and training choices, such as process
versus outcome supervision (Lightman et al., 2024),
SFT versus RL (Chu et al., 2025), and the choice
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of per-step value target for process reward mod-
els (Zhang et al., 2025), are the closest method-
ological neighbours of our ablations; Zhang et al.
(2025) reach an analogous conclusion to our target
ablation (§3.2) that rollout-derived Monte-Carlo
targets underperform judge-style targets.

Listwise LLM rerankers. Listwise LLM scor-
ers (Sun et al., 2023; Pradeep et al., 2023b; Zhuang
et al., 2024; Gangi Reddy et al., 2024) rerank flat
candidate lists; we apply the same scoring inside
a tree search, with anchor-based slate calibration
(§3.1).

Reasoning-intensive retrieval baselines. On
BRIGHT (Su et al., 2025) the strongest single-
pipeline systems include DIVER-V3 (Sun et al.,
2025), BGE-REASONER-0928, REASONIR-
8B (Shao et al., 2025), RADER (Das et al.,
2025), REASONRANK (Liu et al., 2026), and
RANK1 (Weller et al., 2025). REASONRANK is the
closest existing “RL for retrieval ranking” neigh-
bour: like us, it RL-trains a small model with a
listwise reward, but it operates on a flat candidate
list rather than over a tree.

Adaptive corpus-graph retrieval. GAR (MacA-
vaney et al., 2022), QUAM (Rathee et al., 2025b)
and SLIDEGAR (Rathee et al., 2025a) alternate be-
tween an initial-pool reranker and graph-neighbour
expansion within a fixed LLM-call budget. They
are the flat-graph cousin of our hierarchical traver-
sal. RGS (Xu and Chen, 2026) likewise greedily
searches an ANN proximity graph guided by a
reranker;

RL training of LLMs for search and value
learning. SEARCH-R1 (Jin et al., 2025),
R1-SEARCHER (Song et al., 2025) and RE-
SEARCH (Chen et al., 2025) RL-train an LLM to
issue search queries and condition on retrieved
context. We instead RL-train an LLM to act as a
heuristic over a corpus tree. In the value-target
literature, MATH-SHEPHERD (Wang et al., 2024),
PRM800K (Lightman et al., 2024) and AL-
PHAMATH (Chen et al., 2024) construct per-step
value or reward targets (from human labels,
rollouts, or MCTS) and use them for verification
or value-guided search; we adapt this idea to
slate-level value prediction over a corpus tree.
GRPO (Shao et al., 2024) and its CISPO variant
give the group-relative baseline that maps naturally
onto a slate of children at each tree node.

3 Method

This section describes our method in three parts.
Section 3.1 reviews the LATTICE search procedure
and frames the per-step LLM score as an estimate
of a node’s downstream value, which sets up the
target the LLM is trying to estimate. Section 3.2
describes how we train a compact LLM to estimate
this target accurately, contrasting SFT against an
RL recipe. Section 3.3 introduces a simple modi-
fication of the search that folds in cheap external
retrieval scores, useful when the index is stale (a
common problem on dynamic-corpus subsets) or
as a low-cost ensembling effect.

Setting and notation. A corpus D =
{ℓ1, . . . , ℓN} is organised into a hierarchical
search index T , a rooted tree whose leaves
correspond to documents in D and whose internal
nodes carry LLM-generated text descriptions of
the cluster of leaf documents under them. We
write ch(n) for the children of an internal node
n, lv(n) for the leaves under n, and call the set
presented to the LLM scorer at a single step a slate;
it consists of the children ch(n) being expanded
plus a small number of additional already-scored
sibling nodes that act as calibration anchors so
that scores from different slates are placed on a
comparable scale. Tree construction is offline
and outside the scope of this paper; we use the
trees released with LATTICE (Gupta et al., 2025).
Given a user query q and per-leaf relevance labels
y(ℓ, q), the goal at inference is to return a top-K
ordered list of leaves that maximises nDCG@K,
subject to a budget on LLM calls.

LLM as a listwise scorer. At each step the LLM
receives the query and the slate of cluster descrip-
tions and emits a JSON object with a brief rea-
soning string and an integer relevance score in
[0, 100] for each candidate (verbatim prompt in
Appendix A); listwise scoring with calibration an-
chors lets scores from different slates be compared
on a common scale. We rescale per-child scores
L(q, ch(n)) to [0, 1] before downstream use.

3.1 LATTICE: hierarchical retrieval guided
by an LLM-estimated node value

LATTICE runs a best-first frontier search over T .
The search maintains a frontier F of unexpanded
nodes. At each step it pops a node n from F ,
evaluates an LLM listwise scorer L(q, ch(n)) on
the slate, calibrates the scorer’s outputs to a com-
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mon scale across calls (the calibration corrects for
prompt-specific bias and lets scores from differ-
ent slates be compared directly), and inserts each
child c ∈ ch(n) back into F with a per-node path-
relevance score

ρ̂(c) = α ρ̂(n) + (1− α) ŝc, (1)

an exponential moving average up the root-to-node
path with α ∈ [0, 1] (kept at 0.5). Here ŝc is the cal-
ibrated per-child score in [0, 1]. After T iterations
the search returns the top-K leaves by ρ̂.

Cross-slate comparability. Raw scores from dif-
ferent calls are not on a common scale, and Eq. 1
does not consume them directly. Each slate con-
tains calibration anchors, already-scored siblings
(10 at the leaf level, 2 at internal levels) whose
calibrated scores are known; the calibration step
regresses the anchors’ new raw scores onto those
values and maps the whole slate onto the common
scale, absorbing per-slate shift or rescaling. The
scorer thus only needs within-slate order and rela-
tive spacing right (Table 5).

The LLM’s per-child score ŝc can be interpreted
as an estimate of the downstream value of expand-
ing the subtree rooted at c, where value is loosely
the relevance of the best leaf, or the top-few leaves,
reachable under c. Concretely we can define an or-
acle target V ⋆(n; q) = maxℓ∈lv(n) y(ℓ, q); or any
top-K-aware aggregation of the leaf labels under
n. The LLM is trying to approximate V ⋆ from n’s
cluster description alone. The calibration step is
then a noise model on the raw LLM outputs that
maps them to a less biased estimate of V ⋆, and the
path-relevance EMA in Eq. 1 is a path-aware blend
that incorporates evidence from earlier steps along
the same trajectory: it mildly discounts a high local
score when the parent path was weak, similar in
spirit to discounted returns in value estimation.

Search quality strongly depends on how well
V̂ approximates V ⋆ from the node descriptions:
frontier LLMs are strong estimators (Gupta et al.,
2025), but small open-source LLMs (≤9B) trail by
10 or more nDCG points (Table 3), and closing that
gap is the goal of this paper.

3.2 Training compact LLMs to estimate V ⋆

accurately
Training data. We sample ∼ 1% of Rea-
sonIR’s (Shao et al., 2025) training queries
(roughly 1k queries that span the BRIGHT subsets)
and run a teacher LLM (Gemini-3-flash) through

the LATTICE search procedure (for 10 iterations
with beam size of 2) on a hierarchical index built
over the full 100k-document ReasonIR HQ doc-
ument corpus. For each query we record the
teacher’s per-step slate scores and the leaves the
teacher’s rollout reaches. This gives us roughly 20
slate-scoring decisions per query, or ∼20k stepwise
training examples in total.

Per-step value targets. Given a teacher rollout,
two natural sources of supervision exist for each
child c scored at any internal step:

1. the teacher’s own per-step score sT (c), and

2. a bottom-up rollout-derived value Vτ (c) ob-
tained by aggregating the teacher’s per-leaf
scores within the subtree under c. We use a
max aggregation, Vτ (c) = maxℓ∈lv(c) sT (ℓ) ·
1[ℓ visited], where the indicator restricts the
max to leaves the teacher actually scored.

We also experiment with a blended target
Vblended(c) = 1

2(s
T (c) + Vτ (c)). Table 12 com-

pares the three target choices. We find that sT and
Vblended are roughly equivalent and both noticeably
better than training on Vτ alone.

The asymmetry is interesting: even though Vτ

is the closer proxy for the oracle target V ⋆, we
hypothesize that the cluster descriptions a student
sees at inference are themselves noisy and some-
times under-specific. In that case the value of a
node is not perfectly recoverable from its descrip-
tion alone, and asking the student to predict Vτ

amounts to asking it to predict something outside
its observable inputs. By contrast, sT is a function
of what the cluster description and the query say to
the teacher, the same input the student receives at
inference, which makes it a more learnable target.
We use sT as the default target throughout.

Training method: SFT vs. RL. Given
(q, cluster descriptions for ch(n), vtgt) tuples,
two natural training options are: (a) supervised
fine-tuning (SFT) on the teacher’s exact outputs, or
(b) RL where the student samples its own outputs
and is rewarded against the value targets. We
find that SFT does not generalise well; RL with
the right reward generalises substantially better
(Table 12).

Supervised fine-tuning. For SFT we treat
the teacher’s full JSON output (which includes
a reasoning field and per-child score vector) as
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the gold sequence and minimise per-token cross-
entropy LSFT = −∑

t log pθ(ot | o<t, x), where
x is the query-and-cluster-descriptions context and
o = (o1, . . . , oT ) is the teacher’s output sequence.

RL with composite reward. For RL we use
CISPO (MiniMax, 2025), a clipped-importance-
sampling variant of GRPO (Shao et al., 2024)
which we found more stable in our setting (cf. (Kha-
tri et al., 2026)). At each step the student samples
a group of G responses for the same prompt; each
response is parsed for its predicted score vector ŝ,
and rewarded by a composite per-response reward

R(ŝ) = wfmtRfmt + wndcg Rndcg(ŝ,v
tgt)

+ wKLRKL(ŝ,v
tgt),

(2)

where Rfmt is a parse-success indicator on the
student’s structured output, Rndcg(ŝ,v

tgt) is the
slate-nDCG of the student’s ranking against the
value targets (does the student rank children like
the teacher?), and RKL(ŝ,v

tgt) is the negative KL
between the student’s and teacher’s softmax score
distributions (does the student match the teacher’s
calibration?). Precise definitions, floor penalties,
and the exact KL form are in Appendix B. We use
weights (wfmt, wndcg, wKL) = (0.1, 0.6, 0.3).
Both substantive terms are invariant to a constant
shift of the scores within a slate: cross-slate scale
is handled by the anchor calibration of §3.1, and
the reward supervises the two quantities calibration
cannot repair. Both terms operate at the slate level,
which is the level the downstream search consumes;
we believe this slate-level contrastive supervision
across the group of generations is what makes the
model generalize so much better compared to the
SFT model. Table 12 ablates the reward compo-
nents and shows that removing either the nDCG
term or the KL term hurts noticeably.

3.3 External retrieval-informed hierarchical
search

The value model is only as accurate as the cluster
descriptions it sees at inference, and two situations
leave headroom for a cheap external retriever to
supply complementary signal. (i) Dynamic-corpus
subsets (BRIGHT LeetCode, AoPS, TheoremQA-
Q) apply a different per-query exclusion list to the
corpus, so the offline-built summaries become stale:
a node summary may still advertise documents that
are no longer eligible for the current query. (ii)
Under-informative descriptions where the LLM

cannot recover the value of a node from the sum-
mary alone, but a cheap retriever picks up surface
signal the LLM does not see. In both cases we bias
the search toward subtrees the retriever already con-
siders promising, while leaving the LLM in charge
of fine-grained ordering; we implement this via a
soft top-K over retriever scores.

Soft top-K leaf scoring and frontier gating. Let
r(ℓ) be the score from an off-the-shelf retriever
(e.g. BM25) for leaf ℓ, defined on the retriever’s
top shortlist and −∞ otherwise, and let sℓ =
minmax(r(ℓ)). We use the sigmoid-threshold
soft top-K operator of (Gupta et al., 2024), a La-
grangian relaxation of the top-K constraint:

vr(ℓ) = σ
(
sℓ/τ + t⋆

)
, s.t.

∑

ℓ

vr(ℓ) = K, (3)

where τ>0 is a temperature and t⋆ is the unique
scalar satisfying the constraint (found by binary
search since the LHS is monotone in t); we use
K ≈ 200. We lift to internal nodes by vr(n) =
maxℓ∈lv(n) vr(ℓ) and gate the frontier-ordering
score multiplicatively: score(n) = ρ̂(n) · vr(n)
Because vr is approximately 1 on the top-K re-
trieval region and approximately 0 outside, this
biases the search toward subtrees with a top-K leaf
while LLM scores still drive fine-grained ordering.

Final leaf ranking. After the search ends, we
rank visible leaves by a simple mean of the LAT-
TICE path-relevance score and the normalised re-
triever score:

scorefinal(ℓ) = 1
2

(
ρ̂(ℓ) + minmax(r(ℓ))

)
. (4)

Hyperparameters (K, τ) are tuned once per (re-
triever, dataset) pair on a held-out ReasonIR train-
ing data split. Table 10 ablates the retrieval-
augmentation hyperparameters and the choice of
retriever.

4 Experiments

We aim to address four questions: (1) how does
HSEARCH-R1 compare against SOTA systems on
BRIGHT (§4.1)? (2) What is the inference cost of
HSEARCH-R1 relative to those baselines (§4.1)?
(3) Which design choices in the training recipe
matter and by how much (§4.2)? (4) How does the
recipe scale across student sizes (§4.2)?
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Setup. We evaluate on BRIGHT (Su et al., 2025)
(12 reasoning-intensive subsets, partitioned into 7
StackExchange, 2 coding, 3 math/theorem) and 3
traditional IR benchmarks (SciFact, SciDocs, NQ)
for breadth (Appendix H). Ablations and model-
size scaling are reported on a uniform set of five
BRIGHT-StackExchange subsets (Bio, Earth, Eco,
Psy, Rob). The student is Qwen3.5-4B with LoRA
(r=32, α=64), trained as in §3.2; the retriever
for augmentation is the BGE-Reasoner shortlist
(BGE-Reasoner-Embed+BM25, with LLM query
rewriting) by default. Trees on BRIGHT subsets
are reused from the LATTICE release ; the train-
ing tree on the 100k ReasonIR HQ corpus is built
with Gemini-3-flash and Gemini-3.1-flash-lite fol-
lowing the tree construction algorithm in (Gupta
et al., 2025). We use 20 search iterations with
beam size 2 unless noted. Full setup and base-
lines are in Appendix A. Code, the trained check-
point, and evaluation scripts are available at https:
//github.com/nilesh2797/HSearch-R1.

4.1 Main results

Table 1 reports nDCG@10 on BRIGHT.
Vs. frontier teachers. On the 7 static-corpus

StackExchange subsets, HSEARCH-R1 (4B) tracks
LATTICE-Gemini-2.5-flash within ±2 nDCG ev-
erywhere (51.6 vs 52.0 SE-7; paired difference not
significant, Appendix K) at ∼50× lower per-query
cost (Table 2). Against the stronger Gemini-3-flash
teacher, the base 4B trails by 3.6 on SE-7 and is
within 2 nDCG on 3 of 12 subsets; with retrieval
augmentation, this grows to 9 of 12 subsets, with
only the longer-context Psy, Rob, Pony still >3
nDCG behind.

Vs. agentic retrieve-then-rerank pipelines.

DIVER v3 (14B+32B rerankers, $0.063/q)
and the BGE-Reasoner full pipeline (Qwen3-
8B+14B+32B rerankers + LLM embedder +
BM25, $0.71/q) sit 8–90× above HSEARCH-R1
on cost. Even without retrieval augmentation, the
base 4B matches or outperforms both on 5 of the 12
subsets (Earth, Eco, Psy, Rob, Sus); Augmenting
HSEARCH-R1 with the BGE-Reasoner shortlist
closes the gap on the dynamic-corpus subsets (LC:
18.5→30.1, AoPS: 7.8→15.3, ThT-Q: 27.7→45.9)
and brings it within 2 nDCG of the ensembled sys-
tems on 9 of 12 subsets, with the remaining ∼1
nDCG 12-avg gap concentrated on Pony (34.0 vs
47.3 / 41.6).

Cost-quality Table 2 summarises per-query
LLM cost on BRIGHT-StackExchange; per-
system token measurements, provider rates, and
DIVER/BGE-Reasoner accounting are detailed in
Appendices A and F. HSEARCH-R1 (4B) sits at
$0.008/q. The same hierarchical-search algorithm
with Gemini-3-flash costs $0.37/q (∼46× more)
and Gemini-2.5-flash $0.40/q (∼50×), with out-
put dominated by thinking tokens. The strongest
retrieve-then-rerank baselines run at intermediate
cost on the open-source side: DIVER v3 costs
$0.063/q (∼8× HSEARCH-R1), spending most
of its budget on the 32B groupwise reranker that
scores the top-100 shortlist with multiple passes;
the ensembled BGE-Reasoner-0928 stack runs at
$0.71/q (∼90×), driven by ∼3,500 reranker calls
per query across the 6 retriever× size combina-
tions it ensembles. Retrieval augmentation adds
only the shortlist cost ($0.010/q end-to-end), and
building the tree is a one-time $0.16–0.96 per 1k
documents that amortizes within ∼1,000 queries
against BGE-Reasoner-0928 (Appendix E).
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Table 1: nDCG@10 on BRIGHT. ∗ = dynamic-corpus subsets. Bold: overall best; underline: best among non-
Gemini systems. Baselines from their published reports.

Method LLM Size Bio Earth Eco Psy Rob Stack Sus SE Avg LC∗ Pony AoPS∗ Th-Q∗ Th-T Avg

Retrieve-then-rerank
Rank-R1-14B 14B 31.2 38.5 21.2 26.4 22.6 18.9 27.5 26.6 9.2 20.2 9.7 11.9 9.2 20.5
Qwen1.5-7B + InteRank-3B 7B + 3B 51.2 51.4 22.4 31.9 17.3 26.6 22.4 31.9 24.5 23.1 13.5 19.3 25.5 27.4
GPT-4 BM25 + Rank1-32B 32B 49.7 35.8 22.0 37.5 22.5 21.7 35.0 32.0 18.8 32.5 10.8 22.9 43.7 29.4
ReasonIR + QwenRerank 32B 58.2 53.2 32.0 43.6 28.8 37.6 36.0 41.3 33.2 34.8 7.9 32.6 45.0 36.9
RaDeR + QwenRerank 32B 58.0 59.2 33.0 49.4 31.8 39.0 36.4 43.8 33.5 33.3 10.8 34.2 51.6 39.2
XRR2 (GPT-4 BM25 + gemini-2.5-flash) - 63.1 55.4 38.5 52.9 37.1 38.2 44.6 47.1 21.9 35.0 15.7 34.4 46.2 40.3
ReasonRank 32B 62.7 55.5 36.7 54.6 35.7 38.0 44.8 46.9 29.5 25.6 14.4 42.0 50.1 40.8

Agentic-retrieve-then-rerank
BGE-Reasoner (no ensemble) 32B 64.3 62.6 45.3 52.7 44.3 41.5 46.9 51.1 14.4 30.2 14.2 41.7 47.5 42.2
BGE-Reasoner (full) 8B+14B+32B 68.5 66.4 40.6 53.1 43.2 44.1 47.8 52.0 29.0 41.6 17.2 46.5 58.4 46.4
DIVER v3 14B+32B 66.0 63.7 42.4 55.0 40.6 44.7 50.4 51.8 32.5 47.3 17.2 46.4 55.6 46.8

LLM-guided hierarchical search
LATTICE (Gemini-2.5-flash) - 66.3 63.0 47.4 54.0 47.6 37.6 48.2 52.0 19.9 34.0 12.0 38.0 47.9 43.0
LATTICE (Gemini-3-flash) - 68.4 65.0 45.8 61.0 53.9 42.2 50.4 55.2 22.9 43.2 13.7 44.0 46.0 46.4

HSEARCH-R1 (4B) 4B 65.2 63.3 47.7 54.8 45.8 36.4 48.0 51.6 18.5 30.1 7.8 27.7 48.4 41.1
HSEARCH-R1 (4B) + retrieval aug 4B 69.8 66.0 44.5 53.7 42.9 41.2 49.2 52.5 30.1 34.0 15.3 45.9 54.8 45.6

Table 2: Per-query LLM cost on BRIGHT-
StackExchange. The ret-aug row includes the
BGE-Reasoner shortlist cost, dominated by its LLM
query rewriter ($0.0022/q, Appendix G); retrieval itself
is negligible. One-time tree-construction cost is in
Appendix E. Pricing details in Appendix A.

Method In/q Out/q Steps/s USD/q

HSEARCH-R1 (4B) 156k 25k 2.5 0.008
HSEARCH-R1 (4B, fast) 156k 9k 4.8 0.006
HSEARCH-R1 (4B) + ret-aug 158k 33k 2.5 0.010

DIVER v3 243k 44k – 0.063
BGE-Reasoner-0928 3.0M 882k – 0.71

LATTICE (G3-flash) 163k 97k – 0.37
LATTICE (G2.5-flash) 164k 145k – 0.40

Controlled hierarchical search vs. flat retrieve-
then-rerank. Figure 3 isolates the contribution
of the hierarchical search procedure itself by
holding the LLM fixed (the same Qwen3.5-4B
HSEARCH-R1 student in all curves) and vary-
ing the search algorithm. The flat retrieve-then-
rerank baseline uses the HSEARCH-R1 student as
a sliding-window listwise ranker over the BGE-
Reasoner top-300 shortlist; HSEARCH-R1 (ret-
aug) runs hierarchical search with the same shortlist
as a retrieval prior (without ensembling score with
retrieval); HSEARCH-R1 (full corpus) runs hierar-
chical search over the entire corpus. Setup details
(window size, overlap, prompts) are in Appendix J.
The plot shows that at low LLM budgets the flat
reranker is ahead because it inherits the retrieval-
only nDCG for free, but as the budget grows the
hierarchical-search curves overtake it on most sub-
sets and at the high-budget end, hierarchical search
dominates the flat reranking on most subsets, with

the largest gaps on Economics (+7), and Robotics
(+8); the full-corpus variant ends in the same band
but takes more iterations to get there.

4.2 Ablations and model-size scaling

Ablations are reported on five BRIGHT-
StackExchange subsets (Bio, Earth, Eco, Psy,
Rob). Retrieval-augmentation and BEIR-transfer
ablations are in Appendix H.

Model-size scaling. Table 3 sweeps the student
backbone from 0.8B to 9B at the same recipe.
The recipe lifts every backbone size by 20–35
nDCG@10 on average over its base. Qwen3.5-4B
reaches 55.4 average from a 43.6 base; Qwen3.5-
9B saturates at 55.5 with no measurable further
gain, marking the 4B as the cost-quality knee. The
trained 4B and 9B both match Gemini-2.5-flash
and trail Gemini-3-flash (teacher) by ∼3 points.

Table 3: Model-size scaling on BRIGHT-SE
(nDCG@10).

Backbone Bio Earth Eco Psy Rob Avg

Qwen3-0.8B (base) 2.9 2.5 0.3 1.5 0.9 1.6
+ HSEARCH-R1 44.7 42.4 25.1 32.1 28.7 34.6

Qwen3-2B (base) 16.0 10.0 13.5 9.6 4.3 10.7
+ HSEARCH-R1 52.2 52.1 30.3 43.6 26.9 41.0

Qwen3.5-4B (base) 53.3 51.2 38.9 42.7 31.8 43.6
+ HSEARCH-R1 65.2 63.3 47.7 54.8 45.8 55.4

Qwen3.5-9B (base) 52.4 54.7 40.6 49.8 34.5 46.4
+ HSEARCH-R1 64.7 64.0 46.4 59.4 43.1 55.5

Frontier LLMs (LATTICE, reference)
Gemini-2.5-flash 66.3 63.0 47.4 54.0 47.6 55.7
Gemini-3-flash 68.4 65.0 45.8 61.0 53.9 58.8
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Table 4: Training-recipe ablation (avg nDCG@10 over
5 BRIGHT-SE subsets). Per-subset breakdown in Ap-
pendix I.

Variant Avg

Default (full recipe) 55.4

Training method (target = sT , default output)
Base (no fine-tuning) 43.6
SFT (cross-entropy on teacher tokens) 47.4
CISPO, RKL only (wndcg=0) 51.9
CISPO, Rndcg only (wKL=0) 43.1

Training target (CISPO full, default output)
vtgt = Vblended 55.1
vtgt = Vτ (rollout-aggregate) 52.6

Output format (CISPO full, target = sT )
JSON scores only (no-reasoning, ∼2× faster) 53.0

Training recipe. Table 4 ablates three axes of the
recipe relative to the default (55.4 average) shown
at the top of the table.

Training method. The untrained Qwen3.5-4B
base reaches 43.6 average. SFT on the teacher’s full
JSON tokens lifts to 47.4, leaving an 8-point gap to
the default. CISPO with the RKL term alone (KL-
to-teacher matching) closes most of the gap (51.9),
and adding the slate-Rndcg term against teacher
scores brings the recipe to its default 55.4. The
Rndcg-only ablation (no KL term) collapses to 43.1,
below SFT, confirming that the two reward terms
are complementary: KL keeps the score distribu-
tion well-calibrated, and ranking-nDCG sharpens
the slate order. All of these differences are signifi-
cant under a paired bootstrap (Appendix K).

Training target. The teacher’s per-step scores
sT (default, 55.4) match the blended target
Vblended = 1

2(s
T + Vτ ) (55.1) and beat the rollout-

aggregate Vτ alone (52.6) by ∼3 points. As dis-
cussed in the Section 3.1, we believe this difference
is because Vτ depends on unobserved inputs, while
sT is a function of the same inputs the student re-
ceives. We default to sT for simplicity.

Calibration anchors. Table 5 varies the number
of already-scored siblings inserted into each slate
at inference (§3.1). Removing anchors degrades
HSEARCH-R1 monotonically (Bio 65.2→34.7,
Eco 47.7→25.9 from 10/2 to 0/0), confirming that
anchors, not raw scores, carry cross-slate compara-
bility; LATTICE reports the same sensitivity for
the frontier teacher (Gupta et al., 2025).

Output format. Dropping the JSON reasoning
field at the same trained checkpoint halves wall-
clock latency at a ∼2 nDCG@10 cost (53.0 vs

Table 5: Sensitivity of HSEARCH-R1 (4B) to the num-
ber of calibration anchors per slate (nDCG@10). L/I =
already-scored leaf/internal siblings inserted into each
slate. Removing anchors degrades search monotonically,
mirroring the frontier teacher’s sensitivity reported for
LATTICE.

Anchors (L/I) Bio Eco

10/2 (default) 65.2 47.7
3/2 55.0 40.7
0/2 39.6 30.8
0/0 (no anchors) 34.7 25.9

55.4); this is the fast operating point shown in Ta-
ble 2 and offers a useful latency-quality tradeoff
for deployment.

5 Conclusion

We introduced HSEARCH-R1, a compact value
model for LLM-guided hierarchical search that re-
places the frontier LLM used in LATTICE-style
traversal with a 4B student trained from teacher roll-
outs. Our results show that slate-level RL is critical
for this distillation, substantially outperforming su-
pervised fine-tuning and matching frontier-LLM
hierarchical search on BRIGHT’s static StackEx-
change subsets at roughly 50× lower per-query
cost. We further showed that a cheap retrieval prior
improves robustness on dynamic-corpus subsets
where offline tree summaries may be stale. Over-
all, HSEARCH-R1 makes LLM-guided hierarchi-
cal search more practical by transferring expensive
search-time value estimates into a compact model
while preserving most of the retrieval quality.
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Limitations

Stale indices. The semantic tree is built once of-
fline, and its cluster summaries become stale on
dynamic corpora; the retrieval-augmentation step
softens this but does not solve it, and the dynamic-
corpus BRIGHT subsets remain the weakest part
of our results. Index refresh is cheap in principle
(keyword generation, assignment, and summariza-
tion are local to the affected root-to-leaf paths; Ap-
pendix E), but we do not measure refresh policies
or their effect on search quality.

Dependence on LLM-built trees. The method
inherits the quality of the LLM-written cluster sum-
maries: a node whose description under-represents
its leaves cannot be found by any value model, and
the student is trained to match the teacher’s read-
ing of those descriptions rather than the underlying
documents. Tree construction is a one-time cost of
$0.16–0.96 per 1k documents with the models used
here (Appendix E); for much larger corpora we
recommend hybrid construction (embedding-based
clustering for the lower layers, LLM summariza-
tion only for the top), which we do not evaluate.

Student-rollout distribution shift. The student
is trained only on slates visited by the teacher’s
search; at inference its own scoring errors can steer
the search to slates that were never in the train-
ing distribution, and errors can compound along
a trajectory. Our evaluation already runs on trees
that were never seen in training (Appendix A), and
the beam with a persistent frontier tolerates local
misrankings, but we do not study DAgger-style
training on student rollouts, which is the natural
fix.

Teacher access and scope. The recipe assumes
a strong teacher with API access; a strong open-
source LLM could substitute with degraded trajec-
tories, but we did not study self-distillation. The
recipe is tuned for reasoning-intensive retrieval: on
classical IR (parts of BEIR) the value-prediction
view is less differentiated from flat retrieve-then-
rerank and the cost advantage shrinks. A single
retriever that handles both regimes within one in-
ference budget is open work.
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A Experimental setup and baselines

Benchmarks. BRIGHT (Su et al., 2025) com-
prises 12 reasoning-intensive subsets partitioned
into 7 StackExchange (Bio, Earth, Eco, Psy,
Rob, Stack, Sus), 2 coding (LeetCode, Pony),
and 3 math/theorem (AoPS, TheoremQA-Q,
TheoremQA-T) sets. LeetCode, AoPS, and
TheoremQA-Q expose a per-query corpus exclu-
sion list and are marked as dynamic-corpus subsets.
Table 6 reports per-subset query and corpus sizes.
The 3 traditional IR benchmarks used for breadth
are SciFact, SciDocs, and NQ from BEIR (Thakur
et al., 2021). Metrics are nDCG@10 (main paper)
and Recall@10/100 (Appendix L).

Table 6: BRIGHT subset sizes used in evaluation. ∗

marks dynamic-corpus subsets where the effective cor-
pus is filtered per-query.

Subset # queries corpus size

Biology 103 57,359
Earth Science 116 121,249
Economics 103 50,220
Psychology 101 52,835
Robotics 101 61,961
Stack Overflow 117 107,081
Sustainable Living 108 60,792

LeetCode∗ 142 per-query
Pony 112 7,894
AoPS∗ 111 per-query
TheoremQA-Q∗ 194 per-query
TheoremQA-T 76 23,839

Baselines. We compare against four families
of systems. Retrieve-then-rerank: Rank-R1-
14B; Qwen1.5-7B+ InteRank-3B; GPT-4
BM25+Rank1-32B (Weller et al., 2025);
ReasonIR-8B (Shao et al., 2025) and RaDeR-
7B (Das et al., 2025), each with the zero-shot
Qwen2.5-32B-Instruct reranker (QwenR-
erank) of the ReasonIR release; XRR2 (GPT-4
BM25 retrieval + Gemini-2.5-flash reranker);
ReasonRank-32B (Liu et al., 2026). These chain
a sparse/dense retriever with a cross-encoder
reranker. Agentic retrieve-then-rerank: BGE-
Reasoner (no ensemble, a single reranker on top
of the BGE-Reasoner-Embed retrieval shortlist);
BGE-Reasoner-0928 (full pipeline, ensembles
6 retriever×reranker combos covering 8B, 14B,
and 32B rerankers, BGE-Reasoner-Embed,
and BM25); DIVER v3 (Sun et al., 2025)
(DeepSeek-R1-Distill-Qwen-14B query expansion
+ Diver-GroupRank-32B groupwise reranker + a
Qwen2.5-32B pointwise reranker). LLM-guided

hierarchical search: LATTICE (Gupta et al.,
2025) with Gemini-2.5-flash and Gemini-3-flash.
Embedding-only: BM25, Contriever (Izacard
et al., 2022), BGE-large (Xiao et al., 2024),
BGE-Reasoner-Embed. Baseline numbers are
taken from the original publications, or from the
authors’ public releases and BRIGHT leaderboard
entries where those supersede the paper (RaDeR,
ReasonRank); the BGE-Reasoner ablations are
reported in (Gupta et al., 2025).

Search hyperparameters. Unless noted, all
hierarchical-search experiments use beam size B =
2, T = 20 iterations, path-relevance EMA co-
efficient α = 0.5 (Eq. 1), and a 5-anchor cali-
bration slate (4 already-scored siblings inserted
alongside the children being scored). Retrieval-
augmented search uses the BGE-Reasoner shortlist
(BGE-Reasoner-Embed combined with BM25 via
reciprocal rank fusion, after an LLM query rewrite
step also from BGE-Reasoner) with top-K = 200
Trees on BRIGHT subsets are reused unchanged
from the LATTICE release; the training tree on the
ReasonIR HQ 100k corpus is built with Gemini-3-
flash and Gemini-3.1-flash-lite following the algo-
rithm of (Gupta et al., 2025).

Training data curation. The training corpus is
the ReasonIR HQ document set (100k passages);
training queries are sampled from the ReasonIR
training queries by selecting roughly the top ∼1%
(∼1k queries) chosen to cover the topical breadth
of the BRIGHT StackExchange subsets. For each
query we run the teacher (Gemini-3-flash) through
the LATTICE search procedure (B = 2, T = 10)
over the tree above, and record every per-step slate
(q, ch(n), sT ) the teacher emits. With ∼20 slates
per query, this yields ∼20k slate-scoring training
examples. For each child c in a slate we also store
the rollout-aggregate Vτ (c) (max teacher score
over visited leaves in the subtree under c) and the
blended target Vblended(c) = 1

2(s
T (c) + Vτ (c)).

We use sT as the default target (Table 12 ablates
the three options).

Train/eval overlap. The training queries are syn-
thetic ReasonIR queries and the training index is
a separate tree over the ReasonIR-HQ document
pool; no BRIGHT query or relevance label is used
in training. We audited the overlap between the
10k-query teacher-run pool from which the train-
ing slates were drawn and all BRIGHT evalua-
tion queries and corpora. Queries: 0 exact and
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0 near-duplicate matches (word 8-gram contain-
ment ≥ 0.5) against the 1,384 BRIGHT queries.
Documents: ReasonIR-HQ was built over doc-
uments from the BRIGHT corpora (Shao et al.,
2025), so 95,586 of the 95,827 training-tree doc-
uments (99.7%) also occur in a BRIGHT corpus,
and 364 of the 4,712 BRIGHT gold documents
(7.7%) served as the positive of some synthetic
query in the pool, which touches 349 of the 1,384
evaluation queries (108 of them in Pony, whose 43
gold documents make any shared document affect
many queries). This is the same document expo-
sure carried by retrievers and rerankers trained on
ReasonIR data; it involves neither the evaluation
queries nor their labels, and the student sees these
documents only through the summaries of a differ-
ent tree, supervised by the teacher’s scores. Train-
ing on a document pool disjoint from BRIGHT
would remove this exposure; we leave it to future
work. Audit scripts are released with the code.

Training hyperparameters. Student: Qwen3.5-
4B with LoRA (r = 32, α = 64, dropout 0.05, ap-
plied to all linear projections). Optimiser: AdamW
with cosine learning-rate schedule, peak learning
rate 1×10−5, 20 warm-up steps, weight decay 0.01,
gradient clipping at 1.0. Batch: per-device batch
size 4 slates, gradient accumulation 6, G = 4 gen-
erations per slate, sampling temperature 1.0 with
top-p 0.95. Max prompt length 16,384 tokens, max
completion length 2,048 tokens. Mixed-precision
bf16 with gradient checkpointing and Liger kernels;
vLLM colocated rollout with importance-sampling
correction (token-truncate mode). One epoch over
the ∼20k slate-scoring examples. Composite re-
ward weights (wfmt, wndcg, wKL) = (0.1, 0.6, 0.3)
with the parse-failure floor at −0.25, the KL-
reward floor at −2.0, and Rndcg measured at
nDCG@10. RL algorithm: CISPO (MiniMax,
2025) via the GRPO trainer with reference-KL co-
efficient β=0 (the only KL signal is the explicit
RKL reward against the teacher’s score distribution)
and batch reward scaling. Hardware: 4×GH200
(96GB HBM each); end-to-end training takes total
∼66 GH200-hours.

LLM scoring prompt. The slate-scoring prompt
used in both training data extraction and
HSEARCH-R1 inference asks the LLM for a JSON
object with a brief reasoning string, a ranking, and
a per-child relevance score in [0, 100]. The ver-
batim cluster-level template is below; a leaf-level
variant with the same structure but stricter scoring

guidance is used at depth-1 expansions.

You are an intelligent search agent navigating
a hierarchical semantic tree of topics. Your
mission is to predict the most promising
candidates to find the answer to the user's
query using the relevance definition below.

**Relevance Definition:**
{relevance_definition}

## USER QUERY

{query}

## CANDIDATES

Here are the candidates, each is identified by
a unique `node_id` provided at the very start
in [] (e.g., [0]).

{child_node_options}

## YOUR EVALUATION TASK
1. First, identify the essential problem in

the query.
2. Think step by step to reason about why each

candidate is relevant or irrelevant (based
on the relevance definition). Provide this
analysis in the `reasoning` field.

3. Rank these passages based on their
relevance to the query. Provide your
ranking in the `ranking` field.

4. Assign a relevance score from 0 to 100
(based on the relevance definition and the
ranking). Provide relevances in the
`relevance_scores` field.

## OUTPUT FORMAT
You must provide your response as a single,
clean JSON object with three keys:
`reasoning`, `ranking`, and
`relevance_scores`.

* `reasoning`: a string.
* `ranking`: an array of integers (node_id

order).
* `relevance_scores`: an array of

[node_id, score] pairs, e.g.
[[0, 85], [1, 92], [2, 73]].

The relevance_definition placeholder is
BRIGHT’s per-subset relevance rubric (e.g., for
Biology, “a passage is relevant if it provides
specific biological mechanisms, experimental
evidence, or theoretical frameworks that di-
rectly address the question”). The placeholder
child_node_options is the slate of cluster sum-
maries (or, at leaves, candidate passages) being
scored, each prefixed with its node_id.

Cost protocol. USD/q figures price input and
output tokens separately. For Gemini-flash vari-
ants we use Vertex AI list pricing (Gemini-2.5-
flash: $0.25/1M input, $2.50/1M output; Gemini-
3-flash: $0.50/1M, $3.00/1M). For open-source
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models we use DeepInfra’s published per-model
rates: Qwen3.5-4B (the HSEARCH-R1 backbone)
at $0.03/1M input and $0.15/1M output; Qwen3-
14B (used as a conservative upper-bound proxy
for Qwen3-8B and DeepSeek-R1-Distill-Qwen-
14B, neither of which DeepInfra hosts directly)
at $0.12/1M and $0.24/1M; Qwen3-32B (proxy
for Qwen2.5-32B-Instruct and Diver-GroupRank-
32B) at the Artificial Analysis published rate of
$0.15/1M and $0.59/1M. Token counts in Table 2
are measured from n ∼ 100 runs of our search code
on BRIGHT-StackExchange; throughput is mea-
sured on a single GH200. Appendix F details how
the DIVER-v3 per-query cost in Table 2 is obtained:
token counts are measured from an actual inference
run of AQ-MedAI/Diver-GroupRank-32B on the
7 StackExchange subsets, not extrapolated from
prompt-template inspection.

Licenses. We use BRIGHT and BEIR under their
research-use licenses; Qwen3.5-4B under Apache
2.0; the LATTICE codebase and ReasonIR HQ
corpus under their authors’ open-source releases;
and the Gemini-flash variants via the Google Vertex
AI commercial API in accordance with its terms of
service. All use is consistent with these terms.

B Composite reward: precise definitions

Let a slate consist of M children with student-
emitted scores ŝ ∈ [0, 100]M (rescaled to [0, 1] be-
low) and teacher-derived value targets vtgt ∈ RM .
The composite reward in Eq. 2 is the weighted sum
of three terms:

Format reward. Rfmt is a parse-success indica-
tor on the student’s JSON output. The full out-
put must (i) parse as a single JSON object, (ii)
contain a relevance_scores field of the correct
length, and (iii) be an array of [ node_id, score ]
pairs with scores in [0, 100]. We set Rfmt = 1
when all three conditions hold and apply the floor
penalty Rfmt = −0.25 on parse failure. On parse
failure the other two reward terms are also set to 0,
so the total reward for that generation collapses to
wfmt ·(−0.25) = −0.025.

Slate-nDCG reward.

Rndcg(ŝ,v
tgt) = nDCGK

(
πŝ; v

tgt
)
,

where πŝ is the permutation of the M children
induced by sorting ŝ in descending order, and
nDCGK is the standard rank-discounted gain at

cutoff K=10 (or M if M<10), normalised by the
ideal DCG of vtgt. The reward is in [0, 1] and is
maximised when the student’s slate ordering ex-
actly matches the teacher’s.

Slate-KL reward. Let s̃ = ŝ/100 and ṽ =
vtgt/100 be the per-slate rescaled scores. We
form softmax distributions pθ = softmax(s̃) and
pT = softmax(ṽ) over the M children and define

RKL = 1 +max
(
−KL(pT ∥ pθ), κfloor

)
,

with floor κfloor = −2.0. The construction reaches
its maximum of 1 when pθ ≡ pT and is clipped
at 1 + κfloor = −1.0 on divergent KL; the floor
bounds the per-response contribution of pathologi-
cally miscalibrated generations.

Weights. We use (wfmt, wndcg, wKL) =
(0.1, 0.6, 0.3). Under these weights and on a
well-formed generation, R(ŝ) ∈ [wfmt +wKL·(1+
κfloor), wfmt + wndcg + wKL] = [−0.2, 1.0].

C Use of AI assistants

We used a general-purpose LLM coding and writ-
ing assistant during the development of this work.
The assistant contributed in three areas: (i) drafting
and editing portions of the paper’s prose - rephras-
ing, tightening, and proofreading from author-
provided outlines and findings; (ii) implementation
support for plotting (the figures in this paper) and
data-processing scripts; (iii) implementation sup-
port for baseline and method code. All scientific
claims, experimental results, numbers, citations,
and final phrasing were verified by the authors.
The final responsibility for the content rests with
the authors.

D Potential risks

The student inherits whatever biases (topical, lin-
guistic, cultural) the teacher’s per-step value judg-
ments encode, and we do not perform a teacher-side
audit. Lowering the inference cost of LLM-guided
hierarchical search also lowers the barrier for large-
scale automated retrieval over reasoning-intensive
corpora, which could enable downstream applica-
tions (e.g., large-scale automated legal or scientific
evidence mining) with privacy or surveillance im-
plications; appropriate use depends on the deploy-
ment context. The system is evaluated on bench-
marks with well-defined corpora and gold rele-
vance labels (BRIGHT, BEIR); behaviour on noisy
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or adversarial corpora, including failure modes that
arise when the offline tree summaries no longer
accurately reflect the underlying documents, is not
characterised here.

E Offline tree-construction cost

The per-query costs in Table 2 exclude the one-
time cost of building the semantic tree. We re-
construct that cost from the released trees and
the build configuration: every internal node of a
hybrid/bottom-up tree corresponds to one summa-
rization call whose input is its children’s descrip-
tions and whose output is the stored node descrip-
tion; in the top-down construction, keyword gen-
eration runs once per batch of 20 documents, clus-
ter creation once per split event (an internal node
with internal children), and cluster assignment once
per 50 documents per ancestor split, so a leaf at
depth d is assigned d−1 times. Output token vol-
umes are measured from the descriptions stored
in the trees; input volumes from the prompt tem-
plates plus the children’s descriptions, capped at the
64 KB prompt limit. Tokens are estimated at 4 char-
acters per token, cluster-creation calls are charged
2k thinking tokens each, and a 10% schema-retry
overhead is added. Bulk stages (keyword genera-
tion, cluster assignment) use Gemini-3.1-flash-lite
($0.25/$1.50 per 1M input/output tokens); clus-
ter creation and summarization use Gemini-3-flash
($0.50/$3.00).

Table 7 reports the result. Indexing costs $0.16
to $0.96 per 1,000 documents, one-time: $121 for
the 7 StackExchange subsets and about $699 for
all 12 BRIGHT subsets, with LeetCode’s 414k-
document corpus accounting for more than half.
Against the per-query savings over BGE-Reasoner-
0928 ($0.71/q vs. $0.010/q for HSEARCH-R1 with
retrieval augmentation), the full 12-subset index
amortizes within roughly 1,000 queries and a single
StackExchange tree within 13 to 60 queries. The
trees are shared with LATTICE, so HSEARCH-
R1 adds no index cost over the frontier-LLM sys-
tem it replaces; it lowers the recurring per-query
term by 50× and therefore shortens the amortiza-
tion horizon. Baseline pipelines also carry unre-
ported offline costs (corpus embedding, and for
BGE-Reasoner training an embedder plus three
reranker fine-tunes at 8B/14B/32B).

Index refresh. Keyword generation and cluster
assignment are per-document operations and sum-
maries depend only on a node’s children, so in-

Table 7: One-time LLM cost of building the semantic
tree index, reconstructed from the released trees and the
build configuration (Appendix E). Bulk stages (keyword
generation, cluster assignment) run on Gemini-3.1-flash-
lite; cluster creation and summarization on Gemini-3-
flash.

Index Docs Int. nodes USD $/1k docs

Training tree (ReasonIR-HQ) 95,855 8,965 113.6 1.19

Biology 57,359 2,485 9.0 0.16
Earth Science 121,249 8,762 21.8 0.18
Economics 50,220 3,977 11.4 0.23
Psychology 52,835 4,144 11.5 0.22
Robotics 61,961 4,754 12.3 0.20
Stack Overflow 107,081 8,736 42.7 0.40
Sustainable Living 60,792 4,726 12.6 0.21
Pony 7,894 1,156 2.3 0.29
TheoremQA-T 23,839 1,690 6.2 0.26
LeetCode 413,910 43,462 397.8 0.96
AoPS + TheoremQA-Q (shared) 188,211 18,741 171.9 0.91

All 12 BRIGHT subsets 1.19M ≈699 0.59

serting or removing documents requires re-running
these stages only along the affected root-to-leaf
paths; refresh cost scales with the number of
changed documents rather than the corpus size.
Refreshing summaries lazily (only when a node’s
document set changes by more than a threshold)
bounds the cost further; we leave a measured study
of refresh policies to future work.

F DIVER v3 per-query cost on
BRIGHT-StackExchange

DIVER v3 runs 32 LLM calls per
query (2 R1-thinking generations from
DeepSeek-R1-Distill-Qwen-14B for query
expansion, plus 30 groupwise scoring calls
from Diver-GroupRank-32B that score the
top-100 retriever shortlist in groups of 20 across
6 repeat epochs); the full v3 stack addition-
ally runs a 100-call pointwise reranker on
Qwen2.5-32B-Instruct to reach the published
46.8 nDCG@10. We measure input tokens with
the actual model tokenizers on real BRIGHT
prompts and we measure groupwise reranker
output tokens from a real inference run of the
released Diver-GroupRank-32B weights on 2
queries from each of the 7 StackExchange subsets
(420 total generations); the reranker emits a mean
of 1,083 output tokens per call (median 1,060,
p90 2,210), roughly 2× what a prompt-inspection
estimate gives because its “brief” reasoning
expands per-document. QExpand output is
estimated at ∼ 2,500 tokens per call from one
R1-distill response in the DIVER repository at
a 5× thinking-to-answer ratio. Both stages are
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priced at the Artificial Analysis Qwen3-32B
rate of $0.15 input and $0.59 output per 1M
tokens (retrieved 2026-05-26; the two actual
DIVER LLMs are not listed by major commod-
ity providers, and Qwen3-32B is the closest
publicly priced same-family, reasoning-capable
analog). Table 8 reports the resulting per-subset
costs: $0.039 per query averaged across the 7
StackExchange subsets for the groupwise-only
interpretation of v3, or $0.049 per query for the
full pointwise + groupwise stack; the groupwise
reranker accounts for ∼85% of the cost and
long-document subsets (Stack, Rob) are roughly
2× more expensive than short-document subsets
because each call has to fit 20 documents into its
prompt.

G BGE-Reasoner-0928 per-query cost on
BRIGHT-StackExchange

BGE-Reasoner-0928 runs four stages per query: a
Qwen2.5-7B rewriter produces 5 query rewrites;
two retrievers (BM25 and a Qwen3-8B embed-
ding encoder) each return a top-2000 against the
5 rewrites; the top-100 from each retriever is
reranked by three Qwen3 fine-tunes at 8B, 14B, and
32B parameters; a final score-fusion step is pure
arithmetic. Each (retriever, reranker-size) pair runs
the published two-pass protocol of 100 reranker
calls at sample count 1 plus 30 reranker calls at
sample count 16, so 100+480 = 580 reranker calls
per pair and 3,480 reranker calls per query in total;
the reranker therefore dominates cost by orders of
magnitude. We measure per-call input tokens by re-
producing the exact published reranker prompt tem-
plate (a fixed system instruction plus the per-subset
relevance definition, the original BRIGHT query,
and one candidate document), applying the Qwen3
chat template in non-thinking mode (the released
0928 setting), and tokenising on 25 queries × 80
random corpus documents per subset. Output to-
kens are measured by running each of the three re-
leased reranker fine-tunes on 250 BRIGHT-biology
calls each with the published sampling parameters
(T=0.6, k=40, 4,096-token output cap); the three
sizes land within 3% of each other at 254, 250,
and 256 mean tokens per call respectively, con-
firming that the structured grammar of the prompt
(three short analyses plus a score tag) bounds out-
put length more tightly than model size does, so we
hold the per-size output constants while letting per-
subset input length vary. The rewriter contribution

is modelled as 5× (400 + |qorig|) input tokens and
7,930 output tokens (the sum across the 5 rewrites
measured directly from the published rewritten-
query dataset using the Qwen2.5 vocabulary); em-
bed encoding contributes <$10−4 per query. Pric-
ing follows the cost protocol in Appendix A: the
8B and 14B fine-tunes at the DeepInfra Qwen3-
14B rate ($0.12 / $0.24 per 1M input/output), the
32B fine-tune at the Artificial Analysis Qwen3-
32B rate ($0.15 / $0.59), retrieved 2026-05-26. Ta-
ble 9 reports the per-subset breakdown: $0.713
per query averaged across the 7 StackExchange
subsets. The 32B reranker is the largest single con-
tributor ($0.33/q on average) because its per-token
output rate is 2.5× the 14B rate, even though it
emits essentially the same number of tokens; long-
document subsets (Stack, Rob) are roughly 1.4×
more expensive than short-document subsets be-
cause each reranker call must fit a longer document
into the same template.

H Additional ablations

Retrieval-augmentation. Table 10 ablates the
retrieval-augmentation mechanism on a 7-subset
breakdown that adds two dynamic-corpus subsets
to the standard five. The retriever (BM25+BGE-
Reason-Embed) alone reaches 43.3 average; plain
LATTICE with K=100 reaches 48.8; post-hoc
score merging lifts that to 50.4 with the largest
gains on the dynamic-corpus subsets (LeetCode
22.6→30.1, ThT-Q 42.5→45.9), confirming that
the retrieval signal compensates for stale tree sum-
maries. Using the retrieval prior only inside the
frontier gate, without the final score merge of Eq. 4,
did not improve over plain hierarchical search in
a 40-query pilot across eight subsets, so the gain
is attributable to the score merge; the gate mainly
speeds up convergence (Figure 3).

BEIR transfer. Table 11 reports nDCG@10 on
three BEIR subsets to verify the recipe transfers
beyond reasoning-intensive retrieval. The trained
4B reaches 53.8 average across SciFact, SciDocs,
and NQ, on par with the LATTICE-Gemini-3-flash
teacher (55.0) and ahead of BGE-large-en-v1.5
(50.7) and BGE-reranker (53.4). The recipe was
tuned for reasoning-intensive retrieval and we ex-
pect a smaller margin on classical IR; the takeaway
is that the recipe transfers without modification.
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Groupwise reranker QExpand Groupwise-only Full v3

Subset in/q out/q in/q out/q (est.) $/q $/q

Bio 68,066 35,022 1,680 5,000 0.0341 0.0407
Earth 84,425 23,797 2,105 5,000 0.0300 0.0369
Eco 102,826 35,646 1,795 5,000 0.0397 0.0471
Psy 70,334 30,543 2,005 5,000 0.0318 0.0397
Rob 145,046 35,768 2,807 5,000 0.0462 0.0624
Stack 241,308 34,146 3,705 5,000 0.0598 0.0737
Sus 75,599 32,651 2,015 5,000 0.0339 0.0412

7-subset mean 112,515 32,510 2,302 5,000 0.0394 0.0488

Table 8: DIVER v3 per-query token counts and USD cost on the 7 BRIGHT StackExchange subsets, priced at
Qwen3-32B Artificial Analysis rates ($0.15/$0.59 per 1M input/output). Groupwise reranker tokens are measured
by running the released 32B reranker on 2 queries per subset (30 calls each); QExpand and pointwise reranker
columns are static analyses of the released DIVER prompt templates on real BRIGHT corpus documents.

Reranker tot. Per-size $/q

Subset in/q (M) out/q (k) 8B 14B 32B $/q

Bio 2.36 882 0.165 0.164 0.293 0.625
Earth 2.43 882 0.168 0.167 0.297 0.633
Eco 2.72 882 0.180 0.178 0.311 0.671
Psy 2.64 882 0.176 0.175 0.307 0.661
Rob 4.17 882 0.238 0.236 0.384 0.860
Stack 4.40 882 0.247 0.246 0.395 0.890
Sus 2.57 882 0.173 0.172 0.304 0.652

7-subset mean 3.04 882 0.192 0.191 0.327 0.713

Table 9: BGE-Reasoner-0928 per-query token counts
and USD cost on the 7 BRIGHT StackExchange sub-
sets. “in/q” and “out/q” sum across the 3 × 2 = 6
(reranker-size, retriever) combos with 580 calls each
(3,480 reranker calls per query). Per-size $/q is the
cost contribution of each reranker variant (BM25 +
Embed). Total $/q additionally includes the rewriter
($0.0022/q) and embed encoding (negligible). Reranker
output tokens per call are empirically measured by run-
ning each of the three released reranker fine-tunes on
250 BRIGHT-biology calls and held constant across
subsets (254, 250, 256 for 8B/14B/32B); per-subset in-
put tokens are computed by tokenising the published
prompt template on 25 queries × 80 random corpus
documents per subset. Pricing: 8B and 14B at DeepIn-
fra Qwen3-14B ($0.12/$0.24 per 1M), 32B at Artificial
Analysis Qwen3-32B ($0.15/$0.59 per 1M).

I Full training-recipe ablation

Table 12 reports the per-subset breakdown of the
training-recipe ablation summarised in Table 4 of
the main paper.

J Hierarchical search vs. flat reranking:
setup details

The controlled comparison in Figure 3 fixes the
LLM (Qwen3.5-4B HSEARCH-R1 student) and
varies only the search procedure. The flat retrieve-
then-rerank baseline uses the BGE-Reasoner

top-300 shortlist (BGE-Reasoner-Embed+BM25,
with LLM query rewriting) and applies sliding-
window listwise reranking with window size 20
and a 10-document overlap between consecutive
windows, the standard configuration used by Rea-
sonRank and the BGE-Reasoner stack. The per-
window scoring prompt is the same as the one
HSEARCH-R1 uses inside the hierarchical search
loop. We sweep the number of windows for the bud-
get axis and report tokens-per-query on the x-axis,
including the one-time LLM query-rewriting cost
paid before any reranking happens. The HSEARCH-
R1 (ret-aug) variant uses the same top-300 shortlist
as a retrieval prior in the hierarchical search so the
comparison is apples-to-apples on the candidate
set; HSEARCH-R1 (full corpus) runs over the en-
tire corpus without retrieval augmentation.

K Statistical significance

Several comparisons in the main paper are within 1–
2 nDCG, and the BRIGHT subsets have only ∼100
queries each, so single-run differences should be
read with their uncertainty. Table 13 reports paired
per-query differences with 95% bootstrap confi-
dence intervals on the ablation subsets. The dif-
ference to LATTICE-Gemini-2.5-flash is not dis-
tinguishable from zero (+1.4, CI [−1.1,+3.9]),
while the gap to Gemini-3-flash is (−4.0, CI
[−6.7,−1.3]). All training-recipe effects in Table 4
are significant except the choice between sT and
Vblended as target (−0.2, CI [−2.0,+1.7]), consis-
tent with our reading that the two are equivalent.
Repeated runs of the default configuration on the
same subset vary by 1–2 nDCG (e.g., 64.1–66.1 on
Biology across four runs), which is the noise floor
for the per-subset numbers in Table 1.
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Table 10: Retrieval-augmentation ablation on 7 BRIGHT subsets († marks dynamic-corpus). Retriever: merged
BM25+BGE-Reasoner-Embed-8B shortlist. HSEARCH-R1 (K=k) restricts search to ancestors of the retriever’s
top-k leaves; score-merge applies a post-hoc min-max-weighted ensemble. Metric: nDCG@10.

Variant Bio Earth Eco Psy Rob Leet† TQA-Q† Avg

BM25 + BGE-Reasoner-Embed-8B (retriever only) 61.67 61.01 30.63 44.58 31.30 33.15 41.06 43.34
HSEARCH-R1 (no retrieval aug) 65.20 63.30 47.70 54.80 45.80 18.50 27.70 46.00
HSEARCH-R1 (K=200, no score merge) 67.76 63.10 45.45 54.36 46.21 19.07 43.13 48.44
HSEARCH-R1 (K=200) + score merge 69.85 66.02 44.46 53.74 42.87 30.11 45.93 50.43

Table 11: nDCG@10 on a three-set subset of BEIR.
LATTICE numbers reported in Table 3 of Gupta et al.
(2025).

Method SciFact SciDocs NQ Avg

BGE-large-en-v1.5 74.6 22.6 55.0 50.7
BGE-reranker 74.1 17.0 69.0 53.4
LATTICE (Gemini-3-flash) 75.8 22.4 66.8 55.0

HSEARCH-R1 (4B) 74.5 24.1 62.9 53.8

L Search statistics and recall

Table 14 reports, per subset, the index depth and
branching, the number of LLM calls per query (at
most B × T minus the root, i.e., 39 for T=20), the
mean slate size including anchors, per-query token
consumption, and Recall@10/100 for HSEARCH-
R1 (4B) without retrieval augmentation. Re-
call@100 on the StackExchange subsets is 63–83,
so most gold documents are surfaced within the
search budget even when they are not ranked in
the top 10; the dynamic-corpus subsets and Pony
have much lower recall, which is where retrieval
augmentation helps most.

M Comparison to BRIGHT leaderboard
entries

The public BRIGHT leaderboard is currently
topped by closed-source systems that substantially
exceed every published baseline we cite in Table 1.
We could not reproduce these entries (no public
code, model weights, or full system descriptions
are available) and we therefore keep the main-paper
comparison restricted to systems with published
methods and numbers.
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Table 12: Training-recipe ablation on BRIGHT-StackExchange (nDCG@10). The default row at the top is our
recipe: CISPO with the full composite reward, slate target vtgt=sT , and a JSON output with both reasoning and
scores. Each block below ablates one axis while holding the other two at default.

Variant Bio Earth Eco Psy Rob Avg

Default (full recipe) 65.2 63.3 47.7 54.8 45.8 55.4

Training method (target = sT , default output format)
Base (no fine-tuning) 53.3 51.2 38.9 42.7 31.8 43.6
SFT (cross-entropy on teacher tokens) 55.4 57.7 44.3 44.3 35.5 47.4
CISPO, RKL only (wndcg=0) 59.8 60.9 43.5 55.1 40.3 51.9
CISPO, Rndcg only (wKL=0) 55.1 51.9 33.3 43.3 32.0 43.1

Training target (CISPO full composite, default output format)
vtgt = Vblended (bottom-up blend) 66.0 64.0 47.6 52.5 45.3 55.1
vtgt = Vτ (rollout-aggregate only) 61.0 62.5 45.2 52.3 41.9 52.6

Output format (CISPO full composite, target = sT )
JSON scores only (no-reasoning, ∼2× faster) 66.5 61.2 45.6 49.6 42.1 53.0

Table 13: Paired per-query differences in nDCG@10 between HSEARCH-R1 (4B) and each comparison system on
the ablation subsets (Bio, Earth, Eco, Psy, Rob), with 95% paired-bootstrap confidence intervals over queries pooled
across subsets (10,000 resamples). Positive = HSEARCH-R1 better. † = interval excludes zero. Gemini rows use our
controlled reruns of LATTICE on the same trees and calibration (Bio, Earth, Eco, Rob only). Published baselines
(DIVER, BGE-Reasoner) do not release per-query outputs and cannot be paired.

HSEARCH-R1 minus Bio Earth Eco Psy Rob Pooled ∆ [95% CI] n

LATTICE Gemini-2.5-flash -0.7 +3.1 +2.3 – +0.5 +1.4 [-1.1, +3.9] 423
LATTICE Gemini-3-flash -6.5 -2.2 -1.1 – -6.4 -4.0 [-6.7, -1.3]† 423
Base Qwen3.5-4B (no fine-tuning) +9.3 +12.1 +11.5 +12.1 +14.0 +11.8 [+9.3, +14.4]† 524
SFT +7.8 +5.6 +3.4 +10.5 +10.3 +7.4 [+5.1, +9.8]† 524
CISPO, RKL only +3.3 +2.5 +4.1 -0.3 +5.5 +3.0 [+1.4, +4.7]† 524
CISPO, Rndcg only +8.0 +11.5 +14.3 +11.5 +13.9 +11.8 [+9.1, +14.5]† 524
target Vblended -2.9 -0.7 +0.0 +2.3 +0.5 -0.2 [-2.0, +1.7] 524
target Vτ +2.1 +1.0 +2.4 +2.5 +4.0 +2.3 [+0.2, +4.6]† 524
JSON scores only (no reasoning) -3.4 +2.1 +2.0 +5.2 +3.7 +1.9 [+0.2, +3.7]† 524

Table 14: Search statistics and recall of HSEARCH-R1 (4B, no retrieval augmentation) per BRIGHT subset: tree
depth and mean branching factor of the index, LLM calls per query, mean slate size (children plus anchors),
input/output tokens per query, and Recall@10/100. ∗ = dynamic-corpus subsets (T=30, α=0.75); all others T=20,
B=2. Biology statistics are from the bottom-up-tree run; per-query outputs for Pony and Th-T were not retained.

Subset #q Depth Branch Calls/q Slate In/q Out/q R@10 R@100

Bio 103 6 24.1 39 16.9 138k 25k 68.4 82.1
Earth 116 7 14.8 39 11.3 222k 22k 64.0 82.8
Eco 103 6 13.6 39 11.4 173k 23k 51.8 70.9
Psy 101 6 13.7 39 12.7 183k 23k 58.5 76.0
Rob 101 6 14.0 39 10.7 138k 22k 52.7 73.4
Stack 117 6 13.3 39 12.2 282k 23k 47.1 63.0
Sus 108 7 13.8 39 11.9 127k 21k 54.0 72.4
LC∗ 142 7 10.5 59 13.3 384k 38k 25.1 34.9
AoPS∗ 111 8 11.0 59 12.5 329k 39k 7.6 13.8
Th-Q∗ 194 8 11.0 59 12.6 373k 38k 31.6 39.8
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